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The geometric phase of light has been demonstrated in various platforms of the linear optical regime,
raising interest both for fundamental science as well as applications, such as flat optical elements.
Recently, the concept of geometric phases has been extended to nonlinear optics, following advances in
engineering both bulk nonlinear photonic crystals and nonlinear metasurfaces. These new technologies
offer a great promise of applications for nonlinear manipulation of light. In this review, we cover the
recent theoretical and experimental advances in the field of geometric phases accompanying nonlinear
frequency conversion. We first consider the case of bulk nonlinear photonic crystals, in which the
interaction between propagating waves is quasi-phase-matched, with an engineerable geometric phase
accumulated by the light. Nonlinear photonic crystals can offer efficient and robust frequency conver-
sion in both the linearized and fully-nonlinear regimes of interaction, and allow for several applications
including adiabatic mode conversion, electromagnetic nonreciprocity and novel topological effects for
light. We then cover the rapidly-growing field of nonlinear Pancharatnam–Berry metasurfaces, which
allow the simultaneous nonlinear generation and shaping of light by using ultrathin optical elements
with subwavelength phase and amplitude resolution. We discuss the macroscopic selection rules that
depend on the rotational symmetry of the constituent meta-atoms, the order of the harmonic genera-
tions, and the change in circular polarization. Continuous geometric phase gradients allow the steering
of light beams and shaping of their spatial modes. More complex designs perform nonlinear imaging
and multiplex nonlinear holograms, where the functionality is varied according to the generated har-
monic order and polarization. Recent advancements in the fabrication of three dimensional nonlinear
photonic crystals, as well as the pursuit of quantum light sources based on nonlinear metasurfaces,
offer exciting new possibilities for novel nonlinear optical applications based on geometric phases.

Keywords nonlinear optics, quasi phase matching, holography, geometric phase, nonlinear
metasurfaces, Pancharatnam–Berry phase, frequency conversion

Contents
1 Introduction 2
2 The geometric phase 2

2.1 General definition and geometric origins 2
2.2 The geometric phase in linear optics 3

3 Nonlinear geometric phase of propagating
waves 5
3.1 Basics of nonlinear frequency conversion 5
3.2 Nonlinear interactions with an undepleted

pump 7
3.3 Beam shaping and holography in nonlinear

photonic crystals 8
3.4 Spin-1/2 dynamics 9
3.5 Non-adiabatic geometric phase 11

∗ This article can also be found at http://journal.hep.com.
cn/fop/EN/10.1007/s11467-021-1102-9.

3.6 Adiabatic geometric phase 11
3.7 Light propagation in nonlinear artificial

gauge fields 13
3.8 Fully nonlinear interaction 15

4 Geometric phase in nonlinear metasurfaces 18
4.1 A brief overview of nonlinear metasurfaces 18
4.2 Shaping light with nonlinear metasurfaces:

Dynamic phase holography 18
4.3 The nonlinear Pancharatnam–Berry phase

in metasurfaces: Physical principles and
selection rules 20

4.4 Nonlinear Pancharatnam–Berry beam
steering, beam shaping and holography 22

5 Summary and perspectives 24
Acknowledgements 25
References 25

© The Author(s) 2022. This article is published with open access at link.springer.com and journal.hep.com.cn

https://orcid.org/0000-0002-4056-4455
https://orcid.org/0000-0003-3067-4762
https://orcid.org/0000-0001-6486-7285
mailto:ady@tauex.tau.ac.il
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-1102-9
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-1102-9
link.springer.com
journal.hep.com.cn


Review article

1 Introduction

Modern optical science has borrowed many concepts from
quantum mechanics, and in return, enriched the variety of
theoretical and experimental platforms for studying quan-
tum phenomena. One prominent example is the geometric
phase, a concept introduced to quantum physics following
the work by Berry [1], who later realized [2] its connection
with the earlier work by Rytov and Vladimirsky in elec-
tromagnetism [3, 4] and of Pancharatnam in optics [5],
and its manifestation in other physical systems [6]. Al-
though the adiabatic geometric phase in linear optics was
the first to be demonstrated [7, 8], its non-adiabatic coun-
terpart received greater acclaim. Since then, the so-called
Pancharatnam–Berry phase found numerous applications
in optics and constitutes today a central method for wave-
front shaping and manipultaion with linear optical meta-
surfaces [9].

Recently, the nonlinear optical geometric phase gained
attention, following advances in engineering adiabatic
frequency conversion in nonlinear photonic crystals and
waveguides on the one hand [10], and the development
of nonlinear metasurfaces [11] on the other hand. Each
of these realizations offer a great promise of applications
for manipulating light, based on their respective advan-
tages. The geometric phase accumulated by propagat-
ing waves in nonlinear photonic crystals demonstrates
unique properties such as high efficiency, robustness, tun-
ability, all-optical control, and even nonreciprocity, while
giving rise to nonlinear synthetic gauge fields when ex-
tended to three dimensions. The geometric phase acquired
in nonlinear metasurfaces, the nonlinear counterpart of
the Pancharatnam–Berry phase, offers the advantage of
flat optical elements, subwavelength resolution, tunability,
and intricate selection rules dictated by geometry, which
can be employed for multiplexed nonlinear holography in
the higher harmonics.

In this review, we discuss the recent advances in both
theory and experimental realization of the geometric
phase in nonlinear frequency conversion. In Section 2 we
present the geometric phase in the general context, its
geometric interpretation, and its different realizations in
linear optics. In Section 3, we review the geometric phase
for propagating waves in nonlinear bulk media. Start-
ing from the basics of frequency conversion, we first cover
the linearized interaction under the undepleted pump ap-
proximation. This system is analogous to the quantum
dynamics of a spin-1/2 particle in a magnetic field, and
demonstrates both adiabatic and non-adiabatic nonlinear
geometric phases for light. Generalizing the analogy to
spin transport in magnetic materials, we find how non-
linear artificial gauge fields can be defined, giving rise to
novel topological phenomena associated with the geomet-
ric phase. Finally, we cover the fully nonlinear interac-
tion, and show how the geometric phase retains its original
properties, while demonstrating new properties that de-

pend on the initial conditions of the system. In Section 4,
we discuss the geometric phase in nonlinear metasurfaces,
starting from the principles of operation and the selection
rules, covering applications such as wavefront engineering
and nonlinear holography. We conclude the review with
an outlook of possible future directions in this field.

2 The geometric phase

Since its discovery, the geometric phase received great at-
tention in many areas of physics, such as condensed mat-
ter [12], quantum mechanics [1], classical mechanics [13],
and optics [8]. It proved to be of paramount importance
for the description of fundamental phenomena such as the
different variants of the quantum Hall effect [14, 15] and
topological insulators [16], and contributed to the develop-
ment of new technologies such as flat optical elements [9].
In this section, we briefly review the general concept of the
geometric phase in physics and its geometric origin (for a
more detailed review we refer the reader to Ref. [17]), as
well as its current use in linear-optical experiments, before
moving to discuss its manifestation in nonlinear optics in
the following sections.

2.1 General definition and geometric origins

In quantum mechanics, the geometric phase can be un-
derstood as arising from the topology of the Hilbert space
of a quantum system and the parameter space controlling
its Hamiltonian. This geometric notion can nevertheless
be cast on a simpler, classical setting. To see this, let
us first consider the parallel transport of a vector v in a
curved space (such as the surface of a sphere), along some
closed curve C (parameterized by 0 ≤ t ≤ T ). We demand
that this vector is moved without change in its magnitude
and without rotation with respect to the surface normal
as it is transported along the chosen curve C [18]. In flat
space, this corresponds to requiring that ∂v = 0, where ∂
denotes a derivative along the curve. In curved space, this
condition is not sufficient, and one must supplement the
usual derivative with a connection A to define a covariant
derivative of v along C such that (∂ +A)v = 0. The con-
nection is a geometric property of the curved space and
is closely related to its curvature. The price of this gen-
eralized definition of parallel transport is that the final
vector v(T ) is now rotated by an angle γ with respect to
the initial vector v(0), which exactly equals the integral of
the curvature along the surface enclosed by C [17–19]. The
amount of this “failure” to reproduce the same vector after
a parallel transport along a closed curve is called holon-
omy (or anholonomy, as coined by Berry [6]). The rota-
tion angle γ quantifies the holonomy of the curved space’s
connection, and in our context, it will be analogous to the
geometric phase of physical systems (see Fig. 1).

In a famous work by Berry [1], the geometric phase
for general quantum systems was derived on the basis
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of the adiabatic theorem [20]. We consider a quantum
system with a Hamiltonian H(R), where R denotes a
parameter vector controlling the Hamiltonian. Accord-
ing to the adiabatic theorem, if R is varied on a time
scale much slower than the energy-level separation of the
spectrum of H, then an eigenstate of H(R), denoted
by |ψ(R)⟩, stays an instantaneous eigenstate such that
H[R(t)] |ψ[R(t)]⟩ = E[R(t)] |ψ[R(t)]⟩. It turns out, that
if R(t) traces a closed curve C(t) in parameter space such
that R(T ) = R(0), then the final state |ψ[R(T )]⟩ differs
from the initial state |ψ[R(0)]⟩ only by a phase term, i.e.,
            
|ψ[R(T )]⟩ = e− i

h̄

∫
T

0
E[R(t)]dteiγ |ψ[R(0)]⟩ , (1)

where the first phase factor is the dynamic phase, while
the second is the geometric phase given by

γ = i
∫

R(T )

R(0)

⟨ψ(R)| ∇R |ψ(R)⟩ · dR. (2)

where the derivative ∇R is with respect to parameter-
space coordinates. One then defines the so-called Berry
connection, A, via

A = i ⟨ψ(R)| ∇R |ψ(R)⟩ (3)

and, from it, the Berry curvature, B, as

B = ∇R ×A, (4)

such that by applying Stokes’ theorem,

γ =

∮

C

A · dR =
x

S

B · dS, (5)

Fig. 1 The geometric phase as a parallel transport.
(a) parallel transport of a vector v on the curved surface of a
sphere along a closed curve C(t). The connection A provides
the rule for the parallel transport. The resulting vector v(T )
is rotated by an angle γ with respect to the initial vector v(0)
(the two are related via the holonomy transformation), where
γ equals the integral of the curvature over the surface enclosed
by C. (b) The geometric phase can be seen as the holonomy re-
sulting from a parallel transport of the state vector |ψ⟩ along a
closed curve C in the projective Hilbert space. Here, the Berry
connection and curvature play the role of the geometric con-
nection and curvature. The resulting geometric phase γ equals
the surface integral of the Berry curvature B over the surface
enclosed by C, or alternatively by the path integral of the Berry
connection A, over the path C.

is given by the flux of the Berry curvature through the sur-
face S enclosed by C. It is thus apparent that the Berry
connection and curvature play the role of a curved space’s
connection and curvature, respectively, and that the ge-
ometric phase quantifies the holonomy of a generalized
parallel transport of the state vector |ψ⟩ along C [17–19]
(see Fig. 1). Thus, the geometric phase, as its name sug-
gests, is closely related to the geometrical properties of the
quantum system’s Hilbert space and its parameter space.
For the instructive example of a spin-1/2 particle in a
slowly-varying magnetic field, Berry found that the geo-
metric phase equals half the solid angle Ω enclosed by the
adiabatic trajectory of the magnetic field in its parameter
space:

γ = −1

2
Ω. (6)

Aharonov and Anandan [21] later realized that Berry’s
requirement of the adiabatic rotation of B in parameter
space is not necessary for the accumulation of the geo-
metric phase, but rather, that it is acquired based on the
cyclic trajectory traced by the state vector in the pro-
jective Hilbert space [18]. This observation gives rise to
the notion of the non-adiabatic geometric phase. Later,
Samuel and Bahandri [22] generalized the concept of the
geometric phase to a more general setting, allowing non-
cyclic and non-unitary evolution, showing that the solid
angle, determining the geometric phase, for an arbitrary
curve C between two different points is enclosed by the
shortest geodesic between these points — the so-called
geodesic rule [23]. This work was based on the earlier
discovery by Pancharatnam [5], who in his seminal paper
discovered the geometric phase for polarized light beams,
which we discuss below.

