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Abstract Let K be the field of fractions of a Henselian discrete valuation
ring Ok. Let Xk /K be a smooth proper geometrically connected scheme ad-
mitting a regular model X /Og. We show that the index §(Xg/K) of Xx /K
can be explicitly computed using data pertaining only to the special fiber
X/ k of the model X.

We give two proofs of this theorem, using two moving lemmas. One mov-
ing lemma pertains to horizontal 1-cycles on a regular projective scheme X
over the spectrum of a semi-local Dedekind domain, and the second moving
lemma can be applied to O-cycles on an FA-scheme X which need not be
regular.

The study of the local algebra needed to prove these moving lemmas led
us to introduce an invariant y (A) of a singular local ring (A, m): the great-
est common divisor of all the Hilbert-Samuel multiplicities e(Q, A), over all
m-primary ideals Q in m. We relate this invariant y (A) to the index of the
exceptional divisor in a resolution of the singularity of Spec A, and we give a
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new way of computing the index of a smooth subvariety X /K of P} over any
field K, using the invariant y of the local ring at the vertex of a cone over X.
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Let W be a non-empty scheme of finite type over a field F. Let D(W/F)
denote the set of all degrees of closed points of W. The index §(W/F)
of W/F is the greatest common divisor of the elements of D(W/F). The
index is also the smallest positive integer occurring as the degree of a 0-cycle
on W. When W is integral, let W™ denote the regular locus of W, openin W.
We note in 6.8 that §(W™8/F) is a birational invariant of W/ F.

Let now K be the field of fractions of a discrete valuation ring Og with
residue field k. Let S := Spec Ok. Let X — S be a proper flat morphism,
with X regular and irreducible. Let X ¢ /K be the generic fiber of X/S. Write
the special fiber X, viewed as a divisor on X, as Z?:l r; I';, where for each
i=1,...,n, I is irreducible, of multiplicity r; in Xy. Using the intersection
of Cartier divisors with 1-cycles on the regular scheme X, we easily find that
ged; {r;8(1;/k)} divides §(Xk/K) (see 8.1). Our theorem below strength-
ens this divisibility, and shows that when Ok is Henselian, the index of the
generic fiber can be computed using only data pertaining to the special fiber.

Theorem 8.2 Keep the above assumptions on X/S.

(a) Then ged;{r;8(I} 2/ k)} divides (X / K).
(b) When Ok is Henselian, then §(X g /K) = ged; {ri8(I'"% /k)}.

Theorem 8.2 answers positively a question of Clark ([10], Conj. 16). This
theorem is known already when k is a finite field ([4], 1.6, see also [13], 3.1),
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or when £ is algebraically closed (same proof as in [4]), or when Xk /K is a
curve with semi-stable reduction ([10], Thm. 9).

We give two proofs of Theorem 8.2, using two different moving lem-
mas which may be of independent interest. The first proof uses the Moving
Lemma 2.3 stated below. A slightly strengthened version is proved in the
text. The definition and main properties of the notion of rational equivalence
of cycles are recalled in Sect. 1.

Theorem 2.3 Let R be a semi-local Dedekind domain, and let S := Spec(R).
Let X/S be flat and quasi-projective, with X regular. Let C be a 1-cycle on
X, closure in X of a closed point of the generic fiber of X. Let F be a closed
subset of X such that for all s € S, F N X has codimension at least 1 in X;.
Then C is rationally equivalent to a cycle C' on X whose support does not
meet F.

Our second proof of Theorem 8.2 uses the Moving Lemma 6.5 below,
which allows some moving of a multiple of a cycle on a scheme X which
need not be regular. Recall (2.2) that X is an FA-scheme if every finite subset
of X is contained in an affine open subset of X.

Theorem 6.5 Let X be a Noetherian FA-scheme. Let F be a closed subset
of X of positive codimension in X. Let xo € X. Let Q be a my y,-primary
ideal of Oy x,, with Hilbert-Samuel multiplicity e(Q, Ox x,). Then the cycle
e(Q)[{xo0}] is rationally equivalent in X to a cycle Z such that no irreducible
cycle occurring in Z is contained in F .

Theorem 6.5 is a consequence of a local analysis of the Noetherian local
ring Oy x, found in Sect. 4, and in particular in Theorem 4.5. Our investi-
gation of the local algebra needed to prove Theorem 6.5 led us to introduce
the following local invariant in 5.1. Let (A, m) be any Noetherian local ring.
Let £(A) denote the set of all Hilbert-Samuel multiplicities e(Q, A), for all
m-primary ideals Q of A. Define y (A) to be the greatest common divisor of
the elements of £(A). Theorem 6.5 and the definition of y (A) show that:

Corollary 6.7 Let X/ k be a reduced scheme of finite type over a field k and
let xo € X be a closed point. Then §(X™8/ k) divides y (Ox x,) deg (xo).

This statement is slightly strengthened when Oy ,, is not equidimensional
in 7.13. Recall that the Hilbert-Samuel multiplicity e(m, A) is the smallest
element in the set £(A), and that it is a measure of the singularity of the ring
A: if the completion of A is a domain (or, more generally, is unmixed [27],
6.8 and 6.9), then A is regular if and only if e(m, A) = 1. The invariant y (A)
is also related to the singularity of the ring A: our next theorem shows that
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¥ (A) is equal to the index of the exceptional divisor of a desingularization of
Spec A.

Theorems 5.6 and 7.3 Let A be an excellent Noetherian equidimensional
local ring of positive dimension. Let X := Spec A, with closed point xq. Let
f Y — X be a proper birational morphism such that Y is regular. Let E :=
S (x0). Then y (A) = 8(E/ k(x0)).

Note that in the above theorem, the set of degrees D(E) and the set of
Hilbert-Samuel multiplicities £(A) need not be equal, and neither needs to
contain the greatest common divisors of its elements. The proof that y (A) =
8(E/k(xp)) involves a third set N of integers attached to A, which is an ideal
in Z, so that the greatest common divisor n(A) of the elements of A/ belongs
to N (5.4). The proof shows that y (A) = n(A) and n(A) = 8§(E/k(xp)). The
properties of the invariant n(A) are further studied in Sect. 7.

As an application of Theorem 7.3, we obtain a new description of the index
of a projective variety.

Theorem 7.4 Let K be any field. Let V /K be a regular closed integral sub-
scheme of . Denote by W a cone over V in ]P"I?Ll. Let wo € W denote the
vertex of the cone. Then §(V /K) =y (Ow,wy)-

The variant of Hilbert’s Tenth Problem, which asks whether there exists
an algorithm which decides given a geometrically irreducible variety V/Q,
whether V/Q has a QQ-rational point, is an open question to this date ([46],
p- 348). So is the possibly weaker question of the existence of an algo-
rithm which decides, given V/Q, whether §(V/Q) =1 (7.7). In view of
Theorem 7.4, we may also ask whether there exists an algorithm which de-
cides, given a (Q-rational point wg on a scheme of finite type W/Q, whether
V(OW,wO) =1.

In the last section of this article, we settle a question of Lang and Tate [36],
page 670, when the ground field K is imperfect, and prove:

Theorem 9.2 Let X be a regular and generically smooth non-empty scheme
of finite type over a field K . Then the index §(X/K) is equal to the separable
index 850p(X/K).

We thank the referee for a meticulous reading of the article and for many
useful comments.
1 Rational equivalence

We review below the basic notation needed to state our moving lemmas. Let
X be a Noetherian scheme. Let Z(X) denote the free Abelian group on the
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set of closed integral subschemes of X. An element of Z(X) is called a cycle,
and if Y is an integral closed subscheme of X, we denote by [Y] the associated
element in Z(X).

Let Kx denote the sheaf of meromorphic functions on a Noetherian
scheme X (see [32], top of page 204 or [39], Definition 7.1.13). Let f €
K% (X). Its associated principal Cartier divisor is denoted by div(f) and de-
fines a cycle on X:

[div(£)] =" orde (f)[ (x}]

where x ranges through the points of codimension 1 in X (i.e., the points
x such that the closure {x} has codimension 1 in X; this latter condition is
equivalent to the condition dim Oy , = 1). The function ord, ICX L
is defined, for a regular element of g € Oy ,, to be the length of the Ox .x-
module Ox /(g).

A cycle Z is rationally equivalent to 0 ([33], §2), or rationally trivial, if
there are finitely many integral closed subschemes Y; and principal Cartier
divisors div(f;) on Y;, such that Z = ) .[div(f;)]. Two cycles Z and Z’ are
rationally equivalent in X if Z — Z’ is rationally equivalent to 0. We denote
by A(X) the quotient of Z(X) by the subgroup of rationally trivial cycles.

1.1 We will need the following facts. Given a ring A and an A-module M,
we denote by £4 (M) the length of M. Let (A, m) be a Noetherian local ring
of dimension 1. Let py, ..., p; be its minimal prime ideals. Let Frac(A) be
the total ring of fractions of A (with Frac(A) = Kx(X) for X = Spec A) and
denote by ordy4 : Frac(A)* — Z the associated order function. Then

(1) Let f € Frac(A)*, and let f; denote the image of f in Frac(A/p;)*. Using
[5], Lemma 9.1/6, we obtain that

orda(f)= Y La, (Ap)ordas, (f).

1<i<t

(2) If A is reduced, then the canonical homomorphism

Frac(A) — @Api = @FY&C(A/Pi)

is an isomorphism.
(3) Let A € B C Frac(A) be a subring such that B/A is finite. Let ny, ..., n,
be the maximal ideals of B, and let b € Frac(A)*. Then

ords(b)= Y _ [B/n;: A/m]ordp, ().

1<i<r
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Indeed, our hypothesis implies that the A-module B/A has finite length,
so for a regular element b € A, £4(A/bA) = £4(B/bB). Conclude us-
ing [21], A.1.3, and the isomorphism B/bB — ]_[le By, /bBy,.

Remark 1.2 Let I7,..., I} be the irreducible components of X, endowed
with the reduced structure. Let &1, ..., &, denote their generic points. Let
f € K%(X), and let f|; be the meromorphic function restricted to /7. If for
alli <r, [div(f|r;)] only involves codimension 1 points of X, then [div(f)]
is rationally equivalent to 0 on X, since [div(f)] =Y ;_,[div((f] n)ﬁ(ox,gi))]
(use 1.1 (1)).

However, in general [div( f)] is not rationally equivalent to 0. Consider for
instance the projective variety X over a field k, union of ]P’,1< and ]P’,% intersect-
ing transversally at a single point co € ]P’,i. Let x be a coordinate function on
IP}{ with [diV]Py]l{ (x)] =[0] — [00]. Let f be a rational function on X which re-

stricts to x on IP’,i and is equal to 1 on ]P’,%. Then [divy (f)] is the O-cycle [0],
since the point co does not have codimension 1 in X. It is clear however that
[0] is not rationally trivial in X. This shows that the implication (1) = (3) in
the proposition in [20], §1.8, does not hold in general.

A proper morphism of schemes 7 : ¥ — X induces by push forward of
cycles a group homomorphism m, : Z(Y) — Z(X). If Z is any closed in-
tegral subscheme of Y, then 7. ([Z]) := [k(Z) : k(7w (Z))][x(Z)], with the
convention that [k(Z) : k(7w (Z))] = 0 if the extension k(Z)/k(;w(Z)) is not
algebraic. It is known ([33], [54], and 1.5 below) that in general further as-
sumptions are needed for a proper morphism 7 to induce a group homomor-
phism 7, : A(Y) — A(X). This is illustrated by our next example, also used
later in 2.7, 7.2, and 7.17. (This example contradicts [21], Example 20.1.3.)

Example 1.3 We exhibit below a finite birational morphism 7 : ¥ — X of
affine integral Noetherian schemes with Y regular, and a closed point y; € Y
of codimension 1 with [y;] rationally equivalent to 0 on Y, but such that
7. ([y1]) is not rationally equivalent to O on X. The key feature in this example
is that w maps the point y; of codimension 1 in Y to a point of codimension 2
in X = Spec A. It turns out that A is not universally catenary. Our example is
similar to that of [23], IV.5.6.11. The idea of the construction of a ring that is
not universally catenary by gluing two closed points of distinct codimensions
is due to Nagata (see [41], 14.E).

