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ABSTRACT: We study the four-dimensional effective theory arising from ten-dimensional
heterotic supergravity compactified on manifolds with torsion. In particular, given the het-
erotic superpotential appropriately corrected at O(a’) to account for the Green-Schwarz
anomaly cancellation mechanism, we investigate properties of four-dimensional Minkowski
vacua of this theory. Considering the restrictions arising from F-terms and D-terms we iden-
tify the infinitesimal massless moduli space of the theory. We show that it agrees with the
results that have recently been obtained from a ten-dimensional perspective where super-
symmetric Minkowski solutions including the Bianchi identity correspond to an integrable
holomorphic structure, with infinitesimal moduli calculated by its first cohomology. As
has recently been noted, interplay of complex structure and bundle deformations through
holomorphic and anomaly constraints can lead to fewer moduli than may have been ex-
pected. We derive a relation between the number of complex structure and bundle moduli
removed from the low energy theory in this way, and give conditions for there to be no
complex structure moduli or bundle moduli remaining in the low energy theory. The link
between Yukawa couplings and obstruction theory is also briefly discussed.

KEYWORDS: Superstrings and Heterotic Strings, Superstring Vacua, Flux compactifica-

tions

ARX1v EPRINT: 1509.08724

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP01(2016)049


mailto:delaossa@maths.ox.ac.uk
mailto:ehardy@ictp.it
mailto:esvanes@lpthe.jussieu.fr
http://arxiv.org/abs/1509.08724
http://dx.doi.org/10.1007/JHEP01(2016)049

Contents
1 Introduction

2 The heterotic superpotential with torsion
2.1 First order deformations

3 The moduli space
3.1 Second order deformations
3.2 Holomorphic bundle deformations
3.3 Anomaly deformations
3.4 The map H, and extending F by T*X
3.5 On deformations of D and ker(#)

4 Symmetries, D-terms and the Green-Schwarz mechanism
4.1 Symmetries of the Hermitian moduli
4.2 Yang-Mills equations and D-terms

5 On the End(TX)-valued connection

6 Yukawa couplings and obstructions
6.1 Obstructions for Calabi-Yau compactifications

7 Calabi-Yau compactifications, and surjective and injective maps
8 Discussion and conclusions
A Compactifications and SU(3)-structure

B The a’-expansion and the Strominger system

o

© O ot

10
12

15
15
17

19

21
22

23

25

26

28

1 Introduction

While the low energy effective theories arising from compactifications of heterotic string

theory are attractive for their ease of reproducing the matter content and gauge interactions

of the Standard Model, moduli stabalisation has long remained a significant challenge. For

mathematical clarity and the ability to calculate many explicit examples, much of the

literature so far has focused on the Calabi-Yau compactifications first considered in [1].

However, there is no intrinsic reason to prefer these to compacifications including torsion.

The latter may even, speculatively, be hoped to be more amiable to moduli stabilisation.

Indeed it has been argued that torsion can be used in a similar fashion to flux to stabilise

moduli in heterotic compactifications [2-4].



In this paper we explore the four-dimensional effective theories arising from compaci-
fications with torsion, focusing especially on identifying their moduli space. Of course,
a large body of related work already exists. The general supersymmetry conditions and
structures for such theories were given in the papers [5-8|, and the ten-dimensional action
was obtained in [9, 10] while an early study of the relevant geometrical tools appeared
in [11]. Further study, explicit examples of flux compactifications, and important results
regarding the moduli of these theories followed for example in [12, 13]. Particularly relevant
to our current work, [14, 15] considered the moduli space of heterotic compactifications un-
der certain simplifying assumptions. Additionally, in [16] the relation of the superpotential
to the moduli space was studied, and it was shown that some torsional solutions typically
lead to a small compactification radius: a regime in which it can be hard to make sense of
the supergravity approximation.

In the torsion free Calabi-Yau case, the infinitesimal moduli corresponding to simulta-
neous deformations of the bundle together with the complex structure of the Calabi-Yau,
have been identified and expressed in terms of Atiyah Classes in [17]. In particular, the
moduli space is not simply the direct product of the complex structure and bundle moduli.
Instead, as a deformation of the complex structure alters the definition of a holomorphic
bundle, if a compensating deformation in the bundle is not possible in this direction it
will not correspond to a massless field. From the perspective of the 4d theory, this was
understood as F-terms associated to (possibly heavy) modes lifting the potential in some
directions, and examples have been obtained where no complex structure moduli remain
in the low energy theory [18, 19].

Recently the infinitesimal moduli of solutions of the Strominger system with torsion
from the perspective of the ten-dimensional supergravity theory has been understood [20-
22]. In particular, it was shown how to include the heterotic anomaly in a natural extension
of the holomorphic Atiyah story. Specifically, in [20] it was shown how the Strominger
system can be rephrased as an integrability condition for a holomorphic structure on a
double extension bundle. This then includes the complex base, the holomorphic bundle and
the heterotic Bianchi identity. 1t is the purpose of the present paper to re-derive the results
of this paper from the perspective of the four-dimensional superpotential, thus generalising
the work done in [18], which focused on the complex structure moduli of the base together
with the bundle moduli. It should be noted that a couple of key features of the Strominger
system are not accounted for by the holomorphic double extension. In particular, the
manifold is required to be conformally balanced while the bundles should satisfy the Yang-
Mills condition. We shall see how these conditions are accounted for in the moduli problem,
and how they relate to D-term conditions in the four-dimensional effective supergravity.

The paper is organised as follows. In section 2, we study the first order variations of
the superpotential with torsion which produces some of the well known constraints on the
compactifying 6 dimensional manifold X and the gauge vector bundle V' over X, namely
that X is a complex manifold with a nowhere vanishing holomorphic three form 2, that
End(V) and End(7TX) are equipped with holomorphic connections and moreover, that the
three form flux H is must be related to the hermitian form w by the formula H = d°w (see
appendix A). In section 3 we show how the infinitesimal moduli in torsional theories can



be derived by considering the four-dimensional superpotential of the low energy effective
theory. The result is found to agree with the ten-dimensional perspective apart from an
extra restriction on the moduli space. We also review the computation of the moduli space
in terms of maps on cohomologies, and investigate these maps further in relation to the
lifting of some of the bundle and complex structure moduli. In particular, one of the main
results of this paper uses these maps to prove that at least as many complex structure
moduli as bundle moduli are lifted from the four-dimensional massless spectrum.

In section 4 we show that the additional restriction mentioned above which is obtained
in the ten-dimensional supergravity computation, not arising from F-terms in the effective
theory, is generated by four-dimensional D-terms completing the correspondence between
the work in [20] and the study of the superpotential of the effective four-dimensional theory.
Similarly to the Calabi-Yau compactifications which had been studied previously, these
restrictions come from the requirement that the variation of the ten-dimensional gaugino
fields vanishes. This is equivalent to the polystability of the gauge bundle. In section 5
we also discuss deformations of the End(7T X )-valued connection appearing in the Bianchi
identity. As shown in [23] these correspond to field redefinitions and can hence be ignored
from a physics point of view. They are however needed for the most natural implementation
of the mathematical structure presented here. We also mention the role of higher order
obstructions and Yukawa couplings in section 6, although many details of this topic are
left to further work.

Finally, in section 7 we consider example compactifications. We revisit the standard
embedding [1], showing that as expected no margial moduli will be lifted in this case. We
then turn to consider conditions for all bundle and/or complex structure moduli to be
lifted (previous work on this topic has appeared in [17-19]). The conclusions we draw are
not specific to Calabi-Yau compactifications, extending previous results to more general
torsional compactifications. The most phenomenologically interesting examples of smooth
compactifications that our results are relevant to (so far in the literature) are of the form
where a large volume compact o — 0 Calabi-Yau limit exists.

We have left some technicalities concerning SU(3)-structures and the o/-expansion to
appendix A and B.

