THE HAMILTONIAN STRUCTURE OF THE SECOND PAINLEVE HIERARCHY.

MARTA MAZZOCCO AND MAN YUE MO

ABSTRACT. In this paper we study the Hamiltonian structure of the second Painlevé hierarchy, an infin-
ite sequence of nonlinear ordinary differential equations containing PII as its simplest equation. The n-th
element of the hierarchy is a non linear ODE of order 2n in the independent variable z depending on n para-
meters denoted by t1,...,tn—1 and a,. We introduce new canonical coordinates and obtain Hamiltonians
for the z and t1,...,tn—1 evolutions. We give explicit formulae for these Hamiltonians showing that they
are polynomials in our canonical coordinates.
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1. INTRODUCTION

In this paper we study the Hamiltonian structure of the second Painlevé hierarchy, an infinite sequence
of nonlinear ordinary differential equations containing

3
Py Wy, = 20W° + 2w + o,

as its simplest equation. The n-th element of the hierarchy is a non linear ODE of order 2n, depending on
n parameters denoted by t1,...,t,-1 and «a,:

n—1
(n) | d 2 d 27 _
Py <dz+2w>ﬁn[wz—w]—I—I_thl(dz—i—Qw)El[wz—w]—zw—I—am n>1,
where L,, is the operator defined by the recursion relation
) = (5w o)L pow—u?).) L Lo ) =
dZ n+1 — dZ3 Wy w dZ Wy w )z ny 0|Wz wT) = 9

The second Painlevé equation and its hierarchy appear in several applications including Hele-Shaw geo-
metry [17], nonlinear optics [19] and random matrix theory [38, 12] to name only a few.

The Hamiltonian structure of the classical six Painlevé equations was discovered long ago by Okamoto
[36], Jimbo and Miwa [29]. In the case of n =1, i.e. Py, the Hamiltonian is

1 1 1
HY =4P% 4 19+ ZPQ2 +2Pz — 5 Qon.

where
Q = 4w, P:%(wz—u}Q—%),
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Using such formulation Okamoto was able to describe his initial conditions space, to characterize the action of
the Bécklund transformations found by Gambier [18] and Lukashevich [31] in terms of affine Weyl groups and
to produce immediately the so called Riccati-type classical solutions of the second Painelvé equation [18, 21,
5]. Also several properties of the Yablonskii-Vorob’ev polynomials [41, 40] describing the rational solutions
were proved using the Hamiltonian formulation [11]. Umemura and Watanabe [39] used the Hamiltonian
structure in to prove the irreducibility of Pyj.

In this paper we introduce canonical coordinates Pi, ..., P,,Q1,...,Q, and a Hamiltonian function H ()
such that P;?) is equivalent to

0Q; IOH™ P, IH™)

2 = — =——" i=1,...,n.

@) o2 _ oP 0z 0Q; " " "
In particular we show that (™ is a polynomial in P, ..., Py, @1, ..., Q, and that the Hamiltonian equations
satisfy the Painlevé property.

Observe that starting from the second element of the hierarchy, the parameters t1,...,t,_1 appear in
Pgl). The solutions w will depend on the times t1,...,t,_1 according to the equation
ow 9
(3) (2k+1)£+82(82+2w)£k [w, —w?] =0, k=1,...,n—1,
k

which is actually the k-th element of the mKdV hierarchy. In fact, the second Painlevé hierarchy was
discovered as self-similarity reduction of the mKdV hierarchy [2, 5, 14] (details on this derivation are recalled
in section 2 below).

We refer to the evolution in the times ¢1,...,t,—1, as time-flows. We prove that the time-flows are
Hamiltonian and we compute the Hamiltonians Hg"), o ,Hﬁf_)l such that the system

0Q, oHy  on oYY

= — == i=1,...
ot, _ oP ' oty 0@, » T oo
is equivalent to (3). These Hamiltonians are also polynomials in Pi,...,P,,Q1,...,Q, and again the
Painlevé property is satisfied. Amazingly, we obtain explicit formulae for H(™ and H,gn), k=1,....,n—1,
in terms of Py,..., P,,Q1,...,Q, without need of recursion.

Our construction is based on the fact that the second Painlevé hierarchy can be interpreted as monodromy
preserving deformation equation® of an auxiliary linear system

dw
— =AM (N2, .. )T
B ( 1 n 1)
where A™ is a matrix function of A holomorphic in C*, having a simple pole at 0 and a pole of order 2n + 2
at infinity. The isomonodromic condition is expressed by the zero—curvature conditions

HAM oB A \1-2n
(42) Y )+,
(4b) AWM®) — (2K +1)0,, A™ = —[N®) A,

where given any Laurent series L of A\, (L)1 denotes its non-negative part and the relation between M, and
A is explained in Section 3 below.
We interpret equation (4a) as flow on the dual space of the following twisted loop algebra:

o {Xu)ZXMX(mUIX“)}/M"*“ ‘“<(1) 3)’

—2n—2
Oong1 = {X(A): > Xi)\i|X()\)01:alX(—)\)}

1The isomonodromic deformation problem for the second Painlevé hierarchy with t1 = -+ = t,—1 = 0 was derived in [10]
and in [28] following the approach proposed in [1] starting form the isomonodromy deformation problem given in [14] for the
second Painlevé equation. Here we generalize the construction of [10] to the case of generic values t1,...,tn—1.
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Its Lie bracket and a precise description of the corresponding loop group can be found in Section 4. The
dual space g* of g_ can be identified with

(1]

g*— { (A) = Ei)\i ‘Ez € 5[(27((:)’ E()‘)Ul = _UIE(_)‘)} /g§n+17
0

(1]

g;vz—i—l = { (A) = Z Ez)\l Ei S 5[(27C)7 E()‘)Ul = _UlE(_)‘)} /ggn-i-la

2n+1

by the killing form in the loop algebra s[(2,C) (see (23) below).
More precisely, to interpret (4a) as flow on the g*, we denote by A the dynamical part of A™), i.e.

A= (A("))+, and we define
(n) y1—2n
po (A0
4n _

where given any Laurent series L of A, (L)_ denotes its strictly negative part. In this way A € g* and
B € g_. Then we show that equation (4a) is equivalent to

dA 0A

5 — — — =[B,A] =adR4
( ) dz 9z [ ) } adpA,
so that the r.h.s. defines a vector field on the coadjoint orbit @4 of A obtained by fixing the values of the
parameters t1,...,t,_1 which are the Casimirs of the standard Poisson bracket on g*. We then prove that

the vector field defined by adi A, is Hamiltonian with Hamiltonian given by
H® = — 1 TiRes <)\1_2" (A<”>)2)
24n ’

where Res denotes the formal residue at 0, i.e. the coefficient of the term in A~!.

Let us now describe our canonical coordinates Py, ..., P,,Q1,...,Q, on the coadjoint orbit O4. Our con-
struction is based on the so—called algebro geometric Darboux coordinates. The latter are the projections of
the points in the divisor of a line-bundle on the spectral curve [13, 35, 4]. However this classical construction
in our case is not straightforward: on one side there are too many points in the divisor, on the other side
the dependence of the matrix entries of A™ on w and its zderivatives is very complicated as it involves
the recursive relation (1). In particular, this means that the matrix entries are dependent on each other in
a complicated way. We have resolved both these problems by expressing the Lenard recursion operator £,
in terms of Ly, ..., L,_1 and their derivatives (see (54) below) to obtain the matrix entries as polynomials
of the canonical coordinates (see Theorem 6.1 below). It is worth noting that in [15] and [16], a different
set of canonical coordinates on the coadjoint orbits of sl (2,C) was found. Although these preserve the Pain-
levé property, it is difficult to apply their construction to our case because of the complicated dependencies
between the matrix entries of A™).

Resuming we prove that the map

(6) OAH(Ph...,P",Ql,...,Qn)

gives a system of rational Darboux coordinates on the coadjoint orbit. However this map depends on
z,t1,. .., tn_1 explicitly. This produces a shift § H(™) in the Hamiltonian H(™, so that the Hamiltonian (™
appearing in (2) is given by

H® = 7™ 4 557™),
Thanks to the fact that all formulae are explicit, we can compute this shift (see (66) below).

The idea of interpreting the isomonodromic deformation equations as Hamiltonian flows on the coadjoint
orbits of the loop group SL(2,C) was already used by Harnad and Routhier [23] to study the Hamiltonian
structure of the six classical Painlevé equations (see also [22]). Later Krichever [27] used the Lax represent-
ation approach to construct the isomonodromy equations for meromorphic connections with irregular and
regular singularities on algebraic curves.

On the other hand, the coadjoint orbits of the dual loop algebras can also be thought of as moduli spaces of
meromorphic connections on Riemann surfaces. Audin [6] generalized the Aityah-Bott symplectic structure
on the moduli space of holomorphic connections to the case where the Riemann-surfaces can have boundaries.
This symplectic structure was used by Hitchin to study the Schlesinger system [25]. Later, Boalch [7] further
generalized this symplectic structure to the moduli space of generic meromorphic connections. He then
showed that these moduli spaces are isomorphic to the coadjoint orbits as symplectic manifolds, and that
isomonodromic flows induce symplectomorphism between coadjoint orbits at different times. This abstractly
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indicates that one could express a general isomonodromic deformation as a time-dependent Hamiltonian flow
on the dual loop algebra. Woodhouse [42] showed that the isomonodromic deformations with poles fixed are
autonomous Hamiltonian systems w.r.t. the Konstant Kirillov Poisson structure on a central extension of
the dual loop algebra (which is different from what we are considering in this paper).