2.2 The geometric phase in linear optics

The geometric phase has gained tremendous attention in
optics following the observation provided by Berry [2] that
the adiabatic quantum mechanical geometric phase [1] and
Pancharatnam’s earlier, seminal work [5] on the geometric
phase of polarized light beams are connected. Pancharat-
nam defined the phase between two polarization states
on the Poincare sphere via a physical interferometric ap-
proach, and showed that this property lacks transitivity:
if states A,B are in-phase, and states B,C are in-phase,
it is not promised that states A and C are in-phase. By
suggesting a cyclic series of projective measurements of
the polarization, Pancharatnam showed that the state ac-
quires an extra phase factor that equals half the solid angle
subtended by the three points connected by the shortest
geodesics between them:

γ = −1

2
ΩABC . (7)

Thus Pancharatnam’s phase fits more in the category of
cyclic, non-unitary and non-adiabatic geometric phases,
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though it was later readily generalized to unitary and
non-cyclic settings [22]. Its earliest demonstrations, using
interferometry, included cyclic non-unitary evolution [24]
using linear polarizers and waveplates [see Fig. 2(a)–(c)],
and later a unitary evolution without polarizers [25].

Thereafter, the term Pancharatnam–Berry (PB) phase
was coined, where it usually referred to the geometric
phase acquired as a circularly-polarized light beam is
transmitted (in parallel) through two half-waveplates at
x1 and x2 with a relative angle θ between their fast axes
[Fig. 2(d)]. Each waveplate converts the state to the
opposite circular polarization, traversing different great
circles (geodesics) on the Poincare sphere, with an an-
gle of φ(x2) − φ(x1) = 2θ between them. The wedge
traced by the two possible paths on the Poincare sphere
encloses a solid angle of Ω = 4θ, thus giving γ = −2θ [see
Fig. 2(e)]. This observation lies at the heart of PB optical
elements [26]: thin, non-refractive optical elements that

received great attention in a vast variety of fields, with
applications ranging from routing [26], focusing [27, 28]
and guiding [29] light waves, to studies of spin–orbit cou-
pling of light via q-plates [30–33] [Fig. 2(f)] and even quan-
tum walks [34]. We shall discuss their nonlinear counter-
parts [11] in greater detail in Section 4.

The adiabatic geometric phase for light, closely resem-
bling the setting suggested by Berry and following earlier
predictions by Rytov [3] and Vladimirsky [4], was also
demonstrated by Tomita and Chiao [7, 8] in linear optics
using a coiled fiber [Figs. 2(g)–(i)]. In their experiment,
the plane of polarization of the fiber mode was rotated as
it propagated through the windings of the fiber. This cor-
responds to an adiabatic rotation of the wavevector k in
k-space (parameter space for the Hamiltonian H = σ · k).
Considering the photon helicity σph = ±1 as a spin-1 de-
gree of freedom, the resulting geometric phase this time
equals minus the solid angle subtended by k, γ = −Ω.

Fig. 2 The geometric phase of light in linear optics. (a–c) Pancharatnam’s phase with unitary and non-unitary operations.
(a) A vertical-linearly polarized (V) light beam is transmitted through a quarter-waveplate (λ/4), transforming it to a left-
circularly polarized (L) light beam. A second quarter-waveplate with a rotated fast-axis rotates the polarization to a diagonal-
linearly polarized (D) state. A linear polarizer (LP) can be used to bring the polarization state back to V, as depicted in panel
(b). The resulting curve encloses a solid angle Ω, where the geometric phase equals γ = −Ω/2. (c) Sketch of the experimental
realization of Ref. [24] using a laser interferometer. (d–f) The Pancharatnam–Berry phase. (d) A left-circularly polarized (L)
light beam impinges on two adjacent half-waveplates (λ/2), with their fast-axes having an angle θ = ϕ2 − ϕ1 between them.
The state of polarization is changed to right-circular (R), but through a different geodesic along the Poincare sphere. (e) The
two trajectories trace a closed curve that encloses a solid angle Ω = 4θ and the geometric phase equals γ = −2θ. (f) Conversion
between spin and orbital angular momentum in q-plates. A metasurface with subwavelength-patterned birefringent features
of continuously varying orientation imprints the spiral Pancharatnam–Berry phase onto an incident light beam, with opposite
sign for opposite polarizations. (g–i) Adiabatic geometric phase for light via rotation of the polarization plane (or equivalently,
the wavevector in k-space). (g) The propagation direction (wavevector k) is rotated adiabatically returning to its original
direction. (h) The wavevector traces a closed curve in parameter space, enclosing a solid angle Ω, where now the geometric
phase (associated with the photon helicity) is γ = −Ω. (i) Depiction of the experiment by Tomita and Chiao [8] using a coiled
optical fiber.
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3 Nonlinear geometric phase of propagating

waves

The idea of geometric phase accumulation during non-
linear frequency conversion in bulk media dates back to
a 1991 paper by Mandel et al. [45], which analyzed nu-
merically the non-adiabatic geometric phase in degener-
ate four-wave mixing and for a degenerate parametric os-
cillator. Alber et al. [46] then followed with the analysis
of the non-adiabatic geometric phase in nonlinear three-
wave mixing. Other works considered geometric phases in
nonlinear bulk systems such as lasers [47] and Kerr me-
dia [48–51]. The advent of the geometrical description of
nonlinear frequency conversion [52, 53], as well as adia-
batic frequency conversion [54–57], stimulated further re-
search of geometric phases in nonlinear optics. Wang et
al. [58] proposed a scheme for realizing a non-reciprocal,
non-adiabatic geometric phase in nonlinear frequency con-
version in the undepleted pump regime (the linearized
interaction). Soon after, Karnieli et al. analyzed the-
oretically the undepleted adiabatic geometric phase in
three wave mixing [59] and later observed it experimen-
tally [60]. The analysis of the adiabatic geometric phase
in the fully nonlinear regime of both three wave mix-
ing [61] and FWM [62], soon followed. Topological effects
in nonlinear gauge fields based on the geometric phase

were proposed [63–65], contributing to the fast-growing
field of nonlinear topological photonics [66]. In the follow-
ing subsections, we review the basic concepts of nonlinear
frequency conversion in bulk media and introduce the for-
malism needed to recover the different nonlinear geomet-
ric phases mentioned above, highlighting central results in
this field.

3.1 Basics of nonlinear frequency conversion

The most common nonlinear interactions occur in bulk
nonlinear materials, wherein the medium polarization can
be written as PNL = ϵ0χ

(2)EE + ϵ0χ
(3)EEE + ... [67].

Here, χ(2) and χ(3) are, respectively, the second- and
third-order susceptibility tensors. Parametric nonlinear
processes are interactions for which the total initial and
final photon energy is conserved, and can be envisioned as
a virtual transition as depicted in Figs. 3(a) and (b). For
second-order processes, the interaction is between three
waves (hence called three-wave mixing): the idler (of fre-
quency ωi), the pump (ωp) and the signal (ωs). The re-
lation between the three frequencies is dependent on con-
text, namely, the type of interaction considered. In sum-
frequency generation (SFG), the idler and pump photons
are up-converted to generate the signal photon, such that
ωs = ωi + ωp, whereas in second harmonic generation
(SHG), the idler and pump photons are identical, yielding

Fig. 3 Principles of nonlinear wave mixing in bulk media and waveguides. (a) In χ(2) parametric interactions, energy is
conserved between the idler, pump and signal photons such that ωs = ωi + ωp. Momentum is however not conserved, and
the mismatch ∆k could be tuned via quasi-phase matching. (b) In χ(3) parametric frequency conversion (four-wave mixing),
we consider two possible configurations: a signal photon generated from an idler photon and two pump photons such that
ωs = ωi+ωp1+ωp2, and a signal and pump photons generated from an idler and a pump photon such that ωs+ωp2 = ωi+ωp1.
In both cases, momentum is not conserved, and the mismatch could be compensated with quasi-phase matching. (c) Quasi
phase matching of three wave mixing in nonlinear photonic crystals, where the sign of χ(2) is flipped every period Λ, providing
an additional momentum 2π/Λ to the momentum conservation diagram. (d) Quasi phase matching of four wave mixing
in corrugated χ(3) waveguides with periodicity Λ, providing an additional momentum 2π/Λ to the momentum conservation
diagram.
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Fig. 4 Nonlinear beam shaping and holography in bulk nonlinear photonic crystals. (a) Focusing and nonlinear diffraction
from 1D patterned nonlinear photonic crystals. Reproduced from Ref. [35], Copyright © 2002 IEEE. (b) Off-axis 2D shaping
of HG beams. Reproduced from Ref. [36], Copyright © 2012 The Optical Society. (c) Off-axis symmetric and asymmetric 1D
and 2D shaping of second harmonic beams. Reproduced from Ref. [37]. (d) 2D wavefront shaping and imaging of arbitrary
holograms in nonlinear photonic crystals with shaped pumps. Reproduced from Ref. [38], Copyright © 2016 The Optical Society.
(e) Off-axis shaping of LG beams from fork-shaped thin 2D nonlinear crystals. Reproduced from Ref. [39], Copyright © 2012
American Physical Society. (f) On-axis shaping of second harmonic beams in the near-field using arbitrary holograms encoded
in a 2D nonlinear photonic crystal. Reproduced from Ref. [40]. (g) Shaping spontaneously down-converted photon pairs with
orbital angular momentum entanglement using vortex pump beams and fork-shaped nonlinear 2D crystals. Reproduced from
Ref. [41], Copyright © 2015 IEEE. (h) On-axis generation of Airy beams using 2D nonlinear photonic crystals. Reproduced
from Ref. [42], Copyright © 2009 Nature Group. (i) 3D design of chiral volume holograms in nonlinear waveguides. Reproduced
from Ref. [43]. (j) 3D nonlinear holograms for off-axis shaping of second harmonic beams. Reproduced from Ref. [44], Copyright
© 2019 Nature Group.
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ωs = 2ωp. On the other hand, in difference-frequency gen-
eration (DFG) and its quantum counterpart, spontaneous
parametric down-conversion (SPDC), the pump photon
is downconverted to the idler and signal photons, such
that ωp = ωi + ωs. Third-order processes are catego-
rized similarly. For example, four wave mixing (FWM)
corresponds to the two possible up-conversion schemes
depicted in Fig. 3(b), wherein ωs = ωp1 + ωp2 + ωi or
ωs+ωp2 = ωp1+ωi. In third harmonic generation (THG)
the pump frequency is tripled, i.e., ωs = 3ωp.

The above-mentioned processes need not, in general,
conserve momentum, due to the material dispersion caus-
ing a natural finite mismatch [67] between the wave vec-
tors: ∆k0 = ks − ki − kp ̸= 0 in SFG, or ∆k0 =
ks − ki − kp1 − kp2 ̸= 0 in FWM. In presence of this mis-
match, the frequency conversion efficiency is hindered sig-
nificantly, as the amplitude of the waves oscillates rapidly
along the propagation instead of building up [67]. To
mitigate this momentum mismatch, several techniques of
phase matching have been employed in bulk crystals, for
example ones that take advantage of birefringence [68]. In
this review, we shall only consider the quasi-phase match-
ing (QPM) technique, wherein the nonlinear coefficient
is periodically modulated with period Λ as depicted in
Fig. 3(c). We note however that the geometric phase, as
well as adiabatic frequency conversion, can also be accu-
mulated in birefringently phase matched crystals by us-
ing thermal gradients [69]. In ferroelectric χ(2) materials,
electric field poling [70] is a standard method for QPM in
one and two dimensions, wherein ferroelectric domains of
the nonlinear crystal are permanently poled according to
the engineered structure, thereby flipping the sign of the
nonlinear coefficient [see Fig. 3(c)]. In three dimensions,
relatively new techniques of laser-induced domain inver-
sion [71] or deletion [72] are currently used. QPM χ(2)

crystals are commonly referred to as nonlinear photonic
crystals (NLPCs). In χ(3) materials, phase matching can
be imposed via corrugated or tapered waveguides [56, 57]
[Fig. 3(d)] or via intermodal phase matching [73]. In stan-
dard QPM, Λ is chosen such that 2π/Λ exactly equals the
momentum mismatch. More generally, we shall denote
by ∆k = ∆k0 − 2π/Λ the overall momentum mismatch
including the QPM contribution, which can still take a
non-zero value. Figure 3 depicts the corresponding wave
vector diagrams for the different QPM schemes.

