MATHEMATICS OF COMPUTATION, VOLUME 34, NUMBER 150
APRIL 1980, PAGES 613—637

The Groups of Order p° (p an Odd Prime)

By Rodney James

Abstract. A complete list of the groups of order p6, where p denotes an odd prime

number, is given using P. Hall’s concept of isoclinism.

1. Introduction. In 1940, P. Hall [7] provided a method for classifying groups
(especially p-groups, where p is a prime) into families and in 1964, M. Hall and J.
Senior [6] used this method to produce a complete list of all the groups of order 2"
(n < 6). This paper extends their work to odd primes by providing a complete list of
all groups of order p® (p > 2). The number of non-abelian groups of order 39 is
found to be 491, and the number of non-abelian groups of order p® (p > 3) is found
to be

%{13p® + 145p + 1338 + 80(p — 1, 3) +45(p — 1,4) + 8(p — 1, 5) + 8(p — 1, 6)},

where (p — 1, n) denotes the greatest common divisor of p — 1 and the integer n.

Blackburn [3] includes a list of the groups of order p® and class 5, and Leong
[11] and Miech [12] have lists of certain subclasses of the class of p-groups with cy-
clic derived groups, all of which agree with the present list where they overlap it. A
list of the groups of order p> (p > 3) appears in [1], [2], [4] and [13], the first
three of which also include the groups of order 3%. The present list for p > 3 agrees
with those of Bender and Schreier, who in turn claim to agree with Bagnera and de
Séguier. For p = 3, Bender has corrected two errors by Bagnera but has omitted the
group A, (2111)a,, which is included by Blackburn and de Séguier. The present list
of families (as defined by P. Hall) agrees with that of Easterfield [5], whose ordering
I have followed.

This work is a summary of my Ph.D. Thesis [9] which may be consulted for
most of the detailed calculations, although errors in that thesis have been corrected
and an uncompleted family in the thesis has been completed. As well as the acknowl-
edgements in my thesis, I would also like to thank Richard Keane, who pointed out
errors in the original list of 3-groups, and Dr. M. F. Newman, who has hounded me
into publishing the present paper and given me a great deal of helpful advice and en-
couragement.

2. A Guide to the Table and List of Groups. Information concerning the groups
of order p™ (m < 6), with p an odd prime, is given in Table 4.1, and the list of groups
in Sections 4.2 to 4.6. Each group of order p™ in the list is presented in terms of
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614 RODNEY JAMES

certain generators and relations, and given a designation of the form
e (m,, my,...,m)x, wherer, s, t, m,m,, ..., m, are positive integers with
m +my,+--+m=m(m =m, =" >m), and x is a letter.

The presentation o, a,, ..., &, lw, =w, =+ =w, = 1) for the group G
means that G is the largest group generated by the symbols o, @,, . . . , @, subject
to the conditions w,(a;, a,, ..., ) =w,(a;,a,,...,Q,)="""=
wi(e,, ay, ..., ) =1, where the w’s represent words in at most n variables. In
particular, [a, ] is the word ¢ 'f af and @, will denote the word

(VRN () R

0‘?+1°‘i+2 Reie i+p where i is a positive integer and Uty -+ o s Qyp ATC
suitably defined. (Note that, for large enough p, this will often be just af’ +1-) For
economy of space, all relations of the form |a, 8] = 1 (with a, 8 generators) have
been omitted from the list and should be assumed when reading the list. No attempt
has been made to find minimal presentations, and those chosen are designed to ac-
centuate the groups’ structures.

The groups in the list are collected together in isoclinism families. Two groups
G, H with centers Z(G), Z(H) and derived groups G,, H, are said to be isoclinic (writ-
ten G ~ H) if there exist isomorphisms

8 : G/Z(G) — H[Z(H),
¢:G, —H,,

such that ¢([a, ]) = [/, '] for all a, B € G, where &'Z(H) = 6(cZ(G)) and FZ(H) =
6(BZ(G)). 1t is easy to show that this relation is well defined and is in fact an equiv-
alence relation. The pair (8, ¢) of isomorphisms is called an isoclinism (or autoclinism
if G = H), and the equivalence classes are called (isoclinism) families. A family of p-
groups will be denoted by @ if p is an arbitrary prime and A_ if p = 3, where s is
some positive integer. P. Hall [7] has shown that every family ® has groups of mini-

mal order p™(®), called the srem groups of ®, and the set p™(®)+%® of groups in ®
of order p™(®*¥ is called the kth branch of ®. Thus, the number m(0) is an in-

variant for the family, called the rank of ®. Some of the family invariants are tabu-
lated in Table 4.1, and these include: nilpotency class, lower central series,* p‘kqi(G)
and p"‘ri(G), where G is in the kth branch of a family and ¢,(G), (G) denote, re-
spectively, the number of conjugacy classes of G with precisely p members and the
number of irreducible complex representations of G of degree p’.

In the designation ®y(m,, m,, ..., m)x, for a group, the symbol ®; denotes
the isoclinism family containing the group (in Easterfield’s ordering). The numbers
my,m,, ..., m, are the type invariants of the group G when p is large enough for G
to be regular (and used analogously when p is small) and are defined as follows:

If G is a regular group, write

Gpi = {xpilx € G}’ l = 0; 1’ 2’ c ot (a group!),

*In this paper, two groups will be regarded as the same if they are isomorphic.
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THE GROUPS OF ORDER p6 (p AN ODD PRIME) 615

and

p*® = the order of the factor group Gpi_l/Gpi (=12,...%

then

m; = number of w(i)’s with w()) >j (G =1,2,...,1)
(these numbers may be thought of as describing the power structure of G). For sim-
plicity, we will write m for the partition (m,, m,, . .., m,) and say that G has type
m. Finally, the symbol x,, means that the group is the nth group of genus x, where
two groups G and H of the same family and having the same type are said to have the
same genus if there is a bijection b: M(G) — M(H) such that M and b(M) are in the
same family and have the same type and genus for all M € M(G), with M(G) = the set of
all maximal subgroups of G. In particular, two abelian groups have the same genus if and
only if they have the same type (when this happens the symbol x will be omitted).

The list p™ @ of groups in ®; of order p™ is ordered as follows:**

(1) ®(m,, m,, ..., m,)occurs before <I>s(m'l, m'z, e ,m;v) ifm, = m'l,

Lamy = m;, mg, > m; + for some i < min(r, #'). When this occurs, we will write
m < m’ where m represents the partition (m,, m,, . .., m,) and m' represents the
partition (m}, my, . . ., my).

(2) To describe the ordering of the groups in ® with type m, we introduce for
any group G the set M(G) of maximal subgroups of G in ®;, the set M; ,(G) of maxi-
mal subgroups of G in ®; having type n and the set M, , ,(G) of maximal subgroups
of G in M; ,(G) having genus x. If G is a group of the form ®(m,, m,, ..., m)x
and H is a group of the form ®(m,, m,, ..., m)x' with x # x, then we may as-
sume that for some ®; there is a bijection b; :Mi(G) —> M(H) which preserves type
and genus for all j > i but no such bijection for j = i. G occurs before H (and we
write x < x') if

(a) M/(G) has more elements than M(H); or

(b) for some partition n of m — 1, M; «(G) and M; ,-(H) have the same num-
ber of elements for all partitions n’ < n, and M; (G) has more elements than M; ,(H);
or

(c) for some partition n of m — 1 and genus y, M; ;- .(G) and M, ;- ,(H) have
the same number of elements for all partitions n’ < n and all genera z, M; , ,/(G) and
M; o y(H) have the same number of elements for all genera y' <y, and M; , ,(G) has
more elements than M; , .(H).

(3) The groups in @  with type m and genus x are ordered in the way suggested
by parameters in the defining relations.

Other notation used is as follows:

**Despite this ordering, the groups which are direct products are listed together for conve-
nience. Also, if the above ordering varies depending on the value of p, the most favorable value is
taken in each case.
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616 RODNEY JAMES
(1) If G is a group, the center of G is
Z(G) ={a € G : af = pa for all g € G}
and the lower central series is G, = [G, G], G,, , = [G,, G] for i > 2, where
[H, K] = the largest subgroup of G containing {[a, 8] : « €H, BEK}.

The class of G is the number ¢ such that G, # 1, G, , = 1.
(2) If G, H are groups, their direct product is

GxH={(,p:a€G BEH]

where multiplication of ordered pairs is component-wise.

(3) In keeping with usual practice, the symbol ®, will be omitted from all
abelian groups (the class ®,), which will be designated by their types.

(4) Throughout, v denotes the smallest positive integer which is a non-quadratic
residue (mod p) and g denotes the smallest positive integer which is a primitive root
(mod p).

As an illustration of the above, the last five groups in p5(I>3 are ®,(2111)p, =
$,(211)b,, x (1) (the direct product of the (cyclic) group (1) of order p and the group
®,(211)b,), ®;3(2111)c, ®5(2111)d, @5(2111)e and ®;(1°). The first of these has p?
maximal subgroups in ®; of type (211), the second has p? — 1 maximal subgroups in
®, of that type, and the others (except the last) have no maximal subgroups in &,.
The third of these groups has p maximal subgroups in @, of type (211), whereas the
fourth group only has p — 1 such maximal subgroups.

3. Families of p-Groups of Rank at Most 6. In this section, we outline the meth-
od used in [9] to obtain a complete list of the groups of order p™ (1 < m < 6) given
in the next section.

In finding these groups, we make use of the well-known list of abelian groups of
order p™, each one corresponding uniquely to a partition of the number m. In parti-
cular, since the groups of order p and p? are abelian, the only group of order p is the
cyclic group (1) and the only two groups of order p? are (2) and (11).

If G is a group, we will write |G| for the order of G, Z(G) for the center of G
and G,, G3, . .., G, for the lower central series of G (ie. G, = [G, G] and G, |, =
[G;, G] fori>2). If |G| = p™ and the groups of order p, p?, ..., p™ ! are already
listed then, since 1G/Z(G)! < p™, the factor group G/Z(G) is listed. Thus, the process
consists of determining all those p-groups H, with |H| < p™, capable of being central
quotients G/Z(G) for some G and then constructing families of groups G with G/Z(G)
isomorphic to H. An example of this may be found in Hall and Senior [6] where the
groups of order 2" (n < 6) are determined. Similarly, P. Hall [7] used the groups of
order p?, p3, p* to determine the families of rank 5 and, hence, the groups of order
p®. This was then used by Easterfield [5], and later James, to find all the families of
rank <6 in the Table 4.1. Details of this may be found in [9].

The method of finding the isomorphism classes of groups for an individual family
is essentially the same as that used by Blackburn [3] in determining p-groups of
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THE GROUPS OF ORDER p6 (p AN ODD PRIME) 617

maximal class and is described in [10]. By definition of isoclinism we may suppose
that all commutator relations of any group of the family are known, and all relations
modulo the center of the group are known. Thus, we only need consider the values
of the remaining relations, namely

(a) the structure of the center of the group;

(b) the relationship between the center and commutator subgroup of the group;

(c) the precise value of all words forced to be in the center of the group by the

relations modulo the center.
As described in [9] and [10], the isomorphism problem in the family for groups with
the relations (a) and (b) specified is equivalent to the determination of equivalence
classes of certain matrices (over the field Z, with p elements) for a certain equivalence
relation. The actual calculations were carried out in [9] for all families except ®,,,
although there are errors in some of the calculations.

To illustrate the method used, we shall find the groups of order p® in this family
®,, forp > 3. If G €D, , then Table 4.1 shows that we may suppose G = {(a,, ,,
a, Z(G)), where § = [a;, o, ], 8, = [B, o], [, 0] = B,, [0, 0] =61, F =F =1
and ¢, of € Z(G) fori =1, 2. Thus G, = (B, G;)and G5 = (B,, B,) which is in
Z(G). 1f |G = p®, then G, = Z(G) and so

for some a(1), a(2) € Z, and some matrix
a(l, 1) a(1,2)
A=
a2,1) a(2,2)
over Zp. Since the centralizer of G, contains & but not a, or a,, an autoclinism of
G will map ¢, to of, « to a*, where
@) ar=o, ar =D ®D (mod G,)  (1=1,2)
for some x(1), x(2), z € Z,, and some matrix
x(1,1)  =x(1,2)
X=
x2,1) x(2,2)
over Z,. Since [a*, af] = f3 and [a*, aF] = B}, we have
3) x(1, ) =ex(2,2), x(1,2)=ex(2,1), z=x(@2,2)* -wx(l, 1)* #0,
where € = +1. This autoclinism yields the relations
(1% ot = po()7 g g = pra(1NTpaa2DT (=, 2);
and, substituting (2) into (1*), we obtain

“ a = eXa*,
AX + (x(1)a, x(2)a) = ezXA*,
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618 RODNEY JAMES

where a = (‘;8;) and A*, a* are defined analogously to 4, a, respectively. If a £ 0, it
can easily be seen that (by choice of X) we may suppose o = §,, 0% = 3, 6§ =5,
where the only restriction on g, bisthat b=0,1,2,...,%(p-1). Ifa=0, Eq.

(4) becomes
ezA* = X 14X
Writing x = x(2, 1),y = x(2, 2), a = %(a(1, 1) + a(2, 2)), b = %(a(1, 2) + va(2, 1)),

¢ = %(@a(1, 1) — a(2, 2)) and d = %(a(1, 2) — va(2, 1)), this becomes
eza* =g,

zb*

b;
22c* = ¢ + wx?)e + 2xyd,
z2d* = 2exxyc + (? + mx?)d,

forcing z2(d*? — ve*?) = d? — vc?. Thus, by considering the cases d> —vc? = 0, a
quadratic residue and a non-quadratic residue, we may determine canonical values for
a, b, ¢, d (and hence A4) as described in the list of groups p6¢>21 in Section 4.6 (21).

