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In this paper, the ordinary -control theory is extended to locally convexL∞

spaces through the form of a parameter.  The algorithms of computing the infimal
model-matching error and the infimal controller are presented in a locally convex
space.  Two examples with the form of a parameter are enumerated for computing
the infimal model-matching error and the infimal controller.
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1.  Introduction

The ordinary -control theory was summarized by B.A. Francis, G. Zames and J.C. DoyleL∞

et al. in [1-3].  In 1993, the -control theory was extended from finite dimensional spacesL∞

to infinite dimensional Hilbert spaces (see [4]).  In this paper, we extend the -controlL∞

theory to a complete Hausdorff locally convex space containing Hilbert spaces in order to
enlarge the scope of solutions of -control theory.L∞

 Assume that  is the real field and  is the Cartesian product of  copies of , where ‘ ‘ ‘8 8 8
is any positive integer, and that  is a complex plane.G
 To solve the problem for simplicity, we apply the  in the model matching problem toKÐ=Ñ
KÐ=ß Ñ = KÐ=ß Ñ G Ð Ñ0 0 ‘ 0 ‘, where  in  and  in , and  is in  (locally convex space) for eachG 8 ∞ 8

fixed  in  and in  for each fixed  in , respectively.= LG ∞
80 ‘

 First, we extend several concepts.
   The locally convex space  consists of all complex-valued parameterDefinition 1.1: Z L∞

functions , of a complex variable  and a parameter , which are analytic and boundedJÐ=ß Ñ =0 0
about  in  (for any fixed  in ).  The -norm of  is defined by= Ð=Ñ  ! Z L JÐ=ß Ñe 0 ‘ 08

∞
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The subset of  consisting of all real-rational functions of  and  is denoted by .Z L = Z VL∞ ∞0
 Let , , .  In , the order may be defined as² J Ð † ß Ñ ² œ Ð Ñ − 4 œ "ß # Z L4 ∞ 4 ∞

80 α 0 0 ‘
follows:
   For any , we call  if , .Definition 1.2: J ßJ − Z L Ÿ Ð Ñ Ÿ Ð Ñ −" # ∞ " # " #

8α α α 0 α 0 0 ‘
   We call  to be strong proper if  andDefinition 1.3: JÐ=ß Ñ J Ð=ß Ñ − Z VL0 0 ∞

sup , strictly strong proper if .  We call  to be0 ‘− 8 ± J Ð∞ß Ñ ±  ∞ JÐ∞ß Ñ ´ ! JÐ=ß Ñ0 0 0
stable if  and  has no poles in the closed right half-plane JÐ=ß Ñ − Z VL JÐ=ß Ñ Ð=Ñ   !0 0 e∞

(for any fixed  in .0 ‘8Ñ
 If  is real-rational about  in , then  if and only if  isJÐ=ß Ñ = Ð=Ñ  ! JÐ=ß Ñ − Z VL J0 e 0 ∞

strong proper and stable (for any fixed .B − Ñ‘8

 Similarly, we define the transfer function matrix

KÐBß Ñ œ ß OÐ=ß Ñ œ  UÐ=ß Ñß
X Ð=ß Ñ X Ð=ß Ñ
X Ð=ß Ñ !

0 0 0
0 0
0” •" #

$
  

Then the model-matching problem is ² X Ð † ß Ñ  X Ð † ß ÑUÐ † ß ÑX Ð † ß Ñ ² œ" # $ ∞0 0 0 0
minimum in the sense of Definition 1.2, where , and  represents aX Ð4 œ "ß #ß $Ñ − Z VL O4 ∞

controller in .Z VL∞

 We shall give the algorithms of computing the model-matching error  and the optimalα
controller  in the form of the parameter case.U

2.  The Minimal Realization

Definition 2.1:  A scalar-valued parameter function  in  is inner ifX Ð=ß Ñ Z VL0 ∞

X Ð  =ß ÑX Ð=ß Ñ œ " Ð#Þ"Ñ0 0

and outer if it has no zeros in .  The zeros of an inner-function all lie in ,e eÐ=Ñ  ! Ð=Ñ  !
the number of its zeros is called degree.
 Theorem 2.1:  If scalar-valued parameter function , thenX Ð=ß Ñ − Z VL0 ∞

  there is a factorization , where  is an innerÐ3Ñ X Ð=ß Ñ œ X Ð=ß ÑX Ð=ß Ñ X0 0 03 9 3

function,  is an outer function;X9

Ð33Ñ ± X Ð4 ß Ñ ± œ " −  for any fixed ;3
8= 0 0 ‘

Ð333Ñ X Ð4 ß Ñ Á ! Ò!ß∞Ó X Ð=ß Ñ if  for all  in  and any fixed  in , then  exists and= 0 = 0 ‘ 08 "
9

X Ð=ß Ñ − Z VL"
9 ∞0 .

 Proof:    Let  be the product of all factors of the form ,Ð3Ñ X Ð=ß Ñ Ð+Ð Ñ  =ÑÎÐ+Ð Ñ  =Ñ3 0 0 0
here  ranges over all zeros of  in , counting multiplicities, being a+Ð Ñ X Ð=ß Ñ Ð=Ñ  !0 0 e
polynomial of , and define .  Then  and  are inner and0 0 0 0 0X œ XÐ=ß ÑÎX Ð=ß Ñ X Ð=ß Ñ X Ð=ß Ñ9 3 3 9

outer respectively, and .X Ð=ß Ñ œ X Ð=ß ÑX Ð=ß Ñ0 0 03 9

   From  we derive .  Particularly, if , thenÐ33Ñ Ð3Ñ X Ð  =ß ÑX Ð=ß Ñ œ " = œ 43 30 0 =