Let ko be any field. Let k := ko(t4)aeN be the field of rational functions
with countably many variables. Consider the polynomial ring in one variable
k[S] and the discrete valuation ring R := k[S](sk[s)- Let Y := Spec R[T']. Let
P(T) € k[T] be an irreducible polynomial of degree d > 1. Let yp € Y be the
closed point corresponding to p := (P(T), S) and let y; be the closed point
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corresponding to q := (ST — 1)R[T]. Then dim{y;} = 0 and dim Oy, =
2 — i. The residue field k(yg) := k[T]/(P(T)) is a finite extension of k of
degree d, and k(y;) = Frac(R) = k(S).

Choose a field isomorphism ¢ : k — k(S). Let X := Spec A be the scheme
obtained by identifying y; and yg via ¢ (see [45], Teorema 1, [51], 3.4, or
[16], 5.4):

A:={feR[T]| f(yo) €k, o(f(0)) = FyD}-

By definition, A is the pre-image of the field {(A, ¢(X)) | A € k} under the
canonical surjective homomorphism R[7T] — k(yo) ® k(y1). The ideal m :=
p N q of R[T] is then a maximal ideal of A, defining a closed point xp € X
whose residue field k(xg) is isomorphic to {(A, (X)) | A € k}. The inclusion
A — R[T] induces a morphism 7 : ¥ — X.

It is easy to see that R[7T']/m is finitely generated over A/m. Since m C A,
we can thus produce a finite system of generators for the A-module R[T].
More precisely, we have R[T]=A+T(TS—1)A+---+ Td_l(TS —1A+
T SA. Therefore,  is finite and, hence, A is Noetherian by Eakin-Nagata’s
theorem. The ring A has dimension 2 and, thus, is catenary. The induced
morphism 7 : Y \ {yo, y1} = X \ {xo} is an isomorphism. Indeed, for any
special open subset D(h) € X \ {xo} (i.e., h € m\ {0}), we have hR[T] C
m C A. So any fraction g/h" with g € R[T] is equal to gh/h"+! with
gh €A, and R[T]h = Ay.

Fix now d > 2. Let f := ST — 1 € g. Then [div(f)] = [y1]. By construc-
tion, 7 induces an isomorphism k(xg) >~ k(y1), so that w,([y1]) = [xo]. We
claim that [x¢] is not rationally trivial on X. Indeed, let C be a closed integral
subscheme of X containing xo as a point of codimension 1. As Ox ,, and X
are of dimension 2, we must have dimC = 1. Let C be the schematic closure
of w7 1(C \ {x0}) in Y, and let p : C — C be the restriction of 7. Then p
is a finite birational morphism of integral Noetherian schemes of dimension
1. The point y; cannot belong to C, since otherwise the prime ideal q would
properly contain the prime ideal of height 1 corresponding to the generic point
of C. Hence, ,o_l(xo) = {yo}.

Now let div(g) be a principal Cartier divisor on C. Then, using 1.1 (3),
ordy, (g) = [k(yo) : k(x0)]ordy,(g) = d ordy,(g). Therefore, if n[xo] is ratio-
nally equivalent to O, then d | n. It follows that [xg] is not rationally equivalent
to 0 when d > 2; in fact, [xo] has order d in the group A(X). The same proof
shows that [xo] has order d in the group .A(Spec Ox ).

1.4 For general Noetherian schemes, Thorup introduced a notion of ratio-
nal equivalence depending on a grading dx on X, which turns the quotient
A(X, 8x) of Z(X) by this equivalence into a covariant functor for proper
morphisms and a contravariant functor for flat equitranscendental morphisms
([54], Proposition 6.5).
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We briefly recall Thorup’s theory below. A grading on a non-empty
scheme X is a map 8y : X — Z such that if x € {y}, then ht(x/y) <
dx(y) —dx(x) ([54], 3.1). A grading &y is catenary if the above inequality is
always an equality ([54], 3.6). An example of a grading on X is the canoni-
cal grading dcan(x) ;== —dim Oy . This grading is catenary if and only if X
is catenary and every local ring is equidimensional! ([54], p. 266) at every
point.

Let Y be an integral closed subscheme of X with generic point 7, and let
f € k(Y)*. Denote by [div(f)]) the cycle [div(f)] where we discount all
components {x} such that 8x (x) < 8x (1) — 1. One defines the graded rational
equivalence on Z(X) using the subgroup generated by the cycles [div(f)](",
for all closed integral subschemes of X. If §x is catenary, then the graded
rational equivalence is the same as the usual (ungraded) one ([54], Note 6.6).
Denote by A(X, 8x) the (graded) Chow group defined by the graded rational
equivalence.

Let f : Y — X be amorphism essentially of finite type. Let §x be a grading
on X. Then f induces a grading §  on Y defined in [54] (3.4), by

8¢(y):=8x(f () + tedeg(k(¥)/k(f()))-

If f is proper, then f induces a homomorphism f : A(Y,é7) — A(X, 5x)
([54], Proposition 6.5). If X is universally catenary and equidimensional at
every point, and 8x = can, then ¢ is a catenary grading on Y ([54], 3.11). It
is also true that if X is universally catenary and y is a catenary grading, then
d is a catenary grading on Y ([54], p. 266, second paragraph).

1.5 In particular, assume that both X/S and Y /S are schemes of finite type
over a Noetherian scheme S which is universally catenary and equidimen-
sional at every point, and f : Y — X is a proper morphism of S-schemes. Let
C and C’ be two cycles on Y (classically) rationally equivalent. Then f,(C)
and f,(C’) are (classically) rationally equivalent on X.

In Example 1.3, endow X with the canonical grading, and Y with the grad-
ing é;. Then §x is catenary but &, is not, because y; has virtual codimen-
sion 2. Computations show that A(Y, §;) = Z & 7Z, generated by the classes
of [y1] and [Y]. The group A(Y) is isomorphic to Z, generated by the class
of [Y]. The group A(X) is isomorphic to A(X, 8can) = (Z/d7Z) & 7., gener-
ated by the classes of [xg] and [ X], with the former of order d.

1.6 Let S be a separated integral Noetherian regular scheme of dimension at
most 1. Let n denote its generic point. Endow § with the catenary grading

IRecall that a ring A of finite Krull dimension is equidimensional if dimA/p = dim A for
every minimal prime ideal p of A. A point x € X is equidimensional if Oy , is.
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1 + Scan (Which is also the usual topological grading). Let f: X — S be a
morphism of finite type, and endow X with the grading & . This grading is
catenary (1.4).

Let n > 1 and let x € X be such that § ¢(x) = n. Then [{x}] is an n-cycle
on (X,d¢). If dim(S) =1 and f(x) is a closed point s € S, then {x}is a
subscheme of dimension n of the fiber X;. If f(x) =, then {x} — S is
dominant and dim{x_}77 =n — 1. In the latter case, dim {x} = n — 1 if and only
if S is semi-local and {x} is contained in X »- Otherwise, dim{x} =n.

In particular, the irreducible 1-cycles on (X, §¢) are of two types: the in-
tegral closed subschemes C of X of dimension 1 such that C meets at least
one closed fiber, and the closed points of X contained in X, (in which case
S must be semi-local). We say that a 1-cycle is horizontal if its support is
quasi-finite over S, and that it is vertical if its support is not dominant over S.

2 Moving Lemma for 1-cycles on regular X /S with S semi-local

Let X be a quasi-projective scheme of pure dimension d a field k. Let X2
denote the non-smooth locus of X. The classical Chow’s Moving Lemma [49]
and its generalization ([14], I1.9, assuming k algebraically closed) immedi-
ately imply the following statement:

21 Let0<r <d. Let Z be a r-cycle on X with Supp(Z) N Xsing — ¢ As-
sume that dim(X5"8) < d —r. Let F be a closed subset of X of codimension

at least r + 1 in X. Then there exists an r-cycle Z' on X, rationally equivalent
to Z, and such that Supp(Z') N (F U X5'"8) = (4.

Our goal in this section is to prove a variant of this statement for a scheme
X over a semi-local Dedekind base S = Spec R. An application of such a
relative moving lemma is given in Theorem 8.2.

2.2 Let X be a scheme. We say that X is an FA-scheme, or simply that X is
FA, if every finite subset of X is contained in an affine open subset of X.
In particular, an FA-scheme is separated. The following examples of FA-
schemes are well-known:

(1) Any affine scheme is FA. Any quasi-projective scheme over an affine
scheme is FA ([39], Proposition 3.3.36). More generally, a scheme ad-
mitting an ample invertible sheaf is FA ([23], 11.4.5.4).

(2) If X is FA, then any closed subscheme of X is clearly FA. The same holds
for any open subset U of X. Indeed, let F be a finite subset of U, then
F is contained in an affine open subset V of X. Hence, F C U NV with
U NV quasi-affine. By (1), F is contained in an affine open subset of
unv.
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(3) More generally, if ¥ is FA and f : X — Y is a morphism of finite type
admitting a relatively ample invertible sheaf, then X is FA. Indeed, any
finite subset of X has finite image in Y, so we can suppose that Y is
affine. Then X admits an ample invertible sheaf [23], I1.4.6.6, and we are
reduced to the case (1).

(4) A Noetherian separated scheme of dimension 1 is FA ([48], Prop. VIIL.1).

Suppose k is an algebraically closed field, and that X/k is a regular FA-
scheme of finite type. Let S/ k be a separated scheme of finite type. Then any
proper k-morphism X — S is projective ([31], Cor. 2).

For the purpose of our next theorem, we will call a Noetherian integral
domain R a Dedekind domain if it is integrally closed of dimension O or 1.
A version of this theorem where R is not assumed to be semi-local is proved
in [22],7.2.

Theorem 2.3 Let S be the spectrum of a semi-local Dedekind domain R. Let
f: X — S be a separated morphism of finite type, with X regular and FA.
Let C be a horizontal 1-cycle on X with Supp(C) finite over S. Let F be
a closed subset of X such that for every s € S, any irreducible component
of F N X that meets C is not an irreducible component of X;. Then there
exists a horizontal 1-cycle C" on X with fic' : Supp(C’) — S finite, rationally
equivalent to C, and such that Supp(C") N F = (.

In addition, since S is semi-local, C consists of finitely many points, and
since X is FA, there exists an affine open subset V of X which contains C.
Then, for any such open subset V , the horizontal 1-cycle C' can be chosen to
be contained in 'V, and to be such that if g : Y — S is any separated morphism
of finite type with an open embedding V. — Y over S, then C and C’ are
closed and rationally equivalent on Y .

Proof 1t suffices to prove the theorem when C is irreducible and Supp(C) N
F # (. Choose an affine open subset V of X containing C. Since C is closed
in V, it is affine.

Proposition 3.2 shows the existence of a finite birational morphism D —
C such that the composition D — C — § is a local complete intersection
morphism (l.c.i.). Clearly, when § is excellent, we can take D — C to be
the normalization morphism, in which case D is even regular, and 3.2 is not
needed. Since C is affine and D — C is finite, there exists for some N € N a
closed immersion D — C X g Ag CVxs Agf.

LetU:=V x5 AISV . We claim that it suffices to prove the theorem for the
1-cycle D and the closed subset F := F x g Aiy in the affine scheme f': U —
S. Indeed, let D’ be a horizontal 1-cycle whose existence is asserted by the
theorem in this case. In particular, Supp(D’) N\F = @. Let V — Y be any open
immersion over S. Consider the associated open immersion U — Y Xg ]P’g/
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and the projection p : Y xg IP’gV — Y. By hypothesis, D and D’ are closed
and rationally equivalent in ¥ xg IP’@’ . One easily checks that p,(D) = C
because D — C is birational. It follows from 1.5 that p, (D) = C is rationally
equivalent to C’ := p,(D’) on Y. Moreover, Supp(C’) N F = {.