2 The heterotic superpotential with torsion

We consider compactifications to four dimensions which preserves N = 1 supersymmetry.
This implies that the six-dimensional internal space has a nowhere vanishing spinor, which
in turn implies that the internal space has an SU(3)-structure. The heterotic superpotential
for a compactification on a manifold with an SU(3)-structure (X, 2, w) with vector bundle
(V, A) (details of our notation are defined in appendix A) is [2, 12, 16, 24]

W:/(H—I—idw)/\Q, (2.1)
X
where ,
«
H = Ho + Z(Wés —wlls) s (2.2)



with Hy = dB for some local two-form potential B, and the Chern-Simons forms are
A 2 43
and similar for Wgs- Here V is some spin-connection on the tangent bundle of X.!

2.1 First order deformations

The supersymmetry conditions may be derived by considering the first order deformation of
W. This gives the F-terms of the fields in the action of the low energy effective theory and
therefore they must vanish. This has been previously discussed in, for example, [12, 14, 24],
and the conditions derived are equivalent to the 10d supersymmetry conditions in [5].
Considering a first order deformation of W, eq. (2.1), the supersymmetry condition is

5W:/X(O2/(tr(6A/\F)tr(&@/\R))+dT)/\Q+/X(H+idw)/\5(2:0, (2.3)

where F' and R are the curvatures of A and V respectively, © is the connection one-form
of V, and where we have defined

/
T =0B +idw+ %(tr (BANA) —tr (50 A O)). (2.4)

We may think of 7 as a deformation of the complexified hermitian form, appropriately
adjusted by the connection terms at O(a/).
The first two terms of equation (2.3) then tell us that supersymmetry requires

FAQ=0, RANQ=0,

or equivalently F(02) = R(%:2) — ( with respect to the (almost) complex structure deter-
mined by 2. Hence, (V, A) and (T'X, V) are holomorphic vector bundles. Furthermore, flux
quantization requires that the harmonic part of Hy = dB cannot change infinitesimally.
Hence

0Hy = d(6B)

must be d-exact. Integrating by parts the third term in eq. (2.3), we therefore get
dQ =0,

that is, 2 is a holomorphic three-form. It follows that the almost complex structure deter-
mined by (2 is integrable.
Finally, for the last term of eq. (2.3), we recall that

0N=KQ+yx

1V is usually taken to be an instanton connection [25, 26],
Rmn'}/mnn =0 )

where 7 is the six-dimensional spinor on X and R is the curvature of V. We will not start with this
assumption, but rather derive it from the superpotential and D-term potential.



where y € Q2D (X). Therefore,
(H +idw)®® = (H + idw)?) = 0.

It follows that
H=i(0-0)w=dw. (2.5)

In conclusion, we have found that the supersymmetry condition
oW =0

requires that (X, Q,w) to be a complex manifold which admits a no-where vanishing holo-
morphic three-form €2, and that the bundles (V, A) and (T'X, V) are holomorphic vector
bundles. Moreover, the three form flux H is required to be given by equation (2.5). Note
also that these conditions imply that W = 0, implying that the vacuum is Minkowski. It
is worth remarking at this point that the remaining constraints in the Strominger system
(see appendix A), namely the conformally balanced condition and the Yang-Mills equations
for the connections on End(V') and End(7X), are obtained from the vanishing of D-term
superpotential as we will see later in section 4.2 and 5.

3 The moduli space

3.1 Second order deformations

We now consider the massless moduli degrees of freedom associated the superpotential
eq. (2.1). The Hesse matrix can be found in e.g. [27], and at an extremum of the four-
dimensional F-term potential it reads

—=J K = = =K
Vg =k <_RﬁKfF FK 4 K5|F2 = FF5 + (D F)(D,FY) — zlcﬁ\WP) .

Here I, J,... denote generic moduli directions, K is the K&hler potential for the Kéhler
metric on the heterotic moduli space, D are moduli space covariant derivatives, F;f = D;W
are the F-terms, and R;7,7 is the curvature of the Kahler metric K 7. This metric can
be computed [28], and is a rather complicated function of the moduli, and whose full
expression will not be required for our purposes. We are only interested in an understanding
of how some of the moduli become massive, but not on the explicit values of these masses.
Concerning ourselves with supersymmetric Minkowski vacua, both the superpotential and
the F-terms vanish (W = 6W = 0), and the mass-matrix reduces to

V5 = X (0105 W) (050,W) KET . (3.1)

Working in a basis for moduli where the mass matrix is diagonal, it is easy to see that the
modulus corresponding to the direction [ is massless if and only if 9;0x W = 0 for all K.

To find the moduli satisfying this condition we need to consider not only deformations
that preserve supersymmetry, and so have a chance of being massless, but also deformations
breaking supersymmetry, which although heavy can generate masses for some of the light
moduli. Indeed, if d261W is non-zero, where dy preserves the supersymmetry conditions



and &1 does not, then this will lead to a large mass for the naively supersymmetric modulus
d2. Physically, 6201 W = 65 (F1), where F is the F-term associated to d1, so a potential
is generated in the direction & if this does not vanish.? Of course, we will not worry
about deformations where both §; are non-supersymmetric, as these are lifted out from
the theory from the start. As discussed in the Introduction and [18], the result of these
considerations is that the true moduli of the theory are a combination of complex structure,
Kahler, and bundle deformations, which can be given in terms of a subspace of the original
cohomologies. We will see how this works for the Strominger system including the anomaly
cancellation condition in this section.

Let us begin by performing a second order deformation of W at the supersymmetric
locus W = 6W = 0. We take §; to be a generic deformation while do is a deformation
preserving supersymmetry, leading to the equation

/

6251W\0—/ d7-1/\52§2+/ Lt (51 AN 6 (F AQ)) —tr (5,0 A2 (RAQ)))
X x 2
(3.2)
+/ 52(H+zdw)/\519+/(H+zdw)/\5251§2:0,
X X

where the zero in 201 W]y denotes we are imposing the ten-dimensional supersymmetry
conditions found in the previous section.

3.2 Holomorphic bundle deformations

Consider the first term of eq. (3.2). For generic 7, this gives the condition
ddQ =0, (3.3)

where, as before, 920 = Ko + xo, for yo € 9(2’1)()(), and K5 can be taken to be a
constant by modding out by diffeomorphisms of X. A nontrivial deformation of €2 then
corresponds to an element

x2 € H®D(X) Nker(d) .

Recall that the existence of a well defined no-where vanishing (3,0) form 2 defines an
isomorphism between the cohomologies

HCY(x)~ HOY(TX) |

where TX denotes the holomorphic tangent bundle. The elements Ay € HOD(T'X ) corre-
spond to a non-trivial deformation of the complex structure J which preserve integrability,
however they do not necessarily preserve the holomorphicity of 2. Hence the allowed
deformations of the complex structure yo, are those for which there exists a d-closed rep-
resentative in its the cohomology class in H (2’1)(X ). This holds true for all cohomology
classes whenever the 90-lemma is satisfied. To see this, consider

] € H®V(X) = dox=0 = 0x =008

2 As discussed in [18] such heavy modes are never explicitly present in the 4d effective theory. We regard
the agreement with rigorous 10d computations as a confirmation that this approach is consistent.



for some (2,0)-form 3. The last implication follows from the d0-lemma. It follows that
d(x —9p) =0, and [x — 98] = [x] € HZY(X). In particular, this will be true whenever
there exists a large volume o/ — 0 compact Calabi-Yau limit, see appendix B. For brevity,
we will refer to such examples as examples where X is Calabi-Yau, where the subscript
zero refers to the o/ — 0 limit. A less restrictive, but still sufficient condition for which
this holds is [20]

HOY(X)=2HO2(X)=0, (3.4)

where the isomorphism is due to Serre-duality. We will assume that (3.4) is true for the
spaces we consider, but we note that as shown in appendix B, this is true whenever Xy is
Calabi-Yau.

Next consider the second term in eq. (3.2). As 01 A is generic, it follows that we must
require

52(F/\Q):O.