X Ð  4 ß ÑX Ð4 ß Ñ œ " X Ð4 ß ÑX Ð4 ß Ñ œ " ± X Ð4 ß Ñ ± œ "3 3 3 3 3= 0 = 0 = 0 = 0 = 0.  Thus , i.e. .
   If  and  has no zeros on the imaginary axis for any fixedÐ333Ñ X Ð∞ß Ñ Á ! X Ð4 ß Ñ0 = 0
0 ‘ 0 0− X Ð=ß Ñ X Ð=ß Ñ − Z VL Þ8 "

9 ∞9, then so is .  Consequently, Q.E.D.
 Suppose that

OÐ Ñ œ O âO œ ! Ð#Þ#Ñ- - -8 8"
" 8
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is the characteristic equation of a matrix , and that  are the characteristicEÐ Ñ ß ßâß0 - - -" # 8

roots of , where  is a polynomial of .EÐ Ñ0 - 0
 The matrix

GÐ Ñ œ Ð#Þ$Ñ

! " ! â !
! ! " â !
ã ã ã ä ã

O O O â O

0

Ô ×Ö ÙÖ Ù
Õ Ø

8 8" 8# "

is the companion form matrix associated with  in (2.2).OÐ Ñ-
   Let  and  be two matrices.  TheDefinition 2.2: EÐ ÑÐ+ Ð ÑÑÐ7 ‚ 8Ñ FÐ ÑÐ: ‚ ;Ñ0 0 034

Kronecker product of  and  is defined byEÐ Ñ FÐ Ñ0 0

EÐ Ñ Œ FÐ Ñ œ Þ
+ Ð ÑFÐ Ñ â + Ð ÑFÐ Ñ

ã ä ã
+ Ð ÑFÐ Ñ â + Ð ÑFÐ Ñ

0 0
0 0 0 0

0 0 0 0

Ô ×
Õ Ø

"" "8

8" 88

   The linear time invariant system  is defined byDefinition 2.3: W"

\Ð>ß Ñ œ EÐ Ñ\Ð>ß Ñ  FÐ Ñ?Ð>ß Ñ Ð#Þ%Ñ
†

0 0 0 0 0

CÐ>ß Ñ œ GÐ Ñ\Ð>ß Ñ Ð#Þ&Ñ0 0 0

where  is an  matrix,  is an  matrix and  is a constant  matrix.   isE 8 ‚ 8 F 8 ‚7 G < ‚ 8 W"

said to be completely controllable (c.c.) if the  controllability matrix8 ‚ 87

YÐ Ñ œ ÒFÐ Ñ EÐ ÑFÐ Ñ â E Ð ÑFÐ ÑÓ Ð#Þ'Ñ0 0 0 0 0 0         8"

has rank , denoted by .  The system  is completely observable (c.o) if the8 ÐEÐ ÑßFÐ ÑÑ W0 0 "

observability matrix

Z Ð Ñ œ ÒGÐ Ñ GÐ ÑEÐ ÑâGÐ ÑE Ð ÑÓ Ð#Þ(ÑX 8" X0 0 0 0 0 0     

has rank , denoted by .8 ÐEÐ Ñß GÐ ÑÑ0 0
   Given an  matrix  whose elements are rational functions of Definition 2.4: < ‚7 KÐ=ß Ñ =0
(for any fixed  in , we wish to find matrices ,  and  depending on ,0 ‘ 0 0 0 08Ñ EÐ Ñ FÐ Ñ GÐ Ñ
having dimensions ,  and , respectively, such that8 ‚ 8 8 ‚7 < ‚ 8

KÐ=ß Ñ œ GÐ ÑÐ=M  EÐ ÑÑ FÐ Ñ0 0 0 08
"

where  is the unit matrix of order .   is termed a realization of M 8 ÒEÐ ÑßFÐ Ñß GÐ Ñß !Ó KÐ=ß Ñ8 0 0 0 0
of order .  All the above realizations will include matrices  having the least8 KÐ=ß Ñ0
dimensions be called the minimal realizations.

 Theorem 2.2:  If  is c.c. or c.o., then so is  ,ÒEÐ ÑßFÐ Ñß GÐ Ñß !Ó ÒE Ð ÑßF Ð Ñß G Ð Ñß !ÑÓ
µ µ µ

0 0 0 0 0 0

where ,  and  are of algebraical equivalence via a  square matrix,E Ð Ñ F Ð Ñ G Ð Ñ
µ µ µ

0 0 0
respectively.

 Proof:  Using the algebraic relation of equivalence among matrices, there is a square
matrix  such thatTÐ Ñ0

E Ð Ñ œ TÐ ÑEÐ ÑT Ð ÑF Ð Ñ œ TÐ ÑFÐ ÑG Ð Ñ œ GÐ ÑT Ð ÑÞ
µ µ µ

0 0 0 0 0 0 0 0 0 0" "
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It follows that

rank   ÒF Ð Ñ E Ð ÑF Ð ÑâE Ð ÑF Ð ÑÓ
µ µ µµ µ

0 0 0 0 0
8"

œ ÐTÐ ÑÒFÐ Ñ EÐ ÑFÐ ÑâE Ð ÑFÐ ÑÓÑ œ 8rank    .0 0 0 0 0 08"

So is  since  is c.c. by Definition 2.3.  The ob-ÒE Ð ÑßF Ð Ñß G Ð Ñß !Ó ÒEÐ ÑßFÐ Ñß GÐ Ñß !Ó
µ µ µ

0 0 0 0 0 0
servability condition follows similarly. Q.E.D.
 Suppose  is a  strictly proper rational-fraction matrix of  (forVÐ=ß Ñ œ Ò< Ð=ß ÑÓ : ‚ 7 =0 034

any fixed  in .0 ‘8Ñ
 Theorem 2.3:  Let

<Ð=ß Ñ œ =  1 Ð Ñ= â 1 Ð Ñ0 0 0; ;"
" ;

be the monic least common denominator of all element , and let< Ð=ß Ñ34 0

<Ð=ß ÑVÐ=ß Ñ œ = V Ð Ñ  = V Ð Ñ âV Ð Ñß Ð#Þ)Ñ0 0 0 0 0;" ;#
! " ;"

where  is a constant  matrix depending on a parameter .  Then a realization ofV Ð Ñ < ‚73 0 0
VÐ=ß Ñ0  is

EÐ Ñ œ FÐ Ñ œ

! M ! â !
! ! M â !