Our construction is very explicit and allows us to go further to interpret the time-flows (4b) as flows on
the dual loop algebra g* . This is not trivial because the term ONM®) is not tangent to the coadjoint orbit

O 4. To overcome this difficulty we introduce new coordinates u1, ..., us, on the coajoint orbit O and new
times s1,...,S,_1 such that
8, A™ = [Ly, A + 0Ly, Ly = (,4(")»*2’@) L ORAM = 0Ly, k=1,...,n.
+

where ¢ denotes the partial derivative with respect to sy when u is fixed.
We then interpret the equation

(7) Dy AT — 03 Ly, = (B, — 0% )A™ = [Ly,, A™).
as flow on the coadjoint orbit O 4 and compute the corresponding Hamiltonians h§n)7 ce h;"_)l
1 2
S I
so that in particular H(™ = — h}: . Finally we show that the time-flows Hamiltonians Hgn), e ,’H;”_)l are

given in terms of h&”), el hgn_)l (and their shifts due to the explicit dependence of (6) on z,t1,...,t,—1) by
a simple formula (see Corollary 8.5 below).

This result gives an insight into how one could express a general isomonodromic deformation as a non—
autonomous Hamiltonian system.

Remark 1.1. Note that hgn), ceey h%") are spectral invariants. In the context of iso—spectral deformations,
this can be used to show that the algebro—geometric Darbouz coordinates are separated for the isospectral
system (see, for example [37]). However, in the isomonodromic case, all the functions hﬁ”%...,h&”) are
non—autonomous, i.e. they involve the wvariables t1,...,t,—1 and z explicitly. Therefore we don’t have

separability in the sense of classical mechanics.

This paper is organized as follows. In Section 2, we recall the derivation of the second Painlevé hierarchy
as self-similarity reduction of the mKdV hierarchy. In Section 3, we describe the monodromy problem
associated to the second Painlevé hierarchy. In Section 4, we introduce our twisted loop algebra, interpret
equation (4a) as flow on its dual space g* study the Poisson bracket on g* . We prove that the parameters
t1,...,tn_1 belong to the kernel of such Poisson bracket and characterize the symplectic leaves. In Section
5, we introduce our coordinates Py, ..., P,,Q1,...,Q, and prove that they are canonical with respect to the
symplectic form on the coadjoint orbit. In Section 6, we obtain formula (54) expressing the Lenard recursion
operator L, in terms of Loy, ..., L,—1 and their derivatives and we give the explicit formulae for the matrix
entries of A in terms of our canonical coordinates. We give an explicit example to illustrate our procedure
in detail. In Section 7, we compute the Hamiltonians (™). In Section 8, we interpret equation (7) as flow on

the coadjoint orbit, compute the corresponding Hamiltonians h§n), RN hff_)l and show that they are spectral
invariants. Finally we obtain the Hamiltonians Hgn)7 ... ,Hfln_)l. We follow all details of our construction in

an explicit example.

Acknowledgments. The authors are grateful to H. Flaschka, M. Talon, J. Harnad, A. Hone and to V.
Kuznetsov for helpful conversations. This research was sponsored by the ESF grant MISGAM, the Marie
Curie network ENIGMA and by EPSRC.

2. THE SECOND Pj; HIERARCHY

The second Painlevé hierarchy is obtained as self-similarity reduction of the modified Korteweg-de Vries
(mKdV) hierarchy (see [2, 5, 14]):

0 0 (0
8 — [ = +2v )Ry [vs — %] =0, =0,1,2,3,...
(8) aTnHv—i—ax (8m+ v) [vg — V7] n
where R,, satisfies the Lenard recursion relation [30]

0 o3 2, 0 2 1
(9) gz Rt = | gz T4He =050 420 —v)e J R Rolu] = 5.
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Each equation in the mKdV hierarchy defines a Hamiltonian flow and can be viewed as a symmetry for all
others. Consider the space of stationary solutions w.r.t. the symmetry defined by the n-th mKdV equation,
i.e. the space of solutions v(z;T1,Ts,...) v - =0. Due to the fact that all Hamiltonian flows
commute, all other elements of the hierarchy can be restricted to this space.

There are also other symmetries acting on the mKdV hierarchy. They are called Virasoro symmetries.
The n-th Virasoro symmetry is given by the following infinitesimal generator

d - o)
20+ 1T,
dSn g( + ) M aT. 8T+1

The stationary solutions w.r.t. this generator are by definition such that d“ = 0. They satisfy

dv

- 0 0
L N @ L (L g -
ds,, . 0( +1) 1o (6$+ ®>Rl [v v} 0

and after integration

n

0
(10) Z DTy41 (33: + 20) Ry [vs — v°] = an,

1=0
where a,, is some constant.? From the n = 0 equation of the mKdV hierarchy, we can set T} = —z so that
(10) is an ODE in the variable z depending on some extra parameters T5,...,T,+1. The parameter T},11
can be absorbed by the following symmetry reduction (see [9] for details):
(11a) v(@, Thy1) = , z= ,
+ [(2’[’[, + 1)Tn+1]1/(2’ﬂ+1) [(2n + 1)Tn+1]1/(2n+1)

1

(11b) R (v, — %] = Li[w, —w?],
[ ] [(27’L+ 1)Tn+1]2l/(2n+1)
20+ 1)Ti

(11(3) to = —Z, tl =

(@t T, e [T hesn =1

In this way we obtain the Second Painleve Hierarchy:3

n d
(12) P%I): (dz—|—2w>£ L — w? —I—Ztl( —|—2w> L [wz—wQ] = 2w+ ay, n>1,
where a,, are constants and L,, is the operator defined by
d d3 d
(13) @£n+1 == (dZS + 4(w )dZ + 2( 2)2) £n7 Eo[’wz — w2] = %

Example 2.1. For n = 1, equation (12) is Pyp:
Wyy — w3 = zw + aq.

For n = 2, it is:

t1(w,, — 2w) + (W2, — 10ww? — 10w w,, + 6w®) = 2w + as.

In the case of the Virasoro symmetries, only the first n flows of the mKdV hierarchy can be restricted to

the space of such stationary solutions. These give the flows in tq,...,t,_1:
ow 9
(14) (2k—|—1)a—+8 (9 + 2w) Ly [w. —w?] =0, k=1,...,n—1.
(7
We shall call the flows in t1,...,t,_1 time-flows.

2Recently S. Kakei [26], proposed a new way to obtain the second Painlevé equation directly as a reduction of mKdV,
without integration. In his difference—operator formulation, the constant a1 appears as a parameter in the symmetry reduction,
and not as integration constant. It would be interesting to see whether this construction can be used to produce the whole Prg
hierarchy.

3To obtain exact solutions of the n-th mKdV equation, one fixes the values of t1,...,t,—1. As a consequence, often in the
literature the second Painlevé hierarchy is presented with ¢t; = --- =t,_1 = 0. We will leave t1,...,t,—1 free to vary instead.
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Remark 2.2. Another Painlevé hierarchy containing P11 as its first element has been introduced by Gordoa,
Joshi and Pickering [20] by generalizing the isomonodromic deformation equations by Jimbo Miwa. However
it is mot clear if their hierarchy is different or not from the one studied in this paper. We know that
Koike from Kyoto University is building the Hamiltonian structure of Gordoa, Joshi and Pickering hierarchy
as confluence procedure of the Garnier systems. Once he is successful, we may try to see whether our
Hamiltonian system and Koike’s are related by a canonical transformation. If not, the question of whether
the P11 hierarchy considered in this paper may or may not arise as confluence limit of the Garnier system
remains open.

3. ISOMONODROMIC PROBLEM FOR THE P;; HIERARCHY

The isomonodromic deformation problem for the second Painlevé hierarchy with ¢t; =--- =t¢,_1 = 0 was
derived in [10] and in [28] following the approach proposed in [1] starting form the isomonodromy deformation
problem given in [14] for the second Painlevé equation. Here we generalize the construction of [10] to the

case of generic values t1,...,t,—1 (for details see the Appendix A).
The isomonodromic deformation problem for the Py; Hierarchy is the following:

ov -\ w

ov 1 -z -« —

il COR 7 n (n) O]
(15b) ) A = < l( o Az >+M +§th v,

ov 0 (0, +2w)Ly,
1 k+1)=— = [(M® - § %
(15¢) e (L (N L ,
where

241 ()4 2 )y
Mo - ( 2 Dy SIS ) 7
Zj:l Cj N _ijl Aj N
with
(16a) AV, =4, Ay =0, VE=0,...,],
k+1
o _ 4 2o d (d 2 _
(16b) Ay, = 5 {ﬁlk [wz—w } - (dz+2w) Li_1_1 [wz—w }}, k=0,...,1—1,
k+1
o _ 4 d/d 2 _

(16c)  Bypq = -4 <dz+2w) Li—gr [w. —w?], k=0,...,1—-1,

d
(16d) Bl — —4 (dz + 2w) Loy [w, —w?], k=1,...,1,
(16e) O, = —Bogp1, k=0,...,0—1,
(16f) c) = By, k=0,...,L
The compatibility between (15a) and (15b) gives

(1) 04 3B _ g,
which gives (12) (see [10]). Equation (14) is obtained as compatibility between (15a) and (15¢):
(18) (14 2k)0y, B — 9. M® = [B, M*¥)],
where for brevity we put
N = M® ( o +gw)£k (9 +§w)ﬁk ) _
Finally the compatibility between (15b) and (15¢) is
(19) INMF) — (2k +1)8,, A™ = —[M*) A,

The proof of the fact that equations (17), (18) and (19) are indeed consistent is sketched in the Appendix
A.
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To simplify our computations, it is convenient to introduce some new notations. We define

a;TkL:)—‘rl = ZtlA;lk)H_l, k == 1, e, n, a(ln) = ZtlAgl) -z,
=1 =1
(n) _ - 0) B
b2k+1_ztlB2k+1, k—O,...,n—l,
=1

n
=S 0Bl k=1 B = —an,
=1

where t,, = 1, so that we can write

n (n n (n _ n—1;(n)
(20) A0 — < ( )Zk:o a2k)+1/\2]i - > k=0 b2k)>‘2k ! JF(X):k:o bék—&-l)‘Zk ) .
Dm0 by N = 37T by NP — D ko g AF

4. COADJOINT ORBIT INTERPRETATION

In this section we show that the Hamiltonian structure of the second Painlevé hierarchy can be derived
from the one on an appropriate dual loop algebra.

