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THE GENERALIZED RIEMANN PROBLEM FOR FIRST
ORDER QUASILINEAR HYPERBOLIC SYSTEMS OF
CONSERVATION LAWS I

SHOUXIN CHEN, DECHENG HUANG, AND XIAOSEN HAN

ABSTRACT. In this paper, we consider a generalized Riemann problem of
the first order hyperbolic conservation laws. For the case that excludes
the centered wave, we prove that the generalized Riemann problem admits
a unique piecewise smooth solution u = wu(t,z), and this solution has a
structure similar to the similarity solution u = U (%) of the corresponding
Riemann problem in the neighborhood of the origin provided that the
coefficients of the system and the initial conditions are sufficiently smooth.

1. Introduction

Consider the first order quasilinear hyperbolic systems of conservation laws

ou  Of(u)
1.1 — =0
(1.1) ot * or ’
where u = (uy,...,u,)" is an unknown vector function of (¢,z), x € R,t > 0,

and f : R™ — R" is a smooth function of u. Assume that the system (1.1)
is strictly hyperbolic on the domain under consideration, i.e., A(u) = V, f(u)
has n real distinct eigenvalues:

(1.2) A(u) < Ag(u) < -+ < Ap(u).

Let I;(u) = (Li1(u),. .., lin(u)) and r;(u) = (ri1(u), ..., 7in(u))T be the left
eigenvector and right eigenvector corresponding to the eigenvalue A;(u), i =
1,...,n, respectively. Without loss of generality, we may assume that

(13) lZ(U)TJ(’U,) :6ij, (i,jzl,...,n),

where §;; is the Kronecker’s symbol. Obviously, A;(u), ;(v) and r;(u)(i =
1,...,n) have the same regularity as A(u).
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We prescribe the following piecewise constant initial data:

u, <0,
(1.4) t=0: u= Al
Ur, x>0,

where u; and u, are constant vectors satisfying:
(1.5) U # U

We first give the following hypothesis:

(Hy) The Riemann problem (1.1), (1.4) admits a similarity solution u =
U (%), which is composed of n+ 1 constant states Uy = Uy, Ut,. .., Up—1, Uy =
U, and n waves through the origin (containing shock wave, rarefaction wave or
contact discontinuity), the states u;_1 and u; are connected by the i-th wave
(i=1,...,n).

For a general quasilinear hyperbolic systems of conservation laws, under the
assumption that every eigenvalue \;(u) is either genuinely nonlinear in the
sense of P. D. Lax:

(1.6) VAi(u) - ri(u) # 0,
or linearly degenerate in the sense of P. D. Lax:
(1.7) VAi(u) - ri(u) =0.

P. D. Lax [8] proved that the Riemann problem (1.1), (1.4) admits a unique
similarity solution v = U (%) provided |u, — w;| is sufficiently small, which
is composed of n small amplitude waves. In this paper, we only consider a
similarity solution u = U (%) given by (Hj), regardless of its uniqueness, also
disregarding whether its n waves having small amplitude or not.

In this paper, we consider the system (1.1) with the following discontinuous
initial data:

(1.8) e u:{ (), =<0,

up(x), x>0,

where ©;(z) and @, (x) are given smooth vector functions defined on z < 0 and
x > 0 satisfying

u(0) =4, U, (0) =y,
respectively. Since the generalized Riemann problem (1.1), (1.8) may be re-
garded as a perturbation of the corresponding Riemann problem (1.1), (1.4),
we naturally study the following local problem:

In which condition, the generalized Riemann problem (1.1), (1.8) admits a
unique piecewise smooth solution u = u(t, 2) which possesses a similar structure
in a neighborhood of the origin as the solution of the corresponding Riemann
problem (1.1), (1.4). Namely, the solution still contains n waves through the
origin, for any @ (¢ = 1,...,n), the type of the i-th wave is same as the i-th
wave of the similarity solution v = U(%); the i-th wave coincides with the i-th
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wave of u = U (%) at the origin. Moreover, the i-th wave links two known
states U;_; and u;.

Tikhonov and Samarsky [20] discussed the problem in the case of a single
equation (n = 1). The earliest studies for the case of systems were as follows:
one-dimensional isentropic flow systems (n = 2) was discussed in [2], Gu, Li and
Hou [3, 4, 5, 6] discussed the general reducible systems (n = 2). Furthermore, in
[1, 10, 11] one-dimensional gas dynamics systems (n = 3) was studied. All the
above articles were devoted to investigation of arbitrary discontinuity |u, — u|
of the initial data. For the general first order quasilinear hyperbolic systems
of conservation laws, Li and Yu [12, 13, 14, 15, 16, 17] have shown that the
problem admits a unique local solution when |@, — %] is sufficiently small for
the corresponding similarity solution u = U (%) with small amplitude, provided
that all the eigenvalues are genuinely nonlinear or linearly degenerate in the
sense of P. D. Lax. Li [9] thought the result was still valid for the case where
the discontinuity |, — 4| is arbitrary and n waves are composed of shocks and
contact discontinuities, while not giving the proof. In this paper, we shall give a
complete proof for that case. For the case that includes centered waves, we deal
with it in a forthcoming paper. For more related results, see the monographs
[7, 19].

2. Main results

Suppose that we prescribe a similarity solution v = U(%) of the Riemann

problem, which is composed of n+1 constant states g = Uy, Uy, ..., U,_1,Up =
u, and n waves (see Figure 1), in Figure 1,

4

:.:)ﬁ)

0 X
F1GURE 1. Similarity solution of Riemann problem

(2.1) OAf :x =57t (k=1,...,n),
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is the right (left) boundary of the k-th wave, Uy is the constant state between
OA} and OAy; the cigenvalues Af™",... N5 and N, ... A0 labeled
on both sides of OA,,, are called “coming characteristics”, where

A =x@), (=1,...n-Lj=1...,n).