ä
 1 Ð Ñ  1 Ð Ñ â  1 Ð Ñ

!
!
ã
M

0 0

0 0 0

Ô × Ô ×Ö Ù Ö ÙÖ Ù Ö Ù
Õ Ø Õ Ø

7

7

; ;" " 7

;,  
blocks

GÐ Ñ œ ÒV Ð Ñ V Ð ÑâV Ð ÑÓÞ Ð#Þ*Ñ0 0 0 0;" ;# !   

 Proof:  Let  denote the companion matrix of (2.3).  Clearly , soE 0 0 E 0Ð Ñ EÐ Ñ œ Ð Ñ Œ M7
that

  Ð=M  EÐ ÑÑ œ Ð=M Œ M  Ð Ñ Œ M Ñ œ ÒÐ=M  Ð ÑÑ Ó Œ M Þ Ð#Þ"!Ñ7 ; 7 7 ; 7
" " "0 E 0 E 0

 It follows that using  where  denotes the least column of , relationFÐ Ñ œ / Œ M / M0 ; 7 ; ;

(2.10) yields

Ð=M  EÐ ÑÑ FÐ Ñ7
"0 0

œ ÒÐ=M  Ð ÑÑ Œ M ÓÒ/ Œ M Ó; 7 ; 7
"E 0

œ ÒÐ=M  Ð ÑÑ / Ó Œ M Ð#Þ""Ñ; ; 7
"E 0

œ Ò" = = â= Ó Œ M Î1Ð=ß ÑÞ    # ;" X
7 0

 Finally, combining (2.11) and the expression for  in (2.9), we haveGÐ Ñ0

GÐ ÑÐ=M  EÐ ÑÑ FÐ Ñ0 0 07
"

œ ÒV Ð Ñ V Ð ÑâV Ð ÑÓÒM =M â= M ÓÎ<Ð=ß Ñ;" ;# ! 7 7 7
;"0 0 0 0    

œ VÐ=ß ÑÞ0
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By virtue of (2.8), we have that  is a realization of . Q.E.D.ÒEÐ ÑßFÐ Ñß GÐ Ñß !Ó VÐ=ß Ñ0 0 0 0
 We now give the central conclusion of this section.
 Theorem 2.4:  A realization  of a given transfer matrix  isÒEÐ ÑßFÐ Ñß GÐ Ñß !Ó KÐ=ß Ñ0 0 0 0
minimal if  is c.c. and  is c.o.ÐEÐ ÑßFÐ ÑÑ ÐEÐ Ñß GÐ ÑÑ0 0 0 0
 Proof:  Let  and  be the controllability and observability matrices in (2.6) andYÐ Ñ Z Ð Ñ0 0
(2.7), respectively.  We wish to show that if these both have rank , then  has the least8 VÐ=ß Ñ0
order .8

 Suppose that there exists a realization  of , with ÒE Ð ÑßF Ð Ñß G Ð Ñß !Ó VÐ=ß Ñ E Ð Ñ
µ µµ µ

0 0 0 0 0
having order .  Since8"

GÐ ÑÐ=M  EÐ ÑÑ FÐ Ñ œ G Ð ÑÐ=M  E Ð ÑÑ F Ð Ñß
µ µ µ

0 0 0 0 0 07 7
" "

GÐ Ñ/ FÐ Ñ œ G Ð Ñ/ F Ð ÑÞ
µ µ

0 0 0 0EÐ Ñ> EÐ Ñ>
µ

0 0

It follows that

GÐ ÑE Ð ÑFÐ Ñ œ G Ð ÑE Ð ÑF Ð Ñ 3 œ !ß "ß #ßâ
µ µ µ

0 0 0 0 0 03
3

, for 

using the series of .Ð/ ÑEÐ Ñ>0

 Consider the product

Z Ð ÑY Ð Ñ œ ÒGÐ Ñ GÐ ÑEÐ Ñ âGÐ ÑE Ð ÑÓ ÒFÐ Ñ EÐ ÑFÐ ÑâE Ð ÑFÐ ÑÓ0 0 0 0 0 0 0 0 0 0 0 0     8" X 8"

œ
GÐ ÑFÐ Ñ GÐ ÑEÐ ÑFÐ Ñ â GÐ ÑE Ð ÑFÐ Ñ

ã ã ä ã

GÐ ÑE Ð Ñ GÐ ÑE Ð ÑFÐ Ñ â GÐ ÑE Ð ÑFÐ Ñ

Ô ×
Õ Ø

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

8"

8" 8 #8#

œ ÒG Ð Ñ G Ð ÑE Ð ÑâG Ð ÑE Ð ÑÓ ÒF Ð Ñ E Ð ÑF Ð ÑâE Ð ÑF Ð ÑÓ
µ µ µµ µ µ µµ µ µ

0 0 0 0 0 0 0 0 0 0     
8" 8"

X

œ Z Ð ÑY Ð ÑÞ" "0 0

 By assumption,  and  both have rank , so the matrix  also has rankZ Ð Ñ Y Ð Ñ 8 Z Ð ÑY Ð Ñ0 0 0 0" "

8 Z Ð Ñ Y Ð Ñ < 8 ‚ 8 8 ‚7 8.  However, the dimensions of  and  are  and , respectively," " " " " "0 0
where  and  are positive integers, so that the rank of  can not be greater than< 7 Z Ð ÑY Ð Ñ" " " "0 0
8 8  8 KÐ=ß Ñ 8" ".  This is , so there can be no realization of  having order less than . Q.E.D.0

3.  Lyapunov Equations

The Lyapunov equations are

EÐ ÑP Ð Ñ  P Ð ÑE Ð Ñ œ FÐ ÑF Ð Ñ Ð$Þ"Ñ0 0 0 0 0 0- -
X X

E Ð ÑP Ð Ñ  P Ð ÑEÐ Ñ œ G Ð ÑGÐ ÑÞ Ð$Þ#ÑX X
9 90 0 0 0 0 0

 Define the two controllability and observability gramians:

P Ð Ñ œ / FÐ ÑF Ð Ñ/ .>-

∞

!

