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Abstract

A monotone nondecreasing mapping connected with Hadamard-—
type inequality for s—convex function and some applications are given.
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1 Introduction

Let f : I C R — R be a convex mapping defined on the interval I of real
numbers and a, b € I, with a < b. The following double inequality:

H(55) <2 [ s < LO L0 0

is known in the literature as Hadamard’s inequality for convex mappings.

In [1] Hudzik and Maligrada considered among others the class of functions
which are s—convex in the second sense. This class is defined in the following
way: a function f :[0,00) — R is said to be s—convex in the second sense if

fOz+1=Ny) SNf(z)+ 1= f(y) (2)

holds for all z,y € [0,00), A € [0,1] and for some fixed s € (0,1]. It can be
easily seen that every s—convex function is convex when s = 1.
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In [2] Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality
which holds for s—convex functions in the second sense; which is so called s—
Hadamard-type inequality for s—convex function in 2"¢ sense.

Theorem 1.1 Suppose that f : [0,00) — [0,00) is an s—convex function in
the second sense, where s € (0,1) and let a,b € [0,00), a <b. If f € L'[0,1],
then the following inequalities hold:

b
_ +0b 1 f(a)+ f(b)
98 1 a < / < 7
f( 2 >—b—aaf(x)d$— s+ 1 )
the constant k = —5 is the best possible in the second inequality in (1.3).

The above inequalities are sharp.

In [6], Yang and Hong established the following theorem which is a refine-
ment of the second inequality of (1).

Theorem 1.2 Suppose that f : [a,b] — R is convex on |a,b] and the map-
ping F :[0,1] — R is defined by

F(t):ﬁ
ST (F) )+ () e+ (557) )]

(i) F is an convex on [0, 1].
(i1) F' is monotone increasing on [0, 1].
(i1i) One has the bounds

inf F(t) = F(0)

tel0,1]

and

sup F'(t) = F(1)
t€[0,1]
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For more refinements, counterparts and generalization see [3-6].

2 Hadamard’s Inequality

Lemma 2.1 Let f : [a,b] — R be s—convex function and let a < y; < 7 <
To < Yo < b with x1 + 2o = y1 +yo. Then

f @)+ fx) < fln) + f(y2) (4)

Proof.

First we show that f (z1) + f (22) < f(y1) + f (y2). If y1 = yo then we are
done. Suppose y; # yo and write

Y2 — X1 1 — Y Yo — Tg T2 — U1
= Y1+ Y2, To = +

X 1
Y2 — U1 Y2 — U1 Y2 — U1 Y2 — 1

Y2,

since f is s—convex, we have

fla)+ fe) < 222 )+ 2L ()

Y2 — U1 Y2 — U1
+ 2 :fo(yl) + 2 — L1 ()
Y2 — W Y2 — U1
_ 2y2 — (Il + ZEQ)f (yl) i (Il + ZEQ) — 2y1f (yQ)
Y2 — W1 Yo — W
= fln)+f(y2). (5)

which completes the proof.

The following inequality is considered the mapping connected with the
inequality (3).

Theorem 2.2 Suppose that f : [a,b] — R is s—convex on |a,b] and the
mapping F :[0,1] — R is defined by

1
B CE IRy

P e (5 + (59 (59

dx

Then
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(i) F is an s—convex on [0, 1].
(i1) F' is monotone increasing on [0, 1].

(111) One has the bounds
inf F(t) = F(0)

tel0,1]
5 b
- (s+1>(b—a)a/f(””)dx’
til[é;i]F(t) = F(1)
@
s+1

Proof.

(i) For all o, 8 > 0 with o+ 8 =1 and ¢, € [0, 1], we have:

b
F (aty + ft;) = (bia) /f <1+(at;+ﬂt2)a+ L= (@t;+ﬂt2>x>dx
b
1 1+ (ot + Bta), 1= (aty + Bty
+(b—a)a/f< 5 b+ 5 x)dx

1 /f<a(1+t1)a+(1—t1)x+ﬁ

5 Xz

2

1 /f<&(1+t1)b+(1—t1)x+B(1+t2)b;(1—t2)x>d$

o /b[f<(1+t1)a+(1_tl)x>—i—f((l—gtl)b—i—(l_ztl)x)]dx

L i[f((lthz)cH_(1—'52)96)+f<(1zt2)b+(1_2t2>x>]dx

=o’F (tl) + ﬁSF (tg) .

Therefore, F' is s—convex function on [0, 1].

(ii) Let 0 <t <ty <1,a <z <b. Since

jf(u—gtl)b—l—(l_ztl)x)dx
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:/bf<(1—gt1)b+(1_2tl) (b+a—x)>dx.

Thus, we have

2 2
and since
(1+t)  (1—t) (I+t) (A-=t)
g At < 5 4T T ®
< (1;t1>b+(1_2t1)(b+a—x)
< (1‘;t2)b (1_2t2)(b+a—x)
Thus,
l(lztl)wr(l;tl)x]+[(1zt1)b+(1;tl)(b+a—x)]
:[(1Zt2)a+(1;t2)x1+[(1zt2)b+(1;t2)(b+a—x)1

and since f is s—convex on [a,b], and by Lemma 2.1, we have:

F(t) < (bia)a/blfClJ;h)H (1_2t2)x>
+f<(1+t2)b+ (1= 1) (b+a—3:)>] dx

2 2

_ 1 /b[f<(1+t2)a+(1_t2)x> +f<(1+t2)b+(1_t2)x>]dx

2 2 2 2

= F(ts).

This shows that F' (¢) is monotone increasing for all ¢ € [0, 1].

643
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(iii) It follows from (ii), that, for all ¢ € [0, 1]

F(t) > F(0)
b a+x b+ux
- b—a/ ( > f( 2 )]dm
2
= ma/f(x)dx, (6)
and
F(t) < F(1)
b
= m/[ﬂ@) +/f (b)] dx
MIOESC .

Remark 1 : In (6) and (7), set s = 1 we get inequality 1. Also, if we set
s =1 in (3) we get the same result.

3 Hadamard’s Inequality For Lipschitzian Map-
ping

Theorem 3.1 Let f : [a,b] — R satisfy Lipschitzian conditions. That is,
for t; and ty € [0, 1], we have

|f (t1) — [ (t2)] < L[t —to

where L is positive constant. Then

L’tl —tQ‘(b—&)

|F(t1) — F (t2)] < ]

Proof.

For t1,t5 € [0, 1], we have

N
(s +1)(b—a)

>< Hf< 1+t1)a+ (1_2“)95) _f<(1;t2)a+ (1—2t2)$>

F(t) <
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1

+‘f<(1+t1>b+ (1—t1)x> _f<(1+tg)bJr (1—t2)x>]d$
SRCESVI()

2 2 2 2
5 t t t t t t t t
1 — b2 2 — U] 1 — b2 2 — U]
X/LH< 2 )a+< 2 >x‘+‘< 2 >b+< 2 >dex

Lty —ty] (b—a)
B (s+1)

This completes the proof.

Remark 2 : In (8) if we take t; = 0 and ¢; = 1, then (8) reduce to

L(b—a)
(s+1)°

<

‘f(&) +/ ) o)

9 b
s+1 (s+1)(b—a)a/f(””)dx

The inequality (9) is the s-Hadamard—type inequality for Lipschitzian mapping
of one variable.
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