The existence of D’ with the required properties follows from Proposi-
tion 2.4 below. Indeed, first note that since D/S is l.c.i., each local ring Op .,
x € D, is an absolute complete intersection ring ([23], IV.19.3.2). It follows
that the closed immersion D — U is a regular immersion ([23], IV.19.3.2).

Let d := codim(D, U). We note that d > 0 since Supp(C) N F # @ and for
each point in Supp(C)N F over s € S, F N Vs is not an irreducible component
of V;. Let x € D be a closed point, and let s := f’(x). Then dimOp , =
dim(S), dim Oy , = d 4 dim(S), and dim Oy, y = d. Our assumption on F
implies that the irreducible components of F N U; passing through x have
dimension at most d — 1. We can thus apply 2.4 below to conclude the proof
of 2.3. O

Proposition 2.4 Let S be any semi-local affine Noetherian scheme. Let U —
S be a morphism of finite type with U affine. Let C be an integral closed
subscheme of U, of codimension d > 1, and finite over S. Suppose that the
closed immersion C — U is regular. Let F be a closed subset of U such
that for all closed points s € S, the irreducible components of F N Us that
intersect C all have dimension at most d — 1. Then there exists a cycle C' on
U rationally equivalent to C and such that:

(1) The support of C' is finite over S and does not meet F U C. Moreover,
for any closed point s € S, Supp(C’) does not contain any irreducible
component of Us.

(2) Suppose that S is universally catenary. Let Y — S be any separated mor-
phism of finite type and let h : U — Y be any S-morphism. Then h,(C)
is rationally equivalent to h,(C') on Y.

Proof (Reduction to the case d = 1) Write U := Spec A and C := V (J).
Suppose d > 2. By hypothesis, the (A/J)-module J/J? is locally free, hence
free of rank d. Now lift a basis of J/J? to elements fi,..., f4 € J. For
all p € C, we have Jy, = f1Ap +--- + fqAp by Nakayama’s Lemma. As J,
is generated by a regular sequence by hypothesis, Lemma 2.6 implies that
fi, ..., fa 1s aregular sequence in Ay.

Let I, ..., I, denote the irreducible components of F N Uy that inter-
sect C, with s ranging through the finitely many closed points of S. By hy-
pothesis, dimI; <d — 1 for all i. Apply Lemma 2.5 to A, J, I7,..., I},

and fi,..., fa—1 as above. We obtain the existence of gi,..., gs—1, such
that C € V(g1,...,84—1), and such that every irreducible component of
V(g1,...,8i—1) N I; either has dimension 0 or is contained in C.
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Lemma 2.6 implies that g1, ..., g4—1, fa is aregular sequence at the points
of C, so the immersion C — V(gy, ..., gq—1) is regular. It is easy to check
that the proposition is proved if it can be proved for the closed subsets C and
FNV(gl,...,g4—1) inside the affine scheme V(gi,..., ga—1). Moreover,
we note that now

(a) at any point p of C, C is defined in V (g1, ..., g4—1) by the regular ele-
ment fy, and

(b) any irreducible component of F N V (g1, ..., ga—1)s is either contained
in C or disjoint from C.

We make one further reductionif V := V (g1, ..., g4—1) is not integral. For
every x € C, fg is a regular element of Oy , and Oc x =~ Oy /(f4). This
easily implies that Oy , is a domain. Thus, there is a unique irreducible com-
ponent W of V through x. Clearly, W is independent of x, and in a neigh-
borhood of C, V coincides with W endowed with the reduced subscheme
structure. The morphism C — W is still regular. We may thus replace V with
the integral subscheme W.

We assume henceforth that U is integral and that d = 1. Fix now an open
S-immersion U — X, with X/S projective and X integral. Let F be the
Zariski closure of F in X. Let Z denote the closed subset of X consisting
in the finite union of the following closed sets:

(a) X\ U;

(b) All irreducible components of F N X, which do not intersect C, for each
closed point s € §; and

(c) One closed point of I" which does not belong to C, for each irreducible
component I" of U which is not contained in C, and for each closed
point s € S.

By construction, Z N C = @.

Since C is proper over S, it is closed in X. Since d = 1, C is in fact a
Cartier divisor on U, and since it is closed in X, we can extend it to a Cartier
divisor on X. Let 7 be the sheaf of ideals on X defining C. This is then an
invertible sheaf, and as usual we let Ox (nC) := J ~".

Let 7 be the sheaf of ideals on X defining the reduced induced structure
on Z.Let Z(nC) denote the image of Z®@ Ox (nC) in Ox(nC). Forall n > 2,
we have a natural exact sequence

0—Z((n—1)C) - IZ(nC)— F, — 0,

where F;, is a coherent sheaf annihilated by J and, hence, supported on C.
Applying H'(X, —) to the above exact sequence, we get

H'(X,Z((n — 1)C)) - H'(X,Z(nC)) — 0
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because C is affine. Since X/§ is projective, we have obtained a sys-
tem of finitely generated Og(S)-modules with surjective transition maps.
Since Og(S) is Noetherian, the transition maps are eventually isomorphisms.
Hence, there exists ng > 0 such that for all n > no, HO(X, I(nC)) —
HO(C, F,) is surjective.

By hypothesis, the stalk 7, ateach x € C is generated by a regular element.
Since C is semi-local and closed in the affine scheme U, we can find an affine
open subset V in X \ Z containing C such that J}y is principal, say generated
by a function ¢. For all n > 0, ¢™" induces a generator ¢ =" of O(nC)c.
Since Z N C =, we find for all n > 0 that (F,)|c is isomorphic to O(nC)c.
Thus, for all n > ng, we can find a global section f;, of Z(nC) which lifts the
generator ¢ " of Ox (nC)c.

Fix n > ng, and consider g := (1 + f,+1)/(1 + f) € Kx(X). Let

C':=C + [divx(9)]-

Then Supp(C’) is projective over S because it is closed in X. By construc-
tion, [divy(g)] = —C, and [divx(g)] has support disjoint from Z. Thus,
C N Supp(C’) =@, and since Z contains X \ U, we find that Supp(C’) C U.
Since U is affine, Supp(C’) is finite over S.

Recall that for each closed point s € S, Z contains all irreducible com-
ponents of F N X, which do not intersect C. Recall also that by hypothesis
(in the case d = 1), for all closed points s € S, the irreducible components
of F N U, that intersect C have dimension O and are thus contained in C. It
follows that F N Supp(C’) = @.

Finally, recall that for each closed point s € § and for each irreducible
component I” of Uy which is not contained in C, then Z contains a closed
point of I which does not belong to C. Then Supp(C’) does not contain any
irreducible component of U which is not contained in C. This shows (1).

(2) Now suppose that S is universally catenary. We start with the following
reduction. Recall from the beginning of the proof the existence of a closed
integral subscheme W of U such that C C W is a regular embedding and C
has codimension 1 in W. Let T denote the schematic closure of the image
of W in S. It suffices to prove (2) for W — T, and the morphism 4’ : W —
Y xg T. We are thus reduced to the case where both U and § are integral. In
particular, S is equidimensional at every point and universally catenary, and
the theory recalled in 1.4 applies.

Fix as in (1) an open S-immersion U — X, with X/§ projective and X
integral. Let g be as in (1). Let I" € X x g Y be the schematic closure of the
graph of the rational map X --» Y inducedby h: U — Y.Let p: I' — X and
q : I’ — Y be the associated projection maps over S. Since Y /S is separated,
the graph of h: U — Y is closed in U xg Y. Hence, p: p~'(U) — U is an
isomorphism. Since I is integral and its generic point maps to the generic
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point of X, the rational function g on X induces a rational function, again de-
noted by g, on I". As p: p~'(U) — U is an isomorphism, we let p*(C) and
p*(C’) denote the preimages of C and C’ in p~!(U); they are closed sub-
schemes of I". Since g is an invertible function in a neighborhood of X \ U,
[divi(g)] = p*(C) — p*(C’), and p*(C) and p*(C’) are rationally equiva-
lent on I". Fix a catenary grading on S and define gradings on schemes of
finite type over S accordingly (1.4). Then, as g is proper, ¢« p*C and g, p*C’
are rationally equivalent in Y. Since h,C = g4+ p*C and h,C' = g, p*C’, (2)
follows. O

Lemma 2.5 Let U = Spec A be a Noetherian affine scheme. Let C := V (J)
be a closed subset of U. Let I, ..., I be irreducible closed subsets of U.

Let fi,..., fs € J. Then there exist g1, ..., gs € J such that g; € f; + J* for
all i =1,...,38, and such that the following property holds. Let i < § and
J < n. Then any irreducible component of I'y NV (g1, ..., g) not contained

in C has codimension i in I'; and, hence, dimension at most dim I'; — i.

Proof For j =1,...,n,let q; be the prime ideal of A such that I'; = V (q;).
If q; contains J for all j <n, we set g; := f; foralli =1,...,6, and the
lemma is proved. Suppose that for some j, q; does not contain J. Upon
renumbering if necessary, assume that the ideals qy, ..., ¢, do not contain J,
and ¢;;+1, - .-, qs contain J. The lemma is proved if we can prove it for the
sets I, ..., I, We may thus assume that none of the I';’s is contained in C
or, in other words, that none of the q;’s contain J.

We proceed by induction on §. When § = 1, we find that fiA + J> & q j
for all j < n. Then there exists a; € J? such that g| := f] +a; ¢ Ulfjfn q;
([9], Lemma 1.2.2 or [29], Theorem 124, page 90). Suppose that @ is an
irreducible component of I'; N V(g1). Then ® has codimension 1 in I'; and
dim® <dimI;NV(g)) <dimI; —1,since A/q; is a domain, and g1 ¢ q;.

If § > 2, we apply the induction hypothesis to the sequence f1, ..., fs—1
to obtain the desired gi,...,gs—1. We then apply the case § = 1 to the
ring A/(g1,...,85—1), the ideal J/(g1,...,85—1), the image of fs in
A/(g1, ..., &—1), and to the irreducible components of the I'; NV (g1, ...,
gs—1)’s which are not contained in C. We find then an element g5 in f5 +
(J/(g1,-..,8—1))?, which we lift to g§ = f5 + g1a1 + -+ + gs—1as5—1 + j
with j € J? and a; € A. Since the desired property is now achieved for the
irreducible components of I'; N V (g, ..., g&s—1, &) not contained in C, we
find that the sequence g1, ..., g5s—1, &5, With g5 := fs + j, satisfies the con-
clusion of the lemma. O

Lemma 2.6 Let A be a Noetherian local ring. Let 1 be a proper ideal of A
generated by a regular sequence fi, ..., fy. Let g1, ..., gq € 1. If the image
of {g1,...,8a) in 1/1? is a basis of 1/I* over A/I, then g1, ..., g4 is a
regular sequence.
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Proof This is well-known, and follows from the equivalence between quasi-
regular sequences and regular sequences in Noetherian local rings ([41], 15.B,
Theorem 27). O]

Remark 2.7 We note that the cycle C’ in Proposition 2.4 (1) is in the same
graded component of Z(U) as C, for every catenary grading on U. Note
also that it may happen in 2.4 (1) that the cycle C’ is the trivial cycle, with
empty support. Indeed, consider the case where U — S is a finite morphism.
According to 2.4 (1), the support of C” does not meet C, and for any closed
point s € S, Supp(C”’) does not contain any point in U \ C. It follows that
Supp(C”’) does not contain any closed point of U. Since U is affine, we find
that Supp(C’) is empty.

We now modify Example 1.3 to produce an example to show that the state-
ment of Proposition 2.4 (2) does not hold in general if S is not assumed to be
universally catenary. Indeed, with the notation as in Example 1.3, let d > 1,
let Y’ be the semi-localization of Y at {yg, y;}, and let X’ the pinching of
Y’ (that is, the scheme obtained by identifying yy and y; in Y’). Let again 7
denote the natural finite morphism Y’ — X’. Then the cycle [y] is rationally
trivial on Y, but the cycle 4 ([y1]) is not rationally trivial on X’. For the de-
sired example where the statement of Proposition 2.4 (2) does not hold, we
take S and Y to be X', U tobe Y’, and C to be {y;}.