EÐ Ñ> X E Ð Ñ>0 0 0'    0 0X
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P Ð Ñ œ / G Ð ÑGÐ Ñ/ .>Þ9

∞

!

E Ð Ñ> X EÐ Ñ>0 0 0'    X 0 0

   A matrix  is said to be antistable if all the eigenvalues of  are inDefinition 3.1: EÐ Ñ EÐ Ñ0 0
eÐ=Ñ  !.
 Theorem 3.1:  If  is antistable, then  and  are the unique solutions ofEÐ Ñ P Ð Ñ P Ð Ñ0 0 0- 9

Ð$Þ"Ñ Ð$Þ#Ñ and , respectively.

 Proof:  From the definition of  we deriveP Ð Ñ- 0

EÐ ÑP Ð Ñ  P Ð ÑE Ð Ñ0 0 0 0- -
X

œ ÒEÐ Ñ/ FÐ ÑF Ð Ñ/  / FÐ ÑF Ð Ñ/ E Ð ÑÓ.>'    ∞
!

EÐ Ñ> X E Ð Ñ> EÐ Ñ> X E Ð Ñ> X0 0 0 0 0 00 0 0 0X X

œ .Ò/ FÐ ÑF Ð Ñ/ Ó'    ∞
!

EÐ Ñ> X E Ð Ñ>0 00 0
X

œ FÐ ÑF Ð Ñ  Ò/ FÐ ÑF Ð Ñ/ ÓÞ
> Ä ∞

0 0 0 0X EÐ Ñ> X E Ð Ñ>lim 0 0X

Since  is antistable,EÐ Ñ0

lim
> Ä ∞

Ò/ FÐ ÑF Ð Ñ/ Ó œ !ÞEÐ Ñ> X E Ð Ñ>0 00 0
X

Then  is the solution of (3.1).P Ð Ñ- 0
 Proof the uniqueness of  is as follows.P Ð Ñ- 0
 If  and  are  and  matrices, having characteristic roots , EÐ Ñ FÐ Ñ 8 ‚ 8 7‚7 Ð Ñ ? Ð Ñ0 0 - 0 03 3

and vectors , , respectively, thenA Ð Ñ C Ð Ñ3 30 0

ÐEÐ Ñ ‚ FÐ ÑÑÐA Ð Ñ Œ C Ð ÑÑ0 0 0 03 3

œ EÐ ÑA Ð Ñ Œ FÐ ÑC Ð Ñ0 0 0 03 3

œ Ð ÑA Ð Ñ Œ ? Ð ÑC Ð Ñ- 0 0 0 03 3 4 4

œ Ð Ñ? Ð ÑA Ð Ñ Œ C Ð ÑÞ- 0 0 0 03 4 3 4

So, the characteristic roots of  areEÐ Ñ Œ FÐ Ñ0 0

- 0 03 4Ð Ñ? Ð Ñ 3 œ "ß #ßâß 8 4 œ "ß #ßâß7Þ,  and 
Let

EÐ Ñ\Ð Ñ  \Ð ÑFÐ Ñ œ GÐ Ñß Ð$Þ$Ñ0 0 0 0 0

be a matrix equation, where  and  are  matrices.\Ð Ñ GÐ Ñ 8 ‚70 0
 If  is an  matrix and  is an  matrix, then the matrix equationEÐ Ñ 8 ‚ 8 \Ð Ñ 8 ‚70 0
EÐ Ñ\Ð Ñ œ GÐ Ñ0 0 0  can be written as the form

ÐEÐ Ñ Œ M Ñ\Ð Ñ œ GÐ Ñß Ð$Þ%Ñ0 0 07

where

\Ð Ñ œ Ò\ ßâß\ ßâß\ ßâß\ Ó Ð$Þ&Ñ0 "" "7 8" 87



L∞-Optimization in Locally Convex Spaces 97

is the column -vector formed from the roots of  taken in order.78 \Ð Ñ0
 Similarly  can be written as\Ð ÑFÐ Ñ œ GÐ Ñ0 0 0

ÐM Œ F Ð ÑÑ\Ð Ñ œ GÐ ÑÞ Ð$Þ'Ñ8
X 0 0 0

 
 Using (3.4) and (3.6), equation (3.3) can be written as the form

ÐEÐ Ñ Œ M  M Œ F Ð ÑÑ\Ð Ñ œ GÐ ÑÞ Ð$Þ(Ñ0 0 0 07 8
X

Let . ThusHÐ Ñ œ EÐ Ñ Œ M  M Œ F Ð Ñ0 0 07 8
X

HÐ Ñ\Ð Ñ œ GÐ ÑÞ Ð$Þ)Ñ0 0 0

The solution of (3.8) is unique if and only if the  matrix  is nonsingular.  To78‚78 HÐ Ñ0
find the condition for this to hold, consider

ÐM  EÐ ÑÑ Œ ÐM  F Ð ÑÑ œ M Œ M  HÐ Ñ  EÐ Ñ Œ FÐ Ñ8 7 8 7
X #% 0 % 0 % 0 % 0 0

which has characteristic roots

ÐM  Ð ÑÑÐ"  ? Ð ÑÑ œ "  Ð Ð Ñ  ? Ð ÑÑ  Ð Ñ? Ð ÑÞ%- 0 % 0 % - 0 0 % - 0 03 4 3 4 3 4
#

It follows by comparing terms in  that  has characteristic roots ,% 0 - 0 0HÐ Ñ Ð Ñ  ? Ð Ñ3 4

