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ABSTRACT OF DISSERTATION 

THE GENERATION OF SECONDARY ICE PARTICLES 

IN CLOUDS BY CRYSTAL-GRYSTAL COLLISION 

Evidence has accumulated over the last twenty years that in some 

clouds the concentration of ice crystals may be a factor of four or 

five orders of magnitude greater than the concentration of observed 

ice nuclei apparently available to the cloud. A large number of 

physical mechanisms have been proposed to explain this disparity 

between the concentration of ice nuclei and ice crystals. This 

dissertation describes the investigation of one of these mechanisms 

the generation of secondary ice particles in clouds by crystal-crystal 

collision. 

The number of fragments generated by crystal collisions in a 

cloud is a product of the number of fragments produced per collision 

and the collision frequency. The first term, called the fragment 

generation function was obtained experimentally by photographing at 

high speed, collisions of natural ice crystals with a fixed plate. 

The number of fragments in a collision was found as a function of the 

change in momentum upon impact with the fixed plate and as a function of 

crystal type and degree of rime. The difference in the change in 

momentum for collisions in a cloud compared to the fixed plate is 

treated theoretically and developed into a mathematical model. The 

collision frequency is incorporated into the model and rates of 

fragment generation studied for different crystal combinations, sizes, 

and concentrations. 
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A. Background 

CHAPTER I 

INTRODUCTION 

In 1933 Tor Bergeron suggested that precipitation in the majority 

of extratropical clouds is initiated by the formation of ice crystals 

and subsequent growth due to the vapor pressure difference between ice 

and water. Since 1933 it has been found that the coalescence process 

may also be responsible for much precipitation even in extratropical 

clouds, but the ice phase process is still considered the dominant 

process. Early in the investigation of the "Bergeron-Findeison" 

precipitation process it was found that the initiation of the ice 

phase in clouds was due to the presence of small ice-forming particles 

in the atmosphere, called ice nuclei. These particles were found to 

be active in greater concentrations at colder temperatures and varied 

somewhat in space and time. For many years the concentration of these 

ice nuclei active at a given cloud-top temperature was equated to the 

concentration of ice crystals in a cloud. Over the last twenty years, 

however, evidence has accumulated which shows that in some clouds the 

concentration of ice crystals may be four or five orders of magnitude 

greater than the concentration of ice nuclei available to the cloud. 

A large number of physical mechanisms have been proposed to 

explain this disparity between the concentration of ice nuclei and 

ice crystals. One of the earliest and most persistently-proposed 

mechanisms has been the mechanical fracturing of fragile ice crystals 

in a cloud due to collisions between crystals. This dissertation 
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describes the investigation of this mechanism and its importance in 

natural and seeded clouds. 

B. The Generation of Secondary Ice Particles 

Primary ice crystals are particles of ice which have originated 

on primary ice nuclei. These ice nuclei may be activated in any of 

four ways (Mason, 1971). They may form ice crystals by the direct 

deposition of water vapor; they may first act as condensation nuclei, 

and then cause the absorbed water to freeze; they may contact super-

cooled cloud droplets causing them. to freeze; or they may be embedded 

in cloud droplets acting as bulk freezing nuclei. Primary ice 

crystals are expected to be present in clouds in concentrations equal 

to the concentration of ice nuclei activated in a cold chamber at a 

given temperature. The temperature at the cloud top strongly affects 

the concentration of ice nuclei which becomes active. A world-wide 

time and space average temperature spectrum of activated ice nuclei 

has been obtained by Fletcher (1962). It has an exponential form 

n(~T) n exp(~~T) 
o 

(1) 

where ~T is the degree of supercooling, n (nT) is the concentration 

of activated ice nuclei per liter, and n and ~ are constants. 
o 

Fletcher found ~ and n to be about O.6/
o

C and lO-5/liter respectively. 
o 

An estimate of the concentration of activated ice nuclei is one per 

liter at a supercooling of -20
o

C and a change by a factor of ten for 

each four degrees of supercooling, the concentration increasing at 

greater supercooling. 

Secondary ice crystals are particles of ice which have been 

produced in a cloud by the presence of primary ice crystals. These 
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secondary ice particles may be "regular" in shape, irregular, rimed 

or unrimed depending on the formation process and subsequent history. 

Early observations of secondary ice particle generation were 

highly suspect due to the wide fluctuations in the concentration of 

primary ice crystals from cloud to cloud and due to inaccuracies in 

the measurement of ice nucleus and ice crystal concentrations. In 

the last ten years, however, as measurement techniques have improved 

and observed differences in the concentrations of ice nnclei and 

ice crystals have become divergent, particularly in clouds with small 

supercooling, the presence of large concentrations of secondary ice 

particles has been generally accepted. The observational studies by 

Koenig (1963, 1968), Mossop (1968,1971), Mossop, et al (1967, 1968, 

1969,1970,1972), Hobbs (1969), Auer, et al (1969), Grant (1968), 

Gagin (1971), and Vardiman (1972) have provided insight into the 

general cloud types and conditions which favor ice multiplication 

and the magnitude of the effect. In general, stratiform clouds do 

not appear to produce large numbers of secondary ice particles since 

the concentrations of ice crystals agree closely to the concentrations 

of ice nuclei. Cumuliform clouds produce secondary ice parLicles 

under as yet incompletely-defined conditions and ratios of ice crystals 

to ice nuclei may range from 1 at cloud-top temperatures of about 

30
0 C 104 10

5 
_4°C. - to - at temperatures as warm as Maritime cumuli 

seem to produce secondary ice particles much more easily than 

continental cumuli. 
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C. The Need for a Solution 

The simple assumption that the initiation and formation of 

precipitation in a cold cloud is related entirely to the concentration 

of primary ice nuclei, leads to an underestimate of natural 

precipitation. Certain clouds precipitate much more intensely 

than would be expected if only the primary ice nuclei were 

available. In some extreme cases a cloud may precipitate heavily 

where no precipitation would be expected from the cloud-top temperature 

and thickness. Forecasting of natural precipitation and simple under

standing of a commonly-observed but little-understood phenomena 

necessitate the study of secondary ice-particle generation in a cloud. 

Most artificial cold cloud modification is also based on the 

assumption that the concentration of ice crystals in a cloud is 

equal to the concentration of measured ice nuclei. If this were true, 

the less the supercooling in a cloud, the more efficient cloud 

modification should be in converting the cloud water to ice. However, 

we know that artificial modification of cold clouds to increase 

precipitation becomes inefficient at temperatures warmer than about 

-IOoC. There are practical constraints such as the reduction in 

efficiency of seeding devices and the slower growth rates of ice 

crystals at warmer temperatures which contribute to this inefficiency, 

but the precipitation efficiency of these clouds does not appear to be 

helped by seeding. If the concentration of ice crystals in a cloud is 

equal to the concentration of measured ice nuclei, many of these 
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"warm clouds" should not precipitate naturally by the ice crystal 

process and seeding should increase precipitation efficiency. 

Grant and Elliott (1974) estimated the "temperature window" for 

efficient cloud seeding in winter orographic clouds to extend from 

o 0 
-10 C to -24 C. At the warm end of this "temperature window" they 

suggested that various effects including "multiplication processes" 

may impair the seeding efficiency. They were unable to define a 

"temperature window" for convective clouds or clouds which contain 

strong dynamic effects. Since it is generally accepted that ice 

multiplication is greater in convective clouds than in stratiform 

clouds, the reason a "temperature window" can not be defined may be 

due to multiplication processes. 

Since ice multiplication appears to be a common theme in limiting 

seeding opportunity for many clouds, it would seem to be easier to 

attack the problem directly by defining secondary ice particle 

generation processes, rather than randomly seeding all cloud situa-

tions and using statistical evidence to define "temperature windows." 

The need for a solution to secondary ice particle generation is urgent 

if artificial cloud modification is to be applied effectively. 

D. Suggested Mechanisms for Ice Multiplication 

Not only may the concentration of ice crystals be increased by the 

generation of secondary particles but the concentration of ice nuclei 

may be underestimated in an instrument used to detect them. The 

conditions in an ice nucleus counter do not completely duplicate those 

in a cloud. For purposes of this dissertation ice mUltiplication is 

defined by the ratio of ice crystals to ice nuclei in a cloud. 
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There are two basic classifications of the suggested mechanisms for 

explaining ice multiplication. Following Henmi (1974), the first 

category includes those suggested mechanisms which are related to 

the formation of primary ice particles and the second category includes 

those suggested mechanisms which generate secondary ice particles. 

1. Mechanisms related to the formation of primary ice particles. 

a. Ice formation on slow acting ice nuclei (Warner and 

Newnham, 1958; Takeda, 1968) 

b. Ice formation on pre-activated nuclei (Roberts and 

Hallett, 1968) 

c. Contact nucleation by dry particles (Gokha1e and Goold, 

1968) 

d. Freezing of water droplets due to evaporation cooling 

Hallett, 1970) 

e. Electro-freezing or mechanical freezing of supercooled 

water (Abbas and Latham, 1969) 

2. Mechanisms related to the generation of secondary ice 

particles. 

a. Shedding of "whiskers" from evaporating ice particles 

(Cross, 1969; De Michelli and Licenb1at, 1967; Ruskin, 

1969; Schaeffer and Cheng, 1974) 

b. Mechanical fracturing of fragile ice crystals (Findeisen, 

1943; Langmuir, 1948; Mason, 1955; Grant, 1968; Hobbs and 

Farber, 1972; Vardiman, 1972) 

c. "Splintering" when drops freeze in the riming growth of 

ice particles (Brewer and Palmer, 1949; Johnson and 
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"warm clouds" should not precipitate naturally by the ice crystal 

process and seeding should increase precipitation efficiency. 

Grant and Elliott (1974) estimated the IItemperature window" for 

efficient cloud seeding in winter orographic clouds to extend from 

-IOoe to -24
o
e. At the warm end of this "temperature window" they 

suggested that various effects including "multiplication processes" 

may impair the seeding efficiency. They were unable to define a 

"temperature windowll for convective clouds or clouds which contain 

strong dynamic effects. Since it is generally accepted that ice 

multiplication is greater in convective clouds than in stratiform 

clouds, the reason a "temperature window" can not be defined may be 

due to multiplication processes. 

Since ice multiplication appears to be a common theme in limiting 

seeding opportunity for many clouds, it would seem to be easier to 

attack the problem directly by defining secondary ice particle 

generation processes, rather than randomly seeding all cloud situa

tions and using statistical evidence to define "temperature windows." 

The need for a solution to secondary ice particle generation is urgent 

if artificial cloud modification is to be applied effectively. 

D. Suggested Mechanisms for Ice Multiplication 

Not only may the concentration of ice crystals be increased by the 

generation of secondary particles but the concentration of ice nuclei 

may be underestimated in an instrument used to detect them. The 

conditions in an ice nucleus counter do not completely duplicate those 

in a cloud. For purposes of this dissertation ice mUltiplication is 

defined by the ratio of ice crystals to ice nuclei in a cloud. 
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There are two basic classifications of the suggested mechanisms for 

explaining ice multiplication. Following Henmi (1974), the first 

category includes those suggested mechanisms which are related to 

the formation of primary ice particles and the second category includes 

those suggested mechanisms which generate secondary ice particles. 

1. Mechanisms related to the formation of primary ice particles. 

a. Ice formation on slow acting ice nuclei (Warner and 

Newnham, 1958; Takeda, 1968) 

b. Ice formation on pre-activated nuclei (Roberts and 

Hallett, 1968) 

c. Contact nucleation by dry particles (Gokhale and Goold, 

1968) 

d. Freezing of water droplets due to evaporation cooling 

Hallett, 1970) 

e. Electro-freezing or mechanical freezing of supercooled 

water (Abbas and Latham, 1969) 

2. Mechanisms related to the generation of secondary ice 

particles. 

a. Shedding of "whiskers" from evaporating ice particles 

(Cross, 1969; De Michelli and Licenblat, 1967; Ruskin, 

1969; Schaeffer and Cheng, 1974) 

b. Mechanical fracturing of fragile ice crystals (Findeisen, 

1943; Langmuir, 1948; Mason, 1955; Grant, 1968; Hobbs and 

Farber, 1972; Vardiman, 1972) 

c. "Splintering" when drops freeze in the riming growth of 

ice particles (Brewer and Palmer, 1949; Johnson and 
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Hallett, 1968; Mossop et aI, 1969; Mossop et aI, 1962; 

Ono, 1971; Hallet and Mossop, 1974. 

d. Shattering of water drops freezing in free fall (Hobbs 

and Alkezweeny, 1968; Brownscomb and Thorndike, 1968; 

Takahashi and Yamashita, 1970) 

e. Frost-like growth on ice particles in local supersatur

ation caused by contact with large drops (Koenig, 1965) 

f. Accumulation of ice crystals or ice nuclei at the 

sampling level (Mossop and Ono, 1969) 

g. Seeding by ice particles from higher clouds (Braham, 1967) 

h. Disintegration of the surface structure of rimed ice by 

ventilation in subsaturated air (Henmi, 1974) 

The suggested mechanisms have been studied to a greater or lesser 

degree depending on the likelihood of the mechanism being active in 

the clouds peculiar to the investigators' interests. Under certain 

conditions and in particular clouds many of the suggested mechanisms 

can be eliminated. As of this writing none of the thirteen mechanisms 

have been shown to be "the" ice crystal multiplication mechanism. 

In fact, I tend to doubt if a single process will ever be found to 

explain all of the differences between the concentrations of ice 

crystals and ice nuclei. If one is found to be generally effective 

in a great number of clouds, it appears probable that "splintering" 

is the most likely candidate. 

