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AMERICAN MATHEMATICAL SOCIETY
Volume 305, Number 1, January 1988

THE IDEAL STRUCTURE OF CERTAIN
NONSELFADJOINT OPERATOR ALGEBRAS

JUSTIN PETERS

ABSTRACT. Let (X, ¢) be a locally compact dynamical system, and Zt x4
Co(X) the norm-closed subalgebra of the crossed product Z x4 Co(X) gener-
ated by the nonnegative powers of ¢ in case ¢ is a homeomorphism. If ¢ is
just a continuous map, Zt X4 Co(X) can still be defined by a crossed prod-
uct type construction. The ideal structure of these algebras is determined in
case ¢ acts freely. A class of strictly transitive Banach modules is described,
indicating that for the nonselfadjoint operator algebras considered here, not
all irreducible representations are on Hilbert space. Finally in a special case,
the family of all invariant maximal right ideals is given.

I. Introduction.

I.1. Nearly twenty years ago Effros and Hahn [5] investigated the primitive ideal
structure of certain C*-crossed products, and their results have been extensively
generalized in recent years. However, the study of nonselfadjoint subalgebras of
C*-crossed products is much more recent, and yet the same questions regarding
the interplay between topological dynamics and ideal theory can be asked in the
nonselfadjoint case as well. For example, if X is a locally compact metric space,
¢ a freely acting homeomorphism of X and o the corresponding automorphism of
Co(X), a(f) = f o ¢, then the primitive ideals of the C*-crossed product Z X,
Co(X) correspond naturally with the space of “pseudo orbits”, or orbit closures
{¢"(z): n € Z} (z € X). Denote by Z* X, Co(X) the closed subalgebra of Z X,
Co(X) generated by the nonnegative powers of the automorphism. What can be
said about the primitive ideals of this algebra? Unfortunately, it seems that knowing
Prim(Z x ,Co(X)) shed no light on this problem. Inherent in this problem is the fact
that Z% x4 Cp(X) is not. a star-algebra. And although the norm in Z% x4 Cp(X) is
defined by means of Hilbert space representations, it turns out that the irreducible
representations are not necessarily realizable in Hilbert space.

While for (separable) C*-algebras, the primitive and prime ideals coincide, for a
Banach algebra that need not happen. Returning to the algebra Z* x, Co(X), we
obtain results similar to those of Effros-Hahn for C*-crossed products, but which
require some topological dynamical refinements. For z € X, let 0% (z) be the
forward orbit {¢™(z): n =0, 1,...}. For example, the prime ideals of Z* x Cp(X)
correspond to {O1(z): z is a recurrent point}. (Theorem IIL10; cf. II. 8, II. 9 for
definitions.)
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I.2. Notation. The framework of our results is actually somewhat more general
than that alluded to above. Let X be a locally compact metric space; instead of
requiring a homeomorphism for the dynamics, we only require that ¢: X — X be
a continuous and proper surjection. That gives rise to a continuous injective (star)
endomorphism a of Co(X), a(f) = f o ¢. Let U be an operator defined formally
by the condition fU = Ufo ¢, f € Co(X), and denote by K(Z*,Co(X)) the
associative algebra over the complex field generated by U and Co(X). A typical
element F of this algebra will have the form F = fo + U fy +--- + U™ f,, for some
nonnegative integer n and functions fo, f1,. .., fn € Co(X). Let I be the space of
square summable sequences £ = (£,)%%q, & € C, [|€]l2 = (o2, 1€x1?)/2, and,
for each z € X, let TI, denote the representation of K(Z*,Co(X)) in B(IJ) given
on the generators by

I (f)€ = (f ()0, f 0 $(2)&1, [ 0 $*(2)&2, - ..),

and

HI(U)f = (07 €0v Ela €2a .- )

A norm can be defined on K(Z%,Co(X)) by ||F|| = sup{||lIz(F)|: = € X}. The
completion of K(Z%,Cy(X)) with respect to this norm is called the semicrossed
product of Co(X) with ¢, and is denoted by Z1 x4 Co(X).

To F € 2% x4 Co(X) there corresponds, formally, a unique series Y .o o U™ f,
(fn € Co(X)) (see IIL.3), called the Fourier series of F; the f, are called the
Fourier coefficients. Although the partial sums of Zf:o U™ f,, may not converge,
it is Cesaro summable to F [11, I1.2, Remark]. For convenience we will often write
F=%2,U"fn.

1.3. Contents. S§II contains examples and notions from topological dynamics
which will be used later. The ideal structure of Z* X ,Co(X) is determined in §III for
a free dynamical system (X, #). §IV concerns the conjugate space of Zt x4 Co(X).
A partial classification of irreducible Banach modules of Z* x4 Co(X) is presented
in §V, and some related questions are discussed.

II. Topological dynamics.

I1.1. By a dynamical system (X, ¢) we mean a locally compact metrizable space
X together with a continuous and proper surjection ¢: X — X. (Recall that a map
¢ is proper if the inverse image ¢! (K) is compact for every compact K C X.) Let
a be in the injective endomorphism of Co(X), a(f) = fo ¢.

I1.2. DEFINITIONS. If (X, ¢), (Y,%) are dynamical systems, (Y, %) is a factor of
(X, @) if there is a continuous and proper surjection p: X — Y with 9pop = po¢. We
also say that (X, @) is an eztension of (Y, ). By a covering system for a dynamical
system (X, ¢) we mean an extension ()Z' , ¢~>) such that ¢ is a homeomorphism and
if (X1, #1) is any other extension of (X, @) with ¢; a homeomorphism, then ()~( , d;)
is a factor of (X1, ¢1). (This terminology is nonstandard.)

Although the existence of covering systems for dynamical systems is not new, it is
perhaps worth noting that it follows from a general principle concerning extendabil-
ity of endomorphisms. By Proposition 1.8 of [11], if  is an injective endomorphism
of a C*-algebra 2, there is a C*-algebra B containing 2 as a subalgebra, and an
automorphism # of B such that a(z) = B(z), ¢ € A. Furthermore it follows (from
the proof) that (8, 8) can be chosen so that |J,,,o 67" (%) is dense in B and hence
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B is commutative if % is. So if A = Cy(X), B = Co(X), B(f) = f o ¢ for some
homeomorphism ¢ of X (f € Cy(X)). If j: A — B is the inclusion, take p to be the
transpose restricted to the extreme points of the probability measures on X. It is
not hard to verify that (X, ) is a factor of any extension (X1, ¢1) of (X, ¢) where
¢1 is a homeomorphism. Thus (X , ¢~$) is a covering system of (X, ¢).

Now we recall some standard terminology from dynamical systems. Let (X, ¢)
be a dynamical system and z¢ € X. The point z¢ is said to be recurrent if, for any
neighborhood V' of zg, there is an integer n > 1 with ¢"(z) € V. (Definition 1.1
of [6].) A subset § C {0,1,2,...} = Z" is called syndetic if there is a finite set
7 C Z% such that § +F = Z*. zq is called almost periodic if for any neighborhood
V of 29, {n € Z%: ¢"(z0) € V} is syndetic. (Some authors, e.g. [6], call this
property uniform recurrence.) A subset A C X is called a wandering set if the sets
A, ¢71(A), 72(A),... are pairwise disjoint. A point zo € X is a wandering point
if z¢ has an open neighborhood which is a wandering set. If Y C X is closed and
dY)=Y,(Y,¢|y) (or simply (Y, ¢)) will be referred to as a subsystem of (X, ¢).

As these concepts will be fundamental to the next section, it is appropriate to
give some examples here.