3 œ "ß #ßâß 8 4 œ "ß #ßâß7 HÐ Ñ and .  Hence,  is nonsingular if and only if there are no0
characteristic roots of  and  such that , and this is the conditionEÐ Ñ FÐ Ñ Ð Ñ  ? Ð Ñ œ !0 0 - 0 03 4

for the solution  of matrix equation (3.3) to be unique.  Because  is antistable, the\Ð Ñ EÐ Ñ0 0

characteristic roots  of  are not zero.  Consequently, the solution- 0 - 0 0 03 3
XÐ Ñ  Ð Ñ EÐ Ñ  E Ð Ñ

of the Lyapunov equation (3.1) is unique.
  is the unique solution of (3.2) with similar proof above. Q.E.D.P Ð Ñ9 0

4.  Infimal Model-Matching Error

Define
0Ð=ß Ñ œ ÒEÐ Ñß AÐ Ñß GÐ Ñß !Óß0 0 0 0

Ð%Þ"Ñ
1Ð=ß Ñ œ Ò  E Ð Ñß Ð ÑP Ð ÑAÐ ÑßF Ð Ñß !Ó0 0 - 0 0 0 0X " X

9

and
\Ð=ß Ñ œ VÐ=ß Ñ  Ð Ñ0Ð=ß ÑÎ1Ð=ß ÑÞ Ð%Þ#Ñ0 0 - 0 0 0

So
0Ð=ß Ñ œ GÐ ÑÐ=M  EÐ ÑÑ AÐ Ñ − Z VL0 0 0 0" ¼

#

and
1Ð=ß Ñ œ F Ð ÑÐ=M  E Ð ÑÑ Ð ÑP Ð ÑAÐ Ñ − Z VL Þ0 0 0 - 0 0 0X X " "

9 #

   Let  denote the infimal model-matching error:Definition 4.1: α 0Ð Ñ

α 0 0 0 0 0Ð Ñ œ Ö ² X Ð † ß Ñ  X Ð † ß ÑUÐ † ß ÑX Ð † ß Ñ ² ÀU − Z VL ×Þ Ð%Þ$Ñinf " # $ ∞ ∞
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A matrix  in  satisfying  is calledU Z VL Ð Ñ œ ² X Ð † ß Ñ  X Ð † ß ÑUÐ † ß ÑX Ð † ß Ñ ²∞ " # $ ∞α 0 0 0 0 0
optimal.
 If  are scalar-valued, then there is no need for both  and . So weX Ð=ß Ñ X Ð=ß Ñ X Ð=ß Ñ3 # $0 0 0
may as well suppose .  It is also assumed that  to avoid theX Ð=ß Ñ œ " X Ð=ß Ñ − Z VL$ ∞

"
#0 0

trivial instance of the problem.
 Returning to the model-matching problem, bringing in an inner-outer factorization of
X Ð=ß ÑÀ X Ð=ß Ñ œ X Ð=ß ÑX Ð=ß Ñ# # #3 #90 0 0 0 , we have

² X Ð † ß Ñ  X Ð † ß ÑUÐ † ß Ñ ²" # ∞0 0 0

œ ² X Ð † ß ÑÐX Ð † ß ÑX Ð † ß Ñ  X Ð † ß ÑUÐ † ß ÑÑ ²#3 " #9 ∞
"
#30 0 0 0 0

Ð%Þ%Ñ
œ ² X Ð † ß ÑX Ð † ß Ñ  X Ð † ß ÑUÐ † ß Ñ ²"

#3 " #9 ∞0 0 0 0

œ ² VÐ † ß Ñ  \Ð † ß Ñ ² Þ0 0 ∞

 Theorem 4.1:  The infimal in  is achieved if  has no zeros on the extendedÐ%Þ$Ñ X Ð=ß Ñ# 0
imaginary axis.  In this case, the optimal  is determined by the following propertyUÐ=ß Ñ À0
X Ð=ß Ñ  X Ð=ß ÑUÐ=ß Ñ" #0 0 0  is a scalar multiple of an inner function of degree less than the

number of zeros of  in  for any fixed  in .X Ð=ß Ñ Ð=Ñ  ! Ð Ñ#
80 e 0 ‘

 Proof:  Suppose  and , then from Proposition A 2.2 in [7], theF œ Z LV F œ Z VP" ∞ ∞

infimum in (4.4) is achieved.

 Assume , then using (4.4) we have\ Ð=ß Ñ œ X Ð=ß Ñ  X Ð=ß ÑUÐ=ß Ñ
µ

0 0 0 0" #

² \ Ð † ß Ñ ² œ ² \Ð † ß ÑX Ð † ß Ñ ² Þ
µ

0 0 0∞ ∞
"
#3

Consequently, the minimization of  can be accomplished by minimizing\ Ð=ß Ñ
µ

0

\ Ð=ß ÑX Ð=ß Ñ X Ð=ß Ñ \ Ð=ß ÑX Ð=ß Ñ
µ µ

0 0 0 0 0" " "
#3 #3 #3 and multiplying the result by .  Now as  is

analytic in , except for the poles of , which are , e 0Ð=Ñ  ! X Ð=ß Ñ , 4 œ "ßâß <"
#3 4

(depending on .  So  must have a continuation to the entire plane,0 0 0Ñ \ Ð=ß ÑX Ð=ß Ñ
µ "

#3

with poles at  and .  Therefore,  is rational, and has the form,  , \ Ð=ß ÑX Ð=ß Ñ
µ

4 4
"
#30 0

\ Ð=ß ÑX Ð=ß Ñ œ GÐ Ñ Ð%Þ&Ñ
µ

0 0 0"
#3

Ð=- Ð ÑÑÐ=- Ð ÑÑ

Ð=, Ð ÑÑÐ=, Ð ÑÑ

##
8
3œ" 3 3
7
4œ" 4 4

0 0

0 0

where , , .7  < Ð- Ð ÑÑ  ! GÐ Ñ  !e 0 03

 As  is an inner function, obviously rational, so  is also rational.X Ð=ß Ñ \Ð=ß Ñ#3 0 0

