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Abstract

We consider complete asymptotically flat Riemannian manifolds that are the graphs
of smooth functions over R™. By recognizing the scalar curvature of such manifolds
as a divergence, we express the ADM mass as an integral of the product of the
scalar curvature and a nonnegative potential function, thus proving the Riemannian
positive mass theorem in this case. If the graph has convex horizons, we also prove the
Riemannian Penrose inequality by giving a lower bound to the boundary integrals
using the Aleksandrov-Fenchel inequality. We also prove the ZAS inequality for
graphs in Minkowski space. Furthermore, we define a new quasi-local mass functional

and show that it satisfies certain desirable properties.
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Introduction

The central object of study in this thesis is the concept of mass in general relativity.
Suppose (N*, g) is a 4-dimensional spacetime satisfying Einstein’s equation, and that
it possesses a spacelike slice (M?,g). Einstein’s equation gives rise to the notion of
local energy density at a point in (M3, g), that is, how much mass there is at this
point. Moreover, there is also a well-defined notion of the total mass, called the
ADM mass [1], of the slice.

As we will see in Chapter 1, the ADM mass of a spacelike slice is in general not
equal to the integral of the local energy density over the slice. Over the past several
decades, much research has focused on understanding the relationship between the
local energy density and the ADM mass of such a slice of a spacetime. The first
fundamental result in this direction is the Riemannian positive mass theorem, first
proved by Schoen and Yau in 1979 [22]. In a nutshell, this theorem states that if
a totally geodesic spacelike slice has nonnegative local energy density everywhere,
then its ADM mass must be nonnegative, and that the ADM mass is 0 only if the
slice is flat. In [24], Schoen and Yau proved the general positive mass theorem for
spacelike slices that are not necessarily totally geodesic.

Now suppose a totally geodesic spacelike slice in a spacetime has nonnegative
local energy density and contains an outermost minimal surface. Physically, such a
surface corresponds to the apparent horizon of a black hole. In 1973, Penrose [19]

gave a heuristic argument that the ADM mass of the slice must be at least the mass



of the black hole. His conjecture, now known as the Riemannian Penrose inequality,
was proved independently by Huisken and Ilmanen [14] in 1997 using inverse mean
curvature flow and by Bray [5] in 1999 using a conformal flow of metrics.

Furthermore, while the notions of local energy density at a point and the total
mass of a spacelike slice are well understood, it is not clear how to define the mass of
a given region. There have been numerous attempts [3, 4, 5, 9, 10, 13, 27] to define
the mass of such a region. Assuming the underlying manifold has nonnegative local
energy density, there are reasonable properties that such quasi-local mass functionals
should satisfy, but to date, none of the proposed definitions of quasi-local mass satisfy
all such desirable properties.

The major motivation that resulted in this thesis is to further our understand-
ing of the relationship between local energy density and the ADM mass. Given a
spacelike slice (M3, g) that is totally geodesic in a spacetime, the dominant energy
condition implies that it has nonnegative scalar curvature R > 0 everywhere. Thus
in this context we can view the scalar curvature of the slice at each point as its local
energy density. If we denote by mapys the ADM mass of (M3, g), then our goal is
to write down inequalities of the form

1
> d 1
MADM Z . RQdVy, (1)

where dV}, is the volume form on (M?, g) and @ is a nonnegative ‘potential function’
on M3 that goes to 1 at infinity. The discovery of such a potential function @ would
imply the Riemannian positive mass theorem, for if R > 0, then (1) gives mapy > 0.
Therefore (1) can be thought of as a generalization of the Riemannian positive mass
theorem in the sense that it explicitly relates the ADM mass and local energy density.

If in addition, (M3, g) contains an outermost minimal surface 3 of area A as in

the context of the Riemannian Penrose inequality, then we also require () to vanish



along 3 and the ADM mass of (M?, g) to satisfy

A1
> — v, P
MADM = 167r+167r/MsRQ Y )

While finding inequalities of the form (1) and (2) for an arbitrary complete, asymp-
totically flat manifold seems like a daunting task, we have succeeded in doing so for
manifolds that are graphs of smooth functions over Euclidean spaces. Moreover, our
argument is independent of the dimension of the manifold. Thus our result is valid
for all dimensions n > 3.

In the process of our investigation, we have also discovered a new quasi-local
mass functional. Suppose ¥ C M3 is a closed surface with Gauss curvature K > 0
and mean curvature H > 0, then the Weyl embedding theorem [17] implies that it
can be isometrically embedded into R3. Moreover, the embedding is unique up to
an isometry of R3. If Hj is the mean curvature of ¥ under such embedding, then we

define the quasi-local mass of ¥ to be

1 1
mqr(X) = m_w/EFO(HOQ — H?)dA.

and show that this definition has several useful properties.

In Chapter 1, we start with a brief overview of spacetimes and state the definitions
of asymptotic flatness and the ADM mass. At this point, various examples of asymp-
totically flat manifolds are introduced. In particular, we study the 3-dimensional
Schwarzschild manifold, which plays an important role in subsequent chapters. We
conclude this chapter with discussions of the Riemannian positive mass theorem and
the Riemannian Penrose inequality, which are two of the most important results
regarding the ADM mass.

Chapter 2 gives a brief overview of the inverse mean curvature flow proof of
the Riemannian Penrose inequality. In the process, the Hawking mass, which is an

3



example of a quasi-local mass functional, is introduced. The main purpose of this
chapter is to motivate inequalities of the form (1) and (2).

Chapter 3 starts by discussing the fact that a 3-dimensional Schwarzschild mani-
fold can be isometrically embedded as a rotating parabola in R*, and that its exterior
region can be expressed as the graph of a smooth function. More generally, we study
properties of Riemannian manifolds that are graphs of smooth functions over Eu-
clidean space and derive the formula for their scalar curvatures in local coordinates.
We conclude the chapter by translating the notions of asymptotic flatness and the
ADM mass for such manifolds.

We state and prove the first major result of this thesis in Chapter 4, namely, that
the ADM mass of a complete, asymptotically graph over R"” can be expressed as an
integral of the product of the scalar curvature and a nonnegative potential function.
The key lemma we need is that the scalar curvature of a graph is precisely the
divergence of a certain vector field. We also show in this chapter the surprising fact
that the ADM mass of a spherically symmetric graph over R™ must be nonnegative,
even without the nonnegative scalar curvature assumption. Finally, we express the
ADM mass of a graph over any asymptotically flat manifold as an integral involving
the scalar curvature of the base manifold.

We proceed to study graphs in the context of the Penrose inequality in Chapter
5. If a graph has a smooth minimal boundary whose connected components are
in level sets of the graph function f, then we express the ADM mass of the graph
as the sum of an interior integral over the manifold and a surface integral along
the minimal boundary. Furthermore, with the additional assumption that each con-
nected component of the boundary is convex, we prove the Penrose inequality via
the Aleksandrov-Fenchel inequality. We also point out that most of the contents of
Chapter 4 and 5 appear in [16].

In Chapter 6, we will apply the methods of Chapter 4 and Chapter 5 to study
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graphs in Minkowski space. It turns out Minkowski space is the natural setting in
which zero area singularities (ZAS) arise. We begin this chapter by discussing the
notion of ZAS, following [6]. Our goal in this chapter is to prove the ZAS inequality
6] for graphs in Minkowski space.

Finally in Chapter 7, we study in details the quasi-local mass functional that
arises in Chapter 5. If (M", g) is the graph of an asymptotically flat smooth function
over R™ with nonnegative scalar curvature, we show that our definition of quasi-
local mass is nonnegative, monotonically nondecreasing and asymptotic to mapas(g).
Moreover, our definition is also valid for a closed surface in a general asymptotically
flat 3-manifold (M3, g) whenever the Brown-York mass is defined. We also show that

a result of Shi and Tam [26] implies that our definition is nonnegative in this setting.



1

Technical Background

1.1 Spacetimes and Einstein’s equation

A spacetime [18] (N4, g) is a connected, time-oriented 4-dimensional Lorentzian man-

ifold of signature (—,+,+,+). A tangent vector v on N* is called
1. timelike if g(v,v) <0,
2. null (or light-like) if g(v,v) =0, or
3. spacelike if g(v,v) > 0.

A vector field X on a Lorentzian manifold (N*, g) is timelike (resp. null or spacelike)
if at every point p € N*, g(X,, X,,) < 0 (resp. g(X,,X,) =0 or g(X,, X,) > 0). If
(N4, g) admits a smooth, timelike vector field X, then it is said to be time-orientable
and the manifold with such a choice of X is called time-oriented. Note that these
terminologies arise from the fact that X distinguishes timelike or null vectors v as

future-pointing if g(X,v) < 0 or past-pointing if g(X,v) > 0.



Let Ric denote the Ricci curvature tensor and R the scalar curvature of g. We
assume that (N, g) satisfies Einstein’s equation,

Ric— =R - g = 8T,

where T' is called the stress-energy tensor of the spacetime. If T vanishes identically,
then we say that the spacetime is vacuum. A reasonable assumption on (N*,g) is
for it to have nonnegative energy density everywhere. This condition is called the

dominant energy condition and it stipulates that
T(v,w) >0

for all future timelike vectors v and w.

Furthermore, we assume that (N, g) possesses a smooth 3-dimensional subman-
ifold M?3 (i.e., a hypersurface) that is spacelike, which means every tangent vector of
M?3 is spacelike when viewed as a vector in N*. This implies that the restriction of
G to M?3 is a Riemannian metric g on M3. Such a hypersurface is called a spacelike
slice of the spacetime.

Given a spacelike slice (M3, g) of the spacetime, the stress-energy tensor gives
the notions of local energy density and local current density at a point in the slice.
Suppose n is a future-pointing unit normal vector to (M3, g), then we define the
local energy density to be = T'(n,n) and the local current density to be the 1-form
J =T(n,-). Thus Einstein’s equation gives

1

= o (R= (b, h)? + h]2)

1
(1.1)
J = %vg - (h = (trgh) - g),

where R is the scalar curvature of (M3, g), h is the second fundamental form of
(M?,g) in (N*,g), || - ||, is the norm with respect to g, and we use V- to denote the

7



divergence operator on (M3, g). Moreover, the dominant energy condition implies
that
w=> Iy

Now if we restrict our attention to spacelike slices (M3, g) whose second funda-
mental form h in the spacetime is identically zero, then equation (1.1) becomes

R
M_]_G_ﬂ' and J =0.

In other words, the local energy density is proportional to the scalar curvature of g.

In this case, the dominant energy condition implies
R > 0.

For the rest of this thesis, we will no longer discuss spacetimes. In fact, since the
dominant energy condition on (M3, g) consists solely of the scalar curvature of g, we

can generalize our discussions to manifolds (M™, g) of any dimensions n > 3.

1.2 Asymptotic flatness and the ADM mass

The main object of study in this thesis is the total mass (called the ADM mass) of
an asymptotically flat manifold. Roughly speaking, an n-dimensional Riemannian
manifold (M", g) is asymptotically flat if outside a compact subset K, M" is dif-
feomorphic to the complement of the closed ball B; = {|z| < 1} in R, and that
the metric g decays sufficiently fast to the flat Euclidean metric at infinity. More

precisely,

Definition 1. [21] A Riemannian manifold (M™,g) of dimension n is said to be

asymptotically flat if it satisfies the following two conditions:

1. there exists a compact subset K C M" and a diffeomorphism ¢ : F =
M™\K — R\ By,



2. in the coordinate chart (z',2?,...,2") on E defined by ®,
9 = Gij (:C)dac‘dxj,

where
9ij(x) = 055 + O(|z|7P)
|2 gi 0 ()] + |2*|giju(z)| = Oz ) (1.2)

| R(x)] = O(l|™)

for all 4,7,k,0 = 1,2,...,n, where g;jx = Orgi; and g;ju = Or0,g;; are the
coordinate derivatives of the ij-component of the metric, ¢ > n and p > (n —

2)/2 are constants and R(x) is the scalar curvature of g at a point z.