Since our matrices A depend on z and X and the variable z appears both implicitly, through w(z) and
its derivatives, and explicitly, we need to introduce some notation. Given any function f of A\, z,w,w,,...,
let us denote the partial derivative of f w.r.t. z as follows:

of | of of

aZf::@+%w2+87111Z

and 0 f the partial derivative of f considered as a differential polynomial of w depending on z, A:

we. Of
O f =5

Analogously 0 f denotes the partial derivative of f w.r.t. A\. Then given the matrices B and A™) as in (15)
and (16), one has

Wyy + ov ey

(21) 0v A™ = 0,8,
so that equation (17) is equivalent to
(22) (0. — ) A = [B, A™)].

Remark 4.1. This phenomenon, i.e. equation (21), is a common feature of all Painlevé equations and it
was used in [23] to find the algebro—geometric Darboux coordinates for the siz Painlevé equations. As far as
we know, a proof of the fact that (21) is a common feature of all the isomonodromic deformations equations
1s still missing.

We are now going to interpret the evolution along (9, — 0¥) as a vector field on a coadjoint orbit of an
element of an appropriate twisted loop algebra. Let LG be the group of smooth maps f from S' to SLs
such that

=1 a=( 9 ).

and A is considered as a parameter on S'. Denote by Lg,,2G the subgroup of maps of the form f =
I+X"2""2f  where f is holomorphic outside S' and let go,4o be its Lie algebra:

—2n—2
gon+42 = {X()\) = Z Xi)\i|Xi € 5[(2,@), X()\)Ul = O’1X(—>\)} .

—o0
Then let G be the quotient of these 2 groups
G = LG/ Loy, 42G.
Its Lie algebra is given by
g= {X()\) =Y XiN|X; €51(2,C), X(A)oy = 01X(—A)} /G2nt2,

— 00
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with Lie bracket defined as:
R [e%e) 1+2n+1 ~ ]
[X(A), X(N)] = Z ( Z [XkaXik}> A' mod gan+2,
i=—2n—1 \k=—2n-—1

which obviously gives [X()\), X(\)] € g and satisfies the Jacobi identity. The dual space g* can be identified
with

gt = {E(/\) = Z NN eN, 5 €5l(2,C), E(\)o;, = —UlE(—/\)} /8540
Bony2 = {X()\) = Z XiN'|X; €51(2,C), X(A\)oy = UlX(_A)} :
2n+1

by the following pairing
(23) (X(),Z(N) = Tr (ResX(NE(N), VXN € g, 2 € g,

where Res indicates the formal residue, i.e. the coefficient of the A~! term. Consider the subalgebra

-1
(24) g- = {X(/\) =) XN[X(No1 = UlX(—A)} /B2n+2,
its dual space can be identified with
(25) P {E(A) — 3 ENIE € 8l(2,C), E(Noy = —015(—A)} [8 o
0

An element X in the Lie algebra g acts on an element = € g* by the coadjoint action
(26) <ad}E7Y> = _<57 [Xv Y]> = <[X7 E]7Y>
for any Y € g. This shows that for every X € g, = € g*

[X,E] =ad%E € g".

When we restrict the coadjoint action to the subalgebra g_ and to its dual space g* , we obtain the following
identification

(27) [X_,E]ly =ad%x B, Ze€g’, X_€g_

where ()4 is the projection from g* onto g* and (-)_ denotes the projection onto g_.
Lemma 4.2. Given the matrices B and A™ as in (15) and (16), one has

(28) (B, AM] = adj A,

where B = (%) €g_and A= (.A(”))+ € g* , which is the dynamical part of A"™.

Proof. Using (15) and (16), we notice that:

(n))\—2n+1
4 +
Then using the Drinfeld—Sokolov trick:

(n) y—2n+1
[B,A(")} - _ l(““) 7_/4(@1 —
4n 4

[(A(n))\—Qn—i—l) A(n)] _
4n o
A(n))\—2n+l
s (n)
() e,

A y—2n+1
4TL

(29)

where the last step is due to the fact that ( ) commutes with (A(”))_. 0
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Remark 4.3. The fact that we can neglect the singular part of A™ at X = 0 is more general than in the
(n) y —2k+1
above proof. Suppose we want to compute ad}}k.A(") for X = (”) , then for every Y € g_ we

. N A(n)/\72k+1 .
(ad, A™ YY) = <l(4’“>’A( )

(5 o,

have

7Y>7

because the singular part of A™) does not contribute to the residue.

Similarly it is easy to see that
(0. —0v) A = (9, — 0¥) A.

Resuming, we proved the following Lemma:

Lemma 4.4. The monodromy preserving deformation equation (17) is the same as
(30) (0, — 0¥ A =adpA,

where A = (A(”))+ € g* is the dynamical part of A™, and B = (W), €g_.

This Lemma allows us to interpret the evolution along (9, — 9%) as a vector field on a coadjoint orbit of
the twisted loop algebra g_.

Let us now recall the Poisson structure on g* . This is fairly standard (see for example the beautiful book
[8]), but we recall some details here in order to fix notations and adapt the computations to our special case.

The Poisson structure on g* is given by observing that every X € g_ defines a linear function X, on
gr o &

| *

X,

(1] =

— C
- (E,X).
This fact allows one to identify g*~ with g_ and to define the Poisson bracket between two linear functions
on g* as S. Lie did

{X., Y.} (E) = E[X,Y]).

The Poisson bracket between two functions f and g on g* is given by

(31) {£.9} () = (Z,[df.dg))

where the differential df of a function f on g* is a linear function df € g* * ~ g_ defined by
(32) (df,6Z) := f (E+ 6xE) — f(E) + O(0xE)?,

where

SxE:=adi\E e g’.
In particular one has dX, = X.
It is well known that this Poisson bracket is degenerate and its symplectic leaves are the coadjoint orbits
of its elements. The kernel of this bracket consisting of the Casimirs, i.e. functions f such that

adyxZ(df) =0, VXeg_ ,=eg".
Lemma 4.5. The times t1,...,t,—1 are the Casimirs of the Poisson bracket (31).

Proof. We show that the Hamiltonian vector fields generated by t1,...,t,_1 are zero.

Denote the eigenvalues of A(\) by +u(\). The polynomial part of () is a polynomial of order 2n and all
the coefficients of the odd positive powers of A are zero. Therefore the polynomial part of () has exactly
only n + 1 non zero coefficients, of which the first one is 4. Our claim is that all the other coefficients of
the positive powers of A\ give our times t1,...,t,—1 (we shall see in Section 7 that the coefficient of the —2
power of A is the Hamiltonian in the variable z).

In fact, as proved in corollary 8.2 below, the times ¢; are given by the ‘spectral residue formula’ [24] as
follows.

)\—Ql—l

1 o1 —
t = Resoo AT u(N)dA = (A, == Top ¥ )
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. . . 1 . —21- .

where W is the eigenvector matrix of A and o3 = 0 _01 ) Since 2 221 ! VoWt commutes with A(N),
it produces a trivial vector field and therefore ¢; is a Casimir. 0

Thanks to the above Lemma, the coadjoint orbits are obtained by fixing the values of ¢1,...,t,_1:

(n) k (n) y2k— —14(n) k
Oy = { ( nf k=0 a27,2+1)\21 ) Do boy AP +(Z;Z:0 Doy A2 ) }
. n n Jo— n— n k n n k
k=1 Do AR — k=0 b2k+1/\2 =2 k=0 a2k+1>‘2 t1=t9,.. . tn_1=t0_,

The dimension of the coadjoint orbits is 2n. It is well known that the Poisson bracket (31) restricted to the
coadjoint orbits is non-degenerate, so that it defines the so-called Kostant-Kirillov symplectic structure w on
them. We will write

w(f,g9) =1{/.9},
for every pair of functions on the coadjoint orbit.