Given the conditions in Colorado where large concentrations of 

irregular crystals and crystal fragments have been found in the 

precipitation from convective cells embedded in orographic clouds 

(Vardiman, 1972), the most likely mechanism would appear to be 
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"mechanical fracturing of fragile ice crystals." Orographic clouds 

which contain embedded convection differ from smooth orographic clouds 

mainly in the degree of stability. Unless the cloud layer is highly 

unstable, the convection will constitute only a small portion of the 

orographic cloud in which it is embedded. The orographic cloud, with 

or without convection, is generally smooth on top, except in the vicin

ity of convective cells which nearly always protrude less than 1,000 

feet. Upwind and downwind edges are normally well defined. Therefore, 

all of the mechanisms relating to the formation of primary ice 

particles can be eliminated due to the relatively good agreement 

between crystal concentrations in a smooth orographic cloud and 

expected ice nucleus concentrations. Droplets large enough to produce 

shattering and splintering effects are seldom present in these clouds. 

Only occasionally are higher-level clouds present which could seed 

the lower cloud deck and the accumulation of ice crystals or ice nuclei 

is unlikely. Finally, the frequently-observed presence of large 

crystal fragments can only be explained by mechanical fracturing. 

Therefore, of the mechanisms which are related to the generation of 

secondary ice particles, mechanical fracturing of fragile ice crystals 

constitutes a prime prospect to explain the ice multiplication associ

ated with convective cells embedded in such continental orographic 

clouds. Findings in such a study may have application in many other 

cloud types. 

E. Previous Studies on Mechanical Fracturing of Fragile Crystals in 

Clouds. 

To initiate a study on mechanical fracturing by crystal-crystal 

collision in a cloud one must determine two main characteristics of·a 
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given cloud of ice crystals - the collision frequency between crystals 

and the production rate of fragments per collision. Once these two 

characteristics are determined the rate of increase in ice crystal 

concentration with time can be estimated for different cloud conditions 

and a determination of the importance of this process made. 

The collision frequency of raindrops has been treated in detail 

because of the importance of size distribution in the production of 

rain from warm clouds (See Twomey, 1966 and Berry, 1967), but the 

collision frequency of ice crystals has received little attention. 

What work has been done was related not to the breakup of ice crystals, 

but rather to their aggregation. One such study, from which the basic 

mathematical model for collision frequency was obtained in this work, 

was that of Austin and Kraus (1968). One of the basic conclusions of 

their research, which applied to aggregation, was that a threshold 

in conditions must be reached before the process becomes significant. 

For Austin and Kraus the threshold was a function of temperature 

and size of crystals. The threshold in this study was found to be 

crystal concentration and the degree of rime. 

The production rate of fragments per collision has never been 

studied in more than a cursory manner. Findeisen (1943), Langmuir 

(1948), and Mason (1955), although discussing the need for fragments 

to be produced by collisions among fragile crystals, never went beyond 

estimates of the average number of fragments which would have to be 

produced. They obtained these estimates by dividing the concentration 

of particles at the ground by an assumed initial concentration of 

par~iales at the top of the cloud. Langmuir (l948) discussed the 
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possibility of changes in the fragmentation rate in his famous "Chain 

Reaction" paper but never treated it in a quantitative manner. Grant 

(1968) using data from Climax, Colorado discussed the presence of 

crystal fragments in the precipitation from general orographic clouds 

and concluded that on the average fragmentation only caused a maximum 

tenfold increase in the concentration. Vardiman (1972) conducted a 

study at the same location but emphasized only crystal concentrations 

from embedded convective cells. In this study it was found that 

ratios of ice crystals to ice nuclei from these embedded cells could 

4 0 
reach 10 at cloud-top temperatures as warm as -15 C. 

The first reported attempt at assessing the strength of ice 

crystals and their susceptibility to fracture was that of Hobbs and 

Farber (1972). Theirs was essentially a theoretical study using 

measured tensile strengths and elastic moduli for pure ice. They 

obtained critical kinetic energies for given moment arms to determine 

if crystals falling at relative velocities, such as observed in a 

cloud, should produce fragments. For large relative velocities, 

moment arms, and masses they found that some fragmentation would be 

expected. A warning was provided at the end of their paper regarding 

the collision frequency but only a rough evaluation of this point was 

made, indicating that even though fragmentation does occur it is 

probably so infrequent as to nullify the effect. 

F. Purpose of this Study 

If mechanical fracturing by crystal-crystal collision in a cloud 

is to be formulated in detail, two problems should be resolved: 

(1) An experimentally-determined fragment-generation function (number 

of fragments produced per collision) must be obtained and (2) this 
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function must be integrated with the collision frequency. A 

theoretically-derived fragment generation function, such as that of 

Hobbs and Farber (1972), is not really suitable because of the many 

variations in crystal type, orientation of fall, and degree of rime. 

One needs a measure of the number of fragments which would be 

generated in a collision which is more closely tied to real collisions 

rather than to theoretical deductions based on elastic crystal 

strengths. 

The purpose of this study, then, is to determine experimentally 

a fragment generation function for a number of different crystal types 

and integrate these fragment generation functions with the respective 

theoretical collision frequencies. The magnitude of ice particle 

generation by crystal-crystal collision is to be estimated for various 

cloud conditions and the effects on natural and seeded clouds 

predicted. 



CHAPTER II 

THEORY 

A. Mathematical Formulation of Secondary Particle Generation for 

Clouds. 

1. Random and Ordered Collisions. 

In a cloud of particles varying in size, two basic types of 

collision processes are possible - random collisions and ordered 

collisions. Random collisions are associated with turbulent motions 

in the air caused by vertical and horizontal wind shear. Ordered 

collisions are caused by the difference in terminal velocity between 

particles. The component to the total collision frequency in a cloud 

due to ordered collisions can be visualized as the total collision 

frequency between particles in a quiescent environment where the 

particles fall without fluttering or being deflected in the wake of 

other particles. If wake effects are to be considered, a factor called 

the collision efficiency must be mUltiplied times the computed 

collision frequency. 

Although it is possible that random collisions may outnumber 

ordered collisions in highly-turbulent clouds and the collisions could 

be more "forceful", only ordered collisions will be treated in this 

study due to the inability to formulate random collisions in an 

analytic manner. This assumption should not be too restrictive as the 

number of random collisions should be of the same order as the number 

of ordered collisions in non-severe cloud situations. For smooth 

orographic clouds, the number of ordered collisions should outnumber 

the random collisions. 



13 

The ordered collision frequency between crystals has been shown 

by Austin and Kraus (1968) to be: 

(2) 

where F
ijkl 

is the collision frequency per unit volume between 

crystal type i-size j and crystal type k size 1, E is the colli-

sion efficiency, C .. is the concentration of crystal type i-size j, 
1J 

C
kl 

is the concentration of crystal type k - size 1, A
ijkl 

is the 

collision cross section between crystal type i-size j and crystal 

type k - size 1, and IV
ij 

- vkll is the relative fall velocity between 

crystal type i-size j and crystal type k - size 1. Because the 

majority of crystals studied in this research are large enough to be 

outside the range of interaction effects and those that are in the 

range of wake effects have such small relative fall velocities, 

which contribute little or nothing to secondary particle generation, 

E will be assumed equal to 1. 

The collision cross section A
ijkl 

can be approximated by a disc 

with diameter equal to the sum of the maximum dimensions of the two 

colliding particles. For the crystal types studied in this paper the 

initial crystal shapes are close to circular discs when viewed verti-

cally and the approximation is quite adequate. For other crystal 

shapes such as columns or needles, however, a different collision 

cross section is required. The equation for A
ijkl 

is: 

(3) 

where r
ij 

and r
kl 

are the maximum radii of the two particles. 
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2. Fragment Generation Functions 

In general, the number of fragments generated in a collision is a 

function of the type and size of both crystals involved in the collision. 

However, the task of obtaining the necessary information to predict the 

number of fragments generated for all of the various combinations of 

types and sizes of crystals in a cloud is prohibitive. It is far 

simpler and should not be too bad an assumption to find a predictor for 

the number of fragments generated as a function of some single parameter 

of the collision. The most appropriate parameter would seem to be the 

maximum force exerted during a collision. The number of fragments 

generated in a given collision should be proportional to the maximum 

force exerted. However, the maximum force exerted in a collision is a 

function of many parameters of a collision, such as the coefficient of 

restitution, the masses of the two particles, the relative velocities, 

the contact time of the collision, and the collision force as a function 

of time. Most of these parameters could be taken into account except 

for the contract time and the collision force. Unfortunately, these 

parameters are unknown and probably vary greatly. Even if the contact 

time is assumed constant for all collisions and the collision force is 

assumed to be normally distributed with time, the error in the estimated 

maximum force would still be extreme. Two other logical parameters 

come to mind - the kinetic energy of impact and the change in momentum. 

Neither of these parameters is as basic as the maximum force but they 

have the advantage that most of the variables upon which they depend 

can be reasonably treated. Hobbs and Farber (1972) used kinetic energy 

as a parameter since the elastic properties of a theoretical study 

naturally lend themselves to this treatment. However, for this study 
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the change in momentum due to the collision between particles was 

used because it was found to be conservative while kinetic energy 

is non-conservative. This is true since momentum is conserved 

even in a non-elastic collision while energy is not. Crystal 

collisions are necessarily inelastic if fracturing is to occur since 

the fracturing process requires the absorption of energy. 

The change in momentum is similar to the maximum 

force because it is the integral of force over time. It can not 

distinguish a short, hard collision from a long, soft collision. 

However, if the contact time is similar for all collisions, it 

will approximate the maximum force quite well. 

The change in momentum of a particle when hit by another 

particle can be obtained by solving two equations with two unknowns. 

The two equations are the equation for the conservation of momentum 

for the system and the equation for the coefficient of restitution. 

From Sears and Zemansky (1957) these equations are: 

(4) 

f f 
v .. - v

kl 
e 

l.J 
(5) 

0 0 
v .. - vkl l.J 
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where m
ij 

and m
k1 

are the masses 

f 
are the initial velocities, v

ij 

o 0 
of the two particles, v

ij 
and v

k1 
f 

and v
k1 

are the final velocities, 

and e is the coefficient of restitution. 
f 

The two unknowns are v .. 
lJ 

f 
and v

k1 
given that the coefficient of restitution, e, is known. 

Since only two particles are involved, the change in momentum of one 

particle must equal the change in momentum of the other. Therefore, 

lIM
ijk1 

f 
m .. (v .. 

lJ lJ 
(6) 

where lIM
ijk1 

is the change in momentum of a particle of type i-size 

j when hit by a particle of type k - size 1. Solving Equations (4) 

f 
and (5) simultaneously for v.. gives: 

lJ 

= 
o 

- v ij )} • (7) 

f 
Substituting v .. into Equation (6) and simplifying gives: 

lJ 

mij~l 0 0 

+ 
{1 + e} {v

k1 
- v .. } 

mij ~1 lJ 
(8) 

This change in momentum lIM
ijk1 

is the maximum possible change 

because Equation (8) assumes that the particles collide center-to-

center. However, in a real cloud the particles have an equal probabi1-

ity of colliding in all configurations between center-to-center and a 

grazing blow. The most likely change in momentum is then the expected 

value of lIM"
k1 

obtained by integrating over all possible 
lJ 
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configurations. In Appendix A the derivation for the most likely 

~Mijkl is given. The end result is that ~ijk1 in Equation (8) must 

be multiplied by TI/4. Therefore, the statistical change in momentum 

of a particle hit by another becomes: 

~ijkl (9) 

o 0 
where v

ij 
and v

kl 
have been replaced by the observed terminal 

velocities. 

If the number of fragments generated can be determined as a 

function of the change in momentum, then the total fragment generation 

rate can be found. This "fragment generation function" has been found 

for each of five different crystal types and will be described in 

Chapter III. Suffice it to say the "fragment generation functions" 

take the form as follows: 

= 
2 

a + S log ~ijkl + y(log ~ijkl) (10) 

where N
ijkl 

is the number of fragments per collision for crystal type 

i-size j hit by crystal type k - size 1 and are constants determined 

for each of the five crystal types studied. 

It should again be re-emphasized that N
ijkl 

is an approximation 

due to the prohibitive task of obtaining a true N
ijk1

• 

3. Total Fragment Generation 

The fragment generation rate for collisions between crystal type 

i-size j and crystal type k- size 1 is: 

= (11) 
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where C is the concentration of all crystals in a cloud, t is time, 

(dC/dt)"k! is the contribution to the total fragment generation rate 
~J 

due to collisions between crystal type i-size j and crystal type k -

size 1, F
ijkl 

is the collision frequency, and N
ijkl 

is the fragment 

generation function. 

The total fragment generation rate for crystal type i-size j 

colliding with all other crystals in a cloud is: 

(12) 

The total fragment generation rate for all crystal types and sizes in 

a cloud is: 

dC 

dt 1: 1: 1: 1: F.. kl • N ;J' kl 
i j k 1 1.J ..L 

From Equation (2), letting E 1, dC/dt becomes: 

Now, 

Then, 

dc 
dt 

if 

P .. 
1.J 

dC 
dt 

we define a distribution function for crystal type and 

C .. C
kl ...2:J.. and P

kl C C 

1: E E z.: 

CPijCPklAijkl Iv .. - vkll N
ijkl i j k I 1.J 

(l3) 

(14) 

size: 

(15) 

(16) 

where C is a function of time. Since C is not an explicit function of 

crystal type or size, it may be removed from the summations. 

dC 
dt 

(17) 
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The terms in the summations are functions completely of crystal 

type and size distributions. These may change in time but are 

independent of the concentration C. 