The set E is called the end of the asymptotically flat manifold. More generally,
we say that (M™, g) is an asymptotically flat manifold with multiple ends if M™\ K
is the disjoint union of ends {F}} such that each end E}, is diffeomorphic to R™\ By,
and that the metric in each end satisfies the decay condition (1.2). See for example
p.238 - 239 of [5] for the precise definition of an asymptotically flat manifold with
multiple ends. For our purpose, an asymptotically flat manifold always has one end
unless specified otherwise. In addition, we will make the extra assumption that an
asymptotically flat manifold is always connected. We also point out that Bartnik
explored the threshold values of 3 and 3 for p and ¢ in [2].

For an asymptotically flat manifold (M™, g), we can define its ADM mass:

Definition 2. [21] The ADM mass mapy (M™, g) of an asymptotically flat mani-
fold (M™, g) is defined to be

Mn? ]' ZZ 3 dST?
mapu(M", g) = rggo2n—1wn1/srl;g] ~ Giig )V



where w,,_; is the volume of the n — 1 unit sphere, S, is the coordinate sphere of
radius r, v is the outward unit normal to S, and dS, is the area element of S, in the

coordinate chart.

The physicists Arnowitt, Deser and Misner [1] first proposed this definition in
dimension n = 3 to describe the total mass in an isolated gravitational system.
We generalize their definition of the ADM mass to any dimension n > 3 by choos-
ing the correct constant in front of the integral. We also point out that in [2],
Bartnik showed that the ADM mass is independent of the choice of asymptot-
ically flat coordinates. We will often omit the argument M™ (or g) and write
mapy(M", g) = mapn(g) = mapy if the manifold or the metric is understood.
Moreover, we will use the convention that repeated indices are automatically being

summed over. Thus we will henceforth write

1 ,
= lim —— iji — Giig )V S,
MADM nglo 2(n — wn s /Sr(g ji — 9 J)V

1.3 Examples of asymptotically flat manifolds

1. The simplest example of a complete asymptotically flat manifold is the Eu-
clidean space R™ with the standard flat metric g = 6. Since 6;;,=0 for all ¢, j
and k, its ADM mass is 0. We will see later that this is in fact the rigidity case

of the Riemannian positive mass theorem.

2. If (M",g) is an asymptotically flat manifold, then one can easily construct a
class of asymptotically flat manifolds using a conformal change of metrics. We

say that a metric g is conformal to g if

_ _4
g=u(z)"—2g

for some u(z) € C*(M™). Because of the exponent —%, we can without loss

of generality assume u(z) > 0. Note that the choice of the exponent is a

10



convenient one since it simplifies the transformation of the scalar curvature: If

R and R are the scalar curvatures of g and g respectively, then

R =u(z) G (—%Agu + Ru.) (1.3)

If (M™,g) is asymptotically flat, then (M™,g) is also an asymptotically flat
manifold given that u(x) satisfies suitable decay conditions. In particular,
(M™, g) is asymptotically flat if
u— 1 at oo
ui = O(jz|777")
ujp = O(|z[777%)

Agu = O(|z[™)

for some constants p > % and ¢ > 3.

It is an easy calculation to show that the ADM masses of g and g and related

by
2 ou
7) = — lim ——M— —dS,, 1.4
mapm(g) = mapm(9) S (n — 2)wn1 Js, Ov (1.4)
where % is the outward normal derivative of u along S,.

. As a special case of example 2, let (M?,g) = (R*\{0},u*d) with u = 1+ 2%,
where m is a positive constant and r = /2?2 + y? 4 22 is the Euclidean distance

from the origin. Then the resulting manifold,

(s, = (R\O) (14 55)'0)

is a complete asymptotically flat manifold. This is called the 3-dimensional

Schwarzschild manifold. As we will show in Chapter 3, it can be isometrically

11



(RA{0}, (1 + 57)%9)

FIGURE 1.1: Visualization of the 3-dimensional Schwarzschild manifold.

embedded as a rotating parabola in R*. Hence we can visualize it in as in

Figure 1.1.

Since R = 0 for the flat Euclidean metric and Au = 0, (1.3) implies that
the Schwarzschild manifold is scalar flat. Moreover, the hypersurface Sy, /2 =
{|z| = m/2} is a minimal surface in (M3, g), for if g = u(x)*d, then the mean

curvature H of a sphere with respect to ¢ satisfies

1 /2 40u

and H =0 if r =m/2.

Furthermore, the 3-dimensional Schwarzschild manifold has two ends, with a
reflection symmetry about the minimal sphere ¥ = S,,, /5. We will from now on

refer to the outer end, given by

(R3\Bm/2, <1 + %)45) ,

12



as the exterior Schwarzschild manifold. This is now a complete asymptotically

flat manifold with one end that has a minimal boundary.

R\ B2, (1 + 37)9)

Y= Sm/2

FIGURE 1.2: The exterior 3-dimensional Schwarzschild manifold.

Using (1.4), we can compute the ADM mass of the exterior Schwarzschild
manifold (M3, g) = (R*\ B2, (1 + 22)*0):

m

5)4@

1 0
= —lim — [ — (1
mADM(g) mADM((S) 1m /ST 87" < +

r—o0 27

k[ a3 ()

1 3
:—lim—-47rr2-4<1+m> ( m)

r—oo 27 2r B ﬁ

Thus the ADM mass of the exterior Schwarzschild manifold is precisely the

positive constant m.
1.4 Fundamental theorems on the ADM mass

Let us again focus on dimension n = 3 for the moment. Since the local energy

R

&=, one would expect the total mass of (M?,g) to equal

density of (M3,g) is p =

the integral of the local energy density over the manifold, that is,

1
= — RdV,.
MADM 167 M3 g

13



But unfortunately this is not true in general as we can see from the last example.
For the 3-dimensional exterior Schwarzschild manifold,

1
fapy =1 167 Jys 00

since R = 0 at every point. On the other hand, if we assume the dominant energy
condition is satisfied, then nonnegative scalar curvature everywhere should tell us
something about the ADM mass of the manifold. There are indeed two fundamental
theorems relating nonnegative scalar curvature and the ADM mass. The first result

is the following:

Theorem 3 (Riemannian Positive Mass Theorem). If (M3, g) is a complete,
asymptotically flat Riemannian 3-manifold with nonnegative scalar curvature and
ADM mass mapn, then

mapm = 0,

with mapar = 0 if and only if (M3, g) is isometric to R® with the standard flat metric.

Note that the adjective ‘Riemannian’ denotes the case in which the hypersurface
in the spacetime has zero second fundamental form, since in this case the statement
is purely one in Riemannian geometry about complete asymptotically manifolds with
nonnegative scalar curvature. In 1979, Schoen and Yau [22] gave a proof of Theo-
rem 3 using minimal surface techniques and a stability argument. In a follow-up
paper shortly after [23], they showed that their argument is valid for all dimensions
n < 7. In 1981, Witten [28] gave an alternate proof of the positive mass theorem
using spinors and the Dirac operator in all dimensions with the assumption that the
manifold is spin.

Once again considering the 3-dimensional exterior Schwarzschild metric, we see

that the local energy density does not give any contribution to the mass. This

14



phenomenon can be explained by the presence of the minimal boundary. In this case,
the minimal boundary S, /2 is outermost, where by an outermost minimal surface we
mean a minimal surface that is not contained entirely inside another minimal surface.
We also refer to a minimal surface as a horizon, since an outermost minimal surface
corresponds to the apparent horizon of a blackhole. Penrose [19] gave a heuristic
argument that the mass contribution of the black hole should be \/m, where A

is the area of the horizon. More precisely, we have

Theorem 4 (Riemannian Penrose Inequality, version 1). Let (M3, g) be a complete,
asymptotically flat 3-manifold with a compact smooth boundary OM?3. If (M3, g) has

nonnegative scalar curvature and that OM?3 is an outermost minimal surface, then

A
MapM = 67"

where A is the area of any connected component of OM3. Moreover, equality holds if

and only if (M3, g) is isometric to an exterior Schwarzschild manifold.

In 1977, Jang and Wald [15], extending ideas proposed by Geroch [12], gave a
heuristic proof of Theorem 4 by noticing that a certain quantity, called the Hawking
mass, is monotonically nondecreasing and approaches the ADM mass at infinity
under inverse mean curvature flow. However, their argument only works when inverse
mean flow exists smoothly for all time. In 1997, Huisken and Ilmanen [14] formulated
a weak version of inverse mean curvature and showed its existence, thereby proving
Theorem 4.

The Riemannian Penrose inequality can also be rephrased for an asymptotically
flat manifold without boundary that possesses an outermost minimal surface .
However, the case of equality now only implies that the region exterior to ¥ in

(M3, g) is isometric to the Schwarzschild manifold.

15



In 1999, Bray [5] proved the following more general version of Theorem 4 using a
different approach by defining a conformal flow of metrics. His proof generalizes in
two ways. First, A is now the total area of the horizon. Second, ‘outermost horizon’
is replaced by ‘outer minimizing horizon’. A horizon is (strictly) outer minimizing
if every other surface which encloses it has (strictly) greater area. This is a slight

generalization since outermost horizons are always strictly outer minimizing.

Theorem 5 (Riemannian Penrose Inequality, version 2). Let (M?3,g) be a complete,
asymptotically flat 3-manifold with nonnegative scalar curvature and an outer mini-

mizing horizon of total area A. Then

A
MADM = s

with equality if and only if (M3, g) is isometric to a Schwarzschild manifold outside

their respective outer minimizing horizon.