Our aim is to investigate in what condition, the generalized Riemann prob-
lem (1.1), (1.8) admits a unique piecewise smooth solution that possesses a
similar structure (see Figure 2), namely, any wave through the origin

OAF o =af(t),(2F(0)=0) (k=1,...,n)

has the same type (shock wave, contact discontinuity or centered wave) as

FIGURE 2. Solution of generalized Riemann problem

Oﬁki in the solution of the Riemann problem (1.1), (1.4), and

cE0) =55, (k=1,...,n),

where 5 are given by (2.1). ug, ..., u, satisfy the system (1.1) in the classical
sense on their respective domains, and
(2.2) ug(0,0) =g, (k=0,...,n).

For the case of the k-th (1 < k < n) wave being a shock wave or a contact
discontinuity, we have

o) =0y,
OA; = 04,
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denoting them o and ng, respectively. On Oﬁk the following Rankine-
Hugoniot condition:

(Up — Up—1)0) = f(uk) — f(Uk-1)

must be satisfied and since it must satisfy the entropy condition if ng is a
shock wave, and be the k-th characteristic line if O Ay, is a contact discontinuity,
combining (1.2) one yields

~

(2.3) AL(Up—1) <+ < M1 (1) < 0k < Ap(Up—1),
. Ak (U) < 0 < Apa1(Ug) < -+ < Ap(Ug),

“w_»

where
shock wave.
For the corresponding generalized Riemann problem, set

OAi = OA} = O4;, 1z = xi(t),

corresponds to the contact discontinuity; “<” corresponds to the

then x4 (t) satisfies
(2.4) z,(0) = 0y

On both sides of OAj ug—1(t,x) and uk(t,x) have to satisfy the Rankine-
Hugoniot condition
(2.5)

(ug(t, 2) — up_1(t, x))w

dt

and by (2.2), (2.3), noting the continuity and the property of contact disconti-
nuity, at least in a neighborhood of the origin it follows that

@ M (ug—1(t, ) <o < X1 (up—1(t,2)) < 25 (t) < Mp(up—1(¢,x)),
Mels(t, 7)) < 4 (t) < My (i (6, 2)) < -+ < An(uy(t,2)),

= flu(t;x)) = flup—1(t,2)) on & = wx(t),

w__»

where corresponds to the contact discontinuity; “<” corresponds to the

shock wave. By (2.6) we can label the “coming character” )\Ek_l)(z‘ =1,....k—
1) and /\Ek)(i =k+1,...,n) on both sides of OAj, where

)\Ek_l) :)\i(uk—l(tvx))7 (i:]‘?""kil)’
)‘z(k) = Ni(up(t,z)), (i=k+1,...,n).
Let

n
up—1 = 3 o (Tg1),
=1

n
up = 3 ofri(@y), (i=1,...,n).
i=1
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Then it follows from (1.3) that
{ o = (U )ug— 1,

’UfZli(ak)uk, (i=1,...,n).

(2.7)

We present the following hypothesis:

(H2) The Rankine-Hugoniot condition (2.5) can equivalently be written as
the explicit form of those variables v corresponding to “coming characteristics”.
Precisely speaking, the Rankine-Hugoniot condition on O Ay can be written as

drp(t,x
(28) # - Fk(kal,Uk;), .’I,'k(o) = 07
(2.9) vffl:gffl(v,’:*l, Rl ok el =1, k= 1),
U;? :g;c(vllz_lv'"7”57171)}163"'71)}?)7 (] - k+177n)

Remark 2.1. To verify the hypothesis (H2), we only need to use the implicit
function theorem.

If OA is a shock wave, it is easy to prove the hypothesis (H2) is fulfilled
provided that

det(ri(Ur—1), - s Th—1(Uk—1), Uk — Up—1, g1 (Wk), . - ., 70 (Ug)) # O

If OAy is a contact discontinuity, assume Ag(u) is linearly degenerate in
the sense of P. D. Lax, then the Rankine-Hugoniot condition on OAj can
equivalently be written as

wilug) = wi(ug—1), G=1,...; k=1, k+1,...,n),

O — M) (= M),

where w;(u) are n — 1 independent Riemann invariants corresponding to Ax(u),
defined as follows:

Vwi(u) - ri(u) = 0.
Obviously, if

Vwi(Ug—1) - 7j(Uk—1)  Vw;(Uy) - r;(uy)
det( Gt b1 (j—k:j—l,...,kn)>7£0

wherei=1,...,k—1,k+1,...,n, then (H2) is fulfilled.

Remark 2.2. (2.6) implies that ug(t, z) and u, (¢, 2) can be respectively obtained
by solving the Cauchy problem with initial data @;(x) and @, (), hence, if O Ay
is a shock wave or a contact discontinuity, then the Rankine-Hugoniot condition

can be written as
dl’l (t)

(2.10) FTa Fi(t,z,u1), =(0) =0,

(2.11) v} =gl(t,z,v7), (i=2,...,n).



THE GENERALIZED RIEMANN PROBLEM 415

Likewise, if OA,, is a shock wave or a contact discontinuity, then the Rankine-
Hugoniot condition can be written as

dxy(t
(2.12) ) Bt e), 2(0)=0
(2.13) U;L*l = g?fl(t,x,vﬁ_l), (j=1,...,n—1).

In what follows we write two groups of n(n — 1) x n(n — 1) matrices ©;(j =
1,2,...) and ©;(j = 0,1,...), and then obtain the main results.
Let

et .
rh= 2% (=1, k),
AP =041
(2.14) s (k=1,...,n—1),
i—0 .
Tik: Xk_ggla (Z:k+]—a~~'7n)v

where Xf = \i(@y), G are given by (2.1). Obviously,
0<7F <1 (i=1,....,mk=1,...,n—1).