From this it follows that -
ASANF 5 dzb =909, (3.5)

where ag = (52A)(0’1), and the operator 04 is defined by
048 =08+ AV N B — (-1)P5 A ACY

for any p-form 3, and where A1) denotes the (0, 1) part of A. Note that ng = 0. Eq. (3.5)
can be equivalently restated as the condition that

g € ker(F) ,

where the map
F: HP)(TX)— HPH)(End(V)),

is defined by contraction with F' as in eq. (3.5)
F(A) = Fidz" A A

We will show in a moment that by the Bianchi identity for F, this map is indeed a map
between cohomologies.
Similarly, the third term in the first line of eq. (3.2) gives the condition

A§ AR dzP = Byks, (3.6)
where 4 is the (0, 1)-part of the deformation of ©. We also see that we need
A® € ker(R) ,

where the map
R : HPI(TX)— HPHD(End(TX)),

is given by contraction with R as in eq. (3.6).



This discussion can also be given in terms of cohomologies, as first done by Atiyah [29]
and applied to the heterotic case in [17, 18, 20, 21, 30]. We give here a brief summary.
Consider the operator

I :56+R+f : Q(p’q)(g@TX) _>Q(p,q+1)(g@TX),

where g = End(7TX) ® End(V) and d¢ = g + 0 is a diagonal holomorphic connection on
the bundle g @ TX. To be clear about this notation, the operator dg, as a matrix acting
on forms with values in g @ T'X, is defined as

dv 0 R _
de=|0 9aF :[aog s
0 0 0

A short computation reveals that the operator O satisfies
92 = 0% + OyR+ RO+ OpF + F =0,
the due to the Bianchi identities for F' and R. Indeed it is easy to check that
OAF + FO = 04F,

with a similar equation for the Bianchi identity of R. Note that F and R are then maps
between cohomologies. The holomorphic connection 9 therefore defines the bundle E as
a holomorphic extension bundle,

0—>g—-FE—->TX —0. (3.7)

Indeed, the holomorphic structure on the total space of a holomorphic bundle over a com-
plex manifold, can always be encoded in such a holomorphic extension bundle E. We are
interested in computing infinitesimal simultaneous deformations of the complex structure
on X and the holomorphic structure on the bundles. Equivalently, we want to compute
the infinitesimal deformations of dz. These are computed by the cohomology

TMy, =H)N(E),

which in turn can be computed by a long exact sequence in the cohomology of eq. (3.7),
yielding?

HOY(E) = HOY(End(TX)) ® HOY (End(V)) @ ker(R 4 F) . (3.8)

Note then that in order for O to remain holomorphic, thus preserving supersymmetry, we
require A% € ker(R + F), which is precisely the requirement obtained from the superpo-
tential above. Indeed, the infinitesimal moduli are now given by

z9 = (AY, g, k) € HOV(E)

satisfying the condition 0 xo = 0.

3In the computation of eq. (3.8) we make the simplifying assumption that H°(7'X) = 0. This assumption
is fine when X is Calabi-Yau, see appendix B.



3.3 Anomaly deformations

We next consider the second line of eq. (3.2). Writing the first term out, we get

/
/52(H+idw)/\51Q:/ (O;(trag/\F—trKQ/\R)—l-dTQ)/\519.
X X

The second term of the second line of eq. (3.2) is given by
/ (H +idw) A 52619 = 22’/ Ow A 0201€2 .
X X
Noting that H + iw = 214 0w, it is clear that only the (1,2)-part of §261 contributes
(6261912 = A? A youpe 42 = AF A AL Qe da .
Using this, we can rewrite
2 /X O A 62019 = 2i /X Orawiz A2° A A] Quep A AL A df1eb
= -2 /X jawyle dz¢ A AY Qaer N A[za A dzef
- —4z'/ AG A Opwye d2" A x1,
X
where in the second line we have used
0=2AlAdz% = Ale A dzflab 4 Ale A qblel
Putting it all together, and requiring 012 generic, we find that we need
57'2(0’2) =0
—4AG A i)z A2 + O;/(tr (@ A F) — tr (kg A R)) + 05" + ") = 0.
The first equation together with (3.4) imply that 7(0) is d-exact, that is
72(0,2) _ 5ﬁ(0’1),
for some (0, 1)-form BOD | The second equation then gives the following condition
— 4A5 N 0wy dz" + 02/(‘51" (g AN F) —tr (k2 A R)) + 57'2(1’1) —008%) =0, (3.9)
which can be rewritten as
— H(w2)qd2" = %5 CRETN (3.10)
where H is the map defined by

H=H+F+R: QPIE)- QP (T X), (3.11)



and
/

H(x)y = A% A Hpz d2° — ozz (tr (a A Fedz®) — tr (kA RbEdZE)) ,
2 P PPy e __ 7(21) 5 €
Hape d2° = 2i0),wyje d2° = H 7 d2°.

We have extended the definition of the maps F and R to forms = = (k,a, A) with
values in F. In fact, F and R are understood as acting on both T'X-valued forms as
before, and on g-valued forms by the trace on the endomorphism bundles. That is, we are
extending the definition of these maps so that

/

Fo(a) = QZ tr(Fedz“ Aa), a € QP (End(V)),

/

Ry(k) = —O‘Z tr(Rye d2f A k), K€ QPD(End(TX)) .

Alternatively the pre-factors i% could be pulled into a re-definition of the trace on g.
Note the different sign of the action of R relative to the action of F. Altogether, these
maps act as follows

F(r) o0 Ra(k) — 2 tr(Ry A )
F@)=| Fala) | = | Tt(Fara)], Rx)=| R(a) | = 0 )
f(A) fag da:b A A® R(A) RaE diUb A A®

where F, = F agdzg and R, = R agdzg. We will see below that the map H is in fact a map
between cohomologies. Hence, we see that the equation for moduli (3.10) for xz9 can be
equivalently stated as

xo = ker(H) .

This of course is in agreement with what was found from the ten-dimensional supergravity
perspective in [20, 21].

3.4 The map H, and extending E by T*X

As will be discussed in section 4, there is also an additional constraint coming from the
requirement that the bundles involved satisfy the Yang-Mills condition

W Fpn =0

W™ Ry = 0.

These constraints are manifest in the 4d theory as D-terms. These constraints also appear
naturally when we consider the infinitesimal moduli space in terms of cohomologies, as
shown in [20], and part of section 3.5 together with section 4 is a review of this nice result.
In section 3.5 we also consider in more detail the map H, and derive a theorem relating
the number of complex structure and bundle moduli which are lifted.

The map H defined in eq. (3.11) can be shown to give a well defined map in cohomology
if and only if the Bianchi identity

OZ/

dH = —(tr F? —tr R?), (3.12)

,10,



is satisfied [20, 21]. This fact is equivalent to the map H commuting with the respective
cohomology operators

OH+HOp=0. (3.13)
In fact one obtains

1

E(Hb(x)) + Hp (EE x) = 1

/ —
dH — g(trF2 — trR?) dz° Adz? A AC
4 abed
/

+ az (tr (EA(FbEdZE) A a) —tr (5V (Ryzd2%) A /{)) ,

where the first line vanishes due to the heterotic Bianchi identity (3.12), while the second
line vanishes due to the Bianchi identities for the curvatures. As also observed in [21],
we note that if we view the extension map as bundle-valued form H € QOV(E* @ T*X),
then (3.13) implies that M = 0. In other words, H represents an element of the coho-
mology

Ext!'(E, T*X) = HOV(E* @ T*X) ,

which contains the allowed extension classes of F by T*X. This particular extension
group was computed in [21]. Note that extension classes differing by an exact element of
Ext!(E,T*X) give rise to holomorphically equivalent extensions.

We remark that H represents a particular extension class in Ext!(E, T*X). Indeed,
let us consider the operator

D=0g+C+H: QP)I(T"X @ E) - QP (T*X o F),
where we, for brevity, we have defined
C=F+TR,

and 5@ has been extended to a holomorphic diagonal connection on the bundle 7" X &g ®
TX. Written out in matrix form, D reads

— dcCg H
D = [g;]z 0 dg Crx | , (3.14)
£ 00 0

which acts on forms with values in (7% X, g, TX), and where, as before, dg is the holomor-
phic connection on the bundle g. Unless it is clear from the context, we will also denote
the map C as Crx or Cg depending on whether it acts on tangent bundle or bundle valued
forms respectively. Note that Cprx corresponds to the original Atiyah map.