In [8], Bray and Lee generalized Bray’s proof of Theorem 5 to dimension n <
7, with the extra assumption that the manifold is spin for the equality case. In

dimension n, the Riemannian Penrose inequality is

1/ A\t
Mapm = 5\ .
n—1

We point out that the Riemannian Penrose inequality remains widely open for dimen-

sion 8 or higher except in the spherically symmetric case, though recently Schwartz
[25] proved a type of volumetric Penrose inequality for conformally flat manifolds in

all dimensions.
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2

The Inverse Mean Curvature Flow and Integral
Penrose Inequality

In this chapter we give a brief overview of the inverse mean curvature flow proof of

Theorem 4. Our main goal is to motivate inequalities of the form
1
MADM 2>

> m/nRQdVg (2.1)

for a complete, asymptotically flat manifold (M™, g) with ADM mass mapy, and

n—2
1 A\t 1
> — —_—— RQ AV, 2.2
MADM = 5 <wn_1) * 2(n — 1)wp—1 / n Qv (22)
if (M"™,g) possesses an outermost minimal surface ¥ and A = |X| is the (n — 1)

volume of X. Note that (2.1) and (2.2) are the n-dimensional versions of (1) and (2).
See [14, 5, 7] for more in-depth discussions of inverse mean curvature flow and the

Riemannian Penrose inequality.
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2.1 Inverse mean curvature flow and the Hawking mass

Let ¥ be a 2-dimensional closed surface in (M?3,g). A foliation of ¥ in M? in the
normal direction with flow speed 7 is a smooth family F' : ¥ x [0,7] — M of

hypersurfaces ¥, := F'(3,t) satisfying the evolution equation

OF
E:ny,xezt,OStST, (23)

where 77 is a smooth function on ¥, v is the outward unit normal to >, and 2 8t is
the normal velocity vector field along the surface ;. We also allow the possibility
that T' = oo. If we choose n = %, where H is the mean curvature of ¥; at a point

x € Y, then we obtain the inverse mean curvature flow:

oF v
_v 2.4
ot H (2.4)

Note that this is a parabolic evolution equation.
Now given a closed surface ¥ in (M3, g), with area || with respect to the induced

metric from g and mean curvature H, its Hawking mass is defined to be

mu(S) = \/E ( — / H2dA>

Suppose (M3, g) satisfies the hypotheses of Theorem 4. If 3 is a connected
component of the outermost horizon OM? and that inverse mean curvature flow with
Y} as the initial surface exists smoothly for all time 0 < ¢t < oo, then my satisfies the

following three properties:

1. If the initial surface 3 is minimal, then my(3) = %. Note that this is the

lower bound for the ADM mass in the Riemannian Penrose inequality.

2. The Hawking mass is monotonically nondecreasing under inverse mean curva-
ture flow. Namely, if {3,} is a family of hypersurfaces satisfying (2.4) with
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Y9 = 2, then

d
EmH(Et) >0 for all t. (2.5)

(2.5) is known as the Geroch-Jang-Wald monotonicity formula.

3. The Hawking mass of sufficiently round spheres at infinity in the asymptotically

flat end of (M3, g) approaches mpys. Hence
Him g () = mapw(9)

if inverse mean curvature flow beginning with ¥ eventually flows to sufficiently

round spheres at infinity.

The above properties of my implies that

. by
mapm(g) = tliglo mp(3:) > mpu(X) = 1|6_7|T’

which is the conclusion of Theorem 4. However, as noted by Jang and Wald, this
argument only works when inverse mean curvature flow exists and is smooth, which
in general is not the case. The main contribution of Huisken and Illmanen was that
they defined a weak version of the inverse mean curvature via a level-set formulation
and showed that this flow still exists and (2.5) remains valid.

To motivate the inequalities (2.1) and (2.2), we derive the monotonicity formula

(2.5) in the next section.
2.2 Geroch-Jang-Wald monotonicity formula

To derive (2.5), we begin with the first and second variation formulas of area. Suppose
{3} is a 1-parameter family of surfaces in (M3, g) satisfying (2.3), then the first

variation formula of area is

d
— 2| = HdA
5= [ niaa,
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where dA; is the area form on ¥; induced by ¢g. In other words,

d

Since the mean curvature gives the first variation of area, the second variation formula
of area can be thought of as the derivative of H:

d )
EH = _AEW - RZC(Va V)U - HhH2777

where Ay, is the Laplacian of (M3, g) restricted along 3, Ric is the Ricci tensor

of (M?3,g), v is the outward unit normal to ; and ||h| is the norm of the second

fundamental form h of ¥, in (M3, g). Since n = % under inverse mean curvature

flow, the variation formulas become

d
E dAt = dAt

1
aH = —Aztﬁ — Ric(v, 1/)— — HhH2

We can now start computing

d BN 1 , % d 1 / ,
Zmp (S 1 A TRy Ry H%dA
i () = dt( 167T> < 167 ! 167 dt 167 :
> 1 > 1 dH
_ LB [ s, %] __/ o™ | g,
2V 167 167 167 167 dt

S 1 1 ,1\ 3,
— = = 9 (—As,— — R —nlP= ) + 2H2dA
167 |2 167 Js, o~ Ricl ) = [Ihl )+ GH A
S 1 1 , , 3
Y a1 e 2HA— 2 20hl2 — SH2dA,| .
167 |2 167 Js nogp + 2Riclv,v) + 2[h]" =3 t

To show that the derivative of the Hawking mass is nonnegative, we note the

following facts:
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e Integrating by parts,

1 1 2|Vy, H|?
/Et 2HAZtEdAt = /;t —<V2tH, Vztﬁ>dAt == /;t TdAt

e The Gauss equation:
1 1 1
Ri =-R—- K+ -H*>— Z||n|?
where R is the scalar curvature of (M3, g) and K is the Gauss curvature of 3;.

e If \; and )\, are the principal curvatures of ¥, then

1 1
[h))* — §H2 = 5()\1 — Xa)?,

since H = A\; + Xy and ||h||> = A2 + )3 by definition.

Using the above three facts,

d SI[1 1 [ 2V HP 1 ,
S ma() = /=24 |2 — 2K + (A —
™) =\ er {2 " Ton /E o Th i)

)y 1 1
> M ___/ K dA,
16m \2 87 Jy,

>0

since

by the Gauss-Bonnet Theorem.
2.3 Integral Penrose inequality and potential function @)
In fact, Bray and Khuri [7] noticed that the derivation of (2.5) reveals more. In

particular, we actually have

d 2] 1/
L) =2 [ Raa,.
a0 =\ e 16x ), A
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Now integrate this inequality in t from 0 to oo,

© g
4 R 2,
/0 T o / / 167 Tt (26)

By the fundamental theorem of calculus, the left hand side of (2.6) is

) A
Tim mp () = mu(So) = mapu(g) — Ton

by the properties 1 and 3 of my. To rewrite the right hand side of (2.6), we use the

co-area formula

1
dAdt = ~dV, = HdV,.
1

Thus (2.6) becomes

|2t
A H
mapy ~\[ 162 = T4 /MSR 670V
A1
>y v — | RQav,
mADM = 167r+167T/Ms @V,

for @ = H |Zt . Notice that if inverse mean curvature flow exists smoothly for all
time and eventually flows to sufficiently round spheres, then Q > 0 and Q — 1 at
infinity, and the above inequality is actually stronger statement than the Riemannian

Penrose inequality since R > 0 implies

A1 A
> 2 = AV, > ] .
B T T /Mg RQdVs =\ 147

In light of inequality (2.7), one could attempt to prove the Riemannian Penrose

inequality by finding a nonnegative potential function () such that

[4 1
> 4+ — .
mapM =\ T6r T 16a /Ms e dv,



Q =H % from inverse mean curvature flow is one such example, but if the
outermost horizon X is not connected, then A is only the area of one of the connected
components of 3. Moreover, this only works in dimension n = 3 as the Geroch-Jang-
Wald monotonicity formula (2.5) relies critically on the Gauss-Bonnet Theorem.
More generally, given a complete, asymptotically flat manifold (M™,g) (without
boundary) with R > 0 and ADM mass mapas, we would like to find such a ‘potential

function ()’ such that
1. @ >0on M",

2. ) = 1 at oo, and

1
3. MADM >

= S 1

If (M",g) has an outermost (or more generally, outer minimizing) boundary ¥ =

OM™ of area A, then () should vanish on > and m4py; should satisfy

1/ A \n! 1
> — S —— RQdV,.

23



3

Graphs over Euclidean Space

In this chapter, we study complete, asymptotically flat manifolds that are the graphs
of smooth functions over R”. We begin by discussing the fact that the 3-dimensional
Schwarzschild manifold can be isometrically embedded into R* as a rotating parabola,
and that its exterior region can be expressed as the graph of a smooth function.
We then proceed to study manifolds that are graphs of functions over Euclidean
space in general and derive the formula of the scalar curvature of such manifolds in

coordinates.
3.1 Motivation: Schwarzschild manifold as a graph

The equality cases of the Riemannian positive mass theorem and Penrose inequality
are the distinguished cases, and we would hope that they can further our under-
standing of the relationship between local energy density and the ADM mass. The
equality case of the Riemannian positive mass theorem is simply the flat Euclidean
space R", so that does not seem to give us much insights. On the other hand, the
Schwarzschild manifold, which is the equality case of the Riemannian Penrose in-
equality, appears to be more interesting. In dimension n = 3, the Schwarzschild
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manifold is conformal to R*\{0} and may be expressed as

(R3\{0}, (1 + ?7)45) ,

where m is a positive constant, r = \/m is the Euclidean distance of the
point (z,y, z) from the origin in R? and ¢ is the flat Euclidean metric. Moreover, the
3-dimensional Schwarzschild manifold has another very interesting property, namely,
that it can be isometrically embedded as a rotating parabola in R* as the set of

points {(z,y, z,w)} C R* satisfying |(z,y, 2)| = 5”721 +2m:

™ '

< R=w8m+2m

FIGURE 3.1: The three dimensional Schwarzschild metric of mass m > 0 (in blue)
viewed as a spherically symmetric submanifold of four dimensional Fuclidean space

{(x,y, 2,w)} satisfying R = w?/8m+2m, where R = /22 + y2 + 22. Figure courtesy
of Hubert Bray.

Explicitly, the inverse of the above isometric embedding is given by

2

6 {r=—"1om}c R = R3\{0}

8m
o(r, w) = ((1 + 2—”:;)2 7")

Notice that under the isometric embedding, the image of the minimal surface S,,/, =

{lz| = m/2} C R3\{0} is Som = {(7,9,2,0) : /22 + 92+ 22 =2m} C R* and the

exterior Schwarzschild manifold corresponds to the points such that w > 0.
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In particular, solving for w, we see that the exterior 3-dimensional Schwarzschild
metric is the graph of the spherically symmetric function f : R?\ Bs,,(0) — R given
by f(r) = \/m In this case, one can check directly that the ADM mass
of (M3, g) is the positive constant m by computing a certain boundary integral at
infinity involving the function f.

That an end of the three dimensional Schwarzschild metric can be isometrically
embedded in R?* as the graph of a function over R?\ By, raises the following questions:
if 2 is a bounded open set in R™ with smooth boundary ¥ = 0f2, and f is a smooth
function on R™\2 such that the graph of f is an asymptotically flat manifold (M™, g)
with the induced metric ¢ from R™™!, has nonnegative scalar curvature R > 0 and
horizon f(3), can we prove the Penrose inequality for (M™,g) using elementary
techniques in this setting?” And if so, do can get a stronger statement than the
standard Penrose inequality? We answer both questions in the affirmative, and we
begin by proving a stronger version of the Riemannian positive mass theorem for
manifolds that are graphs over R™ in Chapter 4 by expressing R as a divergence
and applying the divergence theorem, giving the ADM mass as an integral over the
manifold of the product of R and a nonnegative potential function. In the presence
of a boundary whose connected components are convex, we prove a stronger Penrose
inequality by giving lower bounds to the boundary integrals using the Aleksandrov-
Fenchel inequality. Before proceeding further, we will present some basic properties

of asymptotically flat manifolds that are graphs over R".
3.2 Graphs over Euclidean space

If f:R"” — R is a smooth function, then the graph of f is a hypersurface in R"**.

Moreover,
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Proposition 6. Let f : R® — R be a smooth function and let
M™ = {(z1,...,Tn, f(z1,...,2,)) ER"™ 2 (24,...,2,) € R"}

be the graph of f. If M"™ is equipped with the metric g induced from the flat metric
on R then (M™, g) is isometric to (R",§ + df @ df), where § is the flat metric on
R™.