For k(1 < k < n) corresponding to the shock wave or the contact disconti-
nuity, let

(©7)n(k-2)+pn(h—2+q = (©)n(k—2)+p,n(k—2)+q
89571 k—1\j
= W(Tq ), (@g=k,...,n),
(2.15) (©)n(k—2)+pn(k—-1)+q = (©)n(k—2)+p.n(k—1)+q
' gkt .
= a:)(];, (Tq)Ja (qzla--wk)v
(©)n(k-2)4p.q = (©)n(k—2)4p.q = 0,
(g<nk—2)+korg>nk—1)+k),p=1,....k—1),
(ej)n(k—l)—i-p,n(k—Q)-‘rq = (éj)n(k—l)-i-p,n(k—Q)—i-q
gk L
= Wg(’r; 1)J7 (q =k,... an)v
(2 16) <®j)n(k71)+p,n(k71)+q = (C:)j)n(kfl)er,n(kfl)Jrq
' dgk .
=SBk, (g=1,0R),
q
(@j)n(k71)+p-,q = (G)j)n(kfl)ﬂo,q =0,
(g<nk—2)+korg>nk—1)+k),(p=k+1,...,n),

where the functions on the right side of (2.15) and (2.16) take values on ¢
0,2=0,0v"=0"(i=1,...,n—1), (2.11), (2.13) imply that (6;),,(j = 1,2, ...

)
and (©;)pq(j = 0,1,...) do not have elements not vanishing until 1 < p <



416 SHOUXIN CHEN, DECHENG HUANG, AND XIAOSEN HAN

nin —1),1 < g < n(n—1), thus we define two groups of n(n — 1) x n(n — 1)
matrices ©;(j = 1,2,...) and ©;(j = 0,1,...) depending only on the solution
of the Riemann problem.

Let the n(n — 1) x n(n — 1) diagonal matrix 7 be

(2.17) r=diag{r{,...,7, ...,

For N x N matrix A = (a;;) define the following minimal characterizing
number:

[ Allmin = inf 7477,

where v = diag{~1,..., v}, #0 (i=1,...,N), and

N
1A =, max Z |aij]-
j=1
We get the following main theorems:

Theorem 2.1. Under the hypotheses (H1),(H2), if f(u), 4;(x), 4, (x) are C™F1
functions, then if

det[I -0 #0 (j=1,...,n—1),

(2.18) 1€ |lmin < 1,

the generalized Riemann problem (1.1), (1.8) admits a unique piecewise C™ 1
local solution v = u(t,x) except the origin, which possesses a similar structure
at least in a neighborhood of the origin with the given similarity solution of the
Riemann problem (1.1), (1.4).

Remark 2.3. As long as one introduces the reversible transformation v = v of
the unknown function, where

Y= diag{’)’l, cee aIYTL(n—l)}a’yi 74 0 (7’ =1,... ;n(n - 1)),

v = (v},...,vi,...,v?il,...,vg_l)T,
then (:)j is reduced to 'y(:)jw_l, hence in the proof of Theorem 2.1 we can
substitute
1Om] <1
for (2.18).

Theorem 2.2. Under hypotheses (H1), (H2), if f(u), 4 (x), G, (z) are C™ func-
tions, then

det|I —©;] £0,(j =1,2,...)

if and only if the generalized Riemann problem (1.1), (1.8) admits a unique
piecewise C™ local solution u = u(t,x) except the origin, which possesses a

similar structure at least in a neighborhood of the origin with w = U (%) .
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Remark 2.4. Theorems 2.1, 2.2 remain valid for more general hyperbolic sys-
tems of conservation laws
ou  Of(t,x,u)

a + T :g(t,ﬂf,u),

and the system of corresponding Riemann problem is
ou Ju

3. Proof of main results

We consider the generalized Riemann problem of the following form:

du  Ofta,u)
7 ) <0,
(3.2) t=0: u:{ i”(x) v
ir(z), x>0,

where f is C™*%2 with respect to z and u, C™ %! with respect to ¢, and g, 4, @,
are C™ 1! functions of all arguments. Suppose a similarity solution v = U (ﬁ)

t
of its corresponding Riemann problem

ou ou

3.3 — 4+ V. f(0,0,u)— =0
( ) 6t + Uf( I 7u’) 8.’1} 9
w =1u(0), <0
(3.4) t=0: =9 (©)
U = 4,.(0), >0
is composed of n + 1 piecewise constant states Uy = Uy, U1,...,Un—1, Up = Uy

and n shocks or contact discontinuities. We shall prove the generalized Riemann
problem (3.1), (3.2) admits a unique piecewise C™*! solution which has a
similar structure.

Assume the matrix ((¢,z,u) is composed of n left eigenvectors l1,1a,...,1,
of Vo f(t,x,u), and its every element is a piecewise C™*! function. Moreover,
in AyOAk11 (k=1,...,n—1) we can always take
Multiplying (3.1) by ¢ from the left, we obtain the characteristic form

0 0
(3.6) St u) Gy + Ay u) 5o = ),
where ¢, \, p € C™+1,

At, z,u) = diag{ 1 (¢, x,u), ..., A (t, 2, u)},

Atz u) < At x,u) < - < Ap(t,x,u)
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on the domain under consideration. Then (2.3) implies that wug(¢,z) and
un(t, ) can be respectively obtained by solving the Cauchy problem (3.1) with
initial data @;(z) and u,(z) in a neighborhood of the origin, set

OAy : x = (1), (k=1,...,n).

To get the solution of the generalized Riemann problem (3.1), (3.2), we only
have to solve the free boundary problem on the fan-shaped domain

n—1
U Di(8) = {(t,2) [0 <t < §,au(t) < & < wppa (1)},
k=1

whose solutions wuy(t, z) satisty equation (3.1) on Dy (d), and
up(0,0) =g, (k=1,...,n—1).

Furthermore, free boundaries OA;, (kK = 1,...,n) satisty (2.8), (2.10) and
(2.12), and ug_1, up satisty the Rankine-Hugoniot conditions (2.9), (2.11) and
(2.13) on both sides of OAj. Noting (2.7) and (3.5), we now have

up(t,z) =%t x), (k=1,...,n—1).