Since  a.e.,  is inner and the zeros of  must be among  in± \ Ð4 ß Ñ ± œ \ Ð=ß Ñ \ Ð=ß Ñ -
µ µ µ

= 0 α 0 0 3

(4.5). Q.E.D.
   The  space, , will be viewed as th power integrableDefinition 4.2: Z P " Ÿ :  ∞ ::

functions about  and . When ,  is the space of essentially bounded functions= : œ ∞ Z P0 ∞

(for any fixed  in .0 ‘8Ñ
   The  space, , will be viewed as a subset of , whichDefinition 4.3: Z VP " Ÿ : Ÿ ∞ Z P: :

consists of all real-variational functions of  and .= 0
   Let  and . Then the operatorDefinition 4.4: JÐ=ß Ñ − Z P 1Ð=ß Ñ − Z P0 0∞ #

A A 0 0 0JÐ=ß Ñ JÐBß Ñ0 0À 1Ð=ß Ñ œ JÐ=ß Ñ1Ð=ß Ñ

is called the Laurent operator.
 A related operator is , the restriction of  to , which maps  toA AJÐ=ß Ñ JÐ=ß Ñ# # #0 0± Z L Z L Z L

Z P JÐ=ß Ñ − Z P# ∞ where .0
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 For  in , the Hankel operator with symbol , denoted by , mapsJÐ=ß Ñ Z P JÐ=ß Ñ0 0 >∞ JÐ=ß Ñ0

Z L Z L#
¼
# to  and is defined as

> AJÐ=ß Ñ JÐ=ß Ñ" #0 0À œ ± Z L ß#
where , and  is the projection from  onto .Z P œ Z L Š Z L Z P Z L# # " #

¼ ¼
# #C

 Using a similar method to the classical methods we have the following conclusion:
 Theorem 4.2:  There exists a closest -function  to a given -functionZ VL \Ð=ß Ñ Z VP∞ ∞0
VÐ=ß Ñ ² VÐ † ß Ñ  \Ð † ß Ñ ² œ ² ²0 0 0 >, and .∞ VÐ†ß Ñ0

 From Section 3, a factor  can be written as  with VÐ=ß Ñ V Ð=ß Ñ  V Ð=ß Ñ V Ð=ß Ñ0 0 0 0" # "

strictly proper and analytic in  and  in .  Then  has thee 0 0Ð=Ñ  ! V Ð=ß Ñ Z VL V Ð=ß Ñ# ∞ "

minimal state-space realization

V Ð=ß Ñ œ ÒEÐ ÑßFÐ Ñß GÐ Ñß !ÓÞ" 0 0 0 0

 And from Section 3, with  we derive@Ð Ñ œ Ð ÑP Ð ÑAÐ Ñ0 - 0 0 0"
9

P Ð Ñ@Ð Ñ œ Ð ÑAÐ Ñ Ð%Þ'Ñ- 0 0 - 0 0
and

P Ð ÑAÐ Ñ œ Ð Ñ@Ð ÑÞ Ð%Þ(Ñ9 0 0 - 0 0

 Theorem 4.3:  The infimal model-matching error  equals  and theα 0 > 0Ð Ñ ² Ð † ß Ñ ²V

unique optimal  equals \ VÐ=ß Ñ  Ð Ñ0Ð=ß ÑÎ1Ð=ß ÑÞ0 - 0 0 0
 Proof:  From Theorem 4.2, we derive that there is a function  in  such that\Ð=ß Ñ Z L0 ∞

² VÐ † ß Ñ  \Ð † ß Ñ ² œ ² ² Þ Ð%Þ)Ñ0 0 >∞ VÐ†ß Ñ0

It is claimed that every  in  satisfying (4.8) also satisfies\Ð=ß Ñ Z L0 ∞

VÐ=ß Ñ  \Ð=ß Ñ1Ð=ß Ñ œ Ð=ß Ñ1Ð=ß ÑÞ Ð%Þ*Ñ0 0 0 > 0 0V

But (4.9) has a unique solution .  We know that\Ð=ß Ñ œ VÐ=ß Ñ  Ð Ñ0Ð=ß ÑÎ1Ð=ß Ñ0 0 - 0 0 0

> 0 - 0 0VÐ=ß Ñ0 1Ð=ß Ñ œ Ð Ñ0Ð=ß Ñ Ð%Þ"!Ñ

holds.  In fact, add and subtract  on the left-hand side in (3.1) to get=P Ð Ñ- 0

 Ð=M  EÐ ÑÑP Ð Ñ  P Ð ÑÐ=M  E Ð ÑÑ œ FÐ ÑF Ð ÑÞ0 0 0 0 0 0- -
X X

Now pre-multiply by  and post-multiply by  to getGÐ ÑÐ=M  EÐ ÑÑ Ð=M  E Ð ÑÑ @Ð Ñ0 0 0 0" X "

GÐ ÑP Ð ÑÐ=M  E Ð ÑÑ@Ð Ñ  GÐ ÑÐ=M  EÐ ÑÑ P Ð Ñ@Ð Ñ0 0 0 0 0 0 0 0- -
X "

Ð%Þ""Ñ
œ GÐ ÑÐ=M  EÐ ÑÑ FÐ ÑF Ð ÑÐ=M  E Ð ÑÑ @Ð ÑÞ0 0 0 0 0 0" X X "

The first function on the left-hand side belongs to ; from (4.1) and (4.6), the secondZ L#

function equals ; and from (4.2) and (4.6), the function on the right-hand side- 0 0Ð Ñ0Ð=ß Ñ
equals .  Project both sides of (4.12) onto  to getV Ð=ß Ñ1Ð=ß Ñ Z VL"

¼
#0 0

- 0 0 0 0 > 0Ð Ñ0Ð=ß Ñ œ V Ð=ß Ñ1Ð=ß Ñ œ 1Ð=ß ÑÞ#
" " V Ð=ß Ñ" 0
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But  hence (4.10) holds.  It follows that (4.10) and Theorem 4.2 imply> >V Ð=ß Ñ VÐ=ß Ñ" 0 0œ à