We now compute D which gives

9’ 9Cy+Cedy OH + HO+Cqy ACrx
D™ = 0 52 ggCTX + CTXg )
0 0 R

— 11 —



which again vanishes using H=H (21) | the Bianchi identity on the curvature of g, and the
Bianchi Identity (3.12). In particular,
/
OH + HO + Cy ACrx = dH — az (trF2 — trR%) =0 .
The operator D defines the holomorphic bundle Q as an extension

0-T"'X - Q—E—O0,

with extension class H.

We have just seen that the Bianchi identity is responsible for the choice of a particular
extension class H. Furthermore, looking at eq. (3.14), we see that we can equivalently
define Q by first extending g by 7™ X with extension class Cg,

05T*X >E—g—0.
Note that this is precisely the bundle E = E*. We then extend TX by this bundle to get
0—-FE*"—-Q—TX —0,

with extension class again given by H. Note that this is precisely the construction of Q*.
It follows that the extension class H is chosen so to make Q self-dual as a holomorphic
bundle. This can also be seen from the definition (3.14) of the holomorphic operator D. It
is simply the observation that the maps Crx and Cg are given by the same class as elements
of the extension group Ext’(T*X,g) = Ext!(g, 7X) = HOV(T*X @ g).

3.5 On deformations of D and ker(#)

We now consider infinitesimal deformations of D, and compare to what was found by
deforming the superpotential. This calculation was done in [20, 21], and we quote the
results here. It is important to remark that for infinitesimal deformations we do not need
to worry about spoiling the self-duality condition, as this is a condition on the extension
classes {C,H}, whose cohomology classes do not change under infinitesimal deformations.
The infinitesimal moduli space of D is given by

TMy=HO(Q) = (H(O’l)(T*X)/Im(]-')) @ ker(H) | (3.15)

where ker(H) € HO1(Q)). As expected, this includes the kernel structure which we previ-
ously derived from superpotential deformations, that is 2o € ker(#). The HOD (T*X)-part
may be interpreted as hermitian moduli, that is d-closed forms we can add to 721’1 without
changing eq. (3.9). We refer to these as Tél’l) so that

oM =0, = "M enth(x)= HOY(TX). (3.16)

The reader may wonder if it is appropriate to mod out by 0-exact forms in order to arrive
at hermitian moduli valued in the Dolbeault cohomology H*V)(X). Moreover, in the final
result, the hermitian moduli are also quotiented by Im(F). In section 4 we will see why
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this cohomology is correct upon considering the appropriate symmetries of the system.
We will also see how the quotient by Im(F) appears when we look at preservation of the
Yang-Mills condition and the Green-Schwarz Mechanism [32].

Before we move to discuss symmetries and D-terms, it is instructive to investigate the
kernel structure of H a bit further. Let

Yt

Al € QOD(E), and y; € QOV(T* X)),
t

Tt —

where v, € QOU(g) and A; € QO(TX). Then the equations for the moduli of the
Strominger system are

5,% = —H(l’t) )

gEl‘t =0.

The variable ¢ denotes a generic infinitesimal deformation. We let t = {a,b,...}, t =
{i,4,...} or t = {z,y,...} depending on if it corresponds to a complex structure, bundle,
or hermitian modulus respectively. It should be clear from the context if an index a
corresponds to a complex structure modulus or a holomorphic index.

Suppose that ¢ is a deformation which is not a deformation of the hermitian structure,
that is, it is a parameter of the holomorphic structure on E. In particular, these equations
split as

5ya = _H(xa) = _ﬁ(Aa) - Cg(’Ya) = _/HA(xa) ) (317)
Ay = —H(zi) = —Cg(7i) , (3.18)

where A, € kerC and v; € H®V(g). The first equation depends only on the complex
structure moduli A, (hence the label 7). This is easy to see by recalling that the ~, are
uniquely determined by the A, from

OgVa = —C(A,) .

In fact, there is an ambiguity in obtaining + from this equation, which is that we can add
to it a gg—closed part. However these correspond to bundle moduli already accounted for
in those elements in H(%1(g).

In any case, the first equation represents a further lifting of the complex structure
moduli so that the extra lifted complex structure parameters live in

LA = ker(CTX) \ker(?—[A) 5

where ker(Crx) \ ker(Ha) denotes the subtraction of ker(Crx) by ker(Ha). The second is
a lifting of the bundle moduli so that the lifted bundle moduli live in

L, = HOY(g) \ ker(Cy) -

The y, and y; are the necessary deformations of the complexified hermitian structure due to
a change of the holomorphic structure on Q so that the deformed bundle Q is holomorphic,

,13,



and the ambiguity of a O-closed form in each case corresponds to moduli already counted
in HOD(T*X).
We now prove an interesting theorem for the number of lifted moduli.

Theorem 1. The number of complex structure moduli lifted by Crx equals the number of
bundle moduli lifted by Cg. In other words,

dim (Im(Crx)) = dim(Im(Cg)) .

Proof. Suppose that we consider 3; € H®V(g) and Cg(v;) € Im(Cg). We can think of
Cg(7i) as a (1,2)-form on X (instead of a (0,2) with values in the holomorphic cotangent
bundle). Let y € H?Y(X) and consider the integral

/Xcg(%‘) AX -

We claim
Cel) = [ Gl Ax=0, YxeHEIX) = yieke(Cy).
X

Indeed, if Cg(7;) = Oy; then, by integration by parts, the integral vanishes for every x €
H®@Y(X). On the other hand if the integral vanishes for every x € HZD(X) then, as
Cg (i) = —Cg(dg(vi)) = 0, and as {*x} spans H1?)(X) for y € HZV(X), it must be
the case that Cg(;) is 0-exact. Here H(**)(X) denotes harmonic forms. Consequently, for
i ¢ ker(Cq), there exists a x € H®Y(X) such that

/Cg(%)Ax#O-
X

But for this integral to vanish it must be the case that F' A x or equivalently F(A) is non-
trivial in cohomology. Here A € H(O:1) (T'X) is the complex structure modulus correspoding
to x. This proves that for every bundle modulus lifted by Cg, there is at least one complex
structure modulus lifted by Crx. Another way to state this result is to say that

dim(Im(Crx)) > dim(Im(Cg)),
where we have used the isomorphisms
HOD(TX) \ ker(Crx) ~ Im(Crx),  H®V(g)\ ker(Cg) ~ Im(Cy) -

Similarly, by considering the claim
/ Ce(V)AXa=0, Vnye HOD(g) — A, € ker(Crx),
X

for x, € H®Y(X) corresponding to A,, one can prove that

dim(Im(Crx)) < dim(Im(Cq)) .
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We conclude that
dim(Im(Crx)) = dim(Im(Cg)),

or equivalently that
L, ~ HOY(TX)\ ker(Crx) .

O]

As an aside we note that for a given lifted complex structure modulus A € HOD(TX),
the corresponding bundle modulus v € HOV(g) is given by the Serre dual of

c(a) e H"(g),

where Serre-duality is given by the holomorphic three-form 2. It should also be noted
that the self-duality of Q is important for the theorem to hold, which is easy to see as this
implies that Crx and Cg are given by the same curvature terms.

We should bear in mind that as the right hand side of equation (3.17), which depends
only on the variations A, of the complex structure, this equation represents a further lifting
of the complex structure moduli. We also note that even in the Calabi-Yau case, where
H=0 (when o = 0), this map need not be non-trivial, and so may lead to lifting extra
complex structure moduli not lifted by the Atiyah map Crx. We will return to this in

more detail later in the paper. I particular when discussing obstructions in section 6.

4 Symmetries, D-terms and the Green-Schwarz mechanism

Up until now we have been assuming that if a modulus is closed with respect to some
holomorphic operator, then the true modulus corresponds to an element of the cohomology
given by the holomorphic operator. This is true for the complex structure and bundle
moduli, but we are not yet justified in claiming that the complexified Kahler moduli given
by (3.16) take values in H®1)(T*X). We begin this section by showing that this is indeed
the case.