Let
t) — t
(3.7) Tk(t):w, 0<t<d), (k=1,...,n—1).
We introduce the following transformation
t=t,
JE—LW on Di(d), (k=1 n—1and k is odd )
= Tk(t) k s =1,..., )
t=t,
=) _ .
T=——"—""-= onDy(d), (k=1,...,n—1andk is even).
Ty (1)

Thus all D(6) (k=1,...,n— 1) are changed to the domain
D() ={(t,z)|0<T<60<z <1}

Moreover, OAg(k = 1,...,n) are respectively mapped onto z = 0 and Z = ¢
for odd k and even k. Set

ak(t,z) = uP(t, 2 (2, T)), (k=1,...,n—1),

where

(3.8) 2i(f, ) = { a(t) + 2Tk(t)  for odd k,

Tp11(t) — TTy(T) for even k.
Then @*(k =1,...,n — 1) satisfy
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(3.10) uf =GE(E ay,y,....,ukay™ .. wit]) onz=¢t (r=1,...,k),
(3.11) @b =Gr@E|ayt, . ak Ak, o af) onz =0, (s=k+1,...,n)
for odd k, and

(3.12) af = GL(t |[ufyy, ..., ap, a5t @ ty) onz=0, (r=1,...,k),
(313) @k =G¥t|ait, .. ekt Ak, af) onz=1, (s=k+1,...,n)

for even k, where

3.14)  (E@E z|lak) = it an(t,T), 3", (i=1,...,nk=1,...,n—1),
l1

(3.15) Motz |a) = ((—1)k+1)\l(t_,xk(f,x),uk) — ax’“a(zx)) /Tk(f),

3.16)  @F(t,z |aF) = wmt xn(t,3),3"), (U=1,....mk=1,....,n—1),
l

and @ = (a',...,u""1). As k is odd, we have
(3.17)
k() -k &k k1
Gr(t\ukJrh...,un,ul“,...,uk:[l)

=gf (G an (B, af 1 (D), ... ab (6, 8), 0y T (4 0), .. a1 (), (r=1,... k),
(3.18)

GE(Haf~t, ... akt b, ... af)
=gt o (D), a5 (£,0),..., 751 (E,0), @k (£,0),. .., a5 (F,0)), (s =k +1,...,n),

in addition

(3.19)
Eril0) g s (0. (). 05 00,0 (00). . L),
z4+1(0) = 0,
(3.20)
W) _ Py(f a0, 7 (00, i 1.0, (F0). ... (7,0).
z(0) =0,

where gF (i = 1,...,n), Fy, Fxi1 are given by (2.8)-(2.9) and (2.10)-(2.13).
Likewise for even k, we can also obtain similar boundary conditions.

Thus, we acquire a functional boundary value problem in terms of @* (k =
1,...,n — 1) on the angular domain D(§), which is equivalent to the original
problem. We next use the method similar to that used in [18] to extend the
systems (3.9)-(3.20).
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If w(t,z) € C™*1, define operators
0o 0 0
= B=—
ot oz ot’
and set
ubl(t,z) = {Adk, ... Auf, Buj, ..., Bul},
(3.21) )
vkt z) = {Ba},..., Buf, Auj ..., Auk}
for odd k. Substituting (3.21) into (3.9), we obtain

Z(lr )‘k kl 1 )‘k Z Cls Ak kl (1 )‘k) kl) ﬂfa(l_lv

s=k+1
from which it yields

vt = at (Ea( ), alt, 2)ult 4+ 0 a(f 3), at 7)), (=1,

i=1
By (3.5), (3.14), (3.15) we get
(3.22) CE(0,0[ar) = ¢i(0,0,%) = 6, (Li=1,...,n),
A ug) — F u
)\f(o,oﬁz) _ I(O70,Uk) k(0,0,u) _ 17.”7”’)’

Fi11(0,0,u) — F¢(0,0,7)’ (
where @ = {u1,...,u,}. Noting (2.4), we have
Fi(0,0,u) = oy,
{ Fi41(0,0,0) = Gpy1.
By (2.14) we easily calculate
a1 (0,0,4(0,0)) = 70, (Li=1,...,n),

by (0,0,a(0,0)) =~ (I=1,...,n),
where

Fk+1 _/\r

Fiy1 — F
Vg’lz(f;rl—F‘]gk'us> (0707’&)7 (8:k+17’n)

Consequently, at the origin we have

ool kokd1 ki1 _
v =T+, (I=1,...,n).

F; — F
i = (’“*’“u) 0,0,), (r=1,...k),

Differentiating the system (3.9) with respect to ¢ and combining (3.14)-(3.16)

yields

k1,7 — — auk’l kauk’l
ZCM’ (tv $k(t,$),u(t,$)) ( 8% +>\l 8% )
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When ¢, )\, o in the system (3.6) are C™*! functions, obviously ¢*!, u*! are
C™ functions, where

k k1 k k1
B CTp + Z er qp Z er qs
q=k+1 q=k+1
k k
k,17§ : k k1 k,17§ k kl k — . —
sr T Spaprﬂ sq sp pq + 5q° (T,p—l,...,k,S,(]—k+].,...,Tl).
p=1 p=1

y (3.22) it follows
¢it(0,0,2) =0y, (Li=1,....n).

Repeating the process above m times, we obtain a system in terms of

uFI (5 =0,...,m), where u¥* = @¥. On D(9), uk+ satisfy
(3.23)
> e, ) () (8213 . Af%j)
= w2 (6, 7),uP(£,7), (p=1,....,n—1;¢=0,...,5), (=1,...,n),
where (%7, pu¥J (5 =0,...,m) are at least C! functions, and satisfy
(3.24) ¢EI(0,0,0) = 0, (Li=1,...,n).

