THE HUREWICZ DICHOTOMY
FOR GENERALIZED BAIRE SPACES
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ABsTRACT. By classical results of Hurewicz, Kechris and Saint-Raymond, an
analytic subset of a Polish space X is covered by a K, subset of X if and only
if it does not contain a closed-in-X subset homeomorphic to the Baire space
“w. We consider the analogous statement (which we call Hurewicz dichotomy)
for Z}% subsets of the generalized Baire space "k for a given uncountable car-
dinal k with kK = k<", and show how to force it to be true in a cardinal and
cofinality preserving extension of the ground model. Moreover, we show that
if the Generalized Continuum Hypothesis (GCH) holds, then there is a car-
dinal preserving class-forcing extension in which the Hurewicz dichotomy for
2% subsets of “k holds at all uncountable regular cardinals k, while strongly
unfoldable and supercompact cardinals are preserved. On the other hand, in
the constructible universe L the dichotomy for 2% sets fails at all uncountable
regular cardinals, and the same happens in any generic extension obtained by
adding a Cohen real to a model of GCH. We also discuss connections with
some regularity properties, like the k-perfect set property, the x-Miller mea-
surability, and the k-Sacks measurability.
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A subset of a topological space X is K, if it can be written as a countable union
of countably many compact subsets of X. The space X is called K, if it is a K,
subset of itself. It is easy to verify that if X is Hausdorff and A C X is K,, then
any closed subset of A is K, as well. A typical example of a non-K, Polish space is
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the Baire space “w. This can be seen either by observing that a subset of “w is K,
if and only if it is eventually bounded, or by applying the Baire Category Theorem.
All together these observations show the following fact.

Fact 1.1. A K, subset of a Hausdorff topological space cannot contain a closed
subset homeomorphic to “w.

The following classical result in descriptive set theory due to Hurewicz (see
[ , Theorem 7.10]) shows that the property in Fact 1.1 actually characterizes
the class of K, Polish spaces.

Theorem 1.2 (Hurewicz). A Polish space is K, if and only if it does not contain
a closed subset homeomorphic to “w.

Fact 1.1 together with | , Theorems 3.11 and 4.17] show that Theorem 1.2
can be equivalently restated as: For any Gy subset A of a Polish space X, either A is
contained in a K, subset of X, or else A contains a closed-in-X homeomorphic copy
of “w. The following result of Kechris and Saint-Raymond (see [ , Corollary
21.23]) extends this dichotomy to analytic subsets of Polish spaces.

Theorem 1.3 (Kechris, Saint-Raymond). For any 31 subset A of a Polish space
X, either A is contained in a K, subset of X, or else A contains a closed-in-X
homeomorphic copy of “w.

(The alternative in Theorem 1.3 are again mutually exclusive by Fact 1.1.) The
results of | ] show that this dichotomy extends to all projective subsets of
Polish spaces in presence of the axiom of projective determinacy.

In this paper, we consider the question of whether analogues of the above di-
chotomies hold if we replace w with an uncountable regular cardinal k satisfying
k = k<". For this purpose, we study the (k-)generalized Baire space "k consisting
of all functions from k to k equipped with the bounded topology, i.e. the topology
whose basic open sets are of the form Ny = {x € *x | s C x} for some s in the
set <%k of all functions ¢t: @« — k with @ < k. When considering finite products
(k)" Tt of the generalized Baire space, we always endow them with the product of
the bounded topology on “k.

We say that T C (<"k)"*! is a subtree (of (<"k)"*1) if Ih(tg) = ... = lh(t,) and
(to Ta,....ty [ @) € T for all (to,...,t,) € T and o < lh(tp). Given such a subtree
T, we define [T] (the body of T) as the set of k-branches through T, i.e. the set of
all (xg,...,z,) € (®k)"! such that (zg | a,...,2, | @) € T for all @ < x. Note
that a subset of (“x)"*! is closed with respect to the above topology if and only if
it is of the form [T] for some subtree T' C (<"x)"*!. Given a closed subset C of
("k)"HL, we call

(1.1) Te ={{zo | @, ...,z | @) | (x0,...,2p) € C, a < K}

the (canonical) subtree induced by C. We say that a subtree T C (®x)"*! is pruned
if it is equal to the subtree induced by [T]. This is equivalent to require that every
node in 7T is extended by an element of [T]. Clearly the tree T is pruned for every
closed subset C of (“x)"T! and [T¢] = C holds for these subsets.

Finally, we say that a subset of *x is 1 if it is the projection of a closed subset
of ®r x *r. Hence every X1 subset of *x is the projection p[T] of the set of all
k-branches through a (pruned) subtree T of <"k x <Fk. A subset of *k is IT} if its
complement is 1.
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The following definition generalizes the notions of K, subset and K, space to
our new setup.

Definition 1.4. Let x be an infinite cardinal and X be a topological space.

(i) A set A C X is k-compact if every open cover of A in X has a subcover of
size less than k.
(ii) A set A C X is K, if it is a union of k-many k-compact subsets of X.
(iii) The space X is k-compact (respectively, K,;) if it is a k-compact (respectively,
K,) subset of itself.

Since the bounded topology on “« is closed under intersections of size <k when-
ever the cardinal k satisfies Kk = k<%, and since "k is obviously a Hausdorff space,
a standard argument shows that k-compact subsets of “k are closed. Conversely,
a closed subset of a k-compact (respectively, K) subset of ®k is k-compact (re-
spectively, K,;). Finally, arguing as in the classical case k = w it is not hard to
check that the generalized Baire space "k, when & is as above, is never K. (This
is because although the converse may fail for some x, we still have that K,; subsets
of *k are eventually bounded — see Lemma 2.6; alternatively, use the fact that the
assumption k<® = k guarantees that the space "k is k-Baire, i.e. that ®x is not
a union of k-many nowhere dense subsets of “k.) These observations show that
(compare this with Fact 1.1):

Fact 1.5. A K, subset of “x cannot contain a closed subset homeomorphic to “k.

The results listed at the beginning of this introduction now motivate the following
definition.

Definition 1.6. Given an infinite cardinal k, we say that a set A C "k satisfies
the Hurewicz dichotomy if either A is contained in a K, subset of “k, or else A
contains a closed subset of ®x homeomorphic to “x.

Note that the two alternatives in the above definition are still mutually exclusive
by Fact 1.5.

Since K,, is the same as K,, Theorem 1.3 shows that 31 subsets of " satisfy
the Hurewicz dichotomy if kK = w. The following result shows that it is possible to
establish the Hurewicz dichotomy for 31 subsets of ®x also when k<" = k > w by
forcing with a partial order that preserves many structural features of the ground
model.

Theorem 1.7. Let k be an uncountable cardinal with kK = k<%. Then there is a
partial order P(k) with the following properties.

(1) P(x) is <k-directed closed and k+-Knaster (hence it satisfies the x™-chain
condition,).

(2) P(k) is a subset of H(k™) that is uniformly definable over (H(k™), €) in the
parameter K.t

(3) P(k) forces that every 31 subset of *k satisfies the Hurewicz dichotomy.

In the proof of this result, which is given in Section 3, we had to distinguish
cases depending on whether x is weakly compact in the forcing extension or not.
Such a distinction is connected to the observation that the spaces "k and *2 are

n the sense that the domain of P(x) and the relation <p(x) are sets with this property.
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homeomorphic if and only if « is not weakly compact (see | , Theorem 1] and
Corollary 2.3).

The methods developed in the non-weakly compact case actually allow us to
prove a strengthening of the above result for such cardinals (see Section 3.1 for the
proof).

Definition 1.8. Given an infinite cardinal x, we say that A C "k satisfies the
strong Hurewicz dichotomy? if either A is a K, subset of ®x, or else A contains a
closed subset of “x homeomorphic to “k.

In this definition we are replacing the first alternative in Definition 1.6 with a
stronger one.

Theorem 1.9. Let k be a non-weakly compact uncountable cardinal with k = Kk<F.
Then there is a partial order P with the following properties.

(1) P is <k-directed closed and k" -Knaster (hence it satisfies the k*-chain con-
dition).
(2) P forces that every 1 subset of "k satisfies the strong Hurewicz dichotomy.
If instead k is a weakly compact cardinal, then it is easy to see that, as in the
classical case k = w, there are always 3} (in fact, even s-Borel®) counterexam-
ples to the strong Hurewicz dichotomy. Indeed, by the results of | | (see also
Lemma 2.6) the weak compactness of x implies that 2 is a k-compact subset of
®k, and therefore by Fact 1.5 we have that every subset of #2 that is not a union
of k-many closed subsets of *2 does not satisfy the strengthened dichotomy. In
particular, the set {x € "2 | Va < k38 < k(a < BAz(8) = 1)} is a k-Borel
subset of “x that is homeomorphic to "k and does not satisfy the strong Hurewicz
dichotomy. Moreover, the results of | | show that the club filter (viewed as
a set of characteristic functions) is another natural example of a X1 subset of "k
that does not satisfy the strong Hurewicz dichotomy. Nevertheless, when x remains
weakly compact after forcing with the partial order P(x) from Theorem 1.7, we can
strengthen our result in a different direction.

Definition 1.10. Let v < k be infinite cardinals with x regular, and let T be a
subtree of <"x.

(i) T is superclosed if it is closed under increasing sequences of length <x.

(ii) T is v-perfect if it is superclosed and for every ¢ € T there is a node s € T
which extends t and is v-splitting in 7', i.e. it has at least v-many immediate
SUCCEeSSOTS.

(iii) T is perfect if it is 2-perfect, and it is a x-Miller tree” if it is x-perfect.

Clearly every s-Miller subtree of <*x is perfect, and every perfect subtree T' C
<#k has height k. Moreover, every node in such a T is extended by an element of
[T], and thus T is pruned.

Definition 1.11. Given an infinite cardinal x, we say that a set A C “k satisfies
the Miller-tree Hurewicz dichotomy if either A is contained in a K, subset of “k,
or else there is a k-Miller tree T with [T] C A.

2In the classical case k = w this stronger version of the Hurewicz dichotomy holds for F, sets,
but there are G counterexamples to it.

3A subset of #x is k-Borel if it belongs to the smallest x*t-algebra of subsets of ®x which
contains all open sets.

4Note that w-Miller subtrees of <¥w are sometimes called superperfect trees in the literature.
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Note that since Proposition 2.11 shows that the set [T'] is homeomorphic to "k
for every k-Miller tree T', the second alternative of Definition 1.11 strengthens that
of Definition 1.6.

In Theorem 2.12 we will show that if x is weakly compact, then A C "« satisfies
the Hurewicz dichotomy if and only if it satisfies the Miller-tree Hurewicz dichotomy.
Thus the following is an immediate corollary of Theorem 1.7.

Theorem 1.12. Let k be weakly compact. If k remains weakly compact after forcing
with the partial order P(k) from Theorem 1.7, then in the forcing extension every
31 subset of "k satisfies the Miller-tree Hurewicz dichotomy.

Theorem 1.12 applies e.g. when k is a weakly compact cardinal whose weak
compactness is indestructible with respect to <x-closed forcings satisfying the -
chain condition; such a x may be found e.g. in a suitable forcing extension of L,
assuming the existence of a strongly unfoldable cardinal in L (see | .

Notice also that if k is not weakly compact, then the set “2 is a closed counterex-
ample to the Miller-tree Hurewicz dichotomy: on the one hand it clearly cannot
contain the body of a k-Miller tree; on the other hand, it is a closed set homeomor-
phic to *k (see Corollary 2.3), and thus it is not contained in any K, subset of “x
by Fact 1.5.

Conditions (1) and (2) of Theorem 1.7 allow us to construct a class-sized forcing
iteration (whose iterands are the forcings P(x)) that forces the Hurewicz dichotomy
for X1 sets to hold globally. In the light of the case distinction mentioned above, it
is interesting to know whether such a class forcing preserves the weak compactness
of certain large cardinals. The following theorem provides examples of such large
cardinal notions. (Their definitions and the proof of the theorem can be found in
Section 4.)

Theorem 1.13. Assume that the GCH holds. Then there is a definable class forcing
P with the following properties.

(1) Forcing with P preserves all cofinalities, the GCH, strongly unfoldable cardi-
nals, and supercompact cardinals.

(2) If k is an infinite reqular cardinal, then P forces that every X1 subset of "k
satisfies the Hurewicz dichotomy.

Next we study the relationships between the Hurewicz dichotomy and some
regularity properties of definable subsets of “x. We start by considering the -
perfect set property.

Definition 1.14. Given an infinite cardinal &, we say that a set A C "k has the
k-perfect set property if either A has cardinality at most k, or else A contains a
closed subset of “x homeomorphic to ©2.

In the case of non-weakly compact cardinals, the rk-perfect set property is a
strengthening of the Hurewicz dichotomy. Moreover, the assumption that all closed
subsets of “k have the k-perfect set property allows us to fully characterize the
class of K,; subsets of “k as the collection of sets of size <x (see Proposition 2.7
and Corollary 2.8).