For illustrating the nonlinear dynamics, we consider the
common test case of three-wave mixing, though our con-
clusions could be generalized to FWM as well. Under the
slowly varying envelope approximation [67], this dynam-
ics is given by the set of three coupled equations:            
∂A1

∂z
= iχ

(2)(r)ω2
1

k1c2
A∗

2A3e−i∆k0z, (8)

∂A2

∂z
= iχ

(2)(r)ω2
2

k2c2
A∗

1A3e−i∆k0z, (9)

∂A3

∂z
= iχ

(2)(r)ω2
3

k3c2
A1A2ei∆k0z, (10)

where A1,2,3 are the slowly-varying envelopes of the idler,
pump, and signal waves (labels for ω1 < ω2 < ω3 are
given according to the frequency-conversion process under
question), and χ(2)(r) is the spatially varying magnitude
of the second-order nonlinear susceptibility.

In the following subsections, we show how engineering
of the QPM in 1D, 2D and 3D NLPCs, as well as in ta-
pered and corrugated χ(3) waveguides, can induce a fully-
controllable geometric phase imprinted on the interacting
light waves. We begin by considering the linearized in-
teraction, wherein the pump wave (or waves) is consid-
ered to be much stronger than the interacting idler and
signal waves, and is thus unperturbed by their presence.
This regime of undepleted pump simplifies the dynamics
significantly, and renders it equivalent to the dynamics
of a non-relativistic spin-1/2 quantum particle in a mag-
netic field, in 2D+1 dimensions. Next, we cover the fully-
nonlinear interaction, wherein all the participating waves
are allowed to change. We show in this case how the non-
linear geometric phase persists, while acquiring distinct
new properties associated with the nonlinear dynamics.

3.2 Nonlinear interactions with an undepleted pump

The linearized dynamics of SFG as well as FWM, i.e.,
when the pump wave is considered undepleted, share a
great resemblence to the dynamics of a quantum two-level
system driven by an external field [20]. Without loss of
generality, we consider the process of SFG in a χ(2) NLPC
in the undepleted pump approximation, simplifying the
dynamics of Eqs. (8)–(10) to

∂Ai

∂z
= iχ

(2)(r)ω2
i

kic2
A∗

pAse−i∆k0z, (11)

∂As

∂z
= iχ

(2)(r)ω2
s

ksc2
ApAiei∆k0z. (12)

The QPM scheme allows one to fully control the χ(2) mod-
ulation structure, whereas shaping of the pump beam al-
lows control over its wave front. The nonlinear coupling
is the product of the pump field and the χ(2) coefficient,
and for QPM, the nonlinearity can be written as a Fourier
series with slowly-varying components [59]

χ(2)(r) = 2dij

∞
∑

m=−∞

am(r)eim[
∫
2π/Λ(r)dz−ϕc(r)], (13)

with dij denoting the corresponding element of the non-
linear tensor [67]; am(r) = (2/mπ) sin[mπD(r)] for m ̸= 0
and a0(r) = 2D(r)−1, where 0 ≤ D(r) ≤ 1/2 denotes the
modulation duty-cycle, defined as the ratio between the
inverted domain length and the modulation period; and
φc(r) denotes the crystal modulation phase (see Fig. 5
for depiction of these parameters). Note that in Eq. (13),
we assume that the NLPC is periodic only along the z-
direction, with the modulation parameters ∆k,D and φc

changing slowly with respect to the QPM period Λ. How-
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ever, Eq. (13) can be easily generalized to cases where
periodicity exists along more than one crystal axis.

It is common to approximate the linearized dynamical
Eqs. (11) and (12) according to the rotating wave approx-
imation, keeping only the Fourier term that is closest to
phase-matching (for first-order QPM, this corresponds to
the m = ±1 term). Under this approximation we find the
linearized dynamics to be

i ∂
∂z

(

Ai

As

)

= −
(

0 κ∗i e−iΦ

κseiΦ 0

)(

Ai

As

)

, (14)

where we define

Φ(r) =

∫ z

0

∆k(rT , z
′)dz′, (15)

as the phase mismatch accumulated during propagation
in the NLPC, and the coupling constant

κ = 2deff
√

kiks sin (πD)e−iϕc |Ap|eiϕp = |κ|eiϕ, (16)

with κi,s of Eq. (14) related to κ via κi =
√

ki/ksκ

and κs =
√

ks/kiκ. In the above equation, Ap(r) =
|Ap(r)|eiϕp(r) is the shaped pump field wave front (both
amplitude and phase); deff = 2dij/π; and φ = φp − φc is
the relative phase between the pump wave and the QPM
modulation. All physical quantities are assumed to have
a spatial dependence, as they can be continuously varied
along the NLPC.

3.3 Beam shaping and holography in nonlinear photonic
crystals

Before we introduce the concept of geometric phases in
bulk nonlinear materials, it is beneficial to discuss first
the well-established field of nonlinear beam shaping and
holography, and then connect these previous results to
the topics discussed in this review. The concept of non-
linear holography stemmed from the realization of QPM
nonlinear photonic crystals, mainly by electric field pol-
ing [70] for 1D and 2D designs, and recently, with laser
domain engineering [71, 72, 74–76] opening the door for
3D designs. Since in the QPM technique, the nonlinear-
ity is modulated in a binary fashion, a binary encoding
of computer generated holograms [77] is employed [78–
80]. In general, the binary nonlinear computer-generated
hologram can be encoded onto the χ(2) structure in the
following manner [79]

χ(2)(r) = χ(2)sign
{

cos [G · r − φc(r)]− cos[πD(r)]
}

,

(17)

where G is a reciprocal lattice vector (a carrier wavevec-
tor, transverse or longitudinal, which is responsible for
either on-axis or off-axis phase matching), φc(r) is the
crystal hologram phase, and D(r) is the modulation duty
cycle, where the variation in the space coordinate r can

be either transverse, longitudinal, or both. The first-
order Fourier coefficient of the χ(2) design will be given
by χ(2)(2/π) sin [πD(r)] exp [iG · r − iφc(r)], and is often
responsible to the most efficient QPM. The reconstructed
hologram, sin [πD(r)] exp [−iφc(r)] is obtained either in
the first diffraction order, if the beam shaping is done in
the Fourier plane (planar holography), or in the first lon-
gitudinal QPM order (volume holography), either in the
far-field or in the near-field. In these setups, the nonlinear
process under consideration is usually SHG, which, under
the undepleted pump approximation and assuming first-
order QPM, can be described analytically via [79, 80]

A2(r) = − 2

π

χ(2) iωL
n2c

|A1(r)|2 sin [πD(r)] ei[2ϕ1(r)−ϕc(r)],

(18)

where L is the crystal length. Eq. (18) suggests that
nonlinear spatial holography of SHG in the perturbative
regime can be expressed as the product of the pump wave
envelope squared A2

1(r) and the hologram encoded in the
crystal structure. The amplitude would then be propor-
tional to the fundamental beam’s intensity, and to the
duty cycle modulation encoded in the crystal, sin(πD).
The phase would be proportional to the relative phase
between the fundamental field squared and the phase en-
coded in the crystal, i.e., 2φ1 − φc.

The first realizations of nonlinear beam shaping and
holography were done using 1D settings. The first such
experiment by Imeshev et al. [81] used an on-axis QPM
scheme to generate SHG light with a truncated beam
profile. Other realizations employed diffractive nonlin-
ear 1D gratings [35, 82] [Fig. 4(a)] as well as 1D phase
and amplitude patterns for deflection [83] and holographic
beam shaping into HG modes [78], where the hologram
was encoded on the transverse axis of the crystal. The
generalization of planar diffractive holography to two
dimensions soon followed, where 2D designs were en-
coded on the transverse direction of thin nonlinear crys-
tals using electric field poling. These included the off-
axis generation of 2D Hermite–Gauss and Laguerre–Gauss
beams [36, 37, 39, 84–86] and nonlinear hologram imag-
ing [87] [Figs. 4(b), (c) and (e)].

On-axis shaping using the pump wavefront was also re-
alized for both SHG, DFG and SFG [38, 88–90], and later
also by using two-dimensional nonlinear photonic crys-
tals [40, 91, 92], which can also be used for tailoring the
wavefront in the nearfield using arbitrary holograms [40]
[Fig. 4(d) and (f)]. The nonlinear holography techniques
led to the realization of unique optical beams, such as
Airy beams [42, 92–97] [Fig. 4(h)], parabolic beams [94],
caustic beams with switchable trajectories [98], as well as
novel phenomena such as the Talbot effect [99].

Nonlinear holography need not be restricted to the spa-
tial domain, and can also be used for spectral and tempo-
ral shaping [100–104]. This is done by the modulation of
the phase-mismtach vector ∆k [through local changes in
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the longitudinal QPM lattice vector G of Eq. (17)]. Fur-
ther, nonlinear bulk and planar holograms can be used to
engineer the biphoton wavefunction in spontaneous para-
metric down-conversion [Fig. 4(g)] [41, 105–110]. For more
detailed reviews of 1D and 2D nonlinear holography, the
reader is referred to Refs. [79, 80].

The recent advent of three dimensional nonlinear pho-
tonic crystals [71, 72, 76] made possible the realization
of 3D nonlinear volume holography [43, 44, 111–114]
[Fig. 4(i)–(j) and see also Fig. 9(d)]. These advances
also offer exciting new opportunities for realization of
unique quantum mechanical analogies, by employing ar-
tificial gauge fields, as we discuss in more detail in Sec-
tion 3.7. For a recent and detailed review of 3D nonlin-
ear photonic crystals and their applications for nonlinear
holography, we refer the reader to Ref. [112].

We conclude this subsection with the remark that, al-
though many of the works on nonlinear holography con-
sidered the shaping of the SHG beam as described by
Eq. (18), these concepts can also be employed for other
processes such as SFG and DFG [89, 90, 95]. In terms of
the model we developed in the previous sections, and by
assuming both undepleted pump and idler input beams,
the generated signal beam is given by

As(r) =
2

π

χ(2) iωsL

nsc
|Ap(r)| sin [πD(r)]

· ei[ϕp(r)−iϕc(r)]Ai(r), (19)

where again, the hologram amplitude would be propor-
tional to the pump amplitude and to the duty cycle mod-
ulation, |Ap| sin(πD). Its phase would be proportional to
the relative phase between the pump wave and the crys-
tal modulation phase, i.e. to the SFG phase φ = φp − φc

that we defined in Eq. (16). Interestingly, the holographic
phases of 2φ1 − φc and φp − φc of Eqs. (18) and (19), re-
spectively, can be connected to a special case of the nonlin-
ear geometric phase where a wedged rotation by an angle
φ on the Bloch sphere equator is induced [See Fig. 6(d)
and Section 3.6]. Thus, the past demonstrations of non-
linear holography can be envisioned as the precursor to
nonlinear-geometric-phase-based beam shaping, which we
discuss in Section 3.6.