Proof. Let x = (x1,...,x,) be the standard coordinates on R" and (x,z,1) the
coordinates on R™". We show that the map

F:(R"§+df @df) — (M",g)
x> (z, f(x))
is an isometry. Since f is smooth by assumption, F' is clearly a smooth map.
Moreover, F' is a diffeomorphism whose smooth inverse is the projection map 7 :
(M", g) = (R",§ + df ® df) defined by 7 (z, f(z)) = x.
Next, we check that the diffeomorphism F' is an isometry, namely, F*g = § +
df ® df. By the definition of the pullback F™,

R o 0

foralli,j=1,...,n. If ¢ € C®°(M",g), then

(Figm ) 6= 500 F) = glota f(@))

B n+1 %3xk
N oxk Ozt
k=1
_ 99 of . — J¢ dz*
Qg Qg oxk Ot

(0 of o
B (82:1' * %835”“) ¢
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Thus

00,0
Oxt Oxi " Ognt1’

of

55 to denote the i-coordinate

where we have used the shorthand notation f; =

derivative of f. Since g is the induced metric from R"!, we have

Dt di

and

o 0 0 o 90 0
! <F07F%) Y (% T g 5 +fjaxn+1)

= 0i5 + fifj-

Remark 7. Because of Proposition 6, we will from now on refer to
(M",g) = (R",6 + df ® df)

as the graph of the function f. More generally, if 2 C R™ is a bounded open set with
smooth boundary > = 0f2, then the graph of a smooth function f equipped with the
induced metric ¢ is a complete manifold with boundary f(X), and it is isometric to

(R™\Q, 6 + df @ df). We study such manifolds in Chapter 5

Since our goal is to understand the relationship between the ADM mass and the
scalar curvature of a graph manifold, our next task is to compute the scalar curvature
of a graph. Since we have a natural choice of global coordinates on the graph from
the proof of the previous proposition, we will do our calculations in this coordinate
chart.

Let (M™,g) = (R",6 + df ® df) be the graph of a smooth function f : R" — R.
Since g¢;; = 0;; + fif;, the inverse of g;; is

gl = 6 — ff ,
L+ |VfP
28



(M™,g) = (R, + df ®df)

_—

]RTL

FIGURE 3.2: The graph of a smooth function f over R”

where the norm of Vf is taken with respect to the flat metric 6 on R™. We verify
this with the following calculation:

k(5 pip) (s —
gijg] — (611 + fzfj) (5 1 + |vf|2>

frt fillif? f*

IV 1+ [VfP

fif*A+ V)
L+ |Vf?

= 0,07 + fif;67 — 6

=& + fif* -

=

7

Using the fact gijx = Ok(9i; + fifj) = fif; + fifjr, we compute the Christoffel
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symbols T'%. of (M", g):

ij

L em
pfj = §gk (Gim,j + Gjm,i — Gijom)
_ 1 km fkl

2 L+ [Vf]?

B 1 o fkfm
=3 ("~ Ty Mot

> (fijfm + fifim + fisfm + fifim — fimf5 = fifim)

fif*IVfIP
L+ V[P

Sl
L+ [V

= fzgfk -

Remark 8. Since the indices are raised and lowered using the flat metric on R”, it will
be notationally more convenient from now on to write everything as lower indices,
with the implicit assumption that any repeated indices are being summed over as

usual.

With the above remark in mind, we have

v Jiife
T TP
ko Jukfw n Jisfow 2 fafehi
PRIV DIV VPP

The scalar curvature R in local coordinates is [21]

R=g9Tf, —Th,+ Fi‘jrllzl - Fikrj‘:z)-

ij,k ik,j
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For a graph, the terms involving the Christoffel symbols are

Fk o fzgkfk + fijfkk _ 2fz’jfklfkfl
GETIHIVER T IV (L+]VPR)?

pe o Jurds o fadie o 2fafudih
T HIVEE 1|V L+ ]V]P)?
Lk JiTefe

blu = vy

Lk Jikfiufefi
T W [P

We now proceed to derive the formula of the scalar curvature of a graph:

(FZ k ka] + T F’;i;’z - Fékrﬁl)

g’
( fif; )( fijkfr n fij fuk 2fij frafifi fijifr
1+ |V f|?

L+|VF?E 1+|Vf2 (L+[VFP?2 1+[VfP

fir fik n 2fufufrfi fizfrafefi JiefiJrfi )

TIEVE O VRE A+ VPR (A + VIR

:(5,,_ fif )( fishwe  fufie  fiTufefi N fikfjlfkfl)
YOIV \LHIVEE THIVE (L VD? T (L+]|Vf]?)?

= Tlvﬂg(fiifkk — funfir) — Lz(fﬁfkl — fiefi)

(1 +[Vf)
_ %(ﬁ]ﬁek - fzkf]k) - %(]v@]ﬁd — fikfjl)

Sl
1 + |vf|2(fufkk fzkfik) - W(fnfkl — fzkle)
fif;

- W(fz]fkk - fzkfjk)

since

%(ﬁjjfk’l — furfit)

by symmetry when we sum over i, j, k and [. If we relabel the indices by sending &
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to 7 in the first term, [ to j in the second term and switching ¢ and k in the third

term, we have
Proposition 9. The scalar curvature R of a graph (R", + df @ df) is given by

1

. _2ihe
=T vrr

(fiifjj — Jijliy — 1+ |V/]

<mm—mm0. (3.1)

Alternately, we can also rewrite (3.1) using coordinate-free notations. Let Af
denote the Laplacian of f with respect to the flat metric and H7/ the Hessian of f.
Then

fiifis = (Af)?
fiifiy = 1HT|?
fififife = (AF)HI(VF,V f)
fogfafife = 1H (V£ )%,
where by H/(V f,-) we mean the 1-form that takes a vector v to H/(V,v). Thus the

scalar curvature of a graph has the coordinate-free expression

1
1|V

R

! f |2

L+ [V

3.3 Asymptotically flat graphs and ADM mass

The calculations in the previous section is valid for graphs over R", including ones
that are not asymptotically flat. Our next step is to translate the notion of asymp-

totic flatness and the ADM mass to graphs.

Definition 10. Let f : R® — R be a smooth function and let f; denote the ith

partial derivative of f. We say that f is asymptotically flat if
fila) = O(jx|*72)
[l fi3(@)] + |2 | fisn(2)] = O] /%)
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at infinity for some p > (n — 2)/2.
Since g;; = 045 + fifi, ik = fief; + fifje for all 4, j, k and
Giji — Giig = fmfj + fzfzg - fl]fz - flfl] = f’nf_] - fzjf’L
Thus we can express the ADM mass of a graph in terms of f:

Definition 11. The ADM mass of a complete, asymptotically flat graph is defined

to be

mapy = lim ;/ (fuf; — fijf:)v'dS,, (3.3)
s,

r—oo 2(n — 1)wy,_1

where w,,_;1 is the volume of the n — 1 unit sphere, S, is the coordinate sphere of
radius r, v is the outward unit normal to S, and dS, is the area element of S, in the

coordinate chart.
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4

The Positive Mass Theorem for Graphs

In this chapter we derive an expression for the ADM mass of the graph (M™,g) of
a smooth asymptotically flat function f : R"™ — R involving the scalar curvature of

(M™, g). More precisely, we prove

Theorem 12 (Positive mass theorem for graphs over R"™). Let (M", g) be the graph
of a smooth asymptotically flat function f : R™ — R with the induced metric from
R, Let R be the scalar curvature and mapyr the ADM mass of (M",g). Let V f
denote the gradient of f in the flat metric and |V f| its norm with respect to the flat

metric. Let dV, denote the volume form on (M",g). Then

mapy = s———— [ R,
ADM 2(77, o 1)Wn_1 e 1 + |Vf’2 g-

In particular, R > 0 implies m > 0.

Remark 13. Note that Theorem 12 gives an expression for the ADM mass regardless
of the sign of the scalar curvature. Thus Theorem 12 also holds for graphs that have

negative scalar curvature somewhere. On the other hand, we will see that Theorem
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15 implies the scalar curvature of a graph in R"*! cannot be too negative in a certain

sense.
4.1 A naive approach via integration by parts

For motivation, we once again consider the 3-dimensional Schwarzschild manifold.
As we noted in Chapter 3, it can be isometrically embedded into R* as a rotating
parabola, and that its exterior region outside the horizon may be expressed as the
graph of the spherically symmetric function f(z,v, z) = vV8m(r—2m)'/? on R3\ By,,,
where r = /2% + y? + 22. Recall also that ¥ = Ss,, is the minimal boundary of the
Schwarzschild manifold when isometrically embedded in R*. Moreover, we have
expressed the ADM mass in terms of the graph function f in (3.3). Since the ADM

mass is defined as a boundary integral of the dot product of the vector field
(fify — fi )0

with the outward unit normal at oo , and that our goal is to bound the ADM mass
from below with an interior integral over the manifold and a surface integral along the
minimal boundary , the most obvious thing to try is to use the divergence theorem
and hope for the best. Since |V f(x)| — oo as x — 3, we cannot quite apply the
divergence theorem to R3\ By, directly. Instead, we apply the divergence theorem

to R3\32m+6 for some € > 0, hoping that the limit exists as ¢ — 0. Denote by dVj
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the flat Euclidean volume form, then we have

1 .
Mapy = lIm — (fiifj — fij fi)v’dS,

r—oo 167
L Vil ~ Fs B0V~ 1o [ (ks = fyfovida
= 167 R\ B 1. it g ijJi 1) 167 S i) J ijJ e

1

fiijfj + fz'ifjj - fijjfi - fzyfz]d‘/é

a ].677' R3\Bzm+e

1 )
- il — Tiifs Jd A
167T S2m+e(f f] f]f)y
— L fiifii — fii [V 1 (fiif; _f..f.)yjdA
= 167‘(‘ R3\32m+6 it jj i7Jij o — 16 S itJ ] ijJe

because fi;;f; = fij; i by switching ¢ and j.
If this method were to work, we would hope that as e — 0, the second integral
in the last equation gives the mass of the minimal boundary. Because of this, let us

naively define the mass of the minimal boundary ¥ = S5, as

1 ;
52m+e
Suppose f = f(r) is a spherically symmetric function on R? and let f,. = df/0r

denote its radial derivative. By the chain rule, the coordinate derivatives of f satisfy

fi = fr&
r

xzxj % T
fo= £ £ (% - 251

r3

Since the outward normal is 1/ = 27 /r, we have

fiiijj: [frr B fr( i3):| fr&x_J
- frrf?" ] fr2 (% - x;jj) (42)

2f2

= f?"?“f?“
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and

fijfiV] = [frrT; + fr (7] - J

_ it 2 ( 0ijTil; it
_fTT"fT" 4 +fr( r3 - o )
= f'l"?"f?"‘
Plugging (4.2) and (4.3) into (4.1) gives
1 2
) =lim — ZfAdA.
ma(X) =l 7 SWErf?”