EXAMPLE I1.2. Fix an orthogonal coordinate system and a unit length in the
Euclidean plane R2. Let X, be the circle in R? centered at (0,n + 1/n) with
radius n, and R = {(z,y): y = 0}. Set X =, X, UR, and give X the topology
induced from R2. Define a homeomorphism ¢: X — X as follows: for each n, ¢
maps X, onto itself by counterclockwise rotation through an arc of unit length;
¢ maps R-to R by ¢(z,0) = (z + 1,0). Since ¢ rotates X,, through an irrational
angle, the forward orbit {¢*(zg): k = 0,1,...} of any zg € X, is dense in X,
and z¢ is almost periodic. Since every point (z,0) € R is a limit of points of X,
(n 1 o0), the almost periodic points of X are dense. Although the system (X, )
has no wandering points, every point of the subsystem (R, ¢) is a wandering point
of the subsystem (R, ¢).

I1.3. Here we will construct a dynamical system (X, #) with X compact, ¢ non-
invertible, such that the recurrent points of X form a dense subset and such that
no recurrent point, with the exception of a single fixed point, is almost periodic.

Let A be a finite alphabet and ¢ be the backward shift on AZ" . thus, ¢(w) = o',
where w'(n) = w(n +1). A word w € AZ" is recurrent, iff w has the form

(¥) [(aw™ a)w® (awV a)]w®[(awMa)w® (awVa)] - - -

where a € A and w(!), w(? WG | are words of finite length [6, Proposition 1.10].
In this example we take A = {0,1}, a = 1, and w(™ to be the word consisting of
a block of n zeros. Let w have the form (x), and set X = Ot (w)~; that is, X is
the closure in AZ” of the forward orbit 0+ (w) = {w, ¢(w), #*(w), ...}, and (X, ¢)
is a subsystem of (Az+,¢). Set wg = (0,0,0,...). Then wy € X; indeed, let I, be
the number of letters which precede the first letter of (the first occurrence of) the
word w(™ in w. Clearly, ¢ (w) — wp. Next we show that wp is the only almost
periodic point of X. For suppose w; # wy is another almost periodic point of X,
and let n be a word (of finite length) in w; such that not all the letters of n are
zero. Now the occurrences of 7 in w; form a syndetic set [6, 1.22]; let d(n) be the
maximum difference between successive terms of this set. Specifically, let § C Z+
be defined as follows: n € § iff wy(n) is a letter in (some occurrence) of 7 in wy.
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So if § = {n1,ng,...}, set d(n) = max{ng41 — ng, k = 1,2,...} which is finite
since § is syndetic. If {(n) is the length of  (i.e., the number of letters in %),
set p = l(n) + d(n). Then any subword of w; of length at least p must contain 7.
For any n > 1, write ¢"(w) = (w',w"), where either v’ is the empty word or else
w’ = (0,0,...,0) consisting of all zeros, and w” = (1,0,...). We claim that ¢"(w)
(n > 1) cannot agree with w; in the first 2p + I, letters. If the length of w’ is at
least p, this is obvious. So suppose w’ has length less than p. The number of letters
which precede the first occurrence of a word w(*) in w”, for some k > p, is at most
lp. This fact is an immediate consequence of the form (%) of w. Thus, the first {,+p
letters of w” contain a block of p zeros, and hence ¢"(w) cannot agree with w; in
the first [, + 2p letters. Thus there is no sequence {ng} such that ¢™*(w) — wy, so
Wi ¢ X.

As w is recurrent and O (w) is dense in X, the set of recurrent points is dense
and there are no wandering points. In fact, the set of recurrent points of (X, ¢) is
residual [6, Theorem 1.27].

I1.4. EXAMPLE. This is an example of a dynamical system (X, ¢;) with X,
compact, ¢; a homeomorphism, and such that the set of almost periodic points of
X is not dense.

Let (X, ¢) be the dynamical system constructed in the previous example, and
let (X1,¢1) be a covering system of (X,4). If z; € X, is almost periodic and
p: X1 — X is a continuous surjection with ¢ o p = po ¢; then p(z;) is an almost
periodic point of X. Since the only periodic point of X is the (fixed) point wg,
it follows that any almost periodic point of X; is contained in the inverse image
p~}{(wp), and in particular such points are not dense in X;.

I1.5. Let (X, ¢) be a dynamical system. In {11] a point 2o € X was called
nearly recurrent if for every neighborhood V of zg there is a point z; € V such
that {n: ¢"(z1) € V} has infinite cardinality. o was called nearly periodic if, for
every neighborhood V' of z, there is a point z; € V such that {n: ¢"(z,) € V} is
syndetic.

PROPOSITION. Let (X, ¢) be a dynamical system. Then

(a) If the set of wandering points of X is empty, then the set of nearly recurrent
points of X is the closure of the set of recurrent points;

(b) The set of nearly periodic points of X is the closure of the set of almost
periodic points.

PROOF. (a) Since the set of nearly recurrent points is a closed invariant set whose
complement is the set of wandering points, by hypothesis all points of X are nearly
recurrent. If X is not compact, replace (X, ¢) by (X1, ¢1), where X; = X U {oo}
is the one point compactification of X, and ¢;(z) = ¢(z), z € X, ¢1(00) = o0.
Since ¢ is onto, so is ¢;. To see ¢; is continuous, let =, — oo. If ¢(z,) did not
approach oo, there would be a compact set K, an integer N and a subsequence
(2n;) such that ¢(z,;) € K, n; > N. But since ¢ is proper, ¢~!(K) is compact,
and z,; € ¢~1(K), nj > N, a contradiction. Now by [6, Theorem 1.27], the set of
nonrecurrent points is residual.

(b) Let o € X be nearly periodic and V be a compact neighborhood of zg.
By definition, there is a point z; € V such that the set S = {n: ¢"(z;) € V} is
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syndetic. If § = {nx}$2,, let d = max{ng41 — nk: k > 1} < co. Then OF(X;) C
U‘;=0 ¢~ (V) =W. Indeed, if m > 0, let n > m such that n—m < dand n € §.
Then

¢™ (1) € o~ (¢ (11)) C STV C W

Since W is compact, Ot (z;) C W. By a theorem of Auslander and Ellis applied to
the compact dynarmical system (Y, ¢}, Y = O+m, Y contains an almost periodic
point, say yo [6, Theorem 8.7). Thus yo € ¢~ ¥(V) for some k, 0 < k < d. Since yp is
almost periodic, so is every point of O (yo), in particular ¢*(yo). As ¢*(yo) € V,
and V was an arbitrary compact neighborhood of zy, it follows that the almost
periodic points are dense in the nearly periodic points.

In the context of group actions, Gottschalk and Hedlund have used the term
regionally recurrent for what we have called nearly recurrent (7, 7.17]. Thus, if
we were considering group actions instead of the semigroup Z%, part (a) of the
proposition would follow from (7, Theorem 7.20].

11.6. There is a mistake in the proof of part (ii) of Theorem IV.1 of [11], and
the “iff” in that statement should be replaced by “if”. The question of necessary
and sufficient conditions on the dynamical system for the semicrossed product to
be semisimple is still open.

THEOREM. Let (X, ) be a dynamical system, and A = Z x4 Co(X) the asso-
ciated semicrossed product. Then

(i) A 1s semiprime iff the recurrent points of (X, ¢) are dense;

(i) A is semisimple if the almost periodic points of (X, ¢) are dense;

(iii) A 4s strongly semisimple iff the periodic points of (X, ) are dense;

(iv) The normed algebra K(Z*,Co(X)) is semisimple iff the almost periodic
points of (X, ¢) are dense.