3.4 Spin-1/2 dynamics

Let us now show how the dynamics of undepleted SFG can
be recast onto the form of spin-1/2 dynamics in quantum
mechanics. To see this, we can transform Eq. (14) via the
transformation

(

Ai

As

)

=
√
N





e−iΦ/2
√

ωi

ni
0

0 eiΦ/2
√

ωs

ns



Ψ = UΨ, (20)

to the rotating frame, where N = ni|Ai|2/ωi+ns|As|2/ωs

is a constant of motion due to the Manley–Rowe rela-

tions [67], finally giving:

i ∂
∂z

Ψ = −
(

∆k/2 κ∗

κ −∆k/2

)

Ψ = −(σ ·B)Ψ, (21)

where Ψ = U †(Ai, As)
T (with Ψ†Ψ = 1) denotes a spinor

wavefunction comprising the (scaled and rotated) idler
and signal fields; σ = (σx, σy, σz) is the Pauli matrix vec-
tor, with

σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, σz =

(

1 0
0 −1

)

(22)

and where we introduced the magnetic field equivalent

B(r) = Re κ(r) x̂+ Im κ(r) ŷ +
∆k(r)

2
ẑ. (23)

The linearized, non-diffracting dynamics of SFG in the
rotating frame [Eq. (21)] is, therefore, equivalent to the
dynamics of a spin-1/2 particle in an external magnetic
field. From this analogy, it follows that the SFG dynam-
ics could be mapped on a corresponding frequency-domain
Bloch sphere [Fig. 5(a)], where the idler and signal fre-
quencies correspond to the north and south poles, respec-
tively. Similarly to the Poincare sphere representation,
one may define the equivalent Stokes parameters using
the rotated-frame spinor Ψ

Si = Ψ†σiΨ. (24)

Fig. 5 Bloch sphere representation and parameter space
of nonlinear frequency conversion with an undepleted pump.
(a) Frequency domain Bloch sphere: the north and south poles
correspond to the idler and signal frequencies, respectively.
The equator corresponds to equal superpositions of idler and
signal frequencies. The state vector Ψ precesses around the
magnetic field equivalent B. (b) The parameter space of the
magnetic field equivalent. The z-component is controlled by
the momentum mismatch ∆k — namely, the poling period
(marked in red). The radial component is defined by the non-
linear coupling strength |κ|, proportional to the modulation
duty cycle and to the pump field strength (marked in blue).
The polar angle ϕ is given by the relative phase between the
poling phase and pump phase front (marked in purple). θ de-
notes the elevation angle. All these parameters are tuneable
and can be used to tailor the direction and magnitude of B at
any point in space.
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or, in terms of the original field amplitudes [53]

S1 =
1

N

√

nins

ωiωs

2Re e−iΦA∗
iAs,

S2 =
1

N

√

nins

ωiωs

2Im e−iΦA∗
iAs, (25)

S3 =
1

N

(

ni

ωi

|Ai|2 −
ns

ωs

|As|2
)

,

with S2 = S2
1 + S2

2 + S2
3 = 1. For either choice, the

dynamics of the geometric state vector S = (S1, S2, S3)
can be written as a precession around the magntic field
equivalent B, namely

∂S

∂z
= B × S. (26)

The Bloch sphere equator hosts equal-superpositions
of the idler and signal frequencies, whereas the north and
south poles represent the signal-only and idler-only states.
Any other point on the surface of the sphere represents a

single state vector, with different populations of the idler-
signal modes (its z-component) and with different phases
between them (azimuthal direction). For a constant B

vector, say at an angle θ with respect to the z-axis of the
Bloch sphere, and for an initial state starting at the idler
frequency (north pole), the dynamics as manifested by
Eqs. (21) and (26) dictates that the state vector precesses
along a circle around B, as depicted in Fig. 5(a) (evolution
of the precession is with respect to the propagation z-
axis). Frequency conversion is achieved as the state gets
closer to the south pole. A phase-matched interaction
(∆k = 0) corresponds to Bz = 0 (a transverse magnetic
field), such that the precession is done on a great circle
passing through both poles.

The direction of the magnetic field equivalent can be
determined by tuning the nonlinear interaction parame-
ters: the NLPC modulation and the pump wave front. To
see this, we rewrite the magnetic field vector in spherical
coordinates as

B = BB̂(θ, φ), (27)

Fig. 6 Schemes of non-adiabatic and adiabatic geometric phases in nonlinear frequency conversion with an undepleted pump.
(a, b) Non-adiabatic geometric phase. (a) Pump and signal beams enter a nonlinear photonic crystal, in a co-propagating (nearly
phase-matched interaction) and counter-propagating (highly phase-mismatched interaction) geometry. (b) Left: Precession of
the state vector Ψ around B for a co-propagating interaction. The geometric phase equals half the solid-angle enclosed by the
state trajectory. Right: In the counter-propagating geometry, ∆k ≫ |κ| and therefore B = Bzẑ, such that Ψ stays parallel
to B and no geometric phase is accumulated. (c, d) Non-cyclic adiabatic geometric phase on a wedge of parameter space.
(c) Quadratic adiabatic geometric phase in a 2D NLPC. Pump and idler waves are incident on the engineered crystal such that
different transverse positions x1, x2 correspond to a different adiabatic trajectory of B, from the north pole of the parameter
space surface to the south pole, thus inducing an adiabatic frequency conversion to the signal frequency. The accumulated
geometric phase is quadratic, hence acting as a cylindrical lens for the signal wave. (d) Left: Spherical parameter surface.
Right: Oblong surface. The extended dimension along the z-direction increases the robustness of the geometric phase to
changes in the input frequency, while retaining the value of the geometric phase γ = ∆ϕ. (e, f) Cyclic adiabatic geometric
phase on a circle in parameter space. (e) Idler and pump beams enter an adiabatic 2D NLPC with two adjacent regions,
each inducing an adiabatic circular rotation of B about a unit vector n̂ having an angle Θ with the z-axis, but with opposite
orientation [panel (f)]. For a choice of Θ = π/3, a geometric phase difference of π is induced between the two regions, thus
approximately converting the spatial mode to HG10 in the original idler frequency.
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with B =
√

|κ|2 + (∆k/2)2, θ = arccos(∆k/2B) and φ

the coupling phase defined after Eq. (16). The control
over the parameters determining the spherical coordinates
B, θ, φ is depicted in Fig. 5(b), where we also graphically
illustrate the meaning of each parameter in the NLPC
modulation. Namely, this is the parameter space of the
Hamiltonian governing the dynamics in Eq. (21).

3.5 Non-adiabatic geometric phase

The revolution of the state vector Ψ about a fixed mag-
netic field equivalent B encloses a solid angle Ω on the
Bloch sphere, that is dependent on the chosen elevation
angle coordinate θ [Fig. 6(a)]. This solid angle equals to
Ω = 2π(1−cos θ), and, much like the linear PB phase, the
accumulated geometric phase along one cycle becomes

γ = −π(1− cos θ), (28)

where it can be shown that the dynamic phase is given by
ϕd = Φ [58].

The nonlinear interaction possesses an inherent linear
nonreciprocity attributed to the pump field bias: co-
propagation of the signal (idler) waves with the pump field
results in a phase-matched (or nearly-phase-matched) in-
teraction, giving the anticipated precession of Ψ about B;
however, if the signal (idler) wave is counter-propagating
with respect to the pump field, the interaction is highly
mismatched, implying that B = Bzẑ and that Ψ remains
parallel to B [see Figs. 6(a)–(b)]. This property was pro-
posed [115] and later realized experimentally [116] as a
new platform of optical isolation. By extension, the non-
linear geometric phase need also demonstrate such nonre-
ciprocity [58–60], which can be employed for nonreciprocal
spatial mode conversion.

Wang et al. [58] derived the non-reciprocal, non-
adiabatic geometric phase also for an arbitrary non-closed
trajectory, wherein the circuit is closed by the shortest
geodesic (great circle) on the Bloch sphere between the
start and end points. A closed form solution could be
found as function of the propagation coordinate:

γ(z) = arg{[cos(Bz) + i cos θ sin(Bz)]e−∆kz/2}, (29)

which recovers Eq. (28) for a full cycle at every point z =
mπ/B, m = 1, 2, · · · . The results of their analysis are
presented in Figs. 7(a)–(c).

3.6 Adiabatic geometric phase

Adiabatic frequency conversion [54–57] relies on the adia-
batic theorem, stating that for a Hamiltonian with sepa-
rate energy levels and for a slow change in its parameters,
an initial eigenstate will stay an instantaneous eigenstate
of the Hamiltonian. Broadband and robust frequency con-
version is achieved when the magnetic field equivalent B

starting, for example, at the north pole, is slowly varied
such that its final orientation points at the south pole.

This ensures that the initial idler frequency eigenstate fol-
lows the variation in B such that the state ends at the
signal frequency, ideally with minimal level-crossing. For
this purpose, it is sufficient to change the value of B be-
tween a large (positive) value of Bz to a large (negative)
value −Bz. This can be done by introducing a linear chirp
to the momentum mismatch ∆k(z) (or modulation period
Λ), ensuring that it changes its sign once along the crystal.
Another alternative that can be realized in birefringently
phase matched crystals is obtained by introducing a ther-
mal gradient [69, 117]. A broadband efficiency is achieved
since any deviation from the nominal wavelengths intro-
duces a small change in ∆k, which shifts the origin of
parameter space up or down with respect to the z axis.
As long as the adiabatically-changing B passes through
the shifted origin, high conversion efficiency is assured.
This concept is illustrated in Fig. 6(d) and Fig. 7(d) [53].
For a review on adiabatic frequency conversion, we refer
the reader to Ref. [10].

An adiabatic variation of the magnetic field equivalent
B can also induce an adiabatic geometric phase when its
trajectory encloses a solid angle in parameter space. The
full controllability over the 3D orientation of the parame-
ter vector along the NLPC is possible thanks to the tun-
able QPM and pump field parameters [Fig. 5]. This effect
was theoretically analyzed in Ref. [59], where two pos-
sible adiabatic rotation schemes were proposed: First, a
wedge scheme [Fig. 6(d) and Fig. 7(g)], where different
points x1, x2 along the 2D NLPC transverse plane host
adiabatically-changing magnetic fields B(x1), B(x2) go-
ing from the north pole to the south pole, but with rel-
ative azimuthal phase ∆φ between them. Much like the
PB phase, this case converts the light to the opposite (sig-
nal) eigenstate with a geometric-phase-shaped wave front
wherein

γ = −∆φ. (30)

This trajectory need not be restricted to the face of a
sphere, and induces the same geometric phase for any
rotationally-symmetric surface, for example an ellipsoid
ellongated along the z-direction of parameter space. Much
like the broadband response of adiabatic frequency con-
version, this elongated shape ensures that the geomet-
ric phase is topologically robust against changes in input
wavelength as long as the origin of parameter space re-
mains inside the surface. For opposite wavelengths or for
reversal of the crystal orientation, the phase gains an op-
posite sign, implying that the interaction has asymmetric
transmission properties. This effect was later observed
experimentally [60], using a 2D NLPC with a quadratic
transverse variation in γ acting as a geometric-phase cylin-
drical lens. For opposite eigenstates and opposite crystal
orientations, the lens changed from converging to diverg-
ing, confirming the properties of the nonlinear geomet-
ric phase [Fig. 6(c) and Figs. 8(a, b)]. Elongating the
parameter-space surface indeed resulted in a broadband
efficiency [60] [Fig. 6(d)].
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The second type of adiabatic trajectory is a circular
rotation of B about some direction n̂ having an angle Θ
with the z-axis of parameter space [Figs. 6(f), 7(f) and
8(c)]. In this rotation, B starts and ends in the same
pole, thus the output optical frequency is the same as the
input one. If B rotates on the surface of a sphere, the
induced geometric phase takes the usual form

γ = −π(1− cosΘ). (31)

For oppositely-oriented circular trajectories (right- or left-
handed), the phase gains an opposite sign. This prop-
erty can be utilized to measure the geometric phase ef-

fect by placing two oppositely-oriented trajectories next
to one another, and observing a phase contrast [Figs. 6(e,
f) and 8(c, d)]. This effect was also demonstrated ex-
perimentally by two adjacent opposite trajectories with
Θ = π/3, inducing γ = ±π/2. This π geometric phase step
between the two regions of the NLPC converted the spatial
mode from HG00 to (approximately) HG01, while keep-
ing the original input frequency. Together with the lin-
ear nonreciprocity of nonlinear frequency conversion [116],
this geometric phase effect realizes a nonreciprocal spatial
mode converter, as implied by turning the pump wave on
and off [Fig. 8(d)].