An argument due to the third author (see e.g. | , Proposition 9.9]) shows
that all X1 subsets of "k have the k-perfect set property after we Levy-collapsed
an inaccessible cardinal to turn it into x¥. (The models obtained in this way are
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sometimes called Silver models, and are the natural generalizations of the Solovay
model to uncountable cardinals.) Thus if £ turns out to be not weakly compact in
the generic extension, then in such a Silver model all X} subsets of "k satisfy the
Hurewicz dichotomy as well. In Theorem 3.24 we will actually show that the same
is true also when  is a weakly compact cardinal (in the generic extension).

The Silver model cannot in general be used to separate the various regularity
properties: in fact, the results from [Sch, ] show that many of these properties
are simultaneously satisfied by 1 subsets of k. However, we can use Theorem 1.13
to separate the Hurewicz dichotomy from the x-perfect set property. This is because
if we force over L with the class forcing P from Theorem 1.13, then in the generic
extension we get that for any uncountable regular cardinal x there is a subtree
T C <#k (which actually belongs to L) such that the closed set [T] does not have
the k-perfect set property (see Theorem 5.3). Combining this with the mentioned
Theorem 1.13, we get a model of ZFC + GCH in which all X} subsets of s (x an
arbitrary regular uncountable cardinal) satisfy the Hurewicz dichotomy while the
k-perfect set property fails already for closed sets (Corollary 5.4).

We also consider other two regularity properties which are natural generaliza-
tions of the notions of Miller measurability and Sacks measurability from w to
uncountable regular cardinals.’

Definition 1.15. Let k be an infinite regular cardinal and A be a subset of “x. We
say that A is k-Sacks measurable (respectively, x-Miller measurable) if for every
perfect (respectively, x-Miller) subtree T C <"k there is a perfect (respectively,
k-Miller) subtree S C T such that either [S] C A or [S]N A = 0.

Notice that x-Sacks measurability is essentially a symmetric version of the -
perfect set property, and in fact it is easy to see that if a set A C "k has the
k-perfect set property, then it is also xk-Sacks measurable. Thus in a Silver model
all 31 subsets (hence also all IT] subsets) of “x are r-Sacks measurable. Laguzzi
showed in | | that in fact such sets are also x-Miller measurable.

In view of these results, it is natural to ask whether it is possible to separate
the k-Miller measurability and the k-Sacks measurability from the x-perfect set
property. In Theorem 5.2 we will show that the fact that all 1 sets satisfy the
Hurewicz dichotomy directly implies that all these sets, together with their comple-
ments, are x-Miller measurable or x-Sacks measurable (which alternative applies
depends again on whether x is weakly compact or not). Combining this result with
our Theorem 1.13 and some of the previous observations, we will thus get that it is
consistent to have a model in which e.g. all £} and all ITj sets are k-Sacks measur-
able (alternatively, k-Miller measurable) but there is a closed set which does not
satisfy the k-perfect set property (Corollary 5.5). Thus the regularity properties
from Definition 1.15 are really weaker than the s-perfect set property.

Finally, we will also consider failures of the Hurewicz dichotomy and show that
the construction of counterexamples to the dichotomy leads to interesting combi-
natorial concepts and results. In Theorem 6.4 we will show that adding an element
of #, with the usual u-Cohen forcing (for p an infinite cardinal satisfying <" = )
provides a model in which for all k > p such that £K<* = & there are closed subsets
of "k which do not satisfy the Hurewicz dichotomy. In particular, starting from

5The choice for such generalizations is not unique: other variants have been considered e.g.

in | , ]-
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a model of the GCH and taking p = w in the above construction we obtain that
it is consistent that there are closed counterexamples to the Hurewicz dichotomy
at every uncountable regular cardinal x. In addition, we will show that also in
Godel’s constructible universe L there are closed counterexamples to the Hurewicz
dichotomy at every uncountable regular cardinal (see Theorem 7.2). These closed
sets are obtained using a modification of the construction of a x-Baire almost -
Kurepa tree due to Friedman and Kulikov (see [FK]).

In the remainder of this paper, we will work in ZFC and let x denote an un-
countable cardinal with x = x<®. Note that this assumption implies that  is
regular.

2. BASIC COMBINATORIAL RESULTS

We start by recalling some definitions and establishing some basic results.

Definition 2.1. Let T be a subtree of <*k.
(i) T has height s if TN%k # Q for all a < k.
(ii) T is a k-tree if it has height  and for every a < x the set TN%k has cardinality
less than k.
(iii) T is a k-Aronszajn tree if it is a k-tree and [T] = 0.
(iv) T is a k-Kurepa tree if it is a k-tree and that set [T] has cardinality greater
than &.

The following lemma provides a combinatorial characterization of x-compact
subsets of “k. The lemma was proved for the case “k = wy” in | , Theorem
3] and the presented proof directly generalizes to higher cardinalities. For sake of
completeness, we include it here.

Lemma 2.2. Given a pruned subtree T C <k, the following statements are equiv-
alent.
(1) [T] is k-compact.
(2) T is a k-tree without r-Aronszajn subtrees (i.e. there is no subtree S of <"k
such that S CT and S is a k-Aronszajn tree).

In particular, a closed C' C "k is k-compact if and only it the canonical subtree
induced by C defined in (1.1) is a k-tree without k-Aronszajn subtrees.

Proof. Suppose that [T] is k-compact. Assume towards a contradiction that there
is an o < K such that T'N *k has cardinality x. Then {N; |t € T N>k} is a cover
of [T] without a subcover of cardinality less than x, a contradiction. Now assume
towards a contradiction that T contains a k-Aronszajn subtree S. Define

(2.1) 0S={teT\S|Va<lh(t)({[aecS)}.

If x € [T], then since = ¢ [S] = 0 there is an a < k with z [ a € 9S. This shows
that C = {NV, | t € 9S} is a disjoint open cover of [T']. Then C has cardinality &,
because S has height x. Since C is a partition, it cannot be refined to any proper
subcover and this contradicts the fact that [T] is k-compact.

For the other direction, suppose that T is a k-tree without x-Aronszajn subtrees.
Let U be an open cover of [T']. Define

S = {t € T | U does not have a subcover of N; N [T] of cardinality less than x}.

Then S is a subtree of <¥x and it is a k-tree, because S C T. We first show
that S C <%k for some a < k. Assume towards a contradiction that S has height
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k. By our assumption, S is not a x-Aronszajn tree and hence [S] # (. Fix any
x € [S]. Since U is an open cover of [T], there are U € U and o < k such that
Ngzjo € U. This implies z [ a ¢ S, a contradiction. Given now « < & such that
S C <%, for every t € TN C T\ S there is a subcover Uy C U of Ny N[T] of
cardinality less than k. Since T'N *k has cardinality less than x and « is regular,
U{Us | t e TNk} CU is a subcover of [T of cardinality less than . O

The above lemma shows that, as pointed out in | , Theorem 5.6], the space
%2 is k-compact if and only if x is weakly compact. This implies that the implication
in | , Theorem 1] can be reversed.

Corollary 2.3. The spaces “2 and "k are homeomorphic if and only if k is not
weakly compact.

Given z,y € "k, we write x < y if z(a) < y(«) for all @ < k and & <* y if there
is a f < k such that z(«) < y(a) for all 8 < a < k.
Definition 2.4. Let A be a subset of k.

(i) We say that A is bounded if there is an x € "k with y < z for every y € A.
(ii) We say that A is eventually bounded if there an z € "k such that y <* x for
all y € A.

Proposition 2.5. If A = |
eventually bounded.

A, C "k and each A, is bounded, then A 1is

a<k

Proof. Given « < k, pick x, € "k with y < z,, for all y € A,. Define x € "k by
setting (o) = supg<, z5(a) for all a < k: then x witnesses that A is eventually
bounded. O

Lemma 2.6. Let A be a subset of "k.

(1) If A is contained in a k-compact subset of "k, then A is bounded.

(2) If A is contained in a K, subset of "k, then A is eventually bounded.

(3) If k is weakly compact, then both the implications above can be reversed: The
set A is contained in a k-compact (respectively, K, ) subset if and only if A is
bounded (respectively, eventually bounded).

Proof. Assume first that A is contained in a k-compact subset. By Lemma 2.2, the
canonical subtree T'C <"k induced by the closure of A is a k-tree with A C [T7.
Given o < k, we define L(a) = {t(a) |t € T, a € dom(t)}. Then L(«) is a bounded
subset of k, because T'N 1k has cardinality less than . Define € “x by setting
x(a) = sup L(«) for all & < k. Then z witnesses that A is bounded. This proves (1)
and, by Proposition 2.5, this argument also yields (2).

To prove (3), assume that  is weakly compact. Let x € “k witness that A is
bounded, and define

T ={te <"k |Va € dom(t) (t(e) < z())}.

Then T is a pruned subtree of <%k with A C [T]. Moreover, the inaccessibility of
k implies that T is a k-tree and this implies that it has no x-Aronszajn subtrees,
because k has the tree property. By Lemma 2.2, this shows that [T7] is k-compact.
If A is eventually bounded, then A is contained in a union of k-many bounded set,
and thus the above computations show that A is contained in a K, subset. O
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We now establish some connections between the k-perfect set property, K, sets,
and the Hurewicz dichotomy.

Proposition 2.7. Assume that k is not weakly compact, and let A be a subset of
%Kk with the k-perfect set property. Then the following statements are equivalent.

(1) The set A contains a closed subset homeomorphic to "k.
(2) The set A is not contained in a K, subset of *k.
(3) The set A has cardinality greater than k.

In particular, the set A satisfies the strong Hurewicz dichotomy.

Proof. By Fact 1.5, no closed subset homeomorphic to "k is contained in a K,
subset of “k. Clearly, every subset of “x of cardinality at most k is a K, subset.
Assume that A has cardinality greater than x. Then by the s-perfect set property
A contains a closed subset homeomorphic to ©“2. Since under the above assumptions
the spaces "k and ©2 are homeomorphic by | , Theorem 1], we can conclude
that A contains a closed subset homeomorphic to “k. ([l

As a consequence, we get that the k-perfect set property for closed sets allows
us to fully characterize K, sets in the non-weakly compact case.

Corollary 2.8. Assume that k is not weakly compact and that all closed subsets
of ®k have the k-perfect set property. Then for every A C ®k, A is (contained in)
a K, set if and only if A has cardinality at most k.

Proof. For the nontrivial direction, let K, C "k, a < K, be k-compact sets with
A C Uqer Koo By our assumption, each K, being closed, has the s-perfect set
property, and hence has size <k by Proposition 2.7. It follows that A has size <k
as well. (I

Finally, we provide combinatorial reformulations of the properties of containing a
closed subset homeomorphic to “2 or #«. Recall from Definition 1.10 the notions of
a perfect and k-Miller tree. Given an inclusion-preserving function v: <fx — <Fg,
we say that ¢ is continuous if ¢(u) = J{t(v | @) | @ < 1h(u)} holds for all u € <Fxk
with lh(u) € Lim.

Lemma 2.9. Given a subtree T C <"k, the following statements are equivalent:

(1) the set [T] contains a closed subset homeomorphic to 2;

(2) there is a continuous injection i: "2 — *k with ran(i) C [T];

(3) there is an inclusion-preserving continuous injection t: <*2 — T';
(4) the tree T contains a perfect subtree.

Proof. The implications (1) = (2), (3) = (4), and (4) = (1) are obvious, so let us
prove (2) = (3). Let i: "2 — "k be a continuous injection with ran(¢) C [T]. We
will recursively construct inclusion-preserving continuous injections e: <f2 — <#2
and ¢: <%2 — T such that the following statements hold for all s € <*2:

(a) i[Ne(S) nr2] C Ny N [T].

(b) NL(S"O) N NL(S’\I) = 0.
The auxiliary map e and the corresponding condition (a) will ensure that our con-
struction of ¢ can go through limit levels maintaining the property that its range is
contained in T' (which cannot in general be assumed to be superclosed). The map
¢ will thus be as in (3) of the lemma.
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Assume that we already defined +(s) for some s € <*2. Pick xg,z1 € Nes) N2
with 29 # 21. Then i(xo) # i(w1) and i(xo),i(x1) € Ny by (a). Hence by
continuity of ¢ we can find ordinals lh( ( )) < a < k and lh(e(s)) < B < & such
that i(zg) | o # i(x1) | o and [N, 2] € Ni(z,)1a N [T] for j = 0,1. It is then
enough to set e(s”j) =z, [ § and L(S J) =1i(z;) | a. O

The following result used in the proof of Theorem 6.4 follows directly from the
above proof (condition (a) guarantees that S = ran(t) is such that [S] C ran(s))
and the observation that the same argument works for subtrees of <“w.

Corollary 2.10. If p is an infinite cardinal with p = p<*, T is a subtree of <Fpu
and i: *2 — Fu is a continuous injection with ran(i) C [T, then there is a perfect
subtree S C T with [S] C ran(i).

The next proposition provides the analogue of Lemma 2.9 for the case of closed
homeomorphic copies of “k.

Proposition 2.11. Let T C <Fx be a pruned subtree.

(1) If S C T is a k-Miller tree, then [S] is a closed set homeomorphic to "k.
(2) Assume that k is weakly compact. If [T] contains a closed set homeomorphic
to "k, then there is a k-Miller subtree S C T'.