PROOF OF (iv). Let K be a compact neighborhood contained in the comple-
ment of the closure of the almost periodic points (equivalently, the complement of
the nearly periodic points). The set J of all F € K(Z*, Cy(X)) whose Fourier co-
efficients are all supported on K is a left ideal in K(Z*,Co(X)). Since the radical
contains every right or left nil ideal [12, 2.3.5], it follows that J belongs to the
radical, since the calculation on the top of p. 528 of [11] shows precisely that every
F € J is nilpotent. Thus the radical of K(Z*,Co(X)) is nontrivial.

On the other hand, suppose every point of X is nearly periodic, and let R be the
radical of K(Z%,Cy(X)). If K(X) denotes the continuous functions with compact
support, then R # (0) implies R N K(Z*, K(X)) # (0), since if F € R then
Fu € R and the Fourier coefficients of Fu have compact support if u € K(X);
also if F # 0, Fu will be nonzero for some u € K(X). Lemma III.2 shows that if
Fe RNK(ZT,K(X)), F =Y 5_oUFf, then U fi € R N K(Z+, K(X)) for all
k=0,1,...,n. But then the calculation at the bottom of p. 528 of [11] shows that
if F # 0, F cannot belong to any topologically nilpotent ideal. It follows from [12,
Theorem 2.3.4] that the radical is trivial.

11.7. Next we give an example of a dynamical system (X, ¢) such that the algebra
K(Z*,Co(X)) is not semisimple. Let (X, ), (X1, ¢:1) be the dynamical systems
constructed in I1.3, I1.4 resp. In both cases, we saw that the almost periodic
points were not dense. Thus, by Theorem IL6(iv), it follows that K(X,C(X))
and K(X1,C(X;)) are not semisimple algebras. Whether or not Z* x4 C(X) and
Z*t x4, C(X1) are semisimple is not clear.
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I1.8. A dynamical system (X, ¢) is said to be topologically transitive if there exists

a point o € X such that Ot (z9) = X. The following proposition reduces to [14,
Theorem 5.4] when X is compact and ¢ a homeomorphism. The proof is omitted.

PROPOSITION. The following are equivalent:

(i) (X, ¢) s topologically transitive;

(ii) If E C X is closed, §(E) C E, E # X, then E is nowhere dense;

(iii) If U C X is open, nonempty, $~1(U) C U, then U is dense.

(iv) IfU, V are nonempty open sets in X, there ezistsn € Z% such that ~™(U)N
V £ &

(v) {z: Ot (z) # X} is a set of first category.

I1.9. A dynamical system (X, ¢) is minimal if no proper closed subset is invariant
under ¢; equivalently, every orbit O (z) is dense in X (z € X). We do not know
any examples where X is noncompact. If (X, ¢) is a minimal dynamical system
with X compact, we will say (X, @) is compact minimal, and in that case every
z € X is almost periodic. For any dynamical system (X, ¢) with X compact, the
set of almost periodic points is nonempty. If z is an almost periodic point of a

dynamical system (X, ¢), its forward orbit closure 01 (z) is a minimal invariant
closed subset of X (6, 1.4]. The following simple fact will be used later.

LEMMA. The dynamical system (X, ) is compact minimal iff for every open
set O C X, there ezists a positive integer N such that | p—_, ¢7%(0) = X.

Recall that the support of a nonnegative Borel measure on a separable metric
space is the complement of the union of all open sets of measure zero. A dynamical
system (X, ¢) is uniquely ergodic if there is a unique invariant probability measure
on X. The support of an invariant measure is an invariant subset, and if (X, ¢) is
uniquely ergodic and ¥ C X is the support of the invariant measure, then (Y, ¢)
is minimal. In particular, if (X, ¢) is minimal and uniquely ergodic with invariant
measure u, then u(0) > 0 for every open set 0 C X.

If (X,¢) is a dynamical system such that the family {¢":n = 1,2,...} is
equicontinuous, then it is uniquely ergodic [4, Theorem 3.1]. But the converse
is false, even if (X, ) is compact minimal (e.g., let X = T2, the two-torus, and let
¢ be the “skew product”, ¢(z,w) = (€2™**2, zw), « a fixed irrational [3, p. 52]). In
general, a compact minimal dynamical system need not be uniquely ergodic.

III. Ideal structure.

ITI.1. Let (X, @) be a dynamical system, and let By(X) denote the bounded Borel
functions on X. If F is an element of the algebra K(Z™, B,(X)) generated by the
operator U and By(X), say F = Zﬁ:o U™ fn (fn € Bp(X)), the representations I,
of §I can be defined on K(Z*, By(X)) by the same formulas given earlier, and we
set ||F|| = sup,ex |11 (F)||. The completion Z+ x4 By(X) of K(Z*, By(S)) with
respect to this norm is an operator algebra containing Z% x4 Co(X) as a (norm
closed) subalgebra.

LEMMA. Let hi,k; € By(X), 1 <1< m, and assume
m

Z lhi(z)|? < 1, Z |k, (z)> <1 forallze X.
1=1

i=1
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IfF,‘ ezt X¢ Bb(X), 1<i<m, then ” z:’;l h,F,k,” < sup,-{||Fi||}.

PROOF. Let G = Y7~ hiFik;, and let ,n € l2+, €= ()0 1 = (10) 0,
€]l = llnll = 1. Then

= (Ma(hiFik:)€,m)
i=1
= k)€, Tz (hi)n)
i=1
e n®
[ I, (F) g(rn) ,,(m)
where (9 = I, ( 7] = )n Now &) = (ki(z)&€o, ki o p(x)&1,k; ©

¢*(z)&2,...) and SO ||E(z ||2 Zn=o|’C o ¢"(z)|? IEnI2 hence,

Y MEDIP =37 ki 0 g™ (@)1l
=1

1=1n=0

> (iuc 0 4"(z) )|en|2

i=1

Similarly, 7 | [[7®||? < 1. Thus the vectors [¢(), ..., (™), [p(M) ... n(™)] both
have norm at most one. It follows that

. (Fy)

ITL(G)|| < < sup{||TL; (F)|}-
I (Frm) '

II1.2. Let (X, ¢) be a dynamical system which has no periodic points; i.e., " (z) #
z,n=1,2,..., all z € X. This is also expressed by saying that ¢ acts freely. Let
K (X) denote the continuous functions with compact support on X.

LEMMA. Given F € K(Z*,K(X)) and N € Z* there exist m € ZT and h; €
K(X) 1 <i<m, such that, if F =Y 3 _oU* fi, then 30" | hiFhi o ¢ =UN fy.
(fn s understood to be zero if N > n.)

PROOF. Let K = |J;_, supp(f«). Since ¢ acts freely, given z € ¢" (K) there ex-
ists a compact neighborhood V; of z such that, if n’ = max{n, N}, V;, ¢~ (Vz),...,
¢~ (V,) are pairwise disjoint compact neighborhoods. As {int(V,): z € ¢" (K)}
is an open cover of ¢"V(K), we can extract a finite subcover, Vi,...,V,. Let
{h1,... hm} C Co{(X) satisfy 0 < h, < 1, supph, C V,, 1 £ ¢ < m, and
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Y hi(z)? =1, z € 9V (K). (Choose a partition of unity {h’} for ¢" (K) subor-
dinate to {V;}, and set h; = \/Al.) Compute

ihiFhioqﬁN f: ‘(Xn:kak) hiog"
=1 1= k=0

Ms

hUF fih; o pN

k
n
k=01

Now h; o ¢F is supported on ¢~*(V;), which is disjoint from ¢~V (V;) if k # N.
Thus

'I_I.

01

Ukhz' o ¢)kh¢ o ¢ka.

