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The Groups of Orderp6 {p an Odd Prime)

By Rodney James

Abstract.   A complete list of the groups of order p  , where p denotes an odd prime

number, is given using P. Hall's concept of isoclinism.

1. Introduction.   In 1940, P. Hall [7] provided a method for classifying groups
(especially p-groups, where p is a prime) into families and in 1964, M. Hall and J.
Senior [6] used this method to produce a complete list of all the groups of order 2"
(h < 6).  This paper extends their work to odd primes by providing a complete list of
all groups of order p6 (p> 2).  The number of non-abelian groups of order 36 is
found to be 491, and the number of non-abelian groups of order p6 (p > 3) is found
to be

&{13p2 + \45p+ 1338 + S0(p- 1,3) + 45(p - 1, 4) + 8(p - 1, 5) + 8(p - 1,6)},

where (p - 1, ri) denotes the greatest common divisor of p - 1 and the integer n.
Blackburn [3] includes a list of the groups of order p6 and class 5, and Leong

[11] and Miech [12] have lists of certain subclasses of the class of p-groups with cy-
clic derived groups, all of which agree with the present list where they overlap it.  A
list of the groups of order p5 (p > 3) appears in [1], [2], [4] and [13], the first
three of which also include the groups of order 3s.  The present list for p > 3 agrees
with those of Bender and Schreier, who in turn claim to agree with Bagnera and de
Séguier.   For p = 3, Bender has corrected two errors by Bagnera but has omitted the
group A10(2111)û2, which is included by Blackburn and de Séguier.  The present list
of families (as defined by P. Hall) agrees with that of Easterfield [5], whose ordering
I have followed.

This work is a summary of my Ph.D. Thesis [9] which may be consulted for
most of the detailed calculations, although errors in that thesis have been corrected
and an uncompleted family in the thesis has been completed.  As well as the acknowl-
edgements in my thesis, I would also like to thank Richard Keane, who pointed out
errors in the original list of 3-groups, and Dr. M. F. Newman, who has hounded me
into publishing the present paper and given me a great deal of helpful advice and en-
couragement.

2. A Guide to the Table and List of Groups. Information concerning the groups
of order pm (m < 6), with p an odd prime, is given in Table 4.1, and the list of groups
in Sections 4.2 to 4.6.  Each group of order pm in the list is presented in terms of
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614 RODNEY JAMES

certain   generators   and   relations,   and   given   a   designation   of  the   form
$s(mj, m2, ■ ■ ■ , mr)xt, where r, s, t, ml, m2, . . . , mr, are positive integers with
m y + m2 + ■ • ■ + mr = m (ml > m2 > ■ • ■ > mr), and x is a letter.

The presentation <a,, a2, . . . , anlw, = w2 = • • • = wfc = 1> for the group G
means that G is the largest group generated by the symbols a1, a2, . . . ,an subject
to the conditions w^a,, a2, . . . , an) = w2(ax,a2, . . . , an) = • • • =
wfc(aj, a2, . . . , an) = 1, where the w's represent words in at most n variables.   In
particular,  [a, ß]  is the word cT'/r'ai! and afá\ will denote the word

(P) (P)af+ ia,-+2 ' ' ' ai+k ' ' ' ai+p where i is a positive integer and a/+2, . . . , a¡+   are
suitably defined.  (Note that, for large enough p, this will often be just af+ j.)  For
economy of space, all relations of the form [a, ß] = 1 (with a, ß generators) have
been omitted from the list and should be assumed when reading the list.  No attempt
has been made to find minimal presentations, and those chosen are designed to ac-
centuate the groups' structures.

The groups in the list are collected together in isoclinism families.  Two groups
G, H with centers Z(G), Z(H) and derived groups G2, H2 are said to be isoclinic (writ-
ten G ~ H) if there exist isomorphisms

9 : G/Z(G) —► H/ZQÍ),
<P:G2^H2,

such that 0([a, ß]) = [a, ß'] for all a, ß S G, where a'Z(H) = 0(aZ(G)) and ß'Z(H) =
d(ßZ(G)).  It is easy to show that this relation is well defined and is in fact an equiv-
alence relation.  The pair (0, 0) of isomorphisms is called an isoclinism (or autoclinism
if G = H), and the equivalence classes are called (isoclinism) families.  A family of p-
groups will be denoted by 4>s if p is an arbitrary prime and As if p = 3, where s is
some positive integer.  P. Hall [7] has shown that every family i> has groups of mini-
mal order pm(0), called the stem groups of *, and the set pm(°)+fc4> of groups in $
of order pm(-°) + k is called the kth branch of <ï>.  Thus, the number m(0) is an in-
variant for the family, called the rank of $.   Some of the family invariants are tabu-
lated in Table 4.1, and these include:   nilpotency class, lower central series,* p~kq¡(G)
and p~kr¡(G), where G is in the fcth branch of a family and q¡(G), r¡(G) denote, re-
spectively, the number of conjugacy classes of G with precisely p' members and the
number of irreducible complex representations of G of degree p'.

In the designation i>s(w,, m2, . . . , mr)xt for a group, the symbol 3>s denotes
the isoclinism family containing the group (in Easterfield's ordering).  The numbers
ml, m2, . . . , mr are the type invariants of the group G when p is large enough for G
to be regular (and used analogously when p is small) and are defined as follows:

If G is a regular group, write

G"' = {xpi\xeG},      i = 0,1,2, ...   (a group!),

*In this paper, two groups will be regarded as the same if they are isomorphic.
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THE GROUPS OF ORDER p6 (p AN ODD PRIME) 615

and

pw« = the order of the factor group Gpi~l/Gpi      0=1,2,...);

then

m- = number of w(i)'s with w(f) > j      (j = 1,2, . . . ,r)

(these numbers may be thought of as describing the power structure of G). For sim-
plicity, we will write m for the partition (m1,m2, . . . , mr) and say that G has type
m.  Finally, the symbol xn means that the group is the wth group of genus x, where
two groups G and H of the same family and having the same type are said to have the
same genus if there is a bijection b : M(G) —► M(H) such that M and b(M) are in the
same family and have the same type and genus for all M e M(G), with M(G) = the set of
all maximal subgroups of G. In particular, two abelian groups have the same genus if and
only if they have the same type (when this happens the symbol x will be omitted).

The list pm<$>s of groups in $s of order pm is ordered as follows:**
(1) $s(ml, m2, . . . , mr) occurs before ^(/n',, m'2, . . . , m'r>) if mx = m\,

. .. , mf — m'¡, mi+ j > m'i+1 for some i < min(r, r).  When this occurs, we will write
m < m' where m represents the partition (m,, m2, . . . , mr) and m' represents the
partition (m\, m'2, . . . , m'r').

(2) To describe the ordering of the groups in $  with type m, we introduce for
any group G the set M¡(G) of maximal subgroups of G in $z-, the set M¡ n(G) of maxi-
mal subgroups of G in 3>; having type n and the set Mi n X(G) of maximal subgroups
of G in Min{G) having genus x.  If G is a group of the form $s{mx, m2, . . . , mr)x
and H is a group of the form ^s(ml, m2, . . . , mr)x' with x + x', then we may as-
sume that for some $>,- there is a bijection b- : MAG) —► M(H) which preserves type
and genus for all / > / but no such bijection for / = i.  G occurs before H (and we
write x < x) if

(a) M¡(G) has more elements than M¡(H); or
(b) for some partition n of m - 1, M¡ n'(G) and M¡ n'(H) have the same num-

ber of elements for all partitions n' < n, and M¡ n(G) has more elements than M¡ n(H)\
or

(c) for some partition n of m - 1 and genus y, M¡ n' Z(G) and M¡   • Z(H) have
the same number of elements for all partitions n' < n and all genera z, Miny(G) and
Min y'(H) have the same number of elements for all genera y <y, and Min y(G) has
more elements than M¡ n y(H).

(3) The groups in 4>s with type m and genus x are ordered in the way suggested
by parameters in the defining relations.

Other notation used is as follows:

** Despite this ordering, the groups which are direct products are listed together for conve-
nience. Also, if the above ordering varies depending on the value of p, the most favorable value is
taken in each case.
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616 RODNEY JAMES

(1) If G is a group, the center of G is

Z(G) = (a 6 G : aß = ßa for all ß G G}

and the lower central series is G2 = [G, G], Gi+1 = [G¡, G] for i > 2, where

[H, K] = the largest subgroup of G containing {[a, j3] : a € H, ß £ K}.

The class of G is the number c such that Gc j= I, Gc+l = I.
(2) If G, H are groups, their direct product is

G xH = {(a,ß):aGG,ße H},

where multiplication of ordered pairs is component-wise.
(3) In keeping with usual practice, the symbol $j will be omitted from all

abelian groups (the class i>1), which will be designated by their types.
(4) Throughout, v denotes the smallest positive integer which is a non-quadratic

residue (mod p) and g denotes the smallest positive integer which is a primitive root
(mod p).

As an illustration of the above, the last five groups in ps<E>3 are $3(211 \)bv =
$3(211)6,, x (1) (the direct product of the (cyclic) group (1) of order p and the group
$3(21 l)¿v), 4>3(2111)c, $3(21 ll)d, <ï>3(21 ll)e and $3(16).  The first of these has p2
maximal subgroups in $3 of type (211), the second has p2 - 1 maximal subgroups in
$3 of that type, and the others (except the last) have no maximal subgroups in $3.
The third of these groups has p maximal subgroups in <I>2 of type (211), whereas the
fourth group only has p - 1 such maximal subgroups.

3.   Families of p-Groups of Rank at Most 6.   In this section, we outline the meth-
od used in [9] to obtain a complete list of the groups of order pm (1 < m < 6) given
in the next section.

In finding these groups, we make use of the well-known list of abelian groups of
order pm, each one corresponding uniquely to a partition of the number m.  In parti-
cular, since the groups of order p and p2 are abelian, the only group of order p is the
cyclic group (1) and the only two groups of order p2 are (2) and (11).

If G is a group, we will write IGI for the order of G, Z(G) for the center of G
and G2, G3, . . . , Gc for the lower central series of G (i.e. G2 = [G, G] and Gf+1 =
[G¡, G] for i > 2).  If IGI = pm and the groups of order p, p2, . . . , pm_1 are already
listed then, since lG/Z(G)l <pm, the factor group G/Z(G) is listed.  Thus, the process
consists of determining all those p-groups H, with \H\ < pm, capable of being central
quotients G/Z(G) for some G and then constructing families of groups G with G/Z(G)
isomorphic to H.  An example of this may be found in Hall and Senior [6] where the
groups of order 2" (n < 6) are determined.  Similarly, P. Hall [7] used the groups of
order p2, p3, p4 to determine the families of rank 5 and, hence, the groups of order
p5.  This was then used by Easterfield [5], and later James, to find all the families of
rank < 6 in the Table 4.1.  Details of this may be found in [9].

The method of finding the isomorphism classes of groups for an individual family
is essentially the same as that used by Blackburn [3] in determining p-groups of
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maximal class and is described in [10].  By definition of isoclinism we may suppose
that all commutator relations of any group of the family are known, and all relations
modulo the center of the group are known.  Thus, we only need consider the values
of the remaining relations, namely

(a) the structure of the center of the group;
(b) the relationship between the center and commutator subgroup of the group;
(c) the precise value of all words forced to be in the center of the group by the

relations modulo the center.
As described in [9] and [10], the isomorphism problem in the family for groups with
the relations (a) and (b) specified is equivalent to the determination of equivalence
classes of certain matrices (over the field Z   with p elements) for a certain equivalence
relation.  The actual calculations were carried out in [9] for all families except $21,
although there are errors in some of the calculations.

To illustrate the method used, we shall find the groups of order p6 in this family
$2j for p > 3.  If G G <E>2,, then Table 4.1 shows that we may suppose G = ((ai,a2,
a,Z(G)), where ß = [al,a2],ßi = [ß, a¡], [a, a,] = ß2, [a, a2] = ß\, ßP = ßf = 1
and aP, of GZ(G) for i = 1, 2.  Thus G2 = (ß, G3> and G3 = </31, ß2> which is in
Z(G).  If IGI = p6, then G3 = Z(G) and so

(1) of = ̂ &2\  af = tf^tp*      0 = 1, 2)
for some a(l), a(2) G Zp and some matrix

/a(l,l)      a(\,2Y

\a(2, 1)      a(2, 2),

over Z     Since the centralizer of G2 contains a but not al or a2, an autoclinism of
G will map af to a,*, a to a*, where

(2) a* = az,    a* = a\( ' •'')a*(2 -'V W (mod G2 )      (i = 1, 2)

for some x(\), x(2), z G Zp, and some matrix

/x(l, 1)      jc(1,2)
X = (

\x(2, 1)      x(2, 2)

over Zp.  Since [a*, a*] = ß\ and [a*, a*] = ßf, we have

(3) x(l, 1) = ex(2, 2),   x(\,2) = evx(2, 1),   z = x(2, 2)2 - vx(\, l)2 ^ 0,

where e = ± 1.  This autoclinism yields the relations

(1*) a*p = 0*a(1)*/3*a(2>*,   af = ß*U4)*ßf(*J)*      (¿,. 1; 2);

and, substituting (2) into (1*), we obtain

(4) Í a = eXa*,

\ AX + (x(l)a, x(2)a) = ezX4*,
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where a = (jjjh and ,4*, a* are defined analogously to A, a, respectively. If a =£ 0, it
can easily be seen that (by choice of X) we may suppose of = ß1,ap = fî2,oP2 = ß2,
where the only restriction on a, b is that b = 0, 1,2, . . . , xh(p - 1).  If a = 0, Eq.
(4) becomes

ezA* = X~lAX.