Fig. 7 Geometric phases and adiabatic frequency conversion in sum-frequency generation. (a–c) Theoretical analysis of
the non-adiabatic geometric phase. (a) Circular trajectories of Ψ on the Bloch sphere and (b) accumulated geometric phase
for different values of momentum mismatch (here denoted as ∆β). (c) Proposal for a nonreciprocal frequency conversion
and geometric phase accumulation in LiNbO3 waveguides. (a–c) Reproduced from Ref. [58], Copyright © 2017 The Optical
Society. (d, e) Adiabatic frequency conversion: theory and experiment. (d) an adiabatic frequency converter comprises a
1D NLPC with a chirped momentum mismatch ∆k, inducing a linear adiabatic variation in B from +Bz to −Bz. The
state follows this adiabatic variation on the Bloch sphere, with a distinct step-like conversion along the propagation axis.
(e) Measured conversion efficiency. The process is broadband thanks to its topological robustness: as long as the parameter-
space variation of B passes through the origin (which may be shifted in the z-direction for different input wavelengths),
high conversion efficiency is promised. (d, e) Reproduced from Ref. [53]. (f, g) Simulation of adiabatic geometric phase
accumulation in an engineered 1D NLPC. (f) Left: Frequency conversion. Right: Geometric phase accumulation for a circular
adiabatic trajectory [corresponding to Fig. 6(f)]. (g) Left: frequency conversion. Right: Geometric phase accumulation for a
wedge adiabatic trajectory [corresponding to Fig. 6(d)]. (f, g) Reproduced from Ref. [59].
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3.7 Light propagation in nonlinear artificial gauge fields

The emergence of topological photonics [118, 119] stim-
ulated many research directions, motivated by the emu-
lation of condensed matter systems as well as by discov-
ery of unique topological effects in photonics. In these
systems, arrays of waveguides or resonators are used to
realize topologically-nontrivial band structures. Some of
these systems possess a Berry phase accumulated when
the light encloses a closed path in momentum space, or in
another form, gains a hopping phase when it completes a
circuit along discrete lattice sites. The Berry connection
associated with the band structure (or hopping phase) is
commonly seen as an artificial gauge field, whereas the
Berry curvature acts as an artificial magnetic field. In this
picture, the photonic analogs of quantum Hall and quan-
tum spin-Hall effects could be understood as emergent
from this artificial magnetism. The fast-growing comple-

mentary field of nonlinear topological photonics [66] aims
to resolve the effects of optical nonlinearity on topological
phenomena. Many of the related works focus on topo-
logical lasers [120, 121] and Kerr nonlinearity [122], while
others have further shown enhanced and robust harmonic
generation which mainly stemmed from the linear topo-
logical properties of the pump wave or simultaneous pump
and signal waves [123, 124]. For a recent review on this
topic, we refer the reader to Ref. [66].

Here we focus the attention on a new direction in nonlin-
ear topological photonics that originates in the topology of
3D NLPCs [112] and pump waves in bulk materials, giving
rise to novel types of artificial gauge fields that manipulate
light propagation. Westerberg et al. [63] were the first to
propose such an effect for a degenerate three-wave mixing
in χ(2) crystals as well as in Kerr nonlinear χ(3) materi-
als. Such systems are inherently non-Hermitian, and their
dynamics differs from Eq. (21), although many of the geo-

Fig. 8 Observation of the adiabatic geometric phase of sum frequency generation in 2D nonlinear photonic crystals.
The experiments were performed using a 10 mm engineered LiNbO3 crystal (interacting wavelengths listed in the figure).
(a, b) Quadratic adiabatic geometric phase along a wedge trajectory: geometric phase lens. The concept depicted in Figs. 6(c)
and (d) was experimentally realized, and a cylindrical wavefront with opposite sign (converging or diverging) was observed in
the converted wavelength. The lens changes from positive to negative depending on the input frequency (idler or signal) and
orientation of the adiabatic trajectory (crystal direction), as expected from the geometric phase. (c, d) Adiabatic geometric
phase along a circular rotation: spatial mode converter. (c) Experiment setup corresponding to the concept depicted in Fig. 6(e).
An additional adiabatic converter was used before the geometric phase crystal to efficiently generate a signal pulse arriving
synchronously with the pump pulse. (d) Spatial mode conversion in the original signal frequency. Left: Pump field filtered
out before the geometric phase nonlinear crystal. Right: Pump field impinging on the crystal, allowing for adiabatic circular
trajectories with opposite orientations as depicted in Fig. 6(f). The π geometric phase step converts the spatial mode to HG10

while retaining the original input frequency of the signal wave. Reproduced from Ref. [60].
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metrical properties persist. They discovered that for such
interactions it is possible to apply the adiabatic limit and
obtain artificial scalar and vector potentials, with A de-
noting the vector gauge field. From this gauge field they
derived a synthetic magnetism that arises from the topo-
logical charge of the pump field, which was assumed to
carry OAM of h̄l, where l is an integer. Near the center
of the vortex, they found that the synthetic magnetism is

B = ∇×A = −2αh̄l ẑ, (32)

where α is a parameter capturing the strength of the mag-
netic field. The emergent field B is exactly the real-space
Berry curvature associated with the accumulation of a geo-
metric phase along propagation. For a photon fluid model,
they have shown that this magnetism rotates an elliptical
beam about its axis [Fig. 9(a)].

Recently, Karnieli et al. [64, 65] found that these types

of emergent topological phenomena are analogous to ef-
fects of spin transport in magnetic materials hosting topo-
logically nontrivial magnetization textures, such as mag-
netic skyrmions [125, 126]. To see this, we start by con-
sidering the coupled wave equations [Eqs. (11) and (12)],
where we now allow diffraction under the paraxial approx-
imation. For a pump wavelength much longer than the
signal and idler wavelengths, we have that ki ∼ ks ∼ k̄,
and, applying the transformation U of Eq. (20) to the
rotating frame, we have that

i ∂
∂z

Ψ =

[

(pT −A)2

2k̄
− σ ·M(r)

]

Ψ, (33)

where M(r) = B(r) of Eq. (21), is now seen as an analo-
gous material magnetization (instead of an external mag-
netic field), and Ψ now envisioned as a spinor wavefunc-
tion of a spin current, with the idler and signal frequencies

Fig. 9 Light propagation in nonlinear gauge fields. (a) Rotation of an elliptical beam about the optical axis by a pump-
induced nonlinear gauge field, giving rise to an artificial magnetic field (Berry curvature) that is proportional to the pump
OAM. (a) Reproduced from Ref. [63]. (b) Concept of the topological Hall effect for light. A light beam in the idler or signal
frequency (the up or down pseudospin) traverses a topologically nontrivial χ(2)-magnetization texture M(r), the equivalent of
a magnetic skyrmion. Similarly to a 2D electron spinor wavefunction passing through a skyrmion, the light pseudospin follows
adiabatically the local magnetization direction. The light wavefront on the transverse plane accumulates a geometric phase
gradient, deflecting it with a strength proportional to the topological charge of the skyrmion. Equivalently, one can define
synthetic gauge fields and artificial magnetic and electric fields that apply a Lorentz force on the light beam. (c) Proposal for
an experiment to observe the topological Hall effect for light using a 3D nonlinear photonic crystal (with a radially-varying
period) and a vortex pump beam of orbital angular momentum ±h̄l. The crystal and pump beams together define a nonlinear
skyrmion texture, with a skyrmion number S = ±l. A light beam impinging the crystal at an angle with respect to the
optical axis will be deflected upwards (or downwards), depending on the skyrmion number. (b, c) Reproduced from Ref. [64].
(d) Recent advances in fabrication of volume holograms in 3D nonlinear photonic crystals. Shown is a fabricated layered fork
grating for generation of vortex second-harmonic beams. (d) Reproduced from Ref. [113].
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acting as a pseudospin degree of freedom; pT = −i∇T is
the transverse momentum operator with k̄ the analog of
mass; and A = 1

2∇TΦσz is an emergent gauge field from
the transformation to the rotating frame, where Φ is de-
fined in Eq. (15). Eq. (33), therefore, describes the dy-
namics of the photonic analogue of spin transport in the
presence of material magnetization.

When the magnetization vector M(r) changes slowly
with r such that the adiabatic approximation holds, we
can decouple the dynamics of the two eigenstates pointing
parallel and anti-parallel to the magnetization direction.
This can be done by applying a unitary transformation
Ψ = UΨ̃ that rotates the z-direction of the pseudospin
to point along the local magnetization direction M̂(r).
From this local gauge transformation U(r) we obtain two
new artificial gauge fields, A = iU†∇TU +U†AU and V =
−iU†∂zU − Mσz, with a new dynamics in terms of the
rotated spinor Ψ̃:

i ∂
∂z

Ψ̃ =

[

(pT −A)2

2k̄
+ V

]

Ψ̃, (34)

which, as the effective Hamiltonian is now diagonal, can
be readily decoupled into two independent equations of
motion for each pseudospin component of Ψ̃.

From the artificial gauge fields A and V, one can derive
emergent magnetic and electric fields as follows

E = −∇V − ∂A
∂z

=
MT∇MT

M
, (35)

B = ∇×A = −1

2
ẑ

[

M̂ ·
(

∂M̂

∂x
× ∂M̂

∂y

)]

, (36)

with MT denoting the transverse (in-plane) component
of M , and M = |M |. The electric field originates in
the dynamic phase and results in deflection along a gra-
dient in the nonlinear coupling strength (since MT = κ),
giving rise to an optical analogue of the Stern–Gerlach ef-
fect [127, 128]. The emergent magnetic field B again serves
as the real-space Berry curvature, such that a geometric
phase difference is accumulated when different parts of
the wavefunction Ψ̃ traverse different paths in real space:
γ =

∮

A · dl. The emergent electric and magnetic fields
exert a Lorentz-like force on the eigenstates of the sys-
tem [64], F = qs(E + v × B), with qs = ±1 being a
pseudospin-dependent charge for the two frequencies. A
gradient in the real-space geometric phase can therefore
result in topological deflection of light beams.

One example of this phenomenon is the topological
Hall effect [129–132], wherein polarized spin currents
are deflected into opposite directions, corresponding to
their spin, via interaction with a magnetic skyrmion.
Skyrmions [133] are topologically nontrivial spin textures
that map the 3D magnetization vector M̂ onto a 2D plane.
The spatial variation in M̂ covers all directions on the unit
sphere, and the number of times it does so is called the

skyrmion number,

S =
1

4π

x
d2r

[

M̂ ·
(

∂M̂

∂x
× ∂M̂

∂y

)]

= − 1

2π

x
B · da.

(37)

The skyrmionic texture, therefore, naturally induces a
real-space Berry curvature, and it can be implemented
in nonlinear optics by using 3D NLPCs and shaped pump
beams [see Figs. 9(b) and (c)]. In Ref. [64], it was pro-
posed to employ the full controllability over the inter-
action parameters (Fig. 5) to engineer the variation in
M(r) such that it realizes high-order (S > 1) skyrmions
that are otherwise thermodynamically unstable in con-
densed matter systems. The topological deflection of
light beams of different frequencies by such nonlinear
skyrmions was numerically calculated, and was found to
agree with a kinematic model where the light experiences
a Lorentz force. Recent advances in the fabrication of 3D
NLPCs [43, 44, 71, 72, 112–114] [Fig. 9(d) and Figs. 4(i,
j)] offer a promising route towards the experimental real-
ization of these novel phenomena in nonlinear topological
photonics of bulk media.

3.8 Fully nonlinear interaction

When the intensities of the signal and idler waves be-
come comparable to that of the pump wave, the unde-
pleted pump approximation is no longer valid since the
superposition principle and the conservation of the total
photon number cannot be assumed anymore. Under this
circumstance, frequency conversion becomes fully nonlin-
ear. The non-adiabatic geometric phase was investigated
in this regime by Alber et al. [46]. Further analysis of
the geometric description of the nonlinear interaction was
presented by Luther et al. [52], while a comprehensive
physical model of adiabatic three-wave mixing was devel-
oped later by several researchers, for example Porat and
Arie [134], Phillips et al. [135–137], Heese et al. [138–140],
and Yaakobi et al. [141, 142]. In more recent works, Li
et al. [61, 62], Lü et al. [143], and Zhao et al. [144] have
shown how one can generate and control the adiabatic ge-
ometric phase in the fully nonlinear regime of both three-
and four-wave mixing. Below, we detail the geometric rep-
resentations of fully-nonlinear three wave mixing and its
corresponding geometric phase.

We begin by defining the following dimensionless ampli-
tudes, using similar notations as in the preceding sections:

qj = EjeiΦ(z)

(

ωj

nj

3
∑

l=1

nl

ωl

|El0|2
)−1/2

, (38)

with El0, l = 1, 2, 3 standing for the field strength at z =
0, and a dimensionless propagation coordinate τ = αz,
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where

α =
4dij
πc

(

ω1ω2ω3

n1n2n3

3
∑

l=1

nl

ωl

|Ẽl0|2
)1/2

. (39)

In addition, we define the dimensionless momentum mis-
match ∆Γ = ∆k(τ)/α, and the dimensionless coupling
g(τ) = sin [πD(τ)] exp [iφc(τ)]. Substituting into Eqs.
(8)-(10), they are recast into a canonical Hamiltonian
structure

dqj
dτ = −2i∂H

∂q∗j
, (40)

where the Hamiltonian is

H =
1

2
(gq∗1q

∗
2q3 + g∗q1q2q

∗
3)−

∆Γ

2

3
∑

j=1

|qj |2. (41)

The Manley–Rowe (MR) relations [67] define 3 constants
of motion for this Hamiltonian, given by K1 = |q1|2+|q3|2,
K2 = |q1|2 − |q2|2, and K3 = |q2|2 + |q3|2.