Proof. For part (1), notice that the splitting properties of S allow us to inductively
construct an inclusion-preserving continuous injection ¢: <*x — S such that

{tw a)|a<k}={seS|u(u) Cslh(s) =1h((u"0))}

holds for all u € <. This injection allows us to define a homeomorphism

fir x»—>U{L a) | a <k}

We now prove part (2). Without loss of generality, we may assume that [T itself
be homeomorphic to "k, and let f: “x — [T] be a homeomorphism.

Claim 2.11.1. If 5 € <*k and ¢ € [T] with Ny C f[N;], then there are s € <"k
and ¢t € T such that 5§ C s, ¢ C ¢ and [Ny = N; N [T].

Proof of the Claim. Pick x € Nz with f(x) € N;. Using the fact that f is a
homeomorphism, inductively define a strictly increasing sequence (o, < k | n < w)
of ordinals such that oy = max{1h(3),1h(¢)} and

Nf(;v) [a2n+2 N [T] g f[era2n+1} g Nf(w)“)&n

for all n < w. Set o = sup{a, | n <w}, s=2 [ o, and t = f(z) | a. Using the
fact that f is a bijection, we get that s and t are as required.. ([

Claim 2.11.2. If t € T, then there is a k-splitting node s in T with ¢ C s.

Proof of the Claim. Assume, towards a contradiction, that there is a ¢t € T without
k-splitting nodes above it. Let U be a pruned subtree of T with [U] = N; N [T].
Since k is inaccessible, U is a k-tree. By Lemma 2.2, the weak compactness of k
implies that [U] is k-compact in “x and hence also in [T]. Thus the preimage of
[U] under the homeomorphism f would be k-compact in “x and would be open
nonempty, a contradiction. ([
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Claims 2.11.1 and 2.11.2 allow us to recursively construct for each u € <Fx a
triple

(SurtusYu) € "k x T X K
such that the following statements hold for all u,v € <*x:
(a) if u C v, then s, C s, and t, C ty;

(b) if u and v are incompatible in <*x, then s, and s, are incompatible in <
and t,, and %, are incompatible in T’
(c) if Ih(s) € Lim, then s, = J{suja | @ <1h(u)} and t, = J{tuja | & <1h(u)};
(d) fINs,] = Ne, 0[TT;
(e) for all o, < K, vu < lh(ty~o),1h(tu~5): tuma | Yu = tu~p [ Yu, and
tu’\a(’}/u) 7’é tu"ﬁ(’yu)'
Condition (d) ensures that the construction can be carried over limit levels (still
having t,, € T'), while condition (e) gives us cofinally many s-splitting nodes. Thus

S={teT|3ue~"k(tCt,)}
is a xk-Miller subtree of T'. O

Kk

An important corollary of Proposition 2.11 is the following result.

Theorem 2.12. Let k be a weakly compact cardinal and A be a subset of "k. Then
A satisfies the Hurewicz dichotomy if and only if it satisfies the Miller-tree Hurewicz
dichotomy.

Moreover, using Corollary 2.3 and Lemma 2.9 in the non-weakly compact case
and Proposition 2.11 in the weakly compact case, we can show that the Hurewicz
dichotomy is always equivalent to an apparently stronger statement.

Corollary 2.13. Let A be a subset of "k. Then A satisfies the Hurewicz dichotomy
if and only if either A is contained in a K, subset of "k or there is a superclosed
subtree T C <"k such that [T] C A and [T] is homeomorphic to "k.

3. THE HUREWICZ DICHOTOMY AT A GIVEN CARDINAL K

This section is mainly devoted to the proof of the consistency of the Hurewicz
dichotomy for X1 subsetes of "k at a given uncountable s satisfying x = xk<®
(Theorem 1.7), and of its strengthenings (Theorems 1.9 and 1.12).

3.1. The non-weakly compact case. We first consider the special case where x
is not weakly compact.

Definition 3.1. Given a subset A of “k, we let K(A) denote the partial order
defined by the following clauses.

(1) Conditions in K(A) are pairs p = (o, ¢,) such that o, < k and ¢,: A part
is a partial function of cardinality smaller than . Given p € K(A) and
v € ran(c,), we define

T,(v)={z 8| B < ap,xz € dom(cy), cp(x) =~}

(ii) Givenp,q € K(A), weset p <g(a) ¢ ifand only if oy < vy, cq € ¢, and T)p() is
an end-extension of T; () for every v € ran(c,), that is Tp,(y) N ¥k = T, (7).
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Proposition 3.2. Given a < k, the set
Do ={peK(A) | a < ap}
is dense in K(A).

Proof. If p is a condition in K(A) with o, < «, then ¢ = (o,¢,) € K(A) and
q <K(a) P- U

Remember that a subset D of a partial order P is directed if two conditions in
D have a common extension that is an element of D.

Definition 3.3. Let P be a partial order.

(i) We say that P is <k-directed closed if for every directed subset D of P of
cardinality <k there is a condition in P that lies below all elements of D;

(ii) We say that P is strongly k-linked if there is a function g: P — k such that p
and ¢ have a greatest lower bound glbp(p, ¢) with respect to P for all p,q € P

with g(p) = g(q)-
Lemma 3.4. The partial order K(A) is <w-directed closed and strongly k-linked.

Proof. Let D be a directed subset of K(A) of cardinality less than k. Define p =
(avp, cp) by setting

ap =sup{ay | g€ D} and ¢, = U{cq | ¢ € D}.

Then p is a condition in K(A) (the map ¢, is well-defined because D is directed). We
claim that p <g(a) ¢ for all ¢ € D. By definition of p, given such a ¢ we need only
to show that T,(v) is an end-extension of T,(y) for all v € ran(c,) C ran(c,). Fix
x € dom(c,) with ¢,(z) = 7. By definition of ¢, there is ¢’ € D with « € dom(c,),
and since D is directed there is r € D with r <g(a) q,q, so that z € dom(e,).
Since ¢, C ¢p, we have z | § € T,.() for all 8 < ay < a,, and since T,.(7y) is an
end-extension of T,(y) we get = | 8 € T, () for all 8 < ay, as required.

Now we prove that K(A) is strongly x-linked. Fix a function f: K(A) — & such
that f(p) = f(q) if and only if o, = oy, ran(c,) = ran(c,), and Tp,(7y) = T,(7) for
every «y € ran(c,) (such an f exists because we are assuming that k = k<"). Set

D ={peK(A)|Ve,y edom(cy) (x#y = [apF#ylap}
Using the fact that ¢, has cardinality <« and arguing as in the proof of Proposi-
tion 3.2, D is a dense subset of K(A). Fix any map K(A) — D; p — p such that
P <k(a) P, and let <-,-= be the usual Godel pairing function. Finally, set

9: K(A) = s p—> <f(p), f(P)-
We claim that g witnesses that K(A) is s-linked.

First we show that if f(p) = f(q), then p and ¢ are compatible in K(A). Fix
x € dom(cp) Ndom(cz), and set v = ¢z(x). Since z | ap € T5(y) = T5(7y), there is
y € dom(cz) with ¢5(y) =y and = [ a5 = y | ap. By the definition of D, we can
conclude that = y, and hence cz(x) = v = cp(x). This shows that r = (o, czUcg)
is a condition in K(A) that extends both p and g, and hence it also extends both p
and q.

Finally we show that if p,q € K(A) are compatible and such that f(p) = f(q),
then glby 4y (p, @) exists. Set 7 = (ay, ¢, Ucy). Then r € K(A), ran(c,) = ran(c,) =
ran(c,), and Ty, (v) = Ty(7y) = T»-() for all v € ran(c,.). This shows that r <g) p, ¢
and s <g(a) r for all s € K(A) with s <g(a) p,q: thus r = glbg 4(p, q)- |
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Proposition 3.5. Given x € A, the set
D, ={peK(A) | z € dom(c,)}
is dense in K(A).

Proof. Given a condition p in K(A) with = ¢ dom(c,), let v < & be such that
v ¢ ran(cp). Define aq = v, and ¢4: dom(cp) U {z} — & by setting cq(z) = v and
cq(y) = cp(y) for all y € dom(c,). Then ¢ = (g, cq) € K(A) and g <g(a) . O

Definition 3.6. If G is K(A)-generic over the ground model V, then we set
cG:U{cp\pEG}:A—)n.

By Proposition 3.5, ¢g is a total function, and using a similar density argument
it can be shown that it is also surjective.
The proof of the following lemma uses ideas contained in | , Section 5|.

Lemma 3.7. Let P be a K(A)-name for a <k-closed partial order and let G « H
be (K(A) * P)-generic over the ground model V. If v < k, then

To(v) ={= 1B <k, x €A, colz) =7}
is a pruned k-tree without k-Aronszajn subtrees in V|G, HJ.

Proof. Since Te(y) = U{Tp(7) | p € G, v € ran(cp)}, Proposition 3.2 and the defi-
nition of K(A) imply that each T¢(y) is a pruned s-tree in V|G, H].

Let T, denote the canonical (K(A) % P)-name for T () and assume, towards a
contradiction, that there is a (K(A) % P)-name S and a condition (pg, o) in G * H
that forces S to be a k-Aronszajn subtree of 7. ~. Since k remains regular in every
(K(A) % P)-generic extension, we can find a descending sequence ((pp,dn) | 7 < w)
of conditions in K(A) % P such that o, < ayp,,, and

(Prt1, dns1) F4F [ &y, & S”

for all n < w and x € dom(c,, ). Define

p= <sup{ozpn | n < w}, U{Cpn |n < w}> .

Then p is a condition in K(A) that is stronger than p,, for every n < w. This allows
us to find a K(A)-name ¢ for a condition in P such that (p, ¢) <k(A)sP (Pn, Gn) holds

for all n < w. Our construction ensures that (p, g) I+ T'y N%k = R”, where
R={x[a,|xedom(c), c,(x) =~}

But we also ensured that. (p,q) IF“5 ¢ S” holds for. every s € R. Since (p, ) <k(A)sb
(po, go) also forces that S intersects every level of T, this yields a contradiction. O

Lemma 3.8. Let P is a K(A)-name for a <r-closed partial order and G x H be
(K(A) x P)-generic over the ground model V. Then

A= TV |y <k},

In particular, A is a K, subsets of "k in V|G, H].
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Proof. By Proposition 3.5, we have A C | J{[Ta(y)]VI®H! | v < k}. Assume, to-
wards a contradiction, that there is a v < x and an = € [T (7)]VI¢H] with = ¢ A.
Pick a (K(A) % P)-name & for an element of "# with x = #%*/ and let T}, be the
canonical (K(A) * P)-name for Tez(v). Then we have (pg, go) I+ “& € [T5] \ A” for
some condition (pg, go) in G+ H. Since & remains regular in every (K(A)P)-generic
extension, we can find a descending sequence ((pn,¢n) | n < w) of conditions in
K(A) * P and a sequence (s, € <"k | n < w) such that a;,, < Ih(s,) < ap,,,,
(Pr+1,dnt1) IF“3, C2” and s, € y for all n < w and y € dom(c,,, ). Set

p= (supfan [ n <whJlep, In<wl}).

Then p € K(A) and p <g(a) pn for every n < w, and hence we can find a K(A)-
name ¢ for a condition in P such that (p,q) <k(a)b (Pn, ¢n) holds for all n < w.
Set s = (U{sn | n<w} € *»k. Then s ¢ T,(y) and (p,¢) IF “3C &”. Hence
(p,q) IF“& ¢ T,”, a contradiction. O

Let T C <Fk x <%k be a subtree and A = p[T'] (where both the body of T and its
projection are computed in the ground model V). We will now show that in every
K(A)-generic extension V[G] of V, either p[T]VI¢ is a K, set or p[T]VIS! contains
a perfect subset.

Definition 3.9. Given a subtree T' C <Fx x <Fx, we call a function
L: P2 = T s (t5,15)
a I%-perfect embedding into T if the following statements hold for all s,s" € <%2
and ¢ =0, 1.
(i) If s C &, then t5 C ¢5.

(ii) If s and s’ are incompatible in <*2, then ¢§ and tf)' are incompatible in
(iii) If Ih(s) € Lim, then

<KKZ.

t; = ' | a < In(s)}.

Proposition 3.10. Let T be a subtree of <"k x <®k. If there is a I*-perfect
embedding into T, then p[T| contains a closed subset of *k homeomorphic to "2.

Proof. We use the notation introduced in the previous definition. Define S =
{t € <Fk | s € <F2(t Ct§)}. Then S is a subtree of <*x, and our assumption
imply that the function

i:72 = [S]: e | J{t5! | o <k},

is a homeomorphism between “2 and the closed set [S]. Given z € 2, the function
U{t?' | o < K} witnesses that f(z) is an element p[T]. This shows that [S] is a
closed-in-*x subset of p[T'] homeomorphic to *2. O

Lemma 3.11 (] , Lemma 7.6]). The following statements are equivalent for
every subtree T of <Fk x <Fg.