Writing x = x(2, \),y = x(2, 2), a = tt(a(l, 1) + a(2, 2)), b = K(a(\, 2) + va(2, 1)),
c = fc(fl(l, 1) - a(2, 2)) and d = lA(a(\, 2) - va(2, 1)), this becomes

eza* = a,

zb* = b,

z2c* = e(y2 + ux2)c + 2xyd,

z2d* = 2evxyc + (y2 + vx2)d,

Ifrl*!   — j;^*2i = i'72

quadratic residue and a non-quadratic residue, we may determine canonical values for
a, b, c, d (and hence A) as described in the list of groups p6$21 in Section 4.6 (21).

4.  List of Results.
4.1. Summary of families of rank <6.

forcing z2(d*2 - vc*2) = d2 - vc2.  Thus, by considering the cases d2 - vc2 = 0, a

Family      Rankl Class G/Z(G) 1

(11)

*2(13)

(111)

U")

*2(13)

»jd")
*2(22)

»,(1")

vt")
(111)

(l">

d")

(22)

O")
42(1^)

♦2(l")

tjd4)

ijO*)

♦jd")

t2d")

f2d5)

*3d )

*3d5)

43(221)b

»á(221)b

d)

(11)

(11)

(1)

(111)

(H)

(2)

(111)

(111)

(111)

(11)

(11)

(2)

(11)

(111)

(111)

(111)

(111)

(111)

(111)

(11)
II

d   )

(111)

(21)

(21)

(11)

(1)

(1)

(11)

(11)

(1)

(1)

(1)

(11)

(11)

(11)

(1)

(111)

(11)

(11)

(11)

P -1
3

P  -P

p"-l

0

P2-1

P2-1

P3-1

p-1

0

2p3-2p
3

P  -P
3

P  -P

0
14

P   -P
•>   2   i2p   -2p

P -P
3

P  -P

P-1

P   -P

p  -2p  +1
1     2

P  -P

P4-1

P  -P
2

P  -P

0

0

P -P

2p2-P-l

2p2-p-l

2p2-p-l

p  -p  -p+1
3

P  -P

p3-2p+l

P3-2P+1

p3-2p+l

P-1

P2-1

P3-P

0

P-1

P2-1

P  -P

2p3-2p:

o  3    22p  -P  -P

p-1

0

p-1

p-1

0

p-1

0

p2-2p+l

2
P  -p

2
P  -P

P2-1

0

p2-2p+l

P -2p+l

P -P
3

P   -P
3

P  -P
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Family

'3*'   '

»3(221)b,

* (221)b

\d   >
♦„(I5)

*«d5)

*u(22Db

*9d5)

yi5>

*9d5)

*io<'5)

*io<l5'

*6d5)

*6d5)

(2211b,

(ill) (11)

«p-1)
(221)

(21)

(21)

(111)

(111)

(HI)

(111)

(21)

(I*)

d")

ijd1*)

(1*)

»jd")

d")

(l")

(211)

(211)

(11)

(11)

(11)

(1)

(1)

d)

(1)

(111)

(111

(111

(111

(111

(111)

(HI)

(111

(111)

2p'-p-l

, 22p -p-1

P-1

P2-1

2p'-p-l

p"-l

P2-1

p-1

P-1

p-1
P!-1

P2-1

p -2p+l

pJ-2p+l

2p2-p-l

p^p+l

p3-2p+l

P-1

P-1

pJ-2p+l

0

0
2

P  -P
2

P  -P

2p2-p-l

3
P  -P

3
P  -P

3
P  -P

3
P  -P

0

0

0
2

P  -P
2

P  -P

p -2p+l    p
2       I

P  -P       P
2  i  1,p -2p+l  p

0

0

0

0

p -p
3

P  -P
3

P  -P
2

P  -P
3

P  -P
3

P  -P

P   -
2

P  -

P  -
3

P -
3

P  -

P-1

P  -P
2

P  -P

P -P

P2-1

P2-1

P  "P
2

P  -P
2

P -P

4.2. The groups of order p, p2.  The only group of order p is (1), and the
groups of order p2 are (2) and (11).

4.3. The groups of order p 3
(1) Abelian:   (3), (21) and (111).
(2) Non-abelian:   i>2(21) = (a, a,, a2l [c*j, a] = a2, oP = a2, oPx = aP2 = 1>.

*2(lll) = <tt,a1,a2l[or,,a] = a2, oP = aPx = ap2 = 1).
4.4. The groups of order p4.

(1) Abelian:     (4)   ,   (31)   ,   (22)   ,   (211)   ,   (l")   .

(2) *2(211)a = *2(21)   x   (1)   ,     tyi")  = *2(111)   x  (1)(

Î--S-D
2'   "1 "2

*2(31)  = <o,o1,a2 | [a1>a] = ap

*2(22)  - (a.Oj,^ | [otj.a] = ap

42(211)b - <a,a1,a2,Y | [a^a] = yP

*2(211)c - <a,a1,a2 | [a ,a] • a      a

(3)    *3(211)a = (a,ai,a2,a3 | [a^a] - a2,   [<x2,cú - op

*3(211)br - <.CL,*va2,a3 | COj.o] ■ a2,   [a2,a]r =

1>

■ ap = ap =  1>

P P s-*>
j      a(p)3*     1

.<P) ap = ap = 1>

for    r =  1 or    V

*3(1 ) = <o,a1,a2,a3 | [a^a] = a± M l   (i =  1,2) >

4.5.    The groups of order   p    .

(1)    Abelian:     (5)   ,   (41)   ,   (32)   ,   (311)   ,   (221)   ,   (2111)   ,   (1S)

(2)     4>2(311)a =  4>2(31) x(i),   4^(221)3 = *2(22) x (1),   *2(221)b -  i2(21) x (2),

*2(2111)a -  *2(211)ax (1),   *2(2111)b - *2(2U)b x (1),   <t>2(2111)c  = *2(211)c x (1) _

*2(2111)d - *2(111) x (2),  42(15)  = *  (1U) x (i)   .
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*2(41)  = <o,alta2 | [a^a] = ap    - a2, op = ap -  1>

42(32)3l = <a,a1>a2 | [a^o] • ap    = a2> af = ap = 1>

*2(32)a2 - <a,a1,a2 | t^.a] = ap - a2> ap3 = ap = 1>

2
4>2(311)b =<a,o1,a2,Y I Ca^a] ■ YP    - a2, ap = ap - ap = 1>

42(311)c - (a.Oj.Oj | fa  ,a] - a2, ap    - ap = ap -    i>

4>2(221)c " (a.a^a^Y | [a^a] = YP = Oj, aP    = ap = ap - 1 >

*2(221)d ■ (a.Oj.aj | [a^a] = o2, ap    = ap    . op = 1 >

(3)     4>3(2111)a ■= 43(211)ax (1)   ,  *3(2111)br = *3(211)br x (1)     for    r -  1 or    V,

43(15)  - »jd1*) x(i)

«5-i>4>3(311)a - (a.Oj.aj.Oj | [o1,a] » a2,  [o2,a] = ap - a3> a*p) *
2

4>3(311)br - «a.^.aj.Og | [c^.a] - a,,,  [a2>a]r - ap = a3, ap - ap - ap - 1>

for    r - 1 or v

4>3(221)a - <a,a1,a2,a3 | [a^aj = o2,  [a2>a] - ap = a3> ap - ap » ap « 1 >

*3(221)br - <a,a1,a2,a3 | [a^a] = a,,,  [a2>a]r=a<p) = a*  , ap2= ap «ap - 1>

for    r « 1 oi v

*3(2111)c - (a,a:,a2,a3,Y | [a^a] = a2,   [a2>a] - YP = a3>ap= a^p) -1   (i-1,2,3) >

*3(2111)d - <a,a1,a2,a3 | [oi>a] - a1+1> ap = a<p)  = ap ■= 1   (i = l,2)>

*3(2111)e - (a.a^aj.Bj | [a^a] - a1+1> ap = ap'= ap+J = 1  (i-1,2))

(4) *u(221)a - (a.o^.Oj.^.Bj | [a^a] - B^ ap = 62> ap - By ap « Bp « 1 (i- 1,2))

*u(221)b - <a,a1,a2,g1,82 | [a(,a] - ßi, ap - ß2> ap - ß^ ap = ßp - 1 (i = l,2)>

♦^(221)0 - (a.a^a^.B,, | Cc^.a] - B1 - aj, ap - ßj - 1  (i-l,2)>

*lt(221)dr - (a.Oj.Oj.B^Bj | [a1>a] - B^ a[ - B*. ap - B2, ap - ßj - 1 (i-l,2)>

where    k - g       for    r « 1,2,   . ...Ijip-l)   .

^(221)6 - (a,a1,a2,ß1,ß2 | [a1>a] - B1> ap = B^, ap - ß1B2, ap - ßp - 1  (i-l,2)>

♦1((221)f0-<a,a1,a2,ß1,ß2 | [a^a] = B^ ap = ß2,  ap = ß^, ap - ßp » 1   (i»l,2)>

*1,(221)fr-<a,a1,o2,B1,B2 | Ca^a] - S±, ap = Bk, ap = B^, ap - 6P - 1 (i-l,2)>

where    4k - g2r+1 - 1     for    r ■  1,2.>s(p - 1)   .

4^(2111)3 - (a,a1,a2,ß1,ß2 | [a^a] - B±, ap - B^ ap - Bp = 1  (i-l,2)>

*u(2111)b - (a,a1,a2,ß1,ß2 | [c^.a] - B±, aP = Ba, ap = ap = ßp = 1  (i«l,2)>

\(2111)c - <a,a1,a2,ß1,ß2 | [a^a] = B^ ap - Bj, ap - ap - Bp = 1  (i-l,2)>

^(l5) - <a,a1,a2,B1,S2 I Ca^a] = B±, ap - aj - ßp - 1  (i-l,2)>

(5) t5(21U) • <a1,a2,a3,a4,B | ^.Oj] - [a^] = ap - ß, ap - ap = ap - Bp - 1>

t5(l5) - <a1,a2,a3,al(,ß | [a^Oj] - [Og.a,,] - ß, ap - ap - ap - ap - Bp - 1>

(e)    46(221)a - <a1,a2,B,B1,B2 | LBj.aj] - B,  CB^] - BjL - ap,  ßp - Bp - 1  (i-l,2)>

t6(221)br-<a1,a2,ß,ß1,ß2 | Ca^] - ß.Cß.a^ - B^ ap - &\, ap - ß2> ßp- ßp - 1 (i-l,2)>

where    k « gr    for    r • 1,2,   ....¡sip-l)   .

*6(221)cr -<a1,a2,B,ß1,ß2 | [a^] - B, [B.a^ - ß^ ap - ß^, ap - ß^ß|. ßp-ßP-l (i-1,2) >

for    r - 1 or    v
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*6(221)d0-<a1,a2,B,B1,B2 |Co1,a2]-B.[B,a1]-B1, ap-ß2, ap - B^, Bp - Bp-1  (i-l,2)>

♦6(221)dr-<a1,a2,B,B1,B2 I [a^] - ß.üß.a^ - ßj, ap - ßk, ap - BjBj.B^Bj- 1   (i-1,2) >

where    4k - g2r+1 - 1    for    r - 1,2.>s(p-l)   .

*6(2111)a - <a1,a2,ß,ß1,ß2|Ca1,a2]-ß,[ß,ai:-ß1, ap - Bj, ap = ßp = ßj - 1  (i-1,2))

for    p > 3

*6(2111)br-<a1,a2,ß,B1,ß2 | [a1,a2]-ß,[ß,a1]-ßi> ap-ßj, ap-ßp-ßp-l  (i-l,2)>

for    r « 1 or v  , and    p > 3  .

*6(15) - <a1,a2,ß,ß1,ß2 | [a1,a2]-B,[ß,a1]-ß1, ap-ßp-ßp- 1  (i-1,2)

(7) *7(2111)a = (a.aj.Bj.Bg.B | [a^a] = a±+1> [a^ß] = a3 = ap, a<p) -ap+1 = Bp = 1   (i-1,2) >

47(2111)br = <a,a1,a2,a3,ß | [a1>a] - a1+1> [a1,B]r = a* -a*p\ ap = ap+1 = ßp = 1 (i-1,2) >

for    r =  1 or    V  .