For the Schwarzschild manifold, f = v/8m(r — 2m)*/? and f, = ,/ng”m, thus

1 2 2
m(E) = lim —— £

dA

=0 167 Jg, .1 1T —2m

(4.3)

which is bad, since we know the mass of the minimal boundary of the Schwarzschild

A

manifold should be m = o

On the other hand, we can try to amend the situation with the following obser-

vation: since the ADM is a boundary integral at oo, we can multiply the integrand

in (3.3) by a function ¢ that goes to 1 at oo without changing the ADM mass. Thus

) 1 .
mapy = lim E/ ¢ (fuf; — fijfo)’dS,.
T—00 Sr
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If we start with this alternate definition of the ADM mass for the Schwarzschild
manifold, then the divergence theorem implies that the surface integral along the

minimal boundary is now

1 4
lim —— / ¢ —"_gA.
0167 Jg, . = r(r—2m)

Having in mind that the mass of the horizon should be the number m, we can choose

¢ = (r —2m)/r to get the correct mass, since

1 -2 4
lim — / r—em. T g4 =m.
0167 Jg, .. 7 r(r —2m)

Moreover, the factor ¢ = (r — 2m)/r happens to be precisely 1/(1 + |V f|?) for the

Schwarzschild manifold:

L1 (2 - or—2m
L+|VF2 1+f2 r—2m o

Therefore if we choose ¢ = 1/(1 + |V f|*) and write the ADM mass of a graph as

1 1 ,
mapm Tlirgo 167 /Sr 1+ |Vf|2 (fzzf] fz]fz)V dA7 (44)

the divergence theorem may allow us to prove the positive mass theorem for graphs.

In fact, this will work perfectly because of a key lemma in the next section.
4.2 The positive mass theorem

Equation (4.4) says that the ADM mass of a graph is a boundary integral at oo of

the vector field

1
Wqﬁfj — [ijf)0;. (4.5)

Once again having in mind the divergence theorem, we would hope that the diver-
gence of (4.5) is an expression involving the scalar curvature of the graph. Just as
luck will have it, it turns out this divergence is precisely the scalar curvature.
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Lemma 14. The scalar curvature R of the graph (R",§ + df @ df) satisfies

1
R=V. (Tw(fnfj - fijfi)aj) .

Proof. Since we know what to look for, this is just a direct calculation:

1
V- <va|2(fiifj — fijfi)aj>

1 2.
= W(fiijfj + fifi; — Fijifi — fisfij) — %(ﬁﬁj — fiifi)
_ 1 e il e ey
= W (fufj] - fz]fl] 1+ |Vf|2(fzzf]k fzjfzk))
= R
by Proposition 3.1. [

We are now in the position to prove Theorem 12:

Proof of Theorem 12. By definition, the ADM mass of (M™", g) = (R", 6+ df ®df) is

) 1
mapn = Jim gy | s g
— 1 fiifi + fiifi = 2fi fi)vsdS
TR B Ty J, T Sl 2 s
— lim ;/ (fifi — fiif:)v;dS
= lim 2(71,— 1)wn_1 s, i j ijJ i)Y jor.

By the asymptotic flatness assumption, the function 1/(1+|V f|?) goes to 1 at infinity.

Hence we can alternately write the mass as

1 1
= li ifj — Jij fi)vidS;.
Mapy = MM 2(n = wn s /Sr 1+ V]2 (fufj — fijfi)v;dS
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Now apply the divergence theorem in (R™, ) and use Lemma 14 to get

1
m/nv <va|2(fllf] fz]fz) >dV5

1
= d
2(n — 1)wp—1 /nR Vs
B 1

©2(n— Dwy \/1+\ny2

mapm =

since
= /det gdVs = /1 + |V f|2dV.

O

We also point out that we have not been able to prove the rigidity case of
the positive mass theorem, which says that assuming nonnegative scalar curvature,
mapm(M™, g) = 0 implies that (M", g) is isometric to (R™,0). If mapy = 0, then

Theorem 12 gives

1

m =V
APM 2(n — Dwp—1 \/1+ ]VfP

Assuming R > 0, then 1/4/1+ [Vf[2 > 0 implies that R = 0. In other words, the
rigidity case of the positive mass theorem for graphs comes down to showing that if
a complete, asymptotically flat graph defined on all of R” has R = 0, then the graph
must be flat. Note the similarity of this statement with the Bernstein’s theorem,
which stipulates that if f is a smooth function on R™ such that the graph of f is a
minimal surface in R™™!, then f must be a linear function. So

AV (#éfp) =0, f complete = f is linear,

while to prove the rigidity case of the positive mass theorem for graphs, we need to
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show

V. (%@) = 0, f complete and asymptotically flat = f is constant.

4.3 Spherically symmetric graphs

Note that equations (4.2) and (4.3) allow us to express the ADM mass of a spherically
symmetric graph in terms of the radial derivatives of f. In fact, it turns out that
if (M",g) is the graph of a smooth spherically symmetric function f = f(r) on R",
then the ADM mass of (M™, g) is nonnegative even without the nonnegative scalar

curvature assumption.

Theorem 15. Let (M",g) be the graph of a smooth, asymptotically flat and spheri-
cally symmetric function f : R® — R with the induced metric from R™' and let f,

denote the radial derivative of f. Then the ADM mass of (M", g) satisfies

Mapy = lim / r dS > 0.

r—o0 2( n—lwn 1

Proof. This is immediate from Definition 3.3 and equations (4.2) and (4.3). O

Remark 16. A consequence of Theorem 15 and Theorem 12 is that there are no
spherically symmetric asymptotically flat smooth functions on R™ whose graphs have

negative scalar curvature everywhere.
4.4  Generalization to graphs over an arbitrary manifold

More generally, we can apply the same technique to a graph on any complete and

asymptotically flat Riemannian manifold (M", g). In particular, we have

Theorem 17 (ADM mass of a graph over an arbitrary asymptotically flat manifold).

Let (M™,g) be a complete, smooth asymptotically flat Riemannian manifold. Let
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(M",g) be the graph of a smooth asymptotically flat function f : M™ — R with
the induced metric from M"™ x R. Let Ric, R and m be the Ricci curvature, scalar

curvature and total mass of (M™,g). Let R and 1 be the scalar curvature and total

mass of (M", 7). Let dVy denote the volume form on (M",§). Then

1

o 1 Ry L p S
m—m+2(n_1)wn1/M {R R+1HWERZC(W,W>} (T

dv;.

Proof. Let f € C°(M™) and consider the graph (M™,§) = (M™, g;; + fifj). The
metric g;; has inverse

fif
L+ |Vf]2

G = g —

To simplify the notations, we denote 0 =1+ |V f |§ The Christoffel symbols ffj

of the metric g are

A D . .
F = 30 Gl + s — )

1 . fkfm
=5 <9k — T) (Gimj + Gjmi — Gijm + 2fij fm)

1 1
= Ffj + 9" fij fn — %fkfm(gim,j + Gimi — Gijm) — ;fkfmfijfm

VS

1
= Ff- + fijfk — gfijfk — %fkflglm(gim,j + Gjmi — Gijom)

J

g

faf®  Tihf*

:FZ""
o o




where (HY);; = fi; — %, fi is the Hessian of f. The scalar curvature R=R(g) is
R=gi(k, — Tk +TLIY —TLI%)

ik,j
ij fzfj k (Hf)i'akfk (Hf)i',kfk 1 f k
= (gﬂ = T+ o+ O (H)y - T
(HD)i0; % (H )i f* Lo o ik, (H DLl f*
- DT Husl” g Ly gy g+ T
N (H )i i f! N (HD) o (HDwf"f1 ok C(HDUL R (HD)u
9 ik
o o o o
_(Hf)ik(Hf)jlfkfl>
2
(nyk kaj + T F’éz - FékF;?) f T ik zk:j + T Fil - FélJ?l)

+gY [3k (M) - ;( Nl f* + (Hf)z‘jrlzizfl]
—g" {@- <(Hi%fk) - é(Hf)leéjfk}
+ %gijfkfl((ﬂf)ij(ﬂf)kl — (H)aw(H) ;1)

— PP 50— (Hady f* + (HOTh S~ ()l )

Note that
Pk

ik,j

g7 (T

ij,k

+ L0 — Ty =R

J”f]( e — DT+ DL =TIk = Ric(V [,V f).

1
L+ V[
Let us now separate the rest of the calculations into a lemma:

Lemma 18.

) WL
g" [% (%) - ;(Hf)jlrikfk + %(Hf)ijrizfl}

g" {6} (—(Hffj’“f k) - %(Hfmréjf’f}
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Vg - (lgij(Hf)ijfkak>
o

vg . (lgij(Hf)ikfk8j>
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0 T Y (o — (Y ) = 5 £ (0
— (H) a0 f* + (H )5l f — (H g T ) = 0

Proof. By definition of the divergence,

v, (sanrten) = gto (VEEE ) 4 L@ rt 4 ST

o

The point here is that
1 G\, gk 2 Gorrfy Tl gk
— (kg )(H)iif* = = —g" (H )l f7,

and we can see this from the following calculations:

2 2 .
=9 I(HY T fF = 9 IHY 5= 0™ (Gimp + Grmi — Gikm)

2
1 f k i7\ Im 7\ lm Ilm\ . ij
= ;(H )itf ((Okg”) g™ gim + (0597) 9™ Gkm — (Org™™) 9" gir.)
1 g B )
= ;(H Naf*(0eg?)d! + (8:97)8; — (Oug'™)57)
1 - ~ -
= L (H) (09”3 + (097)5k — (0.9)50)
Loy kra i sl
:;(H )jlf (5k:9 )(5¢
Loy ikia i
:;(H )ii f " (Org").

Putting everything together gives the first equation. For the second equation, we

have

v, (lgw(yf)ikfkaj) = ¢, <M) + %(8]-9”)(Hf)ikf’“ + %g”(Hf)ikrﬁzf’“-
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The last term 1is

gl Z(Hf)ikF;lfk =29 Z(Hf)ikfk§9] (Gjmi + Gimj — Gjim)

B _%(Hf)ikfk(nalgd +610;9" — 030mg”™")

1 | ; ;
= 5 (H ) f* (ndig" + 09" — 9;9")
n .
= —%(Hf)ikfkaj!f’-

On the other hand,

1 .. 1 .. 1
_;gzj(Hf)kl]-—‘éjfk = _;gU(Hf)klfkﬁglm(gimJ + Gjmi — Gijm)

1

" 2

(H ) £ (610;9" + 5;-&9’7 — n0mg™)

1 . ) )
= %(Hf)klfk(ajgﬂ + 0;9" — no,g™)
1 n

20_(Hf>jkfkaigij'

— () f* 0y -

Now put together to get the second equality. For the third equality, first note that
g7 (H )i = Ay f

S H Y = HA(V V).

After regrouping, the left hand side becomes

: [HY(V VA f = Ocf* =T f') + f1f (H ) (—g" (H ) o + 0, f* + T f)]

o2
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Now A, f — O fF —T% fl = 0since A, f =V, - (f¥0k) = O f* + T, f*. Next,
_gkl(Hf>jl+ajfk+F§lfl _gklfj +gle fm—Fafk—i‘F fl

- fl ]g + gklrmfm + glmrﬁlfm
1 m
= flajgkl + §fmgkl p(alg]p + 8]glp apgjl)
1 lm k:p
+ ifmg (alg]p + 6]glp 8pgjl)
_fa kl_lf 5m8 kl_lf 5ma kl_|_1f 5198
= 1059 2mjlg 2ml]g 2m]‘p
1 1 1
= S Fn8 0" = S FnBE 09" + 5 Fu] g
1 1 1 1
= f10;9" — §fjalgkl - §f18jgkl - Efmajgkm + §fj8pgkp

= f10;¢" — fi0;g"

=0.
[l

Thus it follows from the lemma that the scalar curvature of a graph over (M, g)
is

~ 1 .