(1) There is a 3*-perfect embedding into T .
(2) If P is <xk-closed partial order such that forcing with P adds a new subset of
K, then forcing with P adds a new element of p[T).
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Before we present the proof of Theorem 1.9, we need to show that a <k-support
iteration of partial orders of the form K(A) preserves cardinals greater than . This
is a consequence of the following lemma, whose proof is a small modification of an
argument due to Baumgartner that is contained in the proof of | , Theorem
4.2].

Lemma 3.12. Let A be an ordinal, and let (P.o | o < A), (Po | @ < A)) be a
forcing iteration with <rk-support such that

1 - “P,, is a <&-closed and strongly &-linked”
<a
holds for all o < A. Then the partial order ]I_ﬁ<>\ is kT -Knaster.

Proof. By | , Proposition 7.9], we know that P., is <k-closed for every
a < A. We may assume that ]f5<a satisfies the xkT-chain condition for every a < \.
By our assumption, we may also assume that A is a limit ordinal. Then there is a
sequence (¢¢ | £ < A) such that ¢ is a P_¢-name with

1@« IF“ée: ]P’E — K witnesses that Pg is strongly <&-linked”

for every ¢ < A. Fix a sequence (p,, | v < k™) of conditions in Iﬁ< »- By induction
on a < k, we inductively construct triples

{((Pa,ys Eavys Pay) € Poyx Ax i o<k, y<k")
such that the following statements hold for all @ < k and v < x™.
(a) If @ < «, theniﬁow <g_, Paqy <p_, Dy-
(b) If @ = <&, B8, B> with 8 < otp (supp(Pa,~)), then &, , is the 5-th element in
the monotone enumeration of supp(ps,). Otherwise, &, = 0.
(C) ﬁa—&-l,'y f ga,'y I« éﬁaﬁ (ﬁa,v(faﬁ)) = IZ)ON)’”'
Given v < k™, we define

My Kk — Kkt o — sup{otp (supp(Pa~)) | @ < a}.

Then m., is monotone and continuous. Therefore it is either eventually constant
or the set of fixed points of m, form a closed unbounded subset of x. This shows
that there is a limit ordinal o which is closed under both m. and the Godel pairing
function <-,->~. Let . denote the least such ordinal. Pick & < x and S € [nﬂ”+
with & = ky for all y € S. If v € S, then D, = {{,~ | &« < &} is a subset of X of
cardinality less than x and an application of the A-system Lemma yields T" € [S]"+
and R € [A]<* such that {D, | v € T} is a A-system with root R. Next, we can
find X € [T]*" and N C & such that N = {o < & | £, € R} for all y € X. Finally,
thereis Y € [X]*", a: N — Rand b: N — & such that a(e) = o,y and b(a) = pa 4
forall« € N and y €Y.
Fix 79,71 € Y and recursively define a sequence (7¢ € Iﬁ« | £ < A) such that
the following statements hold for all £ < A.
(I) If € < o, then Tg = T¢ IE.
(II) If < R and ¢ = 0,1, then 7 §IF5<§ Doy €.
(III) supp(re) € U{supp(Pa,;) | & <&, i = 0,1}
Let 0 < £ < X and assume that we have constructed (7 € @<g | € < &) such that
the above statements hold for every proper initial segment of this sequence.
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If £ is a limit ordinal, then 7% = (J{7 | € < &) satisfies statement (I1I) and this
implies that 7% is a condition in Iﬁ<5 that satisfies (I) and (II).

Next, assume that £ = ¢ + 1 and there is an @ < & aI}d an iq< 2 such that
¢ € supp(Pa,y;) and & & supp(Pa,+,_;) for all @ < &. Since P¢ is a P_g-name for a
<k-closed partial order, we can find a ﬁ<g—name 7 for a condition in If”g such that

7 I S]P’s’ Py (€)7 for all @ < E. Define 7 to be the unique condition in ﬁ<5

with 7¢ | £ = 7¢ and 7¢(£) = 7. Then our construction ensures that this condition
satisfies the above statements.

Now, assume that £ = £ + 1 and there is a & < & with £ € supp(fa ;) for all
i =0,1. Let £ be the $;-th element in the monotone enumeration of supp(ps -, )-
By the definition of &, we have 5, < otp (supp(Pa,;)) < K, = k. If we define
a(i) = <<a, B>, 0>, then a(i) < k. We can conclude

g: ga(O),'yo = £a(1),’y1 € D’Yo N D’Yl =R.
We recursively define a strictly increasing sequence (ay, | x € On) by setting
ay = <=a, fo, lub{ay | X < x}-.

Let £ be the minimal ordinal x with o, > K. Our assumptions imply that £ € Lim,
k& <k and (ay | x < k) is cofinal in &. If x <&, then &, ,, =& € R, o, € N and

g: a(ax) = €Otxy’¥0 = 504;(7"/1'

Given x < £, our assumptions implies 7 S@@ Do +17: | ¢ and hence

Te I g (o 0 (§)) = B(Gy) = g(Pay 11 (€))7
for all x < &. By our assumptions, this implies that there is a sequence (7 | x < &)
of P <¢-names such that

FE I« 7;.X = glb[@’é (ﬁax,’yo (f)aﬁax,n (E)) 7.

for every x < K. Since these names are forced to be greatest lower bounds and we

[13Fd

have 7 IF “ P, 1, (§) <p; Doy, (§)7 for all x < x < & and 7 < 2, we can conclude
that 7z I-“7y SPE 75" holds for all ¥ < x < k. As above, this implies that there is
a Iﬁ<g—name 7 for a condition in I@’g such that 7 I-“7 SPE 7, for all x < /. If 7%
is the unique condition in P with 7 | € = 7 and 7¢(§) = 7, then this condition
satisfies the above properties.

Finally, if £ =&+ 1 and £ ¢ supp(Pa,;) for all & < & and ¢ < 2, then we define
7e to be the unique condition in P_¢ with 7% | £ = 7z and 7 () = jlng'

The above construction ensures that 7 is an extension of piy, and p,, in P«y. O

Proof of Theorem 1.9. Assume that x is not weakly compact and set A = 2%. Since
k remains an uncountable cardinal with k = k<" after forcing with a <k-support it-
eration of <k-closed partial orders (see | , Proposition 7.9]), there is a forcing
iteration

P=(Peo|a<A),(Py|a<A)

with <k-support and a sequence (b, | @ < A) such that the following statements
hold for all & < A:
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(a) by is a P_,-name with the property that b< is a surjection from (27)VI¢] onto
the set of all subtrees of <*s x <"k in V[G] whenever G is P_,-generic over
\E

(b) If a= <B,y~, G is P o-generic over V, G is the filter on Iﬁ<g induced by G,
T =b5(7), and A = p[T]VIE, then P§ = K(A)VI,

Claim 3.12.1. If o < A, then @<a is <k-directed closed and xt-Knaster.

Proof of the Claim. This follows directly from Lemma 3.12 and [ , Proposi-
tion 7.9]. O

Claim 3.12.2. If a < A, then Ip_ I\ =257

Proof of the Claim. By the definition of K(A), we know that P, is forced to be
a subset of H(k™") in every P.,-generic extension of V for every o < A. Since
P, satisfies the xT-chain condition by Claim 3.12.1, this observation allows us

to inductively prove that @<a has a dense subset of cardinality at most A and
]l]ﬁ@ IF“X = 2%” holds for all o < A. (]

Let G be ﬁ<A—generic over V. Given a < A, we let G, denote the filter on
ﬁ<a induced by G. If k is not inaccessible in V, then x is not inaccessible in
V[G], because both models contain the same <k-sequences. Moreover, if there
is a k-Aronszajn tree in V, then this tree remains a k-Aronszajn tree in V[G],
because <r-closed forcings add no branches to such trees (see, for example, | ,
Proposition 7.3]). We can conclude that & is not a weakly compact cardinal in V[G]
and, by Corollary 2.3, this shows that the spaces “x and “2 are homeomorphic in
V[G]. Pick a subtree T C <Fx x <*x in V[G] and define A = p[T]VI¢],

First assume that in V[G] there is an 3"-perfect embedding into T'. Since k is
not weakly compact in V|G|, the above remarks and Proposition 3.10 imply that A
contains a closed subset homeomorphic to “x in V[G]. Thus A satisfies the strong
Hurewicz dichotomy in V[G].

Now assume that in V[G] there is no 3*-perfect embedding into T'. Since Py
satisfies the xT-chain condition, we can find 8 < A with 7" € V[Gg]. Since the
above claim shows that A = (2%)VI%sl there is a v < A with T' = l}gﬁ (7). Define
a = =<f,v>. Since | , Proposition 7.12] shows that V[G] is a forcing extension
of V[G,] by a <k-closed forcing and our assumption implies that there are no
J%-perfect embedding into T in V[G,], by Lemma 3.11 we get A = p[T]VICal,
Moreover, we have PG> = K(A)VIGel and that V[G] is a forcing extension of
V[Ga+1] by a <r-closed forcing. Thus A is a K,; subset of “x in V[G] by Lemma 3.8,
and hence A satisfies the strong Hurewicz dichotomy in V[G] also in this case. O

3.2. The general case. In this section we develop analogues of the above con-
struction for the weakly compact case in order to prove Theorem 1.7. The key
component is the following generalization of Hechler forcing to uncountable regular
cardinals.

Definition 3.13 (x-Hechler forcing). Let H(x) denote the partial order defined by
the following clauses.

i) A condition in H(k) is a pair p = (¢,, a,) such that ¢, € *»k for some «, < k
ps Op P P
and a, € ["K]<F.
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(ii) Given p,q € H(k), we set p <g(,) ¢ if and only if ¢, C ¢, a, C a,, and

z(B) < t,(B) for all z € a, and B € a, \ ay.
In the following we list the relevant basic properties of H(k).
Lemma 3.14. The partial order H(k) is <rk-directed closed and strongly k-linked.
Proposition 3.15. Given a < k and x € "k, the set
D={pecH(k)|a<ap, x€ay}
is dense in H(k).
Definition 3.16. We denote by A the canonical H(k)-name such that
iLG:U{tp‘pGG}:I{—)KZ

whenever G is H(k)-generic over the ground model V.

Proposition 3.17. If G is H(k)-generic over V, then h® witnesses that ("r)V is
an eventually bounded subset of "k in V[G].

Our next aim is to generalize Lemma 3.11 to the weakly compact case.

Definition 3.18. Let T be a subtree of <Fx x <¥x. A I%-superperfect embedding
into T is a function
LS = T:os v (t5,15)
with the property that the following statements hold for all s, s’ € <2 and 7 = 0, 1.
(i) If s C &', then t5 C ¢5.

(i1) There is 1h(¢)) < 75 < k such that for all & < f < K
o 7, <Ih(tg @), In(ty ),

d t(s)ﬂa s = t(s)Aﬁ [ Vs, and
® tgﬁa('YS) # t(é).ﬂﬂ('ys)'
(iii) If Ih(s) € Lim, then
ty = &' [ a < In(s)}.

Proposition 3.19. Let T be a subtree of <~"x x <Fk. If there is a 3*-superperfect
embedding into T, then there is a k-Miller tree S such that [S] C p[T].

Proof. We use the notation from the above definition. If we define
S={te<"rk|Ise "t Ct)},

then S is a x-Miller tree. It remains to show that [S] C p[T]. Pick y € [S].

Then z = J{s € <"k | t§ C y} is an element of " with y = J{t2'* | & < s} and

<y, U™ | a < m}> € [T], so that y € p[T]. O

Corollary 3.20. Let T be a subtree of <"k x <Fk. If there is a 3I*-superperfect
embedding into T, then p[T) is not contained in a K, subset of "k.

Proof. This follows from Propositions 2.11 and 3.19. O

The following result shows how 3F*-superperfect embeddings can be constructed
from names with certain splitting properties.
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Lemma 3.21. Assume that k is an inaccessible cardinal. Let T be a subtree of
<Fr x <Fg, P be a <k-closed partial order, and & be a P-name for an element of
“r such that 1p I+ “& € p[T]” and for every q € P and every 8 < k there is an
ordinal f < v < k and a sequence (G, | @ < K) of conditions in P below q with
Ga Ik “@(%) > &” for all & < k. Then there is a 3”-superperfect embedding into T

Proof. Let y be P-name for an element of "k with 1p IF “(&,y) € [T]”. We in-
ductively define a 3F"-superperfect embedding ((t§,t5) | s € <"k) into T and a
sequence of conditions (ps | s € <"k) such that the following statements hold for
all 5,8’ € <Fk.

(a) If s C &', then py <p ps.

(b) ps I8 Ca AE Cy.

Assume that s € <"« with Ih(s) € Lim and we already constructed 5/, ;' and
Psta With the above properties for all o < lh(s). Then we let p, denote a condition
with p <p psjq for all o < 1h(s) and define ¢7 as in the last clause of Definition 3.18.