4.1 Symmetries of the Hermitian moduli

Let us first consider the imaginary part of the hermitian moduli Tél’l) given by the (1,1)-

part of the deformation of the hermitian form (§ow)™!). Assume that
A((Sow) M) = 0.

As we shall see below in section 4.2, the manifold X is also required to be conformally
balanced,
d(a%w) —d@AD) =0, (4.1)

where & = e %w is referred to as the Gauduchon hermitian form. A straightforward
but somewhat tedious computation now shows that the preservation of the conformally
balanced condition (4.1) requires that [20, 31]

El ((Bow)) = El (w s +0TAFY) | (4.2)
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where the adjoints are taken with respect to the metric § = e~2?g. This also uses the fact
that for a generic deformation of the hermitian form

8o = Ao @ + ho ,

where the two-form hg is primitive and Ay is a function. On a conformally balanced
manifold X, is an easy exercise left to the reader to show that, using diffeomorphisms, \g
can in fact be set to a constant. Note that since we assume that

H®O(X)~ HY(TX) =0,

where the isomorphism is given by €, it follows by the Hodge decomposition of 582’0) that

%2,0) _ ETA((]ZJ) '

This equation defines the (2, 1)-form Ag. As ﬁgQ’O) is determined by the deformation of the
complex structure, then so is A(()2’1). It therefore follows from (4.2) that the J-exact part of
(6ow)MV) is determined by the deformations of the complex structure and dilaton. We are
therefore correct to mod out by J-exact forms for the imaginary part of the complexified
hermitian moduli (3.16) corresponding to deformations of the hermitian form (Jow)®b).

Next we turn to the real part of the complexified hermitian modulus 70(1’1). We first
compute a generic symmetry transformation of the real part of the two-form 7

O/

/
6 (Re(rs)) = dA = - (tr Fer — tr Rez) + %d (tr Ae; — tr Oe) | (4.3)

where d\ is an exact form corresponding to the allowed infinitesimal re-parametrisations of
the B-field, while €; and e correspond to infinitesimal gauge-transformations of A and © re-
spectively. Note that in computing (4.3) we also need to consider deformations coming from
the gauge-transformation of the B-field, required by the Green-Schwarz mechanism [32]

/

0B = —% (tr (dAey) — tr (d@@)) .

At this point, we are not concerned with transformations changing the holomorphic struc-
tures on the bundles, so we assume that €1 = dyez = 0. The tangent bundle End(7X)
is assumed to be irreducible. As we will see in the next section and in section 5, End(7'X)
is also required to be a stable bundle, while End (V') is poly-stable. It follows that Oyez = 0
implies that e = 0. Moreover, for a poly-stable bundle V' = @;V; we may assume that
a=)Y al,
i
where the [;’s are identity matrices and the ¢; € C are chosen so that tr e; = 0. For such
gauge transformations, (4.3) reduces to
OZ/
0 (Re(m)) =dA— = D citrFy, (4.4)

2
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where Fj are the curvatures of the individual bundles V;. Consider the first term of the
right hand side of (4.4). The last term will be discussed below. The (1, 1)-part of the first
term reads

dAED = GAL0 L gA0D)

We hence see that the symmetries we should mod out by when considering the real part of
the hermitian moduli (Re(To))(l’l) also includes d-exact forms. One might worry about the
O-exact terms in the above expression. That is, could there be d-closed J-exact terms in our
hermitian moduli that should not be considered as they are part of the symmetries we mod
out by? The answer to this is no. To see why, let u € Q(Oﬁl)(X ) and assume that u satisfies

20u=0.
Then Ou will define an element of

(X)) = HPY (X) =0,

It follows that dv = u for some function v. But since we are also assuming that H(OD(X) =
0, it follows that u = Jf for some function f, and hence du is J-exact and therefore not
part of the hermitian moduli. Hence we are correct in viewing the complexified hermitian
moduli as elements of H (N (T*X).

Note also that we should mod out the hermitian moduli in (3.15) by the image of
F, which we did not see from varying the superpotential. It should be noted that this
quotient is a natural part of the gauge-structure of Q, whereby modding out by D-exact
terms means modding out by terms of the form

Dz = (9b + Cg(e) + H(5), Dge + Crx(0), I), (4.5)

where z = (b,¢,6) € Q°(Q), that is b € H)(T*X), e + €2 = ¢ € H(g) and 6 € H(TX).
Note then that 96 corresponds to trivial deformations of the complex structure, and we may
set &9 = 0 without loss of generality. Since H*(TX) = H?%(X) = 0 this implies that § = 0.
Furthermore, Bge corresponds to trivial deformations of the holomorphic vector bundles.
Setting Oye = 0 then implies ey = 0 as we saw above. However, gge 4 = 0 does not imply
ea = 0, as V is only poly-stable in general. In this case, eq. (4.5) requires that we should
mod out by the image of F, as the elements in Im(F) precisely correspond to gauge transfor-
mations of this kind. This quotient is also understood for the real part of the complexified
hermitian moduli by the gauge transformation of 7 and the B-field, giving rise to the second
term on the right hand side of (4.4). For the imaginary part of the hermitian moduli, it can
be understood as preserving the preserving the Yang-Mills condition of A [20]. Moreover,
it is related to D-term conditions in the four-dimensional theory which we discuss next.

4.2 Yang-Mills equations and D-terms

In this section we discuss the Yang-Mills equations in the ten-dimensional supergravity
theory and their relation to D-terms in the effective four-dimensional theory.

,17,



In the ten-dimensional theory, in order for the supersymmetric variation of the gaugino
fields to vanish, the gauge bundle should be holomorphic with a Yang-Mills connection

The SU(3)-structure of a heterotic compactification guarantees that the compactification
admits a balanced Gauduchon metric, § = e~®g where

A@AD)=0. (4.7)

With respect to this metric, the slope for a vector bundle F on X is defined as

1 (E) = rkgE)/Xq (B) A G2 . (4.8)

Recall that the gauge-connection A is holomorphic. We will further require the gauge
connection A to be hermitian. It was shown in [33-36] that the existence of a hermitian
Yang-Mills connection is equivalent to demanding that the bundle is poly-stable. A bundle
V; is stable if

p(E) < p Vi), (4.9)

for all sub-sheaves E of V;. Further, a bundle that can be written as a direct sum
V=o,V;, (4.10)

is poly-stable if each V; is stable with the same slope p (V;) = 1 (V). The slope vanishes for
the total bundle V' in the case of heterotic string compactifications because the structure
group of V' is contained in Fg x FEjg.

We now discuss how the conformally balanced constraint (4.7) on the hermitian form
appears from the D-terms of the effective theory. In the four-dimensional theory, we
conjecture that there is a D-term potential of the form

Vp ~ ZM(V%)? (4.11)

Demanding that this vanishes of course leads back to the zero-slope condition. Such a
potential is exactly of the same form as it appears in Calabi-Yau compactifications, where
it can be derived from the term

0// V=gt [(¢""Fun)?] € S,
Maio

in the ten-dimensional action [19, 37, 38] (the indices M, N in this equation are ten-
dimensional indices). It is reasonable to expect a similar potential in the torsional case,
modified only by the definition of the slope. We note first that this term produces a
potential which vanishes iff

wiF =0, (4.12)

when we take the four-dimensional space-time is Minkowski. Further, we will shortly see
that the potential (4.11) precisely forces the hermitian moduli to be orthogonal to F;, as
derived above and in [20].
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The moduli are obtained from the fluctuations around eq. (4.11). Considering the mass-
matrix for Vp for the bundle V' and finding the second order deformation as before we have

6182V ~ Y 61 (u(Vh)) 82 (u(Vi)) -

Therefore the massless modes satisfy
6(u(Vi)) =0, Vi,

leading to
/ dtroA) Ao Aw+2 / trE; AOANOw =0, Vi.
X X
The first of these terms will generate a potential unless

which is the conformally balanced condition. The second term generates a potential unless
(tr Fj,0w) =0.