U(Hf)wfka ij(Hf)ikfka')
1+|Vf|? L+|Vf2 )

This formula enables us to write down a proof of Theorem 17. By definition, the

mass 1 of (M",§) is

T 'L]
1 (2 ? K2 dS
T / 2_fufy = Fufvs

TZ_]
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The first limit is precisely m, the mass of (M™,g). For the second limit, note that
at infinity,
g (H ) f* gt (H ) f* 1

. Thus applying the divergence theorem gives

(.. fk (., fk
m:m+ 1 / vg. (g (H )zyf 8 _g (H )zkf aj) d‘/g
M

2(n — Dw,_ L+ |V 1|V
—m—l—;/ R— R+ ;Ric(Vf V£)dV,
a 2(n — Dwn_1 Jur 1+ [V f2 ’ g

1

1 - 1
. R— R+ ———Ric(Vf,Vf)| ——
+ 2(n — 1wy /M [ " L+ VI3 v f)} 31+ IV

vy
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5

The Penrose Inequality for Graphs

As in the context of the Riemannian Penrose inequality, we consider graphs with
nonnegative scalar curvature that have minimal boundaries in the chapter. Using
the techniques developed in Chapter 4, we express the ADM mass of a graph with
a minimal boundary as the sum of an integral over the graph and a surface integral

along the boundary. In particular, we prove the following theorem in this chapter:

Theorem 19. Let 2 be a bounded and open (but not necessarily connected) set in
R™ with smooth boundary > = 0. Let f : R"\Q — R be a smooth asymptotically
flat function such that each connected component of f(X) is in a level set of f and
IV f(z)| = 00 asx — X. Let (M™,g) be the graph of f with the induced metric from
R™\Q x R and ADM mass mapy - Let Hy be the mean curvature of X in (R™\,9).
Then

1 1 1
oy =+ fgaay g b
ADM 2(n—1)wn_1/2 T 2 = Dwns an STE VIR

Furthermore, suppose §2; are the connected components of 2, i = 1,...,k, and

let 3; = 0€);. If we in addition assume that each €); is convex, then we have the
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following Penrose inequality:

Corollary 20 (Penrose inequality for graphs on R™ with convex boundaries). With
the same hypotheses as in Theorem 19, and the additional assumption that each

connected component €; of Q is convexr and ¥; = 08);, then

B /s 1 L
m >y - +—/ R———=—=—=4dV,.
ADM ; 2 (Wnl) 20 — Dwn1 Jam 1T+ [V 7

In particular,

LS\
R >0 implies mADMEZE( 2) .

Remark 21. Since

n=2 n—2

szl |2i] %> L S\ 1 AN
. 2 Wn—1 2 Wn—1 B 2 Wn—1

=1

with A being the total area of the minimal boundary ¥, Corollary 20 is a stronger
statement than the standard Riemannian Penrose inequality on top of the fact that
the lower bound for the ADM mass involves a nonnegative integral when the scalar
curvature is nonnegative. In this case, the masses of the connected components of
the black hole are additive, but this seems to be too strong of a conclusion to hold

in general.
5.1 Graphs with smooth minimal boundaries

Let 2 be a bounded (but not necessarily connected) open set in R™ with smooth
boundary ¥ = 0Q. If f: R"\Q — R is a smooth asymptotically flat function, then
the graph of f is a complete asymptotically flat manifold with boundary f(¥). By
Proposition 6 and Remark 7, we will refer to (M™, g) = (R"\Q, + df ® df) as the
graph of f.
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If f(X) lies entirely in a level set {z : f(z) = ¢} of f, then f(X) is in fact an
outer minimizing surface of (M™, g): Suppose f(¥’) is another surface on the graph
with 3 C R™ and ¥/ = 9¢Y, then Q C " and f(¥’) is larger than f(X). Moreover,
that f(X) is in a level set of f implies that the area form on f(X) is bounded above
by the area form on f(3').

If f(¥) consists of multiple connected components, then we will assume that each
connected component lies in a level set of f. In this case we can view a connected

component of f(X) as a surface both in (M", g) and in the slice of R™ it sits in.

FIGURE 5.1: The graph of a smooth function f over R™\2

Let H and Hy denote the mean curvature of f(X) in (M", g) and in R™ respec-
tively. Since the metric ¢ = § + df ® df does not change the metric on the level

sets of f, and it stretches lengths perpendicular to the level sets of f by a factor of
1+ |V f]?, the two mean curvatures H and Hy are related by

1
H=——" 0@, (5.1)

VIV
Note that Hp is also the mean curvature of 3. Equation (5.1) implies that if
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IVf(z)] = oo as x — X, then f(X) is an outer minimizing horizon of (M",g)

since H = 0 on Y. Graphically, this means f is ‘vertical’ along the boundary.

FIGURE 5.2: The graph of a smooth function f over R”\ with minimal boundary

In this setting, proving Theorem 19 is a matter of keeping track of the extra
boundary term when we apply the divergence theorem in the proof of Theorem 12.

As before, any repeated indices are being summed over.

Proof of Theorem 19. As in the proof of Theorem 12, we can write the mass of

(M™,g) as

1 1 .
= li il — [fij fi)v’ dS;.
AN e 2 — Dwn /S o fuds = fulds

The difference here is that when we apply the divergence theorem, we get an extra

o1



boundary integral:

1 1 .
= li wfy — fig fi)v' dS,
Mapy = 1M 2(n — Don /ST 1+ [V (fufy — figfi)v'dS

1 1 ‘
B - 2(n — 1)wp /E 1+ |Vf|2(fiifj — fijfi)’dA

1 1
+ W/RW\QV- (m(fuf] fij fi)o ) dVs,

where technically we cannot apply the divergence theorem to all of R™\) since
IVf(z)] = oo as © — 00 = X. However, we will slightly abuse our notations

here since we will show later that the improper integrals do in fact converge. Thus

1 1 .
MADM = _2(n Do /2 I |Vf|2(fz‘z‘fj — fii [V’ dA
1
_.I_

2(n — Dwn—1 Jym \/1+|Vf|2

where we have rewritten the second integral using Lemma 14. The outward normal
to M™ along ¥ is v = V f/|V f|. Viewing ¥ as a closed surface in (R",¢), we denote
by Af the Laplacian of f with respect to the flat metric and Ay f the Laplacian of
f restricted along . Let HY denote the Hessian of f and H the mean curvature of
3} with respect to the flat metric. We will use the following well known formula to

relate the two Laplacians:

Af=Asf+H (v,v)+ Hy-v(f)

_ Lo /
“ e (Vo)
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where Ay f = 0 since f is constant on ¥. Now

1 + |vf|2 (fmf] fZ]f’L>V]

_ ﬁ {(Af)\Vf! - (Vf’ rv;\)l

1 L s VS _ul VI
REENIE KIWIH (V |W|)+H0|vf|> Vi-H (Vf’ |Vf|)]

_ VP
L+ |V fP
Therefore,
1 VP 1
= HydA+ ——F——
it 2(n — 1w, /2 1+ VR 2(n — 1)w,_1 /1 T |Vf|2

1

1 1
=——— | HdA+ —-——— R————=—=dV,
2(n — Dwp_1 /2 0 20— Dwn1 Jam T+ [V 7
O

Remark 22. Since f(X) is in a level set of f, it is the same surface as ¥ translated

vertically. Thus we can equivalently express the ADM mass as

2(n — 1)Wn_1 (=) 0 2( - 1 wn 1 \/ 1+ |Vf‘2

5.2 Aleksandrov-Fenchel inequality

Mmapm =

Since the Penrose inequality bounds the ADM mass below by the mass of the black
hole, we would like to apply Theorem 19 to this setting. In dimension n = 3, Theorem

19 gives

= o | HdA
mavw = gz J, A+ 35z | *
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Suppose for now that ¥ is connected. If in addition we assume that ¥ is the boundary

of a conver region, then a classical inequality in convex geometry states that

A
a2
167r 167

where A = |X| as usual. If this is the case, then Theorem 19 implies

MADM = \/ 167T /1\/13 —1 e \/

assuming R > 0, which is precisely the Riemannian Penrose inequality. In fact, the
above inequality is true in higher dimensions for a boundary whose connected com-
ponents are convex. The tool we need is the following lemma, which is a consequence

of the Aleksandrov-Fenchel inequality [20].

Lemma 23. If ¥ is a connected convex surface in R™ with mean curvature Hy and

) az
_r / Hoda > L (2L
2(n — Dwp_1 Jx, 2 \wp_1

Proof. Let X C R" be a convex surface with principal curvatures k1,..., Kk, 1. Let

-1
n—1
O'j(/il,...,/'infl): ( . ) Z :‘iz‘l"'liij

J 1< << <n—1

area |Y|, then

be the jth normalized elementary symmetric functions in k1,..., Kk,_q for
7=1,...,n—1. In particular,
0o(K1y- -y bn_1) =1
n—1
01(R1y ey K1) = ni | ZZ_:/@ = ﬁHo
n—1
On1(K1y oy hino1) = H K.
i=1



The kth quermassintegral Vj of X is defined to be

Vk:/ak(lil,...7lin_1).
>

A special case of the Aleksandrov-Fenchel inequality states that, for 0 <i < j <k <

n—1,

- k—jy i—i
Vit > vV
Taking:=0,7=1, k=n—1,

VI > VRV (5.4)

Now

00(/?1, ey /in—l) = |Z|

=
I
m\

1
Ul(lil,...,lin_l) = /H()
)

n—1

=~
I
m\

anl

On-1(K1y oy Fno1) = Wp_1.

I
T

Thus (5.4) becomes

1 n—1
(s f) s s
n—1Jx

1
n—1

g L
[ oz 12
>

n—2

1 1 M\ !
S S / > L (2
Q(TL — 1)wn,1 N 2 Wn—1

as claimed. O

We can prove Corollary 20 using Theorem 19 and Lemma 23:

%)



Proof of Corollary 20. Let us denote by €2;, 7 =1, ...,k the connected, convex com-
ponents of the bounded open set Q and let ¥; = 9€;. The ADM mass of (M™,g)

is

| 1 ‘
mapy = i 5oy /s Ty vy adi = Jalrds,

1

1 1
H dA+—/ R————=dV,
2(n — 1)wa1 / 2 Dwe Sun IHVIE S

~
[y

>§1(&)n—1+; PR
=22 \w,y 2(n — Dwn1 Jyn 1+ VR 7
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6

Graphs in Minkowski Space and the Mass of ZAS

Up to this point, we have assumed that the parameter m in the 3-dimensional
Schwarzschild manifold (R*\{0}, (1 + £+)*0) is positive. If we consider the same
metric but with m < 0, then this gives a Riemannian metric on R® minus a closed
ball of radius |m|/2 about the origin that approaches zero near its inner boundary.
In this case, one may think of the ‘point’ r = |m|/2 as a black hole of negative mass.
In fact, this metric has a naked singularity, that is, a singularity not enclosed by
any apparent horizon. Such singularity is called a zero area singularity (ZAS), and
the Schwarzschild manifold with negative mass is known as the Schwarzschild ZAS
manifold. We use our techniques from earlier chapters to study such manifolds that
are graphs in Minkowski space and we begin by defining the notion of ZAS, following

the approach of Bray and Jauregui [6].
6.1 The notion of zero area singularities

A zero area singularity is characterized by the property that nearby surfaces have

arbitrarily small area. More precisely,
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Definition 24. Let M3 be a smooth 3-manifold with a compact, smooth, nonempty
boundary dM? and let g be an asymptotically flat Riemannian metric on M3\OM?3.
A connected component X0 of OM? is a zero area singularity of g if for every
sequence of surfaces {S,} converging in C' to X°, the areas of S, measured with

respect to g converge to zero.