4. List of Results.
4.1. Summary of families of rank <6.

Family || Rank| Class G/2(G) G2 G3 Gy G5 ‘I; QI CI; ‘1; q: f; Y; ';
e, 3 2 (1) 1) P p2-1 0 0 Y p2 p-1 o

o, || 4| 3 o,y | an| S 0 o |9 o%1 | 0
o s ] 2 am | ap 2] P | 0’7 0 o [ o | 0

o 5 2 ah | p i Pt 0 0 o | o p-1
o 5 3 e,a% | jan »? 0 -1 0 o |e?| %1 0

o, s ] > 0,a% | an| m po| P | e 0 o |®] P | et
o |5 | 2 0,0 | @| po| o1 | e 0 o | ¢ - | et
o, s} ¢ o, lawjan| m po| el 0 e | o |6 P | o
o |l s | s 0,0 am|an| b | ot »2-1 ep | o | B% P | e
o, e | 2 am  |ain P’ 0 Phop 0 o |8 pp | 0
o, || 6 2 a% | an o2 | 2p°-2p | p*-2p%41 0 o | ¥ 20°-20%|p%-2p41
4, 6 2 (1") 11) p2 p3-p 1>“-p2 0 0 pu p3-v2 P2‘P
o, |6 ] 2 @ | @ 2| ol | p*p? 0 o |8 ¢07 | e
o |6 2 ab | an 0’ 0 pt-1 0 0 o o |91
D 6 3 ¢2(1“) amy| @ p2 ] ph-p 0 p-p? 0 p’| pp o
o, I 61 3 %, (] o° | 2%z [25°pP2p4y p0-20%p| 0 | B%[20°-p7-p 0% 2001
o i 6 | 3 0,0 |am| N R R o BT S B
¢g 1 6| 3 0,0 [amy|an p2 | 20220 |26-p2-2p+l] pP-2p%p| 0 | p°|2p°-p-p|p%-2pH1
o || 6 3 0,0 [ fan o2 | o%p p-p P | o |8 o | PP
o, |l s 3 0,0 [ |an p? 0 p-1 PP o | 9% e | s
®)0 6 3 02(15) anyg P p3+p7-p-l p“-pz-pﬂ 0 0 Pu l>3-l>2 P2‘P
023 6 4 °3(1") aYlan| @ p?| p%p p-p po-p? 0 52| 2p°-p2-1| p2-2p41
o | 6 4 0,0y {a|an| m p | 20%p-1 | p-2pe1 | P22 | 0 | 8% p%-p | o%-p
o |l 61 @ eg220p| @nIAD| M) S I A B R N e
U N eg220b) 2n]aD| M) p | 2Pt | PPz | BP0 | 0 | % P | 0
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T * * * * 3 * * *

Family || Rank| Class 6/z(0) | 6, |65 |6, |G| gy l ay a a4 o | o o
- : }

°, 6 4 03(15) avlan| a o | 202p-1 | pP-2pn1 p3-p? o I I
U 4 o226, @2v|an| @ p | 2p2ep-1 | pP-2p pp2 | o | 8% o | 6%
Lo 6 4 o220 DA (1) p | 2p%-p-1| p3-2p1 p3-p? o I NC I
o e | 4 0,0 | amwfan| m » o1 | 22pet | pPzenr| 0 | p% pPep | b1
031 6 3 %(15) amy » p2—l P3+P2-2P ‘)3_92_M1 0 p3 p3-p Pz-P
032 6 3 0“(15) am| » PQ'I p3<~p2-2p pa_pz_pﬂ 0 p3 pa_p pz_p
L2 6 3 %(15) | » 2p%pel | pi-2ptl pe_pz o > I
LW 6 3 % 22b | 21| (1) p | 2p%-p-1 | pi-2pti p3-p2 0 2 03 | vi-p

LW I e,% | ahlany ay ) o et o 0 2ol o g | o
o | 6] ® s,0% | ahlamy af af » | T | ol 0 oo | oY #%-1 | %
o, 6| 5 0,01% le,a*yain) a1 @) e pel p-1 I P
o | 6| s 0,05 [ ahlaiy ag af » 1 el o2t o2p | p2p| pY pP-1 | 621
o 1l 6| s 0,0 |e,atauy ay a)f e p-l p-1 2p°p-1| p2-2pi1 2| Bl | 9P
ool 6| & o1 | oM lam| m » R S P R T I I G R
ol 6| 4 0,0 | a%lamy @ S B B I S IR
S| 6| o [0 22Dv, ) ciaiy P p2-1 | plp p3ep o | o3 %1 | p%p
o, 6] 4 o214 | enfary ) - PO I 0o-p o | oY %1 | o2

4.2. The groups of order p, p*. The only group of order p is (1), and the
groups of order p? are (2) and (11).
4.3. The groups of order p3
(1) Abelian: (3), (21) and (111).
(2) Non-abelian: ®,(21) = (&, o, o,/ [a;, @] = 0,,0” =a,,0of =af = 1).
O,(11) =, ap, eyl [, @] =a,, 0P =of =of =1).
4.4. The groups of order p*.
(1) abelian: (&) , (31) , (22) , (211) , 1% .

(2) 2,(211)a = ¢,(21) x (1) , ¢2(1“) = &, (111 x (),

2
2,31) = (o0 .0, | [a),0] = L ay, “11) - ag = 1)
2,(22) = {a,a,,0, | (a0 = of = ay, of = ag =1

2,(211)b = (a,al,a2,y | lo,,al = yP = @y, aP =af =aP = 1)

2
0,21e = {a,a;,0a, | [a;,0] = ay, oF = of =ab =1,

(3) 9,(211)a = <°"a1'°‘2’°‘3 | fo,,0] = a,, [a,,a] = af = o uip) = ag = ag = 1)

3

¢,(211)b_ = (a,al,az,us | la;,a] = a,, lay,al re al(P) = a;, of = ag = ug = 1)
for r=1o0r v

y
2,(17) = (a,al,uz,ua | lag,al = a,,., of = aip) = ag =1 (i=1,2)) .

4.5. JThe gqroups of order gs .
(1) Abeltan: (5) , (41) , (32) , (311) , (221) , (2111) , (1%)
(2) 02(311)3 = 02(31) x (1), 02(221)3 = 02(22) x (1), ¢2(221)b = 02(21) x (2),

1>2(21ll)a =- 02(211)ax (n, ¢2(2111)b - 02(211)b>< (1, 02(2111)c = 02(211)cx 1),
5 4
¢2(2111)d = 1’2(111) x(2), 02(1 ) = <P2(l ) x(1) .
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620 RODNEY JAMES

< p? P_oP.oy)
#,(41) = ta,a,,a, | la,,0] = aP =a,, of =af =1

< p? p’ P )

<b2(32)a1 = lo,0,0, | [al,a] o =a, 0 =a,= 1
{ iy P Pa P )

1’2(32)32 a,a, ,0, [ Lal,a] =y =0y, o = ay = 1

2
= - yP = P2 aoPf =
,(311)b (a,al,az,y | la,,0) = v ay, of=af = of 1

P
, 1
- - P’ P L P s
¢,(311)c (a,ul,a2 | fo,,a] = a,, o ay = ap il
¢ P P P a1)
QZ(ZZI)C = 0.,(11,(!2,Y I [ul,u] =Y = (12' [+3 = al = (12 = 1

¢ SN L S
¢,(221)d = o,0,,0, | [al,a] =0y @ =a; =aj=1

(3) 03(2111)6 - 03(211)ax 1) , 03(2111)17r = ¢3(211)br>< (1) for r=1lor v,
0,(1% = o0y x 1) ,
¢,(31Da = <u,u1,a2,aa | (a,,0] = a,, [0,,a] = apzs ay, aip) - ag - ug =1)
0:3(31_1)1:1_ - (a,ul,az,aa | le,,a] = a,, [(!2,(!]! = a‘l’z= a,, of = ag - ag =-1)

for r=1lorv

2
P e 0P w of =
3’“1'“2'“3 1)

- - TP .t PP PP
03(221)br (a,al,az,a3|[a1,a] a,, [&y,a] ay ay , o a, =, 1)

9,(221)a = (a,al,az,aa | (a,,0] = a,, [a,,a] = aP = 4

for r=1lorv
o3 (211)e = Cayay,0,,0,,7 | [a),0] = o), [a),0] = ¥P=q,,oP = ai") =1 (1=1,2,3))
2
0,(2111)d = {0,0,,0,,0, | [o;,0) = a,,, of = ai”) =ab =1 (1=1,2))

L3I -
@ =ap, =1 (1=1,2))

- - P .
¢, (211)e = (a0, 0,0, | [a,a) =0y, @ Yed]

@) 8,(221)a = (a,0,,0,,8,,8, | [0,,0) = 8;, a® = 8,, o =B, ol = g =1 (1=1,2))
¢,(221)b = (a,al,a2,81.82 | la,,0] = B,, af = B, a; =8, af = B’; =1 (i=1,2))
8,(22)c = (a,0,,0,,8,,8, | [a;,0] = 8, = of, of = 8P = 1 (1=1,2))

0,(220)d, = €9,0,,0,,8,,8, | (o ,a] = B, af = &, ab = 5, aP=gP = 1 (1=1,2))

where k = g° for r = 1,2, ceasd(p-1) .

8,(221)e = (a,0,,0,,8,,8, | [0,,01 = B, of = 8%, of = 8 8,, aP = B2 =1 (1=1,2))
9,(221)£5 =(0,a,,0,,8,,8, | [a,,a] = B, of = 8,, b = BY, oP = 8P =1 (1=1,2))
8,(221)f, =(a,0,,0,,8,,8, | (a,,0] = 8,, of = 65, of = 8,8,, a® = 6P = 1 (1=1,2))

where 4k = g™ 1 for r=1,2, ....5(p-1) .
9,(211Da = (a,a,,a,,8,,8, | [a,,a] = Byo af = By al; - eg =1 (1=1,2))
8,(211)b = (a,0,,0),8,,8) [ [a,,0] = B, of = B,, aP = ab = 8Y =1 (1=1,2))
8,(211e = (0,a,,0,,8,,8, | {a ,a) = B,, o = B, o = of - B = 1 (1=1,2))
0,(1% = (0,0,,0,,8,,8, | [a;,a) = B, of = af = 87 = 1 (1=1,2))

- - - ol = PogP el =il =
(%) 95(2111) (01.02.03.%.8“0‘1:02] lag,a,] a =B, ap oy =af =8 1)

5
05(1%) = €ay,0,,0,,0,,8 | lay,a,] = [ag,0,] = B, uf - ag - ag = "E - gP = 1)

(€) 9(221)a = {ay,a,,8,8,,8, | (a;,0,] = 8, [B,a,1 = 8, =af, 6% =8P =1 (1=1,2))
- - =B, =gk aPap  gP=pPel (1=
9%, (221)b_ ={a,,0,,8,8,,8, | [a,,a,] = B,(8,a,] Byt =By, 0 =By, BP= BT =1 (1=1,2))
where k = g' for r = 1,2, ...5%(p-1) .
% (221)¢, =(0,,0,,8,8,,8, | [a,,a,1 =6, (8,a,1=8,, of =6, of = 67gf, BPapPu1 (1-1,2))

for r=1lor v.
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¥ (221)d, =(a,,0,,8,8,,8, | [a,,0,]=B,[B,a,1=8,, af -az, ab =B, 8P =8P =1 (11,2))
- - - - - PogP « -
0,(221)d_=(a,,a,,8,8,,8, I[ul,azl 8.[8,a,1=8,, 01 62,a2 B,B,,87=8, =1 (1=1,2))
where 4k = g2 _1 for r=1,2, ....%(p-1) .
9, (211Da = (a,,a,,8,8,,8,[[a,,a,1=8,8,0,1=8,, of =8,, ag-ep-s‘i’-l (1=1,2)?
for p>3
- - - Pl oP=pP=gP= -
95 (2111)b_=(a,,a,,8,8,,8, | [a,,a,1=8,[8,a,1=8,, ab=B,, oaf =B" =87 =1 (1=1,2))
for r=lorv, and p>3.
06(1%) = €0,,0,,8,8,.8, | [a,,0,1=8,[8,0,1=8,, aP=gPap? = 1 (101,2))

(71 ¢, (2ill)a = Coy0,,0,,0,,8 | la;,0l=a [a,,8] =0, =of, (p) =BP-1 (1=1,2)?

i+1’
- - r.r.<P>P=P.P-. )
2,(2L11)b Ca,0,,0,,0,,8 |[a1,a] a,,[0,8) = =a P, ol map, ) =B =1(1=1,2)
for r=1lor v.

0, (2111)c = (0,0, ,0,,0,,8 | la;,al=a, . (a,,8] =0, -Bp,apsu(P)sa‘? he! (1=1,2))

la,,8] = oy, 0 =a(p) =gP = 1.(1=1,2)?

5
,(17) = (aya,,0),0,8 | (oy,0) = oy, <y g

P P’ P’
(8) ¢8(32) = (ul,az,B | [“1"’2] =B =0, B =a, = |

(9) ¢ (211)a = (a,ul, el | [ai,a] = q L aP ai P (i=1,2,3))

i+ ¢ w %

a® ook P 2P oy (gm1,2,3))

9 (2111)b = (a,al, ey I[ai,a] =0 % » i

where k = gr for r+l =1,2, ...,(p-1,3)

Peal® 2ol oy (1e1,2,3))

5
0,(17) = (a,al, ey | [ay,al Ay © N

- I (P) _ ( ) _ -
(10) @10(2111)ar (a,al, ey | lag,ad=a (o0, ¢ —au of, a ay =1 (i=1,2,3))
where k = gr for r+l1=1,2, ...,(p=1,4) .

- - k_okag(P) oPag(P) -
0, 21Db_={a,a,, ...,0, |[ai,a] a0 01 =0 =0 NVRRINt! 1,2,3))

i+l
where k = gr for r+1l =1,2, ...,(p-1,3) , and where p > 3 .