*7(2111)c = (a.Bj.Bj.ag.B | [a^a] -a1+1> [a^ß] = a3=ßp,ap=a^p)=ap+1=l (i-1,2))

4?(15) = <a,a1,a2,a3,ß | [a^a] = o.^.ta^p] = a3,ap = a<p) = ap+1 = ßp = 1- (1=1,2) >

2 2
(8) 4>B(32)  = <a1(a2,B | [a^a,,] = ß = ap,  Bp = ap = 1>

(9) 4g(2111)a - (a.Bj.a^ | [a^a] - a1+1, ap = a^,    a<p)  = a<p| = 1   (i-l,2,3)>

*g(2111)br = <a,a1.a4 | [a^a] - ai+1, a|p)  = ak, ap = a<p>  = 1   (i-1,2,3))

where    k = g      for    r+1  =  1,2.(p-1,3)

4g(l5)  - (a.Bj,   ...,au | [a^a] = 0^, ap = a<p)  - a<p>  = 1   (1-1,2,3))

(10)    410(2111)ar- (a.Bj.aj [a^a] = a^.Ca^]1* = ak = ap, a<p) = a<p>  ■  1   (1=1,2,3))

where    k = gr    for    r+1 •  1,2,   ...,(p-l,4)   .

*10(2111)br-<a,a1.au | [a.,a] = a1+l'[Va2]k = ak -a<p), <xp = a<pJ - 1   (i=l,2,3)>

where    k = g      for    r+1 =  1,2,   ...,(p-l,3)   ,  and where    p > 3   .

4>10(15)  -<a,ai.a^ | [a1,aj-ai+1,[a1,a2]-   i\,c.p-t.¡pl.a[j¡ -  1   (1=1,2,3))

4.6 The groups of order p .

(1) Abelian:  (6), (51), (42), (411), (33), (321), (3111), (222), (2211), (21**), (l6).

(2) *2(411)a = *2(41)x(l), t2(321)ai = 4^,(32)3^(1) (i-1,2), *2(321)b = *2(31)x(2),

*2(321)e = *2(21)x(3), *2(3111)a = *2(311)ax(l), *2(3111)b = *2(311)bx(l),

*2(3111)c - *2(311)cx(l), *2(3111)d = 42(lll)x(3), 42(222)a = 42(22)x(2),

42(2211)a = 42(221)ax(l), *2(2211)b = *2(221)bx(l), *2(2211)c = 42(221)cx(l),

42(2211)d - 42(221)dx(l), 42(2211)e = 42(211)bx(2), 42(2211)f = »2<21l)cx(2),

42(2l'*)a = 42(2111)ax(l), 42(2l't)b = *2(21U)bx(l) , 42(2l")c = *2(2111)cx(l),

42(2l")d = 42(2111)dx(l), *2(1B) - 42(l6)x(l).

ap\ ap - a? = 1 >42(51) = (a.Bj.Bj | [Bj.b] = a2 - ap , ap - ap - 1>
3    2

42(42)a;1 = (a.Bj.Bj | [Bj.o] = a2 = ap , ap = ap - 1 >

42(42)a2 = (a,a ,a2 | [a a] - a - ap , ap - ap = 1>

42(411)b - (a.a^Bj.Y | Ca ,a] - a - yP , ap = ap - ap - 1 >
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42(411)c - <o,o1(a2 | Ca1,a] = a2> ap = ap - ap = 1>
2 3

42(33) - (a.aj.OjICa ,a] = a2 = ap  , ap = ap = 1)

42(321)c • <a,a  ,a2,Y I [a^a] = a2 = yP, ap = ap = ap = 1 >
2 2

42(321)d = <a,a1,a2,Y | [a,,a] = a2 = YP, ap - ap = ap =  1>

4 (321)f • <a,a ,a   | [a ,aj = a  , ap = aP - ap =  1>
2 2

42(222)b = <a,a1,a2,Y I Ca ,a] = a2 = YP, ap - ap = ap =  1>

(3)     43(3111)3 =43(311)ax(l),  *3(31U)br= 43(311)brx(l)   (r =  1 or u),

4  (2211)a = 4  (221)ax(l),  4 (2211)b   = 4  (221)b  x(l)   (r =  1  or v),

43(21 )s - 43(2111)ax(l), *3(21 )br = 43(2111)brx(l)   (r =  1 or v),

4,(2lV = 4 (2111)c*(l),  *  (2l")d = 4  (2111)dx(l),  4  (2l")e - 4  (2111)ex(l),'3V       ' -j»."»/^   •.-,,   -3^^  /«       -3v

t3(2l")f - 43(l'*)x(2),  43(16)  = 43(l5)x(l),

43(411)a = <a,a1,a2,a3|[a1,a]-a2,[a2,a]=ap =a3,ajp'=ap=ap=l>

4 (411)b    = <a,a ,a2,a3|[a ,cü=a2,[a2,a]r=ap =o3,op=ap=ap=l>      r= 1 or v

43(321)a - (a,a1,a2,a3|[a1,a]-a2,[a2,a]=ap =a3,ap =ap=ap=l>

43(321)br = <a,a1,a2,a3|[a1,a]=a2,Ca2,a]r=a^p)-a3=,ap =ap-ap=l>      r=1 or v

(321)c    = <a,a ,a2,a3|[a ,a]-a2,Ca2,a]r-ap "a3>ap =a2=ap=l> r= 1 or

43(321)d - (a,a1,a2,a3|Ca1,a]=a2,[a2,a]-ap=a3,ap =ap=aP=l>

43(3111)c - (a.Bj.aj.ag.YlCa ,a]=a2,[a2,a]-YP =a3>ap=ajp =ap=ap=l>

43(3111)d = (a,a1,a2,a3|[a1,a]-a2,[a2,a]-a3,ap =ajp)=op-ap=l>

43(3111)e = <a,a1,a2,a3|[a1,a]=a2,[a2,a]=a3,ap-ap =ap=ap=l>
2

43(2211)d ■ <a,a1,a2,a3,Y|[a1,a]-a2,[a2,a]-YP-a3,ap=ap =ap=ap=l >

43(2211)f = (a,a1,a2,o3,Y|[a1,aj=o2,[a2,a]=YP=a3,ap =OjP>=ap=ap=l>
2 2

43(2211)g = (a,a1,a2,a3|[a1,a]=a2,[a2,a]-a3,ap -ap =ap=ap=l>

(4)    4^(2211)3 - 4u(221)ax(l),  4^(2211)b - t^Dbxd),  41)(2211)c - •1((221)ex(l),

t1|(2211)dr = 4u(221)drx(l)  for r-1,2.>i(p-l),  4^(2211)6 - ♦lt(221)ex(l),

414(2211)fr - 41((221)frx(l)   for r-0,1.¡sip-l),   *1((211')a - 4^(2111)ax(l) ,

4lj(2l',)b - 4li(2111)bx(l),   414(2l't)c - 41((2111)cx(l) .^ (l6)  = *u(l5)x(l)

4^(321)3 - <a,a1,a2,B1,ß2|[ai,a]-ß1,ap2=ß1,ap-ß2,ap=ßp=l(i-l,2)>

*1)(321)b = <a,a1,a2,ß1,ß2|[ai,a]-ßi,ap -ß1,ap=ß2,ap-ßp-l(i=l,2) >

4^(321)c - <a,a1,a2,B1,B2|[a1,a]-B1,ap-B2,ap -6^3^=1(1=1,2) >

4^(321)d - <o,a1,a2,B1,B2|Ca1,a3-Bi,ap-B2,op -ßj.aF.-ßJ-Hi-l^) >

4lt(321)er - <a,a1,a2,ß1,ß2|[a1,a]-ß1,ap -ß1,op=ß^,ap=ßp-l(i-l,2)> for r-1,2,.-,p-1
2

41)(321)fr - <a,a1>a2,ß1,ß2|[ai,o]-ß1,ap-ß^,ap -B^a^Bj-Ki-l^)) for r-1 or \)

4^(3111)3 - <a,o1,o2,ß1,B2|ra1,a3-ß1,ap ^,0^-1(1-1,2) >
2

41|(31U)b - (a,a1,a2,ß1,ß2![a1,a]-ßi,ap -ß1,ap-ap-ßp-l(i-l,2)>

*u(3111)e = (a,a1,a2,B1,B2![a1,a>Bi,ap -ß1,ap-op-ßp=l(l-l,2) >

*4(222)a - (a,a1,a2,ß1,ß2|Ca1,a>S1-ap,ap =Bp-l(i-l,2) >

44(222)br - <a,a1,a2,ß1,ß2|Ca1,o]-ßi,ap-ßk,ap-ß2,ap2-Bp-l(i-l,2)>

where    k - g      for    r - 1,2.*i(p-l).
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41)(222)c = (a,a1,a2,ß:1,ß2|[a1,a>ß1,ap-ß1,ap=ß2,aP =Bp-l(l-l,2) >

41)(222)d1 - <a,a1,a2,ß1,ß2|[a1,a]-ß1,aJ-B2!',ap-ß1ß2,ap -ßj-l(i-l,2) >

4lt(222)d2 - <a,a1,a2,ß1,ß2|ra1,a>ß1,ap-ß2,ap=ß1,ap -ßp-l(i-l,2) >

4^(222)e0 - (a,a1,o2,ß1,B2|[o1,o>ßi,op-ß2,ap=ß^,ap =ßp=l(i-l,2) >

4u(222)er - <a,a1,a2,ß1,ß2|:a1,a]-ß1,ap-ß2,ap-ß1ß2,ap =ßp=l(i=l,2)>

where    4k - g2r+1 - 1    for    r-1,2.>s(p-l).

41((2211)g = <a,a1,a2,ß1,ß2,Y|ta1,a]-ß1,Yp-B2,ap=ß1,ap-ßp=l(i-l,2)>

4^(2211)h = <a,a1,a2,ß1,ß2,Y|[a1,a]-ßi,YP=ß2,aJ-ß1,ap-ap=ßp-l(i-l,2)>

4^(2211)1 - (a,a1,a2,ß1,ß2,Y|[a1,o]-ß1,YP-ß2,op=ß1,ap-ap=ßp-l(i=l,2)>

t1)(2211)j1 - <a,a1,a2,ß1,ß2|[a1,a]-ß1,ap-ß1,ap2=ap-ßp-l(i-l,2)>

4lt(2211)j2 - <B,a1,a2,ß1,ß2|[a1,a]-ß1,ap-ß1,ap2-ap-ßp-l(i-l,2)>

41)(2211)k   - (a,a1,a2,ß1,ß2|[ai,a]-ß1,ap-ß2,aj2-ap-ßp-l(i-l,2)>

*ltC2211)H = (a,a1,a2,ß1,ß2|[ai,a]-ß1,ap-ß1,ap =ap=ßp=l(l=l,2) )

4^(2211)01 = <a,a1,a2,ß1,ß2|[ai,a]=ß1,ap=ß2,ap =ap=ßp=l(i=l,2)>
2

41((2211)n = <a,a1,a2,ß1,B2|[ai,a]=ß1,ap-ß1,ap -ap-ßp-l(i-1,2) >

414(2lV = <a,a1,a2,ß1,ß2,Y|[a1,a]=ßi,YP=ß1,ap-ap-ßp-l(i=l,2)>

41((2l'*)e = (a,o1,a2,ß1,ß2|[a1,a]-ß1,ap =ap=ßp=1(1=1,2) >

414(2l")f = (a.a^aj.ßj.ßjIta^aD-ß^aJ =8^=0^=1(1=1,2))

(5) 45(2l")a = 45(2111)x(l),  *,.(16)  = 45(l5)x(l),

45(311) = <a1,a2,a3,a1|,ß|[a1,a2>[a3,a1(]-ap =ß,ap=op=op=ßp=l>

45(2211)3 = <a1,a2,o3,o1|,ß|[o1,a2]-[a3,alt]=ap=ß,ap -ap-ap=ßp=l >
2

45(2211)b = <a1,a2,a3,olt,ß|[a1,a2]=[a3,alt]=ap=ß,ap =ap=ap=ßp=l>

45(2l'*)b = <a1,a2,a3,BH,ß,Y|[o1,a2>[a3,alt]=YP=ß,ap=ßp=l(i=l,2,3,4) >

45(2l")c = (a1,a2,a3,au,ß|[a1,a2]=[a3,a4]=ß,ap =ap=ap=ap=ßp=l>

(6) Note:  In this fsmily, a^p) = apßW

4,(2211)a =  4,(221)ax(l),   *   (2211)b    =  4„(221)b  x(l)   r-1,2,... ,!i(p-l) ,
b b b r b r

4e(2211)c - 4e(221)c x(l)  r-i 0r V,  *  (2211)d    = 4  (221)d x(l)  r=0,l.>s(p-l),6r6r 6rbr

4,(2l't)a-*..(2m)ax(l),»(2l'')b =4  (2111)b x(l)  r-1 or v,4, (l6)-4, (l5)x(l) ,
ob bror o o

46(321)ar - (a1,a2,e.,e,1,S2\La1,a2>&,ífi,aí>&í,al =ß1 ,op=ß2>ßp-ßp=l(i=l,2) >

for    r= 1,2.p-1   ,

46(321)brjS =(o1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,ai]-ß1,o1(p)-ß^,ap2=ß^ßp-ßp-l(i-l,2)>

for    r,s * 1 or v  ,

46(3111)3 =<a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,a1D-ß1,ap2=ß1,ap-ßp=ßp=l(i=l,2))