To compute the Poisson brackets between the coefficients ag;)ﬂ, bg,z) and bg’,i)ﬂ, we observe that their
differentials are

n 1 _
daék)ﬂ = §(E11 — Egp)A~CHD  for 0 <k <n,
n 1
(33) dbgk)ﬂ = 5(—E12 + By )\~ R+ for 0<k<mn-1,
n 1
db;k) = §(E12 + E21))\_2k for 0<k<mn,

where with a slight abuse of notation we are calling aéﬁll, bg,z) and bg,?_H the elements of g* * ~ g_ which

applied to = produce the coefficients aéﬁll, bg,i) and bg,z)ﬂ respectively.
By using these gradients, we can compute the Poisson brackets between the matrix entries

{aéﬁll,b;ﬂl} = _b;T(LI)H-l—&-l)’ for 0<k<n, 0<Il<n-—-1 k+1<n-1,
(34) {aéﬁll,b;’;)} = —bé?;ﬂ)ﬂ for 0<k<n, 1<I<n, k+I1<n-1,
(n n (n
{06500} = el for 1<k<n, 0<i<n-1, k+i<n,

while all the other brackets vanish.

5. CANONICAL COORDINATES FOR THE ISOMONODROMIC DEFORMATIONS

Our first attempt to build the canonical coordinates for the second Painlevé hierarchy is to use the general
framework of the algebro—geometric Darboux coordinates (see [13, 35, 4]). In this setting one considers the
spectral curve

(35) T(i\) = {det(,u — AM(N)) = o} - {,ﬂ — — det (A(”)()\))} .

The characteristic equation p? = —det (A™ (X)) defines the eigenvalue p(A) of A()) as a function on the
corresponding 2-sheeted Riemannian surface of genus g. The Baker—Akhiezer function ¥ () is defined then
as the eigenvector of A ())
AP = pN)Y ()
corresponding to the eigenvalue p(A). Generally, ¢ has g 4+ 1 poles.
Following [37], let us briefly illustrate how to construct canonical coordinates p1,...,pqy and ¢i,...,qy on

the cotangent bundle of the Jacobian T*J of the curve I'.
Denote by ¢ the A—projection of the generic point in the divisor of . We fix the following normalization

(c1,e2) -9(q) =1,

for some choice of ¢y, ca. The g; variables are the roots of

(36) T A12(q5) — crc2(A11(g5) — A2(gy)) — 3 A1(g5) =0,

while the p; variables are the eigenvalues

(37) pj = (Au(q]‘) - 21412(%)) :
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Choosing the normalization ¢; = —cp = 1 we get roots ¢i,. .., g2, such that ¢,4; = —q;, 7 =1,...,n. They
are the roots of the following equation:

n—1
(38) Z(bg/i)ﬂ + a;Z)Jrl)/\Qk + aéz)-i-l/\%t =0.
k=0

The corresponding p; are given by

n
_ (n) 2k—1
pj = szz g -
k=0

In the generic case, it is well-known that the coordinates ¢y, . .., g2, p1,- - -, D2n are canonical with respect
to the Konstant-Kirillov Poisson structure as well
(39) pispiy =14, 4} =0, A{pi,q;} = dij,

however, a proof of this fact for non—generic cases is still missing.

Generically, the dimension 2g of T*J coincides with the dimension of the symplectic leaves in the coadjoint
orbit associated to (30). This allows one to identify these symplectic leaves with T*.J and to treat p1,...,p,
and qp,...,qq as canonical coordinates on the symplectic leaves themselves.

In our case instead, it is not hard to realize that the suitably de-singularised spectral curve I' is an
hyperelliptic curve of genus g = 2n, so that dim(7*J) = 4n, which is twice the dimension of our symplectic
leaves. In fact the characteristic equation has the following form

2

n y4n ay
,LL2 = 42 A4 +P012n_1(/\2) + F,

where Poly, 1 is a polynomial of degree 2n — 1. By doing if necessary a small monodromy preserving
deformation, we can assume this polynomial to be irreducible. Setting i = Ay, we get

fi* = Polyni2(N),

where Poly, 42 is an irreducible polynomial in A of degree 4n + 2. We see that the genus is 2n.

Another problem is that the coordinates ¢, ..., g, are defined by taking the roots of the polynomial (38),
so they may not satisfy the Painlevé property of the isomonodromic deformations equations (see [32, 33]).
Therefore we propose a new set of canonical coordinates:

Theorem 5.1. Consider the following

(n) (n) n
Oy(ngy41 T Oo(n k)1 1 (n) OSa;
Pk:HQk: 3 kazibz] B kzl,...,n,
afr. =2 Y Oy,
where Sy, = 2521 q;? fork=1,...,2n and IIy, ... I, are the symmetric functions of q1,...,q2n:
=g +@+ - +@n, D= Y  gaxn - Ton=qg2.. gon.
1<j<k<2n
Then
(1) Pi,...,Py,Q1,...,Qn are coordinates in the symplectic leaves.

(2) P,...,P,,Q1,...,Q are canonical, namely
{Pi, P} ={Q:,Q;} =0, {Pi,Qj} = biy.

Remark 5.2. Observe that the first statement of our theorem could have been guessed by noticing that, as in
the case of the Kowalevski top, I' admits one extra symmetry A — —X\ apart from the hyperelliptic involution

1w — —p. As a consequence I' is a two-sheeted covering of a genus n hyperelliptic curve C obtained by setting
2=\

2
C = {‘LLQ — 42n,2n +P012n71(2) + O:L} .

Differently from the case of the Kowalevski top, this cover is branched at 0 and at oo. Having fized the
normalization ¢y = —cg = 1, we see that the Baker-Akhiezer function v has a simple pole at A\ = oo and
2n simple poles at A = q1,...,qan. This pole divisor is clearly invariant w.r.t. the involution A — —X. In
fact the poles X = qi1,...,q2, come in pairs q;,qn4; and each pair projects to one pole on C'. Due to the
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construction by A. Weil (see for example [34]), the symmetric functions of the pole divisor on C appear
naturally as coordinates when endowing Jac(C) with the structure of algebraic variety.*

Proof. The first statement of the theorem follows as a straightforward corollary of Theorem 6.1 proved in
Section 6 below.

Let us prove the second statement of our theorem, i.e. that our coordinates Pi,..., P,,@Q1,...,Q, are
canonical.

To compute the Poisson brackets between our coordinates, we observe that Ilog11 = Sox4+1 = 0 in our
case and

(n) (n)
a + b,
Ly, = 2(n—k)+1 T Y2(n— Ic)+17 k=1.....n
)
2n+1
First let us compute the bracket { Py, P}
o™ (n) (n) n)
Z?n K+1 T bQ?nka»l a27(lnfz)+1 + bz(n D41
P11} = (n) ’ (") -
A2pt1 Aon+1
2
_ 1 (n) () (n) (n) _
= ( ) > ({bZ(n D+1° P2(n— k)+1} {b 2(n—k)+1> ¥2(n— l)+1}) =
A2p+1
. 2
_ (n) (n) _
- ( (n) > (b2(2n7l7k+l) _b2(2n7l7k+1)) =0.
A2p+41
Therefore we have
(40) {Pe, P} = Ty, Ty} =0,  kl=1,...,n.

To compute the brackets that involve the @, we make use of the following formula:

oo o0 S
41 1 Ly | =S (=1)F 12k R
(a1) o Somp | = SR
7=0 k=1
where 7 is an auxiliary variable. Since in our case, the roots of the polynomial
n—1
2k 2
Z(bglzlrl + a2k+1))‘ +ag A =
k=0
are given by q1,...,qn, —q1,---, —Gn, We have

k41 = Sox+1 = 0.

Therefore, by differentiating (41) with respect to Ik, we can express ggii as follows

-1
055, ) " 0
42 =—(2 Iy ;

2j—2k

where [X (7)]2j_2k is the coefficient of 427=2% of X (v) considered as a power series in v near 0. Note that
although the sum in the left hand side of (41) goes from 1 to oo, only terms where j < n enter in (42) as
Jj—k<n.

We will now compute the bracket {Px, Q;}

(43) {Pk,Qz}—;{sz, 2 AL szj 2 M2 o |-

4We are grateful to M. Talon for pointing out to us the similarity with the Kowalevski case and with the construction by
A. Weil.
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Since 232] is a polynomial in Iy, with m < j, the second term in (43) is zero because of (40). The first
term in (43) is

1 08y,

_ (n) _
{Pe,Qi} = Z{Hzmb % oMLy

—17

= Y Moy || D Thayn™ =
st =

LV doj o
71_

= ZHQ(kfj) Zﬂzﬂgj ;
j=l §=0

doj—2

where we replaced the sum from 1 to n by a sum from [ to n in the last equation because the expression

-1

n
> Ty
j=0

does not contain any negative power. Since the expression

-1

D Mgy || D Tayn™
j=l 5=0

2j—21

is just the coefficient of ¥2#=2 in

(Z szzi) Z Iy~ =1,
=0 =0

we see that
{Pr, Qi} = Opi-

To compute the brackets between @ and @Q;, once again, note that since the brackets

gy = {5 851,

Ollyy, " Olly

the only contributions to the bracket {Qx,@;} come from the cross terms

- (n) 852] 1. (0 0S5; _
{Qr @1} > {23b2ﬂ Oll,y,’ P Ol

Jri=1

~ 1 () [0Sy () 052 (n) [ 082 ,(n)| 0525
44 = —_— — by X =
. 2T (b” {an D[ Bty P\ BTt ™ Bty

_ zn: L (yo0 [ 952y 085y [0y 05
C4ij | Ol Olly % | 0lly % [ Olly, )

Jyi
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The bracket between ggzj and bg') can be computed as
2k