Now assume that we already constructed g, 7 and ps with the above properties
for some s € <Fk. By our assumptions, we can find an ordinal 1h(t§) < v < K
and sequences (t% € g | a < k,i = 0,1) and (p, € P | a < k) such that
P <p Dsy P IF 1§ C & ATY C 7 and to(7) # tg(y) for distinet o, B < k. Since k is
inaccessible, there is a 75 < v and an injection f: kK — k with tg(a) [ vs = tg(ﬂ) [ s
and tg(“) #+ t{;(ﬂ) for distinct «, 8 < k. Define t§ @ = t{(a) and pg~o = pf(q) for all
a<rkandi=0,1. O

Lemma 3.22. Let p € H(k) and & be a H(k)-name for an element of "r with
pl- “&2*h” If q is a condition in H(k) below p and B < k, then there is an
ordinal B <y < k and a sequence (¢, | @ < K) of conditions in H(x) below q such
that g IF “2(%) > & ” holds for all a < k.

Proof. Assume towards a contradiction that the above implication fails for some
q <m(x) p and 8 < k. Given an ordinal 8 < v < &, this assumption implies that
there is an o, < k such that r IF “&(%) < &,” holds for every extension r of ¢
in H(x) that decides #(y). This allows us to define a function g € "k such that
gl “d <*g”. If we define r = (t4,a, U {g}), then r is a condition in H(x) with
7 <m(x) ¢ and rIF 3 < g <* h”, a contradiction. O

The next lemma summarizes the above observations.

Lemma 3.23. Let p be a condition in H(k) with p IF “k is weakly compact”.% Then
the following statements are equivalent for every subtree T of <"k X <Fk.

(1) There is a 3*-superperfect embedding into T

(2) p[T] is not contained in a K, subset of "k in any generic extension of the
ground model V by a <k-closed forcing.

(3) p[T] is not contained in a K, subset of "k in any H(k)-generic extension of
the ground model V.

(4) pl- “3z € p[T] (z £* h)”.

(5) There is an H(k)-name & for an element of "k such that Ly, IF “& € p[T]”
and for all ¢ <g(.) p and B < k there is an ordinal B <y < K and a sequence

6Since H(r) is <k-closed, this assumption implies that x is weakly compact (and therefore
inaccessible) in V.
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(ga | @ < K) of extensions of q in H(k) such that qo IF “2(¥) > &” for all
a < K.

(6) There is a <k-closed partial order P and a P-name & for an element of "k
such that Ty F “@ € p[T]” and for all ¢ <p p and B < &, there is an ordinal
B < v < k and a sequence (¢, | @ < K) of extensions of q in P such that
ga IF “&(%) > & for all a < k.

Proof. The implications from (2) to (3) and from (5) to (6) are trivial. A combina-
tion of Lemma 3.22 and the maximality principle shows that (4) implies (5). The
implication from (6) to (1) follows from Lemma 3.21 and our assumption. More-
over, the implication from (1) to (2) follows directly from Corollary 3.20 and the
observation that a 3*-superperfect embedding into 7" remains 3F*-superperfect after
forcing with a <x-distributive forcing. Finally, assume that (3) holds and let G be
H(k)-generic over V with p € G. By our assumptions, & is weakly compact in V[G]
and p[T] is not contained in a K, subset of “«. In this situation, Lemma 2.6 shows
that p[T] is not eventually bounded in V[G], and thus there is an = € p[T] with
x £* hG. This shows that (4) holds in this case. O

Note that if  is an inaccessible cardinal, then the only implication in Lemma 3.23
requiring the assumption p I+ “ % is weakly compact” is (3) = (4).

We are now ready to prove Theorem 1.7 by combining all the previous results
from this section.

Proof of Theorem 1.7. Let
P= ((]f”<a |a < k), (P | a < k)

be the <k-support forcing iteration such that the following statements hold for all
a < A

(a) If avis even, then 15_ - P, = H(k)”.
(b) If o is odd, then 1z |- “P, = K(%&)”.
<a

We claim that there is an isomorphic copy P(x) of P_,.+ that satisfies the statements
listed in the theorem.

By Lemma 3.12, we know that for each o« < k™ the partial order I@<a is <k-
directed closed and x-Knaster, because it is a <x-support iteration of <x-directed
closed and strongly x-linked forcings. This shows that (1) of Theorem 1.7 is satis-
fied.

In order to show that also (2) of Theorem 1.7 is satisfied, it suffices to show
that each proper initial segment P_., of our iteration is a subset of H(x™) and
those initial segments are uniformly definable over (H(x™), €) in the parameter
because we can then replace ]f”<,$+ by an isomorphic copy P(x) that is a definable
subset of H(k1). Let a < xT such that P.5 C H(k") for every a < . If a € Lim,
then this assumption directly implies that @<a is a subset of H(k™"). Now assume
that instead « = a+ 1. If ¢ is a Ifﬁ<a—name for a condition in Iﬁa, then ¢ is
forced to be an element of H(x") and hence we can find an equivalent canonical
name (see | , Fact 3.6]) that is an element of H(xk"), because P4 satisfies
the x*-chain condition. This shows that also in this case P, C H(xT). Next,
note that the domains and the orderings of both K(*x) and H(k) are definable over

—

(H(x™T), €) by 31-formulas with parameter . Hence, P.,y1 is uniformly definable
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over (H(k1),€,P.y). This allows us to conclude that the initial segments of our
iteration are uniformly definable over (H(x™), €).

Finally, let us show that (3) of Theorem 1.7 is satisfied as well. Let G be P, -
generic over V. Given a < kT, let G, denote the filter on @<a induced by G, and
G denote the filter in PG« induced by G. Fix a subtree T C <Fx x <" in V[G]
such that in V[G] the set p[T] is not contained in a K, subset of " . Since P_,+
satisfies the xT-chain condition in V, there is an gy < £+ with T' € V[G,,]. We
distinguish two cases, depending on whether  is weakly compact in the forcing
extension or not.

First assume that x is weakly compact in V[G]. By Lemma 2.6, our assumptions
imply that p[T] is not eventually bounded in V[G]. Pick an even oy < o < ™. Then
we know that k is weakly compact in V|G, G*] and p[T] is not eventually bounded
in V[G,, G%], because V[G] is a forcing extension of V[G,,G*] by a <k-closed
forcing and both statements can be expressed by II; (hence downward absolute)
formulas over (H(x1), €). This shows that there is a condition p € G* C H(x)V[C-]
such that

plF “k is weakly compact A 3z € p[T] (z £* h)”

holds in V[G,]. By Lemma 3.23 there is a 3*-superperfect embedding into 7" in
V[G,], and this embedding remains 3*-superperfect in V[G]. By Proposition 3.19
we can conclude that in V[G] the set p[T] contains the body of a x-Miller tree,
which is a closed subset homeomorphic to “x by Proposition 2.11.

Now assume that r is not weakly compact in V[G]. Pick an odd ap < a < k™.
Since PG~ = K("k)VIGal and V[G] is a forcing extension of V[Gq, G?] by a <k-
closed forcing, Lemma 3.8 implies that (®x)V[¢el is a K, subset of “x in V]G], and
therefore p[T]VIGe! C p[T|VI¢]. By Lemma 3.11, it follows that in V[G,] there is
a 3”-perfect embedding into T', and this embedding remains 3*-perfect in V[G].
Hence by Proposition 3.10 the set p[T] contains a closed subset homeomorphic to
®2 in V[G]. Since k is not weakly compact in V[G], by Corollary 2.3 such a set is
also homeomorphic to "« in V[G] and we are done. O

3.3. The Hurewicz dichotomy in Silver models. A small variation of the
above argument allows us to also show that every X1 subset of "k satisfies the
Hurewicz dichotomy after forcing with Col(x, A) whenever A is an inaccessible car-
dinal greater than x (independently of whether  is weakly compact in the forcing
extension or not).

Theorem 3.24. Let k be an uncountable reqular cardinal, A > K be an inaccessible
cardinal and G be Col(k, \)-generic over V. Then in V[G] every X} subset of *r
satisfies the Hurewicz dichotomy.

Proof. Let T C <"k x <Fk be a subtree in V[G] such that p[T] is not contained
in a K, subset of “x in V[G]. Then there is a forcing extension W of V such that
T € W and V[G] = W[H] is a Col(k, A)-generic extension of W. First, assume
that & is not weakly compact in V[G]. Since (®x)W has cardinality » in V[G], our
assumption implies p[T]V € p[T]|VI%], and by Corollary 2.3 and Proposition 3.10
we can conclude that p[T] contains a closed subset homeomorphic to “ in V[G].
Now assume that  is weakly compact in V[G]. By Lemma 2.6, we know that
p[T] is not eventually bounded in V[G]. Then there are Hy, H; € V[G] such that Hy
is H(x)-generic over W, H; is Col(k, A)-generic over W[Hp] and V[G] = W[Hy, H4].
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Since V[G] is an extension of W[Hy] by a <k-closed forcing, we know that p[T] is
not eventually bounded in W[Hp]. In particular, there is an = € p[T]WIHol with
x L* hHo, By Proposition 2.11 and Lemma 3.23, p[T] contains a closed subset
homeomorphic to “x in V[G]. O

4. THE HUREWICZ DICHOTOMY AT ALL REGULAR CARDINALS

This section is devoted to the proof of Theorem 1.13: the class forcing P in
its statement will be just an Easton support iteration of the partial order given by
Theorem 1.7. We will first concentrate on the forcing preservation statements listed
in the theorem; actually, we will prove those statements for a larger and broad class
of forcing iterations.

In the following, we say that a class-sized forcing iteration

P=((P.q|aecOn), (P, |acOn))

is suitable if it has Easton support and satisfies the following statements for every
v € On.

(1) If v is an uncountable regular cardinal, then P, is forced to be a <v-directed
closed partial order satisfying the v -chain condition that is a subset of H(v1)
and uniformly definable over (H(v"), €).

(2) If v is not an uncountable regular cardinal, then ]P’l, is the canonical ﬁ<u—name
for the trivial forcing.

Lemma 4.1. Assume that the GCH holds. Let P be a suitable iteration. Given
a < B, we let P, gy denote the canonical P.o-name for the corresponding tail
forcing. The following statements hold for every uncountable regular cardinal 6.

(1) The partial order ﬁ<5 has cardinality at most 6 and @<5+1 satisfies the 6T -
chain condition.

(2) Ifa < 0, then P, is a subset of H(9) that is uniformly definable over (H(0), €)
in the parameter a. ) §

(3) If a >0, then Ig_,. I “Pptr,a) is <ot -directed closed”.

(4) Forcing with P preserves all cofinalities and the GCH.

Proof. The first two statements inductively follow from our assumptions as in the
proof of Theorem 1.7. The third statement is a consequence of the first statement
and | , Proposition 7.12].

Now, assume towards a contradiction, that forcing with P can change the cofi-
nality of a regular cardinal. Then there is a minimal cardinal v such that forcing
with ﬁ<u can change such cofinalities. By the first three statements, v is a limit
cardinal and forcing with v preserves cofinalities greater than (¥<") and less than
or equal to v. Hence v is singular and forcing with @<V can change the cofinality
of vT to some regular cardinal ¥ < v. By the third statement, this implies that
forcing with Iﬁ<,;+1 can change the cofinality of v*, a contradiction.

Finally, let v be an uncountable cardinal. Since @<a is o-closed for every ordinal
«, forcing with P preserves CH. If v is regular than the partial order @<V+1 has
cardinality v and satisfies the vT-chain condition. By the third statement, this
shows that forcing with P preserves the GCH at §. Now, assume that v is a singular
cardinal. Let G be ﬁ<y+1—generic over V and G be the filter on }f”< cof(v) induced
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by G. By the third statement, we have (©°)1)VI¢] C V[G] and this implies
(QV)V[G] _ (Vcof(u))V[G] < (Vcof(u))v[c';] _ (ZU)V[G] _ (V+)V[c';] _ (y—k—)V[G]’

because @<D+1 has cardinality less than v and forcing with ﬁ<y+1 preserves all
cardinals. 0

In the following, we consider generalizations of weak compactness motivated by
the definition of unfoldable cardinals in [ ]. Remember that, given a regular
cardinal &, a d-model is a transitive model of ZFC™ of cardinality ¢ that is closed
under <Jd-sequences.

Definition 4.2. Let 6 < pu < v be cardinals with g = p<#. We say that § is
(1, v)-supercompact if, for every p-model M there is a transitive model N and an
elementary embedding j: M — N with critical point é such that YN C N and
Jj(0) > v.

Note that, if the GCH holds, then we may assume that the model N has cardi-
nality T in the above definition by repeatedly forming Skolem hulls and closures
under v-sequences.

Given an ordinal 0, we say that a cardinal § < 0 is 0-strongly unfoldable if
for every d-model M, there is a transitive set N and an elementary embedding
j: M — N with critical point 0 such that Vo C N and j(J) > 6. A cardinal § is
strongly unfoldable if it is f-strongly unfoldable for all § > §. Note that #-strongly
unfoldable cardinals are weakly compact.

The following result due to Dzamonja and Hamkins shows that we can use the
above definition to characterize strongly unfoldable cardinals in models of the GCH.

Lemma 4.3 (| , Lemma 5]). A cardinal 6 is (6 4 1)-strongly unfoldable if and
only if it is (8, 3p)-supercompact.

Remember that, given cardinals § < u, we say that 0 is p-supercompact if there
is a transitive class M and an elementary embedding j: V — M with critical point
d such that #M C M and j(§) > pu. Moreover, the existence of such an embedding
is equivalent to the existence of a normal ultrafilter on P, ().