α 0 - 0 0 0 α 0 0 0 α 0 - 0Ð Ñ œ Ð Ñ \Ð=ß Ñ œ VÐ=ß Ñ  Ð Ñ0Ð=ß ÑÎ1Ð=ß Ñ Ð Ñ œ Ð Ñ.  There is .  Set  and

UÐ=ß Ñ œ X Ð=ß Ñ\Ð=ß ÑÞ Ð%Þ"#Ñ0 0 0"
#

 Since  and , (4.12) sets up the one-to-one correspondenceXA Ð=ß Ñ X Ð=ß Ñ − Z VL#9 ∞
"
#90 0

between functions  in  and functions  in .  The optimal UÐ=ß Ñ Z VL \Ð=ß Ñ Z VL \Ð=ß Ñ0 0 0∞ ∞

yields the optimal  via (4.9).UÐ=ß Ñ0

5.  Steps of Computation

From Section 2 through Section 4, we derive that in the form of parameter valued case, the
steps in the design procedure on the -optimization in locally convex spaces are as follows:L∞

    Do an inner-outer factorizationStep 1:

X Ð=ß Ñ œ X Ð=ß ÑX Ð=ß ÑÞ# #3 #90 0 0

   DefineStep 2:

VÐ=ß Ñ œ X Ð=ß ÑX Ð=ß Ñ0 0 0"
#3 "

and find a minimal realization

VÐ=ß Ñ œ Ò+Ð ÑßFÐ Ñß GÐ Ñß !Ó  Ð Z VL ÑÞ0 0 0 0 a function in ∞

   Solve the equationsStep 3:

EÐ ÑP Ð Ñ  P Ð ÑE Ð Ñ œ FÐ ÑF Ð Ñ0 0 0 0 0 0- -
X X

and

E Ð ÑP Ð Ñ  P Ð ÑEÐ Ñ œ G Ð ÑGÐ ÑÞX X
9 90 0 0 0 0 0

   Find the maximum eigenvalue  of  and a corresponding eigenvectorStep 4: - 0 0#
- 9P Ð ÑP Ð Ñ

AÐ Ñ0 .
   DefineStep 5:

0Ð=ß Ñ œ ÒEÐ Ñß AÐ Ñß GÐ Ñß !Ó0 0 0 0

1Ð=ß Ñ œ Ò  E Ð Ñß Ð ÑP Ð ÑAÐ ÑßF Ð Ñß !Ó0 0 - 0 0 0 0X " X
9

and

\Ð=ß Ñ œ VÐ=ß Ñ  Ð Ñ Þ0 0 - 0 0Ð=ß Ñ
1Ð=ß Ñ

0
0

   Set  and Step 6: α 0 - 0 0 0 0Ð Ñ œ Ð Ñ UÐ=ß Ñ œ X Ð=ß Ñ\Ð=ß ÑÞ"
#9

 For a single-input and single-output design in the form of parameter valued case, we have
a similar to ordinary computing method.
 Example 1:

TÐ=ß Ñ œ ÒÐ=  "ÑÐ=  #ÑÓÎÒÐ=  "ÑÐ=  =  "  ÑÓ − Z VL œ œ0 0 = %# #
∞ ",  0.01, 0.1.
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   Step 1:  TÐ=ß Ñ œ RÐ=ß ÑÎQÐ=ß Ñß0 0 0

RÐ=ß Ñ œ  TÐ=ß ÑßQÐ=ß Ñ œ " œ \Ð=ß Ñß ] Ð=ß Ñ œ !Þ0 0 0 0 0

 Step 2: [Ð=ß Ñ œ Ð=  "ÑÎÐ"!=  "ÑÞ0

 Step 3: X Ð=ß Ñ œ Ð=  "Ñ ÎÐ"!=  "Ñ ß"
5 50

X Ð=ß Ñ œ  ÒÐ=  "Ñ Ð=  "ÑÐ=  #ÑÓÎÒÐ"!=  "Ñ Ð=  "ÑÐ=  =  "  ÑÓß#
5 5 # #0 0

Z Ð=Ñ œ =  "Þ

   When Step 4: 5 œ "
  Step (1) X Ð=ß Ñ œ ÒÐ=  "ÑÐ=  #ÑÓÎÒÐ=  "ÑÐ=  #ÑÓß#3 0

X Ð=ß Ñ œ  ÒÐ=  "ÑÐ=  #ÑÒÎÒÐ"!=  "ÑÐ=  =  "  ÑÓÞ#9
# #0 0

    Step (2) VÐ=ß Ñ œ ÒÐ=  "Ñ Ð=  #ÑÓÎÒÐ"!=  "ÑÐ=  =  "  ÑÓß0 0# # #

  and  in the minimal realization of  areEßFßG VÐ=ß Ñ0

E œ F œ ß G œ ß
" !  "#Î""
! # "#Î(

" "” • ” • c d,    

  respectively.
  Step (3)

P œ P œ Þ
(#Î"#"  %)Î(( "Î# "Î$
 %)Î(( $'Î%* "Î$ "Î%- 9” • ” •,  

  Step (4)

P P œ ß
 - 9 ” •0.0898 0.0425

0.0668 0.0853

  then 0.2299 0.1 .  Thus we take .α %" œ  œ 5 œ #
   , Step (1) X Ð=ß Ñ œ ÒÐ=  "ÑÐ=  #ÑÓÎÒÐ=  "ÑÐ=  #ÑÓ#3 0