3 Inductive limits of l.c.i. algebras

We prove in this section a technical statement needed when considering base
schemes S which are not excellent, as in the proof of 2.3, or of 6.2 in [22].

Lemma 3.1 Let (R, (1)) be a discrete valuation ring with field of fractions
K of characteristic p > 0. Let L/K be a purely inseparable extension of
degree p, and let Ry be the integral closure of R in L. Then there exists a
sequence (0y)neN+ With oy € Ry and L = K («y,), such that the R-algebras
By, := Rl«ay,] are finite and local complete intersections over R, and Ry =

U, Bn-

Proof Recall that since [L : K] = p, Ry is also a discrete valuation ring,
with maximal ideal m, and either ey /() fm/(x) = 1 and Ry is not a finitely
generated R-module, or ey/(x) fm/(x) = p and Ry is a finitely generated R-
module (see [6], VI.8.5, Theorem 2). Moreover, if ey /(z) = p and s € m\mz,
then Ry = R[s]. If fu ) = p and s € Ry, reduces modulo m to a ¢ such that
Rp/m=(R/(m))(t), then Ry = R[s].

The lemma is thus completely proved in the case where Ry is a finitely
generated R-module by setting B, = Ry for all n. When ew(x) fm/(r) = 1,
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we can embed Ry into the completion of R of R with respect to (;r). Since
[L: K]= p, we can choose o € Ry such that L = K («). For any n > 1, we
can approximate the element o by an element 7, € R, such that @ = r,, + 7",
for some o, € Ry.. Let B, := R[o,]. Then (By,),>1 is an increasing sequence
of finite l.c.i. algebras over R, and L = K () for all n.

It remains to show that R; = |J,, Bx. Let b € Ry. Then b = Z‘;;(; tjozj,
witht; € K for j =0, ..., p — 1. Replacing a by r, + n"«a;, we see that for
n > max;>1|ordy(t;)|, we can write b = ¢, + B, with ¢, = Zj tjr,{ € K and
Bn € Rlay,]. It follows that ¢, € Ry, and, hence, ¢, € R = K N R;.. Therefore,
b € Rlay]. O

Proposition 3.2 Let A be a Dedekind domain, with field of fractions K. Let
B be an integral domain containing A, and with field of fractions L. Assume
that B is finite over A. Then there exists a domain C with B C C C L such
that C is finite over A, and a local complete intersection over A.

Proof Let K, be the separable closure of K in L and let Bgep be the integral
closure of A in Kep. Then Bgep, is a Dedekind domain finite over A. Let B’ be
the sub-A-algebra of L generated by B and Bgep. Then it is finite over Biep.
If we can find C containing B’, finite and l.c.i. over Bgep, then C contains B
and is finite and l.c.i. over A. Therefore, it is enough to treat the case when
K = Kgep. We thus assume now that L is purely inseparable over K, and we
prove the proposition by induction on [L : K]. The case [L : K] =1 is trivial.
Suppose [L : K] > 1 and that the proposition is true for any Dedekind domain
A’ and for any purely inseparable extension L’ of Frac(A’) of degree strictly
less than [L : K].

We will construct C as the global sections of a coherent sheaf of A-algebras
C over Spec A. Let L’ be a subextension of L of index p. Consider the sub-
A-algebra BN L' of L'. It is finite over A because B is finite over A. By
induction hypothesis, it is contained in a finite l.c.i. A-algebra B’ C L’. Let
o € B be such that L = L'[«]. We claim that B'[«] is l.c.i. over B’, so that
B'[«] is a finite 1.c.i. A-algebra. Indeed, the minimal polynomial of & over L’
is x? — a? € B'[x], since by hypothesis, «” € L’ N B C B’. Therefore, the
map B'[x]/(x? — a”) — B’[a] is an isomorphism.

As B’[a] and B are both finite over A and have the same field of fractions,
there exists f € A \ {0} such that B'[«] s = By (where as usual By denotes
the localization of B with respect to the multiplicative set {1, f, f 2 ...}). The
algebra By is finite and l.c.i. over A 7, and we define C(D(f)) tobe By.

Let now p be any maximal ideal of A, and let q be the unique maximal
ideal of B lying over p. Let us show that By is contained in some finite 1.c.i.
Ap-algebra C, contained in L. First, note that the localization of B at the
multiplicative set A \ p is equal in L to By, because xEKl e A\ p for all
x € B\ q. In particular, By is finite over A,. Write By =Y, _; _, b Ay, with
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b; € B. Let R be the integral closure of Ay in L. It follows from Lemma 3.1
that there exists o € L, integral over R with L = L’(«), and such that b; €
R[a] for all i < r. Then there also exists a finite sub-Ay-algebra D of L', with
a? € D and b; € D[«] for all i <r, and such that Frac(D) = L’. Apply now
the induction hypothesis to the extension Ay, C D: there exists D C E C R
such that E is finite and l.c.i. over Ay. Set Cp := E[a]. We have Frac(Cy) =
L'[a] = L. Since a” € D, the minimal polynomial of & over L’ is in D[x].
As earlier, we find that Efa] is l.c.i. over E and, therefore, also over Ay.

Write Spec A = D(f)U{p1,...,ps}. Foreachi =1, ..., s, there exists an
open neighborhood U; of p; with U; \ {p;} € D(f), and a finite sub-O(U;)-
algebra C; of L such that C; ®o(v;) Ap; = Cp; and

Ci ®ow,) O(Ui \ {(pi}) = By ®a, O(U; \ {pi}).

We then can glue the sheaves (C;)™,y; and the sheaf (Bf)™/p(y) into a co-
herent sheaf C of A-algebras. The global sections C := C(Spec A) is a finite
sub-A-algebra of L which contains B and is 1.c.i. by construction. O

4 Hilbert-Samuel multiplicities

Let (A, m) be a Noetherian local ring. Let Q be an m-primary ideal of A
(equivalently, Q is a proper ideal of A containing some power of m). Let M be
a non-zero finitely generated A-module. Recall that there exists a polynomial
fo(x) € Q[x] such that for all n large enough, fo(n) =£4(M/Q"M). This
polynomial has degree d = dim M := dim V (Ann(M)).

The Hilbert-Samuel multiplicity e(Q, M) is the coefficient of x¢ in fo(x)
multiplied by d!. When there is no need to specify the ring A, we may write
e(Q, A) simply as e(Q). The integer e(A) := e(m, A) is called the Hilbert-
Samuel multiplicity of A. If A is regular, then e(A) = 1.

We prove in Proposition 4.9 below that the Hilbert-Samuel multiplicity
e(Q, M) can be expressed in terms of Hilbert-Samuel multiplicities e((f), M)
of ideals generated by strict systems of parameters. This result is a key ingre-
dient in the proof of the main result of this section, Theorem 4.5. A more
global geometric version of Theorem 4.5 is given in the Generic Moving
Lemma 6.5.

4.1 Let (A,m) be a Noetherian local ring. An ordered sequence f =
{fi,..., fr} of r > 1 elements of m is said to be strictly secant if f; does
not belong to any minimal prime ideal of A and if, for all i € {2,...,r},
fi does not belong to any minimal prime ideal over (f, ..., fi—1). The se-
quence f is called a strict system of parameters of A if r = dim A. In general,
the property of being strictly secant depends on the order of the f;’s.
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A sequence {f1,..., fr} of m is called secant if dimA/(f1,..., f;) =
dim A — r ([7], VIIL.26, Definition 1). The sequence {f1} is secant if and
only f; does not belong to any minimal prime ideal p of A such that
dimA/p =dim A ([7], VIIL.27, Proposition 3). By induction, one sees that
a strictly secant sequence is secant.

In a Noetherian local ring (A, m) of dimension d, a system of parameters of

Aisasystem f1, ..., fg of elements of m such that the ideal ( fi, ..., f4) con-
tains a power of m or, equivalently, such that the A-module A/(f1, ..., f1)
has finite length. Since a strict system of parameters f = { fi, ..., fz} is a se-

cant sequence, we find that dim A/(f1, ..., fg) =dimA —d =0, and fis a
system of parameters.

4.2 Recall that any ideal in m generated by i elements has height at most i.
It follows that a sequence { fi, ..., f»} is strictly secant if and only if for all
i <r, all minimal prime ideals over (f1, ..., f;) have height i.

Lemma 4.3 Let (A, m) be a Noetherian catenary equidimensional local
ring. Then a secant sequence (resp. a system of parameters) is strictly secant
(resp. a strict system of parameters).

Proof Let f € A be such that dimA/fA =dim A — 1. Since A is equidi-
mensional, f does not belong to any minimal prime ideal of A and, thus, the
sequence { f} is strictly secant. The quotient A/(f) is catenary since A is. We
claim that A/f A is also equidimensional. Indeed, let q be any minimal prime
ideal of A over (f) and let p be a minimal prime ideal of A contained in g.
By Krull’s principal ideal theorem, ht(q/p) = 1. Hence, since A is catenary,
ht(m/q) = ht(m/p) — ht(q/p) = dim A — 1 for any minimal prime q/(f) of
A/(f). Therefore, A/(f) is equidimensional.

Let now f:={f1,..., f;} be a secant sequence for A. If r =1, then f
is strictly secant. If » > 1, then {f>,..., f;} is secant for A/(f;) and, by
induction, strictly secant for A/(f1). Then f is strictly secant for A. O

Lemma 4.4 Let (A, m) be a Noetherian local ring. Let Q be a m-primary
ideal, and let I be a proper ideal of A. Let g :={g1,..., &} be a strictly
secant sequence of elements of (Q + 1)/1. Then there exists a strict system
of parameters { f1, ..., fa} in Q such that fori <r,the map A — A/l sends
fito gi,and fori >dimA/I, fie I N Q.

Proof When I = (0), the lemma states that any strictly secant sequence of
elements of O can always be completed into a strict system of parameters
contained in Q. We leave the proof of this fact to the reader.

Assume that I # (0). We first show by induction on r that g can be lifted
to a strictly secant sequence in Q. Let f € Q be alift of g1. Let py, ..., pn
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be the minimal prime ideals of A. If f| ¢ p; for all i = 1,...,m, then by
definition { f{} is a strictly secant sequence.

Suppose now that f| belongs to some p;, and renumber these minimal
primes so that there exists mq > 0 such that f| € p; if and only if i <mq. Let
qi, ..., q, be the minimal prime ideals of A over I. If i < my, then q; Z p;
(otherwise they would be equal, but f| ¢ q;) and Q € p; because dim A >
r>1.Sofori <mg, ON (ﬂlsjsn g,)N (ﬂkZmOJrl px) is not contained in
p; and, therefore, there exists

aeQﬂIﬂ( ﬂ pk>\ U p;.

k>mo+1 1<i<my

Let fi := f{ +a € Q. Then { f1} is a strictly secant sequence contained in Q,
and f] maps to g1 in A/I, as desired.

Let us assume by induction that we can lift {gy,..., g—1} to a strictly
secant sequence {fi,..., fy—1} in Q. Let J := (f1,..., fr—1). Apply the
case r = 1 to the ring A’ := A/J, with the ideals I’ := I + J/J and
Q' := Q + J/J: the strictly secant sequence {g,} in A’/I’ lifts to a strictly
secant sequence { f,} in Q’, and we let f, denote a lift in Q of fr. Then
{f1,---, fr=1, fr} in Q is the desired strictly secant sequence lifting g.