B. Analytic Solutions 

Define: 

K(t) 

Substituting into Equation (17): 

dC 
dt = 

(18) 

(19) 

In general K(t) changes with time because the distributions change as 

fragments are produced. The production of fragments will cause the 

distributions to have fewer crystals at large sizes and more crystals 

at small sizes. The effect of this should be to cause K(t) to 

decrease with time. 

As a first approximation K(t) can be assumed to be constant. 

K(t) K 
o 

(20) 

Integrating Equation (19) with the assumption in Equation (20) 

gives the following solution: 

C = 
C 

o 

1 - C K t 
o 0 

where C is the initial total concentration of crystals. This 
o 

(21) 

solution is plotted in Figure 1. It has the following characteristics: 

1. If K is 0 the concentration does not change with time and 
o 

there is no secondary particle generation. 
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2. If K is negative the concentration decreases with time. 
o 

However, from Equation (18) we can see that K can never be 
o 

less than O. 

3. If K is positive the concentration increases with time. In 
o 

fact, it increases at a rate greater than an exponential 

increase because it approaches infinity at some finite time. 

4. The greater K and C the faster the concentration increases. 
o 0 

From the foregoing characteristics, it is apparent that C and 
o 

K should be maximized to obtain the greatest effect of secondary 
o 

particle generation. 

Equation (21) can also be solved to stress the time required to 

reach a desired ice multiplication ratio. If the ice multiplication 

ratio is defined as: 

M 
c 
c 

o 

Then, solving (21) for t gives: 

t = 
1 - 11M 

C K 
o 0 

(22) 

(23) 

This relation is plotted in Figure 2. This solution shows the rapid 

rate of increase in concentration during the last portion of time. It 

takes 15 minutes to obtain the first tenfold increase in concentration 

at an initial concentration of .l!liter and a K of .01, but it only 
o 

takes an additional 1.5 minutes to obtain the next tenfold increase. 

The solution also shows the inverse relation of time to initial 

concentration and K. If either C or K is increased by a factor 
000 
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Figure 2. The time required to reach a given multiplication ratio for 
various values of C and K • 

o 0 
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of ten, the period of time required to reach a given multiplication 

ratio is decreased by a factor of ten. This shows the strong depen

dence of the fragment generation rate on the crystal concentration. 

Now let: 

K(t) K + At 
o 

Solving (19) again but with the assumption in (24): 

C 

C 
o 

1 - C (K t + 1 A t
2

) 
o 0 2 

This solution is similar to the previous solution but allows 

(24) 

(25) 

for a linear increase or decrease in K(t). If A is 0 this solution 

simplifies to Equation (21). If A is positive the rate of change in 

concentration becomes even greater than before and increases with 

time. If A is negative the rate of change in concentration becomes 

less with time, and may become zero. This solution again allows for 

the concentration to decrease with time if A and t are large enough. 

Equation (18) prohibits this. This solution maximizes the effect of 

secondary particle generation if K and A are maximized. 
o 

The actual solution to Equation (18) can only be found if K(t) 

is known as a function of time. However, K(t) will vary depending on 

the initial crystal type and size distributions and on the size distri-

butions of the fragments which are produced in the cloud. Therefore, 

this solution can only be approximated by numerical methods. A 

general estimate of the magnitude of secondary particle production can 

be obtained by calculating K for various crystal combinations and size 
o 

distributions. This has been done and will be discussed in Chapter IV. 
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C. Crystal Collisions with a Fixed Plate 

1. Similarity to Collisions in Clouds 

Various methods of observing or simulating crystal collisions in 

a cloud were attempted including sterophotography of collisions between 

falling ice crystals and the artificial collision of ice crystals in 

an electric field. The observation of collisions between crystals 

falling in the atmosphere was found to be extremely difficult due 

to the infinetesimal probability of photographing a collision in a 

reasonable amount of time and collision of crystals in an electric 

field was found to be impractical. Field measurements of crystal 

concentrations in space and time were attempted with an airborne ice 

crystal counter to identify fragment generation zones in and around 

convective clouds, but instrumental difficulties and problems in 

interpretation led to the abandonment of this line of investigation. 

One frequently suggested method is to catch or grow an ice 

crystal, mount it in some manner, and bombard it with an object of 

known mass and velocity. Two main objections may be given to this 

method: (1) in catching and mounting the crystal, its properties may 

be changed because the most fragile elements on the crystal may be 

broken off or sublimated in the subsaturated environment of the 

handling equipment and (2) mounting the crystal is difficult, at best, 

and detracts from the reality of collision similarity because the mount 

will absorb a portion of the collision energy and effect the collision 

in unknown ways. 

It was finally decided that a more suitable experiment was to 

photograph with a high speed camera the collisions of natural ice 

crystals falling at terminal velocity on a fixed plate. The 
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objectio~s cited above are not present and a large statistical sample 

of collisions may be obtained. The immediate reaction is that a 

collision of an ice crystal with a fixed plate in no way simulates a 

crystal-crystal collision in a cloud because of the fixed surface and 

the extreme impact. A mathematical treatment of the change in momentum, 

however, shows such a treatment to be possible. When the fragmentation 

is studied as a function of the change in momentum the only remaining 

differences are collision orientation, shape effects and the coefficient 

of restitution. Shape effects and collision orientation may be 

different when a falling crystal hits a flat plate of infinite extent 

because the crystal will tend to take a "double bounce" when it hits. 

This is especially true of plate-like crystals because the leading edge 

may hit first, rotating the crystal so that the back edge hits before 

complete rebound. This is not true of more spherical particles such as 

graupel. The shape of the flat surface is clearly different that that 

of another crystal and for spatial crystals this is probably important. 

These crystals have burr-like protrusions which could intermesh with 

another crystal, but cannot do so on a flat surface. This effect would 

cause spatial crystals to produce more fragments on a flat surface than 

a similar collision with another crystal. The coefficient of restitu

tion will also be different but will be treated in the following 

sections. 

These limitations and approximations are estimated to be of 

second-order importance when compared to the degree of fragmentation 

in actual collisions. A sensitivity analysis on the numerical model 

in Chapter IV will show the effect of overestimate or underestimate 

in the fragment generation function. 
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2. Mathematical Formulation of the Change in Momentum with a 

Fixed Plate. 

The equations for the change in momentum between two colliding 

particles were treated earlier in Section A.2 of this chapter. In 

this section we now want to treat the inelastic collision of a 

particle with a fixed plate. Equation (6) is a general equation for 

any inelastic collision. It may be rewritten as follows: 

f f 
vk.l - v .. 

e 
1.J (26) 

0 0 
v .. - v

kl 1.J 

h f d f f· 1 1 . . 0 dOl were v
ij 

an v
kl 

are l.na ve oC1.t1.es, v
ij 

an v
kl 

are initia 

velocities, and e is the coefficient of restitution. 

For the case where one of the objects is of very large mass, 

say object kl, the velocity after the collision is equal to the 

velocity before the collision. If the velocity before the collision 

is also zero, as in the case of the fixed plate, the following 

relation holds. 

= = o 

Therefore, Equation (26) becomes: 

e 

f 
v .. 
-.!.L. 

o 
v
ij 

(27) 

(28) 

Assuming object ij has an initial velocity greater than zero, e can 

take the values from 0 to 1. If object ij sticks to object kl it has 

a final velocity of zero and e = O. This is the case of a perfectly 

inelastic collision. If object ij rebounds from object kl with a 
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f 
final velocity equal and opposite to its initial velocity, v .. 

~J 

o 
- v

ij 
then e = 1. This is the case of a perfectly elastic collision. 

In the majority of cases the collisions between two ice crystals or 

an ice crystal and a fixed plate lie somewhere in between. 

The change in momentum of a crystal hitting a plate is: 

= 
f 

mijvij 

o f 
where ~ is the change in momentum, Mi. and M .. are the momentum 

J ~J 

of particle ij before and after the collision, respectively, and 

(29) 

m .. is the mass of the crystal. 
1.J 

f 
Solving Equation (28) for v .. and 

~J 

substituting into Equation (29), 

o 
- m .. v .. (1 + e) 

~J ~J 

It can be seen from this equation that the change in momentum 

(30) 

can be calculated for the collision of a particle of known mass and 

velocity with a fixed plate if the coefficient of restitution is 

known. The coefficient of restitution between ice crystals or between 

an ice crystal and other materials has not been determined, however. 

- One of the first objects of the experimental work, then, must be the 

determination of the coefficient of restitution, e. 

3. Determination of the Coefficient of Restitution 

A reasonable estimate of the coefficient of restitution would 

appear to be quite straightforward. It would seem that all one must 

do is evaluate Equation (28) for a number of collisions and determine 

e. This is not the case, however. First, the coefficient of 

restitution is a measure of the elastic properties of both objects 
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which collide. Therefore, an ice crystal colliding with another ice 

crystal will give a different coefficient of restitution than colliding 

with some other material. The material selected for the fixed plate 

in the experiment was plexiglass which has a different elasticity than 

ice. Secondly, each ice crystal has a different coefficient of 

restitution depending on its structure and degree of rime. The 

crystals which produce the most fragments are those with the lowest 

coefficient of restitution. This is consistent with the concept that 

energy is absorbed by the fracturing process. Thirdly, the high-speed 

photography system used to obtain a large statistical sample did not 

permit extremely high speeds to obtain the particle velocities 

immediately before and after impact. An involved integration of 

particle trajectories before and after impact was required to obtain 

these velocities. 

Fortunately, a precise determination of the coefficient of 

restitution is not vital. If one were to assume all the collisions 

were elastic when, in fact, they were all inelastic, the error would 

be a factor of two in the change of momentum as can be seen in Equation 

(30). However, the measured changes in momentum ranged over four 

orders of magnitude and the dependence of the fragment generation 

function on the change in momentum is relatively weak. 

Appendix B describes the mathematical method of obtaining e for 

a given collision. The ratio of vertical velocities immediately before 

and after impact were studied for a number of collisions. Using this 

method e was found to average .37 for graupel. Since the determin

ation of e by this method severely limited the data available for 

reduction, e was determined only for graupel and assumed to be the 
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same for other crystal types colliding in a cloud as well as with the 

fixed plate. Except for unrimed plane dendrites, this assumption is 

felt to be an overestimate of e for all other crystals, at least for 

collisions with the plate. This overestimate of e results in a 

slight underestimate of the efficiency of fragment generation on the 

plate. However, since e is also assumed to be the same in the cloud, 

the efficiency of fragment generation in a cloud should be over

estimated to the same extent. 

4. Summary 

Once the coefficient of restitution is determined, the change in 

momentum can be obtained for a given collision. Therefore, the 

number of fragments produced can be related to the change in momentum 

for a given collision. Provided a large sample of collisions is 

available, a fragment generation function can be obtained for each 

crystal type desired. The fragment generation functions can then be 

substituted into Equation (18) from which the rate of change in 

crystal concentration can be studied with time. 

The next chapter will describe in detail the apparatus and 

procedures used to obtain the fragment generation functions. 



CHAPTER III 

EXPERIMENTAL DATA AND PROCEDURES 

A. Description of Experimental Apparatus 

The determination of the fragment generation functions require 

the observation of ice crystals colliding with a fixed plate. The 

instrument designed to make these observations is shown in Figure 3. 

It consisted of a l6mm movie camera mounted to view parallel to the 

surface of a black plexiglass plate. An optically-black background 

was constructed behind the plate to allow photography during daylight 

hours. A high-intensity light source was mounted to one side of the 

plate to illuminate the falling crystals. The entire instrument was 

secured to a heavy adjustable tripod which allowed the instrument to 

be rotated so that the wind was perpendicular to the optic axis of 

the camera. 

The camera used was a model DMB 4, 16 mm high-speed movie 

camera manufactured by the D. B. Milliken Company of Arcadia, 

California. It had a film magazine which permitted the use of 400' 

rolls of film. A f/l.8 lens with a 5-mm extension was used to observe 

the crystals. The depth of field was about 1 cm at 10 cm from the 

front of the lens. This configuration allowed the image size on the 

film to be about 1/3 actual size and permitted a magnification of 40X 

actual size by projection later. The film used was Kodak 4-X Reversal 

black and white film with an ASA rating of 320. Better resolution 

could have been obtained with slower film but the light intensity with 

a continuous lamp was limited by the heat produced. At temperatures 

near freezing, the heat from very high intensity lamps would cause 
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Figure 3. Photograph of the instrument used in the fixed-plate 
experiment. 

the crystals to melt and stick upon hitting a warm surface. Strobes 

were not attempted because of the complications in synchronizing the 

camera and strobes at the high frame rates. The camera was found to 

have a normal frame rate of 101.7 frames per second. When the camera 

was kept heated between operations and no film transport problems 

occurred, the camera functioned accurately at this frame rate. When 

the camera malfunctioned and the frame rate was questionable the data 

were not used. 

Figure 4 shows a sequence of six frames taken during the collision 

of a heavily-rimed plane dendrite with the plate. This particular 

crystal produced 15 fragments. The quality of the photographs in 

Figure 4 are not as good as the direct projection of the original 

film on a screen. Consequ~nt1y, some of the smaller fragments can 

not be distinguished in this sequence. The minimum detectable size 
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1 cm 

~igure 4. A sequence of six frames taken during the collision of a 
heavily-rimed plane dendrite with the fixed plate. The 
frames are approximately .01 sec. apart. 
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of fragment which could be detected with this instrument was estimated 

to be 50 microns. 