In [20] it was shown from a ten-dimensional perspective that this is exactly the same con-
dition required on the imaginary part of the compexified hermitian moduli, éw, in order to
preserve the Yang-Mills condition (4.12). This then also explains also why the imaginary
part should be modded out by Im(F), completing our understanding of why this quotient
appears in (3.15).

It should be noted that if we allow deformations of the bundle away from the locus
where the bundle is a direct sum of the form eq. (4.10), referred to as a stability wall in
the hermitian moduli space, the D-term potential eq. (4.11) would need to be amended to
account for such deformations. The details of this was worked out in [37, 38], and we do
not expect it to change significantly in the torsional case. For a bundle which is close to
polystability the slope may be roughly expanded as

(V) = Z (E;) + C7,

where the F;’s are sub-sheaves of V' and C; refers to deformations away from polystability,
that is, “matter” fields in the effective theory. This allows sub-sheaves of negative slope
in general. However, away from the poly-stable locus there can be no obstructions for
the hermitian moduli from the D-terms as we saw above. These bundle configurations are
hence less interesting from a moduli stabilization point of view.

5 On the End(7X)-valued connection

For completeness, we also note that we expect a similar D-term like term to appear for the
End(7TX)-valued connection V. Indeed, the ten-dimensional action has a term

0// e 22 tr (¢MN Ryn)?, (5.1)
Mo

,19,



which for a Minkowski space-time vacuum means that
wiR=0. (5.2)

Recall that V is also required to be holomorphic by éW = 0. From (5.2) we see that V is
also required to satisfy the Yang-Mills condition. That V should be Yang-Mills has also
been pointed out in e.g. [25, 26]. Until now, we have taken V to be a generic holomorphic
Yang-Mills connection on End(7X). It is however known that this connection should
depend on the other fields in some particular way [39-47]. Moreover, the deformations ko
of this connection correspond to O(a/) field-redefinitions of the other fields [23].

With the usual field choice, the connection should be the Hull connection to O(a’) in
order to have a supersymmetry invariant theory [39, 40]

v:v<umw:vw—%ﬂ+ow% (5.3)

where the reduction in orders of o/ on the right hand side is due to that the connection
always appears with an extra factor of o/. Here VI is the Levi-Civita connection. This
connection also satisfies the supersymmetry conditions to first order, but not to higher
orders [23, 25].4

As we are working consistently to O(a) in this paper, we may set V = V~. Actually,
for compact solutions it is well known that the flux H is of O(a) [48], see also appendix A.
It follows that we can choose

V=v+0o).

Note also that to the given order in o we can assume that V is hermitian. This follows
since at zeroth order in o the internal torsion vanishes, and the Levi-Civita connection
equals the Chern connection. In particular, by the theorem of Li and Yau [36] it follows
that the bundle End(7'X) is stable.

Moreover, as R is type (1,1) by construction at this order, it follows that Ay € ker(R)
for all As. In other words,

ker(R) = HOV(TX),

and R is the zero map as part of the Atiyah map Crx. By a similar argument as in
Theorem 1 it also follows that R is also trivial as part of Cg. We thus see that none of the
infinitesimal field redefinitions, corresponding to elements of H()(End(TX)), are lifted.
Moreover, the condition to be in ker(#) becomes a condition on the true moduli (Ag, o).
Also, to the given order the Yang-Mills condition (5.2) is now automatically satisfied, since
this is just the Ricci-flatness condition for the zeroth order Kahler geometry. D-terms
related to this connection of the form (5.1) can therefore be ignored.

Tt should be mentioned that it was shown in [23] that the supersymmetry conditions remain the same
to O(a'?), provided V is taken to be an instanton connection at O(a’). That is,

Rmn’)’mn"? =0+ O(OAIQ) )

Note that this is not true in general for V™ at O(a’) [23, 25].

— 20 —



We hence see that with the standard field choice (5.3) to the order we are working at
the End(7T'X)-moduli effectively factor out of the story. The R-part of the maps Cpx and
Cg is trivial and cannot lift complex structure moduli or deformations of V respectively.
As mentioned, non-trivial deformations of this connection correspond to field redefinitions
away from the usual field choice [23]. For mathematical rigor, we shall continue to carry
the End(7T X )-moduli with us for the remainder of the paper, but it should be kept in mind
that these moduli are redundant from a physics point of view. Note also that there is still
an R-part in the definition of Ha given in (3.17) which cannot be ignored a priori.

6 Yukawa couplings and obstructions

Having seen how the infinitesimal deformations work, at least up to second order in defor-
mations of the superpotential, it is interesting to consider higher order deformations of the
theory. Generically, it is known that not all infinitesimal deformations can be integrated
to finite deformations. The barriers to doing so are known as obstructions in the mathe-
matics literature. For a holomorphic structure D, the condition for the deformations to be
unobstructed is that they are in the kernel of the obstruction map

k: HOD(Q) » HO(Q),

often also referred to as the Kuranishi map [49-51]. The true moduli of the theory are thus
the ones in the kernel of this map, while deformations not in this kernel will be obstructed.
These obstructions are known to correspond to higher order Yukawa couplings in the four-
dimensional effective theory [52]. To show exactly how this works requires us to do higher
order deformations of the superpotential eq. (2.1), and show how these Yukawa couplings
correspond to obstructions in the deformation theory of D. This is quite involved and we
leave the full treatment for future work, see however [53, 54]. Instead we only investigate a
couple of features of the obstructions here, in particular for compactifications where X is
Calabi-Yau. It should also be noted that obstructions and their correspondence to Yukawa
couplings have been considered at length in the literature before, see e. g. [17, 52, 55-57].

In terms of holomorphic structures defined by an extension sequence, it can be shown
that the obstruction maps in the corresponding long exact sequence commute with the
other induced maps in cohomology [17, 54, 58]

.= HOB) 2 HON(1r X)) - HOV(Q) » HOD(R)
1 kpex 1k L kg (6.1)
M, 17(0,2) (o (0,2) P, 17(0,2)
— HY(T*X) - HYY(Q) > HY"(E) =0,

where the last zero follows from the slope-zero stability of T*X. The obstruction map kg
can further be sandwiched between obstruction maps of the bundle and base as

0 =HOY(End(TX)) & HOV(End(V)) = HOV(E) - HOV(TX)
b KEnd(Tx) 1 KEnd(v) kg 1 Krx (6.2)
TER {02 (End(TX)) @ HOP(End(V)) 22 HOD(E) —» HOD(TX) - ...,

where we have named the map pg as it will appear in the following computations.
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6.1 Obstructions for Calabi-Yau compactifications

In order to say more about the obstructions, it is perhaps most enlightening to consider rea-
sonably explicit examples of compactifications, where more is known about the individual
obstruction maps. For example, if we assume that

KTX = KT*X = KEnd(Tx) = 0. (6.3)

This holds true for Calabi-Yau compactifications, where we also use the field choice de-
scribed in section 5 where the End (7 X )-connection is taken to be the Levi-Civita connec-
tion. As will be argued at the end of this section, we believe that (6.3) holds true for cases
where X is Calabi-Yau as well. Recall also that in this field choice we have Rrx = Rg = 0,
leading to

Crx = Frx
Cg:fg.

It should be noted that the computation in the next paragraph leading to eq. (6.4) was
first carried out in [17], but we repeat it here for completeness.
It follows from a diagram chase of (6.2) that

dim (ker(rg)) = h"(E) — dim (Im(kg)) = h"Y(E) — dim (Im(pEna(v)FEnd(v))) -

where pgnq(v) is pe restricted to H (01 (End(V)), and we denote by h the dimension of the
corresponding cohomologies. It follows that
dim (ker(kg)) > (0 1)( E) — dim (Im(pEnd(V)))
= hOV(B) — h"P(End(V)) + dim (Im(F))
RO (End(TX)) + hOV(End(V)) + OV (TX) — hO2) (End(V))
WD (End(TX)) + hO(TX)

(6.4)

where in the last equality we have used that h(%V)(End(V)) = A(%?)(End(V)) by Serre
duality. Notice that the moduli 2(%Y)(End(TX)) corresponding to the field redefinitions
are unobstructed.