Proposition 4.4. Let § < p be cardinals with p = p<*. If § is p-supercompact,
then it is (u, p)-supercompact.

Proof. Fix a p-model M. Let j: V — W be a p-supercompact embedding. Then
F(M) is & j(u)-model in W and j(u) >  implies (“j(M))¥ € (#§(M))V C j(M).
We can conlcude that j [ M: M — j(M) is an elementary embedding with the
desired properties. O

Note that the above proof shows that § is also (u, u1)-supercompact in W.
Proposition 4.5. Let § < p be cardinals with 1 = p<% and 2* = pt. If § is
(,Lﬁ, ,u*)—supercompact, then it is p-supercompact.

Proof. Let 6 be a sufficiently large regular cardinal and X be an elementary sub-
model of H(f) of cardinality u such that X C X and p™ +1 C X. If we let
m: (X, €) — (M, €) denote the corresponding transitive collapse, then M is a u™-
model with P(Ps(r)) € M. By our assumption, there is a transitive model N and

an elementary embedding j: M — N with *" N C N and j(8) > pt. If we define
U={XCPs(p)|jlu] €i(X)},
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then the above computations imply that U is a normal ultrafilter on Ps(p) in V. O

Our next goal is to show that forcing with suitable forcing iteration preserves
(u, v)-supercompact cardinals. In the proof of the preservation lemma, we make
use of the notion of k-proper forcing introduced in | | (see | , Definition
12]) and related results proved in | , Section 4]. In addition to these results,
we need the following lemma.

Lemma 4.6. Let § be an uncountable cardinal with § = §<9. IfP is a partial order
satisfying the 67 -chain condition and Q is a P-name for a <61 -closed partial order,
then the partial order P x Q is §-proper.

Proof. Fix a sufficiently large regular cardinal # and an elementary submodel X of
H(#) of cardinality § with <°X C X, +1 C X and P x Q € X. Pick (po, do) €
(P+ Q)N X. Let (Dg | & < &) be an enumeration of all P-names for dense subsets
of Q contained in X. By our assumptions, there is a sequence (o | a < 5> of
P-names for conditions in Q contained in X such that 1p IF “goq1 € D and
Ip I-“gg <o Go” holds for all @ < f < §. Our assumption on Q imply that there
is a P-name ¢ for a condition in Q with 1p IF “g <p Go” for all @ < 4. In the
following, we will show that the condition (p, ¢) is (X, P x* Q)-generic.

Suppose that D € X is a dense subset of P Q. Let ((rg,33) | 8 < p) be an
enumeration of D in X. Define D = {(33,75) | 8 < p} € X. Then D is a P-name.

Claim 4.6.1. 1p |- “D is a dense subset of Q”.

Proof of the Claim. Let p be a condition in P and ¢ be a name for a condition in
Q. Then (p,q) is a condition in P+Q and there is a § < p with (rg, 53) < <pug (P:4)-
Then rg <p p, rg Ik %85 <o ¢”, and 1 IF “$5 € D”. This shows that the set

={reP|rlF“3dseD( < <o )"} is dense in P’ and this yields the statement of
the claim. g

By our construction, there is an o < § with D=D,.
Claim 4.6.2. The set
E={peP|3p<pp<prg AplF“da=353")}eX
is dense open below pg in P.

Proof of the Claim. Suppose that p1 <p po and let H be P-generic over V' with
p1 € H. Since ¢ € DH | there is a 8 < p with 75 € H and ¢ = s{f Hence, there
is a condition in £ N H below p;. (]

Let A € X be a maximal antichain in £ below py. Since PP satisfies that §-
chain condition, we have A C X. Suppose that G = Gy * G1 is P Q—generic over
V with (po,q) € G. By the above remark, there is a condition p € AN Go N X.
Then (p,13) € G and hence (p,¢) € G, because p <p po and (po,q) € G. Since
Ip IF“¢ <g da”, this implies that (p,¢s) € G. We have p € A C EN X and this
implies that thereisa § € XNd with p <p rg and p IF“¢, = 5g”. We can conclude
that (p, da) <p.o (rs,3s) € X and thus (rg,3s) € DNG N X. O

We are now ready to prove our large cardinal preservation result.



THE HUREWICZ DICHOTOMY FOR GENERALIZED BAIRE SPACES 25

Lemma 4.7. Assume that the GCH holds. Let P be a suitable iteration. If 6 is a
(1, v)-supercompact cardinal with v regular, then & remains (u, v)-supercompact in
every P-generic extension of the ground model.

Proof. Let G be P, -generic over V, My be a p-model in V[G] and & be a
Iﬁ<y+1—name for a subset of p coding My. Work in V and fix a sufficiently large
regular cardinal 8. We know that Iﬁ<,,+1 densely embeds into ]}_ﬁ<u+1 * P[u+1,u+1)
and, by Lemma 4.1, Lemma 4.6 and | , Fact 13], this implies that the partial
order P_,, 1 is p-proper. This allows us to find an elementary submodel X of H(6)
of cardinality p and conditions p,q € ﬁ<y+1 such that <*X C X, n+1 C X,
ﬁ,x',@<y+1 eX,q ST pand 7 € G is (X,Iﬁ<,,+1)—generic. Let m: (X, €) —
(M, €) denote the corresponding transitive collapse. Then M is a p-model and
our assumptions imply that there is a transitive model N of cardinality »* and an
elementary embedding j: M — N such that YN C N and j(§) > v.

Let ]ﬁl/-l-l denote the restriction of P to v+ 1. We define op =m(0), 0n = j5(0m),
vy = w(v) and vy = j(var). Moreover, set

@ = ﬂ(]ﬁu-l-l) = <<@<a | a < vyp+ 1>’ <Qo¢ ‘ a < VM>>
and . . . )
R=j(Q ={Rea | <vy +1),(Ra | @ < vy)).
By our assumptions, we have H(u)Y = H(u)™ = H(u)V and H(vT)V = Hr)V.
This implies that @<# = @<u = @<u and ﬁ<y+1 = I@Q,H.

Claim 4.7.1. (*N[G])VI¢! C N[G].

Proof of the Claim. Let x be a subset of v in V[G]. Then there is a I@Q,H—nice name
4 for x in V. Since ﬁ<u+1 satisfies the v*-chain condition in V, our assumptions
imply # € H(vT)¥ C N and this shows that z is an element of N[G]. Now, pick
z € ([N nOn]*)VI€l. Since P, satisfies the vT-chain condition in V, there are
Hye Vwithe CyC NNOn and f: y — v is a bijection. Our assumptions
imply f,y € N. By the above computations, f[z] C v is an element of N[G] and
this implies « € N|[G]. These computations show that ¥(N N On) C N[G] and this
yields the statement of the claim, because N[G] is a transitive model of ZFC™. O

By the above computations, the partial order Ry = R[Ci +1.6n)
in V[G]. Moreover, its power set in N[G| has cardinality at most v* in V[G].
This shows that there is an F' € V[G] that is Rg-generic over N[G]. Let H,
denote the filter on @<5N induced by G and F. By the above claim, we have
(¥ N[Ho)VI® € N[Ho).

By the definition of Pg, Lemma 4.1 and the above computations, we know that

R, = jo’v 41 18 <vt-directed closed in V[G]. Define G = 7[GN X]. Since ¢ € G

is X-generic, we know that G is @<1,M+1—generic over M. Moreover,

D= {7 [6n,vn +1)| 7€ jIG}
is a directed subset of Ry of cardinality v and we can conclude that there is a
condition 7 in R; such that m <g, 7 holds for all ¥ € D. The power set of R; in
N|[Hy) has cardinality at most v+ in V[G] and there is H; € V[G] that is Ri-generic
over N[Hy| with m € Hy. Let H be the filter on R, 11 induced by Hy and Hj.
Then another application of the above claim yields (*N[H])VI¢] C N[H].

is <vt-closed
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Pick 7 € G. Since the support of 7 in Q,,,4+1 below § is bounded, we have
Jj(@) 16=716,7(F) [ [0,0n) is trivial and 5(d) | [0n,vn +1) € D. This shows that
j(7) € H. In this situation, we can apply | , Proposition 9.1] to construct an
elementary embedding j.: M[G] — N[H]| extending j. By | , Lemma 19|, we
know that 2% = 7(#)¢ € M|[G] and this implies that M; is a y-model in M[G].
By elementarity, j(Mp) is a j(u)-model in N[H] and j(u) > j(x) > v implies that
(i (M))VICl C (¥5(My))NWH] C j(Mpy). We can conclude that 7, | Mo: My —
j(Mp) is an embedding with the desired properties.

The above argument shows that x remains (j, v)-supercompact in every P, -
generic extension. Since P[u+1,o¢) is a forced to be <v-closed for every a > v, this
conclusion implies the statement of the lemma. O

Corollary 4.8. Assume that GCH holds. IfIfﬁ is a suitable iteration, then forcing
with P preserves strongly unfoldable and supercompact cardinals.

We are now ready to prove Theorem 1.13 with the help of the above results and
Theorem 1.7.

Proof of Theorem 1.13. Assume that the GCH holds. We define a class-sized forcing
iteration P = ((P., | & € On), (P, | @ € On)) with Easton support by the following
clauses for all v € On.
(a) If 13_ IF “7 is an uncountable cardinal with 7 = <77 then P, is a P_,-
name for the partial order P(v) given by Theorem 1.7.
(b) Otherwise, P, is a P, -name for the trivial forcing.

It follows directly from the properties of P(v) listed in Theorem 1.7 that the
iteration P is suitable. Thus the above results show that P satisfies condition (1) of
Theorem 1.13. Let now V[G] be a P-generic extension of V, s be an uncountable
regular cardinal and G be the filter on ﬁ<n+1 induced by G. By the above remarks
and Theorem 1.7, every X1 subset of "k satisfies the Hurewicz dichotomy in V[G].
Since Lemma 4.1 implies that H(x) VIS = H(k) VIS, this shows that condition (2)
of Theorem 1.13 holds as well. O

5. CONNECTIONS WITH REGULARITY PROPERTIES

In this section we study the mutual relationships between the (various form of
the) Hurewicz dichotomy, the x-perfect set property, and some other regularity
properties. Our starting point is the following simple observation.

Lemma 5.1. Assume that all £1 subsets of ®k satisfy the Hurewicz dichotomy.
If A is a 31 subset of “r and C is closed subset of “r homeomorphic to "k, then
there is a closed subset D of C homeomorphic to "k such that either D C A or
AN D =1{. Hence the same conclusion is true for II} sets A C "k as well.

Proof. Assume that ANC does not contain a closed-in-"x subset homeomorphic to
the whole “k. Since by our hypothesis AN C must satisfy the Hurewicz dichotomy,
there is a K, set K C "k with ANC C K. Consider now the set C'\ K. Since it is
a X1 set, it satisfies the Hurewicz dichotomy as well. But C' cannot be contained
in a K, set by Fact 1.5, hence we can conclude that C' \ K contains a closed-in-*x
subset D homeomorphic to *«. Since D C C'\ K C C'\ A, we are done. O
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Recall from Definition 1.15 the notions of xk-Sacks measurability and x-Miller
measurability.

Theorem 5.2. Let k be an uncountable cardinal with k = k<%. Assume that every
31 subset of "k satisfies the Hurewicz dichotomy.
(1) If Kk is not weakly compact, then all £} and all TI} subsets of "k are r-Sacks
measurable.
(2) If k is weakly compact, then all 1 and all TI} subsets of *r are r-Miller
measurable.

Proof. Tt is clearly enough to consider the case of X} sets, so let A C *x be X1 and
T C <k be a subtree.

(1) Assume that k is not weakly compact and that T is perfect. Then [T] contains
a closed subset C' homeomorphic to “2 by Lemma 2.9, and Corollary 2.3 implies
that C is homeomorphic to “x. By Lemma 5.1 there is a closed subset D of C
homeomorphic to “x such that either D C A or AN D = (). Using Lemma 2.9
again, we get that there is a perfect tree S with [S] C D. Since [S] C [T] holds and
every node in S is extended by a x-branch through S, we can conclude that S is a
perfect subtree of T such that either [S] C A or AN [S] =0, as required.

(2) Assume that k is weakly compact and that T is a k-Miller tree. By Propo-
sition 2.11 the set [T] is homeomorphic to “x, hence Lemma 5.1 yields a closed
subset D of [T] such that either D C A or AN D = (). By Proposition 2.11 there is
k-Miller tree S with [S] C D, and hence arguing as above we can conclude that S
is a k-Miller subtree of T such that either [S] C A or AN[S] =0, as required. O

In the remainder of this section we use the forcing construction from Section 4
to separate the Hurewicz dichotomy, the k-Sacks measurability, and the x-Miller
measurability from the x-perfect set property.

Theorem 5.3. Assume V = L and let P be the class forcing constructed in the
proof of Theorem 1.13. If k is an uncountable regular cardinal, then there is a
subtree T of <"k such that in every @-genem‘c extension of V, the closed set [T
does not have the k-perfect set property.