Likewise, for even k, in (3.21) replacing u* by v*J, we can derive similar
systems, and (3.24) remains valid.

Next, we shall consider the boundary conditions. As k =1,...,n and k is
even, OAy : {(t,2)]0 <t < §,z = zx(t)} is transformed into {(¢,Z) |0 <t <
8,Z = t}, on which we have the boundary condition (3.20) and

(3.25) @ l=G*Ll(t|a ,
so(@),ay D,y (G, (), - ag (),

(Hak =t aktal, . ap)

= gf(ﬂ zk@aﬂﬁ_l(ﬂf)a cee 717’]1271(@{)771?({7{)3 cee 717’]]2({7{))7
(r=k+1,...,n).
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Differentiating both sides of (3.25) with respect to ¢ yields

k—1 k
T

n
ag 59}671 agkfl agk:fl
k—1,1 __ k—1,1 T k,1 T T
U - Z 4{;—11} +Z 8@’; Up + ot + ox P

k—1,1 k—1,1 k—1,1
Qg U + bq )

q=k i=1
k n
dg, 7" B k| kil dgy~t | 9gi!
2 Dk L R L e
p=1 P \i=1
(r=1,...,k—1)
Repeating m times we get that for j =1,...,m

(3.27)

n k—1 n n

k=1, dg; k—1,1 k—1,2 k—1,5 k—1,j
w " = a,; a, a7 g

r ouk—1 giv 0 Yivip o i | Y

=1 \1,eeyij_1=1

a dgk—1 . - k1l k2 k.j k,j k
r , ; 2J N -1
+ E ou E E YRR N I +F;

k
p=1 P ij=1 \i1,eeyij_1=1
n k-1 [ k k-1 [
A ag; _k—1,j k—1,j 9y, _k,j k,j
= =1 (g UG + - Api U
ou ou
q=k =1 i=1 p=1 P i=1

here a*~17 and a*7 are functions of (¢, z, %), F¥~! are functions of (¢, z,u?*)

(p=1,...,n—1; ¢=0,...,j — 1), which are at least C!, and

(3.28) ab 7 h9(0,0,3) = 7F 6, (Li=1,...,n;5=1,...,m).
Therefore we obtain

(3.29) ay 10,0,3) = (7f 76, (Li=1,...,mj=1,...,m),

and a®7J also have expressions similar to (3.28). Likewise, for (3.26) and odd
k, similar results can be obtained, and (3.28), (3.29) hold.

Lemma 3.1. In the absence of the centered wave, by equations (3.9)-(3.20)
the derivatives of the solution u(t,Z) of orders < m — 1 at the origin can be
determined uniquely if and only if

det|I-0;[#0(=1,...,m—1),

where matrices ©; are defined by (2.15), (2.16).
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Proof. Letting (¢,z) = (0,0) in (3.27) and noting (3.29), it follows

n —
ub=1ti = ZLgf 1(7’“1)%“1’]'(0 0)
T —k—1\"q q ’

AN k—1,j
+> S (1) (0,0) + FE1(0,0).
In view of (2.11) and (2.13) we get an n(n — 1)(m — 1) system in terms of
uf’3(070) (k=1,...,n=1;5=1,...,m—1;i=1,...,n), whose Jacobi matrix
is of the following form

1—6,
1—0, 0
* I - @m_1
Hence
m—1
I detiz—o;#0
if and only if the system has a unique solution, the proof of Lemma 3.1 is
complete. 0
By Lemma 3.1, we can give the following boundary conditions for the deriva-
tives of @ of orders <m. Ask=1,...,n—1,
t
ukd =y ki +/uﬂ+1tz€)dto =1,
0
r=1, k;j=0,. -1
(3.30) ( )

(s=k+1,...,n;5=0,....,m—1)
for odd k, and

r:l...,k‘;j:O,.. m—1
(3.31) ( )
’“»J—quOOJr/uJ“ti)dto =1,
0
(s=k+1,...,n;5=0,....,m—1)
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for even k. For the m-th order derivatives of @, letting j = m in (3.27), it
follows
(3.32)

n 5‘91 n 2 891 n
,U&m _ 87;1 (Za;muz},m) n Z (%1 (Za2;7nu?,m) +F11,m on T=1

(3.34)
n 3gk n k+1 69’“ n
km __ r —_km_k,m T —_k+1,m_k+1,m k,m
U = Z 3ak<zaqi ; ) +Zafk+1(zam Uy )+Fr
q=k+1 70 =1 p=1 9Up i=1
on =t (r=1,...,k),
(3.35)
k n n n
gk ag* _ _
km __ —km_k,m s —_k—1m_k—1m k,m
Us _Zaﬂi( pi Wi ) +Zafk71(zaqz Uy >+Fs
p=1 P =1 q=k Uq i=1
on z2=0,(s=k+1,...,n)
for odd k.

For even k, we only need to take values of (3.34) on Z = 0, and to take values
of (3.35) on T =t. As n is even, we have

n—1 n
n—1lm __ agr C_ln—lﬂnun—l,m +Fn71’m
T ~ a-n—1 ni i T

dtn i=1

(3.36) on z=¢t(r=1,...,n—1),

u

(3.37) +EPE™ on 7 =0.

Likewise, for odd n, we can obtain the result for odd n by taking values of
(3.36) on Z = 0, and taking values of (3.37) on T = .