INgE

il
-

m m
Y hiFhiog™ =3 UN(hio¢™)?fy = UV fn.
i=1 i=1
II1.3. LEMMA. Let (X,¢) be o dynamical system. For each n > 0 there is a
linear projection Py : Z x4 Co(X) — Co(X) with the following properties:
(1) Po(fF) = fo¢"Pp(F), and Po(Ff) = P,(F)f, F € Z* x4 Co(X), f €
Co(X);
(i) |1P(F)|| < |IF|l, F € Z xg Co(X);
(iti) If F = N U f, then Po(F) = fn; in general, for F € Z+ x4 Co(X),

F— ZU"P € (UN+Y(ZF x4 Co(X)).

Also, the statements are valzd if “Bp(X)” s substituted for “Co(X)”.

PROOF. The automorphism 7, defined on K(Z*,Cy(X)) by Tt(Z,IZI:o U'fa) =
E,ILO Umet™ f,,, is isometric and hence extends to an automorphism of Zt x4

Co(X). Define P,(F) by UnP,(f) = (1/2m) 02" 7 (F)e~ "t dt. It is shown in [10
and 11] that P, has the required properties.

1I1.4. THEOREM. Let (X,¢) be a dynamical system. Then ¢ acts freely if and
only if every closed, two sided ideal J C Z x4 Co(X) has the property

FeJ implies U"P,(F)e/J, n=012,....

PROOF. Assume ¢ acts freely, and let J C Zt x4 Cp(X) be a closed, two sided
ideal. Let F € J and u € Cy(X) with compact support, 0 < u < 1. Now F € J
implies Fu € J, and if the conclusion holds for Fu, viz., P,(Fu) = P,(F)u € J,
n=01,..., then P,(F) € J. For let u run through an approximate identity for
Co(X), and use the fact that J is closed.

Thus we assume F' € J and there is a compact set K such that f, = P,(F) is
supported on K, n=0,1,.... Write F=F'+ F" F = ZkN=0kak, F'=F—-F
(N € Z™ is arbitrary but fixed). By Lemma II1.2 there exist functions h; € K(X),
1 <i < m,suchthat Y v h;F'h; 0 ¢™ = UV fy. Thus,

m m
Y hiFhiogN =UNfy + Fy, Fy=)Y hiF"h;o¢™ € UNTY(Z* x4 Co(X)),

i=1 =1
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and P, (Fy)is supported on K, for all n. Given € > 0 there exists G € K(Z%, Cy(X)),
G= Z,?’I:NH U* gy, supp g, C K all k, such that |[Fy—G|| < . Apply Lemma IIL.2
again, this time to UNfy + G. Thus there exist functions k; € Co(X), 0 < k; < 1,
1<i<p, Zle ki(z)2 =1for all z € K. Now UNfy + Fy € J, as is

P P
Z ki(UNfn + Fn)kio o™ =UNfy + Z kiFnk;o o™,
=1 =1
Estimate

P
Z (Fy — G)ki o¢N+Zka o

= =1
14 /4
Z (Fn = Gk oo™ || + |3 kiGh, 0 9V

=1
< “FN - G“ <¢

by Lemma III.1 and the fact Zle k;Gk, o N = 0. Since J is closed, we conclude
UNfN e J.

For the converse, suppose ¢ does not act freely. In other words, there is a point
z € X and a positive integer p such that ¢P(z) = z. Then, as discussed in [11,
I1I}, there are representations of Z* X4 Co(X) as matrix algebras of holomorphic
functions. The kernels of these representations do not have the property that F € J
implies U P, (F) € J for all n.

II1.5. Suppose (X, ¢) is a dynamical system where ¢ acts freely, and let J C
Zt x4 Co(X) be a closed, two sided ideal. For f € Co(X), let Z(f) be the zero set
of f, {z: f(z) =0}. Set

)
ZkiFNki o ¢N“

=1

IA

Xn Zﬂ{Z(Pn(F)) FelJ}

and
J ={Fe VA X Co(X): Z(Pp(F)) 2 Xn, n=0,1,...}.

COROLLARY. J=J".

PROOF. Clearly, J C J'. On the other hand, observe that F € J iff U" P, (F) €
J, n=0,1,.... One direction is Theorem II1.4. Conversely, if U"P,(F) € J,
then so are the nth arithmetic means of the sequence {U™F,(F)}32,, hence so is
F [11, IV.2, Remark]. Let J, = {f € Co(X): U™f € J}. J, is a closed ideal in
Co(X), hence there is a closed set X;, C X such that J, = {f € Co(X): f|X,, =0}.
Furthermore,

=(Yz()): U"f € J}

=ﬂ{Z(Pn(F)) Fell=X,
Let F € J', so P,(F)|X, = 0, whence U"P,(F) € J,n =0,1,..., and finally
FeJ Thus J=J'.

Notation. Let (X)), be the sequence of closed subsets of X associated with the
ideal J as above; write this as J ~ (X,,)52,. Of course, not every sequence of closed
subsets of X is associated with an ideal J C ZT x4 Co(X). Let J ~ (X,,)32, and
Um™f e J; then both Ut f, UnfU = U™t fo¢ € J, so both f, f o ¢ must vanish
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on X,41. If f is chosen so that Z(f) = X, for any z € X1, f(z) = fod(z) =0
implies that both z,¢(z) € X,,. Thus

(*) Xntr1Ud(Xng1) C X,

Conversely, if (X,)22, is any sequence of closed subsets of X satisfying (*), then
the subspace J ~ (Xn)%g, J = {F € Z% x4 Co(X): P(F)|X,, = 0} is closed
under left and right multiplication by U and by functions f € Cp(X), hence is a
closed, two sided ideal. This proves

THEOREM. Let (X, ¢) be a dynamical system with ¢ acting freely. Then there
is a one-to-one correspondence between closed, two sided ideals J C Z x4 Co(X)
and sequences (X)), of closed subsets of X satisfying (*).

II1.6. Even if ¢ does not act freely on X, still, corresponding to every sequence
(Xn)S%, of closed subsets of X satisfying () of IIL.5 there is a closed ideal J of
Z+ x4 Co(X). Recall that a (two sided) ideal J is prime if, whenever J;, J; are
two sided ideals such that J;J; C J, either J; C Jor s, C J.

LEMMA. Let J C Zt x4 Co(X) be a prime ideal, J ~ (X,)3. Then either
Xn = Z for some closed, invariant subset Z C X, n=0,1,..., or Xy consists of a

single point and X, =, n > 1.

PROOF. Set Y, = Xp41,n=0,1,.... As (X,)32, satisfies (x) of IIL.5, so does
(Yn)oLy; let Ji be the corresponding ideal. If U™ f € J, that is, f|Y, = f|Xn+1 =
0, then U(U™f) = U™*'f € J. Consequently, J,J; C J, where ., is the ideal
generated by U; viz., J» = U(Z1 x4 Co(X)). As J is prime, either J; C J or
J2 C J. Suppose now that the sequence (X,)S2, is not constant; so for some N,
Xn+1 C Xn but Xni1 # Xn. Let f € Co(X) be such that leN+1 =0, fIXN
is not identically zero. In that case, UN f € J;, but UN f ¢ J; is not contained in
J. Hence J; C J. The quotient map Zt x4 Co(X) — Z1 x4 Co(X)/ 2 = Co(X)
maps Z% x4 Co(X) onto Co(X), and as J is a prime ideal in Z* x4 Co(X) which
contains J;, its image is a prime ideal in Cy(X). But the prime ideals in Co(X) are
exactly the maximal ideals (of codimension one), so Xy consists of a single point,
and X, =, n>1.

If the sequence (X,)5%, is constant, so X, = Z for all n, then Z satisfies
ZU@(Z)C Z,s0 ¢(Z) C Z and Z is a closed, invariant subset.

Notation. If an ideal J C Z% x4 Cp(X) is associated with a sequence (X,)%.o,
and X, = Z for all n, we will write J ~ (Z).