)
852] (n) o . - 2m - (n) 2s —
{61'[ , by = 2j mzzoﬂznﬁ 2 {st» bs; } Y =

2j—2k

I n —2 n

Sy (z M) Sgr™| =
L m=0 s=0 2j—2k
[ n -2 n—i

= _2j <Z H2m72m> HZS’VQSHLZZ =
L m=0 s=0 2j—2k
[ n -2 n—i 1

= —2] ( Z HQm’yzm) Z H25’728 =
L \m=0 5=0 Joj—2k—2;
i n n 1

_ Ly (z nmzm) 3 7
L \m=0 5=0 d2j—2k—2:

where in the last line, we replaced the upper limit of the second sum by n. This is because 2j — 2k — 2i <
2(n — i), so if p > n — 4, the coefficient of v?” in >_"_ II>yy** will not enter in the final expression.
Therefore we have

_ 4 -
"1 (0S8 DS = . = s
3 s s = | (S me) e
i=1 m=0 s=0 Joj—on—2
Similarly, the second term in (44) is given by
_ Ly :
N1 [0S ()] 052 - 2 - 2
J— by, — 11 m m 11 s s ;
> o o = | (25 mer™) 2o
i=1 L m=0 s=0 Jojok—o

therefore the first and second terms in (44) equal each other and we have {Q, Q;} = 0.
In summary, we have

{Pr; Qi} =6k, {Px, P} =0, {Qk,Qi} =0,
as we wanted to prove. O

1) ()
Example 5.3. Case n = 1. In this case Q1 = 1bgl) gl‘% = —bgl) and P, =11, = (ﬁ? that is

1
Q:4wa P=§(wz—w2—§).

These coincide with Okamoto’s canonical coordinates (up to a constant factor) [36].

Example 5.4. Case n = 2. In this case P, = II, = aézig;’f), P, =1, = agi;?@’ Q1 = %bg)% +
12285 — _p@ 4 1y, and Q, = 16D 25 = () so, finally

P = —%(w2 —wy — %),

P, = 116( z+ 6w — 120w, + 2w? — dww,, + 2w,,. + 2t (w, — w?)),

Q1 = —Sww, +4w,,,

Qs = 16w.

6. THE COEFFICIENTS OF A(n) AS POLYNOMIALS IN THE CANONICAL COORDINATES

This Section is completely devoted to the proof of the theorem below which expresses the matrix A™ as
a polynomial in Py,..., Py, Q1,...,Qy, and 2z,t1,...,tn_1.
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Theorem 6.1. Let A, Bogq and Beyen be the following polynomials in X:

) A=Y, B YT, By = 3B
i=0 i=0 i=1

and P, @ and T the following truncated series:
n n n—1

(46) Q= "QN\", P=> PAH T = ) N - (207
i=1 i=1 i=1

Then the following relations hold true:

(472 4 = (e (1ep- G @y g s) |
+
(40) Bua = (3evr (1ep- L) om0 m) |
+
(47C) Be’uen = _)\2 ()\_QQ(]' + P))J,_ ’

where in the above, the inverse (1 + P)~1 is to be interpreted as:

o0

(48) 1+P) =) (-P)

i=0
and X indicates the polynomial part of the Laurent series X.
In particular, by comparing the coefficients of A in (47), we can express the matriz entries ag;)_l, bg?i_l
and bg;) as polynomials in the canonical coordinates and the times.

Proof. Throughout the proof of this theorem we shall use the following facts: let X, X’ and Y, Y’ be Laurent
series in A with no positive part, such that

()\Qn—lx)+ _ (/\Zn—lX/)+
()\2"71Y)+ — (/\2nflyl)+
then
(49) ()\Qn—le)Jr — ()\27L—1){/}//)+7 and (AZ'rt—l)(—l)Jr — ()\Qn_l(Xl)_l)+.
Let us prove (47c) first. Using the definition of Qj, given in Theorem 5.1, we have
p — Ly 05u
2k 2% 2k 8H2k

Ly 0%%ke2 1 ) OSak4a

= et gt I, T ok A Ly, T

now apply the above repeatedly to bg,i:_zl to obtain the following

1 05242
b(") — _ _ —
2k @ = Qe (21: 12 Ol
1 0544 1 1 0S2k44 0S2k42
(50) Q12 _
2k +4 Ollyy 2k +4 2k + 2 8H2k+2 Ol
1 0Sumia <= ..
- = Qg <2k—|—2l Ol +7UZ:1U2]€+2Z e
where
- -1
(51) um lzi 1 0Sosa 5 1 0Sak+2j
2k+21 pp— 2k + 21 8H2k+2j1 a1 2k + 251 8H2k+2j2
jmfl -1

T 1 OSok+24,, 1 1 0Say2j,
2k 4 2jpm—1 OMakgoj,, 2k+2jn, Oy,

Im=
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Note that, by (42), we have
-1

05y, G
(52) oy~ (2p) ;Hzg(v)

2p—2q
This allows us to interpret the Ujy 5, as coefficients of an infinite series, which is a product of the series in
the right hand side of (52). However, we need to be careful since the sums in (51) begin with terms that
correspond to the coefficient of 42 in (52). This means that
1 m+1

n
Usj 401 = coefficient of Yin [ 1+ | - ZngWQj

We can now identify Qj as coefficients of A in the polynomial Q, bg,z) as coefficients of A in the polynomial
Beven- If we now substitute v = A~1 and interpret U ey also as coefficients of A\ in the product series, we
can rewrite (51) as follows

—_1\ m
Beven = _)\2 AiQQZ 1+ —ZH2j/\72j =
m=0 = N
_1\ -1
= =N [A7PQ | [ D Hpa¥ =
7=0
+
= X120 (ZH =
j=0 +
= XA\ 7Q(1+7P))

which proves (47c).
Let us now prove (47b). Notice that in the expressions (15c¢) for bg,z)ﬂ the Lenard operators appear
together with their first and second derivatives. The canonical coordinates instead involve only the Lenard

operators and their first derivatives. In fact, the P;,..., P, are expressed in terms of sums ag;z_l + bg;i_l
which depend only on the Lenard operators without derivatives, and the Q1,...,Q, depend on the same

sums and on the even coefficients bg,z) which are only expressed in terms of the Lenard operators and their
first derivatives.

Therefore, to express the odd coefficients b% 41 in terms of the canonical coordinates, we will need to
express the second derivatives of the Lenard operators in terms of the Lenard operators themselves and their
first derivatives. In terms of the generating function, this is given by

Proposition 6.2. Let L be the generating function of the Lenard recursion operator:

> oLig,
=1

where & is an auxiliary variable. Then the following relation holds true:

(53) 2L = %(5—15—51)—21:51
+ (1+20)7t (;(5—15 —L1)—LLy + (azc)2> .

In particular, the above equation expresses the second derivatives of the Lenard operators as a polynomial in
the Lenard operators and their first derivatives.

Proof. We prove (53) at each order in £. At order £, the equation (53) is trivially satisfied. At order &£",
n > 0, by multiplying (53) by (1 4 2£), we get:

n—1
(54) £n+1 = 8§£n +3L,L1 + Z <4£1£j£n—j — 6z£j6213n_j — £j+1£n—j — 2£n_j8§£j> .

j=1
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To prove this, we integrate relation (13) by parts iteratively. At the first step, we get:
(55) Loy1 = (02 42L1) Ly + Q/Elazﬁndz,

where we have replaced w, — w? by £;. It is therefore sufficient to compute f L£10.L,dz. To achieve this,
we will now compute a more general term f L;0,L,dz for any k and 7. First let us replace the term 0,Ly
by using (13):

/Clazﬁkdz = /ﬁl (82’ +4L£10, + 2(£1)z) L_1dz.

We now integrate the first and last terms by parts, where the integration by parts in the last term is performed
as follows, let

Flz) = 2/£i(£1)zdz
= 02L; +4L1L; — Lit1,
where we used the Lenard recursion relation (13) to obtain the above equality. We then have:
2 / LoLy)oLprdz = F(2)lr 1 — / F(2). Ly _1dz.
JFrom this we have

/ﬁlazﬁkdz = Lﬁfﬁk,l — 0,L;0,Ly_1+ Ek,léfﬁi +4L1L; L1

Lol + / Liind. Lo rdz

We can replace the term [ £;419,Lx_1dz on the right hand side by similar formula and express [ £;0,L;dz
as a polynomial in £;, 9.L; and §2L; for j < k. In particular, we have

n—1
2/£18Z£ndz = LiL,+) <4ﬁlcj,cnj —0.L;0. Ly —
j=1
— [fj+1£nfj + 2£ja§£nj> .
By substituting this into (55), we finally get (54). O

We can now express the odd coefficients béZ)Jrl in terms of the canonical coordinates.
If we make the substitution & = %)\*2 in the generating function £, then by (15¢), we have

2n—1 1 2
(56> Bodd = <(2>\) (23z£+w8z£+wz(£+£0)> (1 +T))+7
(57) Beven = (20 ((20)*" 72 (=0.L = 2w(L + Lo)) (1 +T)), -
(58)

Note that, since
(N 1. +T)),
is a series in odd powers of A only, while
((2/\)2"_282£(1 + ’T))Jr
is a series in even powers of A only, we have
22 (20> 720.L(1+ 7)), = (N 19.L1+T)), .
(From this, and the second equation in (56), we can express the second term in Bygq in terms of Beyen

(@) 1O.LA+T)) . = (20) Beven + (V)" 2L+ Dw(1+T)), .
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By substituting this into the right hand side of B,44, we have