46(3111)br - ( a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,ai]=ß1,ap -ßj,a1(p) = ßp=8p=l(l=l,2)>

for    r = 1 or v  ,

46(2211)e ' < a1,a2,&,&1,è2,y\ia1,a2l'È,i6,ai>&iy'a2,cSP'>'&iy2 =ßp-ßp=l(1=1,2) >

46(2211)fr -(a1,a2,ß,ß1,ß2,Y|ra1,a2]=ß,[ß,ai]-ß1,YP-e2,op-ßj,aJp)-ßp-ßp-l(i-l,2)>

for    r « 1 or   v ,

46(2211)g -(o1,a2.ß,ßi,ß2|[a1,a2l-B,Cß,ai:-ßi,op-B2,ap2-ßp-ßp-l(i-l>2)>

46(2211)hr - (aj.Oj.ß.ßj.ß^ta^a^-ß.Cß.a^-ß^-ßj.aJ -ßp=ßp=l(i=l,2)>
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for    r = 1 or V

*6(2l")c = <a1,a2,ß,ß1,ß2,Y|[o1,a2]=ß,[ß,ai]=ßi,YP=ß1,a1(p)-ap-ßp-ßp=l(i=l,2))

46(211))d = <a1,o2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ßi,ap =ap=ßp=ßp=l(l=l,2) >

(7)     *7(2l'*)a = *7(2111)ax(l),   47(21U)br = 47(2111)brx(l)   r-1  or v,   *7(2lV = 47(2111)cx(l),

47(16) = 47(l5)x(l),

47(3111)a = <a,a1,a2,a3,ß|[o1,a]-o1+1,[o1,ß]-ap -o3,a^p)-op+1-Bp-l(i-l,2)>

47(3111)br = <a,a1,a2,a3,ß|[a1,a]=a1+1,[a1,ß]r=ap =o3,ap=ap+1=ßp=l(i=l,2)>

for    r = 1  or V

47(3111)c = <a,a1,a2,a3,ß|[ai,a]-a1+1,[a1,ß]-ßp2=a3,ap=a^p)=ap+1=l(i=l,2)>
2

47(2211)a - <a,a1,a2,a3,ß|[ai,a]-ai+1,[a1,ß]=ap-a3,ap =op+1-ßp=l(i-1,2)>

47(2211)br = <a,a1,a2,a3,ß|[a1,a]=a1+1,:a1,ß]r=a^p)-a3,ap2=ap+1=ßp=l(l=l,2)>

for    r = 1 or V

47(2211)c = <a,a1,o2,a3,ß|[ai,a]=o1+1,[a1,ß]=ap=a3,ßp =ajp)=ap+1=l(i=l,2)>

*7(2211)dr = <o,o1,a2,a3,ß|[a1,a]=a1+1,[a1,ß]r=aJp)=a3,ßp -ap=op+1=l(i=l,2)>

for    r = 1 or v

*7(22U)e = <a,a1,a2,a3,ß|[ai,a]=a1+1,[a1,ß]=ßp=a3,ap2=ap=ap+1=l(i=l,2)>

47(2211)f = <a,a1,o2,a3,ß|[ai,a]=a1+1,[a1,ß]=ßp=a3,ap2=a1(p)=ap+1 = l(l=l,2)>

47(2l")d = <a,a1,a2,a3,ß,Y|[a.,a]=a1+1,[a1,ß]=YP=a3,ap=aJp)=ap+1=ßp=l(i=l,2)>

*7(2lV = <a,a1,a2,a3,ß|[ai,a]=a1+1,[a1,ß]=a3,ap2=a^p)=op+1=ßp=l(l=l,2)>

*7(2l")f = <o,a1,o2,a3,8|[a1,a]=o1+1,[a1,ß]=a3,ap2=ap=ap+1=ßp=l(l=l,2)>

47(2l'4)g = <a,a1,a2,a3,ß|[ai,a>o1+1,[a1,ß]=a3,ßp2=ap=a1(p)=op+1=l(i=l,2)>

(8) 48(42) = (a1,a2,ß|[a1,o2]=ctp=ß,rß,a2l = ßp,ap3=8°2=l>

48(33) = (a1,a2,ß|[a1,a2]-ß=ap,[ß,a2J.ßp,ap3.Bp2=l>

48(321)a = 4g(32)x(l)

48(321)b = <a1,a2,ß,Y|[a1,a2]=ß=ap,[ß,o2]=ßp=YP,ap2=8p2=l>

48(321)cr = <a1,a2,ß|[a1,a2]=ß,[ß,a2]r+1=ßp<r+1>=.ap2,op2=ßp2il>    for    r-0,1.p-2

*8(321)CP-1  " <ai'a2'Bl[ai'0l2:l"ß'Cß'a2>eP"a22'af-ßp2-1>

48(222) - <a1,a2,ß|[o1,a2>ß,[ß,a2>ßp,ap2-ap2-Bp2-l>

(9) 4g(2l")a - 4g(2111)ax(l),  Í9(2l")br - 49(2111)brx(l)    for    r+1-1,2.(p-1,3),

49(16) - *9(l5)x(l),

♦9(3111)a-<o,o1.ai»IC°li.'»]ra1+1,ap2-au,o1(l,)-a{pJ-l  (i-l,2,3)>

4g(3111)br -<a,ai.ait|Ca1,aD-a1+1 ,aP2-a^,ap-a^-l  (1-1,2,3))

where    k - gr    for    r+1 - 1,2.(p-1,3)

49(2211)a - (a,a1.\\tai<«^±+V*K%.*f'^'1   (i-l.2,3)>

*9(2211)br -(o.Oj.aJCo1.»3-o1+1.a1(p)-ak,ap2-o^-l   (1-1,2,3))

where    k = gr    for    r+1 - 1,2.(p-1,3)

49(2l")c -(o.Oj.alt,Y¡Ca1,a]-a1+1,YP-a1),ap=a<p)-a^-l  (i-1,2,3))

4g(211,)d -(a,a1.aJCa^aJ-a^.a^-a^-a^j-l  (i-l,2,3)>

*9(2l")e - <a,oa.a^l^.oD-a^j.oJ -ap-a^-l  (i-l,2,3)>
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(10)     410(2lVr - *10(2111)arx(l)    for    r + 1 -1,2.(p-1,4),

*10(21 )br - 410(2111)brx(l)    for    r+1 - 1,2,   ...,(p-l,3) and where    p > 3,

*10O6> - 410(l5)x(l),

»10(3111).r -<a,ai.olt|[a1,o]-a1+1,[a1,o2Jk-ap2-aJ;,aip)-a^-l  (i-l,2,3)>

where    k - gr for r+1 - 1,2.(p-1,4)

410(3111)br -(«.Oj.alt|[a1,a]-a1+1,[o1,o2]k-ap2-ak,ap-a^-l (i-1,2,3))

where    k - gr for r+1 - 1,2.(p-1,3)

410(2211)ar -<«,0l.a1(|[a1,a]-o1+1,[o1,a2]k^p-ak,ap2-a^-l  (1-1,2,3))

where    k - gr for r+1 - 1,2,   ...(p-1,4)

»10(2211)br -<a,a1.aj[ai,a]-a1+1,[a1,a2]k-a^p)-ak,ap2-a^-l  (i-l,2,3)>

where    k-g    forr+1-1,2,   ...,(p-l,3)

410(2l")c -<a.0l.a4,Y|[ai,a]-a1+1,[a1,a2>YP-a^ap-a<p)-a^-l  (i-1,2,3))

410(2l")d - <a,0l.alt|[a1,a]-a1+1.[a1,a23-al(,ap2-a1(p)-a^-l  (i-l,2.3)>

»10(2l't)e - <o,o1.<»JCa1,a]-a1+1,[a1,a2]-al(,ap -ap-a^-l  (1-1,2,3))

(U)    4n(222)3r - (a^ß,.   ...,o3,ß3|[a1,a2]-ap=B3,[a2,o3]=op=ß1,[o3,a1]-ß2,ap=ß^1,ßp=ßp=ßp=l>

for    r = 1 or v

411(222)br = <a1,ß1.o3,ß3|ta1,a2]=ap=ß3,[o2,a3]-ß1,[a3,a1]=ß2,aP=ß^1,ap=ß1ß2,ßp=ßp=ßp=l>

for r=l,2,   —,p-2   ,  where at least two of    -r,   -(r+1),  -(r+l)/r    are quadratic residues  (mod p)

4n(222)c = U1,ß1.o3,ß31 [a, ,0,3-«,. [a^l-a^-B,, [a^ ]=B2,aP=B¡\,ap=Bie2,6p=8p=SP=l )

411(222)d0=(a1,ß1.a3,ß3|[a1,a2>ap=ß3,[a2>a3]=ap=ß1,[a3,a1]=a-p=ß2,ßp-ßp=ßp=l>

4n(222)dr = <a1,ß1.o3,ß3|[a1,a2]=ap=ß3,[a2,a3]=ß1,[a3,o1]=ß2,ap=ß^1,ap=ß1ß2,ßp=ßP=ßp=l>

for r=l,2,   _,p-2   ,  where at most one of    -r,  -(r+1),  -(r+l)/r    is a quadratic residue  (mod p)

V222)dp-l=<V8l.a3-63lCal'a2]=aH'[a2>a3]-aH'C°3'a1]=a2=ß2-ßre2=B3=1>

4n(2211)3 = <vßl.a3>ß3|[a1,a2]=ß3,[a2,a3]=ap=ap-ß1,[o3,«1]=ß2,aP=ß^1ß3,ßp=ßp=ßp=l>

•u(22U)b = <a1,ß1.a3,ß3|[«1,«2]=ap=ß3,[a2,a3]=ß1,[a3,a1]=ß2,a-p=ap=ß1ß2,ßp=ßp=ßp=l>

4ll(2211)c - <vßl.a3,ß3|[a1,a2]=ß3,[a2,a3]=ap=ß1,[a3,a1]=a-p=ß2,ap=ßP=ßp=ß3P=l>

411(2211)dr=(a1,ß1.a3,ß3|[a1,a2]=ß3,[a2,a3]=ap=ß1,[a3,a1]r=ap=ßf,op-ßp=ßp=ßp=l>

for r = 0,1

4n(2211)dr = (o1,ß1.a3,ß3|[a1,a2]=ß3,[a2,a3]=ß1,[a?a13=ß2,ap=ß-r2ß^ap=ß1ß2,ap=ßP=ep=ß^

for r = 2,3.*s(p-l)

4ll(2211)e - (a1,ß1.a3>ß31ta^M,.:a2,a3]=ap-81,[a3,a1]=ß2,aP=81ß^1,ap=ßp=ßp=ep=l>

4n(2211)fr=(a1,ß1.a?ß3|[a1,a2]=ß3,[a2,a3]=ß1,[a3,a1]=ß2,aP=ßkß^,ap=ß1ß2,ap=ßP=ßp=ßp=l>

where    k = -vr2  for r = l,2.*i(p-l)

411(2l'4)a = (a^.a3,ß3|[a1,a2]=ß3,[a2,a3]=ß1ia3,a1]=aP=ß2,ap-ap-ßP=ßp=ßp=l>

*11(2i'*)b = (^.Bj.  ...,a3,ß3|Ca1.a2]-ß3>Ca2,a3)^P-ß1.Ca3,a1]-ß2,aP^p-ßP-ß|-ß|.l>

Vl6>   =<al-Sl.a3-ß3lfal'°2]=ß3-ta2'a3]=ßl>[a3-ai]=e2>aH=1   «■*.*.»>

(12)     412(2211)a = (o1,a2,ß1,ß2,Y1,Y2|[a1,ß1]=Y1,ap=Y1,ßP=Y2,ap=ßp=YP=l  (1=1,2)>

412(2211)b

412(2211)c = <a1,a2,ß1,ß2,Y1,Y2li:ai,ß1]=Y1,ap=Y:lY2,ap=Y2,ßP=T^l (1-1,2)1

412(2211)d = <a1,a2,B1,ß2,Y1,Y2|[a1,B1]-Y1.ap-Y2.aP'
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412(221l)e = <o1,a2,ß1,ß2,Y1,Y2|Cal4Bi3-Y1,oP-Y1Y2,aP-Y1,ßp-YP-l  (i-1,2)>

412(2211)f =<a1,a2,ß1,ß2,Y1,Y2|[a1,ß.]-Y1,oP=a2P=Y1,ßP=Y2,ßP=YP=l   (i-1,2))

412(2211)g = <a1,a2,ß1,ß2,Y1,Y2|[a1,ß1]=Yi,ap=Y1,a^ßP=Y2,ßp=YP=l   (1=1,2))

412(2211)h = <a1,a2,ß1,ß2,Y1,Y2|[a1,ß1]=Y1,ap=ßp=Y1,ap=ßp=Y2,YP=l   (1=1,2))

412(2211)1  = <a1,o2,ß1,ß2,Y1,Y2lta1,ß1>Y1,oP=Y1,oP=Y1Y2,ßP=Y2,ß^=Y?=l   (1-1.2) >

412(21U)a = *2(21)x*2(lll)

412(2l")b - (a1,a2,ß1,ß2,Y1,Y2|[a.,ß1]-Y1,ap=Y1Y2,ap=ßJ=YP=l  (1=1,2))

*12(2lY = <a1,o2,81,ß2,Y1.Y2|[a1,ei>-Yi.aP-Y2,e|-ep-YP-l (i-1,2) >

412(2l'*)d = <a1,a2,ß1,62,Y1,Y2|[a1,ß1]=Y1,ap=ap=Y1,ßp=YP=l  (i-1,2) >

412(2l")e - <a1,a2,ß1,ß2,Y1,Y2|[o1,ßi]-Y1,op-ap=Y:1Y2,ßP=YP=l   (1=1,2) >

412(16)  - *2(lll)x42(lll)

(13)     413(2211)a = <a1,   .