II1.7. PROPOSITION. Let (X, @) be a dynamical system, J C Z1 x4 Co(X) a
prime ideal such that J ~ (Z), Z C X a closed, invariant subset. Then (Z,9) s

transitive; that is, there exists o € Z such that Z = O+ (zp).

PROOF. First we claim that the recurrent points are dense in Z, or equivalently
(by Proposition IL.5) that every point of Z is nearly recurrent. Let Xy, be the set
of nearly recurrent points of X. If X\ X, intersects Z, let f € Co(X) be such that
f|Xnr =0, f|Z not identically zero. By [11, IV.4] U f belongs to the prime radical
of Z* x4 Co(X), but Uf ¢ J. This contradiction establishes the claim.

Let Z(1) C Z be a closed, invariant subset with nonempty interior {(with respect
to Z). Then Z(3) = (Z\Z1)~ is also invariant: for the recurrent points are dense
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in the open set Z\Z!), hence are dense in Z(?) if Z(2) is nonempty. Suppose
z € Z\Z" is recurrent; if ¢(z) € Z{V) then by invariance of Z(), ¢*(z) € Z(V)
for all n > 1. By recurrence there is a sequence {nz} such that ¢™*(z) — X, so
z € Z(1), This contradiction shows that the recurrent points form an invariant
subset of Z(2)| and since they are dense, Z(?) is invariant.

Let Ji,J2 be ideals in Z+ x4 Cp(X) associated with the constant sequences
(ZW), (Z(*), respectively. Now JiJy € 1N ~ (ZD U Z3)) = (Z), and since
J is prime either J; € J or J, € J. That is, either Z ¢ ZW) or Z ¢ Z(®). But
Z@ = (Z\zW)~ c Z\(int ZV), so Z(?) is properly contained in Z as int Z() #
@. Thus it must be that Z(!) = Z, and by Proposition I1.8 (Z, ¢) is topologically
transitive, and any proper closed invariant subset must be nowhere dense.

I11.8. PROPOSITION. Let (X, ¢) be a dynamical system such that ¢ 1s free. Let

Z C X be closed, invariant and transitive (so Z = 07 (zg), some zo € X). then
the ideal J ~ (Z) is prime in Z% x4 Co(X).

PROOF. Let Ji, J; be closed, two sided ideals in Z* x 4Co(X) such that ;1 J, C J.
By Theorem III.5 there are sequences (erl))°° o ~ /1 and (Y,Sz) 12y ~ L. Fix

ni,ng € ZT and let f, g € Co(X) be such that {z: f(z) =0} = Y,Ell), {z: g(2) =
0} = Y2, Then Unif € Ji, U™2g € Jy, and so for any k € Z+, U™ fUKU2g =
Urmitnatk fopktnzg € J. This means fo@*tm2g vanishes on Z. Suppose there is a
transitive point z; (i.e., 01 (z;) = Z) such that g(z1) # 0. Then fog*t"2(z;) =0,
so ¢*+72(z1) € YV for all k > 0. Since zy is recurrent, 0+ (z1) = 0% (¢™2(z1)) =
Z,andso Z C Y,fll ). On the other hand, if g(z) = O for every transitive point z € Z,
since by Proposition I1.8 the transitive points are dense, it follows g vanishes on Z,
andso Z C Y,S,f). Thus, for every n, either Z C Y,Sl) orZ C Y,S"’), and hence, either
ZC Y,gl) for infinitely many n or else Z C ngz) for finitely many n. Say Z C 751)
for infinitely many n. As Y,Si)l C Y,Si)l U qﬁ(Y,E_l'_)l) c Y, it follows Z c Y for
all n, and hence J; C J. In the other case we conclude J, C J. Thus J is prime.

I11.9. Let (X, #) be a dynamical system, and set & = Z1 X, Co(X). A closed, two
sided ideal J C 2 is called right primitive if 2/J is a (right) primitive algebra; in
other words, 2/J can be faithfully represented as a strictly irreducible (or strictly
transitive) right M-module, for some vector space M. M is isomorphic to 21/R for
some maximal right ideal R C 2, and 24/ R is a Banach space under a suitable norm,
and so /J is represented as an algebra of continuous operators on a Banach space
(acting on the right) (see [12, 2.4.7]).

I11.10. The proof of the next proposition is deferred until V.5.

PROPOSITION. Let (X, ¢) be a dynamical system, and Z C X a compact mini-
mal invariant subset. If J C Z X4 Co(X) i3 the closed two sided ideal associated
with the constant sequence (Z), then J s right primitive.

III.11. Let (X, ¢) be a dynamical system with ¢ freely acting. We summarize
the results from this section regarding the maximal, primitive and prime ideals of

Z+ x4 Co(X).

THEOREM. (i) There ¢s a one-to-one correspondence between the mazimal two
sided ideals J of Zt x4 Co(X) and the points of X as follows: J corresponds to
teX iff J~(Yn)2 withYg={2}, Yo =93, n2> 1.
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(ii) There is a one-to-one mapping from the compact minimal invariant subsets
Z C X into the (right) primitive ideals J of Z% x4 Co(X) as follows: Z — J if

J={Fe€Z" x4Co(X): Po(F)|Z=0, n=0,1,2,...}.

(iil) There is a one-to-one correspondence between prime ideals J czZ+t X4 Co(X)
which are not mazimal, and closed, invariant transitive sets Z C X as follows:

J~(Z) f
J={F€Z" x4 Co(X): Pu(F)|Z=0, n=0,1,...}.

I11.12. We conclude this section with some remarks concerning the hull-kernel
topology on the various spaces of ideals. Effros and Hahn [5] showed that if ¢ is a
freely acting homeomorphism of a locally compact space X, there is a one-to-one
correspondence between the primitive ideals of the C*-crossed product Z x4 Cp(X)
and the set of orbit closures in X. In their case, the orbit was two sided: O(z) =
{¢™(z): n € Z}. Define a map p from X to the collection of closed orbits by
p(z) = O(z). Then p(X), provided with the quotient topology, is homeomorphic
with Prim(Z x4 Co(X)).

The results for Z* x4 Co(X) are similar, through somewhat more complicated
to state. Let ¢ be freely acting. The correspondence described in IIL.11(i) is a
homeomorphism of X with the space of maximal, two sided ideals (i.e., the strong
structure space) of Zt X4 Co(X). This was proved in [11, IV.8] and also follows
easily from the results of this section. Next consider the hull-kernel topology on
the collection of prime ideals which are not maximal. Let S = {J}, J; ~ (Z(¥), be
a collection of prime ideals which are not maximal. A nonmaximal prime ideal J,
J ~ (Z), belongs to the closure of § iff J > N J, iff Z ¢ (JZW)~.

IV. The conjugate space.
IV.1. Let (X, ¢) be a dynamical system and let &,n € li"; the map F € Z* x,
Co(X) — Ay(F) = (IIz(F)&,n) defines a continuous linear functional on Z* x4

Co(X).

LEMMA. Let J C Z* x4 Co(X) be a closed two sided ideal, J ~ (Z), where
Z C X 1is closed, invariant and ¢~ (Z) = Z. Then A, € J* iff 1 € Z.

PROOF. Suppose z € Zand F =Y > ;U"f, € J. Then fn|Z = 0 for all n, so
,(F) =0. Thus A, € J*.