Boga = ((2)\)2n_1 (;afﬁ — w2(£ + £0) + L4 (E + £0)) (1 + T) - (2/\)_1Beven) s
+

Beven = (20 (20" 72 (=0.L — 2wl —w+) (1+ 7)),

By substituting this into (53), we obtain
1
Boda = 3 <(2>\)2"_1 [ 2L —w? + = ((2/\) L+L)+
1
(59) + (142071 (2 (AL —L1) — LLy +

+ (6z£)2>

(1+7)— 2w(2)\)_186ven> :
+

To complete the calculation, we need to express £ in terms of P. Since we have

(n)

(n) n
po a2(n7k)+1(:: Oy(n—k)41 _ 4% Z 8Lkt (1-n)» k=1,...,n,
2n+1 l=n—k
where t,, = 1, we see that
Li = 22P'Pe—ty aLley+ - —tpilhi+
Ly = 22571p 42273 (—t, 1) +
n—i—1 Ji—1—1
+ P2ETD i i D (i) Y (i) Y () |
j1=1 ja=1 Ji=1
—k— Ji—1—1
+ Lo | tn-x+- Z tn—k— —j1 Z(_tjl—jz)”' Z (_tjl)+"'
1=1 j2=1 Ji=1

Finally, by using similar argument as before, we see that
1
(60) (N> L+ Lo)) . = <(2)\)2"1 (Lo + 277) (1+ 7)1) :
+

where (1 + 7)1 in the above is to be interpreted as in (48). Thanks to (49), this implies the following

(61) (NN L+ Lo) ), = ((2)\)2”1 (Eo + ;P> . (1+ T))

+

By substituting (60) and (61) into (59), we get(47b).
To finish the proof of the theorem, note that by the definition of the coordinates Py, ..., P, in Theorem
5.1, we have

AN (1 +P) = (A+Boaa) =

(62) A = (=Boaa + A(20)*" (1 + P))

The proves the theorem. O
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Example 6.3. Let us illustrate how formulae (47a), (47b) and (47c¢) work in a concrete but non trivial
example. In the case n = 3 the definitions (45) and (46) read:

A=aP N+ a0 40N 4 a7,
Boaa = BN+ 09N 4 5PN,

3 3 3
Beven = 0522 + b\t 4 BV A°,

(63) Q= Q1A + QA" + Q3)\°,
P P P
P = 2 + X + N6
tg tl z
T = - .
@V @V @AF
Theorem 6.1 allows to express the coefficients a( agg), g ,a(73 and the coeflicients b(g) - b(3) in terms of
Py, Py, P3,Q1,Q2,Q3 and z,t1,t. Let us use (470) first:
P. PQ + P
Q(1+P) = 591 | 56 £ 140 +PiQ1+ P2Qa + P3Qs+ X (Q1 + P1Qa + PaQ3) + A Q2+ P1Q3) + A\°Qs,

M A
and after dividing by A? and throwing away all negative powers, we get
(A1 + 73))+ =Q1+ P1Q2 + P2Q3 + N (Q2 + P1Q3) + N Q3.
Now, we need to multiply by A? again and to compare with Beye,. We get

b(23) =—Q1 — P1Q2 — PQ3, 54(13) = —Q2 — P1Qs3, b((ag) =—Qs.

Let us briefly illustrate how to obtain the other coefficients. The procedure is the same as above with the

only complication of the term
1 1+7T
—(2N) " —=
(i),

Let us compute this term explicitly. Since we have a power 7 in A in the numerator, we need to only the
terms up to order 7 in the expansion of (1+P)~! at oo:

P P:—P, 2P P,—P;—P}
(1+P) N 2, 2l 3 1

8
2 IO G + O(X°).

In this way we see that

1 1+7
—(2N)
( NP

4
+A(64P3 + z + 32P} — 64P, Py + 4t Py — 16t2 P} + 16t2 Py — 1ty + 263 P)).
Analogously, one can compute the other terms in (47a) and (47b) to obtain:

Q3  Q1Q3  PiQ2Q3

) = (64P; — 16t2)\° 4 (64Py — 32P7 — 4ty + 16, P) — 2t2)\3 +
+

(3) _
by —Z+32P1 64P1P2+64P3+128 o1 + 6l +
PQ3 2 2
+ 5 AP~ 166 PY + 161 Py — hita + 265 P,
3 Q2Q3  P1Q3
b = 64P, — 32P2 + T g~ Ah o+ 16602P - 215,
3) Q3
b = 64P; + 1% — 1682,
(3) _ Q3  Q1Q3  PiQ2Q3
aff) =24 82P) —GAPI Py + T+ S
PQ3 2 2
+ 198 + 4t P, — 16t2P1 + 16t9 Py — tqty + 2t2P1,
3 _ 2 QZQB PlQ% _ 042
az’ = 32P1 + 61 + 198 4t 4 16t9 Py 2t2,
3) _ Qs N 3) _
ag 128 16to, as 64.

It is clear that we have only used linear algebra to obtain these coefficients, instead of using differentiation,
integration and recursion.
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7. HAMILTONIANS
In Section 4 we proved that the equation (16) is the same as (30):
(0, —0Y) A =adpA,

where A = (A(”))+ € g* is the dynamical part of A" and B = (%) € g_. This allows us to

interpret the evolution along (9, — 9¥) as a vector field on a coadjoint orbit of the twisted loop algebra g_.
We are now going to show that this vector field is Hamiltonian and that the isomonodromic deformation
Hamiltonian for the n-th equation in the PII hierarchy is given by

1 2
(n) .~ 1-2n (n)
(64) H" = 3 —TrRes ()\ (A ) )

This fact is actually a consequence of a more general result:

Proposition 7.1. The vector field
Xy (A) = — [(A(")Al—%) 74 :
is Hamiltonian with the Hamiltonian function
n 1 2
(65) h{Y = 5 TrRes (Al—% (A<">) ) :
Proof. Let us denote
ﬁk = — (.A(n))\l_2k) cg_.
We are interested in the vector field
X (A) = [ﬁk,A] .
To show that it is Hamiltonian and to compute the Hamiltonian function f, we use the following definition:
w(X, Y)(E) = —([Y,=E],df), Yeg_,Eeg’,
so that
w(XkaY)(A) = < |:IA/kaY:| 7A> = <[Y, A}a 7IA/k> =< [K A]adf > .

This shows that if we can prove that there exist f such that df = —Ly, then [ﬁk, A] defines a Hamiltonian
vector field of Hamiltonian f.

We are now going to show that the Hamiltonian (65) is such that dhfcn) = —Ly. For every X € g_ and
= € g*, we can identify [X,Z] = ad}, = with a vector tangent to the coadjoint orbit. Denote this vector by
6x=. Let 0xA € T4O 4 then using the definition 32, we get

n n 1 —2k n n
B (A+ 0xA) = b (4) + O(0x A = 5 <)\1 2k 4, (26 Al >)> - <5XA,dh,§ >>,

which is the contraction between dx A and dhén), as we wanted to prove. O

We now compute the Hamiltonian H(™) in terms of the canonical coordinates.

Theorem 7.2. Define

(66)
STOR ( Q
H(n)(le-~7Pn7Q17"'7Qn7 == (Z a2l+1a’2(n -1 szﬁlbz?n H— Zb(n)bn ) 4:7
1=0
in which we are thinking of aé?}rl,bmﬂ, b(n as the functions of P1,...,Pp,Q1,-..,Qn,t1,...,tn_1,2 given

by (47). Then the n-th member of the second Painlevé hierarchy is given by the equations

(67) P, 9H™ dQx  OH™
dz N 8Qk, dz N 8Pk ’
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Proof. Observe that equation (64) gives

n—1
H™ = - (Z a21+1a2(n -1 Z b2l+1b2(n -1 Z b b2(” ! )

=0

where we are treating a( ") b( ") as coordinates on the coadjoint orbit. When expressing this Hamiltonian in
our canonical coordlnates we need to take into account a shift h due to the explicit z dependence in the
variable P,. All other canonical coordinates depend on a( n) b(n)

following well-known result:

only. To compute this shift we use the

Lemma 7.3. Let

dy;
= 7y H ) )
o = Wi Hy,2))

be a Hamiltonian system on a Poisson manifold with Poisson brackets {-,-} and

y = o(x,2),

be a local diffeomorphism depending explicitly on z. Let the vector field 0,¢ be a Hamiltonian vector field
with Hamiltonian §H. Then (68) is a Hamiltonian system also in the x—coordinates

(68)

dx;
=, B, 2)),
where
ﬁ(xa Z) = H(¢(x7 Z)) Z) - 6H(¢(£7 Z)a Z)
Let us compute this shift in our case. The only coordinate depending explicitly on 2z is P, = & +
F@i™ o al) B Y. So for y = (Pry. ., Pay Q1o Qn), we have SH™ = @2 which gives
(66). O

Remark 7.4. It is clear that the Hamiltonian equations (67) satisfy the Painlevé property. In fact (17)
satisfies the Painlevé property [32, 33], and since A s a polynomial in Py, ..., P,,Q1,...,Qn, no movable
critical points are introduced.

Example 7.5. In the case n = 1, we get the Py Hamiltonian [36, 29]
W , o1 1, 1

The Hamilton’s equations
¢Q
dz2

give the second Painlevé equation for w = %Q:

1
= 3@ + Q2 +day,

d? )
d—;;} = 2w + wz + a;.