5 - P_,P P -
o,(17) = (a,al, N | a0l =a 0o ,0,]= a,0f =a) afi =10 1,2,3))

4.6 The groups of order pG

(1) Abelian: (6), (51), (42), (411), (33), (321), (3111), (222), (2211, (21%), (1%).

@ &,(41Da = B,(1X(1), $,(32D)a, = 8,(3D)a;x(1) (1=1,2), 8,(32)b = &,(3DX(D),
0,(321)e = 8,(21)x(3), ¢,(3111)a = &,(31)ax(1), 8,(3111)b = 0,(311)bx(1),
8,(311Dc = 8,(3A1ex(1), ¢,(311Dd = &,(1IX(3), ,(222)a = ,2VX(2),
0,(2211)a = 0,(221)ax(1), 8,(2211)b = ,(221)bx(1), ,(2211)c = ¢,(221)ex(1),
0,(2211)d = 8,(221)dx(1), ,(2211)e = 8,(21)bX(2), ,(221)f = ¢,(211)ex(2),
¢2(21“)a = o, (211D)ax(1), &2(21“)b = ,(2111)bx(D), 02(21“)c = ¢, (211D ex(D),
2,(21%4 = ¢,(2111)ax(D), 2,1% - 02(15)x(1).

- - = oP P ool =
9,(51) = (a I[al,a] a, =aP , af = af 1)

2 * 1
3
¢,(42)a, =~ {a,0,,0, | log,a) = a, = of, o

ral )uz

- -]

= = = af
¢, (42)a, (a, a;,0, | [al,a] @, =oa; , o

0, 411)b = (a, ay,a,,Y | [ay,0] = o, -y p-ap-ag- 1)
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o, (4ll)c = (a,a a, | [a;,al = oy, of = ¢

-]
"
R
N
*
-
~

T
- = = of P of =
9,(33) = {a,a,,0,[l0,,0] = a, = a” ay = ay = 1)
= = = yP =
2,(321)c a,0,,0,,Y | log,0] = 0, =y : o , o
= = = yP =
¢2(321)d (a,ul,a2,y | [al,a] a, =Y, : o
3

- ] = Po PP =
9, (321)f ((l,(!.l,(lz | la,,0l = a,, o a; = op 1)

= = =yP oP = P = oP =
¢,(222)b <a,a1,u2,Y|[u1,u] a,=y,a ay = ab 1)

=1)

h-1

(3 ¢,(311Da =0, (31D)ax(1), &;(311b = 8,31 x(1) (r = 1 or V),
#,(2211)a = 8,(221)ax(1), 03(2211)b_=&,(221)b_x(1) (r = 1 or V),
#y(2211)c = 0,(211)ax(2), 8,(2211)e, = ,(211)b X(2) (r = 1 or V),
03(21”)3 = o, (211D)ax(1), q>3(21“)br = 0,211 x(1) (r = 1 or V),
8, (21%e = o 211 ex(1), 0,(21%d = 8, (2L1Dax(1), &,(21Me = ¢ (2111)ex(1),
8,211 = 6,0"x(@), 0,0% = o,a%)x),

=aP=aP=1)

3
= P
¢, (411)a (a,a ,u2,a3|[a1,a]-a2,[a2,a]=a S =0y

()
1 1

3
- - r_p'_r p_
0 (411)b (a,a az,aal[al,oﬂ a,,la,,al =af =o7,aP=

(R B =0

s
~

P_~P
1 273
2
= =P = P onPooP.
®,(32D)a (“’“1’“2"’3'[“1"’]'“2'(“2’“] 0" =000 =aj=og
) T o) T o’
9,(321)b, (a,ul,a2,a3I[al,a]mz,[ara] Sh 3

2
= = Lol =
¢, (321)e (a,al,a2,03|[u1,u] ay,Lay,al =a) =o a0

=0,=,0 r=1or v

2
P aqPeP=1) r=1orv

3
3097 =0
2
¢, (3111)c = (a,a1,u2,a3,y][al,a]=a2,[a2,a]=yp -aa,ap

P

2
#,(321)d = (a,al,a2,a3|[a1,a]-a2,[a2,a]-ap=a g=1
(

3
= - P oy (P) P P
0,(3111)d = (a0 ,0,,0, (0, ,ad=a,, [a),adeay,0f =a =0b=ab=1)

3
= r = PP =qP=qP=
¢, (3111)e (a,ul,uz,aal[al,a]-az,Laz,u] ag,00=0; =ap=at=1)
2
= =P PP PP
9,(2211)d (a,al,u2,a3,yl[al,a]-az,[az,a] YF=a g, af=0l" =af=ai=1)

2
- j =P P o0 (P)gPugP
¢, (2211)f (“r“lv“2:“3,Y|[“1-‘”‘“2:[0‘2»‘1] Yo=ay,af =o P =oleal=1)

3
p?
2 1
(4) %(2211)3 = O“(221)ax(l), %(221[)]) = 0“(221)bx(1), O“(ZZII)C = 0“(221)0,"(1),

9,(2211)g = (a0, ,a3|[a1.a]'02:[a2,u3'0t3,0p =q mg-ag-l)

0,(2211)d_ = 9,(221)d x(1) for r=1,2, ..., k(p-1), §,(2211)e = &, (221)ex(1),
«»"‘(zzu)fr = 8,(221)£ x(1) for £=0,1, ..., %5(p-1), &, (21%)a = 8, 21iax(1),
8,21 = ¢, 2LDbx(D), &, 1Y = 8, 211Dex(1) 0, 0) = 9,a5)x)
9,(321)a = (a,al,a2,81,82|[ai,al-si,uP:-Bl,ag-sz,ag-sg-l(i-l,2))

¢, (321)b = (a,ai,a2,81,82|[ai,a]-Bi,uP -si,ag-ez,ag-sg-l(i-x.z))

2
0,(321)c = (a,ul.a2,81,82|[ai,a]-ﬂi,up-sz.ug -Bl,ug-Bg-l(i-l,Z))

¢,(321)d = <a,al,az,ai,szltai,uJ-si,uP-ez,agz-al,ag-sg-l(i-l.z))

9,(321)e = (u,al,u2,el,e2:[ai,aJ-Bi,afz-Bi.ag-e;,ap=a§-1(1-1,z)>for r=1,2,..,p-1
0,(32D)€ _ = (a,al,a2,61,82|[ai,u]-Bi,ug-B;,agz-Bi,ap-BE-I(1-1,2))for r=1 or v
#,(311)a = <u,u1,u2,51.82|cai,al-ei,apz-el,ag.sg-l(1-1,2))

%, (3111)b = (a,al,az,si.ez!Eui,u]-ei,ag -Bi,ap-ag-Bg-l(i-l,z))

p? P P,
¢, (3111)c = (u,ul,uz,el,le[ai,c]-Bi,az =8, -ag-si-l(i-x,z))

2
$,(222)a = (a,ai,uz,81,82|[ui._a]-si-a‘;,ap -8:-1(1-1;2))
- =8, ,aP=pX, oaPxp_ P =gP=](i=
9,(222)b, = {a,a,,a,,8,,8,|la,,a] Bys0y=By,a56,,07 =Bi=1(1=1,2))

where k = g for r =1,2, ..., %(p-1).
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¢, (222)c = (u,al,a2,81,62|[ai,u]-81,ap-81,0§=82,afz-ﬁi:l(i-l,2))
9,(222)a, = (a,ul,az,sl,52|{ai,u]-si,ag-a;*,ag-elsz,a’ =6P=1(1=1,2))
8,(222)d, = €a,0,,0,,8,,8, |Ta, ,al=B, ,aP=B,,aP=8, ,af =BF1(1=1,2))
0,(222)e = (0,01,u2,81,82|[ai,u]-Bi,u:-B2,ag-B:,aPz-Bi-l(i-l,Z))

o, (222)e = (a,ai,az,Bl,Bz![ai,a]-Bi,ag-Bg,ug-8182,apz-Bg-l(i-l,2))

2r+1

“here 4k = g -1 for r=1,2, ...,%(p-1).

9,(2211)g = (0,0,,0,,8,,8,,Y|[a ,al=8 ,vP=B,,oP=6 ,aP=pP~1(1=1,2))
P.
2%

- ¥ =8, ,YP=8,_,aB=8, ,aP=aP=pPxl (1=
9, (2211 = (0,0,,0,,8,,8,,7|[a;,a=B, ,YP=B,,a2=8, ,aP=al=Bl=1(i=1,2))

8,221 = (9,0,,0,,8,,8,,v|la ,al=6,,vP=8 oaPuadaplal(i=1,2))

o, (22113, = (a,al,a2,81.82|[ai,a]-Bi,ag-Bl,apzsag-ﬁi-l(1-1,2))
0,(2211)3, = (a,al,a2,81,32|[ai,a]-ei,ap-el,agz-ag-ez-x(i-l,z)>
0,221k = (a,0,,0,,8,,8,| o, ,al=8, ,aP=, P raBegP=1(1=1,2))
0,(2211)8 = (u,ui,a2,81,82|[ui,a]-Bi,ag-Bl,ap -ag-s§-1(1-1,z)>
¢,(2211)m = (a,al,u2,81,82|[ai,u]-Bi,ag-B,‘,.a‘;z-ap-Bi-l(1'1,2))
0,(221)n = {a,a,,0,,8,,8,(a, ,a1=B, ,ab=8, ,aP =aP=gla1(1=1,2))
¢u(21“)d = (a,al,a2,81.82,Y|[ai,a]-Bi.Yp=Bi,ap-a£=ﬁg-l(i-l,2))
8,(21%e = (a,0,,0,,8,,8,] (0, ,a1eB, P =aP=BP=1(1e1,2))

2
8,218 = Co,0,,0,,8,,8, | [0, 0108, ,0f =ab-aP=gle1(1=1,2)

&) o 1M = ¢ 211X, 8,0 = 6,1%)x(D),
o.(311) = (a_,a,,a.,a, ,8|Cc, 0 l=[e,,a ]-apz=6 oPrPaP=gP=1)
5 1°%2:%3: %y 1727 T TR
= = Pog oP =qPeqP=pP=])
¢ (2211)a (ai,az,a3,au,8l[a1,a2] lay,0, Jma) B,a12 ag=a; =B =1
- Pog P moPuqPupPe
0, (2211)b = Ca,,0,,0,4,0,,8]la, ,0,)=la,,0,]1=08=B,af =aD=aj=pP=1)
4 = ayPaf . aP=pP=1(i=
9. (21)b = {a,0,,0,0,,8,Y| [0, 0, )=[a,,0,]=y"=8,af=BP=1(1=1,2,3,4) ?
o (21e = (a0, ,0,,0,,8|Ca, ,0,)=[a,,0, 1=8 apz-apﬂxP-ap-BP*l)
5 12722 %3 %y 12% TR %y TR TR
(6) Note: In this family, afp) = oPg}
®.(2211)a = & (221)ax(1), ¢6(2211)bt = °e(221)brx(1) r=1,2,...,%5(p-1),
0 (2211)c = € (221)c ¥(1) r=l or v, & (2211)d_ = 8 (221)d x(1) r=0,1,...,5(p-1),
y 4 6 - 5
0, (217 ) a0, (2111)ax (1), & (217)b =0, (2111)b x(1) r=1 or v,8 (17)=8 (17)x(1),
w2 P =8 qP=RC aP=aPx](im
0. (32)a, = o ,0,,B,8,,8,|[a,,0,1=8,08,0,1=8, ;00 =B, ;0 =8,,8 =B =1(i=1,2))
for r=1,2,...,p~1 ,
- g (P T P08 oP_oPiiin
0532100, = Coy,0,,8,8,,8, (0 ,0,1=8, (8,0, 1=B, a7 =B, 0y =B),B"=B;=1(1=1,2))
for r,8=1or v,
8 (3111)a =< a,,a,,8,8.,8, [, 0,18, (8,0, 18, ,0P =B, aB=gP=gP=1(1x1,2))
6 1272°F PPt Ty T 1’121’2 i ’
- =8, ,aP =gT,0P)agPugPuy (ix
0 (311b = (a,,0,,6,8,,8,|[0,,a,1=8,(8,0,)=8, 0 =B, ,0 " =B =g =1(1=1,2))
for r=lorv,
=2 Paf o(P)ep P =pP=gPai(i=
0 (2211)e = Ca,,a,,8,8,,8,,v|[a ,0,1=8,[8,a,1=8,,Y =B,,a;P =8, ,of =BF=B =1(i=1,2))
2 vPop  oPed® o{P)apPagPu (=
0, (2211)€ = (a,,0,,8,8,,8,,7|(0,,0,1=6,08,0, 16, , Y =B,,as=B, ,0, P =B" =B} =1(1=1,2) )
for r=1lor v,
2
- = = Po P ugPagPal (1=
0, (2211)g = (&, ,0,.8,8, ,8,|(a,0)=8,[8,0,1=8; D=8, ,a} «BP=BP=1(1=1,2))

o (2211)h_ = ( 8,8,,8, T 18, 08,a, =6, ,aP=BF P =BP=gPu1(1e1,2))
5 p T 1005 Ps By, 0, 10,00 150, 10,0y I=P 407 4% 1 ’

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

623




624 RODNEY JAMES

for r=1orv
821%)e = €0,,0,,8,8,,8,,|[a,,0,1-8,(8,a, 1= ei,y =8, 0P =aP=gPgP=1(121,2)

= = =0P=pP=gP=) (1=
08(21 )d = (al,a2,8,81,82I[a1,a2] B,[B,ui] Bi,ui 012 8 81 1(1=1,2))