413(2211)b = (ar   .

413(2211)cr=<a1,

for r = 1 or V

*13(2211)d = <av   .

413(2211)er=<a1,

for r= 1,2,   ...,p-l

*13(2211)f = (a1F

♦13uiV - <v
413(21^)b = <a1,

#13(2lV-<a1.

413(16)=<V   .,

..,a1(,ß1,ß2|[o1,ai+1]-ß1,[a2,a1)]-ap-ß2,ap-ß1,ap-ap-ßp-l (i-1,2))

..,olt,ß1,ß2|[a1,o1+1]=ß1,[a2,alt>ap-ß2,ap-ß1,ap-ap-ßp-l (i-1,2))

...,a14,ß1,ß2|[a1,ai+1]-ß.,[a2,aH]r=ap=ß^,ap=ß1,ap=aJ=ßp=l   (i-1,2))

..,olt,ß1,ß2|[o1,a1+1>ß1,[o2,altJ-ap-ß2,ap-ß1,ap«lp-ßp-l (1=1,2) >

...,%,ß1,ß2|[a1.om>ß1>[a2.alt]r-ap.ß5,op-ß1,ap^p-8p-l (i-l,2)>

..,avß1,ß2|[a1,a1+1]=ß.,[a2,al(]=ap=ß2,ap=ß1,ap=ap=ßp=l  (i-1,2) >

.,a4,ß1,ß2|[a1,a1+1]=ß1,[a2,a4>ß2,aP-ß1,ap+1=ap=ßp=l   (1=1,2))

.,a4,ß1,ß2|[a1,a1+1]=ß1,ta2,a4]=aP=ß2,«p+1=ap=ßp-l   (1=1,2))

.,a[(,ß1,ß2|[a1,a1+1]=ßi,[a2,a14>ap=ß2,ap=ap=ßp-l   (1=1,2))

. ,av ß1, ß2 | [oj ,a.+1 ]=ß1, [a2 .a^ ]-ß2 ,ap=ß1 ,ap-ap.ßp-l   (1=1,2) >

o1(,ß1,ß2|ta1,a1+1]=ß1,[a2,a1(]-ß2,ap-ap-op-ßp-l   (1=1,2))

(14)    41H(42)  = (o1,a2,ß|Ca1,a2]=ß,ap =ß,ap =BP =1>

4llt(321)  = <a1,a2,ß|ta1,a2]=ß,ap2=ßp,ap =ßp =1)

4^(222)  = (a1,a2,ß|[a1,a2>ß,ap2=ap2=ßp =1)

(15)    *15(2211)a = (Oj,   ...,al4,ß1,ß2|[a1,ai+1]=ß1,[a3,alt]=ap-ß1,[a2,al4]=a8p=^,ap=op=ßp=l   (i-1,2))

415(2211)br>s=(a1.%.31.»2IC^.»1^M1.C^.^><1.taa.S3k-«»-^.a;^.ii-^-l

(1=1,2)>

where    k = g and    g   = g  (g - r )     for    r=l,2.Is(p-l)    and    s-0,1,   ... ,m  ,with

m = 4(p-3)+n - 2[Í5n] and  [^n] = integral part of    Vi   ;

415(2211)c = (Oj, alt,ß1,ß2|[a1,a.+1]=ß1,[a3,au]=aP-ß1,[a2A].a;p=ß^,ap+1-ßp=l  (1=1,2))

1-r8 „P=Rk „P    _rP.415(2211)dr = <ax.a1),ß1,ß2|[a1,a1+1]=ß1,[a3,au]=ap=ß1,[a2,alt]=ß»,ap=ß^,ap+1=ßj-l   (1=1,2))

where    k. = g      for    r » 1,2,   ... A(p-l)   ;

A2i ) ■ <a. .,avß1,ß2|Ca1,a1+1]=ß.,[a3,au]=ap=ß1,[a2,alt]=ß8,ap+1=ap=ßp=l   (i-1,2) >

415d6)  -<a1.alt,ß1,ß2|[a1,o1+i:-ßi,[a3,alt]=ß1,[a2,alt]-ß|,ap=ap=ap=ßp=l   (1=1,2))
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(16) 416(2211)a = <a,a1,a2,a3,B,Y|toi,a]-a1+1,[ß,o]=ßp=Y,op-a3,aJp)=ap+1=YP=l (1=1,2))

*16(2211)b = <a,a1,a2,o3,ß,Y|[a1,a]=ai+1,[ß,a]=ap=Y,ßp=a3,a1(p)-ap+1-YP=l (1=1,2))

416(2211)cr = (a,a1,a2,a3,ß,Y|[a1,a]=a1+1,Cß,a]=ßp=Y,aJp)=a3,ap=ap+1=YP=l (1=1,2) >

for r = l,2.p-1

416(2211)dr = <a,o1,a2,a3,ß,Y|Ca1,a]=a1+1,[ß,o]k=a|p)-Yk,ßp=a3,ap=ap+1=YP=l (1=1,2))

where k = g  for r+l = l,2.(p-1,3)

416(2211)e = <a,a1,a2,a3,ß,Y|[a1,a]=ai+1,[ß,a]=a^p)=Y,ap-a3,ßp=ap+1=YP=l (1=1,2))

416(2211)fr = <a,a1,a2,a3,ß,Y|[a1,a>a1+1,[ß,a]=ap=Y,o^p)=a3,ßp=ap+1=YP=l (1=1,2) >

for r = 1 or v

416(2l")a= <a,o1,o2,a3,ß,Y|[a1,a]=a.+1,[ß,o]=Y,ap=a3,a^p)=ßp=ap+1=YP=l (1=1,2))

416(21U)b= <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a]=ap=Y,a^p)=ßp=ap+1=YP=l (1=1,2))

416(2l")c = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a]=ßp=Y,ap=a^p)=ap+1=YP=l (1=1,2)>

416(2l")d = <a,a1,a2,a3,ß,Y|[a1,o]=a1+1,[ß,a]=Y,ßp=a3,ap-a^p)=ap+1=YP=l (1=1,2))

416(2lVr = <a,a1,a2,o3,ß,Y|[a1,o]=a1+1,[ß,a]=Y,aJp)=a3,op=ßp=op+1=YP=l (1=1,2))

for r = 1 or v

416(2l'*)f = <o,a1,o2,a3,ß,Y|[a1,a]=a1+1,[ß,a]=aJp)=Y,op=ßp=ap+1=YP=l (1=1,2))

416(16) = <a,a1,o2,a3,ß,Y|[a1,a]=ai+1,[ß,a]=Y,ap=aJp)=ßp-ap+1=YP=l (1=1,2))

(17) 417(2211)a = (a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=ßp=Y,ap=a3,ap=ap+1=YP=l (1=1,2))

417(2211)br = (a,a1,a2,a3,ß,Y|[ai,a]=a1+1,[ß,a1]=ßp=Y,ap=a3,ap-ap+1-YP=l (i-1,2))

for r = 1 or v

417(2211)c = <a,a1,a2,a3,ß,Y|[a1,a]=ai+1,[ß,a1]=Y,ap=a3,ßp=a3Y,ap=ap+1=YP=l (1=1,2)>

417(2211)d = <o,a1,a2,a3,ß,Y|Ca1,a]=a1+1,[ß,a1]=op=Y,ßP=a3,ap=ap+1=YP=l (1=1,2)>

417(2211)er = (a,a1,o2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=Y,ap=a3,ßp=a3Y,ap=ap+1=YP=l (1=1,2))

for r = 1 or v

417(2211)f = <a,o1,o2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=op=Y,ßP=a3,op=ap+1=YP=l (1=1,2))

417(2211)gr = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=ßp=Y,op=a3,ap=a3,ap+1=YP=l (1=1,2))

for r-1,2.P-1

417(2211)hr = <a,a1,a2,a3,ß,Y|[a1,o]=a1+1,[ß,a1]=ap=Y,ap=Yk,ßP=a3,ap+1=YP=l (1=1,2)>

where k = gr for r+1 = 1,2, ...,(p-l,3)

417(2211)ir = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=Y,op=a3,ap=a3,ßp=a3Y,ap+1=YP=l (1=1,2))

for  r = 1,2.p-1

417(2211)j = <a,a1,a2,a3,ß,Y|[ai,a]=a1+1,[ß,a1]=ap=Y,ap=a3,ßp=ap+1=YP=l (1=1,2)>

417(2211)krjS=(a,a1,a2,a3,ß,Y|Ca1,a]=a1+1,[ß,a1]=Y,ap=a3-s+rSYS,ap=o^(1"s)Y,ßp=aJ+1=YP=l

(1=1,2))

for r = 1 or V and s = 0 or 1

41?(2211)ilr)S=(o,a1,a2,a3,ß,Y|[a1,a]-ai+1,[ß,a1]-Y,ap-a^+8Y,aP-a^Y,ßP-aP+1-YP-l (1=1,2) >

for r = l or v and 8 = 1,2, ...,p-l

417(2211)mrig=<a,a1,a2,a3,ß,Y|Ca1,o]=a1+1,[ß,a1]=Y,ap-a^Y,aP-a^,ßp-ap+1-YP-l (1=1,2)>

for r - 1 or v and s = 0 or 1

417(2l',)a = <a,a1,a2,a3,B,Y|[a1,a]-a1+1,[8,a1]-Y,ap=a3,Bp-aJ-ap+1=YP-l (1=1,2))
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417(2l't)br - <a,a1,a2,a3,ß,Y|[ai,a]-ai+1,[ß,a1]=Y,ap-a^,ap-ßp-ap+1=YP=l  (1=1,2))

for    r = 1  or v

417(2lV = (a,a1,a2,a3,ß,Y|Cai,a]=a1+1,[ß,a1]=ap=Y,ßp=ap=ap+1=YP-l (1=1,2))

417(2l")d = (o,o1,a2,a3,ß,Y|[o1,a]=ai+1,[ß,a1]=Y,ap=a3Y,ßP=ap=ap+1=rp=l (1=1,2))

417(21 )e = <a,a1,a2,a3,ß,Y|ta1,a]-a1+1,[ß,a1]-ap=Y,ap=ßp=ap+1=YP=l (i-1,2))

*17(2l',)fr = (a,a1,a2,a3,ß,Y|[ai,a]=a1+1,[ß,a1]=Y,ap=a3Y,ap-ßp=ap+1=YP=l (i-1,2)>

for r = 1 or v

*17(2l'*)g - (a,a1,a2,a3,ß,Y|Cai,a]=a1+1,[ß,a1]=ßp=Y,ap=ap=ap+1=YP=l (i-l,2).>

417(2l'*)h = (a,a1,a2,a3,ß,Y|[ai,a]=a1+1,[ß,o1]=Y,ßP=o3,ap=ap=ap+1=YP=l (1=1,2))

*17(21U)i = <a,a1,a2,o3,ß,Y|[al,a]=ai+1,[ß,o1]=Y,ßP=o3Y,ap=op-op+1=YP=l (1=1,2))

417(2l'*)jr = <o,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,o1]=Y,arp=ap=a3,ßp=ap+1=YP=l (i-1,2)>

for r = 1 or v

*17(2lY = (a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]-ap=ap=Y,ßp=ap+1=YP=l (1=1,2))

417(2l")«lr = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[ß,a1]=Y,ap=ap=a3Y,ßP=op+1=YP=l .(i-1,2).)—

for r = 1 or v

417(1 ) = (a,a1,a2,a3,ß,Y|Ca1,a]=a1+1,[ß,a1]=Y,ap=ßp=ap=op+1=YP=l (1=1,2))

(18) 418(2211)a = <a,a1,a2,a3,ß,Y|[ai,a]-a1+1,[a1,ß]=ap=a3,[o,ß]=ßp=Y,a1(p)=ap+1=YP=l (1=1,2))