8. HIGHER ORDER FLOWS AS TIME-DEPENDENT HAMILTONIAN SYSTEMS

As illustrated in Section 2, the time t; dependence is described by the rescaled mKdV equation (14),
which is equivalent to the compatibility equation (18). In the Appendix A, we proved that all equations
(17), (18) and (19) are consistent, so that they indeed define isomonodromic deformations. In this Section,

we shall deduce the Hamiltonian functions H,(gn) such that equation (14) is equivalent to
0Q; oH™ or,  oH™

- - i=1.....n
(69) ot.  OP, ' oty 00, @ Tt

Since we are dealing with isomonodromic deformations, the correct way to deduce these Hamiltonians is to
express equation (19) as a time-dependent Hamiltonian system.
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8.1. Spectral invariants. The spectral curve I' of the matrix A" defined by
det(ul — A™) =0

plays an important role in defining the Hamiltonians of the isomonodromic flows and of the Painlevé hierarchy.
We now express I' in terms of the generating functions of the canonical coordinates and the time:

,UQ = A7 (-A2 - Bzdd + (Beven - O‘n)2)
= (2" (1 +P)? = 42N> 11+ P)Boad + A2 (Beven — an)?)
By substituting (47) into the above, we obtain the spectral curve in terms of the canonical coordinates

p? = 2N (1 +P)? =420 1 + P)Boga + A 2(Beyen — an)? =

(22)2+1 (1 pp- OE 7)2> +

= 20" 1 +P) - 2N 1+ P) T

4207 QX (14 P)

_|_

A7 (R P, +an) =
N

(2)\)2n+1 (1 + T)2 _ 4(2)\)—2n—1 Q2(1 4 73)

(20211 +P) TP

+
+

+ A2 (,\2 A2Q(1+P)], + an)2

where 1_1%7, =Y o(=1)"P". The last equality follows be A>"(1 + P) contains positive powers only.

In particular, we have proved the following

Proposition 8.1. The coefficients of the spectral curve p? of the matriz A™ can be expressed as polynomials
of the canonical coordinates and the times as follows

(2)\)2n+1 (1 + T)2 o 4(2)\)72n71 QZ(l + 7))

2 _  (9))2n—l(]
W= )T+ P) s

) +
(70) + A2 (/\2 A2Q(1+P)], - an) .

Corollary 8.2. The constant ., the times ti,...t,—1 and the Hamiltonian H™ are spectral invariants.
In particular the spectral curve can be written as

n—1 2
p? = (207" ((2A)*" (1 + 7)2)+ —grg () \2n=2 Z hé"))\2k72 I %
k=1
where
(m _ 1 1-2k [ 4(m)° _
hy, 2ResTr ()‘ <A ) ) k=1,...,n.

Proof. By definition of hén)7 it is clear that h;cn) is the coefficient of the 2k — 2 power in A. Analogously
for H™. So we only need to prove that the coefficients of the powers 4n,4n — 2,...,2n are given by
(2))%n ((2)\)2”(1 + 7)2)+. In particular, this implies that the polynomial part of u is given by the following

w= U TN Lt S IRD i Uy
In fact, let the expansion of the spectrum g at A = oo be the following

2n )
p= Z i

1=—00

Let us denote the coefficients of u? by D;, that is

2n
M2 — Z Di)\i

=—2
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We can express D; as quadratic polynomials in the pg and if £ < 0, then pi will only appear in the coefficient
D; when i < 2n. Therefore, to compute the polynomial part of i, we only need to consider the coefficients
D; with ¢ > 2n — 1. These coefficients are given by the coefficients of

(207222 = (202" (20 ")),

By using the relations (49) in (70), we see that

(@)D, = [@V(1+T)? — 420" 2Q%(1 + P)’?
n
4 [4(2/\)72n72Q2(1 +IP)2}+
(@02 = [V +T)%],
This implies the corollary. O

8.2. Time flows Hamiltonians. We want to adapt the construction of Section 4 to express equation (19)
as a time-dependent Hamiltonian system and the computations of Section 7 to find the Hamiltonians.
The main difficulty we encounter is that now

WM®) £ (2k +1)0;° A™.

The main idea to handle this problem is the following: suppose there exists a set of coordinates uy, us, ..., usp
in our coadjoint orbit @4 such that
(71) MWM®) = (2 +1)0 A™,

where 0;! denotes the ¢;—derivative with the u coordinates fixed (in the sense explained at the beginning of
Section 4). Then (19) becomes

(72) (2k +1) (B, — O) A™ = [N1®)| A

after cancelation. This allows us to interpret the evolution along 9;, — ;! as a Hamiltonian vector field on
the coadjoint orbit, as explained in Section 4, provided that the coordinates uq, ..., us, exist (which is a
non-trivial fact because equation (71) is overdetermined).

Our strategy is as follows: since in Proposition 7.1 we computed the Hamiltonians h,(!b) corresponding to
the matrices Ly, which give the same flow as

(73) Ly = [/\1*2’%4(”)} . k=1,....n,
+
we introduce some new times si, ..., s, corresponding to the flows along Li,....Ly,:
(74) D, A™ = [Lyp, A +0\Ly, k=1,...,n.
Observe that s, = —7. Since the matrices Lj, are related to the matrices M®) by
(75) Lp=4% Y ;MU —dby B k=1,...,n,
i=k—+1
the times t1,...,t,_1 and the s1,...,s,_1 must be related by:
(76) 0o =45 " (200 — k) + Dtidh,_, —4"00.,  k=1,...,n.
i=k+1

This relation is the key to our procedure: on one side, it will allow us to prove that there exist coordinates
U1, ..., Uz, Such that

(77) o AM™ =0, Ly,

on the other side relation (75), will allow us to compute the Hamiltonians H ,in) in terms of the Hamiltonians
h{m.

The following proposition shows that (76)guarantees the compatibility of the over—determined system
(71).
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Proposition 8.3. Let s; be the times corresponding to the equations
0, A — 5Ly = [Ly, AY], k=1,...,n
where Ly are given by (73). Then the system of differential equations
oL A = 0,\Ly,
is compatible only if t;. and s satisfy the following relations
(78) Ositi = 4%(25 + Dtjun, 05,2 = —4%ty,
where t; =0 forl > n.

Observe that equation (78) is equivalent to (76).

Proof. Let us consider the explicit s; derivative given by
ot A = 0\ Ly

This is an over—determined system of equations. We are going to prove that it admits a solution. In terms
of the entries of A, this is equivalent to

ot ad, = (2j—|—1)a§7;)+2k+1, j=0,....m,
6gkb§n) = jbjqar, j=1,...,2n,
=0, j>omtl KY=0, j>om

This means that
A9 (1+ P) [Ox (W2 1+ P)]
(79) AT10;, Beven [0x (A" Beven)] s
A0 Boaa = [Ox (A 2kBodd)]
where P, Beyen and B,qq are given by (46) and (47). Wi

e will now rewrite the expression of B,qq in (47) as

Boaa = L|(@\)2n+1(14p) — (VAT

(232" T (14P)
4B,
(80) +<2A><1+P>>] -
+
Then, by computing
(81) A0 Boag = [Oa ()\_2kBodd)]+

and applying (79) and (80), we see that, in order that the over—determined system (77) is compatible, the
derivative of 7 must satisfy

/\2nagk<1 + T) — [a)\ ()\2n72k+1(1 + T))]+
This gives

Ot t; =4F (25 + Dtjyn, 0 z=—4"y,

Sk

where t; = 0 if [ > n in the above equation.
If we chose another set of coordinates,

{yl(u7t)a cee 7y2n(u7t)v tla e atn}
Then the vector field 9%, is given by

9 =Y + Z 3 y;0y,

Therefore 9¢ t; = 0Y t; for j = 1,...,n and the same for z. Hence we can drop the superscript u in (82) to
obtain (78). O
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As proved in Proposition 7.1, the Hamiltonians h,(:') corresponding to the vector field
Xy = [L, 4],

are given by equation (65). Due to our derivation, they must be thought of as written in the coordinates
u. Since the canonical coordinates P, ..., Q, depends explicitly on the s; when expressed in terms of the
coordinates u, the actual Hamiltonian differs by a shift given by Lemma 7.3.

We first compute the explicit s, derivatives of the canonical coordinates. From the definition of the
coordinates Q1,...,Q, we have

-2 _ —92 —1
ATQ = — [/\ Beven (1 +P) ]+.
We can the apply (79) to compute the explicit s; derivatives of Q. This gives
94 Q=[N"Q - (2n+ 1)A*Q] .