Conversely, let A, € J1; if A, # 0, then A,(U™g) # 0 for some n € Z* and
g € Co(X). If € = (€)7o, N = (1n)Zo, then Az(Umg) = 352 g 0 ¢*(2)&iflnri-
Adjusting g by a scalar, we may assume A, (U™g) = 1. Choose N large enough so
that both

[e ]

>§ and Z

1=N+1

N

. B 1
Z go ¢Z(I)€’i7—]n+’i |Einn+i| < 3| .
2 ol

Now if & Z, ¢i($) ¢ Z for all 1 = 0,1,..., and so there exists f € Cp(X) such
that f|Z = 0, f(¢*(2)) = 9(¢*(2)), ¢ = 0,1,..., N, and ||f]| < |lg|l. On the one
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hand, since A, € J+ and U™f € J, A, (U™f) = 0. However,

AU =13 S © ¢ (2)&TTns

1;0

> > o' (2)&Mnrs| — Z f 0 ¢4 (2)EM s
=0 1=N+1
N . oo

> 390 0 &Mra| = Il D 1Eimnail
=0 i=N+1
>2 gl = =
”3 3u |3

This contradiction shows that z € Z, as asserted.

Let F € K(Z+,Co(X)), F = T aooU*fi. The element F' = Y1 Uk fL,
where f; = fi|lZ, belongs to K(Z*,Co(Z)), whose norm (in Z% x4 Co(Z)) is
given by sup,¢ 7 ||IIz(F')||, which is no greater than sup ¢ x ||IIz(F)|| = ||F||. This
mapping extends to a map II: Z% x4 Co(X) — Z+ X4 Co(Z), and ||IL(F)| < ||F|l,
F € Z% x4 Co(X). As J = kerIl, TI(Z* x4 Co(X)) and Z* x4 Co(X)/J are
algebraically isomorphic. If Z is just invariant (¢(Z) C Z or even ¢(Z) = Z), it is
an open question whether II is surjective.

COROLLARY. Under the hypotheses of the Lemma, the map I1 is surjective, and
Zt x4 Co(X)/J and Z x4 Co(Z) are isomorphic as Banach algebras.

PROOF. First we claim J1 is the closed linear span of {A, = A,(£,1):z €
Z, &n € l; }. Let K be this closed subspace, and let Ay € J* and suppose
Ao € K. By the Hahn-Banach Theorem, there is an F € Z* x4 Co(X) such that
Re(Ao(F)) > 0, Re(A(F)) < 0 for all A € K. But as K is a subspace, it must be
that A(F) =0 for all A € K. So II;(F) = 0, z € Z, and hence, by the Lemma,
F € J. But then Ag(F) = 0.

The quotient norm is given by

|F+ J|| = inf ||F+ G| = sup |A(F)|.
GeJ AcTL
lall<1
By the claim, the linear functionals A, (z € Z) are total in J*, so that

IF+Jll= = sup |Az(F)|.
lAzlI<1, z€2Z
But the right side is precisely the norm of II(F) in Z* x4 Co(Z). Thus I maps onto
Zt x4 Co(Z), and Zt x4 Co(X)/J and Z* X4 Co(Z) are isomorphic as Banach
algebras.
IV.2. Let (X, ¢) be a dynamical system, and set A = Z* x4 Cp(X). Let A*
denote the conjugate space of % (the continuous linear functionals on ).

A. LEMMA. Let FE, F =320 (U f. Then limu_.oo || ]| = 0.

PROOF. Since K(Z%,Co(X)) is dense in 2, given F € A and ¢ > 0 there exists
G € K(Z*,Co(X)) such that ||F — G|| < . By [11, I1.7] the norm of an element
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of U is not less than the norms of any of its Fourier coefficients. If G = Z;-V:O Utg,,
then for n > N the nth Fourier coefficient of F — G is f,,, and ||fu|| L |F - G| < &.

By the Lemma, 2 is a subspace of the Banach space co(Co(X)) of sequences
(fn)32 of functions in Co(X), with lim || f,|| = 0. Thus,

11(Co(X)) C A C co(Co(X)).

S0, loo(M(X)) D A* D 11 (M(X)), where M(X) is the space of complex regular
Borel measures on X with finite total variation. In other words, to every I' € A*
there corresponds a unique sequence (1n)S%q, un € M(X), such that for every
F =0 o Unfn € K(Z*,Co(X))

N
T,F) = Frn dpin.
(T, F) zzjo/ p

Also, ||T'|| > sup,, ||#n]|. It will be convenient to write T' = (1,)5%,. (Note: from
now on we will use the bracket (-,-) notation for linear functionals in place of the
notation of (IV.1).)

B. REMARKS. (i) If F € 2 with Fourier series F = Y>> /U™ f,, and if [, € A*
is identified with the sequence (£,6;)52, where 6, is the point mass at X, the series
Zf:o &n fn(2) may not necessarily converge, just as the partial sum of the Fourier
series 3>, U™ f, need not converge to F. (However, both are Cesaro summable.)

(ii) As an example, let (£,)%%, € IF. Then [y = (£,6:)32, € U*, for (T, F) =
(I (F)n, €), where n = (1,0,0,...) € I}, and € = (£,)%%,-

V. Irreducible Banach modules.

V.1. Let (X, ¢) be a dynamical system, and R C A = Z* x4 Co(X) a closed right
ideal. R is thus a closed linear subspace of 2 which is a right Cp(X)-module and
invariant under right multiplication by U; conversely, any closed linear subspace
R C 2 with these properties is a closed right ideal.

If R is a subset of 2, denote by R+ = {[' € &*: (I,F) =0, F € R}. If R
is a right ideal of 2, then R+ is a (left) Cp(X)-module under (fT,F) = (T, Ff)
(F € ). Furthermore, R' is invariant under the operator T' defined to be the
adjoint of right multiplication by U: (TT, F) = (T, FU).

Conversely, if § C 2* is a closed linear subspace which is (i) a left Cp(X) module,
and (ii) invariant under T, then §; = {F € %: {[,F) =0,T € §} is a closed right
ideal of .

As observed in [11, IV.3], the endomorphism « of Co{X), a(f) = f o ¢, admits
an extension to an endomorphism of the Banach algebra 2; this extension will also
be denoted by a. For F = YN U"f, € K(Zt,Co(X)), a(F) = Y0_ U fn 0 6.
One computes that for F € K(Z1,Co(X)), a(UF) = U(a(F)) = FU, and so
these equalities hold for F € 2 as well. Hence if S denotes the adjoint of left
multiplication by U, and *« the adjoint of «,

T="aS=S%a.

If R C A is a right ideal, R+ will not, in general, be invariant under either *a or
S.

V.2. Let A be a complex number, 0 < |A| < 1. Since (A"), € I, it follows
from Remark (ii) of IV.2 that for each z € X the linear functional corresponding to
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the sequence (A\"6;)%, is bounded, and hence there is a unique positive constant

¢(A, z) such that ¢(A, z)((A"6;)3 ) has norm one. Now as T« has norm one,
Ta(e(A, 2)(A"82)5%0) = ¢(X, 2)(A"6p() Jno

has norm at most one. The same can be said about c(A, z)(A"8p~ (z))mzo for any

N, and hence ||lc(X, z)(A"8y)52oll < 1 for any y € OF(z). Thus ¢(},y) > c(}, 2).

Suppose now that (X, ¢) is a compact, minimal dynamical system; then z € 01 (y),
s0 ¢(A,z) 2 ¢(N,y). It follows that ¢(A,z) = ¢y depends only on A. Let M =
ex(A"62)5%,.

If S is the operator defined in V.1, T € A*, T = (up)S%,, then ST = (1,)5%,,
where v, = tip+1, n 2> 0. In particular, SI‘&’\) = /\Fg'\), z € X. Let S be the closed

linear subspace of 2* generated by the linear functionals {I‘;)‘) 1z € X}. As every
complex measure in M(X) is a weak-* limit of linear combinations of point masses,

S={T e« :(T',F) = fX(I‘g’\),F) du(z), for some p € M(X)}. Because the set
{1“9) : ¢ € X} is invariant under T« and S, it follows that § is invariant under * o
and S, hence invariant under T'.