N q>7<21'*)a = o (2111)ax(1), ¢7(21“)bt = ¢,(2111)b_x(1) r=1 or v, ¢7(21‘*)c=¢7(2111)cx(1),
¢, (1% = o, (1%x(D),
¢,(3111)a = (a,al,a2,aa,8|[ui,a]=ai+1,[a1,81=ap2=a3,u§p)=ap =gP=1(i=1,2))
d>7(3111)br = (a,al,a2,a3,8|[ai,a]=ai+1,[a1,8]r=a Z-ua,ap—ag+1=6p=l(i=1,2))
for r=1or v
o, (311)c = (a,ai,a2,03,8|[ai,a]—ai+1,[a1,81=6 —aa ,a =a(p)=a =1=1,2))
0,(2211)a = {a,0,0,,0,,8]la 0d=a, (o, ,B1=a =a3,a§2=ai+1=sP 1(i=1,2))
¢ (2211)b = (a,ul,az,aa,Bl[ai,a]=ai+1,[ai,B]r-a(P)=a3,a -ai+1=BP=l(i=l,2))
for r=1or v
¢, (2211)c = (u,al,a2,a3,8|[ai,a]=ai+1,[al,B]=aP=a3,BP2=u(p) =13i=1,2))
¢, (221)d = (a,al,az,aa,Bl[ai,a]=a1+1,[a1,61r=a§p)=a§,8p =q! -ai+1=1(1=1,2))
for r=1or v
¢, (2211)e = {a0 0y, aa,Bl[ai,a]=a1+1,[a1,B]=Bp=a3 a1 aP=u 13=1,2))
9, (2211)f = (u,a1,az,as,B[[ai,a]=ai+1,[a1,B]=Bp=a ,of =u(P) p =1(1=1,2))

¢, (Zlu)d = (o al,az,aa,s,yl[ai,aka [a1,8]=Y =ag,a —a(p) p -Bp=1(1=1 2))

i+1’
%, 21%e = (a,o ,az,aa,Bl[ai,a]—a1+1,[a1,61=a3,a =a(p) =BP—1(1 1,2))

2
® (21 )f = (a0 la,,B83=a, =aP_aP =3P 1(i=1,2))

»0 50 +1°
e, 21hg = <a,al.az.aa,BIEai,a3=ai+1.[ai,81=a3,sp (p) =13=1,2))

as,Bl[ai,a]-a

3 2
@) 4,42) = Ca,,0,,8|la,,0,I=0P=,18,a,1=6",ad =a” 1)
3
0,(33) = <al,a2,3|[al,azl-e-a‘;,[a,a2J-e",ag LN
<I>8(321)a = 08(32)x(1)
2 2
93206 = (ay,a),8,[[a,,a,)=B=af, [6,a,1=6P=yP,ab =8P =1)
r+ 2 2 2\
85 (32De, = (ay,0,,8(00,,0,176,(6,0,] I-BP(”:)sall’ ,a2 =8P R1) for r=0,1, ...,p-2
2 2
93321, = (ay,0,,8(la,,0,18,[8,a,1-6P=ab ,ab =g =1)
LI SO LR
95(222) = {a,0),8|la,a,1=8,[8,0,1=8P,a} =ab =6P a1)

(9 ¢(21"a = 4,21Dax(1), 021N = 8, 2UIDb X(1) for T+ =1,2, ...,(p-1,3),
250% = o, (1%)x(1),

2
- P P®_.(»m
9, (311D)a = (a,a,, ...,aultai,a]_-uiﬂ.u -au,alp 1\‘:1-1 (1=1,2,3))

2
09(3lll)br - (a,ai, ...,a“|[ai,a]-a P - ,aP=q (P)-l (1=1,2,3))

i+1°71 W

where k =g for r+l = 1,2, ...,(p-1,3)

2 (®)ey (1=1,2,3))

9,(2211)a = (a,ai, ---»““1[01-°]'°i+1:° -u“,a1 4
%, (2211)b, = (a,a,, ...,aultai.u]-ui+1,uiv) t’aP _ai:i-l (1=1,2,3))

where k = g° for r+l = 1,2, ...,(p-1,3)
4 '
¢(21e = (a,a,, ...,au,Y|[ai,a]-ai+1,Yp-u ap-uip)-aifi-l (1=1,2,3))

y
(214 = (a,a,, ...,0,|(a, 01, 0P -af")-a("i-l (1=1,2,3))

2
og(21%)e = (a0, ...00,|le,ade -u"-am-l (1=1,2,3))

P
141°%1
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10) olo(zx")ar = 0,,(211Da X(1) for T+l =1,2, ...,(p-1,4),
¢1o(21u)br - 010(2111)brx(1) for r+1 =1,2, ...,(p-1,3) and where p > 3,
0,9 = & (P,
4>10(31'11)ar = (a,ui, ...,u“|[ai,u]-aiﬂ,[ul,a,‘,]k-npz-ut,uip)-ug_;-l (1=1,2,3))
where k-gr for r+l=1,2, ...,(p-1,4)

2
,azlk-ag -at,ap-a(P)-l (1=1,2,3))

010(3111)": = (u,ul, ...,a“|[a.1.a.]-u N

141°0%
where k-gr for r+1=1,2, ...,(p~1,3)

- k_p_k p2_ (p)
010(2211)ar (u,ai, ...,uul[al,a]-ai+1.[a1,a2] i -aizl-l (1=1,2,3))

where k-gt for r+1=1,2, ...(p~1,4)

k k p?
910(2211)bt - (a,al, ...,aultai,a]-a1+1.[a1,a2] -aip)-uu,ap -a:z:-l (1=1,2,3))

where k-gr for r+l=1,2, ...,(p-1,3)

"
9,0(21 )¢ = (a,al. ...,au,yl[ai,a]-a“_l.[ul,a2]-Yp-u“,ap-a§p)-a§zi-l (i=1,2,3))

4 2
8,214 = (a0, ...,a“l[ai.a]-u1+1,[ai,azl-qu,up -uip)-aigi-l (i=1,2,3))

y 2
8,5(21)e = a0y, ...,au|[ai.aJ-ai+1,[al,a2]-au,a§ -qp-uizi-l (1=1,2,3))

- P =oP= =8, ,aP=pFa 1, pP=pPaPx
AD e, (222)a, = o .8,y 00048100, 0, 0m08=8, , [0, 0 1=a0=B, ,[0;,0, 1=B,,0,=B, 67" ,B =B, =B,=1)
for r=1lorv

-1 p_ P_oP_oP.
a. 8182,8 B8, =Bl=D

- =aP= - =8 ,aP=gT
¢, (222)b_ (al,Bl, ...,as,le[al,azl a,=B,,[a,,a, =B, ,[a,,a, I=B,,0,=6,8," 0, 1-85=B3

1

for r=1,2, ...,p~2 , where at least two of -r, —(r+l), -(r+l)/r are quadratic residues (mod p)

= = =aP= =g ,oP=p"1p, oP= P_gP_gP.
0,,(222)c = (o ,8,, ...,a3,33|[a1,a2] Bysloy,aqd=as=B, ,[a,,0, I=B,),0,=8,"B,,0,=8, 8, ,B,=8,=8, 1

31’
= =oP< =P = P, PogP_gP-
0, (222)d =40 ,B,, .ol y0,,8, (o 0, Tm00=B, o, 0, 1=a0=8, , [y, 0, I=a, "=B,, B =B} =B =1)
= =aPe= - =g, .oP=pTp" 1 oPx PogPagP.
0, (222)d = ,B,, ...05,8, | la; 0, J=00eB, () ,0,0=6, , [0y, 0, 1=B,), 0 =8, 8,7, 0,=B, B, ,8/=B =B, 1

for r=1,2, ...,p-2 , where at most one of -r, -(r+l), -(r+1)/r 1is a quadratic residue (mod p)

= P P - P_gP_gP.
¢1511(222)dp_1 (al,Bl, ...,a3,83|[a1,a2]-a3 83,[02,a3]-a1 Bl,[aa,alj 0 82,81 82 83 1)

= = =0Pag P - P.g-1 P_gP_gP.
¢, (2211)a (al,Bl, ...,a3,63|[a1,a2] 83,[0!2,(13] 0L, =0 Bl,[aa,all Bys0 =B, 83,81 B5=B5 1)

= =oP= = - “PagPa P_pPapP.
0, 2211b = Cay B, oouyag,Ba]l0y 0, Jmag=8,, [a, 0, )=, , [a,,0, 26,0, " =0, =B, 8, , B, =B, =6, 1Y

= = =aP= ~P_ P_gP_oP.oPo
0, (2211 = Ca B, «.oy0q,8,] (0 ,0,)=B,, (0,0, 0=00=B Loy, 0, 1= P=B 0, =B'=8 =B =1)
- - = Pa T_PogV o PogPogP.aPa
¢11(2211)dr—(a1,81, ""aa'Bal[a1’°2]'33'[“2’a3] ar=g, ,[a,,0, 1" =00=8, ,al=B =B,=B; D
for r=0,1

2
= = = =8 .oP=p"F g1 oP= P_gP.nP_gP_
¢11(2211)dr-<u1,61, ...,a3,83[[a1,a2] Bapl0,,0 Bi,[<x3,a1] 8,046, B, ,an=8,8,,0,=8] =By 1)

for r=2,3, ...,5(p-1)
- - =oPe =8, ,aP=pg B 1,aP=pP=pP=pP=
o, (2211)e (0‘1’51’ ""“3’53““1’“2] BysLa,,0,1=a; By»log,0,1=6,,0 =8 B, ,05=B, =B, By 1)
g . ; -8, ,oP=p¥a ! oPep B ,oP=gP=gP=gP=
¢, (2211, (ul,sl, ...,aa,saltal,uzj 8ysLa,,a,1=8, ,lay,a, J=B, 00 8,8, »0,=B,8,,0:=B =B, =B, 1)
where k=-vr? for r=1,2, ...,%(p-1)
uoo_ _ - =aP=g_,0P=0P=pP=pP=gP=
0,,(21)a = {a,,8,, ...,u3,83|[a1,a2] ByrL0n,0. 3B, f0,,0, J=at=B, o =0 =B =B, =R =1)
LN = -oP= =8, ,aP=aP=gP=pP=pl=
8, (21 (al,sl, ""“3'63“0‘1'“2] 84 [ay,0 =0y 81,[a3,a1] B s 0,=a =B, =Bo=B 1)
6
1

&y, ¢

= - = - PogP. =
) = Cay,By, ees0q,8,100,,0,0%8,, (0,0 0%8, oy, 0 16, 00=B1=1 (1=1,2,3))
= = Pe P PogPy P =
(12) ¢, ,(2211)a = Co ,0,,8,,8,,7,,Y, [ [oy B, 3=y, 0 =y, B =Y,,00=Bo=v;=1 (1 1,2)}
9,,(2211)b = 8,(21)x¢,(21)
0,,(2210)¢ = €y ,00,8,,8,,7,5Y, [0, B 1=y, ab=y, v, 00y, B0=v]=1 (1=1,2)"

= =y, ,0P=y, 0=y ,pP=yP=1 (1=
0,,(2211)d = {a,,0,,8,,8,,7,,7,|[a;,8, 1=y, ,af=y,,a0xy, ,87=v=1 (1=1,2))
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9,,(2211)e = Ca,,0,,8,,8,,7,,Y, | [ay B, I=v, 0P =y, v,,ab=y, ,B0=yD=1 (121,2))
), (2211)f = (ul,az,ai,sg,yl,yz|[ai,si]=yi,af=ug=y1,ef-y2,Bg=y§=1 (1=1,2))
€,,(2211) = €a;,00,81,8,,7,,7,[[ay, 8, 1=y, ,aP=y, ,0B=BP=y,,8P=yP=1 (1-1,2))
0,,(2211)h = €08, 48,,7,,Y, | [oy 8, 1=y, 0l =BD=y, ,aB=pPey, =1 (1=1,2))
0,,(2211)1 = Coy,0,,8,,B,,7, 07, | [oy .8, J=v al=y, oB=v,v,,8%=y,,80=v=1 (1=1,2))
o,,(21%a = 0,(21)xe,(111)

0,21Mb = (o ,a,,8,,8,,7,.7, (e .8, 1=y, ,af=y, v, ,ab=8PmyP=1 (1-1,2))
¢12(21")c - (al,a2,61,82,vl,y2|[ai,Bi]‘vi,aI;-yz,a;=B';ry‘i’-1 (1=1,2) )

8, (21" = (a,,0,,8,,8,,7, 57,1 0a,,8, 1=y, ,oP=oBey, ,80yPu1 (1n1,2))
"’12(21”)e = (0y005,8,085.7, Y, | Loy By =g of=abev, v, Beviel (2e1,2))
8,015 = 0, (111)xe,(111)

= = agP= P P PapPa -
(13) 8,,(2211)a = {0y, ooy ,8,,8, [0y 00, 1=B, ,[0),0, J=aleB ) 00 =8, ,ap=0, =B=1 (1=1,2))

1+ Eaa'agt
= - Pug oPep, ,aPmaPepPxl (i=
0,,(2211)b = Cay ooy0y,B,,8, Loy o ) 3=B, L Loy 0 Jeog=By 0 =B sanmay=By=1 (i=1,2))

T

= = TooP=g? aP=p ,aP=aP=pP=1 (i=
0,,(2210)e = Say, oneyey,B,B) (a0, 18, (0,0, 1 majep, aneB, 0y =0 =By=1 (1=1,2))

for r=1or v

= = =aP=g,,aP=8_,0P=aP=pP=1 (i=
0,214 = Cay, o.,a,,8,,8) (a0, 1=, [a,,0, J=ay =B, ,05=B, 0y =0, =B;=1 (i=1,2))

1-8,.(a,,a, 1"=af=87 a?=8, ,ab=af-plu1 (i-1,2))

0, (2210e = (o, oeos0,,8, 58, (0 7=05=8y

1°%141
for r=1,2, ...,p-1

= = 20P=p_oP=g.  aP=cP=pP=1 (i=
¢, ,(221Df (ul, ...,au.Bl,le[al,aHl] By»[ey,0, 1m0, =B, ,0,=B, 0 =, 8=l (4 1,2))

LN = - P_ P PP =
0,521 = Coy, oouu0y,By,8, [0y 0, 18, [0y, 0, 16,008, o0 =ay=B;=1 (1=1,2))