Hence the explicit s; derivatives of the canonical coordinates are given by

agk Qj = (2(] + k) —2n — 1)Qj+k’
(82) 0., P = Q2n—j)+1Pi_y, j#k
PP = (2n— k) 1)

where if [ > n or [ < 1, then P, =0, Q; =0.
Using Lemma 7.3 and equation (82), we can compute the shifts :

n—k
(83) ShyY =320 + k) — 20 — )P Qjer + (2k — 2n — 1)Qs.
j=1

Finally, we use the formulae above to show that the coordinates u actually exist. In fact we construct
them recursively as follows using (82). For j =1 this gives

8ng1 = (27’L - 1)6k1,
so that we choose u; = P; — (2n — 1)s;. Then for j = 2 equation (82) gives:
aglpg = (2(n—2) +1)P1,
0e,Pp = (2n-1)

and all other derivatives of P, are zero, so we put

uy=Po—(2n—1)sa — 2n—2)+ 1)P1s;1 + (2(n—2) + 1)(2n — 1)%%,

so that pg, uz = 0. By repeating this procedure iteratively we get:

i—1
u; = Pi"’ZWijPi—j"'Wii; 1=1,...,n,
j=1

n—1
Wign = Qi+ Y ViyQiy;, i=1,....n,

Jj=1

where W;; and V;; are given by

J k1 ke
o . . k1 Sl . . ke S,
Wy = ;Z(—%n—zﬂ—zl)—n <k1> (=2 — it~ 1) — 1) <k> ,
j Sl kfl Sl k'c
_ . - k1 1 . - ke c
Vi = 3 32i+i—h)+ ) (kl) (<24~ 1)+ 20+ 1) <k> ,

where the second summations in the above are taken over all possible combinations of integers

R N S
k + ...+kczm, 0<k; <m, 0<lz<]

Resuming, we proved the following:
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Theorem 8.4. The Hamiltonians for the equations

(84) 05 AM™ — 9\Ly, = [Ly,, A™)]
where Ly, are defined by (73), are
ny 1 2

(85) hy = 5 ResTr (Al_% (.A(")) )
and their shifts (5h§€") corresponding to the canonical coordinates Py, Qi defined in Theorem 5.1 are given by

n—k

sh{™ =520 + k) — 2n — 1) P;Q; 2% —2n — 1
K (2(j + k) n VP Qjvk + ( n )Qr,
j=1

that is, the equations (84) can be expressed as the following time-dependent Hamiltonian equations
00, AT = LB + 6", A | 4 gem A

with the Poisson bracket {,} defined by

of 0dg dg Of
(86) {f.g} = Z 35,30, ~ 9P, 50;"

and the derivative 05" is the explicit time derivative of s when the canonical coordinates P;, Q; are fized.

Now let us deal with the t,—flows. Thanks to the fact that the coordinates w1, ..., us, exist and are such
that (77) is satisfied, equations (75) and (76) we see that the matrices M) correspond to the times (2i41)t;.
That is, the equations

2k +1)or A = gM*)
2k +1)9, A™ = [M® AN o MP) k=1,...,n

are compatible and hence we can express the higher order isomonodromic flows (14) as time-dependent
Hamiltonian flows.
We can now compute the Hamiltonians H ) for the times ti by using Theorem 8.4 and (76).

Corollary 8.5. Let K, and H; be the following polynomials in X and 5 respectively:

n n—1
1
=N+ onINEL =Y+ sH ) (20) 7 oy (H" +0H™),
k=1 k=1

where h;n), 6h§:) are given by (85) and (83) respectively and the coefficients H,gn) + 5H,En) are given by:
(87) OH = =220 (2N TPLA+T)7),
with T s defined by (46). Then the equations
(2k +1)8y, A™ — 3 M®) = [M*F) | A
can be expressed as time-dependent Hamiltonian equations with the Poisson bracket given by (86) as follows:
O A = {H + S, A} 4 g A,

where the derivative 07" is the explicit time ty derivative when the canonical coordinates P;, Q; are fized.
In particular, the equatzon (14) is Hamiltonian and it is equivalent to
0Q; oYY op oMY
oty 0P, 7 Ot 0Q;

where
HY =H" 455, k=1,...,n-1

Proof. From (76), we see that the Hamiltonians are related by

h{™ 4 spim = 4k Z Dt (H™), + 6H™ ) — abt (H™ + 5H™).
i=k+1
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This implies the following relation

2C, —(20)2 (2N H (1 + 7)),
(N (2020) 72" 7%Ky)) . = — (2N 0H(1+T)).
Then, by using (49), we obtain (87). O

Example 8.6. Let us demonstrate the results of this Section in the first non-trivial example: n = 2. We
want to represent the t; flow

(88) 30, A® — 9\ MW = (M1, 4]
where
o — AN — 20 —4wA® + 2w\ — w,, + 2wP
C AN - 2w - w20 —4X® + 202X ’

A — 16A* 4+ 4X2(t) — 2w?) — 2 — 2t,w? + 6w + 2w? — dww,,
T\ =160 3w — 8\ 2w, + AN(2w? — wty — w,,) — 2tw, + 12w w, — @

—1623w + 8\ 2w, + 4\ (2w — wt; — w,.) + 2tiw, — 12w?w, — 2
—16A* — 4)2(t; — 2w?) + 2z + 2t w? — 6w? — 2w? + dww,,

as a time dependent Hamiltonian equation.
We are now going to show that there exist coordinates wuq,...,us such that

HMD =301 AP

This gives the following equations

(89a) 301 ay) = 300 (—8w? +4t) = 12,

(89b) 301l = 30 (2(w? + 3wt — 2ww..) — 2t w? — z) = —2u?,
(89c) 30007 = —480%w =0,

(89d) 30007 = 249w, =0,

(89¢) 30065 = 30p (—4dw.. + 8w® — 4tw) = 8w,

(89f) 30007 = 30% (2(w.sn — 6ww,) + 26w,) = 2w,

We also need 0t = 1 and 9} z = 0. Of course, after imposing these two constraints, we have more equations
then independent variables. (6 equations and 4 independent variables w, w,, w,, and w,,.) We need to
check that equations (89a)-(89f) are consistent. To see this, first note that equations (89c) and (89d) imply

Opw = 0fw, = 0.
By substituting this into (89a), we see that
301 al”) = 30) (—8w? +4t1) = 12,

which is tautologically true, so (89a) is consistent with (89d) and (89c). By substituting (89d) and (89c)
into (89b), we see that

30¢ agz) = 30 (2(w? + 3w" — 2ww,.) — 2t;w* — z) = —2w”
1
= Ofw,, = —gw.

Then by substituting these into (89e), we find that
30105 = 300 (—dw.. + 8w’ — 4t w)
= —120; w., — 12w = —8w,

therefore (89e) is also consistent with the other equations. Now the last equation (89f) does not have any
consistency issue and it would give us the following

U —
304 Wz = —2w;.

Therefore these equations are all consistent and uq, ..., us exist.
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Using the results of Section 6, we can express the matrix A in terms of the canonical coordinates
Py, Py, 1, Q2 and using formula (85) we get
WP = —822P, + 256 PY Py — 256PF — 2PyQ1Q2 — PLPaQ3 — 202(P1Qa — Q1) — t1 Pa(128P1 — 16t)
h$?) = —322P) 4+ 256 P} — 512P, Py — PyQ3 + Q3 + 202Qs — 11 (128P% — 128P, — 16Pyty)
and using (83) we get for the shifts:
ohP = —PiQa—Q1, S =0,

so that, using (87), the Hamiltonian of the equation Pu® is

HE = —(=h{? + Qa).

16<
and the Hamiltonian of (14) with k =1 is

2 1 1 2 2 1 2 2
=g (4(h§ D) — et (hg? + oy >)> :

For the sake of completeness, we can compute the shift in HgQ) directly from the explicit dependence of
Py, Py,Q1,Q2 on s1. From (89a)-(89f), we have

oL P = ia"( @ 1y = i
oEPy = (e b= =T
0;,Q2 = 07
RO = o - Qo — -2
12°
Therefore the we can find § H 1(2) from the following partial differential equations
5H?® 1
0 4
96H?® Pt
0Q, 12 48
OH® Qs
oP, 12°
96H? 0
OP, '

This gives the shift

[ " t1Q2
4 12 48 7
which in fact agrees with what we obtained above.

SH?® = —

APPENDIX A. FROM THE MKDV LAX PAIR TO THE ISOMONODROMIC PROBLEM

Let us consider the Lax pair of the mKdV hierarchy:
o0 _ 0%
ox o ’ athrl

B Z2k+1 A(k)cj 221 k ;
N = ( UC Z )’ Ny = ( Z C(Jk)C] _Z2l+1 A(k)CJ ’

where the coefficients A§-k), BJ(-k), C’j(-k) are given by the formulae (16) with £; replaced by R, z replaced by

= N, ®,

where

x and w replaced by v. Observe that in Ny the terms B(()k) are nonzero. They are
B = —(0, + 20)Rs.
Details can be found in [10].
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By the self-similarity reduction (11), and defining
A=[(2n+ )T, 1] 77,

we obtain: .
ov oV &« or o
2 Nl —— = —2— — 2 Dt — —
( n+ ) n+1aTn+1 Z@z 21:( k+ )tkatk+/\a>\7
ov ov
Thy1— =t —
k+1 e k@tk’
ov _ ov

Tor T "oz
Now, defining

1

B=[@2n+ )TN,  M® =[@2n+ )TNy, k=1,....n,

we get
ov
90 — = BY
(908) - ,
n—1
ov 1] - -
b = = Z|\pW» M N,
(90D) 5 + ; MO 4+ 28|,
ov -
(90c) 2k+1)-—— = M®y,
oty
To show that (90) coincide with (15) first observe that
~ _ (k) _ 0 (8Z + 2w)£k
(o1) My =M ( (0. + 2w) Ly, 0 :
as it follows from the definition of M and Nj. Moreover
n—1
(92) A =M™ 4>y MO 4 2B,

=1

because
n—1

—(0, 4+ 2w)L,, — Z t1(0, +2w)L; + 2w = —ay,
1

thanks to (12).
It is now clear how to prove that the equations (17), (18) and (19) are indeed consistent. This follows
from the fact that the mKdV flows commute, so that

ON ONy,

— — —— N =[N, N

aTk+1 o k [ ks ]a
and

ON; ONy,

O 9% (N, N
0Ty 0114 [N, Vi)

The equations (17), (18) and (19) then follow automatically from the relations (92), (91).
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