Thus, we obtain an n(n — 1)(m + 1) system (3.23) of the functional form
on D(d) in terms of ufj k=1,....,.n—1¢1=1,...,n;5 = 0,...,m) and
boundary conditions (3.30)-(3.37) and (3.20). Using Theorem 6.1 of Chapter
2 in [18] yields the following lemma.
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Lemma 3.2. The generalized Riemann problem (3.1), (3.2) admits a unique
piecewise C™ L solution if and only if the functional boundary value problem,

(3.23), (3.20), (3.30)-(3.37), admits a unique C* solution on D(J).
In what follows we shall prove Theorem 2.1, that is to prove if
1©ml = Omll <1,

then the problem (3.23), (3.20), (3.30)-(3.37) admits a unique C" solution on
the angular domain D(d). To this end, we need to use Theorem 6.1 of Chapter
2 in [18](see the Appendix)

Proof of Theorem 2.1. According to Lemma 3.2, we know that finding the
piecewise C™T! solution of the generalized Riemann problem (3.1), (3.2) is
equivalent to finding C' solution of the functional boundary value problem,
(3.23), (3.20), (3.30)-(3.37) on the angular domain D(§). We first check the
conditions (i)-(xi) of Theorem 6.1 in Chapter 2 [18].

Here u :uf’j k=1,....n=1; j=0,...om; i=1,....,n), a=0, =
0, N=nn—-1)(m+1); Gi, N, i (I,i =1,...,N) are given by (3.23),
Gi(l = 1,...,N) are given by (3.30)-(3.37), u*°(0,0)(k = 1,...,n — 1) are
defined by the solution of the Riemann problem (3.3), (3.4), and u*7(0,0) (k =
1,...,n—1; j=1,...,m) are obtained by means of Lemma 3.1. Moreover, in
this case, from (2.15) and (2.16) it easily follows

1 1 n—1 n—1
[e) _6(917"'agnv'~'7gl y- -5 n ) .Tm
m —1 —1 —n—1 —n—1\ |7 - ’
o(ug,...,ak,...,al ", ... 4y ) lt=3=0

where 7 is defined by (2.17). Noting (3.22) and (3.24), we have
=10y, (Li=1,....N).

We first verify conditions (i)-(vii) for system (3.23).

By the expressions of (;, A; and p; (1,5 = 1,...,N), we know they are C!
functions, hence (i) is trivial.

For (ii), since v € > (6|€), obviously we have

(3.38) lo(£,2) —v(0,0)]| < £(6,h).

Applying (3.7), (3.8), (3.19), (3.20) and the mean value theorem it follows that
in ApOAg11 (taking odd k for an example, for even k the result is similar).

ndr) = Zoa@+ (1-2) w@

L ([P (B g (0, 0T, 21 (1))

i
(3.39) + (1= 3) @@, o), (0<EED).
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Since Fy and Fj; are at least C* functions, in view of (3.38), we conclude

{ |Fr1 (21 (8), 0(F 241 (8))| < [Frp1(0,0,0(0,0))] + (8, ),
(3.40)

|Fr(t, zk(t), v(t, zk(1)))] < |Fr(0,0,v(0,0))] + £(d, ).
Substituting (3.40) into (3.39), one yields
(3.41) |z (T, 2)| < e(6,81).
As a result, since pu € C1,

|u(t, 2k (t,7), v(t, 7))

S |,U’(Oa 05 ’U(O, O))| + E% (771{7 07 U(O7 O)) + xk(ia ‘f)%(ov 772'%16(77 g_j)a U(O’ 0))
N
3 00(03) = 1(0,0) 5 0.0150(0,3) + (1= )0(0,0))

S |N’(anav(0a0))| +5(5a91)a

where 0 < 11, 72,7n3 < 1. Therefore the verification of (ii) is complete.

For (iii), because the functions in I'[v] are continuous, and the continuous
function in a closed interval can assume the maximum, hence there exists a
constant K7 depending only on €2 such that

Jrer <
For (iv) and (v), by means of checking (ii) it follows that
w(nlv) < @o(n),

(3.42) w(nlz) < @o(n),
where wo(n) is a function depending only on Q;, and wWy(n) — 0 as n — 0. By
the expressions of (j;, A;,  (I,i=1,...,N) we know (iv) and (v) hold.

For (vi), k=1,..., N, (3.19), (3.20) imply that there exist constants Ko, K3
such that (in (3.43), take even k for an example, for odd k the result is similar)
(3.43) |z (t]0") — 2k (E0")]

t
/[Fk(f, z (E|0"), V' (L, 1)) — Fi(t, z(E0"), 0" (¢, 1))]dl]

0

IN

t
K|l — "] + Kg/ |z (Ev') — g (E")|dE.
0

By (3.43) and Gronwall’s inequality, it yields that there exists a constant Ky
depending only on ¢ and Q; such that

(3.44) [ar (') — (")) < Kall' — "],
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Hence for K =1,...,n—1, there exists a constant K5 depending only on § and
7 such that

[v) — @i (t, T|0")]

(3.45) |k (E, Z|v
i‘ I 7., 1 I
-2 / (Fira (B zaa (H0), ) = Fia (F, i (H0"), ") ) df
0

B t

(-9 / (Bl e(0/), ') — Filf () ) ]
t
0

//||

< Ksljv' —w

for odd k. Similarly for even k (3.45) holds. Therefore by the expressions of
Ciiy Nty i (Li=1,...,N) we can get (vi).

By the expressions (3.15) of A we easily obtain (vii) also holds.

So far we have proved the system (3.23) satisfies the conditions (i)-(vii). In
the sequel, we shall show the boundary conditions (3.30)-(3.37) satisfy condi-
tions (viii)-(xi). Taking (3.34) for an example, others can be tackled similarly.