. =oP=8,,aP  -oP=pP=1 (i=
1=8,, 00,0, J=al=B, ,0f  =og=B0=1 (1=1,2))

4o = 2P = PoaP=gP= =
4513(21 Ye (al, ...,au,Bl,B2|[al,ai+1] Bi,[a2,a“] oy 82,ai o, Bi 1 (i=1,2))

Yyd = - =8, ,aP=8_,aP=oP=pP=1 (i~
0,,(2110d = Cayy ony0y,sB,,8, | Lagsoy 3-8, 5[0, .0, 3=B),an=6, ,a =0y =B =1 (i=1,2))

y
<l>13(21 )b = (0"1’ ...,au,81,82|[a1,ai+1

&) - - =8, ,0P=aPecP=gPel (1=
0,,(17) = Cayy ouay,B,,8, | la .0, 178, Ta, 0, 1B, ,ay=ag=oy=Bl=1 (i=1,2)}

Pig P ogP a)

(14) @, (42) = (al,az,ﬁl[ul,GQJ-B,u1 =8,0, =B" =1
P _gP 7 ap% 1)

0,,(321) = o, ,0,,B| (o, ,a,0=B,a, =67 ,0, =B" =

0?0,
9,,(222) = (0.1,0.2,6“01,0.2]‘3,&1 =aj =8 =1

. - p_ o BPeByPacPuPe] (1=
(%) ¢, (2211)a = o, +...0,,8,,8, (0 0, 3B, [0y 0, J=ad=8 [0y, 0, D=aBPeBabaalngfel (iv1,2))

- = = k_ 8P_o8K P o of P_ P_oP_
8, (22110 (a,, ...,u4,81382l[u1,ai+1] 8,00,,0,1=B, , [a,,0, T =a P800 =B, B, ,a =0, =B, =1

(i=1,2))

[nl+s

where k=g and gn-g2(g-r2) for r=1,2, ...,%(p-1) and s=0,1, ...,m , with

m=%(p-3) +n-2[%n] and [dn] = integral part of m ;

- - —oP= = PagB oP =gPo) (i=
0, (2211)e = Cay, onnymy,B,8, [ [a 1=8,,[0,,0, J=00=8, ,[0,,0, J=a, P=B3,0]  =BF=1 (1=1,2)?

= =0 P= 68 oP=gk P pgPe =
18, Loy, 0, Jmos =B, (a0, 3=85,0, =B, 00 =By=1 (1=1,2))

12%441

¢ (22114 = (o, ""“u'31'821[“1-“1+1
where k=gr for r=1,2, ...,%(p-1) ;

4 _ =P =88 &P P.aP_ =
o (217) = (o, ...,au,81,82|[a1,m1+1] 8;:lay,0 J=ai=B, ,la),0, 1=B0 0, =0 =B =1 (1 1,2))

171 i+1 s i
6y o - = 208 PuqPugP=pP= =
0, (17) = Cayy vonyo,By,8, Loy 0y 1B g[ag,a, 378, ,(a,,0, 1=B,,a =0 ma =B el (i=1,2))
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(16) ¢,.(2211)a = (a,ul,aQ,as,B,Ylfai,a]-u ,8,a1=BP=y, 0Py 3,a(p) P it Py (1=1,2))

i+1

8 (221)b = Ca,0,0,,04,8, Y oy ,admay, 18, 00m0P=y, BP0 ,a{P =0 3 =1 (=1,2))

1+1’[
. =8P=y,aP =¥ oPudP  =yP=l (1=
9,5 (2210)c = €0,0,,0,,0,,8,v[[a,,al=a, . [B,a1=BP=y, 0 P =0 ,oP=af  =yPx1 (1=1,2))
for r=1,2, ...,p-1

k
06221104, = Coy0,0,,05,8,|(ay,ad=a, . [8,0] =a( i~ ,8P=0,,0P=af  =yP=1 (i=1,2))

where k-gr for r+l=1,2, ...,(p-1,3)

0, (2211)e = (a,al,a2,aa,8,yl[ai,u]-a EB,a]m;P)w,apm Bp-up =Y Pal (1=1,2))

i+1°
- - =oP=y,alP PaoP  Po) (3=
016(2211)fr (a,al,a2,a3,B,Y|[ai,u]—aiﬂ,[s,a]—a =Y,a, -013,8 g vP=1 (i=1,2)?

for r=1lor v
Yyq = - —v.aP=o_ a(P)agP P =¥l (1=
¢ o2 = Ca,a,,0,,0,,8,v| [, al=0,  ,[8,0]=y, o ay,0,P «8P=af  =yPel (1=1,2))
e o - (p) P p VPl (1=
016(21 b= (a,ul,az,as,B.Y|[ai,a]wiﬂ,[ﬁ,a]—a =Y,0, =R =q yP=1 (i=1,2))
y _ - _aP_. _ (P)_ P ayP= =
¢, (21 )e = (a,al,aQ,aa,B,Yl[ai,a] a4 4q5(8,01=8 =y,aP =0, lear vP=1 (i=1,2))

%yd = = . gP=a_ .oP=aP P =yPal (i=
9,5(210d = (a,a ,0,,0,,8,v|[a;,al=0,  ,[8,01=y,8"=0, 0=, " =l =yP=1 (i=1,2))

LN _ oy Pt PogPo P o Poy (4=
(21 0e = {a,a,,0,,0,,8,Y|(a 0l ,[8,aley,0, =] ,aP=BP=al  =yF=1 (1=1,2))

for r=1orv
2,6 21" = (0,0,,0,,0,,8,7[ [0, aldma,, ,[B,al=a P =y,aPegPmal, =yP=1 (i=1,2))

G (p) _oP_ p - P_l (i=
9,,(1°) = {a,o ,a2,a3,8,yl[ai,a]—ai+1,[8 al=y,oP =a," =B"=0 vP=1 (i=1,2))

= = =aPov P aPaaP  =yP= =
17) @17(2211)a = (01,111,02:0‘3,3,”[011'01]-01“1,[3,(! J=R"=y,0 0,0 =0 =Y =1 (i=1,2)?}

= PaoP  =yPo1 (i=
¢,,(2211)b_ = (o al,az,as,s,yl[ui,a]=a 41080y 1= gP=y, a1=a3,a C vP=1 (i=1,2))
for r=1or v

- - P ayP=
¢, ,(2211)c = (a,al,a2,a3,8,yl[ai,a]-a 410 08,0, 1Y, =a3,8 =Y, a =l =yP=1 (i=1,2))

i+1

PaP  =yPel (i=1,2))

“i417Y
e, (2211)e_ = {a,a ,0,,0,,8,v|(a, ,alea__,[B,a J=y,oP=al,BP=a v,oP=aP  =yP=1 (i=1,2))
17 r i S A A i’ i+17°71 o Mac 3" i+1 ’

- - Py RPa
0, (2211)d = (a,al,a2,a3,B,Y|[mi,a]—ai+1,[B,ail-al—Y,B Q50

for r=lor v

. - Poy, 8P, aP=aP. =yP=1 (1=
0,,(221DF = Ca,a,,0,,0,,8,v|[e 0l (8,0, J=aP=y,8 —a3,a1 af, =Y =l (i=1,2))

= = =gP=y, oP= P <yP= =
0,,(221)g = {aya,,0,,04,8,7] (e, ,ad=a, (8,0, 1=B =y,a"=a ,a =a3,ai+1 vo=1 (i=1,2))

for r=1,2, ...,p-1

- = =aP=y,oP=y*, gP= =P=1 (i=
¢17(2211)hr (a,al,a2,a3,6,y|[ai,a] QL B,u1] ul Y,a" =Y ,B QL a =y'=1 (i=1,2))

i+1 ot 3*7i+1

where kﬂgr for r+1=1,2, ...,(p-1,3)

0, (2211)1 = (a,al,uz,us,s,yl[ai,a]=a »(8,0, 1=y, oP=a ,ap=a ,BP=q, 3Y» ug+1=yp=l (i=1,2)?

i+1 3’71

for r=1,2, ...,p-1

= = =oP=y . oP= =yP= =
¢,,(2211)3 = Ca,0,,0,,0,,8,v(ley ,00=a (8,0, ] a Y, —us,B =a1+1 vy =1 (1=1,2))

[8,011]=Y,0l =a; s+rsYs u1 clr:(1 s) Bp p

¢17(2211)kr,s=(a,al,az,a3,B,Y|[ui,u]=ai+1, 1=Y Pey
(i=1,2))
for r=lor v and s=0 or 1
. Po T8, DT, oPL P o Poi (qe
017(2211)1!,s (a,al,az,as,B.Yl[ai,a]-ai+1,[8,a1]-y,a =y UY,ay =y, Pl =yPml (1-1,2))

for r=lorv and s8=1,2, ...,p-1
- Poo8y oPooT aPo P o Py (ia
¢17(2211)mr’s (a,ai,az,as.B,Yl[ai,a]-ai+1,[8,a1]-y,a =0,Y, 0., 8P=0f | =yP=1 (1=1,2))
for r=lorv and s=0or 1

®,,(21 *)a = {a “1’“2’“3’B’Y|[“1’“]'“1+1'[B a, J=v,o -as,B =, -a§+ =yPx1 (i=1,2))
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4 = =y, oP=f | oPapPugP P, -
e, (21)b_ (a,al,a2,a3,8,vl[ai,a]-a1+1,[8,a1] Vs0h =g, 0P=BPaal  =yPa1 (1=1,2))
for r=1or v

y
® (21 = (a,0; ,az,aa,B,Yl[ai,a]w [8,01]=up=y,8p-a‘1’=a1:+1=yp=1 (i=1,2))

i+1?

By m - P_ PooPoP o\P
¢,,(217)d (a,ai,a2,a3,8,yf[ai,a] o, 4400850, 1=v,a =a,y,B =ay=af  =yP=l (1=1,2))

"
0),(21)e = (a,0,,0,,05,8,7] o ,0d=0 (8,0 J=af=y,aP=BP=of  =yP=1 (1=1,2))

Yf = - v oPoofyv oPaiPon? ovPo (1o
0,218, (a,al,aQ,ms,B,Ylfai,a] oy, q 00850, D=y ab=a y, 0" =BP=0f | =yP=1 (1=1,2))

for r=1or v

P_PeoP o Poi (i
15%41=Y 1 (i=1,2))

P.PP _Po1 (ie

=0y =0 =Y =1 (i=1,2))

By, w =8P= =
9,,(21)8 = {a,a,,0,,0,,8, |l ,al=a, (8,0, 1=BP=y,a"=a

"y = =y gP
2),(21)h = (a,0,,0,,0,,8,|l0;,al=a, (8,0, 1=Y,B"=a ,a

Yy = Y =y, BP= PagP=gP  =yP= =
0,101 = (a,a,,0,,0,,8,|[ay,al=a,  ,[8,0, 1=y,8=a y,0 =0l =a}  =yP=l (1=1,2)}

i = = =y,0 PagP=of BP=gP =yPm] (i=
¢17(21 )i, (“’“1’“2’“3’B’Y|[°‘1'°‘] a“l,[B,alJ Y,0 =ar=0, B =l =yF =l (1 1,2))

for r=1or v

Yy = =0 PugP=y BP=gP =yP= =
¢, (2K (a,a ,a2,a3,B,Y|[ai.a]-ai+1,[6,a1] 0" =, =Y, B A=Y =1 1,2))

1
g = - v aPeaPagly PugP =vPa
0,218 = Co,a,0,,04,8,7| (o ,al=a, (B0, I=y,0"=0f=0yy, 8P =0l =vPel (i=1,2)0—

for r=1or v

6
¢, (1) = (o,a, ,uz,as,B,ﬂ[ui,a]-a

PoaPosPacP  ovPi1 (ia
141°(850, 1=v,07=B =ay=ay =Y =1 (i=1,2))

= = =aP= =3Py 0 (P agP  ayPo) (4=
18) ¢, (2211)a (a,al,a2,a3,8,vl[ai,a] o, 4p 000 Bl=at=a,, [a, B1=BP=y,0) =g, =v'=l (4 1,2))

i+l
- - aPy T P T (P)_ P _.P_ -
0,5(221Db = Co,0,,0,,0,,8,Y| (a0l ,la),B1=6P=a,, [a, B8] =aP=y" 0 P =a?  =yP=1 (1=1,2))

for r=1or v
018(2211)cl_ = (a,al,a2,a3,B,Yl[ai,a]=a1+1,[a1,B]rmip)w;,[a,B]=Bp= ,ap-azﬂzypﬂ (i=1,2))
for r=1,2, ...,p-1

- - k_gPagk a{Pay,oPuoP =yPo1 (1=
0,4(2211)d_ = Ca,0,,8,,0,,8,v|[a, )=, ,la,,B] =BP=a;, [a,B1=a, P =y,aP=of  =yP=1 (1=1,2))

i+1
where k-gr for r+l=1,2, ...,(p-1,3)

(p)

k k
0, g(221)e_ = Caya ,0,,05,8,v] (0 ,0d=a, (o, BT =aP=a, [a,B]=0,

=y,8P=a}, =yP=1 (i=1,2))

where k=gr for r+l=1,2, ...,(p-1,4)

09 2UE, | =(0,0,,0,,05,8,7]T0; 00=0, [0, ,817=0 P =0T [0, 81%=aP=y®, BP=0 =yP=1 (1=1,2)

for r=1lor v and s=1,2, ...,p-1

Hya = =aP Py (P) P o Py (ie
¢,4(210)a = Ca,a,,0,,0,,8,v]l0y,al=a, , ,la) ,Bl=a"=a,, (0, B)=y,8P=a P =al  =yP=1 (i=1,2))

4 - - T oParE aPaq(P) P . P_ -
®,(217)b (0"“1-02:“3'3#|[01,0]'0‘“1,[“1,5] ay,la,8] =0=y",BP=0 P =0®  =yPel (1-1,2))
for r=1lor v