Now we complete g into a strict system of parameters in (Q + I)/1 and
lift it to a strictly secant sequence fi,..., f, in Q (withn:=dimA/I > r).
It is easy to check thatm = /I N Q + (f1, ..., fn). Then the image of I N Q
in A/(f1,..., fu) contains a power of the maximal ideal, and we can use
the case ‘I = (0) applied to the ring A/(f1, ..., fu) to find that there exist
Jn+1s -+, fa € I N Q whose images in A/(f1,..., fn) form a strict system
of parameters. Then {fi, ..., f4} is a strict system of parameters of A as
desired. O

The following theorem, whose proof relies heavily on Proposition 4.9, is
the main result of this section. We use Theorem 4.5 to prove the Generic
Moving Lemma 6.5, which in turn is used to prove Theorem 8.2.

Theorem 4.5 Let (A, m) be a Noetherian local ring of dimension d > 1,
and let Q be a m-primary ideal of A. Let F be a closed subset of Spec A
with dim F < d. Then there exist integral closed subschemes Cq,...,C, of
Spec A, of dimension 1, and invertible rational functions ¢; € k(C;)* such
that:

(1) If F #£@, thenforalli <n,C; N F ={m}.

(i) e(Q) = Zlfifn OrdC[ (@i).

In particular, e(Q)[m] is rationally trivial on Spec A.

We will need the following two facts.
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4.6 Let (A, m) be a Noetherian local ring, let O be a m-primary ideal of A.
Let py, ..., p; be the minimal prime ideals of A such that dim A/p; = dim A.
Then

e(Q. A)= " L(Ap)e((Q +pi)/pi, Afpi)
1<i<t
([7], VI, §7, n° 1, Proposition 3). In particular, e(A) = ZlfiftE(APi) .
e(A/pi).

4.7 (Associative Law for Multiplicities) Let (A, m) be a Noetherian local
ring of dimension d. Let fi, ..., fz be a system of parameters. Denote by f
the sequence f1, ..., fg and by (f) the ideal generated by the f;’s. Fix s <d.
Let p1, ..., p; be the minimal prime ideals of A over (f1,..., fs) such that
ht(p;) = s and dimA/p; =d — 5. (When s = 0, we interpret (f1, ..., f;) to
be the ideal (0).) Then

e(®,A) = e((fi.-os f)Ap. Ay )e((fogrs ... fa) +pi/pis A/pi)

i=1

(see [38], or [44], Theorem 18, page 342, or [27] (1.8), or [42], exer. 14.6,
page 115).

4.8 Proof of 4.5 It suffices to prove the theorem when F # (4. Let [ be a
proper ideal of A such that F = V (I). By hypothesis, r :=dim F < d :=
dim A.

Proposition 4.9 (1) shows that the multiplicity e(Q) can be expressed in
terms of the multiplicity of ideals generated by (strict) systems of parameters.
Thus, we are reduced to proving the theorem in the case Q is generated by a
system of parameters.

Proposition 4.9 (2) shows that it is enough to consider the case where Q
is generated by a strict system of parameters f = { f1, ..., fg} of A such that,
when r > 1, the image of { f1, ..., fr}in A/I is a strict system of parameters
of A/I. Let py, ..., p; be the minimal prime ideals of A over (f1, ..., fa—1)
of height d — 1 with dim A/p; = 1. The formula in 4.7 gives

e(Q.A)= Y die(faA, A/p)),
1<i<t

with d; :=e((f1,..., fa—1)Ap;, Ap;). As A/p; is integral, e(fyA, A/p;) =
ord /p, (fa) where ord 4 /p, (f4) denotes the order of the image of f; in A/p;.

Let C;:=V(p;), 1 <i <t,and let ¢; := fji|ci. Then

e(Q,A)= ) ordc,(¢i),

1<i<t
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as desired. When dim F =r > 0,dim A/(/, f1, ..., fr) = 0 by construction.
Thus, dim(C; N F) =dimV({ +p;) =0foralli =1,...,¢. Thate(Q)[m] is
rationally equivalent to O follows immediately from the definition recalled at
the beginning of Sect. 1. O

Part (3) of our next proposition is a slight strengthening of a well-known
theorem ([9], Corollary 4.5.10, or [56], VIII, §10, Theorem 22 when M = A).
Parts (1) and (2) are used in 4.5, and Part (4) will be used in 5.2.

Proposition 4.9 Let (A, m) be a Noetherian local ring and let M be a non-
zero finitely generated A-module. Let Q be an m-primary ideal of A.

(1) There exist finitely many strict systems of parameters t*,a € A, con-
tained in Q, such that e(Q, M) =) _ . 4 Fe((f*), M).

(2) Fix a proper ideal I of A with Anng(M) C I. Let r :=dim V (I). When
r > 0, we can choose the strict system of parameters {f", ..., f& .} in
(1) such that for each a € A, the image of the sequence {f{, ..., f*} in
A/I forms a strict system of parameters in A/I.

3) If A/m is infinite, then e(Q, M) = e((f), M) for some strict system of
parameters f contained in Q, satisfying, when applicable, the property
in (2).

(4) Let p be a prime ideal of A with ht(p) > 1. Let Qo be a pAy-primary
ideal of Ay. Then there exist finitely many strictly secant sequences f*
in m, a € A, whose images in Ay are contained in Qg and such that

e(QO? Ap) = ZO(EA :I:e((fu)’ Ap)

Proof (1) and (2). Let J := Anna(M). By definition, dim M :=dimA/J.
We can consider M as an A/J-module. We have es(Q, M) =ea;;((Q +
J)/J, M) because J M = 0. Suppose that we can construct strict systems of
parameters g% in (Q + J)/J such thate,;((Q + J)/J, M) is a combination
of the e4,;((g%), M)’s and such that the image of {g},..., g~} in A/l isa
strict system of parameters for all «. By Lemma 4.4, we can lift each g* and
complete it into a strict system of parameters f* = { 1", ..., f4, 4} in Q with
f¥eJ foralli>dimM. Then es,;((g%), M) = ea((f*), M), and (1) and
(2) hold. Therefore, it remains to prove (1) and (2) when dim M = dim A.

Assume that d := dim M = dim A. We proceed by inductionond. If d =0,
then a strict system of parameters f for A is empty, and we set f = (0). Then
e(Q,M)=4£(M) =e((0), M), and no additional condition is required in (2)
since dim A/l =0.

Assume that d > 1. Let P be the set consisting of the minimal prime ideals
of A, of the associated primes of M, and if dim A/ > 0, of the minimal prime
ideals of A over I. Our hypotheses imply that if m ¢ Ass(M), then m ¢ P.
Suppose that m € Ass(M). Then there exists an exact sequence (0) - M’ —
M — M"” — (0) with M’ isomorphic to A/m. Since dim(M) > 0, we find
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that for any m-primary ideal Q¢ of A, e(Qo, M) = e(Qo, M") ([7], VIIL46,
Prop. 5, or use the proof” of [42], 14.6). It follows that it suffices to prove our
statement for modules M with m ¢ Ass(M). In particular, we can assume that
me¢ P.

We apply Lemma 4.10 with this set P of primes. Pick some s > s and
x5 € 0°, xg41 € 0°T! as in 4.10. By our choice of P, both {x;} and {xs, 1}
are strictly secant sequences in Q (4.10(c)). Suppose d = 1. Then e(Q, M) =
e((xs+1), M) —e((x5), M) (4.10(b)). When r = 1, our choice of P shows that
the images of {x;} and {x;41} in A/I are again strict systems of parameters
in A/I. Hence, (1) and (2) are true whend = 1.

Suppose now that d > 2 and that (1) and (2) hold for d — 1. Lemma 4.10(b)
shows that

e(Q, M) =e(Q, M/xs 1 M) — e(Q, M/xsM).

Let B:= A/x;A. Thendim B =d — 1 and M /x;M is a B-module of dimen-
sion d — 1 (4.10(a)). Let I B denote the ideal (I + x;A)/x;A of B. By our
choice of primes in P, we find that dim V(I B) = max{0,r — 1}. We also
have ez (Q, M /x;M) = ep(QB, M /xs;M). By induction hypothesis, there
exist finitely many strict systems of parameters g* in Q B with

e(QB, M/x;M) =) +e((g%). M/x;M)

and such that, if dim V(I B) > 1, the image of g¥,..., g , in B/IB is a
strict system of parameters. Let f* be any lifting of g* in Q. Then {x,,f*}isa
strict system of parameters in Q, and the image in A// of the first r elements
of {x,, f*} is a strict system of parameters in A/I. By our choice of primes in
P, x, is not a zero divisor in M. It follows from [42], 14.11 that?

e((g%), M/x;M) =e((t), M/x;M) = e((x,, 1), M).

Repeating the same argument with x;y1 instead of x; allows us to ex-
press the multiplicity e(Q, M /xs4+1 M) in a similar way. Since e(Q, M) =
e(Q,M/xs 1 M) —e(Q,M/x;M), (1) and (2) follow.

(3) When A /m is infinite, instead of choosing two elements x; and x5 as
we did above, Part (3) is proved by modifying the proof of (1) and (2), using
only the element x; whose existence is asserted in 4.10(d), with e(Q, M) =
e(Q,M/x1M). We leave the details to the reader.

21t should be noted that the definition of e(Q, M) taken in [42], page 107, (or in [53], 11.1.5)
is different from the definition taken at the beginning of this section and in [7], VIIL.72. Thus
the statement of [42], 14.6, cannot be applied directly.

3Due to the two different definitions of e(Q, M), the proof of [42], 14.11, needs to be slightly
adjusted to prove the second equality.
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(4) Let R be the preimage of Qg in A under the natural map A — Ay.
Clearly, R € p. Consider the graded rings

Gr(A):=EPR*/R™" and  Gr(4y) =P 04/ 05",

n>0 n>0

and the natural homomorphism of graded rings p : Gr(A) — Gr(Ap). Let
q}, ..., q; be the associated prime ideals of Gr(Ay) not containing Gr, (Ap).
Then {p_l(q’j), j=1,...,k}is a set of homogeneous prime ideals of Gr(A)
not containing Gry(A). Let q1, ..., q;, be the minimal prime ideals of A.
We are going to associate below to each g; a homogeneous prime ideal q; of
Gr(A) which does not contain Gr4(A). We will then apply the Prime Avoid-
ance Lemma 4.11 to the ideal I := Gr(A) in the ring Gr(A) with the set of
homogeneous ideals {p‘l(q’j),j =1,....k}U{g,i=1,...,m}.

For any prime ideal q of A, let g™ := D, ~0@NR"/(qN R"*1), which
we view in a natural way as an ideal in Gr(A). This ideal is homogeneous,
but may not be prime. We claim that when p Z q, then /q"°™ does not con-
tain Gry (A). Indeed, if /g"°™ contains Gr,.(A), then g"™ contains a power
of Gr,(A). So for some n > 0, R” = R"*! + (¢ N R™). Hence, modulo q,
R'=R""". Since Mmen R =(0)=R", we find that R"  q, and pass-
ing to radicals, we find that p C ¢, a contradiction. Now by standard results,
v/ qhom is homogeneous, and it is the intersection of all the prime ideals min-

imal above it, which are also homogeneous. For each i =1, ..., m, we let
q:; denote one of the minimal prime ideals of q?"m that does not contain
Gry(A).

We conclude from Lemma 4.11, applied to the ideal I := Gry(A) in the
ring Gr(A) with the set of homogeneous ideals {,ofl(q’j),j =1,...,k} U
{qi,i =1, ..., m}, that there exists so > 0 such that, for all s > s, there exists
x5 € R* whose class in R*/R**! does not belong to Uj ,o_l(q’j) U(U; g5)-In
particular, x; ¢ q; for all i =1, ..., m, which by definition implies that {x;}
is strictly secant in A. Moreover, let £ denote the image of x; in Qp/ Q(S)H.
Then, by construction, & ¢ q/j, forall j =1,...,k.

As in 4.10, we use this latter fact to be able to apply [7], VIIL.79, Prop. 9
and Lemma 3, to verify a hypothesis needed in [7], VIII.77, Prop. 8.b). It
follows immediately from VIIL.77, Prop. 8.b), (i) and (ii), because ht(p) > 1,
that

e(Qo, Ap/x;Ap) if dim Ay > 2,

$e(Q0-A) =1 ). Ap) if dim Ay = 1.