Since the resolution from the l6mm film was too coarse to allow 

detailed classification of crystal types and degree of rime, a 

microscope with an attached camera was used to determine crystal 

structure. Ice crystals were collected in cooled hexane immediately 

before and after a sequence of l6mm film was taken. This technique 

for collecting ice crystals in hexane was suggested by Dr. Charles 

Knight (personal communication). The hexane prevents the crystals 

from metamorphosizing for short periods of time and increases the 

contrast in and around a crystal. Ice crystals were collected as 

shown in Figure 5 and photographed a short time later. The microscope 

was equipped with a cold stage to allow greater investigation of a 

sample of crystals before the heat from the microscope lamp changed 

the crystals. Figure 6 shows an example of each of the five crystal 

types studied in this manner. 

The data obtained during the winter of 1973-74 were collected 

with the camera system described. In the previous winter a completely 

"different instrument was used as a preliminary study to this. Unrimed 

plane dendrites were the predominate crystals studied that first winter 

and since little data were obtained for this crystal type the second 

winter, these data were included in this study. The instrument shown 

in Figure 7, consisted of a humidified cold chamber with a hole in the 

top and a tray of supercooled sugar solution in the bottom. Mounted 

about 25 cm below the upper hole and about 10 cm above the sugar 

solution was a l-mm mesh copper screen. Ice crystals were allowed to 

fall through the upper hole, preferably one at a time, and impinge 
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Figure 5. Photographs of the data collection procedures and 
equipment set up in the field at HAD, near Leadville, 
Colorado. 
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on the screen. The fragments produced in the collision would filter 

through the screen and fall into the sugar solution, growing to 

detectable sizes for counting. The chamber was humidified to prevent 

small fragments from sublimating before reaching the sugar solution. 

The data obtained from this instrument were qualitative because 

no measure of the impact velocity was made. Therefore,the camera 

and fixed plate system was designed for the following winter. One 

advantage the cold chamber had, however, was the detection of very 

small fragments. The qualitative agreement between the two systems 

for similar crystals leads me to believe that most of the fragments 

produced by mechanical fracturing are fairly large - large enough to 

be detected by the camera system. The photograph of unrimed plane 

dendrites in Figure 6 shows the screen used in the cold chamber 

instrument. 

B. Data Collection and Reduction Procedures. 

Suitable data were collected for five crystal classifications. 

These data were obtained over a period of two years from three 

locations in the State of Colorado. The cloud conditions were 

generally orographic in nature with occasional embedded convection. 

Table 1 shows the data sources for each of the crystal types. 

Wolf Creek Pass is at an elevation of about 10,000 feet in the 

San Juan mountains of Southern Colorado; the High Atltiude 

Observatory is at an elevation of 11,300 feet on the Continental 

Divide near Leadville, Colorado; and Fort Collins is at an elevation 

of about 5,000 feet in northeastern Colorado. The equipment was 

assembled at each of these sites and leveled carefully to insure 



38 

Table 1. Data sources for each of the five crystal types studied. 

CRYSTAL TYPE DATES LOCATIONS INSTRUMENT 

Unrimed Plane 3 Jan 73 Fort Collins Cold Chamber 
Dendrites 7 Feb 73 Fort Collins Cold Chamber 

LGT -MDT Rimed 
26 Jan 74 

Wolf Creek 
Fixed Plate 

Plane Dendrites Pass 

HVY Rimed Plane 
2 Nov 73 Fort Collins Fixed Plate 

Dendrites 

LGT-MDT Rimed 
Climax 

Spatial Crystals 
13 Dec 73 High Altitude Fixed Plate 

Observatory 

Climax 

13 Dec 73 High Altitude Fixed Plate 
Graupel Observatory 

26 Jan 74 Wolf Creek Pass Fixed Plate 

similar collection procedures at all three sites. No data were used 

when the wind exceeded five knots or when it was gusty. The camera 

and plate were rotated as needed to keep the optic axis perpendicular 

to the wind direction. Continuous sequences of 30-60 seconds duration 

were shot to allow the camera to reach and maintain a constant frame 

rate. The camera normally came up to speed in less than five seconds 

and data in the accelerating or decelerating sections were not used. 

In heavy snowfalls the plate would become covered with crystals in 

about ten seconds, so the plate was cleaned periodically during 

shooting. Occasionally, the surface temperature was warmer than 2S
o
F. 

In these cases the plate would become too warm because of heating from 

diffuse sunlight and artificial lighting. When the surface became 

wet or IIstickyll from this effect the data were not used. 
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The data were reduced by projecting the film onto a screen at a 

known magnification and the mass, impact velocity, and number of 

fragments were measured. Vertical velocity was obtained by measuring 

the length of the blur as a crystal approached the plate and multi

plying by the sine of the angle between the trajectory of the particle 

and the plate. The mass was calculated by assuming the particles 

obeyed the mass-diameter relationships of Nakaya (1954) for the 

different crystal types. The diameter was obtained from the width of 

the blur. The number and diameter of the fragments was obtained after 

a collision by viewing from one to five frames after the collision for 

evidence of fragments. When many fragments were produced and the 

background was cluttered by snow on the plate or fragments from other 

nearby collisions, this process became extremely difficult. However, 

by viewing more than one frame after the collision, the motion of the 

fragments normally betrayed their source and allowed their identifi

cation. 

The reduction procedure for graupel was a bit more complicated 

because not only the number and size of the fragments after collision 

were required but also the velocity in two successive frames. A 

similar process was used as before but was more exacting. Since 

graupel produced relatively few fragments and normally rebounded in a 

higher trajectory than the other crystal types, the task was somewhat 

easier. However, a large percentage of collisions were eliminated 

because of the requirement for two consecutive frames to contain all 

of the fragments after a collision. For this reason and the increasing 

difficulty for greater numbers of fragments, this detailed procedure 
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was attempted only for graupel. From this analysis an average 

coefficient of restitution was determined as described in Chapter II 

and Appendix B. 

Data reduction for the unrimed plane dendrites was done simply 

by counting the number of crystal fragments left on the screen and 

produced in the sugar solution. No fall velocity or fragment size 

was obtained except for the few left on the screen. For this reason 

an assumption was made that the initial crystals fell at the theoretical 

fall velocity for unrimed plane dendrites and the fragment distribution 

was the same as that measured for light-moderate rimed plane dendrites. 

C. Determination of the Fragment Generation Function. 

We are now in a position to show how the fragment generation 

function was determined. Given, that the change in momentum can be 

determined for a number of collisions with a fixed plate and that 

this change of momentum may be applied to collisions in a cloud by 

proper mathematical treatment, the number of fragments generated may 

be determined as a function of the change in momentum. Each crystal 

type has a different relationship between the number of fragments 

generated and the change in momentum due to different likelihoods of 

fragmentation. Figures 8 through 12 show plots of the number of 

fragments versus the change in momentum for each of the five crystal 

types studied. A least-squares curve fit was applied to each of the 

plots to determine the most-likely fragment generation function. 

Figure 13 shows all five curves plotted together and Table 2 gives 

the equations, correlation coefficients, number of collisions, and 

critical values for each of the crystal types. The critical value 
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Table 2. Equations of the fragment generation functions and correlation coefficients for second order 
least squares fit. 

CORRELATION NUMBER OF CRITICAL VALUE 
CRYSTAL TYPE EQUATION COEFFICIENT COLLISIONS (gm em/sec) 

Unrimed Plane 
3.234 + .6867 Log till .46 27 

-4 
Dendrites 

5.585 x 10 

LGT-MDT Rimed 15.97 + 9.261 Log till 
Plane Dendrites 

+ 1.432 (Log till) 
2 

.60 44 6.146 x 10 
-4 

HVY Rimed Plane 76.36 + 49.10 Log till 

Dendrites + 7.959 (Log till) 
2 

.69 90 1.359 x 10 
-3 

LGT-MDT Rimed 72.24 + 39.56 Log t:.M 

Spatial Crystals 
+ 5.52 (Log till) 

2 
.80 130 2.63 x 10 

-4 

Graupe1 
14.16 + 6.333 Log t.M 

2 -4 
+ .74 (Log t:.M) .75 88 2.803 x 10 

.j::-

'-I 



48 

for a crystal type is the value for the change in a momentum at which 

the number of fragments becomes one. This means that no secondary 

particles are produced but the final particle after collision is the 

same as the initial particle before collision. At all values of the 

change in momentum below the critical value, the number of fragments 

is equal to one. 

Some interesting facts are evident in Figure 13 and Table 2. 

1. For plane dendrites, the greater the degree of rime, the 

greater the fragmentation. 

2. Also for plane dendrites, the greater the degree of rime, 

the greater the critical value. This seems to be the opposite 

of the expected effect since if the statement in I above is 

true, the critical value would be expected to be less for 

greater rime. This result may be an effect due to curve 

fitting. 

3. Light-moderate rimed spatial crystals are the most effective 

crystals studied for generating fragments. This may be due to 

the greater likelihood of fracturing the burr-like protrusions 

from a spatial crystal when it collides with a flat surface. 

This effect may not be quite as important in a cloud for 

collisions between crystals. 

4. Graupel are surprisingly ineffective in generating fragments. 

Since graupel may originate on spatial crystals, the comparison 

between the results for graupel and spatial crystals is 

striking. It would appear that rime causes a crystal to 

become more fragile until the rime begins to "fill-in" the 

spaces of a crystal sufficiently that a "cementing" effect 



49 

becomes predominate. At this point, the crystal appears to 

become stronger again and only weakly-bonded surface rime may 

break off, rather than fracturing of the internal structure. 

5. Unrimed plane dendrites which have been proposed for so many 

years as a possible source of secondary ice crystals are 

dramatically ineffective in generating fragments. This 

statement will be qualified somewhat, however, when the 

collision frequency is studied in Chapter V. Plane dendrites 

contribute an unproportionate amount to the total fragment 

production because of the large cross-sectional area and 

relative fall velocity compared to other crystals. 

D. Data Limitations 

A strict error analysis will not be attempted for this study 

because statistical techniques are not adequate where order of 

magnitude changes are occurring. However, some indications of error 

sources will be discussed and effects on the results estimated. 

The basic equation for estimating the number of fragments for 

a given change in momentum can be derived from Equation (30) of Chapter 

II. 

(31) 

where ~ is the change of momentum in the vertical direction, m
ij 

is 

the mass of the particle, w is the initial vertical velocity, and e 

is the coefficient of restitution. The mass, m, is determined by the 

appropriate equation of Nakaya (1954) using a measured diameter. 

The error in the measurement of diameter is approximated to be 10% but 

Nakaya's equation contains unknown errors. Therefore, m will not 
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be analyzed by components but a total maximum error approximated to 

be 50%. The coefficient of restitution, e, involves a complicated 

series of dependent computations. It will also be left: intact and 

the error approximated by its standard deviation which is about 50%. 

The vertical velocity may be broken into the measu.n31:,c'I1L elf tllL 

length of the blur in the photographs which has u mi.1li }'tltH!l ~,CtOl of 

10% and the frame rate which has an error of 1%. Thu:.::forc, bgari.th-

mica1ly differentiating Equation (31): 

Id:1 + Id~1 + ,dt I + I de, 
t 1 + e 

(32) 

where b is the length of the blur and t is the exposure time for a 

single frame. Substituting the estimated maximum errors in Equation 

(32) gives: 

0.5 + 0.1 + 0.01 + 0.5 (33) 

The total error in a1 is approximately ± 110% with the major 

source being the estimate of mass and the coefficient of restitution. 

Fortunately, the fragment generation function is dependent on the 

logarithm of the change in momentum as follows: 

N a + Slog a1 + y(log a1)2 (34) 

The coefficients a, S, and y were found by the method of least 

squares and their contribution to the error can be estimated from the 

correlation coefficients found in Table 2. The effect of an error 

in a1 depends on these coefficients, however. Assuming a 110% error 

in a1 the effect on N varies depending on the crystal type because 

the coefficients are different. Table 3 shows this effect for the 

five different crystal types. 
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Table 3. N and ~N/N with a 10% increase in ~ for the five crystal 
Types studied. 

CRYSTAL TYPE N for 
-2 

~N for ~ = 1.1 fill 
~N 

fill = 1 x 10 
N 

Unrimed Plane 
1.86 ±.22 ±.12 

Dendrites 

LGT-MDT Rimed 
3.18 ±1.28 ±.40 

Plane Dendrites 

Hvy Rimed 
10.00 ±6.38 ±.64 

Plane Dendrites 

LGT-MDT Rimed 
31.58 ±21.4l ±.68 

Spatial Crystals 

Graupel 4.45 ±1.17 ±.26 

From Table 3 it is evident that the greatest effect of error in 

the experiment is on the crystal types that produce the most fragments. 

Even here, however, the effect is to change N by a maximum of 68% for 

a 110% change in ~. 

The observation of N for the plots in Figures 8-12 was estimated 

to be in error by less than 10%. Other sources of error may be due 

to the limited sample available. Although a large number of collisions 

were analyzed for each of the five crystal types, it is possible that 

cloud conditions peculiar to Colorado or the sample of data obtained 

may have biased the results. Samples from different locations and 

times in Colorado gave consistent results, however, giving more 

confidence in the results. 

The total error in the fragment generation function is estimated 

to be well within a factor of two. Since the rate of change in the 

crystal concentration, dC/dt, is directly proportional to the fragment 
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generation function, N, (See Equation 17), a given error in N 

produces a directly related error in dC!dt. This effect will be 

shown to be unimportant in the final results. 



CHAPTER IV 

NUMERICAL MODELING 

A. Model Description 

The general solution to Equation (18) can only be found if K(t) 

is known as a function of time. K(t) will vary, depending on the 

initial crystal type and size distributions, on the size distributions 

of the fragments which are produced in the cloud, and on the rate of 

accretion and diffusion which takes place on the original crystals 

and fragments. Since these factors change in a time-dependent manner, 

a general analytic function for K(t) is not obtainable. Therefore, 

a numerical model has been constructed to approximate the change in 

K(t) and integrate Equation (18) in time. 