LEMMA. Let RV = §, = {F e %: (T, F) =0 for all z € X}. Then R™) is
a closed, a-tnvariant right ideal in . Furthermore, the unit ball of S is the closed,
balanced convex hull of {r&*) rz € X}.

PROOF. It remains only to be noted that S is a (left) C(X)-module, which is
clear.

COROLLARY. For G €2, the quotient norm in A/RX)
|G+ RM| = inf{||G + H||: He R™M} = sup{|(T,G)|: T € S}
=sup{|(T'W,G)|: z € X}.
V.3. If R is a closed right ideal of a Banach algebra %, then /R is a right
2A-module under right multiplication, and by a standard calculation (e.g. [12, p.

50]),
IGF + R|| < |G + RI[I£]]-

Let 2, R™) be as in V.2 and define a map ®y: 2/R*) — C(X) by the formula
B\(F + R (z) = (TN, F), Feu

The map is well defined, and by Corollary V.2 it is an isometry. As C(X) C ¥ and
®x(f + RM)) = ¢y f, @ is onto. Also, observe

(i) OA(FSf +RV)(z) = OV, Ff) = TP, F) f(2)
= &\(F + RWV)(z)f(2);

(i)  SAFU+RW)(z) = (TTYM, F) = (STa(TM), F) = (ST}, F)
= (AL, F) = A&(F + RW) 0 ¢(x).

Thus, ® implements an %-module isomorphism of 21/R*) and C(X); under this
isomorphism, an element F' = ZQLO U™ f,, acts on C(X) on the right by

[9]F =

N
Y Atgo ¢"fn} . gEeCX).

n=0
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Since ||[g]F|l < llgll |||l we obtain, taking g =1,

N
2N n
n=0

COROLLARY. ¢y = 1; in other words, the linear functional 1“9) = (A"6)2,
has norm one, 0 < |A| < 1.

PROOF. Let F = YN U™ f,; ((w %o F)| = |2N_0 Ao (z)| < ||F| by

|
(#), s0 [(A8z)72oll < L. But [{(A"6z)720, )| = |f(2)] = S|l if f € Co(X)
achieves its supremum at the point z. Thus ||(A"8;)32,|| = 1.

REMARK. The linear functionals T$" are defined for all [A| < 1. For [A\| =1,
define T on K(Z+,Co(X)) by (T, F) = N Anfo(z), F = &N U ..
Now () implies, for every 0 < r < 1,

(*) < £

N

Z A" fo ()

n=0
Taking the limit as r 1 1, we obtain (T, F)| < |F|. As K(Z*,C(X)) C % is
dense, M has a unique extension to a (norm one) linear functional on 2, again

<|E.

denoted T'Y). Of course this does not imply that for F' € 2 arbitrary, with Fourier
series ano U ™ fn, that 32 o A™ f,(z) converges; but it is summable by a summa-
bility kernel.

V.4. Let (X, ¢) be a compact minimal dynamical system, and R(*) the closed,

a-invariant right ideal R = {I‘;’\): ze X} 1.

THEOREM. Let 0 < |A| < 1. The action of A = Z1 x4 C(X) on C(X), which
is determined by [g]f = [gf], [9)U = Mgo @], g, f € C(X), is strictly transitive. In
fact, the action of the subalgebra K(Zt,C(X)) is strictly transitive on C(X).

PROOF. In V.3 it was shown that % acts on C(X) as described above, and
N Fll < lgllIIFll, ¢ € C(X), F € %. To show strict transitivity, let 0 # g,
h € C(X) be given. By the minimality of (X, ¢) there exists N € Z* such that

U;\;o ¢~7(0) = X, where O = {z: g(z) # 0} (Lemma I1.9). Thus,
|9 +A1%lg 0 87 + - + AN |g 0 V|2
is strictly positive on X. Note that
[gU* (3 0 6*) = 0119 0 ¢* 7).

Let

N -1

= (Z IA1*(g 0 ¢k|2> :

k=0

Then f € C(X), and [A] = [g)(S2_, U¥X g o ¢¥) fh.
COROLLARY. The ideals R™) (0 < |A| < 1) are mazimal right ideals.

PROOF. Since A/R™) and C(X) with the action [g]f = [gf], [g)U = Ag o ¢]
(f,g € C(X)) are isomorphic as right 2-modules, the maximality of R(*) follows
from the Theorem and [8, 1.1.3].
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It would be interesting to know if the ideals R(*) (0 < |A| < 1) are the only
maximal, a-invariant right ideals in A. In conclusion we will show, under the
additional assumption of unique ergodicity, that this is in fact the case.

V.5. The proof of Proposition III.10 can now be given. Let (X, ¢) be a dynamical
system and Z C X be a compact minimal invariant subset, and let J be the
closed two sided ideal in Z* x4 Co(X), J ~ (Z) (Notation II1.6). Let j: Zt x,
Co(X) — Z* x4 C(Z) be the canonical map (see [11, I1.12]), which is defined
on the subalgebra K(Z*,Co(X)) by ]'(ZTJY:O Umfp) = Z,IY:O Unf!, where f, =
fn|Z. The image of j contains K(Z*,C(Z)), kerj = J, and ||7(F)|| < ||F| for
F € Z% x4 Cp(X). Since by Theorem V.4 there exist faithful right Z* x4 C(Z)-
modules such that the subalgebra K(Z*,C(Z)) acts strictly transitively, it follows
that J is a (right) primitive ideal in Z% x4 (X).

V.6. Assume that the dynamical system (X, ¢) is transitive and X is compact.
Let A = Z* x4 C(X) and g be the subalgebra generated by {1,U}. % is a
commutative Banach algebra; it is the subalgebra of all FF € A whose Fourier
coeflicients are all constant functions.

PROPOSITION. Ay C 2 is a mazimal abelian subalgebra.

PROOF. Let F € Abesuch that FU =UF. IfF =3 ° U™ f,, then fr,0¢ = f,.
This means that f, is constant on each orbit O+ (z). Since (X, ¢) is transitive, there
exists zo € X with 01 (Zg) = X. Thus f, is constant, n =0, 1,..., and F € Y.

V.7. The disk algebra is the commutative Banach algebra of continuous functions
on the closed unit disk {z € C: |z| € 1} which are holomorphic in the interior. For
the next result, we need only assume X is compact. As before, A = Z* x4, C(X)
and g is the closed subalgebra generated by {1,U}.

PROPOSITION. The mapping which takes an element F' € gy with Fourier series
E;o:o U™c, to the analytic function with power series Zfzo cn2™ 18 an isometric
Banach algebra isomorphism of Uy with the disk algebra.

PROOF. Since for any F € g, the norms ||IL,(F)| (z € X) all coincide, 2y is
naturally isomorphic with Z* x4 C(Xo) where Xy consists of a single point and
@o is the identity map. Now Z* x4, C(Xp) is the disk algebra [11, Theorem III.2
(case ko = 1)], and apply [11, Corollary II.10].

Note. It would not be hard to give a direct proof of the proposition.