*18(2211)br = <a,a1,a2,a3,ß,Y|[oi,a]=a1+1,ta1,ß]=ßp=a3,[a,ß]r=ap=Yr,aJp)=aJ+1=YP=l (1=1,2))

for r = 1 or V

*18(2211)cr = <a,a1,a2,a3,ß,Y|[ai,a]=a1+1,[a1,ß]r-a1(p)=a3,[a,ß]=ßp=Y,op-ap+1=YP=l (1=1,2))

for r = 1,2.p-1

*18(2211)dr = <a,a1,a2,a3,ß,Y|[ai,a]-a1+1,[a1,ß]k=ßp=ak,[o,ß]=o1(p)=Y,ap=ap+1=YP=l (1=1,2))

where k = gr for r+1 = 1,2, ...,(p-l,3)

4ig(2211)er = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[a1,ß]k-ap=a3,[a,ß]-al(p)=Y,ßp=ap+1-YP=l (1=1,2))

where k = g  for r+1 = 1,2, _, (p-1,4)

418(2211)frjS=(o,a1,a2,a3,ß,Y|[a1,a]=a1+1,[a1,ß]r=aJp)=o3,[a,ß]s=ap=YS,ßp=ap+1=YP=l (1=1,2))

for r=l or V and s = 1,2.p-1

418(2l")a = (a,a1,a2,a3,ß,Y|[ai,o]=a1+1,[a1,ß]=ap=a3,[a,ß]=Y,ßp=a^p)=ap+1=YP-l (1=1,2))

418(2l")br = <a,a1,a2,a3,ß,Y|Ca1,a]=a1+1,[a1,ß]=a3,[a,ß]r=ap=Yr,ßp=a1(p)=ap+1=YP=l (i-1,2))

for r = 1 or v

418(2lV = <a,a1,a2,a3,ß,Y|[a1,a]-a1+1,[a1,ß]-a3,[a,ß]=ßp-Y,ap=a^p)=ap+1-YP-l (1=1,2) >

418(2l")d = (a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[a1,ß]-ßp=a3,[o,ß]-Y,ap=a1(p)-ap+1=YP=l (1=1,2) >

418(2l")er = <a,a1,a2,a3,ß,Y|[a1,a]=a1+1,[a1,ß]r-a^p)=a3,[a,ß]=Y,ap=ßp=ap+1=YP-l (1=1,2))

for r = 1 or v

*,0(2lV - (a,a.,a,,a,,ß,Y|[a,,a]=a,^,[a.,ß]=a,,[a,ß]=aip)=Y,ap=ßp=op =YP=1 (1=1,2))
lb I   £        O 1       1+1    Id 1 X+l

418(16) = <a,a1,a2,a3,ß,Y|[a1,a3=a1+1,[a1,ß]=a3,[o,ßi-Y,ap=ßp-a^p)=ap+1=YP=l (i-1,2))

(19) 4ig(2211)a - <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ap=ß1,[a,a1]=ß1,ap-ßp=ßp-l (1=1,2))

419(2211)br = ra,a1,a2,ß,ß1,ß2|[a1,a2]=ß,tß,a1]=ß1,[o,a1]=op=ß1,ap=ß2,ap-ßp-ßp=l (i-1,2)>

where k = g  for r-1,2, ...,is(p-l)

4lg(2211)cr>s=<a,a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,o1]=ß1,[a,a1]=ß1,ap=ß1ß2,ap=ß2,ap.ßp=ßp=l (1=1,2))
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for    r = 1 or    V  and    s = 2,3.p-1

*19(2211)d0,0,0 = <a.aa.a2.ß.ß1.B2ICa1.a2]=3.i:ß,a1]=ßi,[a,a1]"v=ap=ß^v,ap=ß^ap=ßp=ßp=l

(1=1,2))

4ig(2211)dr 0 t = <a,aa)a2,ß,ßa,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]t=ap=ß^,ap=ß1ß2,op=ßp=ßp=l

(1=1,2))

for    r = l or V  ,   t = 1,2,   ,..,p-l   ,  and     l+4rt    is a quadratic residue   (mod  p)

4lg(2211)dr_Sjt = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1>ß1,[a,a1]=ß1,ap=ß1ß^,ap=ß^ßk,ap=ßp=ßp=l

(1=1,2)>

for r=l,v and 8-1,2.p-1, where k = gt(t = 0,l.*s(p-D) , k fi rs and  (l-k)2 + 4rs

is a quadratic residue (mod p), and where -s is a non-quadratic residue (mod p) whenever r = \>

and k = ±1

4ig(2211)er = (0,0^02,ß,ß1,ß2|[a1,a2]=ß,rß,a.]=ßi,[a,a1]=ß1,ap=ß1ß2,ap=ß2 ,ap=ßp=ßp=l (i-1,2)>

for r = 1 or v

*19(22U)£r,0 = <a.a1.a2.fi>ß1,ß2|[a1,a2>ß,[ß,a1]=ß.,[a,a:1]t=ap=ßJ,ap-ß1ß^ap=ßp=ßp=l (1=1,2))

where rt = -^ for r = 1 or v

4ig(2211)fr>s = <a,al,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai]=ß1,ta,o1]=ß1,ap=ß1ß^,ap=ßJßk,ap=ßp=ßp=l

(1=1,2)>

for r = l,v where rt = -%(1 - k)2    and k = gs (s = 1,2, . ..,>i(p-3))

*19(2211)8r,0,0 = <a.a1.a2.B-P1.P2l[a1.a2>ß.C8.0'1}=ß1.[a.a1],r=a2=ßi.aP=ß2.aP=ßP=ßP=l (1=1,2) >

for r = 1 or V

*19(2211)gr,0,t = <a.a1.°l2.ß.ß1.ß2IC(!'1.a2>ß.Cß.a1>ß1.[ci,a1]t=ap-ß',op=ß1ß2,ap=ßp=ßp=l

(i-1,2))

for    r = 1 or   v,     t=l,2,   ...,p-l   ,  and    l+4rt    is a non-quadratic residue   (mod p)

*19(22U)gr,s,t = <a.a1,a2.B.ei.B2|[a1.a2>e,[B,a1]-=ei,[a,oi1]-ei,aP-eie^,ap-B®rÎ2,oep=BI,-Bp-l

(1=1,2))

for r = l,v and s = 1,2, ...,p-l , where k, r and s satisfy the same conditions as for

dr,s,t

2except that  (1-k) + 4rs  is a non-quadratic residue (mod p)

4lg(2211)hr = <a,a1,o2,ß,ß1,82|[a1,o2]=ß,[ß,o1]=ß1,[o,a1]=op=ß1,op-ß2,op-ß2,8p=ßp=l (1=1,2)>

for  r=l,2.p-1

4ig(2211)i - <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]-ß1,[o,a1]=ap-ß1,ap-ß2,ap-ßp-ßp-l (i-1,2)>

419(2211)jr = <a,a1,a2,ß,ß1,ß2|[o1,a2]=ß,[ß,a1]r=ap=ß^,Ca,a1>ß1,ap-ß1ß2,ßp=ßp=l (i-1,2) >

for r=l,2, ... ,*s(p-l)

4ig(2211)kr s = <a,a1,a2,ß,ß1,ß2|[a1,a2]-B,[ß,a1]=ß1,[a,a1]r=ap=ß',op=ß1ß2,op-ß2"r,ßp-ßp=l

(i-1,2)>

for r-1,2, ..., p-1 and s = 0,1, ...^(p-l) where s-r and 2r-s are not divisible by p

4ig(2211)Hr - (a,o1,o2,ß,ß1,ß2|[o1,a2>ß>[ß,ai]-ßi,[a,a1]r-ap-ß^,ap-ß1ß2,aP=ßp=ßp=l (1-1,2))

for r= 1,2.p-1

4lg(2211)mr = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,ta,a1]=ap=ß1,ap=ß2,a|=ßp=ßp=l (i-1,2)>

for r = 1 or v

4lg(2l't)a = <a,a1,a2,ß,ß1,ß2|[a1,a2J=ß,[ß,a1]=ß1,[a,a1]=ap=ß1,op=op=ßp=ßp=l (1=1,2)>
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419(21lt)br = (a,a1,a2,ß,ß1,ß2|[a1,o2]-ß,[ß,a1>ßi,[a,a1]=ß1,op=ß1ß2,ap=ap-ßp-ßp-l  (1=1,2))

for    r = 1 or V

4ig(2lVr = <o,al,a2,ß,ß1,ß2|[a1,a2>ß,[ß,o1]=ß1,[a,a1]=op=ß1,ap=ß^,ap=ßp-ßp-l   (1-1,2))

for    r = 1 or \i

4lg(21l,)driS = <a,a1,a2,ß,ß1,ß2|[a1,a2>ß,[ß,a1]=ß.,[a,a1>ß1,ap=ß1ß^,op=ßk/rßk,op-ßp-ßp-l

(i-1,2)>

for r=l or v , where k = g  (s-0,1, ...,ls(p-3))  and d    only exists for p = 1 (mod 4)

419(2lVr = <a,o1,o2,ß,ß1,ß2[[o:l,o2]=ß,[ß,a1]=ß1,[a,o12=ß1,ap=ß^,ap=ap=ßp=ßp-l   (i-1,2) >

for    r = 1  or V

*19(2llt)fr = <a,o1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]-ßi,[a,a1]=ß1,ap=ß1ß^,ap=ßj1/rß;1,ap=ßp-ßp-l

(i-1,2)>

for    r = 1 or v

4ig(2l")g = <o,a1,a2,ß,ß1,ß2|[o1,o2]=ß,[ß,ai]=ß1,[a,a1]=ap=ß1,ap=ßp=ßp=l  (i-1,2))

4lg(21U)h = (a,a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,a1]=ß1,[a,a1]-ß1,ap-ß1ß2,ap-ßp-ßp-l (i-1,2))

4ig(l6) = <a,a1,a2,ß,ß1,ß2|[o1,a2]=ß,[ß,a.]=ß1,[a,a1]=ß1>ap=ap=ßp=ßp=l (i-1,2))

Jp]
(20)    Note:       In this family,    a^p) = aty^' .

42Q(2211)a = (a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai:=ßi,[a,a1]=o^p)=ß2,op=ß1,ap-ßp-ßp=l   (i-1,2)>

420(2211)br_1=<o,a1,a2,ß,ß1,ß2|[o1,a2]=ß,[ß,ai]=ß1,[a,a1]r=a^p)=B2,ap=ß1,ap=ßp-ßp=l   (1=1,2))

for    r = 2,3.p-1   , and    p > 3

*20(2211)cr 0 = (a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,o1]=ß1,[a,o1]r=ap=ß2,a^p)=ß',ap=ßp=ßp=l   (1=1,2))

for    r = 1 or v

420(2211)cr>s = <a,a1,a2,8,ß1,ß2|Ca1,a2]-ß,[ß,a1>ß1,[a,a1]s=op-ß=,a^p)=ß^ß2,ap=ßp-ßp-l

(i-1,2))
for    r = l or   v   and    s*l,2.p-1   , where     l + 4rs    is a quadratic residue   (mod p)

420(22U)dr = (3,8^02^,ß1,ß2|[o1,a2]-B,[ß,oi>B1,[a,o1]-a^p)-ß2,ap-B1ß^,op-ßp-ßp=l   (1=1,2))

for     r = 1  or V

420(22U)er = (o,a1,o2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]s=ap=ß2,a^p)=ß'ß2,ap=ßp=ßp=l   (i-1,2)>

for    r = 1 or v , where    1+ 4rs = 0

*20(2211)f        = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]r=ap=ß^,a2p)=ß^/r,ap=ßp=ßp-l

(i-1,2) >

for    r = 1 or V

420(2211)fr>s - <a,a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,a1]=ß1,[o,a1]s=op=B^,o^p)=ßJß2,ap=ßp-ßp-l (1=1,2))

for r = 1 or V and s = 1,2, ...,p-l , where 1 + 4rs is a non-quadratic residue (mod p)

420(2211)g - <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1>ßi,[a,o1]=ap=ß2,op=ß1,a^p)=ßp=ßp=l (i-1,2)>

420(2211)hr = <a,a1,o2,ß,ß1,ß2|[o1,a2]-ß,[ß,a1]=ß1,[a,a1]k-a^p)=ß2,ap=ß1,ap-ßp-ßp-l (i-1,2)>

where    k = gr    for    r+1 =1,2.(p-1,3)

420(2211)ir = (o,a1,o2,ß,ß1,ß2|[o1,a2]=ß,[ß,o1]-ß1,[o,a1]r=ap=a^p)=ß2,ap-ß1,ßp=ßp-l (1=1,2))

for r=l,2, ...,p-l

420(2211)jr = (a,al,o2,ß,ß1,ß2|[o1,a2]=ß,[ß,o1]=ß1,[a,a1]=ap=ß2,a^p)=ß^,ap=ßp=ßp=l (1=1,2))
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for    r=l,2,   ...,p-l

420(2211)kr = (a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1])l=ap=ß2,ap-ß1,a^p)=ßp=ßp=l   (1=1,2)

where  I   = gr    for    r + l = l,2.(p-1,4)

420(2l"*)a = (a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]=ß2,ap=ß1,ap=a^p)=ßp=ßp=l   (1=1,2)>

for    p > 3

420(2lV = <a,a1,a2,ß,ß1,ß2|[a1,a2>ß,[ß,a1]=ß1,[a,a1]=a^p>=ß2,ap=aP-ßp=ßp=l   (1=1,2))

for    p > 3

420(214)cr - (a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai]=ß1,[a,a1]=ß2,a^p)=ß'ß2,op=ap=ßp=ßp=l   (1=1,2)

for    r = 1 or V

420(2l'*)dr = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]r=ap=ß2,ap=o*p)=ßp=ßp=l   (1=1,2))

for    r = 1 or V

42Q(2l'*)er = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1>ß1,[a,a1]=ß2,a^p)=ß^,ap=ap=ßp=ßp=l   (1=1,2))

for    r = 1 or v

20 21lt)f = <a,a1,a2,ß,ß1,ß2|[a1.a2]=ß,[ß,a1]-ß1,[a,a1]=ap=ß2,ap-a^p)=ßp-ßp=l   (1=1,2))

420(2l'*)g = (o,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]-ß2,ap=ß1,ap=a^p)-ßp=ßp=l   (1=1,2))

420(16) = <a,a1,o2,ß,81,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]=ß2,ap=ap=o^p)=ßp-ßp=l   (1=1,2)>

21)     Note:       In  this   family,     a<P) = aJß^J    ,  a^p)   =  aPß|3'   and     t  -   1  - b(p-l,4).