Proof. Fix an uncountable regular cardinal x and assume that G is ﬁ<ﬁ+1—generic
over V.

Claim 5.3.1. There are S,T € V such that S is a stationary subset of x in V[G]
and T is a weak S-Kurepa tree in V|G|, i.e. T is a subtree of <*x such that [T] has
size k1 and |T'N *k| < |a| holds for all « € S.

Proof of the Claim. First assume that  is not ineffable in V (see | , Section
2]). By the results of | |, this implies that there is a slim k-Kurepa tree, i.e. a
subtree T of <*x with [T] of size Kt and |T' N “k| < |a| for all @ < k. Since forcing
with Iﬁ<n+1 preserves cardinalities, T is a slim k-Kurepa tree in V[G] as well.
Now assume that x is ineffable in V. Then x is a Mahlo cardinal in V and
[ , Proposition 7.13] shows that @<K satisfies the s-chain condition. Since P,
is a @<H—name for a <k-closed partial order, this implies that forcing with @<N+1
preserves stationary subsets of x and all cardinalities. By our assumptions, we can
apply the results of [F'I{, Section 3| to find a stationary subset S of k and a weak
S-Kurepa tree in V. Thus by the above remarks the statement of the claim holds
also in this case. g
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Let T be a subtree as in Claim 5.3.1. An easy argument (see for example | ,
Section 7]) shows that the closed set [T'] does not have the x-perfect set property
in V[G]. Hence by Lemma 4.1 we are done. O

Recall from Proposition 2.7 that when « is not weakly compact the x-perfect set
property implies (pointwise) the Hurewicz dichotomy. However, the next corollary
shows that the latter is really weaker: in fact we can separate the two properties
already at the level of closed subsets of “k.

Corollary 5.4. It is consistent with ZFC that for every uncountable reqular cardinal
Kk, all 21 subsets of "k satisfy the Hurewicz dichotomy while there are closed subsets
of "k without the k-perfect subset property.

Proof. Force over L with the class forcing P constructed in the proof of Theo-
rem 1.13: then the result follows from Theorems 1.13 and 5.3. [

As observed in the introduction, the k-perfect set property also implies (point-
wise) its symmetric version, namely the k-Sacks measurability. The following result
allows us to separate these two properties at the level of closed subsets of *x (for
a non-weakly compact cardinal k). Moreover, it shows that we can separate also
the x-Miller measurability from the k-perfect set property for x a weakly compact
cardinal.

Corollary 5.5. It is consistent with ZFC that for every non-weakly compact regular
cardinal r all X1 and all TI subsets of "k are k-Sacks measurable, for every weakly
compact cardinal x all 1 and all TI subsets of ©r are r-Miller measurable, while
for every uncountable regular cardinal k there are closed subsets of "k without the
K-perfect subset property.

Proof. Force again over L with the class forcing P constructed in the proof of
Theorem 1.13: the result then follows from Theorems 1.13 and 5.2. (I

Notice that if there are strongly unfoldable cardinals in L, then by Theorem 1.13
such cardinals remain strongly unfoldable (hence also weakly compact) in the
generic extension of L considered in the above proof. Thus our results show that the
possibility of separating the x-Miller measurability from the k-perfect set property
(for some uncountable cardinal k) is consistent relatively to some large cardinal
assumption: we do not know if such separation can be obtained from ZFC alone,
as it is already the case for the x-Sacks measurability.

6. FAILURES OF THE HUREWICZ DICHOTOMY

We show that the Hurewicz dichotomy fails above a regular cardinal u after we
added a single Cohen subset of u to the ground model.

Lemma 6.1. Assume that P is a partial order satisfying the r-chain condition such
that forcing with P preserves all k-Aronszagn trees. Let T be a P-name for a pruned
subtree of <®k such that

Ip - “T CV and [T} s k-compact”.

Then there is a pruned subtree T of <"k such that the closed set [T is k-compact

and 1p |- “[T] C [T] "
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Proof. We define

T={te<"k|IpePpl-“ieT)}.
Then T is a subtree of <"k of height x with 1p IF “p cT. Moreover, for every
s € T and every a < k, there is at € T with s C ¢ and 1h(¢) > a.

Claim 6.1.1. T is a s-tree.

Proof of the Claim. Assume, towards a contradiction, that there is an « < k with
|T'N k| = k. Let (t(a) | @ < k) be an enumeration of T'N *k. By Lemma 2.2, the
set D of all p € IP such that there is an 8, < x with

pIF“Vte TN 38 < B, (t=1(8))”

is dense in P. Let A be a maximal antichain in D. Since P satisfies thev/f—chain con-
dition, we have 3, = sup{3, | p € A} < k. But this implies 1p IF “#(b, +1) ¢ T,
a contradiction. O

Claim 6.1.2. T is pruned.

Proof of the Claim. Assume, towards a contradiction, that there is a ¢t € T with
N:N[T] = 0. Define Ty = {s€T | s CtVtC s} By the above remarks, T; is a
k-tree and our assumption implies that T} is a k-Aronszajn tree. Pick p € P with
plk“fe T” and let G be P-generic over V with p € G. Since T is pruned in V[G]
and t € TC, there is an = € [T%]VIS] with ¢ C 2. This implies z € [T3]V[¢) we can
conclude that T} is not a k-Aronszajn tree in V[G], a contradiction. O

Claim 6.1.3. T does not contain a x-Aronszajn subtree.

Proof of the Claim. Assume, towards a contradiction, that there is a k-Aronszajn
subtree S of T. By our assumptions, the set D of all p € P such that there is an
Bp < k with

plF“VYte SNT (Ih(t) < B,)”
is dense in P. Let A be a maximal antichain in D. Since P satisfies the k-chain
condition, there is an s € S with lh(s) > f, for all p € A. This implies that
Ip Ik« ¢ T”, a contradiction. O

Our definition directly implies 1p IF [T] C [T]” and Lemma 2.2 shows that the
closed set [T] is k-compact. O

Note that partial orders of cardinality less than x satisfy the assumptions of the
above lemma. We sketch an argument showing that, in general, the second assump-
tions of the lemma cannot be omitted: Suppose that G is Add(k, 1)-generic over V
and « is weakly compact in V[G]. By a classical argument of Kunen (see | D,
there is an intermediate model V.C W C V[G] such that there is a homogenous
k-Souslin tree S C <"k in W and V]G] is a forcing extension of W by the canonical
forcing that satisfies the x-chain condition and adds a x-branch through S. The
homogeneity of S in W implies that every node in S is extended by a k-branch
through S in V[G] and hence S is pruned in V][G]. Moreover, S is a k-tree without
k-Aronszajn subtrees and this shows that the set [S] is k-compact in V[G]. Assume,
towards a contradiction, that there is a pruned subtree T of <" in W such that [T
is k-compact in W and [S]VIC] C [T]VI¢]. By the above remarks, we have S C T
and we can conclude that [T is not k-compact in W, a contradiction.
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The next lemma deals with the question whether it is possible to have an infinite
cardinal g and an inner model M such that M contains all branches through a
perfect subtree of <#p and there is a subset of u that is not contained in M. This
question is closely connected to questions of Prikry (see | , Question 1.1]) and
Woodin (see | , Question 3.2]) and the results of | | and | |. The
following lemma shows that it is not possbile to obtain a positive answer to the
above question by adding Cohen-subsets to p.

Lemma 6.2. Let i be an infinite cardinal with = p<* and T be an Add(u,1)-
name for a perfect subtree of <Fu. If G is Add(u, 1)-generic over the ground model
V, then there is an x € [TC]VIC with = ¢ V.

Proof. In the following arguments, we identify Add(u,1) with the set <#2 ordered
by reverse inclusion. We inductively construct continuous inclusion-preserving func-
tions i: <F(p x 2) — <F2 and ¢: <F(p x 2) — <Fu with i(t) IF “i(f € T)” for all
te<F(ux2).

Set i(@) = ¢(). Since both functions are continuous at nodes of limit length,
we only need to discuss the successor step of the construction. Assume that we
already constructed i(t) and ¢(¢) for some ¢t € <#(u x 2). Let D; denote the dense
open set of all extensions p of i(¢) in Add(u, 1) such that Ih(p) > 1h(¢) and there are
5,19, 1 € <Fy such that p forces that s is a 2-splitting node in T above +(t) and the
pair (t°,#1) consists of distinct immediate successor of s in T. For each p € Dy, we
fix witnesses sp,tg,t; € <Fu. Let E; denote the set of all p € D; with p | a ¢ Dy
for all & < lIh(p). Then E; is a maximal antichain below i(¢) in Add(y,1). Fix a
surjection f;: k — Ey. Given a < p and k < 2, we define i(t™ (o, k)) = fi(@)"k
and ("™ (o, k)) = t’;(a). Note that the set {i(t"{(a,k)) | @ < p, k= 0,1} is also a
maximal antichain below i(¢) in Add(u, 1).

Claim 6.2.1. If o < p, then A, = {i(t) | t € *(p x 2)} is a maximal antichain in
the partial order Add(u,1).

Proof of the Claim. The above construction directly implies that A, is an antichain
for every a < p. Fix a condition ¢ in Add(u, 1) and o < p. By the above remark,
we can inductively construct continuous descending sequences (pg | § < «a) and
(gp | B < a) in Add(p, 1) with pg € Ag and g3 <pqa(u,1) Pg; ¢ for all B < . Then
Do 18 an element of A, compatible with q. ([

Claim 6.2.2. If a < p, then the set |J{Aps | @ < 8 < p} is dense in Add(u, 1).

Proof of the Claim. Pick a condition ¢ in Add(u,1) and 8 < p with «,lh(q) < 8.
By the above claim, there is a p € Ag compatible with g. Since we assumed that the
support of conditions in Add(yu, 1) is downwards-closed, we get p <aqq(u,1) ¢- O

Claim 6.2.3. If G is Add(u, 1)-generic over V, then there is an z € (“(u x 2))VI¢]
such that i(z | «) is the unique element in A, NG for every a < p.

Proof of the Claim. We inductively construct functions (f, | @ < p) such that
to € (1 X 2), i(ta) € Ao NG and tg C t, holds for all 8 < a < p. The successor
step directly follows from the above definition of the function 7. Hence we may
assume that o € Lim Ny and there is a function ¢ € *(p x 2) such that the sequence
(t ] BB < «) satisfies the above properties. By the continuity of 4, the condition
i(t) € A, is the greatest lower bound of the descending sequence (i(t | 3) | 8 < «)
of conditions in G' and therefore this condition is also an element of G. (]
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By Claim 6.2.3 there is an Add(u,1)-name g for an element of [T] with the
property that, whenever G is Add(yu, 1)-generic over V, there is an z € (#(ux2))VIC]
with i(z [ @) € Ao NG and «(z | @) C y© for all a < . Moreover, if t € <F(u x 2),
a < pand k < 2, then i(t™{a, k)) IF“ E}i(a) Cy”.

Claim 6.2.4. If G is Add(p, 1)-generic over V, then y¢ ¢ V.

Proof of the Claim. Assume towards a contradiction that there are ¢ € Add(u, 1)
and y € #p such that ¢ IF “y =g¢”. By the above claims, there is a function
t € F(u x 2) with i(t) <aqa(u,1) ¢ Then there is a k < 2 with tiﬁt(o) ¢Z y and
by the observation preceding this claim we get i(¢t~(0,%)) IF f}i(o) Cy=9", a
contradiction. g

Claim 6.2.4 shows that x = § is as required, hence we are done. ([l

Note that a similar argument shows that every u-Miller tree in an Add(u,1)-
generic extension contains a cofinal branch that eventually dominates every element
of #u from the ground model.

Remember that, given an uncountable cardinal §, an inner model M has the
d-cover property (see | |) if every set of ordinals of cardinality less than ¢ is
covered by a set that is an element of M and has cardinality less than § in M. The
following lemma shows that a construction used in the proof of [LS, Theorem 7.2]
can also be used at higher cardinalities.

Lemma 6.3. Let p be an infinite cardinal with p = p<* < k and M be an inner
model with the u™-cover property. Define S to be the subtree (SHu)™ of <Fu and
T to be the subtree (<"k)™ of <®k. If T contains a perfect subtree, then S contains
a perfect subtree S, with [S.] C M.

Proof. Assume that T contains a perfect subtree. Then we can construct a continu-
ous strictly increasing function c¢: 4+ 1 — x and a continuous inclusion-preserving
injection +: <#2 — T such that 1h(c(s)) = c(lh(s)) holds for all s € dom(¢). By our
assumptions, we have ut = (u)M cof(c(u))™ = u and there is a set C € M with
C C c(p), c[u] € C and |C|M = p. Moreover, there is a D € [#2]* such that for
every s € #2 and every v € C, there is a t € D with ¢(s) [ v C t. Using an enumer-
ation of (“Wg)M in M, we find D € M with D C (“Wg)M D C D and |D|M = p.
Work in M and pick a strictly increasing sequence (v, | @ < u) of elements of C
that is cofinal in c(u). Given @ < p, pick an enumeration (t3 | 8 < ) of the set
{t [ 7o | t € D}. This allows us define a function

h: D —Fu:t— h(t),

where h(t)(a) = min{3 < p [ t3 C t} for each a < p.