018‘(211‘)0 = (u,al,az,ua,B,YI[ai,a]-uiﬂ.[01,B]-a3,[u,8]=Bpry,ap=a;p)=a‘;+1-yp-1 (i=1,2))

(p)
1

,[al,B]r-aip)-a;,[m,B]-Y,ap-Bp-agﬂ-yp-l (i=1,2))

4d = =BPx -y .oP= P P
(21 )d (“’“1’“2’“3’8’”["1’“]'“1+1'[°‘1’B] 87 =as,l0,B=y,0" = =ag, =Y =1 (i=1,2))

n
¢18(21 )er - (a,al,a2,03,B.Y|[ai,a]-aiﬂ
for r=1or v
(P) oy oPeiPaoP =vPoi (4=

Y,0 =B g =Y 1 (i=1,2))

1
5y . - J=y,0P=Pue P ue? ayPal (4=
9,5(1°) = Ca,a,0,,0,,8,Y[la;,al=0, ,, (0, ,8]=a,, [0, B]=y,0 =B =a, P =al  =yP=] (i=1,2))

y
0,5(21)f = (a,al,a2,a3,B,Y|[ai,a]=a la,,81=0,,0,8)=a

i+1?

i1
= = = P Pagk P.pgPagPs =
019(2211)br ca,al,a2,8,81,82|[a1,a2] 8,[8,a,1 Bi.[m,cnlj-cl1 Bl,a2 B,,0 =B =1 (4 1,2))

(19) ¢, (2211)a = {0,0,,0,,8,8,,8,{(e,,0,1=8,[B,a, J=al=B, (a0, 1=, ,aP=BP=BP=l (1=1,2))

vwhere k-gr for r=1,2, ...,%(p-1)

- - - -8, ,aP=B, BT ,oP=p®, aPugPagP=l (1=
042210e, _=(a,a;,a,,8,8,,8, L0, 10,18, (8,0, 1B, , (0, 1=, 0} =B, BT ,ab=B3 ,aPBP=8l=1 (1=1,2))
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for r=1or v and s8=2,3, ...,p-1

= = - VegPag™V
¢19(2211)d0’0’0 (a,ai,a2,B,Bl,B2|[a1,a2] 8,08,a,3=8,,[a,0, 1 "=as=B ",

P_oV P.oP_aP.
ob =g, ,aP=gP=p=1
(i=1,2)
0, 4(2211)d

" - €. yPapt
¢ = (@0,0,,8,8,,8, |, ,0,1=8,08,0,1=8,, [0, 1 =ad=B

r
5=B1,05=8,8

18s0P=BP=B0=1

»0,
(1=1,2)
for r=lorv, t=1,2, ...,p-1 , and 1+4rt 1s a quadratic residue (mod p)

k

¢1g(2211)dr 2

= = = =8, ,aP=g_g¥,aP=B®
¢ = {o0,0,,8,8,,8,[[a,,0,1=8,[8,a, 16, ,[a,a, 1=B, ,0}=B, 8, ,ab=B,B

P_aP_gP_
990y ,a =B Bi 1

38,

(i=1,2)}
for r=1,v and s=1,2, ...,p-1 , where k=gt (t=0,1, ...,%(p-1)) , k#rs and (l-k)2 + 4rs
is a quadratic residue (mod p), and where -s is a non-quadratic residue (mod p) whenever r=v

and k=1%]

= = = =8, ,aP=g_ BT o= P=gP=gPe1 (i=
¢ g(2210)e = Ca,0.,0,,8,8,,8,[[a,,a,1=B,[8,0,1=B ,[a,0 =8, ,af=B 87 ,ab=B, ,aP=pP=pf1 (i-1,2))

for r=1lor v

T

- - - o oP=pt aP=
4Q2IDE = (0,0,,0,,8,8,,8,[(a, ,0,1=6,08,0,1=8,,[a,0, 1" = al=B, ,ai=B,8;

,apasp-e§=1 (i=1,2)}

where rt=-% for r=1or v

- - - =8 ,aP=g_ 8T ,aP=ptek aP=gP=gP=
¢19(22u)fr,s (a.al.u2,8,61,62l[a1,a2] 8,08,a,1=8,,[0,a 1=B ,07=8, B, ,a7=B 8, ,aP=p"=p"=1
(i=1,2))
for r=1,v where rl:ﬂ-lg(l—k)2 and k-gS (s = 1,2, ...,%(p-3))
- - _ T_P_af Poo P_aP_oP_y (4o
4’19(2211)8:’0’0 = ((!,0!1,32.8.81,62|[ctl,aQJ—B,[B,ail—Bf[a,al] 0, =B, ,0y=B,,0 =B =B=1 (4 1,2))
for r=1or v

= = = CeoP=pE oP=p.BF oP=pP=pP=
¢ q(22ie, 4 Co,a1,0,,8,8,.8,| (0 ,0,1=B, (8,0, 1B, (0,0, "=0,=B, 0 =B, B) ,a"=B" =B} =1
(i=1,2)
for r=lor v, t=1,2, ...,p-1 , and 1+4rt 1is a non-quadratic residue (mod p)
- - - =g ,aP=8_ BT, aP=p5gK, oP-gP=gP-
¢1g(2211)gr’s’t (a,al.u2,8,81,82|[a1,a2] B,[8,0,1=8, (0,0 =B, ,ar=B, B, ,a7=B B, ,a"=BP=B}=1
(i=1,2))
for r=1,v and s=1,2, ...,p~1 , where k, r and s satisfy the same conditions as for
r,s8,t
except that (1 —k)2+4rs is a non-quadratic residue (mod p)
= = - = P= P_gl oPa P_gP_ =
¢, 4(2210)h (a,al,a2,8,81,82|[a1,a2] B,(8,0,1=8,,[a,0, J=a =B, ,0 =B, ,0,28,,8"=B =1 (i 1,2))
for r=1,2, ...,p-1 ‘
: = = Pa P PogPapPa -
8, 4(2211)1°= Ca,a,,0,,8,8,,8, | [0, ,0,1=8,[B,0, 1B, ,[a,a, J=aP=B, ,al=8, ,af=6P=B]=1 (i=1,2))
- = TaoP=p? = Pa PP =
¢, (2211) 5 (u,ui.az,B,Bl,le[ai,uzl B,[8,a, 1 =0 Bi,[a,ail 8,0 =B, B,,87=B;=1 (i 1,2))
for r=1,2, ...,%(p-1)
= = = T aPap’ oPa Pog8~T gP_gP,
092210k = {a,0,,0,,8,8,,8,[[a,,a,1=8,(8,0,1=8, ,[a,0, 1" =a =B, 0" =B, B, ;=B = ,67=8, =1
(1=1,2))
for r=1,2, ..., p-1 and s = 0,1, ...,(p-1) where s-r and 2r-s are not divisible by p
r r
8,5 (221D2_ = {a,0,,0,,8,8, 8, |[a, ,0,1=B,[B,a, 1=8,,[0,a, 1 =ob=B] ,aP=8 &, ,aP=BP=B0=1 (1=1,2))
for r=1,2, ...,p-1
= = = =P P.gf P=gP=pPa = )
¢ g(2210)m (u,ai,a2,8,81,82|[a1,a2] B,(B,a 1=8,,[a,a J=a"=B, ,a =B, ,0;=B 8=l (i=1,2)

for r=1or v

%ya = 1= = Pog |, oP=gP=pPepP=] (i=
?,4(21)a (a,ul,a2,8,81,82|[a1,02J B,[B,0, 1=B, ,[o,0, Jma =B, ,0" =0, =B =B =1 (i 1,2)?
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Yyp = - - =8, ,aP=B. 87, aPecPupPugPal (1=
092100, = (0,a,,0,,8,8,,8)|[0,a,1=8,(8,a, 1=6, ,[a,a, 1B, ,aPB, 87 ,aP=aB=BP=aPx1 (1-1,2))

for r=1or v

r

y - - - P P,
¢9(21)¢e, = {0,0,,0,,8,8,,8, |0, ,a,1=8,(8,a, 1=B,,[a,q, J=af=B, ,aP=p]

,aP=8P=e§=1 (i=1,2))
for r=1or v

4 = = = = P_g gE
@19(21 )dr,s (a,ul,a2,8,61,82|[a1,a2] B,[B,ail Bi,[a,a1] 31’“1 8182,

o/ o P
(1=1,2))

for r=1 or v , where k=gs (s=0,1, ...,%(p-3)) and d\) only exists for p = 1 (mod 4)

Ny
uo_ - " =8 oPeBT oPeqPorPogPol (1o
¢19(21 )er = (a,al,a2,8,81,82][a1,a2] B,[B,ai] Bi,[a,ail Bl,cL:l 82,a a, B Bi 1 (i=1,2))
for r=1or v
4. _ - =8 . qPe8 AY oPap-1/Tg=1 P_oP_oP_
¢, (218 = (a,ai,a2.8,81,821[al.u2]-8,[B,ui] 8y Lasa ] 81,a1:8132,012 By B, o =B =B =1
(i=1,2))
for r=1or v
¢ . (21Mg = Ca,a ,0,,8,8.,8, | [0, ,0,1=8,08,a, 16, ,[a,u, J=aP=6_,0P=pP=gP=1 (1=1,2))
19 O R Al Rt L b S bt Sl St 1274 i 4
y
819(210h = (,01,0,,8,8,,8,|Ta, 0,18, (8,0,1=8,,[a,0, 1=B, ,oP=B, B, ,aP=pP=gPx1 (1=1,2))

6
(1) = (0,0,,0,,8,8,,8, | Lo, ,0,1=8, 18,0, 18, ,[o,a, =6, ,aP=aP=gP=gP=1 (i-1,2))

P]
(20) Note: 1In this family, aép)= 281[3 .
= - = =PV P_ P_gP_gP- =
¢yp(221)a = (a.ul,az,s,ﬁl.ﬂzl[ai,azl B,[B,0,1=8;,la,a, I=a," =8, 0, By, =B ;=1 1,2))

= = - oo {P)opT oPep oP=pPupP=] (1=
0,0(221b,_, =(0,0,,a,,8,8,,8,](a),a,1=8,[8,a,1=B ,(a,a, 1 =0, P’ =B} ,aP=B ,aP=pPupl=1 (1=1,2))

for r=2,3, ...,p-1 , and p >3
- - = ToaPapl PV gt oPogPupPai (i=
9y0(221)e, o = {a,a,,0,,8,8,,8, [ ,0,)=6,[8,0,1=8 ,[a,a, 1 =aP=8} 0,7’ =B, aP=pP=pP=1 (1-1,2))
for r=1lor v

- - - SaoP=p® alP)ogtn  oP-pgPagP-
p(221)e, = Co,a,a,,8,8,,8,[(a,,0,1=8,[8,0, =8, ,[a,a, 1°=a?=87,a, P’ =818, ,aP=pPepla1
(1=1,2)?
for r=1o0or v and s=1,2, ...,p-1 , where Ll+4rs is a quadratic residue (mod p)
= = = (P) g oPop B, oP=gP=gP=1 (1=
0,,(2211)d (a,al,a2,B.Bl,82|[a1,a2] 8,08,a, )=8,,[a,a, J=a,P' =B, ,aP=B B, ,aP=pP=BR=1 (1-1,2))
for r=1or v
- - - 8eoPup? 0 (P)ap®p o PapPupPal (1=
8)p(2211)e, = Ca,a ,0),8,8,,8,|(a,,a,1=8,[8,0, 16, ,[0,0, 1 =a7=B] 0, P =8]8, ,aP=pP=pRa1 (1-1,2))
for r=1or v , where 1+4rg =0
- - - ¥, Pl (PY_oV/T P_oP_oP.
0 22DE o = {0,0,,0),8,8,.8|[a;,a,1=8,(8,0, 1B, ,[a,a 1 =ab=B7 a,P'=p ", aP=pPaplu1
(i=1,2))
for r=1lorv
- - - 8 aPug® a(P)upfp  PogPugPa
61720(2211)%’s (a,ul,a2,8,81,82|[a1,a2] B,[8,a, 1=, [a,a 1 =a =8, ,a,P’=B B, ,aP=B =8y=1 (1=1,2))

for r=1lorv and s =1,2, ...,p-1 , where 1+ 4rs is a non-quadratic residue (mod p)

¢20(2211)g = (a,al,a2,8,81,82|[a1,a2]=8,[B,ai]=Bi,[a,ail-ap=62,a§=81,agp)=8p-eip=1 (i=1,2))

00(2210h, = €0,a,,0,,68,8,,8, [[0,,,1~8,(8,a, 1=, [a,a, 1= {P) 3% aPup, ,oPugPupPul (1u1,2))

where k=gr for r+l1=1,2, ...,(p-1,3)

- - - r p_ (P)_or p_ P_aP.
4,0 (22111 (a,al,a2.8,61,82lta1,a2] 8,(8,0,1=B,,[a,a, I =ar=a, 8,00 =B, ,BP=B7=1 (1=1,2))
for r=1,2, ...,p-1

= = = P (p) _gr
05022111, = (2,0,,0,,8,8,,8, (0 ,a,1=8,(8,a, 16, [a,a, J=aP=8,,a,P =6} ,aP=BP=pP=1 (1=1,2))
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for r=1,2, ...,p-1
= - = Lo Pup? (Pug o (P)_gPugPy (i=
<I>20(2211)kr (a,al,a2,8,61,62|[a1,a2]—8,[6,ai] Bi,[a,all =y 82,(1 Bl,u2 8 Bi 1 (i=1,2))
where £ -gr for r+l1=1,2, ...,(p-1,4)
4 _ - - P_ P_,(P) _aP_aP_ -
®,5(21)a = <a,al,u2,8,61,BQIEai,uzl—B,[B,ai] 85[0, 1=8,,07=8, ,a"=0," =B =B =1 (1 1,2))
for p >3
LY _ - (P P P_aP_gP- -
0,0(21)b = {0,0a,,0,,8,8,,8,|la,,a,1=8,(6,0, 16, ,[a,a, J=a," =B, ,aF=a =B"=B =1 (1=1,2))
for p >3
b _ _ _ N (p) _pr P_ P_aP_gP_ -
0,0(21 e, = {a,0,,0,,8,8,,8, |[a, ,0,1=8,08,0,1=B , (0,0, 1=8,,a," =B B, ,a =al=g"=B/=1 (i=1,2)}
for r=1lor v
4 _ - _ r_P_or P_ (P)_oP_oP_ =
¢y (214 = (a,al.u2,6,81,62|[a1,a2] 8,[B,0,1=B,,[a,0, 1 =0 =B, 0 =a, " =p"=B /=1 (1 1,2)?
for r=1or v
4 - N _ - (P} _or P_ PoaP_gP -
9021 e, (a.al,a2,6,61,82|[a1,a2]—8,[8,ai] B,sLa,0, 1=8,,0,7 =B, 0 =0F=BP=p7-1 (1=1,2))
for r=1or v

LN _ N waPep oPon(P) _pPoaP_ -
0210 = Ca0,,0,,8,8,,8, (0 .a)1=8,(8,a, 1=B,, [a,a, J=a"=B,,al=a, "’ =BP=B =1 (4=1,2))

By, o - - - P_ P_,(P) _gP_oP_ =
0,0(217)8 = (a0, ,0,,8,8,,8, [ (e 0,18, (8,0, I=B, ,[a,0, 1=B,,a"=8, ,aP=a,P’=P=gh=1 (i=1,2))

6, _ - - = PonPon (P)_oP_oP_ -
,0(17) = <a,a1,a2,6,81,82I[a1,a2] B,[8,a,1=8,, 0,0, J=B,,aP=al=a P =P=pl=1 (1=1,2))

3 g
(21) Note: In this family, aip) =0L11>82[3 . aép) = 015813 and t =1 - %(p-1,4).