V.8. Assume that (X, ¢) is a compact minimal dynamical system which is unique-
ly ergodic. Let w be the unique invariant probability measure on X. For f €
C(X), the averages [f + fo ¢ + -+ + f o ¢"]/(n + 1) converge uniformly to
a constant, which is [, fdw [6, Theorem 2.3.5]. Define Qn: K(Z*,C(X)) —
K(Z,C(X)) by Qn(F) = X j_o @*(F)/(n+1). Since « is a contraction, so is Q.
If F= Z;‘\;o Ul f;, Qu(F) = E;V:O U?Qn(f;), and since {Qn(f;)}3, converges
uniformly, 0 < 7 < N, {Qn(F)}5%, converges in the norm of A = Z% x4 C(X).
Denote the limit of the sequence {Q,(F)}3, by F*. Now let F € Aand e > 0
be given. If G € K(Z*,C(X)) is such that ||F — G|| < ¢, and M € Z* such that
n > M implies ||Q,(G) — G*|| < &, then

1Qn(F) = G*|| < |Qn(F = G)|| + |Qn(G) — GY|| < 2e,
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and s0 ||Qn(F) — Qm(F)|| < 4e, n,m > M. As a(G*) = G¥, it follows
" (Qn)(F) = Qu(F)| < 4¢,  k=0,1,....

Thus the sequence {Q,(F)}2%, is Cauchy in 2, and its limit is o-invariant, and
consequently belongs to the subalgebra 2y generated by {1,U}. Denote the limit
by F*.

PROPOSITION. The operator §: U — Ay has the following properties:

(i) IF8) < IIF;

(ii) § 4s a linear projection;

(iii) F¥ belongs to the closed convez hull of {a™(F)}% o;

(iv) If F €U and G € Yo, then (FG)* = F'G, and (GF)! = GF!.

PROOF. (i) and (iii) have already been verified, while (ii) and (iv) are straight-
forward.

V.9. Let (X, ) be as in V.6. If R C A is an a-invariant right ideal, set R* =
{F': FeR}. If I cUpisanideal, set ] = {F e: (a™(F)G) € I, forall G €Y,
n=0,1,...}.

A. PROPOSITION. (i) If R is an a-invariant closed right ideal in A, R* is a
closed ideal in Ay, and R¥ = R NAp.

(ii) If T is a closed ideal in Ay, I is an a-invariant right ideal in U, and I is the
unique mazimal element of the set {J: J an a-invariant right ideal of 4, J* C I}.

PROOF. (i)-By Proposition V.6(iv), R* is an ideal in . If F € R, F¥ is in the
closed convex hull of {a™(F)}2, C R, so F* € RNAy. Thus R* C R N . Since
§ is a projection, R N2y = (R NA)* C R¥.

(ii) By its definition, J is an a-invariant right ideal. Let R be any a-invariant
right ideal such that R¥ ¢ J. f F € R, a"(F)G € Rforalln >0, G € A. So
(a™(F)G)! € RY C I. It follows that R C I.

B. PROPOSITION. If Mg C %%y i3 a mazimal ideal, then )\710 C A 1s a mazimal
a-invariant right ideal.

PROOF. Observe that (Mo)! = Mo, and hence Mo is proper. Let R C Mg be
an o-invariant right ideal. Now RY is proper, for if R¥ = g, then R N %y = g,
so 1 € R, a contradiction. By the maximality of Mg, R = (M) = Mo. By
Proposition A(ii), Mg = R, and hence Mg is a maximal a-invariant right ideal.

C. COROLLARY. If R C 2 is any a-invariant right ideal, R C (R*)~. Hence if
R is a mazimal a-invariant right ideal, R = (R%)™.

D. COROLLARY. If R C 2 is a mazimal a-invariant right ideal, then R C 2
1s a mazimal ideal.

PROOF. Let Mg O R! be a maximal ideal in 2. By Proposition B, Mo is
a maximal a-invariant right ideal, and since Mg D (R!)~ = R (Corollary C), it
follows that Mg = R. Therefore My = ( Mo)” = R" is maximal.

E. SUMMARY. There is a one-to-one correspondence between the set B, of max-
imal a-invariant right ideals of 2, and the set M of maximal ideals of 2o, given
by

ReER,—~R'eM and MeMr— MER,.
V.10. Assume (X, ¢) is compact, minimal, free and uniquely ergodic.



THE IDEAL STRUCTURE OF CERTAIN ALGEBRAS 351

LEMMA. Each v €A} extends to a unique +a-invariant element I' of A*.

PROOF. Let I',T” € A* be T a-invariant, and suppose (T',G) = (I, G) for all G €
. If F e, ([,F) = (T',@Qn(F)) by invariance, hence (T, F) = (T, F*) (cf. V.6).
Since the same holds for I", we have (', F) = (T, F¥) = (I, F¥) = (T, F¥) = (T, F).
Thus, the restriction map from the subspace of *a-invariant elements of A* to 23
is injective. To see that it is surjective, let v € Ug; by the Hahn-Banach Theorem
there is a T'; € 2* such that T';|%y = ~. Define T € A* by (T, F) = (I';, F). As
I'=T; =~ on %Yy, and T is Ta-invariant, we are done.

By V.7, %y can be identified with the disk algebra, and so if G € 2y we will
let G()) denote the value of the analytic function corresponding to G at the point
A in the closed unit disk. By the Lemma, there is a unique Ta-invariant linear
functional I'*) € A* such that

TN Fy=F')), 0<[A<1,

Fe?A Let T be asin V.2, V.3, and R® = {I'™:z € X}.. On the dense
subalgebra K(Z*,Co(X)) C o, (I‘é'\),F) = F%), z € X. As observed in V.2,
RML ={Texu:T=[, I‘(’\)du( ) for some x4 € M(X); since M(X) contains a
unique 1nvar1ant probability measure w and f, (I 55 ),F) dw(z) = F¥()), it follows

that T = | X N dw(z). Observe that the smallest closed C(X)-submodule §
of A* which contains I') is exactly RML: let {f;}2, C C(X) satisfy f; > 0,
f fidw = 1, all 4, and supp( fi) runs through a neighborhood base at a given
z9g € X. Since the map z — I‘ ) is continuous from X to A* in the o(A*,2A)
topology, fil'») — I’('\). Thus I'()‘) € § for each 7o € X, and so § = R+

THEOREM. Every mazimal a-invariant right ideal of 2 is of the form R(*) for
some compler number X, |A| < 1. If X # 0, the ideal R is mazimal among all
right ideals of 2.

PROOF. The second statement is Corollary V.4. Let R be a maximal a-invariant
right ideal. By V.8, R is a maximal ideal in the disk algebra, so R! is the kernel of
the evaluation map at some A in the closed unit disk [9, p. 87, Corollary] As the
functional vy: G € YUy — G(A) belongs to R¥L, it follows that I'» c R+, Slnce
RML is the smallest closed C(X)-submodule of A* containing I‘(’\) and RML is
+o-invariant, the minimality R+ forces Rt =RWL or R =RV

It remains only to show that R(®) is not maximal among all r1ght 1deals (although
it is a maximal element in the collection of all a-invariant right ideals). Let F € 2,
F =32 U fyn; now (I, F) = fo(z), and F € RO iff F € kerT for all
z€ X, iff fo =0. Thus R(® = U2, Since, for each z € X, ker I‘;O) is a maximal
two sided ideal (of codimension one) which properly contains R(®, R(® is not a
maximal right ideal.

V.11. Suppose A is a Banach algebra with endomorphism o; let us say that o
acts on a right A-module M if M is isomorphic with 2/R, where R is an a-invariant
right ideal.

Suppose (X, @) is a dynamical system and Z C X is a compact minimal invariant
subset. If ¢ 1(Z) = Z and J ~ (Z), then by Corollary IV.1, Zt x, Co(X)/J
is isomorphic with Z* x, C(Z), so there is a bijective correspondence between
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the maximal invariant right ideals of Z% x4 Co(X) which contain J and those of
Z1 x4 C(Z). If, in addition, (X, ¢) is free and (Z, #) is uniquely ergodic, Theorem
V.9 gives a complete classification of the irreducible right Z* x, Co(X)-modules
on which a acts, with kernel J. Unfortunately, these methods do not yield a
classification in the case of an arbitrary right primitive ideal J.
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