Now work in V. Then the function i = hov: #2 — #p is an injection with
ran(i) C [S]M C [S]. Pick s € #2, a < p and . < p with 7, < c(aw). If 8" € #2
with s [ a, = ¢ | o, then «(s) | 7o = t(s') | 7o and we can conclude that
i(s) | (a+1) =i(s") [ (a¢+1). This shows that the function 7 is continuous and we
can apply Corollary 2.10 to derive the statement of the lemma. (]

Theorem 6.4. Suppose that p = p~* and G is Add(u, 1)-generic over V. If k > p
is a cardinal with k = k<%, then (*k)V is a closed subset of "k in V|G| that does
not satisfy the Hurewicz dichotomy.
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Proof. Let u be a cardinal with u = p<* < k and G be Add(u, 1)-generic over V.
Set S = (<*k)V. Since Add(u,1) has cardinality less than x, we know that S is
a pruned tree with [S] = (*x)V in V[G]. In particular, (“x)V is a closed subset
of "k in V[G]. Assume towards a contradiction that the closed subset [S] satisfies
the Hurewicz dichotomy in V[G]. Since V has the u*-cover property in V[G], we
can combine Lemma 6.2 and Lemma 6.3 to conclude that S contains no perfect
subtree in V[G]. Thus [S] cannot contain a closed copy of "+ by Lemma 2.9, and
hence by the Hurewicz dichotomy it is (contained in) a K, subset of "« in V[G].
In this situation, Lemma 6.1 shows that the ground model V contains a sequence
(T, | a < k) of pruned subtrees of <* such that [S] = (*x)Y C U{[T.]VI | a < &}
and [T,] is k-compact in V for all @ < k. But this would imply that in V the whole
r is a K, subset, contradicting Fact 1.5. Note that the fact that [S] = ("k)V
cannot be a K, subset of ®k in V[G] can also be proved directly without using
Lemma 2.9: in fact, it is enough to observe that (“x)V is unbounded in the forcing
extension (because the forcing is small) and then use Lemma 2.6. 0

We close this section with an observation motivated by the above constructions.

Proposition 6.5. If there is a pruned subtree S of <"k such that [S] does not
satisfy the Hurewicz dichotomy, then there is a superclosed subtree T of <"k such
that the closed subset [T does not satisfy the Hurewicz dichotomy.

Proof. Set 0S ={te€ <"k |t ¢ SAVa <lh(t)(t | a € S)} and
T=SU{t0®ec<rk|secdSAa<r},

where 0(%) is the sequence of length « constantly equal to 0. Then T is a superclosed
tree such that [S] C [T] and every branch in [T] \ [S] is isolated in [T]. This shows
that [T] is not a K, subset of ®x and every closed subset of [T] without isolated
points is contained in [S]. Thus since “x has no isolated point the closed set [T]]
cannot satisfy the Hurewicz dichotomy. O

7. FAILURES OF THE HUREWICZ DICHOTOMY IN L

In this section, we work in Go6del’s constructible universe L and modify a con-
struction of Friedman and Kulikov from [FX] to obtain closed counterexamples to
the Hurewicz dichotomy at every uncountable regular cardinal. These counterex-
amples will be of the form [T] for T C <"k as in the following proposition.

Proposition 7.1. Let T C <*k be a pruned subtree with the following three prop-
erties:

(1) T does not contain a perfect subtree;

(2) the closed set [T] is k-Baire, i.e. if (Dy | & < K) is a sequence of dense open
subsets of [T'] then there is x € [T] with x € (), ., Do (equivalently: T is not
Kk-meager, i.e. it is not a union of k-many nowhere dense sets);

(3) every node in T is k-splitting.

Then the closed set [T] does not satisfy the Hurewicz dichotomy.

Proof. Assume towards a contradiction that [T] satisfies the Hurewicz dichotomy.
Since T does not contain a perfect subtree by (1), by Lemma 2.9 the set [T] does not
contain a closed subset homeomorphic to “x. Hence there is a sequence (T, | a < k)
of subtrees of T such that [T] = | J{[Ta] | @ < £} and the set [T,,] is k-compact for
every a < k. Since [T] is k-Baire by (2), there is an o, < k such that the interior
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of [T,,.] in [T] is nonempty, and thus there is a node t. in T with Ny, N[T] C [Ta,].
By (3), t. is a k-splitting node of T', and every direct successor is extended by an
element of [T]N Ny, C [T,.]. This allows us to construct an open covering of the &-
compact set [Ty, ] without a subcover of cardinality less than &, a contradiction. O

Theorem 7.2. Assume V = L. If k is an uncountable regular cardinal, then there
is a closed subset of ®r that does not satisfy the Hurewicz dichotomy.

Proof. Fix an uncountable regular cardinal k. It is enough to construct a pruned
subtree T' C <k satisfying conditions (1)—(3) of Proposition 7.1.

If k = pu* for some cardinal pu, then set v = cof(11); otherwise, set v = w. Define
a function

F:{t € <"k |1h(t) € Lim, cof(Ih(t)) = v} — &
by setting
F(t) = min{a < s | Ih(t) < a, ran(t) C o, Ly = ZFC™, cof(Ih(t))™ = v}.
for all ¢ € dom(F). Finally, set
T={te<~"rn|Va<lh(t) (t] a€dom(F)=1t|a€cLpy)}

Then T is a subtree of <"k of height x. Moreover, T is pruned: if ¢ € [T] and
x € "k with ¢t C z and z(a) = 0 for all 1h(t) < a < &, then x € [T].

Claim 7.2.1. The tree T does not contain a perfect subtree, and thus satisfies
condition (1) of Proposition 7.1.

Proof of the Claim. Assume, towards a contradiction, that T contains a perfect
subtree. By Lemma 2.9, we can find a continuous inclusion-preserving injection
t: <*2 — T. We inductively construct a strictly increasing continuous sequence
(Ap | p < v) of ordinals contained in the interval (v,x) and injective functions
(ept [le<,Ae = ="2 | p < v) such that the following statements hold for all
ﬁ<p<uandeH§<p)\§.

(a) sl | 7) C epla).
(b) A < Ih((10¢p)(x [ ) < A

(c) ran((toez)(x [ p)) C Ap.

(d) If  is an inaccessible cardlnal then A, is a cardinal.

Given p < v, assume that we already constructed the sequences (A5 | p < p) and
(ept [le<; Ae = =72 p < p) with the above properties. If p € Lim, then we define
Ap =Supsc, Ap and e,(2) = U, e5(z | p) for all z € [, Ae. Now, assume that
p = p+ 1. Since the GCH holds and p < v, the product H£<p A¢ has cardinality
less than x and there is a A\, with 1h((¢oe5)(x)) < A, and ran((c 0 e5)(z)) C A, for
all z € H€<p A¢. If K is inaccessible, then we find a cardinal A, with this property.
Pick y € [[¢,A¢. Then there is an s € <2 with e;(y) C s and lh(s) > A;. Given
a < \j, define e,(y ™ (a)) = sq, where s4: 1h(s) + A\; — 2 is the unique function
with s C s, and s4(lh(s) + ) =1 <— o = § for all B < A\;. This completes the
construction of the sequences.

Definei =t1o0e,, A = A, and

N =min{a < k| A <a, Ly = ZFC™, cof(\)" = v},

Then the above construction ensures that ¢ is an injection of Hg <p A¢ into T'N AN
and (Foi)(xz) = A" for all z € [, A¢. In particular, ran(i) C Ly~
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If k is an inaccessible cardinal, then A is a singular strong limit cardinal of
countable cofinality and
AT =2%= =

1>

nw

<Ly

a contradiciton. In the other case, if there is a cardinal p such that k = p™, then

HZQ'MZ H)\{ S ‘L)\*
E<v

= p <K,

a contradiciton. O

Claim 7.2.2. The set [T] is k-Baire, and thus satisfies condition (2) of Proposi-
tion 7.1.

Proof of the Claim. Assume, towards a contradiction, that there exists a sequence
D = (D, | a < k) of dense-open subsets of [T such that Na<w Da = 0. Let D
denote the <p-least such sequence and define D, = {s € <*2 | N;N[T] C D,} for
every a < k. Pick a sufficiently large n < w. The existence of X,,-definable ¥,,-
Skolem functions in L.+ (see | , Section 3]) implies that there is a continuous
sequence (M, | a < k) of ¥, -elementary submodels of L.+ of cardinality less than
k and a strictly increasing continuous sequence (k, < k | @ < k) of ordinals such
that ko, = kN M, for all & < x and the function that sends « to M, is X,,-definable
in (Ly+,€). Given o < K, let mo: M, — Ls, denote the corresponding transitive
collapse. By the above choices, we have k,v, F,T € My and hence

TN<F2 (DN < 2| B < ky) € Ls,

for every a < k. Moreover, k. is a regular cardinal in Ls, and hence we have
a < Ky < 0o < F(t) for every t: kg — k.

We inductively construct a strictly increasing sequence (¢, | & < k) of nodes in

T such that the following statements hold for all a < k.
(a) to ES @
(b) tas1 is the <y-least element ¢ of D, with 1h(t) > k.
(¢) If a € Lim, then t, = J{ta | @ < a}.

Let @ < & and assume that we already constructed a sequence £ = (t5 | @ < a)
with the above properties. Since Ny N[T] # () for every t € T, we may assume that
« is a limit ordinal of cofinality v. By the above assumptions, we have a < k, =
kN M,, the function

g: k= K: = kg
is definable in M, and the sequence (Dg | B8 < k) is an element of M,. This
allows us to conclude that the sequence ¢ and the function to = (J,., ts are both
definable in (Ls_, €). In particular, ¢, is an element of L; and a node in T'.

If we define x = |J{to | @ < K}, then = € [T] with « € D, for every a < &k, a
contradiction. (]

By the definition of T, if ¢ is a node in T, then t"« € T for every a < k. In
particular, every node in T is s-splitting and thus T satisfies also condition (3) of
Proposition 7.1. This concludes our proof. g
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8. CONCLUDING REMARKS AND OPEN QUESTIONS

In [Sch], the third author shows that if A > & is an inaccessible cardinal and
G is Col(k, \)-generic over V, then every subset of "k definable from ordinals and
subsets of x has the k-perfect set property in V[G]. In particular, if x is not weakly
compact in V[G] then every subset of “k definable from ordinals and subsets of
 satisfies the Hurewicz dichotomy. In the light of the results of this paper, this
consistency result leads to a number of interesting questions. First, we ask whether
the use of an inaccessible cardinal is necessary.

Question 1. If the Hurewicz dichotomy holds for II} subsets of "k (i.e. comple-
ments of X1 subsets), is there an inner model with an inaccessible cardinal?

Note that in the classical case, we can construct a model in which all 31 subsets
of “w satisfy the Hurewicz dichotomy without large cardinals by iterating Hechler
forcing wi-many times. Next, we ask whether the conclusion of Theorem 3.24
extends to all definable subsets of “k.

Question 2. If A > k is an inaccessible cardinal and G is Col(k, \)-generic over
V such that k is weakly compact in V[G], does every subset of *r in V|G| that is
definable from ordinals and subsets of k satisfy the Hurewicz dichotomy?

As we already observed, at non-weakly compact cardinals the Hurewicz di-
chotomy is a consequence of the k-perfect set property, but it is not clear whether
this implication might fail at weakly compact cardinals.

Question 3. Is it consistent that there is a weakly compact cardinal k such that
all 31 subsets of "k have the k-perfect set property but there is a closed (or even
just X1) subset of “r that does not satisfy the Hurewicz dichotomy?

By Theorem 5.2, if x is weakly compact then the Hurewicz dichotomy for X}
subsets of “k implies that these subsets are k-Miller measurable.

Question 4. If k is not a weakly compact cardinal, does the assumption that all
31 subsets satisfy the Hurewicz dichotomy imply that these subsets are r-Miller
measurable?

We also ask about the converse.

Question 5. Is it consistent that all 31 subsets of "k are k-Miller measurable and
there is a X1 subset that does not satisfy the Hurewicz dichotomy? Can such a k
be weakly compact?

It was mentioned in Section 1 that the strong Hurewicz dichotomy for 3! subsets
of “k provably fails for weakly compact k. In the light of | , Theorem 21.18],
it is also interesting to consider the following weakening of Definition 1.8.

Definition 8.1. Given an infinite cardinal x, we say that a subset A of “x satisfies
the relativized strong Hurewicz dichotomy if either A is a K, subset of “k or A
contains a relatively closed (that is, a closed-in-A) subset homeomorphic to *k.

Note that the constructions of Sections 6 and 7 also show that consistently there
are closed counterexamples to the relativized strong Hurewicz dichotomy: in fact,
for closed sets the latter is clearly equivalent to the strong Hurewicz dichotomy.
Moreover, Theorem 1.9 already shows that if x is not weakly compact, then the
relativized strong Hurewicz dichotomy can be forced to hold for all X1 subsets of
"K.
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Question 6. Is it consistent that for some weakly compact k the relativized strong
Hurewicz dichotomy holds for all £1 subsets of ©r?
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