X Ð=ß Ñ œ  ÒÐ=  "ÑÐ=  #ÑÓÎÒÐ"!=  "ÑÐ"!=  "ÑÐ=  =  "  ÑÓÞ#9
# #0 0

     Step (2) VÐ=ß Ñ œ ÒÐ=  "Ñ Ð=  #ÑÓÎÒÐ"!=  "Ñ Ð=  =  "  ÑÓß0 0$ # # #

  and  in the minimal realization of  areEßFßG VÐ=ß Ñ0

E œ ß F œ ß G œ ß
" !  #%Î"#"
! # "#Î%*

" "” • ” • c d   

  respectively.
  Step (3)

P œ P œ Þ
Ð#% ‚ "#ÑÎÐ"#" ‚ "#"Ñ  Ð) ‚ "#ÑÎÐ"#" ‚ %*Ñ "Î# "Î$
 Ð) ‚ "#ÑÎÐ"#" ‚ %*Ñ Ð"# ‚ $ÑÎÐ%* ‚ %*Ñ "Î$ "Î%- 9” • ” •,  
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  Step (4)

P P œ ß œ A œ Þ
 "
 - 9 ” • ” •0.0044 0.0025

0.0031 0.0017 0.7209
  0.05113,  -

    0.2791 1.2791Step (5) 0Ð=Ñ œ Ð =  ÑÎÒÐ=  "ÑÐ=  #ÑÓß

1Ð=Ñ œ Ð  =  ÎÒÐ=  "ÑÐ=  #ÑÓß-" 0.0141 0.0657)

\Ð=Ñ œ ÒÐ=  "ÑÐ=  #ÑÐ=  !Þ%ÑÓÎÒÐ"!=  "Ñ Ð=  %Þ''ÑÓÞ6.15 #

    SetStep (6)

α -œ œ 0.05113,

UÐ=Ñ œ  ÒÐ=  Ð=  =  "  ÑÓÎÒÐ=  "ÑÐ=  ÑÓÞ6.15 0.4) 4.66# #0

   6.15 0.4Step 5: U Ð=ß Ñ œ  ÒÐ=  ÑÐ=  =  "  ÑÓÎÒÐ=  "Ñ Ð=  %Þ''ÑÓÞ"
# # #0 0

 Step 6:

OÐ=ß Ñ œ0 0.615
6.145 12.54 13.53 0.0232).

Ð=!Þ%ÑÐ="ÑÐ= =" Ñ
Ð=  =  =  =

# #

% $ #

0

 Note , but .OÐ=ß Ñ Â VL OÐ=ß Ñ − Z VL0 0∞ ∞

 Example 2:

TÐ=ß Ñ œ − Z VL œ œ Þ0 = %Ð"!="ÑÐ=# Ñ
Ð="ÑÐ= =" Ñ ∞ "

0
0

#

# # , 0.01, 0.15

   Step 1:  TÐ=ß Ñ œ RÐ=ß ÑÎQÐ=ß Ñß0 0 0

RÐ=ß Ñ œ  TÐ=ß Ñ QÐ=ß Ñ œ " œ \Ð=ß Ñ ] Ð=ß Ñ œ !Þ0 0 0 0 0, ,  

 .Step 2: [Ð=ß Ñ œ Ð=  "ÑÎÐ"!=  "Ñ0

 Step 3: X Ð=ß Ñ œ Ð=  "Ñ ÎÐ"!=  "Ñ ß"
5 50

X Ð=ß Ñ œ  Z Ð=Ñ œ =  "Þ#
Ð="Ñ Ð"!="ÑÐ=# Ñ

Ð"!="Ñ Ð="ÑÐ= =" Ñ
0

5 #

5 # #

0
0

,  

   When ,Step 4: 5 œ "

     ,  Step (1) X Ð=ß Ñ œ  X Ð=ß Ñ œ  Þ#3 #9
=# =#
=# = ="0 00 0

0 0

# #

# # #

    Step (2) VÐ=ß Ñ œ  ÒÐ=  "ÑÐ=  #  ÑÓÎÒÐ"!=  "ÑÐ=  #  ÑÓß0 0 0# #

  then  and  in the minimal realization of  are EÐ ÑßFÐ Ñ GÐ Ñ VÐ=ß Ñ EÐ Ñ œ0 0 0 0 0
#  FÐ Ñ œ  #ÒÐ#  ÑÐ$  ÑÓÎÐ"!  #"Ñ GÐ Ñ œ "0 0 0 0 0 0# # # #,  and , respectively.

  Step (3)

P Ð Ñ œ P Ð Ñ œ Þ- 9
#Ð# ÑÐ$ Ñ

Ð"! #"Ñ #Ð# Ñ
"0 00 0

0 0

# # #

# # #,  

    Step (4) P Ð ÑP Ð Ñ œ Ð#  Ñ ÎÐ"!  #"Ñ ß- 9
# # # #0 0 0 0

  then
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α 0"
$

"! #"Ð Ñ œ  !Þ"&Þ0
0

#

#

  Step (5)

0Ð=ß Ñ œ 1Ð=ß Ñ œ ß0 0"
=# Ð=# ÑÐ"! #"Ñ

Ð ÑÐ $Ñ
0 0 0

- 0 0
# # #

" #

,  

\Ð=ß Ñ œ Þ0 Ð=# ÑÐ*=* ")Ñ
Ð=# ÑÐ"!="ÑÐ"! #"Ñ

0 0
0 0

# #

# #

    SetStep (6)

α 0 0Ð Ñ œ UÐ=ß Ñ œ $
"! #" Ð"!="ÑÐ"! #"Ñ

*Ð= =" Ñ0
0 0

0#

# #

# #

, .

 Step 5:

U Ð=ß Ñ œ  Þ"
*Ð= =" Ñ

Ð"!="ÑÐ"! #"ÑÐ="Ñ0
# #

#

0
0

 Step 6:

OÐ=ß Ñ œ0 *Ð= =" ÑÐ="Ñ
Ð"!="ÑÒÐ"! #"Ñ= Ð""! ##Ñ=Ð"* $*ÑÓ

# #

# # # #

0
0 0 0 .

 Note , but .OÐ=ß Ñ Â VL OÐ=ß Ñ − Z VL0 0∞ ∞
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