(viii) is still trivial.
For (ix), let
Gy (f) = up™ (¢, 1lo(E, 2)),

differentiating (3.61) with respect to ¢ yields

n 89’“ n L (%k’m 8vk,m
k,m I r ,m i i
(G0 2 ot <i_1aq’ < ot " on

q=k+1 q
k+1 n m ,m
+Z dgk Zakﬂ,m (%ftl’ +8vf+1
— aak-i-l p ot o1
m—1 : ;
~ S ovkT GuPid
Fhom.g _
+ ; " ( ot + oz )

v k41,5 avk+1,j
or " oz >

m— ~k,m,j

+ F,

ot +8ac

-
T=t

OFF™ QFF™
Fk—i—l}

(3.46) +

gk ogk m _k,m k+ m 1
where k> pukiT are C"™ functions, Agi 5 @, given by (3.27) are C"* func-

Tk <hom.g oFk™ Rk
tions, FkmaJ FT , —a&7—» —a5— are continuous functions of (t, xpr1(L), vP9)
(p=1,....,n—1;¢=0,...,m —1), and Fy,; given by (3.19) are C™*! func—

tions.
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Since v(f, ) € X(8]|Q1), obviously it holds
[o(t,2) — v(0,0)]| < 240
Noticing (3.41), we obtain

gk 89
L < 9} = 1,...
aﬂg auk ‘ E 6 ) (q k + ) 7n)7

agy _ Ogr
‘8ak+1 - aak+1 |f:£:0’ < 6(5591)7 (p: 177k+1)7
P P

—k,m _k,m

‘aqi — G, |*=5c=0’ < e(0,8), (g=k+1,...,n;1=1,...,n),

—_k+1,m —k+1,m
api = Ay, |

[Femi| < |Brmilip| + (5, 0),
~k,m,j ~k mu
F, ’ < ’F ,jzol +e(8,01),

OFf™ | OFf™
ot ox M

OFkm N OFkm r
- ot or ! P30

Thus, letting

w3 ~ X ~k,m,j
My =, nax_, (’Ffmjlt__o T PR ) ,
OFF™  QFkm™
sy = ’< ot + aka—&-l) lt=z=0| »
and noting (3.29), we obtain
”Gk,m f)IH
09y k ol gykm
Z Z ” : (Tq )m5q1 + 5(6, Ql)) ‘ L 17
qg=k+1 i=1 < =z=0 ot orx
k+1 n kL i lom
89 k1 ov, Ov, T
_YIr m§ ; (5’ Q i i

oOvkI vk

oz

m—1 ‘

OuktLi  gyktlg
H of oz

)

+ Ry +¢(5, ).
As for condition (x), when v € 3(4, 1), it holds
Q(nfv) < Q.
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For continuous functions f, g, we have
Qlf - g) < If1192mnlg) + llgl2nlf),
Qnlf(g)) < w(Qmnlg)lf)-
Recalling (3.42), we can directly obtain (x) from (3.46).
As for condition (xi), since F¥™ in (3.34) are C'* functions, in view of (3.44),
we can get (xi).
Since (3.30) and (3.31) are of integral form, it is easy to verify

, ov Ov
IGE @) < =(0,9)| 55 + 55| + Ra +2(6,0),

; dv  Ov

Ri)) < =+ = =0,...,m—
(o @) < <.009 (1] (5 + 52 ) ) +eal G=0.m -1
|GR7 (T") = G (T]")|| < (8, ) [0 — "]

Thus, we obtain the characterizing matrix of the functional boundary value
problem as follows

It is easy to see )
HAHmin = H@m”min7
this completes the proof of Theorem 2.1. O

To prove Theorem 2.2, we need the following regularity lemma.

Lemma 3.3. Assume that the functional boundary value problem (3.9)-(3.20)
admits a unique C™ 1 solution u(t,z) on D(&y), and ||©.,,| < 1. If the coef-
ficients of (3.6) and initial conditions (3.2) are CM+T™*L functions (M > 0),
and (M 4+m+1)-th order derivatives of u(t,z,u) are Lipschitz continuous with
respect to u, then there exists a positive constant 6* < &g independent of M,
such that @ is a CMT™+1 solution of (3.9)-(3.20) on D(5*).

In [21], the authors showed the following regularity lemma of typical bound-
ary value problem.

Lemma 3.4. Suppose that the typical boundary value problem

o Ou; Ou,;
Z(jli(t,x,u) (a; + )\l(t,x,u)a;) =w(t,z,u), l=1,...,N
(3.47) i=1

xr=t: u. = Gp(t,ups1,-..,un), r=1,...,K

x=0: us = Gs(t,ur,...,ug), s=K+1,...,N
on the angular domain D(8y) admits a unique C*solution, whose corresponding
01| < 1. If ¢, A, p, Gry, Gy are CMHL(M > 0) functions, and (M + 1)-th
order derivatives of p are Lipschitz continuous with respect to w, then there

exists a positive constant 6* < &y independent of M, such that u is a CcM+1
solution of (3.47) on D(6*).
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Proof of Lemma 8.3. If u = u(t, ) is a C™*! solution of (3.9)-(3.20) on D(dy),
then by Lemma 3.2, uf](k =1....,n—1;7=0,....m;i = 1,...,n) is a
C* solution of the functional boundary value problem (3.23), (3.20), (3.30)-
(3.37). Regarding z(t) obtained (k = 1,...,n) as known functions, then we
easily know ufj is a C! solution of typical boundary value problem (3.47),
¢, A\ p, Gy, Gy are at least C2 functions, second order derivatives of p with
respect to u are Lipschitz continuous, and ©; = ©,,. By Lemma 3.4, there
exists a positive constant §* < dy such that ufj is a C? solution of (3.47) on
D(6*). Then it follows from (3.20) that x,(f)(k = 1,...,n) are at least C®
functions, so ¢, A ,u, G,, G, are at least C® functions. Repeated application
of Lemma 3.4 implies that ufj is a C™*! of (3.47) on §*. In view of Lemma
3.2, we obtain u is a CM+™+1 golution of (3.9)-(3.20) on D(6*). The proof of
Lemma 3.3 is complete. g

Proof of Theorem 2.2. Since any element of ©; tends to 0 as j — 400, there
exist a positive integer m > mg and a positive constant Jy such that the
functional boundary value problem (3.9)-(3.20) admits a unique C™*! solution
@ = u(t, z) on D(8y). Owing to Lemma 3.3, we obtain that @ is a O solution of
(3.9)-(3.20) on D(8*). By the equivalence of the generalized Riemann problem
and the functional boundary value problem (3.9)-(3.20), one yields that v =
u(t, x) is a C*° solution of the generalized Riemann problem in a neighborhood
of the origin. O