@ Springer



O. Gabber et al.

We can now prove (4) when ht(p) = 1. Fix s > 59 as above, and consider
x5 and x;41. We find that

e(Qo, Ap) = e((xs+1), Ap) — e((x5), Ap),

with both {x;} and {x 4} strictly secant in A, as desired. When ht(p) > 2, we
proceed by induction on ht(p). Since {x,} is strictly secant in A, it is secant in
Ay, sothatdim Ay /(xy) = ht(p/(x)) =ht(p) — 1. Let B := A/(x;). We apply
the induction hypothesis to the ring B, prime ideal p B and m B-primary ideal
QoB. The details are left to the reader. O

Lemma 4.10 Let (A, m) be a Noetherian local ring. Let Q be a proper ideal
of A. Let M be a finitely generated A-module withdim M > 1 and M/ QM of
finite length. Let P be a finite set of prime ideals of A with m ¢ P. Then there
exists so > 1 such that for all s > s, there exists xs € Q° with the following
propetrties:

(a) dim(M/x;M)=dimM — 1.
(b)

e(Q,M/x;M) if dimM =2, and

QM= A M) ifdimM=1.

(c) x5 ¢ pforeverype P.
(d) If A/m is infinite, then there exists an element x1 € Q \ Q2 with the above
properties.

Proof Consider the graded ring Gr(A) := @, Q"/Q"+!. For any A-
module N, the group Gr(N) := P, Q”N/Q”“N is a Gr(A)-module
in a natural way. Consider then the Gr(A)-graded module L := Gr(M) @&
(@pep Gr(A/p)). Let py, ..., p, be the associated prime ideals of L not con-
taining Gry (A). These are homogeneous ideals of Gr(A) ([41], (10.B)). By
Lemma 4.11 applied to I = Gr4(A), there exists so > 1 such that for all
s > 50, Grg(A) is not contained in | J; p;.

For s > 50, let x; € Q° whose class & in Grg(A) does not belong to _J; p;.
Let ¢ : L — L be the multiplication-by-£ map. By [7], VIIL.79, Prop. 9 and
Lemma 3, Ker ¢ has finite length over Gr(A) and, hence, over A/ Q. This is
one of the hypotheses needed to now apply [7], VIIL.77, Prop. 8.b). More-
over, our hypothesis that m ¢ P shows that dim A/p > 1 for all p € P. Since
we also assumed that dim M > 1, we can now use [7], VIIL.77, Prop. 8.b),
to obtain that dim M /x;M = dim M — 1 (proving (a)), and for each p € P,
dim(A/(xs, p)) = dim(A/p) — 1. In particular, it follows that x; ¢ p, prov-
ing (c). Part (b) follows immediately from VIII.77, Prop. 8.b), (i) and (ii).
Remarque 4) on [7], VIIL.79, shows that when A/m is infinite, we can apply
the above proof to an element x; € Q \ Q2. O
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The following Prime Avoidance Lemma for graded rings is needed in the
proofs of 4.9 and 4.10. (For related statements, see [53], Theorem A.1.2, or
[6], 111, 1.4, Prop. 8, page 161.)

Lemma 4.11 Let B =, By be a graded ring. Let p1, ..., p, be homoge-
neous prime ideals of B not containing By. Let I = D;-¢ Is be a homoge-
neous ideal such that I € p; for all i <r. Then there exists an integer so > 1
such that for all s > so, Iy £ \J<j <, bi-

Proof We proceed by induction on r. If r = 1, choose ¢t € By \ p; and a
homogeneous element o € I \ pg, say of degree s9. Then =0 € I \ p;
for all s > s¢, as desired. Let » > 2 and suppose that the lemma is true for
r — 1. We can suppose that p; is not contained in p, for all i # r, so that
Ipr---pr—1 & pr. Similarly, we can suppose that p, is not contained in p;
for all i # r, so that I'p, € (p1 U ---Up,_1). Hence, we can apply the case
r = 1 and the induction hypothesis to obtain that there exists so such that
for all s > s¢, there are homogeneous elements f; € Ipy---p,—1 \ p, and
gs € Ip, \ (p1 U---Up,_1) of degree s. It is easy to check that f; + g €
Is\ Uy <<, bi, as desired. O

Example 4.12 Let (A, m) be a Noetherian local ring, and let Q be an m-
primary ideal of A. Proposition 4.9 (3), states that when A /m is infinite, there
exists a system of parameters f contained in Q such that e(Q, A) = e((f), A)).
We show below that when A /m is finite, such a system of parameters f con-
tained in Q may not exist.

Consider the ring A :=F>[[x, y]I/(xy(x + y)), with m = (x, y). Itis clear
that e(m, A) = 3. Since this ring has dimension 1, the multiplicity e((f), A)
is equal to the length of A/(f). It is shown in [25], 3.2, that there exists no
regular element f € m such that m3 C ( f). This implies that A/(f) cannot
have length 3.

Note that in the ring B := F4[[x, y]]/(xy(x 4+ )), the element z := x — ¢y,
with ¢ € [F4 \ [Fy, is such that B/(z) has length 3.

5 Two local invariants

Let (A, m) be a Noetherian local ring of positive dimension. We introduce
in this section two new invariants of A, y(A) in 5.1, and n(A) in 5.4. We
show in Theorem 5.6 below that n(A) = y(A) when A satisfies some natural
hypotheses such as being reduced, excellent, and equidimensional. In 7.3,
we will relate n(A) to a resolution of singularities ¥ — Spec A when A is
universally catenary.

@ Springer



O. Gabber et al.

5.1 Let (A, m) be a Noetherian local ring. Consider the set £ of all Hilbert-
Samuel multiplicities e(Q, A), for all m-primary ideals Q of A. Let y(A)
denote the greatest common divisor of the elements of €. Clearly, y(A) di-
vides e(m).

Proposition 4.9 (1) shows that the greatest common divisor of the integers
e(Q), taken only over the subset of all ideals Q generated by strict systems of
parameters, is equal to y (A). Theorem 4.5 implies that y (A)[m] is rationally
equivalent to zero in Spec A. It is obvious that y (A) = 1 when A is regular.
When dim A = 0, it follows from the definitions that y(A) = £4(A).

Let d :=dimA > 1, and let U C Spec A be any dense open subset. Fix
d €[0,d — 1], and let

U(d'):={peU|ht(p)=d’, dim(A/p)=d —d'}.
Let

gW) = ged {y(Apy(A/m}.
pel(d’)
If V C U is another dense open subset, then g(U) divides g(V). Whend’' =0,
it follows immediately from 4.6 and the definitions that g(U) divides y (A).
We generalize this statement in our next proposition; the case d’ =d — 1 will
be used in the proof of Theorem 5.6.

Proposition 5.2 Let (A, m) be a Noetherian local ring of dimension d >
1, and let U C Spec A be any dense open subset. Fix d’ € [0,d — 1]. Then
U(d') # 0 and

y(A) = ged {y(A/p)y(Ap}.
pel(d’)

Proof Let us first prove that g(U) divides y(A). As mentioned above, the
case d’ = 0 follows from 4.6, so we now assume that d’ > 1. It suffices to
prove the divisibility for any open dense V C U, so shrinking U if necessary,
we can suppose that the complement V (/) of U in Spec A has dimension
d — 1. Moreover, ht(I) > 0 since U is dense.

Let f= f1,..., fa be any strict system of parameters of A such that
f1,..., fa—1 induces a strict system of parameters of A/l (4.4). In partic-
ular, the image of {f1, ..., f} in A/I is strictly secant. Therefore, any min-
imal prime ideal of A over (fi,..., fy) has height d’, and any minimal
prime ideal of A/I over the ideal I + (fi,..., fo)/I has height d’ (4.2).
Let p be a minimal prime ideal of A over (f1,..., fg). Then p € U, since
otherwise, I € p and d’ = ht(p) > ht(p/I) + ht(/) =d’' + ht(I) > d’. Since
dimA/(f1,..., for) =d — d’, there exists such a p with dimA/p=d — d’,
and then p € U(d"). Using 4.7, we find that g(U) divides e((f), A). Hence,
Proposition 4.9 (2) implies that g(U) divides y (A).
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Let us now prove that y (A) divides g(U). It suffices to prove this divisi-
bility when U = Spec A. We start with the case ' =d — 1. Fixpe U(d — 1),
so that ht(p) =d — 1, and dim A/p = 1. We need to show that y (A) divides
v (Ap)y (A/p). Proposition 4.9 (1) shows that y(A/p) is equal to the great-
est common divisor of the integers ord 4/, (¢), where ¢ € Frac(A/p)*. When
d =1, then y (Ap) = £(Ap). (Recall the convention in 4.7 that if d = 1, then
e((f1,..., fa—1), Ap) = £(Ap).) Then when d > 1, Proposition 4.9(4) shows
that y (Ap) can be computed as the greatest common divisor of the integers
e((fi,..., fa—1), Ap), where fi,..., fq—1 is a strictly secant sequence in p.
Therefore, it is enough to show that y (A) divides ord4 /p (¢)e((f'), Ap) for all
¢ € Frac(A/p)* and for all strictly secant sequences f' = f1,..., f4—1 con-
tained in p.

Fix ¢ € Frac(A/p)* and a strictly secant sequence f' = f1,..., fy—1 con-
tained in p. By construction, p; := p is a minimal prime ideal of A over
(f'). Let po, ..., p» denote the other minimal primes over (f'). Use the iso-
morphism Frac(A//(f)) — @, Frac(A/p;) to find an invertible rational
function ¢’ € Frac(A/+/(f)) which restricts to ¢ in Frac(A/p) and to 1 in
Frac(A/p;) for all i > 2. Let a,b € m \ |J;~ p; be such that a/b maps to
¢ in Frac(A/+/(F)). The sequences {f',a} and {f, b} are strict systems of
parameters in m. Then 4.7 gives

e((f.a). 4) = X e((1). Ap) ord s, @).

where the sum is over the indices i such that dim A /p; = 1. We proceed sim-
ilarly for b to find that

e((f.a). A) —e((f,b), A) = ordajp(@)e((F). Ap).

because a = b in A/p; if i > 2. Hence, y (A) divides orday(¢)e((f), Ap)
and the proposition is proved when d’ =d — 1.

The proposition is now true when d = 1. Suppose that d > 2, and proceed
by induction on d. Fix d’ < d — 2. We showed above that (Spec A)(d’) #
@, so let p € (Spec A)(d’), with ht(p) = d’, and dimA/p =d — d'. Since
(Spec A/p)(d —d' — 1) # @, let ¢ 2 p be any prime ideal of A such that
ht(q/p) =d —d’ — 1 and dim A/q = 1. It follows that ht(q) =d — 1, so that
we obtain from the above considerations that

y(A) divides y(A/q)y(Ay).

Since dim Ay = d — 1, we can apply the induction hypothesis to Aq; con-
sider the ideal pA4, with ht(pAy) = d’ and dim(Ay/pAq) = dim(Aq) —d'. It
follows that

y(Aq) divides y(Aq/pAq)y ((Aq)pAq)-
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Let B := A/p and q := qB. With this notation, the above two divisibility
conditions give

y(A) divides y(B/q)y(Bgz)y(Ap).

Varying q in (Spec B)(dim B — 1), and using the case d' = d — 1 estab-
lished above, we get that y (B) = ged; v (B/q)y (Bg), so that y (A) divides
v (B)y (Ayp). Since B = A/p, the result follows. O

5.3 Recall that the generic point of an irreducible component of a closed
subset F of a scheme X is called a maximal point of F. For convenience
in the statement of our next definition, we denote by max(F') the set of the
maximal points of F'.

Let (A, m) be a Noetherian local ring of positive dimension. Let U be any
dense open subset of Spec A. Denote by xg the unique closed point of Spec A.
Let Ny denote the set of all integers n occurring as the order ordy, (f) of
some rational function f € KZ.(C) on any reduced closed curve C in Spec A
with max(C) C U.