Next, consider the full obstruction map « in (6.1) for compactifications where (6.3)
applies, and in particular Calabi-Yau compactifications. As kp+«x = 0, it follows that any
nontrivial element of Im(x) must have a nontrivial image in H(®? (E) under p correspond-
ing to a non-trivial image of kp. It follows that

dim (ker(x))=h"Y(Q) — dim (Im(x)) > h®V(Q) — dim (Im(kg))
:h(ovl)(T*X) — dim (Im(Hy)) + dim (ker(kg)) — dim (Im(H))
> WOV (T X) —dim (Im(Ho)) +AD (End(T X))+ *(TX) —dim (Im(H)) -

Recall that

dim (Im(H)) = dim (Im(Cg)) + dim (Im(Ha)) = dim (Im(Frx)) + dim (Im(Ha)) ,
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where we have used Theorem 1 and the fact that Im(Crx) = Im(Fryx) in this field choice.
It follows that

dim (ker(x)) — hOD(End(TX)) > hOY(T*X) — dim (Im(H)) + dim (ker(Ha)) . (6.5)

This shows that the number of true moduli in such compactifications, given by the left hand
side of (6.5), will always be greater or equal to the number of original Kéhler and complex
structure moduli of the base, not lifted by the procedure outlined in the previous sections.
That is, the massless moduli of the base. They need not correspond to complex structure or
Kahler moduli anymore though, as they may have been replaced by unobstructed bundle
moduli. We also note that we always carry with us the moduli corresponding to field
redefinitions, which are counted by h(%1)(End(7X)). Modulo such field redefinitions, they
can be ignored.

It should again be stressed that the above calculation only holds for cases where (6.3)
is true. In particular for Calabi-Yau compactifications. We believe that the result also
holds for more general compactifications, in particular for compactifications where Xy is
Calabi-Yau. Indeed, compactifications with a zeroth order compact Calabi-Yau geometry
satisfy the 00-lemma as shown appendix B, and which is enough for xk7y to vanish [59].
As we also argue in appendix B, the Hodge-diamond of X for such compactifications is not
affected by o'-corrections. In particular, the infinitesimal Kahler moduli space is given by

HY(X) = HSY (X)

Hence the Kéhler moduli are counted by the Kéhler moduli of the zeroth order base,
which are unobstructed. Finally, the infinitesimal deformations of the zeroth order tangent
bundle HOY(End(TX;)) of a Calabi-Yau are also unobstructed. These also correspond
to the deformations of the connection V = VZ¢ 4 O(a/) in the usual field choice. These
arguments suggest that (6.3) holds true also for cases where X is Calabi-Yau. They are
however somewhat hand-wavy and remain to be confirmed with more mathematical rigor.
This is a subject of further study.

7 Calabi-Yau compactifications, and surjective and injective maps

Having discussed the moduli space, it is instructive to consider some examples. The first,
and perhaps simplest, case to consider are Calabi-Yau compactifications, as discussed above
when we considered the obstructions. One might expect that there is not much more to say
for such examples then what is already known. There are however a couple of important
points we wish to emphasize, related to the inclusion of the Bianchi identity in the moduli
story. First note that in these examples there is of course no torsion, i.e. H= 0, but that
does not mean that the H-map is trivial. Indeed, as we saw with Theorem 1, the number of
bundle moduli lifted by Cg is the same as the number of complex structure moduli lifted by
the original Atiyah map Crx. Moreover, even tough the torsional part of H A vanishes this
does not a priori guarantee that Ha is trivial, and this can lead to additional stabilization
of complex structure moduli. We use the standard field choice of section 5 in this section, so

Crx = Frx : HOY(TX) = HO?(End(V))
Co=Fg : HOYEnA(V)) - HO(T*X).
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The standard embedding. Let us consider the simplest example of a Calabi-Yau com-
pactification, namely the standard embedding. In this example, we are at the locus where
we identify the gauge connection A with the tangent bundle connection V. This is often
referred to as the (2,2)-locus from a sigma model perspective.

At the standard embedding locus, we have F' = R, which given the discussion in
section 5, shows that 7 = H = 0. Omne might think that it is only the Fg-map that
vanishes in this case, but it turns out that Ha is trivial in this case as well. Indeed, as the
curvatures are the same, we find for a complex structure A, that k, = «g, which gives

HA(Ag) =0 YA e HOV(TX),

and so Ha = 0 as well. This means that the corresponding long exact sequences in
cohomology split into short exact sequences, so that

HOY(Q) = HOY(T*X) e HOV(E) = HOY(T*X) o HOV(TX) @ HOV(g).
Furthermore, the obstructions are given by Im(x), whose dimension in this case is given by
dim (Im(x)) = dim (Im(kg)) = dim (Im(HEnd(V))) .

In other words, the moduli of the base remain unobstructed, while there are potential ob-
structions to the bundle moduli. This case has been examined in great detail the literature
before, and the reader is referred to e.g. [52, 55, 56] and references therein for more details.

A surjective Atiyah map. Next, we consider cases where the Atiyah map Frx is
surjective. Restricting ourselves to the physical bundle moduli, by Theorem 1 the map
Fg then becomes injective. Note that this also holds outside of the Calabi-Yau locus. We
thus see that in such cases, all bundle moduli are lifted. Examples of this kind with a
surjective Frx can be found in e.g. [18]. Indeed, in section 5 of [18] an explicit example
of a bundle V' is constructed, where the number of lifted complex structure moduli equals
the dimension of H(®? (End(V)), implying that Frx is surjective. Including the Bianchi
identity, it follows that Hs is injective, which means that all bundle moduli corresponding
to End (V) are lifted in this case.

It should however be noted that this need not have an effect on the physical matter
spectrum. Indeed, the authors of [18] suggest to use the hidden FEg-bundle to stabilize
complex structure moduli in more phenomenology oriented models. In this case one only
lifts bundle moduli corresponding to deformations of the hidden bundle, and hence the
physical spectrum important for phenomenology is unaffected.

Stabilising complex structure moduli and an injective Atiyah map. For com-
pleteness, we also consider what happens in examples where the Atiyah map Frx is injec-
tive. It is clear that in such examples all complex structure moduli will get lifted, and they
are hence of great phenomenological value. See e.g. [17, 19] for examples and developments
on this front. It should also be noted that, given Theorem 1, one can equivalently look
for example where the map Fg is surjective. Moreover, the map Ha can potentially lift
additional complex structure moduli should the Atiyah map not be injective.
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8 Discussion and conclusions

In this paper we have studied the infinitesimal moduli space of heterotic string compact-
ifications from the perspective of the 4d theory. By considering F-terms we have shown
that some ‘would-be’ moduli are actually heavy and removed from the effective theory. A
further restriction of the moduli space occurs from D-terms, and combined with the F-term
conditions we have shown that our results are equivalent to those previously obtained from
the 10d theory. We have also reviewed how this may be phrased in terms of maps on
coholomogies and continued the study of these maps. Finally, we have briefly considered
Yukawa couplings in such theories, and considered some examples.

Of course, an enormous amount of work remains before such torsional compactifications
are fully understood and potentially able to lead to fully realistic low energy phenomenol-
ogy. An obvious omission is our present lack of knowledge of the K&hler potential, although
this is the subject of current work [28]. It may be hoped that, given the holomorphic struc-
tures discussed, the Kéahler potential will take a fairly simple and elegant form. Indeed,
holomorphic structures usually come equipped with some form of Weil-Peterson metric on
their moduli space, and one can speculate that the Kahler metric one obtains upon dimen-
sional reduction corresponds to such a metric. However, for this present time this remains
an open question. The story with Yukawa couplings is also far from complete. In particular,
the connection between higher order deformations of the superpotential and obstructions
has not yet been made explicit and it would be interesting to see how the details of this
emerge. Knowledge of the Yukawa couplings is also very important for phenomenological
purposes as well.