- - - _(P)_ oV L(P)_ P_aP.aP_
®,,(2211)a <a,a1,a2,3,81,82|[a1,a2] 8,[B,a;1=6,, 0,0, J=a," =B, la,0,0=B 0,7 =8, ,a”" =" =B =1
(i=1,2))
- - - gV o (P)_grgls-1)/v
¢21(2211)bt,s,1’(“’“1’“2’3'81'52‘[“1’“2] B,(8,0,1=8,,la,0 1B, [0,0,1=8,,0," =B, B, ’
ol =gs*1gT oP=gP=gPo1 (i-1,2)
for r=0,1, ...,%(p-1) and s=2,3, ...,p=2 or O , where vr? # s2 - 1 (mod p) and s2 -1
is a non-quadratic residue (mod p)
. _ _ . ¥ o{P)_prtl (s-t)/v
0y, (22100, Ca,0.,0,,8,8,,8,|(0,,0,1=8,(8,a,1=8, ,[a,0 1=B la,0,1=8 0 " =B, "8, R
o PHEEYERI! oPagPagPel (1=1,2))
for r=0,1, ...,p-1 and s=0,1, ..., %(p-1) , where vr’# s2-t2 + v(mod p)and s> -t2+ Vv is a
non-quadratic residue (mod p)
. gV o (P)_oT (P)_o2,T
<l>21(2211)c1_’1 - (a,al,a2,8,61,82|[a1,a2]=B,[B,a1]=Bi,[u,a1] Bys[a,0,1=B .0, =B, ,a, B185»
aP-aP-egsl (i=1,2))
for r=1,2, ...,%(p-1)

= = - oo (P) gt gV o(P)_grp-2/V
‘l>21(2211)c1,,2 (a,ai,az.B.Bi,B2|[a1,a2]—8,[8,a11 Bi’[“’“1] o, =B,,00,a,3=8, 0, —8182 ,

aP.BP.5§=1 (1=1,2))

for r=1,2, ...,%(p-1)

_ - - Y (p)- r+1,-1/(s+t)
0y, (2211)e 5 = (a,0,0,,8,8,,8, (0, ,0,1=8,(8,0,1=B,, (0,0, 1=, (0,0, ]=B 0 77=B, 76, ,

P) _psttor-1 p op_op o o
o, =) "B, al =B =Bl=1 (1=1,2))

for r=1,2, ...,p-1 , where s is the smallest positive solution to s2ze? -y (mod p)

- - oV o (P) oT 1/v
1’21(2211)‘1:,0,0 = (a,al,a2,8,81,621[al,a2]=6,[8,ui] Byolona 1=8,,[0,0,1=8, 0, P =6, 8,7,

(P) g of (PagPugPq (1=
a, =8B, ,0 =B =B =1 (1 1,2))
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for r=0,1, ..., 5%(p-1)

- - - 22V o (P) orp(s-1)/v
<b21(2211)dr,5,1 = (u,al,az,B,Bl,le[al,a2]-6,[6,ai] BysLa,a,1=8,, 00,0, 1=6 10,7 =B, B, s

s+1

mév).81

I oP=pP=pPa -
Bz.a B8 Bi 1 (1=1,2))
for r=0,1, ...,%(p-1) and s=2,3, ...,p-2 or O , where s2-1 is a quadratic residue
(mod p)
- _oV o (P) _ortlo(s-t)/v
¢21(22u)dr,s,2 = (ﬂ.al.02,3,81,82|[011,&2]*8,[8,(!1] Bi,[a,(!l] 82,[0-.(!2] 81,0!1 81 82 s
(p)_ps+l r-1 PoaP_aP_ -
Oy B1 82 ) B=Bi 1 (i=1,2)?
for r=0,1, ...,p-1 and s=0,1, .,.,%(p-1) , where 52-t2+\) is a quadratic residue (mod p)

- - - £ o (P) gr VP_oV (P)_oP_oP_
¢,,(2211)e_ (a,al,az,B,Bl,le[al,%] B,[8,0,1=B, ,[a,a, 1 =a, P’ =B}, [a,0, 1= By 0, P’ =8P=gle1
(1=1,2))
for r=1,2, ...,%(p~1)
- - " r_ (p)_por Vp_oV
<l>,‘_,1(2211)fr,s = (a,a1,02.8,51,82|[ul,a:,]—B,[B,cxiJ 8;s 0,0, I=a P =87, [0, 0, Ju0 Papl,
(P)_p8 oP_aP_ -
a,=87,8P=8P=1 (1=1,2))
for r=1,2, ...,%(p~1) and s=1,2, ...,p-1
= = - T, (P) gt VP_gV (P P P,
0, (2211)g, (a,al,a2,6.61,62|[a1,a2] B,(8,a,3=B,,[a,0, 1 =0, P =87, [a,a,)=a"Pep) 0 o) =gP=gP=1
(1=1,2))

for r=1,2, ...,p~1

(r-1)/v
2 t

(P)_or+l,s P_op_oP_ -
oy -81 82,a B —Bi—l (i=1,2))

i - N - _ _aV o (P) ¢S
02 Na, o = {a,e,0,,8,8,,8,|[0),0,1=8,[8,x,1=8, ,(a,0, 1=8,, (0,0, ]=B] ,a, P’ =678

for r=2,3, ...,p-2 or 0 , vhere r2-1 is a non-quadratic residue (mod p) and s is the

smallest positive solution to \)s2 Er2—1 (mod p)

y _ _ _ - oY o (P)_prHi (s-t)/v
2,, (21 da_ 5= (u,al,u2.8,81,82|[al,a2]—B,[B,a1] ByoLa,0,1=8,, a0, 1=6,, o P'=, "8, ,
o{P) St eaEt aPogPogPu1 (1-1,2))

1

2

for r=0,1, ...,p-1 , where v(r2-1) +t is a quadratic residue (mod p), and s is the smallest

positive solution to g2 - t2 = v(rz-l) (mod p)
y _ _ - _ gV o (P) _g-2rh
0,210, = (a,al,a2,6,81,82I[al,a2]—B,[B,a1] 8ysLas0, 18, [a,0, 1=6] 0y By s
P21 GPagPgle) (3-1,2))
for r=0or 1
0, 21 = (a,a,,0,,8,8,,8, |0, 0,18, [B,a, I=6, ,[a,a, 18, ,[a,a, 1=B7,a P =g (s~ /V
21 r e Saur 2t s Rlaw) 1272 ] i 2°-772 1’ 172 d
+t -1
P55 %8," oPugPuel (1-1,2))
for - r:Z or 3, corresponding respectively to the two smallest positive solutions to 52 -2z

-V (m§d p)
He = - = - =a"P=gY o(P)gPagPoy (4=
¢21(21 de (a,al,a2,B,Bl,82|[al,azl—ﬁ,[s,aij Bi,[a,all—ez,[a,azl—a Bl’ai B Bi 1 (i=1,2))

6y - = 1= =8 oP=o(P)ogPupPoy (4=
99 (1) = Couay 505,88, 8 | Lo, 0, 1#8, (8,0, =6, , (a0, =B, [, 01, 1=B , oaP= PP =pP=pP=1 (1-1,2))

N P P _aPeP o1 (ia
(22) ¢,,(21)s (u,ai,u2,a3,81,82|[ai,aj-a ,[81,82]-0. =y ,0, -Bi-a“_ll(i 1,2))

i+1

08, ,8, 1 =P e aPuPuc? a1 (1e1,2))

y
9,,(219b = (a,ul,u2,a3,81,82|[ai,a]-a 3 1=ty

i+1
for r=1lorv
- ~-aP, Po (P} _aP P . -
2,,(21 e (°'°1""2’“3’81’82|[°"1’“]'°1+1’[81’82J B =0y, =0, By=ag,, =1 1,2)

%94 = =P, (P)ugT oPugPuoP =1 (1=
®,,(217)d, (a,ai,u2,a3,81,82|[ui,a]-ai+1,[61,82] A e Bomag =1 (4 1,2
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for r=1lorv

I P, (P)_oP P =1 G-
2,,(0) (a,al.GQ.a3.81,82IEai,a]-ai+1,[81,8 =ay,0=a Pl=pl=al =1 (1=1,2))

- Py P P o Poi (ie
(23) 023(2211)3 (a,ul,u2,u3,au,y|[ui,a]-ai+1,[a1,a2] af=y,af=x, a4l =y =1 (1 1,2,3))
for p>3
= =y, aP= P_oFy.of P, =
0,,(2211)b_ (a,al,az,aa,au,yl[ai,a]miﬂ,[ai,az] v,aP=a, a0=0,y,00, = =1 (1=1,2,3))
for r=1,2, ...,p~1 and p >3
3_ .r 33 (3)_3_ _
1323(2211)br (a,u1,a2,a3,au,yl[ai,a]-ui+1,[a1,a2] Y,07=0,Y 0000, =0, 00 —1 (i=1,2,3))

for r=1 or2

[ai,u J=y,a =Y a(p)-ak (p).Y =1 (i=1,2,3))

<l>23(2211)c1__,s = (0‘,&1,02,0‘3,0|+,Y|[“1,G]=‘1 NN

i+’
for r =1 or v, where k = gs for s +1=1,2, ...,(p-1,3)

¢23(21u)a ={o ai,a2,a3,a“,yi[ai,a]-a 10,1 =y,oP=a ,a(p) ( )-Y =1 (i=1,2,3))

14170
n
¢,,(21 )br’0 = (a,al,uz,aa,au,Y|[ai,a]-a

n

(p) (P)_P_ -
=00 Poy (1=1,2,3))

,[al,a2l=v,a =y »0y

i+t
for r=1lorv

U - =y, oP=g y* o (P (P)
2,,(21 )br,l (a,al,aQ,aa,au,Yl[ai,a]w 1,[a1,a2] y,of a,Y (!1

where k =g° for r+1=1,2, ...,(p-1,4)

=P=1 (i=1,2,3))

(p)_ak Py (p)

* - = P
?,,(21 e, (a,al,a2,a3,au,y|[ai,a]-a“l,[ai,a?] Y20, 4=r=1 (4=1,2,3))

(T8
where k = gr for r+1=1,2, ...,(p-1,3)
[ (Zlu)d = (0,0, ,0,,0,,0 ,Y|(a, 0= [a, ,a, J=aPey,aP=0? =yP=1 (i=1,2,3))
23 e S St e T 1’ i+17771°72 1" i+ i

for p>3
4y, . - Pooky PP =Py (4=
023(21 )er (a,ai,a2,u3,au,y|[ui,a] ai+1,[a1,(x2]-'y,a1 0, Y, 05 =0 L =Y 1 (i=1,2,3))

where k = g° for r+1=1,2, ...(p-1,3) and p >3

33 3)
[a a2] Y,a =000,y 00 =Y

0, 1my,0Pm0{Pag () Py (401,2,3))

N
4,.(21 Je = (u,al,az,as,au,ﬂ[ai,a]-a 1 (1=1,2,3))

i+1’

6
2,,(1%) 4 8,0 50,05, ,Ylfai,a]-aiﬂ »Lay

@6 0,218 = (8,0,,0,,0,,0,,8100,alma,, [0, B1=0Pa, 0 P =gP=aP)u1 (1x1,2,3)

1 3’

I
2,,(21)b = (a,0,,a,,0,, i+

where k = gt for r+1=1,2, ...,(p-1,3)

i+1

o, Bl 0dma,, ,Ca, 8150 (P =k oPagPua By (1m1,2,3

02“(21“)c = {a,0,,0,,0,,0,,8|(a ,ad=a,  ,la, ,81=8P =0, ap-al (p)-l (1=1,2,3)

1417
6 (p) P (p)_ -
?,,°) = {a “1’“2’“3’%’3'[“1’“]'“1+1’[°'1'8]'°‘u’°‘ =8P=p Pla1 (1=1,2,3))

2y
3,a]-m ,af -az,a P =1 (i=1,2))

(25) and (26) ¢, (321) = (a,ul,a2,a3,a“|[a1,a]-a 1 1+2,0t1+2

2 L

(P)_.y P’
[0'3 ,a]-uq 50, =y

(222) = (a,a ,a2,a3,aul[ai,a]=a . AP

-p = =
0,071 1,2))