The geometric representation of the state space is rep-
resented by a set of coordinates (X,Y, Z) and a surface
φ(X,Y, Z) = 0 on which the state vector can move. These
are defined by [52, 135]

X + iY = q1q2q
∗
3 , Z = |q3|2, (42)

φ = X2 + Y 2 − Z(Z −K1)(Z −K3). (43)

The shape and size of this surface are defined by the initial
condition of q1,2,3 at τ = 0 through the MR parameters.
The Hamiltonian can be expressed via the coordinates (42)
as

H = (grX + giY ) + ∆Γ[Z − (K1 +K3)]/2, (44)

where gr = Re g and gi = Im g. Every state of the non-
linear system can be mapped onto a state surface. In the
linear undepleted pump regime, this surface therefore re-
duces to the Bloch sphere.

Based on the geometric definition in Eqs. (42)–(44), the
dynamics of Eq. (40) can be expressed in geometric form

Fig. 10 (a) A typical example of a clockwise circular rota-
tion of the QPM vector B(τ) on its parameter space sphere.
(b) A corresponding rotation of the state vector, W (τ), which
follows the clockwise rotation of the QPM vector from the bot-
tom of the surface ϕ = 0 and draws a trajectory on it. Repro-
duced from Ref. [61].

by defining a state vector W = (X,Y, Z) and an effective
magnetic field vector B(τ) = ∇H = (gr, gi,∆Γ/2) as

dW /dτ = {W , H} = B(τ)×∇φ, (45)

where ∇ = (∂X , ∂Y , ∂Z). The comparison between the
geometric representations for the undepleted and depleted
regimes of three-wave mixing is shown in Table 1. The
undepleted dynamics are recovered for |q2|2 ≫ |q3|2, |q1|2,
or K3 ≫ Z, where the state surface becomes a sphere.
With this comparison, it is obvious that we can interpret
the adiabatic geometric phase by means of this geometric
description, as was similarly done in the undepleted case.

As in the undepleted regime, the typical processes for
depleted three-wave mixing are SFG and DFG. For SFG,
the initial conditions are generally set as q(0)1,2 ̸= 0 and
q
(0)
3 = 0, which indicates that W is initiated at the south

pole of the state surface. For DFG, we can set the ini-
tial conditions to be q(0)2,3 ̸= 0 and q

(0)
1 = 0. In this case,

W is initiated at the north pole of the state surface. We
now consider a cyclic adiabatic evolution of the magnetic
field equivalent B, such that W remains its instantaneous

Fig. 11 Typical examples for the calculation of the AGP in
the process of SFG (a, b) and DFG (c, d) when the magnetic
field equivalent performs a circular rotation defined in the same
way as in the undepleted pump case. (a) Circular rotation
for SFG. The blue and the red trajectories show the counter-
clockwise (c.c.) and clockwise (c.) rotations, respectively. The
black trajectory is the round-trip (r.t.) motion. Here, we select
Θ = 0.3π and (I1, I2, I3) = (0.4, 0.6, 0). (b) The sum of the
AGPs for q1,2, which are calculated for the clockwise rotation,
versus Θ with different depletion levels in the process of SFG.
Here, the solid curves are the theoretical prediction for the
undepleted case, i.e., γ = −π(1− cosΘ). (c) Circular rotation
for DFG, with Θ = π/3 for initial conditions of (I1, I2, I3) =
(0, 0.5, 0.5). The meaning of the curves are the same as in panel
(a). (d) The AGP for q3 (i.e., γ3), which is also calculated from
the clockwise rotation, as a function of Θ for different ratios
I2/I3. The dashed curves are the theoretical predictions for
the undepleted case, i.e., γ = π(1 − cosΘ). Reproduced from
Ref. [61].
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Table 1 Comparison between the geometric representation in the undepleted (linear) and depleted (nonlinear) three-wave
mixing. The constants of motion K,K1 and K3 arise from the Manley–Rowe relations.

Undepleted (linear) Depleted (nonlinear)
Normalized field amplitudes Ψ = (q1, q3) (q1, q2, q3)

Coordinates S1 + iS2 = 2q∗1q3 X + iY = q1q2q
∗
3

S3 = |q3|2 − |q1|2 Z = |q3|2

Bloch surface ϕ = S2
1 + S2

2 + (S3 −K)(S3 +K) ϕ = X2 + Y 2 − Z(Z −K1)(Z −K3)

(K = |E3|2 + |E1|2)
State vector S = (S1, S2, S3) W = (X,Y, Z)

Coupling κ g

Phase mismatch ∆k ∆Γ

Magnetic field equivalent B = (Re κ, Im κ,∆k/2) B = ∇H = (gr, gi,∆Γ/2)

Dynamical equation dS/dz = B × S dW /dτ = B ×∇ϕ

eigenstate over the entire process, and B(0) = B(T ). Fig-
ures 10(a) and (b) show a typical example for such a cir-
cular rotation of B in its parameter space and the cor-
responding trajectory of the state vector W on the state
surface.

According to the above discussion, the variation of the
amplitudes qj (j = 1, 2, 3) throughout the whole process
can be assumed to correspond to an instantaneous eigen-
state q̃j(τ) with an eigenvalue µj , times a geometric phase
factor, such that qj(τ) = q̃j(τ)eiγj(τ), where γj is the accu-
mulated adiabatic geometric phase of the j-th wave. From
the dynamical equation Eq. (40), the overall adiabatic ge-
ometric phase γj can be obtained

γj =

∫ T

0

(

− 1

|qj |2
2q∗j

∂H

∂q∗j

)

dτ −
∫ T

0

µjdτ

= Φj −Dj , (46)

where Φj and Dj are the total phase and the dynamical
phase of qj , respectively.

A direct geometric way for obtaining γj would be to
compare the phase accumulated over a trajectory of W

that encloses a solid angle (due to a circular rotation of
B), with one that does not (a round trip trajectory): see
Figs. 11(a) and (c). The round trip that we consider is ex-
actly the vertical projection of the circular rotation, which
we realize by setting φc ≡ 0 (i.e., no azimuthal rotation
of B). Defining the phase-space variables q′j = qj/Nj ,
p′j = −iq∗j /Nj (where Nj =

√

2|qj |2), Eq. (46) can be
represented as

γj =

∫

⃝

p′jdq′j −
∫

↑↓

p′jdq′j = Φc
j − Φrt

j , (47)

where Φc
j , and Φrt

j stand for the total phase of the j-
th wave after circular (clockwise or counter-clockwise)
rotation and round-trip motion, respectively. The sub-
scripts “⃝” and “↑↓” denote, respectively, the circular and
round trip trajectories. The adiabatic geometric phase
can, therefore, be viewed as the difference of the action-
angle variables in the phase space of (q′j , p′i) [145] between

the two kinds trajectories. Ref. [61] discussed such circu-
lar adiabatic motion of B in its parameter space, around
a unit vector with an angle Θ with the ∆Γ/2 axis (sim-
ilar to the circular rotation introduced in the undepleted
case). Figure 12 manifests the results of the calculation of
the AGP through Eq. (47) for the processes of SFG and
DFG with different depletion levels.

In the SFG process, the initial condition is generally set
as q3 = 0. The geometric phase can then be accumulated
both on ω1 and ω2. Now, the relative magnitude of the ge-
ometric phases γ1 and γ2 (for each of the waves ω1 and ω2)
is determined based on the initial condition of Ij = |qj |2:
if I1 < I2 then the dominant geometric phase will be ac-
cumulated in ω1, and vice versa. We identify two limiting
cases: (i) in the undepleted regime, where I1 ≪ I2 (or the
other way around), ω2 acts as the pump wave, and the ge-
ometric phase is completely accumulated in ω1 (the idler
wave); (ii) the fully depleted regime, where I1 = I2. Here,
both waves ω1 and ω2 acquire the same geometric phase,
i.e., γ1 = γ2. Interestingly, for the case of full deple-
tion, a cusp appears at the north pole of the state surface,
making the surface normal ∇φ ill-determined. Hence, the
adiabatic approximation breaks down and so does the ac-
cumulation of the geometric phase, found to be hindered
for Θ > 0.35π [see the green rhombus in Fig. 12(b)]. In
the DFG process, the initial condition is generally set as
q1 = 0. The adiabatic geometric phase in this case is ac-
cumulated only for ω3, in both the undepleted (I3 ≪ I2)
and fully depleted (I3 ≫ I2) regimes. Figure 12 shows
the value of the adiabattic geometric phase for different
processes and at different regimes, compared with the un-
depleted result γ = −π(1− cosΘ).

Recently, it was found that Eq. (47) is not only valid for
the calculation of the AGP in three-wave mixing, but can
also hold for the calculation of the AGP in the process of
four-wave mixing [62]. As shown in Fig. 3(b), there are
two possible schemes of four wave mixing: Either (I) two
photons are annihilated and two new photons are gener-
ated, or (II) three photons are annihilated and one new
photon is generated. In both schemes, and in a similar
manner to what was described above in the case of three
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wave mixing, it is possible to construct canonical Hamil-
ton equations and to map all the possible states of the
system onto a geometric surface. For the undepleted case,
where it is assumed that there are two undepleted pumps,
the surface that describes the two remaining signal and
idler waves is simply the Bloch sphere [56, 57], but when
the pump depletion becomes significant, the region near
one of the poles becomes elongated and attains a coni-
cal shape [62], in a similar manner to the case of depleted
three wave mixing. There is however one important differ-
ence between three wave mixing and four wave mixing: in
the latter process and for scheme II, there is an additional
contribution to the geometric phase owing to an effective
Stark shift, i.e., intensity dependent phase mismatch [62].

4 Geometric phase in nonlinear metasurfaces

As we have seen, bulk nonlinear materials provide a ver-
satile and fully-controllable manner to tailor the spatial
and spectral shape of the generated light, together with
high and robust efficiency of frequency conversion. These
concepts have led to the formulation and experimental
realization of frequency-domain geometric phases — com-
plementing the PB phase of light polarization. This new
phase can be used for beam shaping and light manipu-
lation schemes employing novel topological phenomena.
Most excitingly, the recent advancements in the fabrica-
tion of 3D NLPCs [112] offer new avenues for further de-
velopments in this field.

However, there are several disadvantages for using bulk
nonlinear materials. First, frequency conversion of prop-
agating waves is sensitive to phase-matching conditions.
Second, χ(2) domain engineering is often limited to di-
mensions larger than the optical wavelength, forbidding
wavefront shaping on the sub-wavelength scale. Third,
the required length of nonlinear crystals, especially those
used in adiabatic frequency conversion, only allows for
thick optical elements, which are often less appealing for
applications.

4.1 A brief overview of nonlinear metasurfaces

For these reasons, the field of nonlinear metasurfaces [11,
155–158] has gained much attention over the recent
decade. Such systems allow for ultrathin nonlinear op-
tical components with subwavelength features, that do
not rely on phase matching. Their overall low conver-
sion efficiency (reaching at most 10−5 for all-dielectric
metasurfaces [159]) is still unrivaled with bulk nonlinear
materials (which, for adiabatic frequency conversion, can
even approach 100%), with the main reason being the
low thickness of metasurfaces, allowing only very short
interaction lengths. This is somewhat mitigated by the
relatively high nonlinear coefficients achievable in nonlin-
ear metasurfaces, realized via optical resonances and field

confinement. For example, a giant nonlinear response of
χ(2) = 3 × 105 pm/V can be achieved [160], even if the
corresponding bulk material can reach values only 3–4
orders of magnitude smaller. The nonlinear response of
nonlinear metasurfaces is determined by the nonlinearity
tensor of the constituent meta-atoms, depending on the in-
dividual meta-atom geometry, their short- and long-range
couplings, and the choice of materials and embedding en-
vironment.