Topologically, a ZAS is a boundary surface in M? and not a point. However, in
terms of the metric, it is often convenient to think of a ZAS as a point formed by

shrinking the metric to zero.

(M?, g)

22

21

FIGURE 6.1: A manifold with two ZAS 3! and 2.

We denote by ¥ the ZAS of g if 3 is the union of all ZAS ¥ of g. An important
special case of ZAS, called a regular ZAS, occurs when a smooth metric on M? is

deformed by a conformal factor that vanishes on the boundary:

Definition 25. Let X° be a ZAS of g. Then X is regular if there exists a smooth,
nonnegative function ¢ and a smooth metric g, both defined on a neighborhood U

of XY, such that

1. @ vanishes precisely on X°,

2. 7(p) > 0 on X0 where v is the unit normal to 3° (taken with respect to g and
pointing into the manifold), and
3. g=¢*g on U\XO.
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If such a pair (g, p) exists, it is called a local resolution of X°.

An example of a regular ZAS is that of the Schwarzschild ZAS manifold

(M?,g) = (RS\B|m|/27 (1+ ?)%) for m < 0.

o
The boundary of M? consists of a single connected component ¥ = X° = S}, 5. It
is easy to check that ¢ = (1 + %) and g = ¢ satisfy the conditions of Definition 25.
Moreover, this is in fact an example of a globally harmonic resolution of ¥, in the
sense that the factor ¢ is defined on all of M3\ and that ¢ is harmonic with respect
to g.

(R3\B|m|/27 (1 =+ %)46) >

)y

FIGURE 6.2: The 3-dimensional Schwarzschild ZAS manifold.

We can now define the mass of a regular ZAS:

Definition 26. Let (g, ¢) be a local resolution of a ZAS X° of g. Then the regular

mass of X0 is defined by the flux integral

Mg (50) = —2 (1 / o) i)
reol20) ==\ 7 7 ’

where 7 is the unit normal to X° (pointing into the manifold) and dA is the area

form induced by g.
As shown in [6], this definition

1. is independent of the choice of local resolution,
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2. depends only on the local geometry of (M3, g) near X°,
3. is related to the Hawking masses of nearby surfaces,
4. arises naturally in the proof of the Riemannian ZAS inequality, and

5. equals m for the Schwarzschild ZAS metric of ADM mass m < 0.
And finally, we can define the mass of an arbitrary ZAS using regular mass:

Definition 27. Let 3 = OM? be zero area singularities of (M3, g). The mass of ¥
is

mzas(X) 1= sup (lim sup mreg(Zn)) ,

{Zn} n—00

where the supremum is taken over all sequences {3,,} converging in C* to X.
6.2 Graphs in Minkowski space

As we discussed in Chapter 3, the 3-dimensional Schwarzschild manifold with positive

mass can be isometrically embedded as a rotating parabola

2

w
= — 42
r 8m+m

in flat R?, where r = y/22 + 32 + 22 and (z,y, z, w) are the standard coordinates on

R*. Now if m < 0, then solving for w? gives

w? = 8m(r — 2m).

Note that since m < 0, we cannot solve for w like we did before to get a graph in
Euclidean space. However, if we send w — iw, then
(iw)? = 8m(r — 2m)

—w? = 8m(r — 2m)

w = /8m|(r — 2m)*/?
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is once again a function w = f(r) on R?, where f is a smooth function for r > 0, that
is, when it is away from the singularity » = 0. Note that under the transformation
w > 1w, the underlying metric dz?+ dy*+ dz*+ dw?* on R* becomes da? + dy?* + dz* —
dw?. In other words, we can embed the Schwarzschild ZAS manifold into Minkowski

space R3!. Moreover, since

2|m|

IVf? = <1 for r >0,

r—2m

a tangent vector to the Schwarzschild ZAS manifold has length greater than 0 in R3*
and the Schwarzschild ZAS manifold is a spacelike slice of Minkowski space.

Motivated by this example, we can more generally consider functions on R™ whose
graph is a spacelike slice in Minkowski space R™! with the induced metric. We will
assume that such functions are smooth outside any singularities. By an argument
similar to that in the proof of Proposition 6, the graph manifold (M", g) with the
induced metric g from R™! is isometric to (R",§ — df @ df). Thus we will henceforth
refer to (R", 6 — df ® df) as the graph of f (in Minkowski space).

We now proceed to compute the scalar curvature of such a graph (M", g) in
Minkowski space and hope that just like before, it is a divergence. First, the scalar

curvature is given by the following Proposition.

Proposition 28. The scalar curvature R of a spacelike graph (R™, 0 — df ® df) in

R™! is given by

b e e 2 e
R = 1 — |Vf|2 <fzgfu f’L’Lf]] + 1+ |Vf|2(f2]fzk fzzf]k)) .
Proof. If g;; = 0;; — fifj, then
i Sij fzf]
T
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since

TIPS GU D i S
9i59 _(611 fzfj) ((5 +1—|Vf|2)

P P S o0 AP i
- 6136 flfj(s + 5” 1— |Vf’2 fzf] 1— |Vf|2
ok v, Jif" (L= |VfP)
B

— 5k

7

The Christoffel symbols of g are

Ffj = gkm(gim,j + Gjmi — Yijom)

N | —

N —

m I
<5k + W) (—fizhm = fifim = figfm = fifim + fimfi + fifim)

B 1 - fkfm
-3 (" ) oot

fuf*IVfI?

BT

_ fijfk
1=V

Just like before, we will write all indices as lower indices and sum over all repeated

ones. Thus
e Jifk
VST wIP
koo Jirle Sl 2fiifufef

Tk = .
PETOL— VR 1=V (1= |VfP)?
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The scalar curvature R can now be computed as follows:

R = gij(rfj,k - ka,j + Fijfﬁz - FflkF?l)
_ (5” n fif; ) (_ Jgefe — Jifwe  2fyfufehi i JijiJx
AN IE L—|Vf2 1-|Vf2 A—|VfP)2 1-|VfP
n fir fin L 2fafiifehi n figlulefe  fufufeh )
L=[Vf2 A= [VfP)? A-=[VfP)? (A-[|Vf]?)?

:(5ij+ filj )( Fighow o Jindie fijfklfkfl2+ fikfjlfkfl)

L=V 1=IVR 1= VSR (A= |VfP? T (- |VFP)?
_ 1 T i
= W(fikfik — fiifur) + W(ﬁkﬁl — fiifrl)
Jif; Jififwti
+ W(ﬁk}cjk - fz]fkk:) - MTW(fwfkl — fzkf]l)

Once again, the last term is 0 by symmetry, and relabeling the indices gives

1

2f;f
1 [VfP k

R
L+ [V

(fijfij — fifi + (fijfir — fiifjk’)) :

Now since g;; = d;; — fif;, we have
Giji — Giig = —Julj — fifis + 2fifi = fijhi = a5

Motivated by our discussion of the ADM mass of a graph in Euclidean space, we give
an alternate definition of the ADM mass for a spacelike graph in Minkowski space

by multiplying the integrand in the ADM mass by the factor 1/(1 — |V f]?).

Definition 29. If (M",g) is the graph of an asymptotically flat function that is a

spacelike slice in R™! with the induced metric, then the ADM mass of (M™", g) is

1 1 .
MADM rlggo 2(’)”& — 1)Wn—1 /*S:'r 1 — ’vf‘Q(fZ]fl fuf])V dSr (61)
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Fortunately, the scalar curvature in this case is once again the divergence of the

above integrand:

Lemma 30. The scalar curvature R of the graph (R",§ — df ® df) satisfies

1
R=V_. <W(fzjfl — fiifj)aj)

Proof. Now that we know what to look for, this lemma is once again a direct calcu-

lation:

v (;mm - fiifnaj)

11— V]2
e 1_|vf|2<fw]fz+fljfw fn]fj fzzf]])+(1_’vf|2>2(fzgfz f”fj)
_o Y e e 2 e
= 11— |vf|2 (fz]fz] fufj] + 1— |Vf|2(fljflk fuf]k))

= R.

6.3 ZAS inequality for graphs in Minkowski space

We begin this section by giving an alternate definition of the mass of a ZAS for

spacelike graphs in Minkowski space.

Definition 31. Let (M™, g) be the graph of a function f on R™ that is a spacelike slice
in R™! with the induced metric. We say that X% € M™ is a zero area singularity
(ZAS) of (M™,g) if the areas of a sequence of surfaces {¥;}, each ¥ being in a

level set of f, converge to 0 and {X;} converges to X°.

If X%, i = 1,...,m are all the zero area singularities of (M™, g), then we denote
by 3 the (disjoint) union of all the X%,
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To motivate our definition of the mass of a ZAS, let us for now assume that the
ZAS of (M™, g) consists of only one connected component ©? (that is, a single point).
Let {Zx} be a sequence of surfaces, each of which is in a level set of f, such that
{3} converges to X0 and let ), = 9€2,. If we apply the divergence theorem to (6.1)
and use Lemma 30, then for a given k,

) 1 1 .
Mmapy = lim /ST 1_ |vf|2(fijfi - fz’z’fj)V]dSr-

r—o0 2(n — 1)wy,_1

1 1
= —Q(n — 1)wn_1 /Rn\Qk V- (1 — |Vf’2(f2]f7, fufj) ) d‘/(S

1 1 ;
R CEs . /Ek = |Vf’2(fijfi — fuf;)VdA

1 / 1
= . — Ve
2(n — Dwn-1 Jumg@, /1- VR’

1 IV f?
_ HydA
2(n — 1wyt /2 1|V

where the last equality follows from the fact that 17/ = V f/|V f| and

: v/ Vi vr. VS
igJi T Jiidyg T=H A T gl

_ (w f>—Af\Vf|

V7
_ (w %) { (Vf %) +HO|Vf|} v/
= Hy|Vf|”

using (5.2).
Once again, we can view the ADM mass as the sum of the mass contribution from
the local energy density over M™ and the mass of the surface ;. Because of this,

and motivated by the standard definition of a ZAS, we make the following definition:
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Definition 32 (Mass of ZAS, single component). Let {34} be a sequence of surfaces

in M", each being in a level set of f, such that X, converges to X°. Then we define

. 1 V£I?
S0V — i HydA.
mzas(¥7) s 2(n — 1wp1 /Ek L= [VfP"

If the ZAS X of (M™,g) consists of multiple connected components ¥?, i =
1,...,m, then we define the mass of the ZAS as the sum of the masses of the

components.

Definition 33 (Mass of ZAS).

mzas(L) =D mzas(S)

We can now state and prove the ZAS inequality for graphs in Minkowski space.