It would also be very interesting to study explicit examples of compactifications with
torsion. Compactifications where a large volume Calabi-Yau locus exists are fairly easy to
construct once the zeroth order Kahler geometry is known, and it would be interesting to
investigate further what effects (if any) the o/-generated torsion has for lifting further mod-
uli. Studying examples where no zeroth order limit exist is more challenging. Examples of
this kind found in the literature [60, 61] have been shown to negate some of the assumptions
we make. In particular H®D(X) # 0 [62]. It is hence less clear if HOY(Q) counts the
true moduli for these types of compactifications, but it can be taken as a conjecture. See
also [22] for more details on this. In the longer term, it may even be hoped that there is the
possibility of constructing examples with all moduli either removed from the low energy
theory, or otherwise stabilised with phenomenologically acceptable masses. Investigations
of other aspects of the low energy phenomenology, e.g. the number of Standard Model
generations, exotic matter present, etc. may also be possible and interesting.
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A Compactifications and SU(3)-structure

In this appendix, we review some results concerning SU(3)-structure manifolds and string
compactifications. The ten-dimensional geometry is assumed to have the form of a warped
direct product,

My = My x X,

where My is four-dimensional space-time, and Xg is the compact internal space. We will
use small roman indices {m,n,...} to denote real indices on Xg, and greek indices to
denote indices on M, whenever needed. The ten-dimensional supercharge given by the
Majorana-Weil spinor ¢ decomposes as

e=p&mn,

where p is a four-dimensional space-time spinor and 7 is a spinor on Xg. The spinor 7
defines an SU(3)-structure, with the non-degenerate two-form w and nowhere vanishing
well defined three-form ¥ on Xg given by

Wmn = _inT’Ymnna
‘l’mnp = nTanp'rlv
where v, are the gamma matrices that satisfy the Clifford algebra in six dimensions, and

Ymims...m, denotes the totally antisymmetric product of p gamma matrices. These forms
satisfy the usual SU(3)-structure identities

] — 1
‘ VAU = —-wAwAuw.

WAT =0, ——
Rils 6

The three-form W defines an almost complex structure J on Xg by

I n
It = ——2 (A1)
\/—&trI?
where the tangent bundle endomorphism I is given by
I = (ReW) g (ReW) s e™PI5E
The normalization in (A.1) is needed so that J? = —1. Note also that the complex structure

J is independent of rescalings of W.

SU(3)-structures
A general SU(3)-structure has five torsion classes, (Wo, W, W)Y, Wa, W3), where [63-66]

12 —

AV = WowAw+ Wy Aw+ Wy AT
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Here Wy is a complex function, Ws is a primitive (1, 1)-form, W3 is a real primitive three-
form of type (1,2) + (2,1), W¥ is a real one-form, and Wy" is a (1,0)-form. The one forms
W and Wy are known as the Lee-forms of w and W respectively, and they are given by

1
Wy = iw_ndw
1 _
wy = U,dU,
N

It should be noted that Ws = Wy = 0 is equivalent to the vanishing of the Nijenhaus
tensor, and therefore equivalent to Xg being complex. Note also that under a rescaling
¥ — AW which leaves the complex structure invariant, A € C*, the lee-forms and W3
remain invariant, while

W() — /\Wo, Wy — AW,

Interestingly, it is only the torsion classes which spoil integrability of the complex structure
that scale with .

The Strominger system

Let us recall the six-dimensional equations that should be solved in order to have a super-
symmetric solution to the equations of motion up to first order in o/,

d(e ) =dQ =0+ 0(a?) (A.2)

d(e 2w Aw) =0+ O(a'?) (A.3)

e*? x d(e *%w) = i(0 — 0)w = H + O(a’) (A.4)
wiF =0+0(), QAF=0+0() (A.5)
wiR=0+0(), QAR=0+0(), (A.6)

where Q = ¢ 2?0, Note the reduction of the order of ¢ in the last two equations due to
the fact that these curvature terms only appear at first order. in the geometry. This set of
equations together with the Bianchi Identity

Oé,

dH = Z(trF/\F—trR/\R)—i—(’)(o/Q),

is commonly referred to as the Strominger system. If X is compact, then a simple appli-
cation of Stokes theorem shows that the flux H is of order o’ or smaller [66]

lle”®H||*> = / e 2 H AN+H = —/ HAd(e™*w) = 0(d)
X X

as dH = O(d’). If we exclude non-integer orders of o/, it follows that H = O(«/), and also
d¢ = O(d’) leaving us with dw = O(a/) and a Calabi-Yau geometry at zeroth order.
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B The o’-expansion and the Strominger system

In this appendix, we comment on the o’-expansion of heterotic supergravity. It should be
mentioned that studies of heterotic supergravity in terms of the o/-expansion have been
carried out before, see in particular [67] and e.g. [68, 69]. Moreover, it should be stressed
that the types of geometries discussed here are only a subset of the geometries for which the
main results of the paper applies. In particular, the geometries discussed in this appendix
all have a large volume, o/ — 0 Calabi-Yau limit which is smooth and compact.

Note first that the o’-expansion is really an expansion in terms of the dimensionless
parameter

B =/ /[Vol(Xe)]5 ,

where we assume a large volume, and thus that the supergravity limit is valid, but we’ll
mostly suppress this in the following. We also stress the philosophy adopted in this expan-
sion, that o/-corrections are small. In particular, we are assuming a well-defined topology
zeroth order in o/, and that the o/-corrections can only change the geometry which we as-
sume to be smooth at each order in . Corrections can then be computed order by order
using the lower order geometry. This assumption excludes examples of the kind found by
Dasgupta et al. [60], later expanded upon by Yau et al. [61], as these geometries are highly
singular in the o/ — 0 limit. It should however be stressed that within these solutions it is
hard to find a large-volume limit and the supergravity approximation is perhaps less ap-
plicable in this sense [16, 47]. Hence, the o/-expansion scheme does not cover all solutions
to heterotic supergravity, only the large volume regime.

The various fields in the theory have an o’ expansion. For a generic field ® we have

(1)2@04—0/@1—}—--- .

The zeroth order geometry when o — 0 is denoted by Xj. We assume that this geometry
is smooth and compact, and as we will see below this implies that the geometry is Calabi-
Yau. We also mention that we do not expand the complex structure. That is, a complex
structure can be defined on X without any reference to a metric, and thus no inherent size
associated to it so that

J=1Jy.

This simplifies our lives, as it means the holomorphic structures do not need an o'-
expansion. In particular, 9 and @ are not have o/ corrections. In addition, clearly if a
form is of type (n,m) at zeroth order, it remains so at higher orders. That is, the Hodge-
type is preserved by the expansion. We also note that since the complex structure is
size-independent, we expect the geometry to remain complex at higher orders in o/. A
complex geometry is equivalent to
9 =0,

and as this equation receives no corrections, it will remain true to all orders. From this, we
conjecture that higher perturbative o/-corrections will respect a complex base. Of course,
this can be spoiled by non-perturbative corrections, but we do not consider these in the
current paper.
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Finally, we collect some useful facts about geometries where the large volume limit is a
compact Calabi-Yau. In particular, recall that a sufficient condition for a complex manifold
(X, J) to satisfy the d9-lemma is the existence of a Kéhler form compatible with J. Since
the complex structure does not change under o/-corrections, and since there must exist a
Kahler form wq corresponding to the zeroth order Calabi-Yau geometry Xy, it follows that
the corrected geometry X satisfies the O0-lemma. Moreover, as the Dolbeault operator 0
remains unchanged under o/-corrections, we can conclude that the Hodge-diamond of X
does not change either. Indeed, as the Dolbeault cohomologies of a Calabi-Yau manifold
are topological, and as we have seen X admits a Kéhler metric, any change to this at higher
orders in o implies topological changes of X which contradicts the assumptions of the o/-
expansion. Note that a similar statement need not hold for bundle valued cohomologies, as
the connections on the given bundles can potentially receive corrections, and the bundles
need no longer be holomorphic in general.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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