Surface nonlinearities are well-known to exist even for
materials exhibiting inversion symmetry, which forbids
second order nonlinearities [67, 161, 162] (third-order non-
linearities are, on the other hand, unrestricted by in-
version symmetry of bulk materials). Nonlinear meta-
surfaces are thus commonly constructed from arrays of
plasmonic nanoparticles [160, 163–177] (constituting the
meta-atoms), where the field is confined to the sur-
face of the meta-atom and its magnitude can be en-
hanced by matching it with the localized surface plas-
mon resonance [163, 166] and the coupling between meta-
atoms [169, 174, 177]. When the plasmonic nanoparticles
are further coupled to nonlinear materials such as multi-
ple quantum wells or semiconductors [160, 168, 172] the
nonlinearity can dramatically increase. Volume nonlin-
earities, allowing a larger mode volume and lower heat-
ing damage, can also be employed by the use of all-
dielectric meta-atoms [156, 178, 179]. All these vari-
ants of nonlinear metasurfaces were employed for the en-
hancement and control of various nonlinear processes,
such as SHG [160, 163, 165–169, 174, 175, 180, 181],
THG [172, 176–179], and FWM [182–184].

While harmonic generation in bulk nonlinear materi-
als is restricted to microscopic selection rules [67], simi-
lar rules apply to the macroscopic symmetries of meta-
atoms [11, 165, 175, 176]. For example, if the meta-atom
has an m-fold rotational symmetry, when a pump with a
circular polarization is used, n-th harmonic generation is
allowed if

n = ml ± 1, (48)

where l is an integer and the ± sign stand for the circular
polarization of the generated harmonic, being the same
(“+”) or the opposite (“−”) to that of the fundamental
wave. Other symmetry-related phenomena, such as circu-
lar dichroism [164, 167, 170, 173], were also observed in
chiral meta-atoms and meta-molecules.

4.2 Shaping light with nonlinear metasurfaces: Dynamic
phase holography

Apart from tailoring the nonlinear response, controlling
the geometry and material composition of metasurfaces
can be utilized for shaping light beams at the generated
harmonics. We associate these methods with the dynamic
phase of the nonlinear metasurface response, since they
rely on phase differences arising directly from tuning the
meta-atom shape and size, or by binary modulation of the
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Fig. 12 Beam shaping and dynamic phase holography with nonlinear metasurfaces. (a) Steering and focusing of SHG
from nonlinear SRR resonators with modulated transverse phase (modulated SRR orientation). Reproduced from Ref. [146],
Copyright © 2015 Nature Group. (b) Nonlinear shaping of light beams into Laguerre–Gauss and Hermite–Gauss modes using
SRR plasmonic metasurfaces with modulated effective nonlinearity (modulated SRR orientation and geometry). Reproduced
from Refs. [147, 148]. (c) Steering and focusing of FWM light using nonlinear plasmonic hole arrays with variable rectangular
geometry. Reproduced from Ref. [149], Copyright © 2016 Nature Group. (d) Steering, shaping and focusing of THG from
all-dielectric metasurfaces with oval meta-atoms of varying geometry. Reproduced from Ref. [150], Copyright © 2018 American
Chemical Society. (e) Nonlinear holography with double-layered metasurfaces of varying meta-atom geometry, where different
holograms are obtained at the THG signal for different input polarizations. Reproduced from Ref. [151], Copyright © 2016
Nature Group. (f) Nonlinear metasurface lens, allowing for imaging an object at the third harmonic. The lens was fabricated
by varying the geometry of oval meta-atoms. Reproduced from Ref. [152], Copyright © 2020 American Chemical Society.
(g) Nonlinear spatial and temporal shaping of THz emission from orientation-modulated SRR nonlinear metasurfaces. Repro-
duced from Ref. [153], Copyright © 2019 Nature Group. (h) Nonlinear holography from all-dielectric metasurfaces at the THG
signal by varying SRR geometry. Reproduced from Ref. [154], Copyright © 2018 American Chemical Society.
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metasurface phase pattern. This is done to differentiate
these works from the continuous geometric phase hologra-
phy techniques, which we cover in more detail in the next
subsection.

Segal et al. [146], and later Keren-Zur et al. [147] demon-
strated beam shaping using binary modulation of plas-
monic split-ring resonators (SRR) orientation as well as
their shape. Similarly to the control over the nonlinearity
in bulk nonlinear materials [Eqs. (13) and (7)], the beam
shaping scheme realized in Ref. [147] relied on computer-
generated holograms encoded in the structure of the meta-
surface. The modulated effective χ(2) coefficient can be
written in this case as

χ
(2)
eff (x, y) = χ(2)sign

{

cos
[

2πx

Λ
− φ(x, y)

]

− cos[πq(x, y)]
}

, (49)

where φ(x, y), q(x, y) are, respectively, the space-
dependent phase and amplitude parameters of the meta-
surface modulation. Introducing a binary phase φ(x, y)
can be achieved by varying the orientation of the meat-
atoms. Controlling the modulation amplitude q(x, y) can
be achieved by tailoring the meta-atom shape. This way,
it was possible to realize diffractive elements and Fresnel
lenses [146] [Fig. 12(a)], as well as shape vortex and Airy
beams [147, 148] [Fig. 12(b)]. We note that the concept of
phase control via orientation of meta-atoms was later on
explained also in terms of the nonlinear PB phase, which
we shall introduce below.

Almeida et al. used plasmonic nonlinear metasurfaces of
varying meta-atom geometries (rectangular holes in gold)
to realize subwavelength phase control [149] [Fig. 12(c)],
allowing for realization of anomalous phase matching that
results in nonlinear deflection and lensing. A similar idea
was proposed by Lin et al., for holographic multiplex-
ing [184]. In another paper [151], Almeida et al. en-
coded arbitrary holograms by controlling the geometry
of L-shaped meta-atoms in a double layer, allowing for
different images to be formed at the third harmonic —
depending on the input polarization [Fig. 12(e)]. Wolf et
al. [185] realized optical elements such as beamsplitters in
the mid-IR by controlling the shape of gold SRR on top of
a quantum-well. Kolkowski et al. [186] demonstrated en-
gineerable chiroptical effects using triangular gold meta-
atoms. A recent study by Keren-Zur et al. [153] reported
the shaping of the spatio-temporal profile of terahertz ra-
diation using binary-modulated gold SRR metasurfaces
[Fig. 12(g)].

All-dielectric nonlinear metasurfaces with a varying oval
meta-atom shape were employed for generation of vor-
tex beams, deflection and focusing, as demonstrated by
Wang et al. [Fig. 12(d)] [150]. Semiconductor dielectric
meta-atoms were used to generate vector beams [187].
Gao et al. [154] demonstrated nonlinear holography in
the third harmonic, using silicon metasurfaces with vary-
ing SRR geometry [Fig. 12(h)]. In a very recent work

by Schlickriede et al. [152], the imaging through a non-
linear all-dielectric metasurface lens was demonstrated in
the third harmonic, wherein the eccentricity of oval meta-
atoms was changed to tailor the phase [Fig. 12(f)]. Fur-
thermore, a recent experimental and theoretical study re-
alized full phase control over SHG from AlGaAs, hav-
ing a very strong nonlinearity albeit anisotropic, using
nanochair metatoms, where beam steering and focusing
were demonstrated [159].

4.3 The nonlinear Pancharatnam–Berry phase in meta-
surfaces: Physical principles and selection rules

The phase induced by nonlinear metasurfaces can also be
continuously controlled by varying the meta-atom orien-
tation, in a way that is independent from the specific na-
ture of the nonlinear interaction and the meta-atomic res-
onance, associated with their shape and geometry. This
idea can be understood as the generalization of the PB
phase to the nonlinear regime. This nonlinear PB phase
is acquired by a simultaneous frequency conversion that
may or may not be accompanied by the conversion of the
input circular polarization. To explain this mechanism, we
adopt the approach suggested by Li et al. [188] and Tym-
chenko et al. [189], while adding a geometrical interpreta-
tion that corresponds to the well-known mechanism of the
linear PB phase, introduced in Section 2. We emphasize
here that the geometric phase in nonlinear metasurfaces
relies on the polarization of light, whereas the geomet-
ric phase we discussed for propagating waves in nonlinear
materials (Section 3) relies on the frequency of light.

Consider Fig. 13(a), where we depict a u-shaped SRR
meta-atom, that is oriented at an angle θ with respect
to the lab transverse coordinate frame x, y (black axes).
The local frame of the meta-atom, rotated by this same
angle θ with respect to the lab frame, is then denoted by
x′, y′ (blue axes). We first plot the Poincare sphere in the
Stokes lab frame (S1, S2, S3). Suppose the incident light
is prepared in a right circular polarization (RCP), so we
consider the initial state to be at the north pole of the
Poincare sphere. Upon interaction with the metasurface,
the light may convert its polarization — corresponding to
a trajectory along a great circle traversing the poles.

We then rotate the Poincare sphere to the local Stokes
frame (S′

1, S
′
2, S

′
3) via a clockwise rotation along S3 by an

angle θ. In the local frame, the trajectory of the funda-
mental frequency along the Poincare sphere has an angle
θ with respect to the S′

1 axis. Frequency conversion to
the n-th harmonic then multiplies this angle by n, such
that the new angle spanned relative to the S′

1 axis is nθ.
The n-th harmonic’s polarization state is at the south pole
(left circular polarization; LCP), and now two outcomes
are possible in principal: (i) the polarization state reverts
back to the original RCP (σ → σ); (ii) the polarization
state stays at the converted LCP, i.e., changes its original
sign (σ → −σ). Rotation of the Poincare sphere back to
the lab frame will be in opposite direction in each of the
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aforementioned cases: (i) counter-clockwise or (ii) clock-
wise by an angle θ. For case (i), the polarization state of
the n-th harmonic traverses a closed trajectory with an
angle (n − 1)θ relative to the S1 axis, giving a geometric
phase of

γ = σ(n− 1)θ. (50)

In the other case (ii), this angle is (n + 1)θ, and the tra-
jectory is not closed. However, as in the linear PB case,
the geometric phase can still be defined, and results in

γ = σ(n+ 1)θ. (51)

The same result can be readily obtained through a simple
calculation, as was shown in Refs. [188, 189]. We denote
the fundamental harmonic field in the lab frame by Eσ

lab.
In the local frame, the field is rotated and given by Eσ

loc =
Eσ

labeiσθ. The n-th nonlinear polarization is thus given by
Pn,loc = α0(E

σ
loc)

n = α0einσθ(Eσ
lab)

n, where α0 is the local

nonlinear polarizability tensor. The rotation back to the
lab frame depends on the final polarization state after the
interaction, and adds an additional phase factor of e∓iσθ.
In terms of the lab frame, we thus find

P±σ
n,lab = α0eiσ(n∓1)θ(Eσ

lab)
n (52)

giving back Eqs. (50) and (51) for each of the cases above.
This property of continuous control over the geometric
phase using the orientation of meta-atoms is frequently
employed for nonlinear beam shaping and holography, as
demonstrated conceptually in Fig. 13(b).

The symmetry properties of meta-atoms determine
which nonlinear process takes place in the interaction
through Eq. (48). Figure 13(c) depicts the selection rules,
and the corresponding geometric phases, generated by
meta-atoms with different rotational symmetries. One-
fold symmetry allows geometric phase accumulation in
both the fundamental, second and third harmonics, with
different geometric phases for different changes in polar-

Fig. 13 The nonlinear Pancharatnam–Berry phase. (a) Geometric depiction. A meta-atom fast-axis is rotated by an angle
θ with respect to the lab coordinates. For an incident light of circular polarization σ = ±1 in the fundamental frequency ω, the
lab frame Poincare sphere is rotated about S3 by an angle σθ to the local frame. In the local frame, the geodesic trajectory
of the fundamental frequency (red dashed curve) spans an angle σθ with the θ = 0 geodesic passing through S′

1 (black dashed
curve). Frequency conversion to the n-th harmonic increases this angle to nσθ (rotated geodesic now in green dashed curve).
Depending on whether the n-th harmonic retains (ω, σ → nω, σ) or flips (ω, σ → nω,−σ) its polarization, the transformation
back to the lab frame rotates the local Poincare sphere with an angle ∓σθ about the S′

3 axis, respectively. The resulting
geometric phases in the lab frame are γσ,σ = (n − 1)θσ and γσ,−σ = (n + 1)θσ. (b) Nonlinear geometric phase holography.
The different dependence of the geometric phase on polarization and harmonic order (here depicted second and third harmonic
generation, inset) allows to encode different holograms for each output. The geometric phase is encoded through a continuous
change in the orientation of the meta-atoms on the meatsurface. (c) Selection rules for different meta-atom symmetry. Left to
right: one-, two-, three- and four-fold symmetry, and the possible outcomes in the first, second and third harmonics with and
without polarization change. Also noted are the geometric phase values for each case.