Theorem 34 (ZAS inequality for graphs). Let (M™, g) be the graph of an asymp-
totically flat function in Minkowski space R™' with the induced metric. Let R be
the scalar curvature of g and mapy its ADM mass. Suppose X, i = 1,...,m are
the connected components of the ZAS % of (M™, g) such that {3%} are the surfaces
converging to X', Let X} = 0, and denote by Qy, = U™, QL. Then the ADM mass
of (M™,g) satisfies

1 1
mapy = lim —/ R————=dV, + mzas(2).
k00 2(n — Dwnr Jump@ VI-VIP
In particular, if R > 0, then we have the usual ZAS inequality

Mmapm > Mzas(X).
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Proof of Theorem 34. Applying the divergence theorem to (6.1),

) 1 1 .
Mmapy = lim / (fijfi - fiifj)V]dSr'
Sr

r—00 2(77, — 1)wn,1 1-— ’va
5 1 / R ! dv,
= lm_-—-— T w2
k=00 2(n — 1)wn—1 Jam p0p) 1—[Vf]? ’
_ 1 IVfI?
i HodA
kbee 2(n — Dwn /Zk L—[VfP"

1

1
k=00 2(n — 1)wn—1 Jam pap) 1—[Vf]?

‘/g =+ mZAS(E).
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7

A New Quasi-Local Mass

Let (M™, g) be the graph of a smooth function on R™ and let ¥ C R" be a closed
surface such that f(¥X) C M™ is in a level set of f. Let H be the mean curvature
of ¥ in (M",g) and let Hy be the mean curvature of ¥ in (R™, ). We define the

quasi-local mass of the surface f(X) to be

1 1
mqr(f(¥)) = 20— Dons sy E<H§ — H?)dA

and show that this definition of mass is nonnegative, monotonically nondecreasing
and approaches the ADM mass of (M™, g) at oco.

In dimension n = 3, we can define the masses of closed surfaces in more general
manifolds besides those that are graphs. If (M3, g) is a complete, asymptotically
flat manifold with nonnegative scalar curvature and ¥ is a closed surface in (M3, g)
with Gauss curvature K > 0, then the Weyl embedding theorem [17] implies that X
can be isometrically embedded into R?. Moreover, the embedding is unique up to an
isometry of R®. Let H be the mean curvature of ¥ in (M?, g) and let Hy be the mean

curvature of ¥ in R3 under the isometric embedding. We define a new quasi-local
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mass functional of 3 by

1 1
mqL(X) = m_w/EFO(Hg — H?)dA.

We give the motivation for our definition of quasi-local mass and study some of its

properties in this chapter.
7.1 On quasi-local mass functionals

As we noted in Chapter 1, the 3-dimensional Schwarzschild manifold is the equality

case of the Riemannian Penrose inequality with

A
167’

mapm =

where A is the area of the outermost minimal surface corresponding to the apparent
horizon of a black hole. Since the Schwarzschild manifold is scalar flat, it has zero
local energy density everywhere and one can view the mass contribution as coming
solely from the black hole. Therefore it is natural to consider the quantity \/m
as the mass of a black hole of area A. More generally, given any bounded region {2
with smooth boundary ¥ = 99 in a complete, asymptotically flat manifold (M3, g),
we would like to define how much mass € (or equivalently, ) possesses. Assuming
(M3, g) has nonnegative scalar curvature (local energy density) everywhere, there are
certain reasonable properties one would expect from such quasi-local mass functional

m(X), most notably [4, 11],
1. (nonnegativity) m(X) > 0;
2. (rigidity /strict positivity) m(X) = 0 if and only if 3 is flat;

3. (monotonicity) m(3;) < m(%,) if ¥ = 0Q; and Xy = 9 with Q) C Qo;
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4. (ADM limit) m(X) should be asymptotic to the ADM mass, that is, if 3 is

a sequence of surfaces that exhaust (M3, g), then

lim m(Ek) = mADM(g);
k—00

5. (black hole limit) m(X) should agree with the black hole mass, that is, if ¥

is a horizon in (M3, g), then

where A is the area of X.

There have been numerous attempts to define such quasi-local mass functionals
3, 4, 5,9, 10, 13, 27], but to date, none of them satisfy all of the properties listed

above. For example, as discussed in Chapter 2, the Hawking mass

mu(X) = \/% (1 - w%/gH%lA)

is monotonically nondecreasing under inverse mean curvature flow, and that its
asymptotic limit coincides with the ADM mass. Moreover, it gives the correct black
hole mass if ¥ is a horizon, as H = 0 along ¥. Thus the Hawking mass satisfies the
last three properties listed above, with monotonicity in the sense of inverse mean
curvature flow.

Unfortunately, the Hawking mass does not satisfy the first two properties. In fact,
mpy(3) < 0 for any closed surface ¥ in R3. Nevertheless, it is known that myz > 0
for a stable constant mean curvature 2-sphere in a 3-manifold of nonnegative scalar
curvature [11].

Another notable example of a quasi-local mass functional is the Brown-York mass

9, 10]. If ¥ C M3 is a closed surface with positive Gauss curvature, then by the
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Weyl embedding theorem [17], it can be isometrically embedded into R®. Moreover,
the embedding is unique up to an isometry of R3. Let H be the mean curvature of 3
in (M3, g) and let Hy be the mean curvature in R® under the isometric embedding.

The Brown-York mass of X is defined to be
() = = /H HdA
m = — —
BY 87 /s 0 ;

where dA is the area element on ¥ induced by g. In 2002, Shi and Tam [26] proved
that the Brown-York mass is nonnegative using a gluing argument by solving a
parabolic partial differential equation of a certain foliation and applying the positive
mass theorem.

While the Brown-York mass is nonnegative, it tends to overestimate the mass
of a given region. For example, the isometric image in R3 of the horizon in the
3-dimensional Schwarzschild manifold (M?,g) = (R*\{0}, (1 + £*)*) is the sphere
Y = Sy, of radius 2m. Thus Hy = 2/2m = 1/m and H = 0 and

™ m

mpy () = 87 /2 Ho— HdA = oy Am(2m)? - — = 2m,

but the mass of the horizon should be m in this case. More generally, for a sphere

S, in (M?, g), its isometric image in R? is S,,2 with v = 1+ 2*. Thus

2 1 (2 40u
Hy=— and H=— (= +-2").
0T 2 M u? (r+uar)
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The Brown-York mass of S, is then

1
mBy(Sr) = g . HO — HdA

1 2 1 /2 40u
= = At | (2L 222
gr L’uQ u (r +u87’)]

0
= %2

or

Thus mpy(S,) is actually monotonically decreasing to the ADM mass as r — oo in

the Schwarzschild manifold.
7.2 Motivation for the definition of mgy,

In Chapter 5, we considered the graph (M", g) of a smooth function f : R"\Q — R,
where 2 is a bounded open set in R™ with smooth boundary ¥ = 0Q. If we in
addition assume that f(X) is a minimal boundary of (M",g) that is contained in a

level set of f, then Theorem 19 states that

1 L !
. -~ | HydA+ —/ =
apu(9) = 5o —po— /f@) 2= Dwn s Sam IV

where Hj is the mean curvature with respect to the flat metric. One can view the
above as an expression of the ADM mass of the manifold as the sum of the mass
of the boundary and the mass contribution from the local energy density over the
manifold.

If we remove the assumption that f(X) is minimal, equation (5.3) implies that

the boundary integral is

1 Mk
HydA. 7.1
2(n — 1wp1 /f(E) L+ [VfR (1)
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Recall that equation (5.1) relates the mean curvatures H and Hy by

1

————===Hy,
VIV

<£)Z_;

H _1+|Vf|2

1_(5)2_ V2
H, _1+’Vf|2.

Thus equation (7.1) can be expressed as

which we can rewrite as

1 IVf|2 1 / (H )2
- L _HydA= —————— 1— (=) | HydA
2(n — Dwp—1 /ﬂz) L+[Vf[P" 2(n = Dwn-1 Sy Hy ’

1 1
- —(H? — H?)dA.
2(n — 1)wn_1 () H(]( 0 )
(7.2)

Because of (7.2), we make the following definition:

Definition 35. Let (M™,g) be the graph of a smooth asymptotically flat function
f: R™ — R with the induced metric g from R**!. If ¥ C R” is a closed surface such

that f(X) C M" is in a level set of f, then we define the quasi-local mass of ¥ to be

1 1
moL(f(¥)) = 2(n— Dot sy FO(HS — H?)dA.

Moreover, if €2 is a bounded set in R™ such that 02 = ¥, then the divergence

theorem implies that

mqr(f(%)) = m/f@) HL()(HS — H?)dA

1 / 1
— R——==dV},.
2(n = Nwn Jy@) 14|V 7
We can view (7.3) as an alternate characterization of the mass of f(3).
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7.3 Properties of mgr,

We collect the properties of mg;, in the following theorem:

Theorem 36. Let (M™, g) be the graph of a smooth asymptotically flat function
f:R™ = R with nonnegative scalar curvature. Let ¥ C R™ be a closed surface such
that f(X) C M™ is in a level set of f. Let H and Hy denote its mean curvature with

respect to g and the flat metric respectively. The quasi-local mass functional
(F(2) o [ gt - Hda
m T —— _ —
@L 2(77, - 1)wn_1 F(=) HO 0

satisfies
1. (Nonnegativity) mqr(f(2)) > 0,

2. (Monotonicity) If ¥; = 0Qy and ¥y = 0Qy are such that Qy C Qo, then

mor(f(X1)) < mar(f(X2)).

3. (ADM limit) If {¥;} is a sequence that exhausts R", then

lim mQL(f(Zk)) = mADM(g)'

k—o0

Proof. 1. is an immediate consequence of (7.3) since

1

1
manl) = 3o e

Vy >0

and R > 0 by assumption. Thus mq.(f(X)) satisfies nonnegativity.
If 21 and 22 are such that 21 = th 22 = an with Ql C QQ, then

1 1
moL(f(%1)) = 2(n — Dwny /f(Q1) RWOM

Vo = mqr(f(%2))

1 / 1
< - R——d
T 2(n = Dwaor Sy 1+ VR
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using R > 0.
Finally, if {3;} is a sequence of surfaces that exhaust R™, then we can express

the ADM mass of (M", g) as

1 1
rama = mop(F(E) + —/ R—————dV,.
DM or(f(Er)) 2(n — Dwn-1 Jam r(0) L+[ViE

For each k. As k — oo, the second integral approaches 0 and thus mg, is asymptotic

to the ADM mass. O
7.4 mgr for more general manifolds

In the previous section we showed that mg is nonnegative, monotonically nonde-
creasing and asymptotic to the ADM mass for closed surfaces in complete graph
manifolds. We point out in this section that mgr can in fact be defined in more
general settings, namely, that whenever the Brown-York mass is defined. Suppose
(M3, g) is a complete, asymptotically flat manifold with nonnegative scalar curva-
ture and let ¥ be a closed surface in (M3, g). If each connected component of ¥ has
positive Gauss curvature, then ¥ can be isometrically embedded in R? by the Weyl’s
embedding theorem, and that the embedding is unique up to an isometry of R3. Let
H be the mean curvature of ¥ in (M3, g) and let Hy be the mean curvature of ¥

when isometrically embedded into R?, then we define the quasi-local mass of 3 to be

1 1
mqr(X) = M—W/EFO(HS — H?)dA.

Since

) (H2 — H?)dA = it LA,
mar(%) 167T/H0 d 167?/ 0~ d
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mgqr, looks strikingly similar to the Brown-York mass mpy. In fact,

1
mBy(E) — mQL(Z) = g/EHO HdA — E/H@ —

1 H?
2H —9H — Hy+ —dA
~ 167 0 ot H,
(H — Hy)*dA
" 167 / H, o)
> 0.

Therefore, by [26], we have
mpy (X) > mqr(¥) > 0,

and that equality holds if and only if € is isometric to a domain in R3.
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