The flow diagram for the numerical model is shown in abbreviated 

form in Figure 14. This model was used in two modes: (1) to determine 

the best crystal combinations and size distributions for generating 

secondary particles and (2) to determine the magnitude of secondary 

particle generation for a specific time-dependent case. In the first 

mode the model was run for one time step for each of 252 different 

crystal types and size distributions combinations. K was determined 
o 

for each combination. The largest K 's indicated the best crystal 
o 

types and size distributions for generating secondary particles. In 

the second mode the model was run for fifteen time steps for special 

cases. In these computations K(t) varied with time and, consequently, 

C(t) had a different form, from that when K(t) was equal to a constant, 

K. The magnitude of secondary particle generation was found to be 
o 
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K with some assumptions and greater for 
o 

The model allowed the selection of five crystal types and eight 

size distributions. The five crystal types were unrimed plane 

dendrites, lightly-rimed plane dendrites, heavily-rimed plane 

dendrites, lightly-rimed spatial crystals, and graupe1. The eight 

size distributions are shown in Figure 15. Since the crystal 

concentration can be treated as an independent variable separate from 

K(t), C was set equal to .1 crystal per liter in most cases. Since 
o 

two crystal types were treated at anyone time, each crystal type was 

assumed to contribute half of the total crystal concentration. This 

assumption maximizes the interaction between crystals and is an 

important assumption in determining K(t). K(t) will be less for the 

case where two crystal types are present but one crystal type 

contributes less than half of the total concentration. 

The model builds three two-dimensional arrays for use in later 

computations. The first array is the concentration of each crystal 

type in 100 size categories. The size categories were selected 50 ~m 

wide and, consequently, the size range was from a to 5000 ~m. The 

concentrations by size category are called C .. 's where i is the crystal 
~J 

type and j is the size category. The sum of all C .. 's at any time 
~J 

must equal C. For time zero C normally equaled .1 crystal/liter. 
o 

The second array was the crystal mass per category, m
ij

• These masses 

were determined from Nakaya's (1954) mass-diameter equations shown in 

Table 4. The mass for a given category was computed for the mid-size 

in the category. The third array was the terminal fall velocities 
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Table 4. Mass-diameter and terminal fall velocity equations used in 
the numerical model. 

CRYSTAL TYPE MASS-DIAMETER EQUATION FALL VELOCITY EQUATION 

UNRM PDEN (3.SxIO-
12

)xD
2 

I 
8 .4D .217 

-,._-------

(2.7xlO-ll)xD2 9 .4D· 301 MDT-RM PDEN I 
I 

--.-------

(2.7xlO-ll)xD
2 25.5D·

206 
HVY-RM PDEN ! 

I 
{ 

(1. OxlO-ll )xD
2 

, 

25.5D·
206 ~ 

LGT-MDT RM BCRyl ! 

I 
! _._-- ---.--

(6.5xlO-14
)xP

3 ; 
-267+138 LoglOD GRAUPEL 

obtained from different sources. The fall velocities for the five 

crystal types vs. size are shown in Figure 16. The fall velocities 

for unrimed plane dendrites and graupel were obtained from Brown 

(1970) and Zikmunda and Vali (1972) respectively. I felt Nakaya's 

data for various degrees of rime were inadequate for accurate 

determination of fall velocities. Therefore, I used the data obtained 

in association with the fragment generation functions to compute fall 

velocities. The determination of the fall velocity equations for 

lightly-rimed plane dendrites, heavily-rimed plane dendrites, and 

lightly-rimed spatial crystals is discussed in Appendix C. 

The next step in the model was to compute the collision cross 

section and the number of fragments generated in a given collision. 

The collision cross section was approximated by the area of a disc 

with diameter equal to the sum of the diameters of the two colliding 

particles. The number of fragments produced per collision is obtained 

by evaluating Equations (9) and (10), given the data in Table 2. 
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de 
The change in crystal concentration (dt)ijkl LH '~Iyslal type i -

size j when hit by crystal type k - size 1 is then delermintd by 

evaluating Equation (11). Also, the total change in crystal concen-

tration is determined from Equation (13). The determinatillU of the 

change in the total crystal concentration involves four Ilested do 

loops. For two crystal types of 100 size categories> lO,OdO pa!:lses 

through step B are required. The total computation rj.llle fur (nle time 

step on a CDC 6400 computer was approximatdy lS secundt-i. 

If only one time step was called for, the mudel W\.Illl,i pi. jilt the 

final total crystal concentration and final size distribution arrays 

and start again with new crystal combinatiuncl (,1: siLot: d.lbtLlLlitiuns. 

If however, additional time steps were called for, tbe oligluc..i size 

distributions were modified by the addition of fragments clUJ the 

effects of accretion and diffusion. A size dibtributillu for lhe 

fragments is required to permit accurate 1I1odel ing of lh2 re~l'>'J[li of 

the fragments. Since the size distribution of the iLagments is not 

known in general, a specific case of graupel and l!covj iy --rilUC:.i plane 

dendrites was treated because a fairly good distributi.on fOl" these 

fragments was obtained in the fixed plate expeliment. 

A basic assumption which could have some effect on the model 

results should be mentioned at this point. Since little is known 

of the fragment sizes, it was assumed that the size vf frag1l1E!nts 

produced by collisions in a cloud is the same as collisions with the 

fixed plate. This is probably not true as the size of fragments is 

most likely some function of the change in momentum, AM. If the 

size of fragments is proportional to AM, the model will give results 
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which over estimates the generation rate of secondary particles and 

vice versa. It is difficult to say at this time which case is true. 

The effects of diffusion were modeled as linearly-dependent on 

size as shown by Hallett (1965), Marwitz and Auer (1968), Koenig 

(1971), Fukuta (1969), and Jayaweera (1971). Accretion on graupe1 

was assumed linearly dependent on size also as Juisto (1968), Takeda 

(1968), and Hindman (1968) indicate in a crude manner. The rates of 

diffusional growth depend strongly on the temperature with the maximum 

rate of diffusional growth occurring at -15
0

C. The estimates of the 

rate of growth at this temperature range over an order of magnitude so 

no growth, moderate growth, and high growth rates were assumed. The 

moderate rate was assumed to be one micron per second and the high 

rate to be four microns per second. Growth by accretion in the model 

is even more crude. It depends on liquid water content, drop size 

distributions, and the collection efficiency. The rates assumed in 

this model were one micron per second for moderate growth and four 

microns per second for heavy growth on crystals larger than 300 microns. 

Once the original distributions were modified for fragmentation, 

diffusion, and accretion, the next time step was begun in the same 

manner as before. This process was repeated up to fifteen times. 

Different rates of growth and diffusion were used to evaluate the 

magnitude of secondary particle generation when K(t) is not constant. 

The model was found to be stable but did require small time steps 

for large initial crystal concentrations when K(t) was also large. 

2 
This was due to the dependence of the collision frequency on C. If 

the time step is too large, the change in K(t) is not sufficient to 

restrict the change in C. 
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B. Determination of Optimum Rate Constants 

The numerical model was run with combinations of the five 

crystal types. Including the combinations of each crystal type with 

itself, fifteen possible combinations existed. Within a given 

combination of two crystals, four size distributions for each type 

of crystals were studied giving sixteen values of K for each of the 
o 

fifteen combinations or a total of 240 values of K. These values 
o 

of K are shown in Tables 5 through 19. Distribution 4 is not a 
o 

physically-valid distribution but was included for mathematical 

interest. Distributions 1-4 are progressively broader with means at 

greater sizes. The following features of crystal-crystal collisions 

may be seen in Tables 5 through 19. 

1. The broader the distribution the larger the value of K • 
o 

Reviewing from Chapter II we recall that the larger K , the 
o 

greater the generation of secondary particles for a given crystal 

concentration. Thus, we can say, the broader the crystal 

distribution the greater the secondary particle generation. This 

effect is most likely due to the greater concentration of 

crystals at the larger sizes for broad distributions. The 

larger the crystal size the larger the relative velocity and 

the more fragments produced in a collision. The collision 

frequency increases as the square of the concentration so that 

more crystals at large sizes repid1y increases the secondary 

particle generation. 

2. Unrimed plane dendrites should not generate secondary 

particles among themselves. Table 5 shows Ko equal to zero for 
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Table 5. Values of Ko for various size distributions of unrimed plane 
dendrites colliding with unrimed plane dendrites. 

UNRIMED PLANE DENDRITE DISTRIBUTIONS 

>:Ll 1 2 3 4 
E--I CIl 
H Z 
~ 0 1 0 0 0 0 0 § H 

>:Ll E--I 
;:.:: >:Ll ::;J 
H 0 I='l 2 0 0 0 0 ~ H 
:z; >:Ll ~ 

---~--.--. -.--------~----

::;J 

j E--I 
CIl 3 0 0 0 0 H 

p... 0 .------ .. ----~~------

4 0 0 0 0 
----~ .-.-,~ ."---- .. _ .. " ---.~--" ~.- - ._--.. _--

Table 6. Values of Ko for various size distributions of unrimed plane 
dendrites colliding with lightly-rimed plan.:: dendrites. 

UNRIMED PLANE DENDRITE DISTRIBUTIONS 

1 2 3 4 

1 7.69xlO-
ll 1. 76xlO-8 

8.49xlO 
-7 

6.95xlO 
-6 

---
2 2.76xlO 

-8 
5.09xlO 

-7 
1.36xlO 

-5 
~.87xlO 

-5 

3 1.52xlO 
-5 

2.28xlO 
-5 

1.46xlO 
-a 

7.05xlO 
-4 

4 2.44xlO 
-4 

2.95xlO 
-4 

8.53xlO 
-4 

2.93xlO 
-3 

Table 7. Values of Ko for various size distributions of unrimed plane 
dendrites colliding with heavily-rimed plane dendrites. 

UNRIMED PLANE DENDRITE DISTRIBUTIONS 

1 2 3 4 

1 1.8OxlO-8 
8.l9xlO 

-7 
1.47xlO 

-5 
9.45xlO 

-5 

2 2.02xlO 
-7 

6.l0xlO 
-6 

1.04xlO 
-4 

7.25xlO 
-4 

3 7.4lxlO 
-6 

4.47xlO 
-5 6. 56xl()--4 4.32xlO 

-3 

--.---~~- "--

4 2.99xlO 
-4 

4.52xlO 
-4 

2.68xlO 
-3 

1.43xlO 
-2 

----~.---.---------~.--
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Table 8. Values of Ko for various size distributioils uf unriroed plane 
dendrites colliding with light-moderatd y -r: in,..:;J spatial 
crystals. 

1 

2 

3 

4 

UNRIMED PLANE DENDRl'fE IJlS'1'RI1IU'l idNS 

1 

2.46x1O 
-6 

1. 73xlO 
-5 

----.~-- .. 

1.56xl0 
-4 

. ,,--.. - .. '-.~ 

1.04xlO-
3 

2 3 
-----,-,---. --. -----

2 .09xI0
-5 1·' 1 ) ... !, 

-4 
1.20xlO 

-4 
6.62x10 

" 101\ t 

. '3 
'j.O')xlll 

----=3----.. -- .- _. -- ._-fj- _ .. 

2.71xI0 1. 01xlO .. 

4 

-3 
1.ll4xlO 

Ii, Y7x10-3 

2. i4x10-
2 

Table 9. Values of Ko for various size distributions of unr.imed plane 
dendrites colliding with graupel. 

1 

2 

3 

4 

UNRIMED PLANE DENDRITE IHSTHfHnTl(~NS 

1 
---_.-. 

2.38x10 
-5 

----
2.14x10 

-4 

1.8lxlO 
-3 

7.l5xlO 
-3 

2 

-4 
1.06xlO 

-4 
5.04xlO 

-3 
2.8lxlO 

-3 
9.82xlO 

.3 

L. 'J 1 1 c' - !; 
.).}I{\I 

1.86x111 j 

·3 
6.83xlO 

.. ') 

1.8Bxl0 -, 

4 

-3 
1,b8xlO 

-3 ') ,':l9x10 

-2 
1. 64xlO 

-2 
3.69xlO 

.---.------.--- --.. -.--._-----

Table 10. Values of Ko for various size distributiullti of lightly-rimed 
plane dendrites colliding with lightly-riilibi plan2 dendrites. 

1 

2 

3 

4 

LIGHTLY-RIMED PLANE DENDRITE DrSTR1BUTIONS 

1 

1.69xlO-12 

2.76xlO 
-8 

1. 67xlO 
-5 

2.82xlO 
-4 

.. 

--.--.- .. - .. -.... 

2 

2.76xlO 
-8 

-
9.07xlO 

-8 

2.2SxlO 
-5 

4.03xlO 
-4 

----

.. _ .. __ .... _._--

3 4 

1.67xlO-
4 

2.82xlO-
4 

2.25xlO-
5 

4.03xlO-
4 

6.01xl0-
S 

6.36xlO-
4 

·-4 
6.36xlO 
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Table 14. Values of Ko for various size distributiulls at heavily-rimed 
plane dendrites colliding with heavily-rimed plane dendrites. 

Table 15. 

Table 16. 

I 

1 

2 

3 
I 

I 

HEAVILY-RIMED PLANE DENDRITE DISTRIBUTIONS 

1 

0 
.-- -" 

9.33xlO -11 

- ~-"-

5.74xlO -6 

-

2 3 

.y -~~ .-- - -

3.63xlO-
lO 7.04xlO·

6 

2.26xlO-·5 

4 

-4 
3.87xlO 

-4 
6.86xlO 

I 4 2.99xlO 
4 

7.04xlO-6 

··--·-----:·:4'· . 
3.87xlO 

-4 
o.86dO 

-3 
l.l6xlO 

Values of Ko for various size Jicltributions of heavily-rimed 
plane dendrites colliding with light-moderately-rimed 
spatial dendrites. 