®54x 1417

where y = vE and x = 0 (for 025) or x =1 (for 028)

“ya = k_ k_p_k (p)_op_ (P )_ -
(2 ¢,,(21)a, (“’a1'°‘2’a3’uu'8|[“1'“]'“ la,,81"=(a, ,a, T=0"=0, 0, Br=o i=l (1=1,2 L3

i+1°
where k = gr for r+1=1,2, ...,(p-1,4)
y
@27(21 )b ={a, 2% 50,
where k = gr for r+1=1,2, ...,(p-1,3)

’as’au’al[“i’“]'aiﬂ’[°‘1’B]k'[°‘1,°‘ ]k=a(p)=ak apsspsa )-1 (i=1,2,3)

41?2,7(21“)<:r = {a,o ,a4,8|[ai,a]=ai+1,[al,B] =la,,a, ] =Bp=u ,oP=q (p) (Pitl (1=1,2,3))

12%2%
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for r=1 orv

6y . - o oP= (p)_ P_ (p) -
2,,(1%) (a,al,a,‘,,aa,aq,ﬁltai,a]-a »La;,Bl=la, ,a,1=a, 0 B°=a P =1 (1=1,2,3)

1+

92 ®)_, p
(28) and (29) d>2a+x(321)ar = (a,al,az,as,ad[ai,a]miﬂ,[as,u] [a 50, ]=u.u,a =au,ui i+2,a1+2 1
(1=1,2)

for r = 1,2, ...,p-1
2
= - ®)_ )y P ol -

4 (222) (a,al,az,aa,aql[ai,a]miﬂ,[as,a] [al,uzlmu,ai =000 =ah =1

(1i=1,2))

X

where y = and x = 0 (for ¢28) or x =1 (for ¢29)

oo - —oP= aPP = -
(30)  ¢,,(21)a {a,a,, ...,aq,BI[ui,a]-aiﬂ,[ai,B]-ui+2,[a3,a]—a =, ,a =AP=q 1 (i=1,2))

1 12
for p>3
4 = k_.(P) P_gP o (PP .
94,(21)b (a’°‘1’ ...,au,BI[ai,u]mu_l,[ai,B]-ai+2,[a3,a] =y -a 8 NG 1
(i=1,2))
where k = gr for r+1=1,2, ...,(p-1,3)
e = - P, (p) p -
2,,(21 e (a,al, -~-,0‘.,:3|[ﬁi,a]"ﬂiﬂ,[“1:5]‘°‘1+2:[°‘3s“] =8"=a, ,aP=a 1 (1,2)»
o, (21"ya_ = ua o, ,B8|la, ,ad=a,__,[a, ,Bi=a, . ,[a,,0l=gP=x a(p) aw(p)-a.p =1
30 T e By i’ 14175710 1427732 yrty Ty 2 i42

(i=1,2))
where k = gr for r+1=1,2, ...,(p-1,3)

6 - ey P (PY_gP_ P . -
0,1 = Casa, ...,aq,BIEui,a]miﬂ,[ai,BJ @, 4oo [0 ,00=0, ,07=0 P upPua? =1 (1-1,2))

*)a = = =aP= =yY ,aP=gP=yPe1 (4=
(31) and (32) 9y, (21)a = {0,0,,0,,8,,8,,v|la 0] ByoLe sB, J=a"=y,[0,,8,1=y” ,al=B=yP=1 (i=1,2))
L. - YoPug p P_. P =
210 (a,al,a2,8 82,y|[ai,u] B, oLa ,B, ]-a =Y[0,,8, )=y pP=al=pr=yP=1 (1=1,2))
O 2L = 00,8, 8,10 0B, Lo 8y TmoBoy, T 8,17 up-vj oP=gPuyPuy
(i=1,2)
where j 1is the smallest positive solution to j2 + y = 0(mod p)
*“yd = - PP = yd gPayPe
040214 (a,al,a2,81,82,Y|[u1,a] Byoloy,B, I=a ==Y, [a,,8,] ol ,a Y8 =y =1
(i=1,2)
where j 1is as in the previous group
4 - - P, Y oPay® p_ P_\ Py -
(2 )e, (a,al,a2,81,82,7|[oi,a] Bi.[al,ﬁil-afy,[uz,ﬁzl-y =y o) =8 =yP=1 (1=1 ,2»
for r = 1,v
- =yY . aP=oPupPay P -
31,"(1 ) = (“’ui’“2'81’32’7|[“1’°‘] BsL0y 5B, I=y, [0y ,B, 1=y, s=Bi=yP=1 (1 1,2))
X
where y = v" and x = 0 (for @31) or x =1 (for 032)

3
(33) Note: 1In this family, aép) = agy 3
“ya = - = =Pey , (PeP=gPeyP= =
¢,5(21)a (“"’1'“2’81’52’71[“1'“] 808,502l B, Jeoy =y, 0 = =B =y =1 (ix1,2))
%y = - L T oPayt P (P>- PoyPoy (1=
¢ 4021 )b (a,a 120,508, Bz,yl[ui,a] B;»[8,,0] [a1,81] a'=y ,ar=a, B1 Yr=1 (1=1,2))
for r=1orwv
y
¢ (22 Je = {a,a ,a2,6 ,82,Y|[a1,a]-8 [Bz,a]r-[ul,ﬁllr-u( )syr up=up—8‘i’=yp=1 (i=1,2)?
for r=1lor v

03301°) = (a,ay,0,,8,,8,,v][0, 018, , (8, ,a=la, ,6, J=y,aP=aP=a P mgPuyPul (1x1,2)
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= = = = =8P L P P_gPyP=
(34) ¢,,(321)a (a,al,a2,81,82,Y|[ai,a] 81(1 1,2),[82,a] [a1,81] By=v,07=6, 0 =B, ,0,=8,=Y D
- =) = = =| P- P. pg P;
¢3q(321)br (a,al,a2,81,s2,y|[ai,a] 81(1 1,2),[82,:1] [ai,Bl] 81 Y, 0 B a 8 a Y B v =1

for r=1or v

u(P)su(P)ﬂ (1=1,2,3,4)

4 - P
(35) ¢35(21 Ya (a,al, ...,a5|[cti,a]-ai+1,a =0 0

LI (®)_k P (p)’ -
9,21, (a,ai, ...,a5|[ai,a]-ai+1,ct =ag,0 =0 1 (i=1,2,3,4)
where k = gr for r+1=1,2, ...,(p-1,4)

6y o P, (P (P (ia
0, (1°) (a,al, ...,a5|[ai,a]-a1+1,a =, Pea =1 1,2,3,4)

k_p_k _(p)_ (p)_ -
1+1’[°‘1'°‘2] =0T =g, 0" =0 1 (i=1,2,3,4)

where k = gr for r+1=1,2, ...,(p-1,6)

u
(36) ¢, .(210)a_ = (a0, ...,asltai,a]-a

4 - - (P) 4k 4Py (P), N
055210, (c:,oti, ...,usl[ai,a]-aiﬂ,[ul,a J=a, 0, 5, —u.i+1 1 (i=1,2,3,4)

where k = gr for r+1=1,2, ...,(p-1,4) and p >3

5 ] P (4n
,.(17) (a,al, ...,asl[ai,al-a [al,a2] as,a =0, " =a =l (1=1,2,3, 4))

i+1?

(37) Note this family does not exist for p = 3

- - = P=
¢37(21 da, (a, 2y, ""°5|[°‘1’°‘]'°‘1+1’[“ 20y 1~ lay,0, 1 Lo, 0, 1 =aP as,a I 5 =1

(i=1,2,3))

for r=1lorv

u .
0,,(21)b_ = (a,al, ---,°'5|[°§_:°‘]’°‘ slay,a )=la, 0 1a, 0 ]=a1 S,prals(,up

T4=0E=1 (i=1,2,3))

i+l
where k = gr for r+1=1,2, ...,(p-1,4)

fp37(z1“)bp = oyay, 0] lay 0=y L0y,0, 000, ,0, a0, 0, J=Pma =aP=1 (1=1,2,3))

PeoP
1+1 520 =By =%

6y« - - PagPugl =oP=l (i=
¢37(1 ) (a,al, ...,asl[ui,a]-a 2,a3] [as,ail [“u’°‘1]'°5’°‘ =01 =00 a5 1 (i=1,2,3)

141700 17%141

(38) Note this family does not exist for p = 3

KogPugk o (P

n
¢,5(21)a = {a,a,, ...,a5|[ai,a]=a 20, Jm0 o ,[a 2oy om0y Hl-l (1=1,2,3,4))

1412 0%
where k = gr for r+1=1,2, ...,(p-1,5)

[a »a, ]-a o ,[a 20y ]r-ap-a(")-a af =1 (i=1,2,3,4))
5 1

4
9,21 b = (a,al, ...,a5|[a1,u]-a 2%

i+1°
for r=1,2, ...,p-1

¢38(21u)bp+r - (a,al, ...,us|[ui,aj-a ,[ot »y ]-a a ,[ot ]k (p) :,ap P =1 (1=1,2,3 ,4))

i+
where k = gr for r+1=1,2, ...,(p-1,4)

-1 p_.(p)
,[ai,a2]=aua5 ,[al,aal-as,a =0,

6
9,0(1°) = (a,ul, ...,asl[ui,a]-a )

P o =
141 =1 (1=1,2,3,4))

(39) Note this family does not exist for p = 3
4 - k_ k-. k. p_k
4,,21a = (a,q,, ...,asl[ai,a]-a slog 0, 0=, [0 0,100y ,0, 1 ela, 0,1 =0P=ag,

aPeoP =aP=1 (i=
o=l =af=1 (i=1,2,3))

1+1

where k = gt for r+1=1,2, ...,(p~1,6)
b = T T r_pP_.P
9,210, (u,ul, ""“5l[ui’(’]’“iﬂ’[“1'0‘2]’%’[“2’“3] bya,l o, 0,1 = =a1-a5,

ai+1=u5=1 (i=1,2,3))

for r=1,2, ...,p-1

' k K p_k
i+1:[0«1,0-2J‘(!u,[0.2,63] [aa,all -I'au,ot] g,

P
1+1'°5 1 (i=1,2,3))

u
¢39(21 )bp+r (a,ai, ...,asl[ai,u]-a
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where k = gr for r+1=1,2, ...,(p-1,5)

6 | .
= ( = gl = PogP=qP —oP=
¢39(1 ) 0,0, ,us|Lui,aJ-aiﬂ,[ai,azlwq,[az,asl [aa,alJ ..au,ull—as,a =a = =0 1

(i=1,2,3))

4 = = = = Py oPeyX gPugPur P
40y 9,,(217a, = tay,0,,8,8,,8,,v|le;,0,1=6,[8,a,1=B, ,[B,,0,1=[8,,0, J=al=y,a)=y",8P=B0=yP=1

(i=1,2)
where k = gr for r+1=1,2, ...,(p-1,3)
Yyoo. - - _ P oPegParParPoi (1o
8(21 )2, Ca ,0,,8,8,.8,,v]l0, ,a,1=8,08,0,] Bi>[By0,1=(B,,0, J=a =y, 0, =B =B =y =1 (1=1,2))

6y . N - = =v,aP=8P=gP=yP= =
0,017 = {ay,0),8,8,,8),v|(0;,0,1=8, (8,0, 1=8,,(8, ,0,1=(8,,a, I=v,ab=BP=pl=yP=1 (1=1,2))

4 - - kogPayk 1=y, aP=BP=gP=yP=
(41) 9, (21)a, = (o ,0),8,8,,8,,Y|(a,,0,1=8,(8,0,1=6, ,[a ,B, 1 =al=y",(a,,8,1=y"" 0= =BT=y’=1

(1=1,2)
where k = gr for r+1=1,2, ...,(p-1,3)

4 = =R = ag o=y, BP=gP=y P =
8,,(210)a, = (01,a2,8,81,82,\(|[a1,a2] B,18,0,1=B,,[a, ,B, I=a =y,B =B =y =1 (i=1,2))
for =3

€y = - 3= V= =y, oP=gPupPuyPxl (1=
9, (1) = (a,,0,,8,8,,8,,v|l0;,a,1=B,(8,a,3=B,, [a,,B 17 "=la,,8,]=y " ,o =B =BP=yP=1 (1=1,2))

- - - - =gPay oPeg~l v oPup %
(“2) ¢, (222)a = (a,,0,,8,8,,8,,Y|[a,0,1=8,[8,0,1=8 ,[a, ,8,I=La,,B, 1=8P=y,ab=B]" v ,al=B Y

8P=yP=1 (1=1,2)
i
- - - - =8Puy,aPug 1y oPug_y T
8y, (220)a, = {a,0),8,8,.8,,v|(a, ,a,1=8, (8,0, 1=, , [0, ,8,)=[a,,8, I=6P=y,aP=B]"y",aD=B ¥

s

35=YP=1 (i=1,2)

for r =1,2, ...,p

- = - -V. - -V
43) ¢, .(222)a (“1""2'8'81’62][“1’“2] B,[8,a,1=8,,la, ,8,] lo,,8,1=y ",
Pog K 4PogV ¥ gPuyn .gPoyPu - )
o =8oY ap=B, ¥ ,BT=YT (By=y =l (i=1,2)

where n =v + (g), and k,%? are the smallest positive integers satisfying

(k-v)? - v(44v)? = r(mod p), for r = 0,1, .,p-1 .

Added in Proof. In her M.Sc. thesis (Australian National University, 1979),

Miss A. M. Kiipper has pointed out an error in the second line of the above list 4.6
(25) and (26). This should read:

£

2
02541(222)‘1- - (a,al,uz,ua,u,.“ul,a] - a“l,[as,a]y - agp) = az,uip) - aguz Y ,oP -uLZ =1 (1=1,2)

forr=0,1,...,%(— 1) yielding another p — 1 groups of order p® (and so another
2 groups of order 3%). I am indebted to her for this correction.
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