4. Appendix

Let
R(O)={(t,x)0<t<§, pt<z<at}, (a>p)

be an angular domain. Consider on this domain the following boundary value
problem in functional form:

(4.1) ZCU (t,z, |u) ( V(2 a:|u) ) =w(t,zju), ((=1,...,n),

(4.2) ZCTJ: (t,u) on z=at, (r=1,...,m),

(4.3) ZC =Gs(t,u) on z=p0t (s=1,...,n),
where the coefficients (;;, A, 11 and the boundary conditions G;({,j =1,...,n)
are assumed to be functionals of the unknown function u = u(¢, x), and

Czoj £ (;(0,0[0) = ¢ (t, z|v)|v=0,t=z—0-
Let
2(8) = {v(t,z) |v € C1[R()],v(0,0) = 0}
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and
2(0|) = {v(t, z) [v € £(6), gl <},
where
ov V) ov v
q:{ql}QI:aitl—’—ﬁai;a qn+l:aitl+aailx, (lzla"'7n)a

n n
¢ ={a}iar = W d =Y e (=1,....m).
j=1 j=1

For v € C[R(9)], define

Gj = G (t, z|v(z,1))
Nt z) =Nt zot,z) » Gi=1....n)
ﬂl = ,ul(ta $‘|’U(t,$))
and
FQ[U] = élj’%’%75‘l?%aﬁla%a 1~ ) ~1 5 T L
ot " Ox ox Oz " det |G| — Ao(t, at)” A(t, Bt) — B

(lLj=1,...,nsr=1,....m;s=m+1,...,n).

Assume that the functional coefficients of system (4.1) satisfy the following
conditions: ~ ~
(i) For any v € C'[R()], the values of the functions (;;(t, ), N (¢, ), fu(t,x)
(I,j=1,...,n) on any domain R(¢")(0 < ¢’ < 4) depend only on the values of
the function v(t,x) on R(4’), and all functions in I's[v] are continuous on R(4);
(ii) On R(0), for any v € 3(6|€),

4]l < Ry +&(6, (),
where R; is independent of § and €7, and for any fixed 1,

(4.4) €(6,1) — 0 as 06— 0;
(iii) On R(9), for any v € X(d]€1),
[T [v]]] < K,

where K; depends only on ;
(iv) On R(6), for any v € £(J|),

w(nlh) +wnlin) < woln),
where w(n|), w(n|iz) are defined by

w(nw) = sup wi(t',x") —w; (¢, "),
i=1,...,n
(t"a"),(t" 2" ) ER(5)
[t —t"|<n,|lz’ —z"|<n
w is an n dimensional vector valued function, and wy(n) is a nonnegative func-
tion depending only on ©; and wy(n) — 0 as n — 0;
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(v) On R(9), for any v € %(d]1),
w(n[T2[v]) < Kyw(nlg) +wi(n),
where w1 (n) has the same property as wo(n), and K5 depends only on €1
(vi) On R(9), for any v',v” € L(5|91),
1G5 (¢, 2v') = Gy (8 2" < Kslo" — o],
[t zlv’) = At 2|v”) ]| < Ksllv =",
lpua(t, x0") = pult, zlv”)|| < Ksllo" — "],
where K3 also depends only on §21;
(vii) Let
A = X(0,0]0) = A(t, z|v) 00t (I=1,...,n).
Then for r =1,...,m,
A<
or for any v € X(4]€1),
Ar(t, @) |a=pe < B.
Similarly for s=m +1,...,n,
> o
or for any v € X(4]€1),
As(t, z|0) |[amat < a.
For v € C*[R(J)], define

Gr(t) = Go(t]v)|o=at, (r=1,...,m),

Go(t) = Go(t|v)|ampi, (s=m+1,...,n).

We suppose that the functional boundary functions in (4.2), (4.3) satisfy the
following conditions;

(viii) For any v € C*[R(8)], Gi(t) (I = 1,...,n) are C* functions on the
interval 0 < t < §. Moreover, the values of the functions Gl(t) on 0 <t<
8" (0 < ¢' <) depend only on the values of the functions v(¢,x) on R(¢’). In
particular, él(O) (I=1,...,n) depend only on v(0,0);

(ix) On 0 < t < 4, for any v € X(5|),

GO <Y (O + (6, 20))Max(llgi |l a5 ]1) + Rz +2(8, ), (1= 1,...,n),
k=1

where 0j;, and Ry are nonnegative constants independent of ¢ and 4, €(d, ;)
satisfies (4.4);
(x) On 0 <t <4, for any v € X(|Q1),

WG €Y (Oute(6, ) ) Max(Qnlai). 21l ) +wa (), (L= 1, ),
k=1
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where Q(n]q;) denotes the modulus of the continuity of ¢; on R(§)(i =1,...,2n),
and wa(n) is a nonnegative function depending only on €; with wa(n) — 0 as
n — 0;

(xi) On R(9), for any v',v” € L(5|91),

[Galt, @) = Gtk alo )| < 37 (O + (8, 20) ) o = "]}, @ =1,....m),
k=1

where
n n
Ix 0/ "% __ o ./ k=1
U = ijvjv U = ij’vjv ( - 7”'7”)'
j=1 j=1

Under the preceding assumptions, problem (4.1)-(4.3) is called a typical bound-
ary value problem in functional form and the matrix

H = (6i)

is called the characterizing matrix of this problem. Then the following theorem
holds.

Theorem 4.1. If the minimal characterizing number of H is less than 1, i.e.,
emin = ‘H|min < 1;

then for sufficiently small § > 0, the typical boundary value problem in func-
tional form, (4.1)-(4.3), admits a unique solution u = u(t,xz) on R(J).
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