1 

2 

3 

4 

HRAVILY-RlMED PLANE DENDRITE IJlSTRIBUTlONS 
.,-_.-_._------. --- -. ----------

1 2 3 4 
.... -W" ........... -_. _"0_,'_ .. ,----- -4 

7.62xlO 
-9 

4. 
.-------- .- -

l.59xlO 
-6 

2. 
----_ .... _--

l.llxlO 
-4 

l. 

l.19xlO 
-3 

L 
._, 

74xlO-·6 

61xlO-4 

19x1O-J 

l.15xlO-
4 

2.33xlO-
3 

3.78xlO 

-4 
5.86xlO 

-3 
1.02xlO 

-3 
2.29xlO 

Values of Ko for various size distributions of heavily-rimed 
plane dendrites colliding with graupel. 

HEAVILY-RIMED PLANE DENDRITE DISTRIBUTIONS 
--.-.,...-.--.p---- -_.,.,..------

1 2 3 4 

1 3.13xlO 
-5 

6.98xlO 
-5 

1.6lxlO 
-4 

5.08xlO 
-4 

2 3.l5xlO 
-4 6.5OxlO-4 

1. 59xlO 
-3 

2.95xlO 
-3 

3 2.65xlO 
-3 5.0OxlO-3 

l.l8xlO 
-2 

2.27xlO 
-2 

4 1.lOxlO-
2 

2.0lxlO 
-2 4.6OxlO-

2 
8.8lxlO 

-2 
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Table 17. Values of Ko for various size distributions of light
moderately rimed spatial crystals colliding with light
moderately rimed spatial crystals. 

LIGHT-MODERATELY RIMED SPATIAL CRYSTAL DISTRIBUTIONS 

1 2 3 4 

1 1.3lxlO-
11 

1. 63xlO 
-7 

6.38xlO 
-5 8.lOxlO-

4 

2 lo63xlO 
-7 

5.3lxlO 
-7 8.7OxlO-

5 
l.l9xlO 

-3 

3 6.38xlO 
-5 

8.7OxlO-5 2.2OxlO-
4 

l.8OxlO-3 

4 
-4 -3 1.8OxlO-

3 -3 
I 8.l9xlO l.l9xlO 2.64xlO 

Table 18. Values of Ko for various size distributions of light
moderately rimed spatial crystals colliding with graupel. 

LIGHT-MODERATELY RIMED SPATIAL CRYSTAL DISTRIBUTIONS 

1 2 3 4 

1 2.71xlO 
-5 7.4OxlO-5 

2.5lxlO 
-4 

1.02xlO 
-3 

2 2.9lxlO 
-4 

6.36xlO 
-4 

1.69xlO 
-3 

3.61xlO 
-3 

3 2.48xlO 
-3 

4.53xlO 
-3 

1.06xlO 
-2 

2.09xlO 
-2 

4 1.02xlO 
-2 

l.78xlO 
-2 

3.85xlO 
-2 

7.26xlO 
-2 

Table 19. Values of Ko for various size distributions of graupel 
colliding with graupel. 

GRAUPEL DISTRIBUTIONS 

1 2 3 4 

1 3.94xlO 
-5 

2.89xlO 
-4 

2.53xlO 
-3 

1.08xlO 
-2 

2 2.89xlO-
4 

6.l8xlO 
-4 

3.38xlO 
-3 

1.45xlO 
-2 

3 2.54xlO 
-3 

3.38xlO 
-3 

6.20xlO 
-3 l.9OxlO-2 

4 1.08xlO 
-2 

1.46xlO 
-2 

1.9OxlO-
2 

2.5lxlO 
-2 
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all sizes distributions including distribution 4. Since 

dendrites appear to be the most fragile unrimed type of crystal, 

this finding would seem to imply that no unrimed crystals may 

produce secondary particles by mechanical fracturing. However, 

plane dendrites also have the lowest terminal velocity for a 

given crystal size and other crystals which appear less fragile 

may still produce fragments because of their greater fall 

velocities. We find however, that the magnitude of K for even 
o 

rimed crystals is so small that a statement to the effect that 

unrimed crystals cannot generate secondary particles is probably 

correct. 

3. The greater the rime the larger K and consequently, the 
o 

greater the secondary particle generation. This finding is 

similar to that obtained directly from the fixed-plate experiment. 

However, the result here is much more impressive. In the fixed-

plate experiment the effect of greater riming was to increase 

the fragment generation by a factor of two or three. Here, the 

generation of secondary particles may be increased by orders of 

magnitude. The reason is that riming not only increases the 

fragility of a crystal but also increases the fall velocity 

whereby the collision frequency is increased. Therefore, the 

model calculations take both effects into account and the 

influence of accretion is quite strong. 

4. The magnitude of K for the combination of crystal types and 
o 

size distributions which are likely to occur in smooth winter 

orographic clouds or other cold stratiform clouds, is not large 
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enough to cause secondary particle generation of great 

significance. Only convective cells which can generate heavily-

rimed crystals with broad distributions can have large K 's and 
o 

thus generate secondary particles in large quantities. Even here 

the initial concentration of crystals must be greater than .1 

crystals/liter in rather extreme instances for secondary particle 

generation to occur. These findings are based on 

the assumption that K(t) remains constant and equal to K • 
o 

However, this assumption is not true in general and the effect of 

a change in K(t) will be explored in the next section. 

Before proceeding to the time dependent case, however, let us 

look at a few additional cases which were studied. The best cases 

found in the earlier set of crystal combinations and size distributions 

were those involving graupel and heavily-rimed plane dendrites. The 

crystal combination which had the greatest relative velocity was 

graupel and unrimed plane dendrites. However, neither graupel nor 

unrimed plane dendrites generate a large number of fragments. A 

greater effect was found between graupel and heavily-rimed dendrites, 

although there was little difference from that between moderately-

rimed plane dendrites and graupel or lightly-rimed plane dendrites 

and graupel. Apparently, the reduction in relative velocity is more 

than compensated for by the ability of more heavily-rimed crystals to 

produce fragments. What will happen then, when a fairly broad 

distribution of plane dendrites is bombarded by a shower of fairly 

large graupel? 
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To answer this question the model was run again for one time 

step with unrimed, moderately-rimed, and heavily-rimed plane dendrites 

and spatial crystals, all with distribution 3. They were bombarded 

by graupel with crystal distributions 6, 7, and 8. The results are 

shown in Table 20. Under these extreme conditions K reaches a 
o 

-2 
maximum of 4.17 x 10 • Using Figure 2 or Equation (23) it can be 

shown that it would take over three minutes to increase the concen-

tration by a factor of 10 if the initial concentration were .1 

crystals/liter. If the initial concentration were only .01 crystals/ 

liter the time would be over thirty minutes. We see, therefore, that 

even under extreme conditions mechanical fracturing of fragile 

crystals is important only when the concentration of crystals has 

reached a fairly high value. 

C. Time-Dependent Computations 

To go beyond the calculation of K and find K(t) as a function of 
o 

time requires knowledge of the fragment distributions and diffusion 

and accretion rates. As discussed in Section A, the distributions 

for graupel fragments and heavily-rimed plane dendrite fragments were 

Table 20. Values of Ko for three relatively large distributions of 
graupel colliding with a broad distribution of four other 
crystal types. 

CRYSTAL TYPE (DISTRIBUTION 3) 

Unrimed Lightly- Heavily- Light-MOderately 
Plane Rimed Plane Rimed Plane Rimed Spa1=ial 
Dendrites Dendrites Dendrites Crystals 

6 1. 89xl0 
-3 

1. 88xlO 
-3 

8.14xlO 
-4 

1.07xlO 
-3 

7 7.38xlO 
-3 

1. 28xlO-2 
1.37xlO 

-2 
1.24xlO 

-2 

8 
-2 -2 -2 -2 1.5lxl0 3.05xlO 4.l7x10 3.44x10 
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of sufficient quality to allow modeling of this crystal combination. 

Since this combination gave the highest values of K it is appropriate 
o 

that these crystals should be studied in greater depth. Unfortunately, 

the initial crystal distributions were not of the most favorable shape 

to give high values of K. Nevertheless, these distributions are 
o 

actual observed distributions and lend credence to the findings. The 

fragment distributions for heavily-rimed plane dendrites and graupel 

are shown in Figures 17 and 18 respectively. The initial distributions 

for each crystal type are shown in frame (a) of Figures 20 and 21. 

The model was run for 15 time steps of 60 seconds each for 

several different conditions. Figure 19 shows the results of these 

computations. The solid line is the case of K(t) equal to a constant 

K .00081. For an initial concentration of 1 crystal/liter it 
o 

would take over 20 minutes to increase the concentration by a factor 

of ten but only 6 minutes for an initial concentration of 3 

crystals/liter. If one looks at the curve for no additional 

accretion and diffusion one notices that after a short period of time, 

it levels off and never reaches a factor of ten greater than the 

initial concentration. This was found to be true for all crystal 

types and size distributions studied. The result should not be 

surprising when one considers the fact that without additional growth 

by accretion and diffusion a single crystal will only produce so many. 

fragments. The calculations show that an average crystal will 

produce less than ten fragments unless additional grows occurs. In 

many cases fewer fragments will be produced because the fragments are 

too small to produce additional fragments at their reduced fall speed. 
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Figure 17. Size distribution of fragments from heavily-rimed plane dendrites. 
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Figure 21. Change in the size distribution of graupel due to collision with heavily-rimed plane dendrites. 
(a) initial size distribution (b) size distribution after five minutes (c) size distribution 
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In a real cloud this is probably even more valid because a fragile 

crystal is less likely to produce fragments in a second collision of 

the same magnitude as the first. Allor most of the fragile protru-

sions are broken off in the first collision. 

K(t) 

The other curves show an increase in C greater than that for 

K depending on the rate of accretional and diffusional 
o 

growth. This effect seems physically valid because accretional and 

diffusional growth can maintain the size distributions and the 

fragility of the crystals such that K(t) may actually increase. K(t) 

was found to increase slightly at first with accretion and diffusion 

and then decrease but at a much slower rate than without accretion 

and diffusion and then decrease but at a much slower rate than without 

accretion and diffusion. Depending on the rate of growth by accretion 

and diffusion, then, the generation of secondary particles may be 

more or less than that estimated by assuming K(t) = K. For the 
o 

largest growth rate likely the generation rate was found to be 

greater by a factor of about ten over that previously estimated. In 

the case of no accretion or diffusion the multiplication ratio is 

limited in all cases to less than a factor of ten. 

It is quite informative to observe the change in crystal 

distribution with time as the fracturing and growth by accretion and 

diffusion occur. Figures 20 and 21 show the size distributions for 

the heavily-rimed plane dendrites and graupel respectively at 0, 5, 

and 10 minutes after fragmentation is assumed to begin. This example· 

is the case for moderate accretion and diffusion with an initial 

concentration of 1 crystal/liter in FIgure 19. Not~c,e the acceler"" 

ating change in concentration of crystals at the small sizes and the 
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regular progression of crystal concentration to larger sizes by 

accretion and diffusion. Apparently, the accretion and diffusion 

were able to cause an increase in K(t) at first but the explosion of 

small particles eventually overwhelmed the accretion and diffusion 

effects by changing the shape of the distribution dCistically. In 

a real c.loud this effect could be even more dominant heeause of the 

effect on the vapor pressure and liquid water as many small particles 

begin to grow. This model did not attempt to maintain a water 

balance. Another important restriction on the model results is the 

assumed diffusional growth rate at -lSoC. If the air parcel 

containing the ice crystals rises or falls to another level the 

growth rate will fall and the secondary particle generation will be 

less effective. If accretional growth remains high, however, the 

effect could be small. 



A. Introduction 

CHAPTER V 

MODEL VERIFICATION 

To verify the model predictions completely would require 

substantially more field data than is presently available. Only 

under special conditions can the available data be used to evaluate 

predictions from the model. This is true because most crystal data 

which have been collected are not correlated closely in time to 

crystal types and concentrations higher in a cloud and earlier in 

time relative to the collection site. A formvar replicator on the 

ground, for instance, collects a good sample of the crystals in cloud 

when no fragmentation is present. When fragmentation occurs in the 

cloud, however, the replica tor "sees" the crystal distribution 

after-the-fact and does not relate the number of fragments to the 

conditions in the fragmentation region higher in the cloud or earlier 

in time. 

It is even more difficult to use aircraft data because of the 

uncertainty in flying through the same position in the cloud at 

different times. In addition, when crystals are suitable for 

fragmentation by collision among themselves it is difficult to imagine 

collecting a sample by aircraft without extensive fragmentation in 

the collection process. 

Nevertheless, some data are available from formvar replicator 

films taken in Colorado at the High Altitude Observatory (HAD) near 

Climax, Colorado, at Wolf Creek Pass in southern Colorado, and at 

Yellowstone National Park in Wyoming. These films have been reduced 
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by projection onto a calibrated screen for size, and classified into 

crystal type and degree of rime. These representative samples of 

crystal distributions were difficult to obtain because the wind must 

be absolutely calm. Fragments from buildings, trees, and other surface 

sources can easily mask fragmentation effects in a cloud. If the 

crystals are rimed, even a light surface wind can cause them to 

collide with the entrance of the replicator and generate fragments 

on the film. 