12301-21 Aviv Karnieli, Yongyao Li, and Ady Arie, Front. Phys. 17(1), 12301 (2022)



Review article

izations. As in bulk materials, SHG is forbidden in meta-
atoms with inversion symmetry (for example, two- and
four-fold symmetries). On the other hand, THG is forbid-
den for a three-fold symmetry. For two-fold symmetry,
the geometric phase is accumulated for both the first and
third harmonics. Interestingly, three- and four-fold sym-
metric meta-atoms do not allow the accumulation of ge-
ometric phases in the fundamental harmonic, since their
linear response is isotropic. This property can be em-
ployed for encoding holograms that are visible only at the
converted harmonics [190].

4.4 Nonlinear Pancharatnam–Berry beam steering,
beam shaping and holography

The concept of thin geometric phase optical elements for
beam shaping and holography is well-established in linear
optics. In recent years, following the advancements in the

field of nonlinear metasurfaces, the concept was borrowed
also to the nonlinear realm [11, 201–203].

Some of the earlier works focused on the demonstration
of diffractive elements intended to steer light beams ac-
cording to the generated harmonic and polarization con-
version, by inducing a geometric phase gradient in the
nonlinear metasurface (Fig. 14). In this respect, Li et
al. [188] demonstrated experimentally, and analysed the-
oretically, the continuous control over the geometric phase
for plasmonic metasurfaces with three- and four-fold ro-
tational symmetry [Fig. 14(b)]. In their experiment, the
THG signal was diffracted thanks to a geometric phase
grating, in a manner that depended on the input polariza-
tion. Soon after, the idea of gradient nonlinear metasur-
faces using multiple quantum well SRR resonators (one-
fold symmetry) was analyzed theoretically by Tymchenko
et al. [189], where the SHG field was shown to diffract to
different directions according to the initial and final po-

Fig. 14 Nonlinear beam steering using Pacnharatnam–Berry phase gradient metasurfaces. (a) Proposal of gradient nonlinear
PB metasurfaces with continuously-varying SRR orientation that diffract the SHG light into different angles, corresonding to
the final circular polarization. Reproduced from Ref. [189], Copyright © 2015 American Physical Society. (b) Experimental
realiztion of gradient nonlinear PB metasurfaces with two- and four-fold meta-atom symmetry, diffracting the THG signal to
differing directions that are correlated with the respective circular polarization change. Reproduced from Ref. [188], Copyright ©
2015 Nature Group. (c) Analysis of advanced wavefront control using nonlinear geometric phase metasurfaces. Reproduced from
Ref. [191], Copyright © 2016 American Physical Society. (d) Experimental realization of nonlinear PB gradient metasurfaces
using gold-on-multiple quantum well SRR meta-atoms having a giant nonlinear response. The meta-atom orientation is varied
continuously, resulting in the deflection of SHG light into different angles corresponding to the polarization state. Reproduced
from Ref. [160]. (e) Observation of asymmetric nonlinear transmission and refraction of light through PB nonlinear metasurfaces.
Reproduced from Ref. [192], Copyright © 2018 American Physical Society. (f) Nonlinear beam steering of FWM light using
composite meta-atoms beyond the dipole approximation. Reproduced from Ref. [193], Copyright © 2019 American Chemical
Society. (g) Nonlinear generation and steering of THz waves from PB metasurfaces with three-fold meta-atom symmetry with
a varying orientation. Reproduced from Ref. [194], Copyright © 2021 Nature Group.
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larization, in the presence of a linearly-varying orientation
of the meta-atoms [Fig. 14(a)]. Another study by Tym-
chenko et al. [191] developed the theoretical framework
for the design of nonlinear PB metasurfaces, for steering
and shaping of light beams [Fig. 14(c)]. Their theory uses
an analytic electromagnetic approach for the calculation
of the diffracted fields, rather than numerical simulations.
An experimental realization of this concept soon followed,
where Nookala et al. [160] fabricated a gradient nonlinear
metasurfaces comprising gold-on-multiple quantum well
SRR meta-atoms with giant nonlinear response, and ob-
served the diffraction of the SHG beam for different po-
larization and phase gradients [Fig. 14(d)].

Later, Shitrit et al. [192] observed asymmetric light
transport induced by nonlinear phase gradient metasur-
faces, generalizing Snell’s law [Fig. 14(e)]. These con-

cepts are not restricted to harmonic generation. Gennaro
et al. [193] demonstrated nonlinear diffraction of FWM,
finding corrections to the dipole approximation of the PB
phase for composite meta-atoms [Fig. 14(f)]. A recent
work by McDonnell et al. [194] demonstrated spatial and
temporal shaping of THz waves generated via DFG (sec-
ond order optical rectification), using functional nonlinear
PB metasurfaces [Fig. 14(g)]. Interestingly, for FWM and
DFG, more intricate selection rules arise [193, 194], that
are based on the symmetry of the meta-atoms and conser-
vation of spin-angular momentum [176]. In this context,
the authors of Ref. [194] used an initial linear polarization
for the pump field, since for a pure circular polarization
the THz conversion process was forbidden by the selection
rules.

The functionality of nonlinear PB metasurfaces extends

Fig. 15 Beam shaping and holography with nonlinear PB metasurfaces. (a) Shaping vortex beams at the SHG using nonlinear
PB metsurfaces, generalizing the concept of q-plates and spin–orbit couling of light to the nonlinear regime. Reproduced from
Ref. [195], Copyright © 2017 American Chemical Society. (b) Encoding holograms visible only at the SHG, using nonlinear PB
metasurfaces with an isotropic linear response (no geometric phase accumulated at the fundamental light). Reproduced from
Ref. [190], Copyright © 2017 American Chemical Society. (c) Holograms and beam steering encoded on all-dielectric nonlinear
PB metasurfaces with different meta-atom symmetries. Holograms are visible only for the specific output circular polarization.
Reproduced from Ref. [196]. (d) Wavelength and polarization multiplexed holograms, encoded on a nonlinear PB metasurface.
The holograms of the letters “X, R, L” are observed at the fundamental, RCP and LCP SHG, respectively. Reproduced from
Ref. [197], Copyright © 2016 Nature Group. (e) Nonlinear hologram encryption on SHG vector beams generated from nonlinear
PB metasurfaces. An input fundamental wave with a horizontal polarization is converted to a SHG with a locally-varying linear
polarization. After a linear polarizer, the hologram of a flower appears on the screen. Reproduced from Ref. [198], Copyright ©
2019 American Physical Society. (f) Imaging through a nonlinear PB lens: an object illuminated by an IR fundamental wave
is imaged in the SHG signal generated by a nonlinear PB metasurface inducing a quadratic phase. The lens changes between
positive and negative as a function of the input circular polarization. Reproduced from Ref. [199]. (g) All-dielectric silicon
nonlinear PB metasurfaces for wavefront steering and holography of the THG signal, encoding different holograms for different
polarization transitions. Reproduced from Ref. [200], Copyright © 2019 American Chemical Society.
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beyond diffractive beam steering from geometric phase
gradients. Among the effects demonstrated experimen-
tally are nonlinear vortex beam shaping, focusing and
imaging through nonlinear PB lenses, and, of course, non-
linear holography. Li et al. [195] designed plasmonic meta-
surfaces imprinting a vortex phase (i.e., nonlinear q-plates
or nonlinear spin–orbit coupling interaction) on a SHG
signal [Fig. 15(a)]. The metasurfaces carried different
topological charges, inherited by the SHG beam according
to the rules Eqs. (48), (50), (51) and Fig. 13(c). The re-
sulting vortex beams were analyzed in the far field for dif-
ferent input polarizations, showing good agreement with
simulations. Walter et al. [190] demonstrated holographic
image encoding in SHG from plasmonic nonlinear meta-
surfaces [Fig. 15(b)]. In their experiment, the hologram of
the word ”META” was visible only at the SHG, since the
geometric phase is not accumulated at the fundamental
wave (the C3 meta-atom linear response is isotropic).

Liu et al. [196] investigated holography and beam steer-
ing of a THG signal from all-dielectric metasurfaces with
different meta-atom symmetries [Fig. 15(c)] and realized
holograms that are visible only for a certain polarization
transition of the THG. Ye et al. [197] multiplexed differ-
ent holograms on the fundamental and SHG waves of dif-
ferent polarizations, using one-fold symmetric meta-atom
plasmonic metasurfaces. Holograms of the letters “X”,
“R”, and “L” were observed for LCP-RCP linear, LCP-
RCP nonlinear, and LCP-LCP nonlinear, respectively, in
the Fourier plane [Fig. 15(d)]. The authors also showed
that the interaction is robust and broadband, thanks to
the properties of the geometric phase. Tang et al. [198]
further extended the context of nonlinear holography to
vector beams. By pumping a three-fold symmetric nonlin-
ear metasurface with a horizontally-polarized fundamen-
tal wave, the SHG signal results in a linear polarization
that is locally rotated by 3θ according to the orientation
of the meta-atoms. After a polarizer is applied to the
SHG, a grayscale image with a local intensity of cos2 3θ is
obtained [Fig. 15(e)].

Schlickriede et al. [199] designed a nonlinear metasur-
face lens for SHG, and observed the imaging of an object
illuminated with IR light, where the image is formed by
the SHG signal [Fig. 15(f)]. The functionality of the lens
is further made unique since for opposite input circular
polarization, the focal length is changed from positive to
negative. Reineke et al. [200] designed all-dielectric sili-
con nonlinear PB metasurfaces for wavefront steering and
holography of the THG signal, encoding different holo-
grams observed in the THG for different polarization tran-
sitions [Fig. 15(g)].

5 Summary and perspectives

In this review we presented the recent advancements in the
growing field of geometric phase optical elements based

on nonlinear frequency conversion. We first covered the
physics of the nonlinear interaction of travelling waves in
bulk nonlinear photonic crystals, and showed that it can
be understood in terms of spin-1/2 dynamics controlled
by external magnetic fields. With this analogy in hand,
the realization of both adiabatic and non-adiabatic ge-
ometric phases becomes possible in nonlinear frequency
conversion. We discussed several theoretical and experi-
mental studies of these systems, with applications ranging
from beam shaping, nonreciprocity and all-optical control,
to emulation of spin transport phenomena with emergent
gauge fields associated with the Berry curvature. The ma-
jor advantages of using bulk nonlinear media are their high
conversion efficiency and robustness thanks to the adia-
batic nature of the interaction, and further, that the geo-
metric phase is known to persist even in the fully-nonlinear
regime of frequency conversion.

Recent advancements in the fabrication of 3D nonlin-
ear photonic crystals offer exciting new opportunities for
the experimental realization of novel effects associated
with the geometric phase. As bulk nonlinear crystals
can also be employed for shaping and control of quan-
tum light [106, 108, 110], it is intriguing to consider new
directions in which the nonlinear geometric phase could
play an important role in shaping and manipulation of
down-converted photon pairs in the future.

We then continued to review the fast-growing field of
nonlinear Pancharatnam–Berry metasurfaces, that allow
the simultaneous nonlinear generation and shaping of light
by using ultrathin optical elements with subwavelength
phase and amplitude resolution. Their behaviour is dic-
tated by macroscopic selection rules that depend on the
rotational symmetry of the constituent meta-atoms, the
order of the harmonic generations, and the change in cir-
cular polarization. Similar to the linear PB phase, the
acquired nonlinear geometric phase depends on the lo-
cal orientation of the meta-atoms, rather than on their
fine-tuned shape — allowing for more robust effects com-
pared to nonlinear beam shaping based on the dynamic
phase. Employing these properties, one can steer light
beams to different directions, shape various spatial modes,
perform nonlinear imaging and multiplex nonlinear holo-
grams, where the functionality is varied according to the
generated harmonic order and polarization.

However, the current conversion efficiency of nonlinear
metasurfaces is still very low compared to bulk nonlinear
photonic crystals. It will be exciting to pursue new ma-
terials which exhibit even higher optical nonlinearities in
the future, and perhaps combine the concept of 2D non-
linear PB metasurfaces with 3D phase-matched nonlinear
photonic crystals [204]. For example, if future technology
allows the fabrication of subwavelength χ(2) domains, we
may expect a new era of nonlinear photonic metamateri-
als with much higher efficiencies. One possible applica-
tion of this paradigm could be the generation of entan-
gled photon pairs from metamaterials or highly-efficient
nonlinear metasurfaces, a direction that is currently be-
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ing pursued [205–209].
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