421(2211)a = <a,a1,a2,ß,ß1,82|[a1,a2]=ß,[ß,ai]-ß1,[a,o1]=a^p)=ß2,[o,a2]=ß^,a^p)=ß1,ap=ßp=ßp=l

(1=1,2))

*21(2211)brjSjl=<a,a1,a2,ß,ß1,ß2|[o1,a2]=ß,[ß,a13=ß1,[a,o1]=ß2,[o,a2]=ß^,o^p)=ßJß^s"1)/v,

o<p)-ßf1ß*,ap-ßp-Bp-l (1=1,2) >
for r = 0,l, ...,%(p-l)  and s = 2,3, ...,p-2 or 0 , where vr2 Í  s2 - 1 (mod p)  and s2 - 1

is a non-quadratic residue (mod p)

421(2211)br S)2=<a,a1,o2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ß1,[a,a1]=ß2J:a,o2]=ß^,a^p)=ß^+1ß^"t)/v,

o2p^+tßr1,ap-ßp-ßp-l (1=1,2))
2   20,1.%(p-l) , where \)r t   s -

non-quadratic residue (mod p)

,ß1,ß2|[a1,o2]=ß,[ß,o1>ß1,[a,a1]=ß2,[o,a2]-Bj,o

ap=ßp=ßp=l (1=1,2)>

2   2  2 2   2for r = 0,l, ...,p-l and s = 0,1.%(p-l) , where vr t   s - t + v(mod p) and s -t +v is

421(2211)crjl = <o,a1,a2,ß,ß1,ß2|[a1,o2]=ß,[ß,a1>ß1,[a,a1]=ß2,[o,a2]-ßj,a^p)-ß^,a<p)-ß2ß2,

for r-1,2.is(p-l)

421(2211)cr 2 = (a.aj.Oj.ß.ß^ßjUa^ajl'ß.Cß.a^'ß^La.a^^a^^ßj.Oa.aj^Bj.a^^ß^27",

ap=ep=ßp=l (1=1,2))

for r = 1,2.>s(p-l)

421(2211)cr g = <a,a1,o2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai]=ß1,[a,a1]=ß2,[a,a2]=ß^,aJp)=ß^+1ß^1/(s+t),

o<p>.ßJ*tB|-1,ap«^-^.i (i=i,2)>

for  r=l,2, ...,p-l , where s  is the smallest positive solution to  s  it  - v (mod p)

421(2211)dr 0 0 = (a.Oj.Oj.ß.Bj.ßjUa^ajl-ß.Eß.o^'ßj^ao.a^'ßj.Ca.ajD'ßj.a^^ßjßj^,

a<p)=B^,ap=Bp=Bp-l (i-1,2))
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for r = 0,l.¡4ÍP-1)

421(2211)drjSjl = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai]=ß1,[a,a1]=ß2,[a,a2]=ß1v,a^p)=ß^s"1)/v,

aW-ß=+1ß^,op-ßp=ßp-l (1=1,2)>

for r = 0,l.%(p-l)  and s = 2 ,3.p-2 or 0 , where s2 - 1 is a quadratic residue

(mod p)

421(2211)dr s 2 = <a,o1,o2,ß,ß1,ß2|[a1,a2]=ß,[ß,a1]=ßi,[a,a1]=ß2,[a,a2]=ßj,a^p)=ßj+1ß^S"t'

<^p)-ß^1ßJ-1.ap-ßp-ßp-l (i=l,2)>
2   2for r = 0,l, ...,p-l and s=0,l, -.. ,^s(p—1 ) , where s -t +v is a quadratic residue (mod p)

421(2211)er = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,ai]-ßi,[a,a1]r-a2p)-ß2,[o,a2]=avp=ßj,a1(p)=ßp=ßp-l

(i=l,2)>

for r-1,2.¡5(p-l)

»21(22U)fr g = <a,o1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,o1]=ß1,[a,o1]r=a^p)=ß2,[a,a2]=avp=ß",

a(P)^,ßp-ßP=l (i-1,2) >

for  r = l,2, ...,>5(p-l)  and  s = l,2.p-1

421(2211)gr = <a,a1,o2,ß,ß1,ß2|[a1,a2]-ß,[ß,oi>ß1,[a,air-aJp;-B2,[a,a2]-avp-ß^,a^'-ß''-ßJ-l

for r-1,2.p-1

nr=„(p)=Rr r„ „ n=„vp=Rv r,(p)=gP=BP=1

(i-1,2)>

421(2l'*)arjl = <a,a1,a2,ß,ß1,ß2|[a1,a2]-ß,[ß,a1]-ß.,[a,a1]=ß2,[a,a2]-ßj,a^p)=ß^ß^r 1)/v,

a<p)-ßf1ß^,ap-ßp-ßp-l (1=1,2))

for  r=2)3j ...,p-2  or 0 , where  r  - 1  is a non-quadratic residue (mod p) and  s  is the

2 _ 2smallest positive solution to vs - r -1 (mod p)

*21(21")ar,2 = <",a1,a2,ß,ß1,ß2|ta1,a2]=ß,[ß,a1]=ß1,[a,a1]=ß2,[a,a2]-ßj, a^p)=ß^+1ß^-t)/v,

a<p)=ßf 'b'" 1,ap=8p=ßP=l (1=1,2) >
2      2

for  r = 0,l, ...,p-l , where  v(r -l)+t  is a quadratic residue (mod p), and s  is the smallest

positive solution to a    - t = vir^-l) (mod p)

*21(21U)br  - <a,a1,a2,ß,&1,ß2|[a1,a2]=ß,[e,ai]=Bi,Ca,a1>ß2)[a,a2>B^aJp)=ß^2rAj,

a(2P)=32(l-r)(aP=ßP=ßp=1 (1.lf2))

for r = 0 or 1

421(2l'*)br  = <a,a1,a2,ß,ß1,ß2|[a1,a2]=ß,[ß,o1]=ß1,[a,a1]=ß2,[a,a2:=ßj,a1(p)=ß1ß*s"c)/v,

a^-B^V^-B^l (1=1,2))

for r = 2 or 3 , corresponding respectively to the two smallest positive solutions to s - t2 =

—v (mod p)

421(2l't)c = <a,a1,o2,ß,ß1,ß2|[o1,a2]=ß,[ß,a1>ß1,[o,a1]=ß2,[a,o2]=oVp-ß^,a^p)=Bp-ßp=l (i-1,2))

421(16) = <a,a1,a2,ß,ß1,ß2|[a1,o2>ß,tß,ai]=ß1,[a,a1>ß2,[a,a2]=ß^,ap=o^p)=ßp=ßP=l (1=1,2))

(22)  422(2l")a - (a,a1,a2,a3,B1,B2|[a1,a]=a1+1,[ß1,ß2]=op=a3,a1(p)-ßP-ap+1-l (i-1,2))

422(21U)br - <a,a1,a2,a3,ß1,ß2|[ai,«]-a.+1,[ß1,ß2]r-a1(p)-a^,ap-ßp-ap+1-l (1=1,2))

for r - 1 or v

422(2l")c = <a,a1,a2,a3,ß1,ß2|[a1,a]-a1+:1,[ß1,ß2J-BP-a3,ap-a1(p)-ßp-ap+1-l (i-1,2))

422(2l")dr - (o.o^aj.ag.Bj.BjI^.al-a^.CB^Bj^-B^.o^^a^a^-a^-l (i-1,2))
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for    r = 1 or v

422(16)    - <a,a1,o2,a3,ß1,B2|[a1,a]-o1+1,[ß1,ß2:-a3,ap-a^p)=ßp-op+1-l (i-1,2))

(23)      423(2211)a - < a^ ,a2,o3>aI),Y I [»(.cil-a^ ,1^ ,a2J-ap-Y,ap-a1( >aP+1=YP=l  (1=1,2,3))

for    p >  3

423(2211)br = (a,a1,a2,a3,al(,Y|[a1,a]-ai+1,[a:l,a2]=Y,op=alt,ap-ajY,ap+1=YP=l (1=1,2,3))

for    r = 1,2.p-1    and    p >  3

A23(2211)br = (a,a1,a2,o3,o1(,Y|[ai,a]=a1+1,[a1,a2]-Y,a -a^Y .aia2W0i+l=Y =1 (-i=1'2'3'>)

for    r = 1    or 2

*23(2211)c   = (a,a1,a2,a3,alt,Y|[ai,a]=ai+1,[a1,a2]=Y,ap-Yr,a1(p)-ak,a^-YP=l (1=1,2,3))

for r = 1 or V, where k = g  for s + 1 = 1,2.(p-1,3)

423(2lV = (a,o1,a2,a3,a14,Y|[a1,a]-ai+1,[a1,a2]=Y,ap=ol(,aJp)=a^=YP-l (1=1,2,3))

423(2l'*)br 0 = <a,o1,a2,a3,al),Y|[ai,a]=ai+1,[a1,a2]=Y,ap=Yr,o1(p)=o^=YP=l (i=l,2,3)>

for r = 1 or V

423(211*)br>1 = <a,a1,a2,a3,alt,Y|[ai,a]=a1+1,[o1,a2]=Y,op-altYk,a1(p)-a^p)1=YP=l (1=1,2,3))

where k = gr for r + 1 - 1,2.(p-1,4)

423(2lVr = <a,a1,a2,a3,au,Y|[a1,a]-a.+1,[a1,a2]=Y,a^p)-ak,ap-a^=YP=l (1=1,2,3))

where k = gr for r + 1 - 1,2.(p-1,3)

423(2l'*)d = <a,a1,a2,a3,a14,Y|[a1,a]=a1+1,[a1,a2]=aP=Y,ap-op+1-YP=l (i-1,2,3))

for p > 3

423(2l'*)ei. - <a,a1,a2,a3,a1),Y|[a1,a]-a1+1,[a1,a2]=Y,op=altY,ap-ap+1=YP=l (1=1,2,3))

where k = gr for r + 1 = 1,2, ...(p-1,3)  and p > 3
ji 333(3)3

A23(21 )e - (a,a1,a2,a3,a1(,Y|[ai,a]-a1+1,[a1,a2]-Y,a =a1a2a3=alt,ai+1=Y =1 (1=1,2,3) >

423(16) = <a,a1,a2,a3,a4,Y|lix1,a]-ai+1,[a1,a2]=Y,ap=a1(p)=a^=YP=l (1=1,2,3))

(24)  421t(2l't)a = <a,a1,a2,a3,alt,ß|[a1,a]=a1+1,[o1,ß]-ap=alt,a^p)=ßp=a^=l (1=1,2,3))

424(214)br = (a,a1,a2,a3,o4,B|[a1,a>ai+1,Co1,ß]k=o^p)-ak,ap=ßp=a<p^=l (1=1,2,3))

where k = g  for r + 1 = 1,2, ...,(p-l,3)

421t(2lV - (a,o1,a2,a3,a1(,ß|[a1,a]-a1+1,[a:1,ß]=ßp=a1(,ap=a^p)-a^-l (i-1,2,3))

4M(16) - (o,o1,a2,a3,olt,ß|[ai,a]-a1+1,[a1,ß]=a14,op-a1(p)-ßp-a^-l (1-1,2,3))

(25) and (26) 425+)[(321) - ( a.a^aj.aj.aj [o^ol-a^ ,[a3,a]=au,ap =a*,a^p)=a][+2,ap+2=l (1=1,2))

*25+x(222) =<a-al .a2.«3.o«J[a1.«>«1+l'l:a3'o:lA-aiP>'=oli+2>aP =ai+2=1 (1=1'2)>

where y = V  and x = 0 (for 4 )  or x = 1 (for 4 )

(27)  427(2l'*)ar - (a,a1,a2,a3,alt,ß|[o1>o]=o1+1,[a1,ß]k=[a1,a2]k=ap=ak,a1(p)=ßp=a^=l (1=1,2,3))

where k = g for r + 1 = 1,2, ...,(p-l,4)