B. HAO and Wolf Creek Observations 

Vardiman (1972) showed that ice crystal concentrations 

associated with convective elements embedded in winter orographic 

3 4 
clouds frequently reach values 10 -10 greater than expected naturally 

from cloud top temperature and ice nucleus concentrations. In these 

convective elements large rimed dendrites and graupel were common, 

particularly at the warmer temperatures. In smooth orographic clouds 

without convection the crystals were much smaller and less rimed. 

Although only crude comparisons of observed crystal concentrations 

could be made to natural concentrations predicted by the model, the 

two concentrations appeared to agree to within a factor of ten. It 

is possible that the extreme concentrations observed beneath 

convective elements may be partly due to the increased wind speed and 

turbulence at the surface which causes contamination of the sample 

by ground sources and collection effects. 

On the other hand, the model predictions are undoubtedly low 

due to an underestimate of the turbulent component to the collision 

frequency. Part of the fragmentation evident in the precipitation 
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beneath convective elements must occur in the cloud however, because 

of the presence of regrown crystals. Regrown crystals exhibit marked 

changes in crystal habit or shape because of fracture and regrowth. 

An example of a regrown crystal is shown in Figure 22. 

At Wolf Creek Pass the clouds are much wetter and frequently 

contain heavily-rimed crystals and graupel. Data taken near the 

summit of Wolf Creek Pass show fairly uniform precipitation suggesting 

little convection, at least near the summit. Vardiman, using a 

relatively small number of cases, has shown that crystal concentrations 

agree within a factor of seven for all nonseeded storms. The crystals 

at Wolf Creek Pass average about 500 microns in diameter and are 

seldom larger than 2000 microns. Although the cry.tals are slightly 

larger at Wolf Creek Pass and are more heavily rimed, the fragmentation 

still seems to be small compared to that in convective elements. 

Figure 22. Regrown ice crystal collected at BAO near Climax, Colorado. 
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C. Yellowstone Observations 

The clearest example of fragmentation in agreement with the model 

is a formvar replicator film taken on January 26, 1967, by the C.S.U. 

participating group during the Seventh Yellowstone Field Research 

Expedition. A short-wave trough was approaching Yell\)wstone from the 

West with relatively warm, moist air being advectcd from the south at 

low levels. Cloud top was about 550 millibars with a temperature of 

o 
-16.5 C, directly in the dendritic range. Meteorological data for this 

case may be found in Appendix D. 

This case is a striking example because the replica tor film was 

of top quality with a sequence of events which allows inferences to be 

drawn about conditions in the cloud. Figure 23 shows the concentration 

of different crystal types plotted with time. From 1200 MST to about 

1500 MST the concentration of dend!:i tes predominated but: were below 

the critical value required for significant fragmentation. as predicted 

by the model. The crystal size distribution for the model was obtained 

using the data between 1200 and 1500 MST. The criti,~al concentration 

at which significant fragmentation would commence was found to be 10 

crystals/liter assuming half of the crystals were unrimed dendrites 

and half were heavily-rimed dendrites. At about 1500 MST a larger 

fraction of the dendrites became rimed and the concentration exceeded 

10 crystals/liter. At this point the concentratioH of fragments began 

to increase significantly. An interesting observation from the 

replicator film was a short five~inute period when large heavily-

rimed dendrites were collected on the film. The crystals fragmented 

upon impact and left a fracture pattern of tens of pieces surrounding 

the main structure. 
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By 1600 MST the concentration of dendrites had reached zero but 

the concentration of fragments continued to rise to larger values. 

The implication of this is that the dendrites were being rimed and 

subsequently fragmented in the cloud before reaching the ground. Of 

course, there are other possibilities but this explanation seems the 

most likely one. It is impossible to say what the maximum concentra

tion of dendrites in the cloud was but it may have reached at least 

18 crystals/liter as observed at 1840 MST. If this was the maximum 

concentration, then the fragmentation would have increased the 

concentration by a factor of four. This is consistent with the 

model and the observations at HAO and Wolf Creek Pass for relatively 

smooth clouds. 

For the remainder of the period in Figure 23 inferences can not 

be drawn as clearly because fragmentation continues to occur in the 

cloud and the surface data are not completely representative. At 

1700 MST the concentration of dendrites again increases suggesting 

that the fragmentation process has become less efficient for some 

reason. The trace for rimed dendrites seems to indicate that riming 

was somewhat less although this is not conclusive. Just before 2000 

MST riming again appears to increase, even to the extent that graupel 

appear for the first time. As the graupel increase the concentration 

of dendrites again decreases inferring significant fragmentation 

again before the dendrites reach the ground. In this case, 

however, the concentration of fragments does not increase but 

remains uniform until the graupel concentration falls off at about 

2230 MST. This is probably due to the general decline in snowfall 
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intensity as the cold front approaches Yellowstone depleting the 

moisture and reducing the large-scale lifting. 

D. Summary 

These various case studies verify the model predictions quite 

well. The HAO and Wolf Creek Studies agree qualitatively but the 

Yellowstone study agrees quantitatively even to verifying the predicted 

critical concentration for significant fragmentation. Therefore, 

general conclusions about the occurrence of ice crystal fragmentation 

in various cloud types and conditions seem warranted. 



A. General Comments 

CHAPTER VI 

DISCUSSION OF RESULTS 

The results of this study were somewhat different than had been 

expected. The presence of fragments and numerous irregular crystals 

beneath convective cells led to the belief that mechanical fracturing 

of unrimed dendrites would explain part of the observed excess in 

ice crystal concentrations. It was also thought that this process 

might possibly be general enough to explain high crystal concentra

tions observed in many other cloud conditions. The findings from the 

model, based on experimentally-derived fragment generation functions, 

eliminate further consideration of unrimed crystals as a source of 

more than minor numbers of in-cloud fragments. The model does predict, 

however, that under certain cloud conditions, significant fragmen

tation can occur - namely when relatively large concentrations of 

rimed crystals are present. Since relatively large concentrations 

of rimed crystals are required before secondary particle generation 

can proceed, this mechanism can not explain the occurrence of excess 

crystal concentrations at warm temperatures, as observed by Mossop. 

Even though mechanical fracturing of rimed crystals by crystal-

crystal collision can not explain ice multiplication in general, it 

may still be important in certain cloud situations. Examples of 

likely cloud conditions would be precipitation zones and embedded 

convective clouds. 
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B. Implications for Natural and Seeded Clouds 

1. Stratiform Clouds 

Changes in crystal concentration for natural stratiform clouds 

due to mechanical fracturing appear to be limited to less than a 

factor of ten. A stratiform cloud is probably highly self-limiting 

in this process. If the cloud top is not sufficiently cold to 

generate enough crystals from natural ice nuclei and utilize all of 

the condensate, the crystals will become rimed and begin to generate 

secondary particles by mechanical fracturing. Since the growth time 

is limited in the slow updraft of a normally shallow stratiform cloud, 

the generation of secondary particles should reach peak efficiency 

only near the base, and only a small fraction of the cloud will be 

affected by this mechanism. 

Recirculation currents in a stratiform cloud such as eddies in 

and around mountains or embedded convection could enhance the effect 

of secondary particle generation. If recirculation currents are 

present many of the fragments generated at low levels in a cloud 

could be carried up to higher levels and the process amplified. 

Since the mechanical fracturing process is so highly dependent on 

the concentration of colliding particles the recirculation of fragments 

to higher levels could be a powerful means to increase the efficiency. 

Seeding a stratiform cloud which is generating secondary 

particles naturally by mechanical fracturing should be moderately 

effective in increasing the precipitation. Ice multiplication by 

this process should only affect the lowest portion of the cloud while 

seeding could affect a much larger volume. 
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2. Isolated Convective Clouds 

Convective clouds contain several features which would at first 

appear to make them very efficient in generating secondary particles 

by mechanical fracturing compared to stratiform clouds. The turbulence 

in a convective cloud should increase the collision frequency over 

that of a stratiform cloud and the collisions should be more forceful. 

Convective clouds normally have higher liquid water contents which 

allow accretion and diffusion to proceed at an accelerated pace. 

Crystal sizes are normally larger and many convective cells contain 

large graupel. 

On the other hand, the updraft is sufficiently strong so that 

crystals do not reside in a favored growth region very long unless 

they are falling at the same speed as the updraft. In addition, 

most of the fragments are probably blown out the top and sides of 

a convective cloud and sublimate before being reincorporated into the 

cloud. The results of this study on secondary particle generation 

should be put into a convective cloud model before definite 

conclusions can be drawn, but the characteristic features of an 

isolated convective cloud seem to indicate that the generation of 

secondary particles by mechanical fracturing has little effect on the 

main portion of the cloud. 

Seeding of an isolated convective cell would probably be 

effective even when secondary particle generation due to mechanical 

fracturing is occurring. An isolated cell lacks ice crystals at lower 

regions of the updraft. Seeding can provide these crystals, whereas 

mechanical fracturing cannot, unless there is recirculation. 
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3. Embedded Convective Clouds 

Embedded convective clouds should contain the same favorable 

features for secondary particle generation that isolated convective 

cells contain, but should also be able to retain the fragments before 

sublimation in the surrounding environment. Fragments generated near 

the sides and top of an embedded convective cell will be continually 

mixed into the surrounding stratiform deck or into new cells. As 

the fragments grow, rime, and generate new fragments in turn, the 

background concentration of ice crystals in the cloud will rise above 

that expected' from natural ice nuclei. As the concentration increases, 

the collision frequency increases. When a relatively high crystal 

concentration is reached the reduced liquid water content of the 

cloud limits further mechanical fracturing. Crystal concentrations 

could reach 100 to 1000 times that expected from natural nuclei. The 

precipitation efficiency for this situation should be considerably 

higher than when no secondary particle generation occurs. 

Seeding of a convective cell embedded in a stratiform cloud should 

be considerably less effective when ice crystal multiplication is 

occurring. It is conceivable that if a sufficient number of 

convective cells are embedded in a stratiform layer they could 

generate sufficient ice crystals in the stratiform deck to remove 

most of the available condensate. If this is the case seeding would 

probably not be advisable. However, if few cells are present or they 

are not generating sufficient crystals because of any number of 

reasons, then seeding could be effective. In any case, the effect 

of seeding should be reduced significantly when fragmentation is 

occurring is this cloud situation. 
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c. Summary 

It would seem, then, that secondary particle production by 

mechanical fracturing would be least important in isolated convective 

cells and most important in convective cells embedded in a stratiform 

cloud deck. Effects in a smooth stratiform cloud would be intermediate 

with greater effects for recirculation. Increases in crystal concen

tration appear to be limited to less than a factor of ten in smooth 

stratiform clouds but could reach 100 to 1000 in the case of embedded 

convection. 

Because of the strong dependence of the fragment generation rate 

on crystal concentration, light to moderate seeding in some situations 

might actually initiate the fragmentation process where it would not 

have occurred naturally. If such opportunities exist, procedures 

for seeding clouds need to be restudied where the possibility of 

multiplication processes may be triggered. 



A. Conclusions 

CHAPTER VII 

CONCLUSIONS AND RECOMMENDATIONS 

The purpose of this study was to experimentally determine 

fragment generation functions for a number of different crystal types 

and integrate these fragment generation functions with the respective 

theoretical collision frequencies. The magnitude of ice particle 

generation was to be estimated for various cloud conditions and the 

effects on n~tural and seeded clouds predicted. These goals have been 

aacomplished from numerical and experimental approaches and the 

results are consistent with observed field measurements and concepts 

of cloud structure. The main conclusions of this study are: 

1. Unrimed crystals do not generate significant secondary 

particles by mechanical fracturing. 

2. The greater the degree of rime the greater the rate of 

secondary particle generation. 

3. The broader the crystal distributions the greater the rate 

of secondary particle generation. 

4. The combination of ice crystals which most easily produces 

fragments is rimed dendrites and graupel. 

5. The magnitude of K required to generate secondary particles 

appears to be insufficient to generate more than a ten-fold 

increase in crystal concentration in most stratiform clouds. 

6. Convective clouds may have K's large enough to generate many 

more secondary particles due to larger crystals and high rates 

of accretion and diffusion. 
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7. Continued accretion and diffusion is required to obtain ice 

multiplication ratios greater than ten. 

B. Implications for Natural and Seeded Clouds 

Isolated convective cells should not be strongly affected by the 

fragmentation process because the fragments would be generated near the 

top of the cloud and would probably be evaporated at the top or edges 

without being reincorporated into the cloud circulation. Unless 

there is recirculation of the fragments, requirements for seeding of 

these clouds should not be greatly altered by this process. 

Smooth stratiform clouds should be moderately affected by this 

process near cloud base if riming is present. Increases in crystal 

concentration appear to be limited to less than a factor of ten 

unless recirculation of the fragments to higher levels of the cloud 

can occur. Seeding requirements should be reduced by this process 

but probably not greatly in most cases. 

Convective cells embedded in a stratiform layer appear to 

provide the greatest opportunity for secondary particle generation by 

mechanical fracturing. The fragments would be generated at the top 

of a convective cell which could then be recirculated in the cell 

or dispersed out into the surrounding stratiform deck. By continued 

riming, fragmentation, and recirculation the crystal concentration 

could reach 100 to 1000 times the natural concentration. Where the 

process is operating efficiently, seeding should add very little 

additional precipitation over that which occurs naturally. 
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C. Recommendations 

Field verification of secondary particle generat jou by nll!chanical 

fracturing should be continued. The IllOSt prolIlising dVC,I.U<' <>t 

investigation would seem to be in air.::rdft pr()hing "r ft,.:; I,)"" 

portions of stratiform clouds and upper and middle l)Ui'1 I·"", ,.i ,,!he.Lied 

convective clouds. If the ice crystal concentration, 1 ~l'<", ,j,,,i r il1h~ 

could be mapped in time and space in and around these regIOn" of the 

clouds, it is likely that the source region for crystal fr agr[lt.:llts could 

be identified. This region of the duw! is very diffiu,lt [u fly, 

however, because of the heavy rime. A specially modified aircraft 

must be used for this type of study. In addition, the iu:>trUlJ.';.!Htation 

for collecting or observing ice crystals must be improvt;.j L, i"Ule It 

as little fragmentation as possible in the collection pr'!('''';;8. 