We claim that Ny is in fact an ideal in 7. Indeed, suppose that for a
given open subset U in Spec A, there exist reduced closed one-dimensional
subschemes C and C’ in Spec A, and f € K3 (C), f' € KF,(C’), such
that max(C) € U, max(C’) € U, and n = ordy,(f), n’ = ordy,(f’). Let us
use 1.1, (1) and (2), to build functions on C U C’. First extend f to a func-
tion F on C U C’, with F =1 on every component of C’ which is not a
component of C. Similarly, extend g to G on C U C’, with G = 1 on every
component of C which is not a component of C’. Then F*G” is such that
ord,, (F*G?) =an +bn' e Ny.

Denote by n(U, A), or n(U, Spec A), the greatest common divisor of the
positive elements of Ny . Clearly, if V C U is dense and open in Spec A, then
n(U, A) divides n(V, A).

5.4 Let A be a Noetherian local ring of positive dimension as above. Consider
the ideal ' := (), Ny, where U runs through all dense open subsets of
Spec A. Theorem 4.5 immediately implies that N # (0). Let n(A) denote
the greatest common divisor of the positive elements of N'. The integer n(A)
is the positive generator of the ideal N'. When dim A =0, we let n(A) := 1.
By definition, n(U, A) divides n(A) for any dense open subset U of
Spec A. In fact, n(A) is the smallest positive integer n such that, for every
dense open set U of Spec A, there exists a reduced closed curve C in Spec A
with max(C) C U and arational function f € ICE (C) such that n = ord,, (f).
In view of Theorems 4.5 and 6.4, we call n(A) the moving multiplicity of A.
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Lemma 5.5 Let A be a Noetherian local ring of positive dimension. There
exists a dense open subset Ugy of Spec A such that n(Uy, A) =n(A). In par-
ticular, for all dense open subsets V contained in Uy, n(V, A) =n(A).

Proof Since the ring Z/N is Artinian, we can find finitely many dense open
sets U; such that N' = ("), Ny,. We let Up := "), U;. O

Theorem 4.5 motivated our definition of n(A). It follows from this theorem
that n(A) divides e(Q) for all m-primary ideals Q of A. Hence,

n(A) divides y(A).

In particular, if A is regular, then n(A) = 1, but the converse is false. We
now show that under some natural hypotheses, such as A being reduced, ex-
cellent, and equidimensional of positive dimension, then n(A) = y (A) (see
also 7.12).

Theorem 5.6 Let A be a Noetherian equidimensional local ring of positive
dimension. Suppose that A is catenary and the regular locus of Spec A con-
tains a dense open subset of Spec A. Then n(A) =y (A).

Proof 1t suffices to show that y(A) divides n(A). Let U be any dense
open subset of the regular locus of Spec A. By hypothesis, there exist a
reduced curve C in Spec A with max(C) C U and f € K (C) such that
n(A) =ord(f).Let Cy,..., C, be the irreducible components of C. Each C;
corresponds to a prime ideal p; of A. Since the generic point of C; belongs
to U, Ay, is regular, so that y(Ap,) = 1. Because A is catenary and equidi-
mensional, we find that ht(p;) = dim A — 1. Proposition 5.2 implies then that
v (A) divides ged; (y (A/p;)). Using 1.1 (1) applied to Oc(C), we find that
v (A) divides ord(f) if y (A) divides ord(f|c;) for each i. Since A/p; is an
integral domain, ord(g) := €((A/p;)/(g)) = e((g), A/p;) for any non-zero
g € A/p;. It follows from its definition that y (A/p;) divides ord(g). Hence,
¥ (A) divides n(A). Il

By construction, n(A) =n(A/ J0). Let A denote the completion of A with
respect to its maximal ideal. Then it is clear from the definition that y (A) =
(A) Note however that in general y(A) #y(A/ V) 0) and, as we show in

our next example, n(A) # n(A) in general.

Example 5.7 There exists a local Noetherian domain A of dimension 1 such
that its completion A has a single non-zero minimal prime ideal P = J(0),
and such that A™ := A /213 is a discrete valuation ring (see, e.g., [3], (3.0.1)).
The ring A satisfies the hypotheses of Theorem 5.6, so

n(A) =y (A) =y (A) = L(Ap)y (A™) = ¢(Ayp),
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while n(A) = n(A™) = 1. Hence, n(A) > n(A). We provide in 7.17 an ex-
ample of a Noetherian local ring A with Henselization A" such that n(A) >
n(A").

6 A generic Moving Lemma

6.1 We extend to schemes the definition of the moving multiplicity in 5.4
as follows. Let X be a Noetherian scheme and let xo € X be a point with
dim Oy x, > 1. Define

nx (xg) :=n(Ox x,)-

The main result in this section is Theorem 6.4 below, which details one of the
most useful uses of the invariant n x (xg).

We start with two preliminary propositions. The first one is proved in [8],
11.9.3, for affine Noetherian schemes. Recall that an FA-scheme X is a scheme
such that every finite subset of X is contained in an affine open subset
of X (2.2).

Proposition 6.2 (Moving Cartier divisors) Let X be a Noetherian FA-
scheme. Let D be a Cartier divisor on X and let F be a finite subset of X.
Then there exists a Cartier divisor D' on X, linearly equivalent to D and such
that Supp(D') N F = 0.

Proof Let x1, ..., x, be closed points of X such that every point of F and of
Ass(X) specializes to some of the x;’s. In particular, for any open subset V

of X containing {xi, ..., x,}, the natural restriction map Kx(X) — Kx (V)
is an isomorphism (see [39], 7.1.15).
Let U be an affine open subset containing x1, ..., x;,;. Recall that by defini-

tion, Ox (D) is an invertible subsheaf of Ky. The canonical homomorphism

Ox (D)) = P Ox(D) ®k(x;)

1<i<m

is surjective (Chinese Remainder Theorem), so there exists f € H (U,
Ox(D)|y) € Kx(U) such that for all i = 1,...,m, the image of f in
Ox (D) ®k(x;) is a basis. Then fy, is a basis of Ox(D),, foralli =1,...,m.
This implies that there exists an open subset V C U containing F and Ass(X)
such that fy is a basis of Ox (D), for all x € V. It follows that f € K% (V).
Extend f to g € K% (X) using the isomorphism Kx(X) — Kx (V). Then
D — div(g) has support disjoint from F. O
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Let X be a Noetherian scheme, and let F be a closed subset of X. For
convenience, we will say that a cycle Z on X generically avoids F if no
irreducible cycle occurring in Z is contained in F'. In particular, no irreducible
component of Supp Z is contained in F'.

Proposition 6.3 Let X be a Noetherian FA-scheme. Let F be a closed subset
of X of positive codimension in X. Let xo € X, and j : Spec Ox y, — X be
the canonical injection. Denote again by x( the closed point of Spec Ox x,,
and let F' := j~Y(F). Suppose that there exist integral closed subschemes
Ci,....Cr of SpecOx y, of dimension 1, elements f; € k(C;)* for i =
1,...,r, and an integer n > 1, such that C; N F' = {xo} and n[xg] =
> i [div(fi)] in Z(Spec Ox x,)-

Then the cycle n[{xo}] in Z(X) is rationally equivalent in X to a cycle
which generically avoids F. More precisely, when xo € F, let C; be the
scheme-theoretic closure of j(C;) in X. Then n[{xo}] is rationally equiva-
lent in | J; C; to a cycle Z which generically avoids F N U, C;), and such
that each irreducible cycle occurring in Z is of codimension 1 in some C;.

Proof Since C; is the scheme-theoretic closure of j(Ci) in X and C; N
F' = {xo}, the closed subset C; is not contained in F. For each i =
1,...,r, there exists by hypothesis a function g; € k(C;)* defined on
a dense open subset of C;, whose stalk in Ogh o is fi, and such that
[diva, (gi)] = ordy,( fi)[m] + Z; for some cycle Z; on C; whose support
does not contain {xo}. To conclude the proof, it is enough to show that for all
i=1,...,r, Z; is rationally equivalent on C; to a cycle which generically
avoids F N C;. Then n[{x¢}] is rationally equivalent on X to a cycle which
generically avoids F, as desired.

Dropping the subscript i for ease of notation, we are in the following sit-
uation. On the Noetherian integral FA-scheme C, we have a cycle Z, all
of whose irreducible components are of codimension 1 in C and whose
generic points are all contained in a dense open subset U of C. Moreover,
Z|y = [div(g)]. We claim that Z is rationally equivalent on C to a cycle
which generically avoids a proper closed subset F N C of C.

Indeed, let F be the set of points of F NC of codimension 11in C.Let V :=
C\ SuppZ and W := U U V. Then W is open, and Z|w = [D], where D is
the Cartier divisor on W given by the charts {(U, g), (V, 1)}. By construction,
W contains all codimension 1 points of C, and so contains F. Since W is an
FA-scheme (2.2 (2)), we can use Proposition 6.2 to find an invertible rational
function f € k(W)™* such that Supp[D + div(f)] does not meet F. Let & €
k(C)* be the unique rational function on C extending f, and consider Z’ :=
Z +[div(h)]. Then Z'|w = [D +div(f)] and, hence, Supp(Z’) does not meet
F either. In other words, the irreducible components of Supp(Z’) are not
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contained in F. As Z' only involves irreducible cycles of codimension 1, it
generically avoids F'. O

Theorem 6.4 (Generic Moving Lemma) Let X be a Noetherian FA-scheme.
Let F be a closed subset of X of positive codimension in X. Let xo € X, and
consider the cycle [{xo}] in Z(X). Then nx (xo)[{xo}] is rationally equivalent
in X to a cycle which generically avoids F .

Proof The theorem is obvious when xg ¢ F. So assume now that xo € F.
Since codim(F, X) > 0, none of the irreducible components of F are irre-
ducible components of X. Hence, the preimage F’ of F under the natural
map Spec Oy r, — X has dimension smaller than dim Oy ,,. In particular,
dim Oy x, > 1, and we can apply Lemma 5.5. Denote again by x¢ the closed
point of Spec Oy y,. Let then Uy be a dense open set of Spec Oy, contained
in Spec Ox x, \ F’, and such that n(Up, Ox x,) = n(Ox x,) = nx(xo) (5.5).
We can thus find integral closed subschemes Ci, ..., C, of SpecOx 4,
of dimension 1, and f; € k(C;)*, such that C; N F’ = {xo} and n[{xo}] =
> i [div(fi)] in Z(Spec Ox y,), wWith n = nx(xo). The theorem follows from
Proposition 6.3. 0

The proof of Theorem 8.2 uses only the following version of Theorem 6.4,
whose proof does not require the definition and main properties of the invari-
ant nx (xo) discussed in the previous section.

Theorem 6.5 Let X be a Noetherian FA-scheme. Let F be a closed subset
of X of positive codimension in X. Let xo € X, and consider the cycle [{xo}]
in Z(X). Let Q be amy y,-primary ideal of Ox y,. Then e(Q)[{xo}] is ratio-
nally equivalent in X to a cycle which generically avoids F .

Proof The proof of this version is completely analogous to the proof
of 6.4. The theorem is obvious when xg ¢ F. So assume now that xg € F.
Since codim(F, X) > 0, none of the irreducible components of F are irre-
ducible components of X. Hence, the preimage F’ of F under the natural
map Spec Oy r, — X has dimension smaller than dim Oy ,,. In particular,
dim Oy x, > 1, and we can apply Theorem 4.5. Denote again by x( the closed
point of Spec Oy ,. We can thus find integral closed subschemes Cy, ..., C,
of Spec Oy x, of dimension 1, and f; € k(C;)*, such that C; N F' = {xo}
and n[{xo}] = > i[div(f)]in Z(Spec Ox y,), With n = e(Q). The theorem
follows from Proposition 6.3. O

Remark 6.6 In Theorem 6.4, a multiple of the cycle [{x0}] can be moved,

but in general the irreducible cycle [{xo}] itself cannot be moved. Indeed,
consider for instance the singular projective curve X over R defined by the
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equation x> 4+ y> =0in IP’]%. The singular point xg := (0: 0: 1) is the unique
rational point of X, and all closed points of X \ {xo} are smooth and have
degree 2 = [C : R]. Therefore the O-cycle [xg] cannot be rationally equivalent
to a 0-cycle with support in X™g.