427(2lVr - <a,a1,a2,a3,alt,ß|[a1,aJ=a1+1,[ol,ß]k=[o1,a2]k-a1(p)=ak,ap=ßp-a^=l (1=1,2,3))

where k = gr for r + 1 = 1,2.(p-1,3)

427(2lVr = (o,a1,o2,o3,al(,ß|[a1,a]-o1+1,[o1,ß]r-[a1,a2]r-ßp-aJ,ap-a^p)-a:[pJ-l (1=1,2,3))

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



634 RODNEY JAMES

for r = 1 or v

427(16) - <a,a1,a2,a3,olt,ß![a1,a]-ai+1,[a1,ß]=[a1,a2]=al),ap-a1(p)=ßp=a^=l (i-1,2,3))

2    . .
(28) and (29) ^a^°21)av  - < a,aa ,a2 ,a3,aj [c^.oü-a^ .[a^a]-^ .a,,^ ,ap =aj,a^j=ay+2,aj+2=l

(1=1,2)>

for r - 1,2.p-1

( )       2*28+x(222) =<a.«1,a2,a3,au|[ai,a]-a1+1,[a3,a]-[a1,a2]=a1),o.p =ay+2,ap =op+2-l

(i-1,2))
where y = v  and x = 0 (for 4 )  or x = 1 (for 4 )

(30) 430(21*)a = (a.Oj.a^ ,ß| Ca^aJ-a^ ,[a1,ß]=o1+2>[a3 .oJ-a^ ,ap=ßp=ap+2=l (i-1,2))

for p > 3

430(2lVr - <o,a1.ali,ß|[ai,a]=a.+1,[a1,ß]-a.+2,[a3,a]k=a1(p)=ok,ap=ßp=a2(p)=ap+2=l

(1=1,2)>

where    k = g      for    r + 1 = 1,2.(p-1,3)

430(2l'*)c - <a,a1.a^.ßl[a1,a]=a1+1,[a1,ß]=o1+2,[a3>a]=ßp=a[),ap=a^p)-ap+2-l  (1,2))

*30(21")dr = <a'V   ••••%• ß|C«1.">a1+1,[ai,ßj-a1+2,[a3,a]-ßp-ol4,a<p)-ak,op=a(p)-ap+2-l

(1=1,2)>

where    k = g      for    r + 1 = 1,2,   ...,(p-l,3)

430(16)  -(o.Oj.oH,ß|[a1,a]=ai+1,[a1,ß]=a1+2,[a3,a]=al4,ap-a^p)=ßp=ap+2=l  (1=1,2))

(31) and  (32)    »31+x<2lV = < a,a1>a2,ß1>B2,Y| [a1,a]=ß1>[a1,ßi:=op=Y,[a2,ß2]=Yy,op=ßp=YP=l (1=1,2))

*31+x(21l*)b - (a,a1,a2,ß1,ß2,Y|[a1,a]-ß1,[o1,ß1]-ap-Y,[a2,ß2]=YyAP=aJ=ßp=YP=l  (1=1,2))

431+x(2lV = <a,o1,a2,ß1,ß2,Y|[a1,a]=ß1,[a1,ß1]-ap-Y,[a2,ß2]=Yy,ap=Yj,ap=ßp-YP-l

(i-l,2)>
2 _where j  is the smallest positive solution to j + y = 0(mod p)

431+x(2l")d = <a,o1,a2,ß1,ß2,Y|[a1,a]-ß1,[a1,ß1]-ap-ap=Y,[a2,ß2]-Yy,ap-Y3,ßP-YP=

(i-l,2)>

where j  is as In the previous group

431+lt(21 )er = <a,a1,o2,ß1,ß2,Y|Ca1,a]-ß1,[a1,ß1]-ap-Y,[a2,ß2>Yy,ap-Yr,ap-ßp-Yp=l  (i-l,2)>

for    r - l,v

,6i,31+x(1 ' " <«.a1.a2,ß1.ß2.Y|[uii,a]-ß1,[a1,ß1]-Y,[a2,ß2]-Yy,ap-ap-ßp-YP=l (i-1,2)>

where    y - v      and    x « 0  (for 4    )    or    x = 1  (for 4    )

(p) _ p y

433(21*)a = <a,a1,a2,ß1,B2,Y|[o1,a]-ß1,[ß2,a]-[a1,ß1]-ap=Y,op=ap-ßp-YP-l  (1=1,2))

433(2l'*)br - (a,a1,o2,ß1,ß2,Y|[ai,a]-81,[ß2,o]r-[a1,ß1]r-op-Yr,ap-a^p)-ßp-YP-l  (1-1,2))

for    r = 1 or v

433(2lVr -   <a,o1,a2,ß1,ß2,Y|[a1,a]=ß1,[ß2,a]r=[a1,ß1]r=a^p)=Yr,ap=ap=ßp=YP-l   (1=1,2) )

for    r = 1 or v

433(16)  = <a,a1,a2,ß1,ß2,Y|[a1,a]=ßi,[ß2,a]=[a1,ß1]=Y,ap=ap-a^p)-ßp=YP=l  (1=1,2))
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(34) 4M(321)a    = < o.Oj .a^ ,B2,y| [a^aJ-B^i-1,2) ,[B2,a]-[ai .B^-B^-Y.a^ ,aP=ß2>ap-ßp=YP=D

4314(321)br = <a,a1,a2,ß1,ß2,Y|[a1,a]-ßi(i=l,2),[ß2,a]=[a1,ß1]=ßp=Y,ap=ß1,ap=ß2,ap=Yr,ßp-YP=l)

for    r = 1 or V

(35) *    (2l'*)a = <a,a1.a5 | [a ,a]-a1+1,ap-o5,a*p)=ojp*-l  (1=1,2,3,4))

»35(2l'*)br -.(a.Oj,  ...,a5|[a1,o]-ai+1,a1(p)-ak,ap-a^-l (i-1,2,3,4))

where    k - g      for    r + 1 = 1,2,   ...,(p-l,4)

435(16) -<o,a1.a5|[a1,a]-a1+1,op=o^p)=a^-l  (1=1,2,3,4))

(36) 436(2l")ar = (o.Oj.o5 | [a^ol-o.^ .^ ,o2]k=ap=ak,aa(p)=a<p>-l  (1=1,2,3,4))

where    k - g      for    r + 1 = 1,2.(p-1,6)

*36(2l")br = (a.Oj,   ...,a5|[ai,a]=a1+1,[a1,a2]=a5,a*p)=ak,ap=a^=l  (1=1,2,3,4))

where    k = g      for    r + 1 = 1,2.(p-1,4)     and    p > 3

436(16)  -<o,a1.a5|[a1,a]=ai+1,[a1,a2]=a5,ap=a^p)=a^-l  (1=1,2,3,4))

(37) Note this  family does not exist for    p = 3

43?(2lVr = (a,^.a5|[ai,a]=«1+1,[a2,«3]r=[a3,a1]r=[ava1]r=ap=a^,ap-ap+1=ap=l

(1=1,2,3))

for    r = 1 or V

437(2l")br = (o.Oj.a5ICo.,o]=a1+1,[a2,a3]=[a3,a1]=[a^,a1]=ap=a5,apîak,ap+1=ap=l  (1=1,2,3))

where    k = gr    for    r + 1 = 1,2.(p-1,4)

437(2l")b   - <a,a1.a5|[ai,a]-a1+1,[a2,a3]=[a3,a1]=[o[t,al]=op-a5,ap=ap+1=ap=l (1=1,2,3))

437(1 ) - (o,a1,  ...,a5|Ca1,a]-a1+1,[a2,a3]=[a3,a1]-[alt,a1]=a5,ap=ap=ap+1=ap=l (i=l,2,3ï

(38) Note this family does not exist for    p = 3

438(2lVr =<o,o1,  ...,o5|[a1,a]=a1+1,[a1,a2]=a1|a¡1,[a1,a3]k=ap=ak,aJp)=ap+1=l (1=1,2,3,4))

where    k =  gr     for     r + 1 =  1,2,   ...,(p-l,5)

438(2l't)b¡. = (a,a1.a5| Ca^aJ-a^ ,1^ ,a2]=alta¡1,[a1,o3:r=ap=a1(p)=aj,ap+1-l  (1=1,2,3,4))

for    r = 1,2.p-1

438(2l't)bp+ir -<a,Oj.a5|[a1,a]=a1+1,[a1>o2]=olta¡1,Ca1,a3]k-a1(p)-ak,ap=ap+1=l (1=1,2,3,4))

where    k = gr    for    r + 1 = 1,2.(p-1,4)

438(16)  • <c»,81,   ...,a5|[o1,a]-oi+1,[o1,a2]-al4a¡1,[a1,a3]=o5,ap=a1(p)=ap+1=l  (1=1,2,3,4))

(39) Note  this  family does not exist for    p = 3

*39<21V = <a'al.a5ltai.«>a1+1.[«1,a2]=aH,[a2,a3]k-[a3,a1]k-[a1|,ai]k-ap-ak,

aP-ap+1-ap=l   (1-1,2,3))
where    k = g      for    r + 1 = 1,2,   ...,(p-l,6)

V21X = <a'ai'   •••.^l^.a]^i^.[«1.cl2>%.[a2.a3]r=lfll3ûi:ir=l:\'ai]r=ClP-ai=a5-

aP+1-ap-l    (i=l,2,3)>

for    r = 1,2.p-1

*39(2llt)bp+r " <a,al."5Uoll,a]-a1+1,[o1,a2J-au,[a2,a3]k-[a3,a:l]k-ral4,a1]k=ap=ak,

aP=aP+1=op=l   (i-1,2,3))
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where    k = g      for    r + 1 = 1,2.(p-1,5)

439(16) = (a,ai.a5|La1,aJ=a1+1,[a1,a2]=a^,[a2,a3]=[a3,o1j-[oi),a1]=a5,ap-ap=ap+l=ap=l

(1=1,2,3))

(40)      4140(2l'*)ar = {^1,o2,ß,ß1,ß2,Y|[o1,o23-ß,[ß,o1]=ß1,[ß1,a2]=[ß2,a1]=ap=Y,ap=Yk,ßP=ßJ=YP=l

(i=l,2)>

where    k = gr    for    r + 1 =  1,2.(p-1,3)

4U0(16)  = (a1,a2,ß,ß1,ß2,Y|[o1,a2]=ß,[ß,a1]-ß1,[ß1,a2]-[ß2,a1]-Y,ap=ßp-ßp-YP=l  (i-1,2))

(41) 4141(2l'*)ar = <al,a2,ß,ß1,ß2,Y|[a1,a2]=B,[ß,ai]=ß1,[a1,ß13k=ap=Yk,[a2,ß2J=Y"V,ap=ßp-ßp-YP-l

(i-l,2)>

where    k = g       for    r + 1 =  1,2,   ...,(p-l,3)

Al)1(2l")a1 = <a1,a2,ß,ß1,ß2,Y|Ca1,a2]=ß,[ß,a1]=ß1,[ai,ß.]=a^=Y,ßp=ßP=YP=l (1=1,2)>

for    p = 3

4W(16)  = <a1,a2,ß,ß1,ß2,Y|ta1,a2]=ß,[ß,a.>ß1,[o1,ß1]"V=[a2,ß2]=Y"V,ap-ßp=ßp=YP-l  (i-1,2))

(42) 4142(222)aQ = < ̂  .a^ß.ßj ,ß2>Y | ̂  .a^ß.üß.a^ß.,!^ ,&2>[a2,B1 J-B^Y^-B"1 Y^.o^-ß^,

ßp=YP-l  (i-1,2))

4,t2(222)ar = <a1,a2,ß,ß1,ß2,Y|[a1,a2]-ß,[ß,ai]=ßi,[a1,ß2]-[a2,ß1J=ßp=Y,ap=ßj1Y!5,ap=ß2Yr+42>

Bp-Yp=l  (i-1,2))

for    r = 1,2.p

(43) 4[(3(222)ar = < a± ,a2 , B , &1, ß2 | Caa ,a2 ] = ß , [ ß ,a± ]-ß± , [Bj , B± ]"V-[a2 , ß2 ]-Y"V,

oP = ß2Yk op-ß*Y\ßP = Yn ;6P = YP = 1 (1 = 1,2)>

where   n = v + (?), and  k,£  are the smallest positive integers satisfying

(k-v)2 - v(J.+v)2 i r(mod p), for  r = 0,1, ...,p-l .

Added in Proof.   In her M.Sc. thesis (Australian National University, 1979),
Miss A. M. Küpper has pointed out an error in the second line of the above list 4.6
(25) and (26).  This should read:

" *25+x(222>ar - <a.a1,a2,o3,a4|[a1,a] - a1+1,[a3,a]y = a^ - ay,c<p) - ayc^, / - ap+2 - 1 (1 - 1,2))

for r = 0,1,..., Vi(p - 1)" yielding another p - 1 groups of order p6 (and so another
2 groups of order 35).  I am indebted to her for this correction.
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