Ground observations are of limited usefulness bee:Hlnk r lI, / 

require so many inferences to be drawn about conJitiol1b in til.: ,1 'Id. 

Observations taken prior to the beginning of fragmentation ac.:, tll<.' 

only reliable indicators of conditions necessary for fn:lgIti2ntul i ,lU. 

After fragmentation begins the primary crystal types, sizes> d(:gYee of 

rime, and concentrations in the cloud cannot be determined. 

A statistical study of the precipitation efficiency in Slrdtiform 

clouds with and without convection should be conducted l"d detenlljl1e the 

role of embedded convection on natural precipitation. E·H.1.1 wld, lh) 

ice multiplication the embedded convection should increase the 

precipitation efficiency by increased mixing of ice crystals and 

supercooled cloud. However, the generation of secondary pacticles 

should greatly increase the efficiency. A stratification iltt:l) seeded 
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and nonseeded classes should also be quite interesting. The increase 

in precipitation by seeding should be considerably less for embedded 

convection in stratiform clouds. 
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APPENDIX A 

DERIVATION OF AVERAGE CHANGE IN MOMENTUM 

When two particles collide in a cloud each particle experiences a 

change in momentum dependent on the masses of the two particles, the 

relative velocities, the coefficient of restitution, and the collision 

configuration. The first three variables have been treated in the 

main text but here the effect of collision configuration will be 

investigated. 

The collision configuration is a function of the crystal shapes 

and the distance between the centers of mass upon impact. The crystal 

shapes will be assumed to be of secondary importance for this deviation 

and will be assumed spherical. Figure A-I shows the importance of 

parameter X, the horizontal distance between the centers of mass. 

The parameter X, in Figure A-I is zero when the two particles 

collide center-to-center and a maximum, equal to r
1 

+ r
2

, when the 

particles collide at a grazing blow. The direction of impact is 

vertical for a center-to-center collision and horizontal for a 

grazing blow. Figure A-I shows the separation of the terminal 

velocities into components relative to the direction of impact. The 

angle between the vertical and the direction of impact, e, may be 

expressed as follows: 

Cos e 
J(r

l 
+ r

2
)2 X2 

r
l 

+ r
2 

where r
l 

and r
2 

are the radii of the two particles and X is the 

horizontal distance between the center of masses. The relative 

(A-I) 
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Figure A-I. Collision configuration of two crystals used to 
determine the most-likely change of momentum. 

velocities of the two particles along the direction of impact may be 

expressed: 

V
IT 

Cos e V
IT l X

2 

(r
l 

2 
+ r

2
) 

(A-2) 

l V
2T 

X
2 

(r
l 

2 
+ r

2
) 

(A-3) V
2T 

Cos e 

where VIR and V
2R 

are the velocities of the two particles in the 

direction of impact and V
IT 

and V
2T 

are the terminal velocities of the 

two particles. 
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The change in momentum may be expressed as in Equation (8) of 

Chapter II using different notation and velocities relative to the 

direction of impact rather than center-to-center. 

= (A-4) 

where e is the coefficient of restitution. Substituting (A-2) and 

(A-3) into (A-4), 

II + e) IV2T ~I 

x2 

1 - -----=-2 } 
(r

l 
+ r

2
) 

(A-S) 

Simplifying Equation (A-S) gives: 

=l- X
2 m

1
m

2 
(1 + e) (V

2T 
- V

1T
)} t.M 

2 
{ 

(r
1 

+ r
2

) 
m

1 
+ m

2 
(A-6) 

The portion of Equation (A-6) in brackets was shown to be the change 

in momentum due to a center-to-center collision and therefore the 

maximum change possible. Define: 

(A-7) 

Therefore: 

(A-8) 
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Now, the expected value of ~ given two particles of radii r
l 

and 

r
Z 

is: 

<~> = S~~(X)P(X)dX (A-9) 

where p(X) is the probability density function of X. For ordered 

collisions where no wake effects are present P(X) is uniform over the 

interval r
l 

+ r
Z

. Although p(X) is not uniform in a real cloud, we 

have already argued that for small crystals and small relative 

velocities where the wake effects are most important, the generation 

of crystal fragments is the smallest. Therefore P(X) will be assumed 

uniform. 

P(X) 
1 

(A-lO) 

Equation (A-9) becomes: 

<~(X» 5:1 + r Z 
1 -

xZ 
~(r 

1 
) dX 

Z + r
Z (rl + r Z) 1 

(A-ll) 

Let: 

a r
l 

+ r
Z 

(A-lZ) 

Then: 

<~(X» ~ S:JaZ Z i 
X dX (A-13) 

a 

Finally: 

<~(X» 

*~ 
(A-14) 
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Therefore, the average change in momentunl foe all possible 

collision configurations is simply 7T/4 times the momentum change for 

a center-to-center collision. 



APPENDIX B 

DETERMINATION OF THE COEFFICIENT OF RESTITUTION 

IN A COLLISION WITH A FIXED PLATE 

Equation (29) of Chapter II gives the basic formula for finding 

the eoefficient of restitution in a collision with a fixed plate. 

This equation can be simplified further under special conditions. 

Assuming a particle approaches the fixed plate with a trajectory 

perpendicular to the surface, then only the vertical or w component 

is present. For this special condition the formula for obtaining e 

may be written: 

e (B-1) 

where Wo and w
f 

are the vertical velocities of the particle before 

and after the collision respectively. The same equation may be used 

for the case where the particle approaches the plate in a nearly-

vertical direction or where the change in velocity in directions 

other than vertical are negligible. The experiments to obtain e 

were designed to provide nearly vertical trajectories in most cases 

and in all cases to minimize the horizontal change in momentum. 

Therefore, Equation (B-1) is a good approximation and simplifies the 

determination of e. 

The high-speed camera used to observe the collisions was operated 

at ~lOO frames per second. This speed did .not allow the observation 

of the crystal velocity immediately after impact in most cases. The 

retarding effect of gravity and drag slowed the particle before the 

camera was able to take a picture after the collision. The retarding 
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effect depended on the speed of the particle, its size, shape, and 

mass, and the time elapsed between the collision and the picture. 

However, the velocity of the particle could be obtained by integrating 

back in time given two positions and velocities of the particle after 

the collision. 

The basic equation for integrating the trajectory is the equation 

of motion for the particle: 

d~ 
m

dt 
(B-2) 

where m is the mass of the particle, :t is the total velocity of the 

particle, and Fg and FD are the retarding forces on the particle due 

to gravity and drag respectively. Assuming a Cartesian frame of 

reference and no components of velocity in the Y-direction the 

gravitation force may be expressed: 

F 
g 

- mgk (B-3) 

where g is the gravitational constant and k is the unit vector in 

the vertical direction, positive upward. The drag force may be 

written: 

(B-4) 

where CD is the drag coefficient, A is the cross sectional area of 

+ 
the particle in the direction of the motion, and e is the wind 

velocity. The drag force only acts when there is motion relative to 

the air, thus Equation (B-4) is written in terms of (~ - ~) rather 

+ 
than v. Equation (B-4) may be simplified by assuming that the 
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particle motion is in the Stoke's regime. This is not valid for the 

larger particles but is a reasonable approximation for the majority 

of particles and nearly all of the fragments. With this assumption: 

K' 
Re 

where K' is a constant and Re is the Reynold's number. But, the 

Reynold's number may be written: 

Re D I~ - ~I Pill 

(B-5) 

(B-6) 

where D is the particle diameter, p is the air density and 11 is the 

viscosity. The drag force then becomes: 

-7- -7-

- K"D(v - c) 

where K" is a new constant composed of the previous constants and 

the viscosity, 11. Equation (B-2) finally becomes: 

d;j 
dt 

- gk 
K"D -7- -7-

(v - c) 
m 

Breaking this vector equation into its component equations, 

assuming no component in the Y-direction: 

du 
dt 

K" 
- - D (u - c) 

m 

(B-7) 

(B-8) 

(B-9) 

where u is the horizontal speed, w is the vertical speed, and c is the 

horizontal wind speed. 
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The u-equation may be solved to obtain K". 

K" (B-10) 

where the subscripts refer to points in the trajectory after the 

collision, shown in Figure B-1. 

The horizontal wind speed, c, is assumed constant during the 

collision and may be obtained by: 

c v cos ¢ 
o 0 

(B-ll) 

Once K" has been obtained from the u-equations, it may be 

substituted back into the w-equation and the time dependence for w 

obtained. The vertical velocity nnmediately after the collision, 

W
f 

' is the desired variable. 

I 
I 
I 
I 

WOI 
I 
I 
L __ 

C I 

I 
I 
I 
I 

t=O 

Figure B-1. Collision trajectory with times, angles, and velocities 
before and for two frames after collision with a fixed 
plate. 
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KDT1 

m Kiln m 
Kiln {- g + (g + m w

1
) e } 

The vertical velocity before collision is simply: 

w 
o 

v sin,j, 
o "'0 

If a particle remained in one piece after the collision, the 

(B-12) 

(B-13) 

determination of e would be simply the division of w
f 

by woo However, 

from one to thirteen fragments were observed after the collision for 

graupe1. Therefore, a valid scheme must be found to account for the 

fragmentation. 

The first adjustment is in the estimation of mass after the 

collision. The sum of the masses for individual particles after the 

collision should equal the mass of the initial particle. However, 

due to errors in measuring the particle diameters the masses do not 

normally balance. To correct for this error, the mass of the initial 

particle is assumed correct and the masses of the particles after 

collision weighted so that the sum equals the initial mass. 

The second adjustment is to obtain a mass-weighted final 

velocity which is equivalent to a single-particle velocity of the 

same mass. The formula used for this computation is: 

= 

i 

N 

l: 

m. 
1 m- wfi 

1 0 

(B-l4) 

where w
f 

is a mass-weighted final vertical velocity, m
i 

is the 

adjusted mass of an individual fragment after collision, m is the 
o 

mass of the initial particle, w
fi 

is the final vertical velocity 
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of a fragment after collision, and N is the number of fragments for 

a given collision. 

The coefficient of restitution, e, for a single collision of a 

particle with a fixed plate, is then: 

e 
(B-15) 

These computations were done for 88 collisions of graupel with 

the fixed plate and an average e of .37 was obtained. It ranged from 

.08 to .96 with a standard deviation of .22. 



APPENDIX C 

DETERMINATION OF FALL VELOCITIES 

The fall velocity of an ice crystal is one of the most 

fundamental parameters used in the microphysics of clouds. However, 

reliable equations relating fall velocity to crystal size have yet 

to be determined for many crystal types. This is particularly true 

of rimed crystals. Nakaya (1954) provided some data for different 

degrees of riming on a few crystal types, but the number of data 

points were so few, and the classification of rime so ill-defined 

that I decided to use recent data obtained in association with the 

determination of the fragment generation functions. 

Vertical velocities were required in computing the change in 

momentum when a crystal underwent collision with the fixed plate. 

These crystals were falling at or near terminal velocity. The 

crystals were divided into four categories depending on the general 

amount of rime in a given sample. The crystals were not classified on 

an individual basis, therefore considerable scatter would be expected 

in the results. 

The results for light-moderate rimed plane dendrites is shown 

in Figure C-l. A least-squares polynomial was fitted to the data 

and a correlation coefficient of .59 was found. The equation was: 

v 9.395 D·
30l 

(C-l) 

The same analysis was done for heavily-rimed plane dendrites shown 

in Figure (C-2). The correlation coefficient in this case was quite 

low at .36. The equation was: 
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Figure C-l. Observed terminal fall velocities for lightly-rimed plane 
dendrites. The correlation coefficient for the least

squares fit was .59. 
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Figure C-2. Observed terminal fall velocities for heavily-rimed plane 
dendrites. The correlation coefficient for the lease
squares fit was .36. 
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v = 25.533 n· 206 
(C-2) 

When the analysis was done for light-moderate rimed spatial 

crystals, the scatter was so bad and the correlation coefficient so 

low that a curve fit to the data was considered useless. Since the 

data did not appear to be unreasonably fitted by the curve fitted tu 

heavily-rimed plane dendrites, the fall velocity equations were 

assumed to be the same in both cases. This seems reasonable 

physically since a given rimed category of spatial crystals would 

generally be expected to fall at a rate equal to a greater-rimed 

category of plane dendrites. 

Fall velocity equations for unrimed plane dendrites and 

graupel were adopted from Brown (1970) and Zikmumda and Va1i (1972) 

respectively, since these studies were adequate in terms of sample 

size and scatter in the data. 



APPENDIX D 

METEOROLOGICAL DATA FOR A CASE STUDY AT YELLOWSTONE NATIONAL PARK 
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Figure D-1. Surface map for 18Z on 26 January 1967. 

Figure D-2. Surface Map for OOZ on ?7 January 1967. 
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Figure D-3. Surface map for 06Z on 27 January 1967. 
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Figure D-4. 700 mb chart for aaz on 27 January 1967. 
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Figure D-S. SOO mb chart for OOZ on 27 January 1967. 
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Figure D-6. Upper-air sounding for Boise, Idaho, at OOZ on 27 January 
1967. 
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