Corollary 6.7 Let X be a scheme of finite type over a field k. Let U be any
dense open subset of X. Let xo € X be a closed point. Let Q be a myx y,-
primary ideal of Ox x,. Then e(Q) deg; (xo) is the degree of some 0-cycle Z
with support in U. If in addition X is separated, then Z can be chosen to
be rationally equivalent in X to e(Q)[xo]. It follows that when X is reduced,
then §(X™%/ k) divides y (Ox x,) deg; (xo).

Proof Let V be an affine neighborhood of xo in X. We let V — V be an open
dense immersion of V into a projective variety V. We apply Theorem 6.5 to
V and the closed subset V\ (U NV) of positive codimension. Then e(Q)[xo]
is rationally equivalent in V to a 0-cycle Z with supportin U NV . Since V is
projective, we find that deg(e(Q)[xo]) = deg(Z) because any principal divi-
sor on a projective curve over k has degree O (see, e.g., [39], Corollary 7.3.18).

Assume now that X is separated. Apply Theorem 6.5 to find a closed curve
C in X, a function f € k(C)*, and a O-cycle Z on C \ {x¢}, such that on
C, e(Q)[x0]l — Z = [div(f)]. Let Uy := C \ Supp Z, and U, := C \ {xp}.
Then let D be the Cartier divisor given by the pairs (Uy, f) and (Uz, 1). By
construction, [D] = e(Q)[xo].

Since C is separated, Nagata’s Theorem lets us find an open embedding
of C into a proper curve C’ over k, and such a curve is known to be also
projective. Extend in a natural way D to a Cartier divisor D" on C’. Let F :=
X \U. Using 6.2, we can find a Cartier divisor D" linearly equivalent to D’ on
C’ and such that Supp(D”) does not intersect (C'\ C) U (C N F). As above,
deg(D") = deg(D’) since C’ is a projective curve. Since C — C’ is an open
immersion, we find that D" restricted to C is equivalent to D on C. O

Let k be any field. An algebraic variety X over k is a scheme of finite
type over k (not necessarily separated). Let D denote the set of all degrees of
closed points of X. When X /k is not empty, the index §(X/k) of X/k is the
greatest common divisor of the elements of D.

The following proposition is only slightly more general than [12], page
599, or [10], Lemma 12. See also [15], 1.12.

Proposition 6.8 Let X be a (non necessarily proper) regular non-empty al-
gebraic variety over a field k. Then §(U/k) = §(X/k) for any dense open
subset U of X. In particular, if X1 and X, are two integral regular algebraic
varieties over k which are birational, then §(X1/k) = §(X>/k).
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Proof Clearly, §(X/k) divides §(U/k). Let xg € X be a closed point. Apply-
ing Corollary 6.7, xo has same degree as some 0-cycle with support in U.
Hence §(U/K) divides deg(xp), so 6(U/K) divides 6 (X/K). O

Remark 6.9 Let X/k be an integral normal algebraic variety. Let k” be the
algebraic closure of k in the field of rational functions k(X). As k’/k is finite
(hence integral), we have k" C Ox(X). Therefore, X — Spec(k) factors as
X — Spec(k’) — Spec(k). We will write X/k" when we regard X as a va-
riety over k' through the morphism X — Spec(k’). We have §(X/k) = [k’ :
k18(X/k’). Note that as a variety over k’, X is geometrically irreducible.

Let X be any Noetherian scheme. Let U € X be an open subset. Consider
the natural map Z(U) — A(X), which sends an irreducible cycle on U to
its Zariski closure in X modulo rational equivalence. Denote by A(X, U) the
cokernel of Z(U) — A(X). Our next proposition generalizes [50], Proposi-
tion 7.1, where X is assumed to be integral and regular, and of finite type over
the spectrum of a discrete valuation ring.

Proposition 6.10 Let U be a dense open subset of a Noetherian FA-
scheme X.

(1) If X is regular, then A(X, U) = (0).

(2) A(X,U) is a torsion group. Let xo € X be a point with dim Ox ,, > 1.
Then the class of [{xo}] in the cokernel A(X,U) has order dividing
nx(xo), and there exists one such open subset U where the order is ex-
actly nx (xo).

(3) A(X, U) has finite exponent in the following situations:

(a) X is (quasi-)excellent.
(b) There exists a morphism of finite type f : X — S with S Noetherian
regular and f either open or equidimensional.

Proof (1) and (2) are immediate consequences of Theorem 6.4. Part (3) re-
sults from the fact that the set {¢(Ox ) | x € X} is bounded, as discussed in
Proposition 6.12 (3) and Remark 6.13 below. O

Remark 6.11 If V C U are two dense open subsets of an integral scheme X,
then there is a natural surjective group homomorphism fy y : A(X, V) —
A(X, U). Let O denote the set of all dense open subsets U of X, with the
relation V < U if V 2 U. Define S(X) to be the inverse limit of the projec-
tive system {A(X, U)}yco. Let xo € X be a point with dim Ox , > 1. Then
Proposition 6.10 implies that the class of [{x0}] in S(X) has order nx (xo),
and that when X is quasi-excellent, S(X) is a torsion group of finite expo-
nent. In particular, since nx(xg) = 1 when x¢ is regular, the group S(X) is
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generated by the classes of certain irreducible cycles [{x}] with x singular
on X.

Proposition 6.12 Let f : X — S be a morphism of finite type over a Noethe-
rian scheme S. Then

(1) X is the union of finitely many open subsets X;, each endowed with a
quasi-finite S-morphism f; : X; — W; := A?, such that every x € X be-
longs to some X; with dimy X 7y = d;.

(2) Assume that S is irreducible. Suppose in addition that either f is locally*
equidimensional and S is universally catenary, or that f is open. Then,
with x € X; as in (1), dimOXJ = dimOWi,f}(x)-

(3) Suppose that S is regular and that f is either open or locally equidimen-
sional. Then the set of multiplicities {e(Ox x) | x € X} is bounded.

Proof (1) By [23], IV.13.3.1.1, for each x € X, there exists an open neigh-
borhood U, of x and a quasi-finite S-morphism U, — A‘é, where d =
dimy X ¢(x). For any integer n > 0, let F;, := {x € X | dimy X r(») > n} and
G, = F, \ Fy+1. By a theorem of Chevalley, F;, is closed ([23], IV.13.1.3),
and F,, =@ if n > ng for some ng ([23], IV.13.1.7). For all n < ng, G,
is quasi-compact and, hence, can be covered by finitely many open sub-
sets {Up, j}; belonging to the covering {U,, x € X}. Since x € X belongs to
x € G4 for d = dimy X f(y), x belongs to some Uy ;.

(2) Suppose that x € X;, with f; : X; — W; := Afé” such that dimy X 7(,) =
d;. Clearly, dim O, £ ) = dimOXf(x),x + dim Oy, r(x). We thus need to
show that

dim Ox x =dim Ox ;) x +dim Oy, f(x).

That this equality holds when f is flat is remarked in [23], IV.13.2.12 (i),
and proved for f open in [23], IV.14.2.1. The other case follows from [23],
IV.13.3.6.

(3) Since S is regular, it is the disjoint union of finitely many integral regu-
lar schemes, and we are reduced to consider the case where S is integral. Let
fi be as in (1). For every i, there exists an open immersion of u : X; — Z;
and a finite morphism g; : Z; — W; with g; ou = f; (Zariski’s Main The-
orem [23], IV.8.12.6). Our hypotheses allow us to apply (1) and (2), and
every x € X belongs to some X; with dimOx , = dim Oy, (). For such
an x, we find that there exists an affine open neighborhood of f;(x) such
that Ow, (U) injects into Oz, ( fl._l (U)), since both of these rings have the
same dimensions. Since g; is finite, there exists a surjective homomorphism
(’)"‘;,’; — gix(Oz,). Then, for all x € X; such that dim Oy y = dim O, f,(x),

4See [23] IV.13.2.2, with a correction in [23] (Errpy, 34) on pp. 356357 of no. 32.
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we have e(Ox ) < m;e(Ow, f(x)), and since W; is regular by hypothesis,
e(Ow,, f,(x)) = 1 (use [56], VIII, §10, Corollary 1 to Theorem 24, along with
the discussion (3) following Corollary 1). Therefore, the set of the multiplic-
ities ¢(Ox x) is bounded by max;{m;}. Il

Remark 6.13 Let X be a Noetherian excellent scheme of finite dimension.
Then only a finite number of polynomials appear as Hilbert-Samuel polyno-
mials of Oy , when x varies in X. In particular, the set of the multiplicities
{e(Ox.x) | x € X} is bounded. This statement is found in [2], Remark III.1.3,
page 83. Let us explain now how the latter conclusion still holds if one only
assumes that X is a Noetherian quasi-excellent scheme.

Recall that an excellent scheme is a quasi-excellent and universally cate-
nary scheme. This latter hypothesis is not needed in [2], Remark III.1.3: One
finds in the discussion following [2], II (2.2.1), page 34, that in the use of nor-
mal flatness, the needed hypothesis is that the regular locus of a closed subset
Y of X is open in Y. This hypothesis is satisfied when X is quasi-excellent.

Let X be a Noetherian quasi-excellent scheme. The results of [2] show
that the set of the multiplicities {e(Ox ) | x € X} is bounded, even when
X is not assumed to have finite dimension. Indeed, first note that there is a
finite decreasing sequence of closed subsets X = Fp D F1 D --- D F, =0
such that F; \ F;4; with the reduced structure is regular and X is normally
flat along F; \ Fi+1. This uses “Noetherian induction” and one does not need
to argue using the finite dimensionality of X as in [2], Remark III.1.3. The
relevant statement occurs in [2], page 28, just before Theorem (2): For a local
Noetherian ring O with Hilbert-Samuel function Hé)l ) (see page 26) and with
P a prime ideal of coheight ¢ and O/ P regular, Hg ) = Hg:c) if and only
if Spec O normally flat along Spec O/ P at the closed point. The direction
that we need is stated in [2], (2.1.2) Chapter O, page 33. This implies that
if a Noetherian scheme X is normally flat along a connected locally closed
regular scheme Y, then the multiplicity of Oy , (y € Y) is constant on Y.

Example 6.14 A Noetherian domain A of dimension 1 with the following
properties is exhibited in [26], 3.2: Spec A has infinitely many singular maxi-
mal ideal m;, i € I, and such a domain can be found even when, for each i, the
g(i) _e(nj/m;) .

Ty in
the integral closure B of A, and f (n;;/m;) :=[B/n;; : A/m;]). Moreover, for
each i, By, is a finitely generated Ap,-module ([26], 3.3). Choosing such an
example with g(i) = 1 for all i and lim; f(n;1/m;) = oo produces an example
of a Noetherian scheme X of dimension 1 such that the set {e(Ox x) | x € X}
is not bounded. Indeed, since A is a domain of dimension 1, there exist non-
zero elements a;, b; € A such that e(m;, A) = e((a;), A) — e((b;), A) (4.5).
It follows from 1.1 (3) that both e((a;), A) and e((b;), A) are divisible by

fni/my).

efg-numbers at m; are specified in advance (where m; B = [ |
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7 A different perspective on the index

Let X be a Noetherian scheme. Let xo € X be a point with dim Oy , > 1. We
study in this section the invariant nx (xg) introduced in 6.1. In particular, let
f 1Y — X be a morphism of finite type, and set E :=Y x x Speck(xgp). We
relate in 7.1 the invariant n x (xg) with the index of the scheme E/k(xg). This
leads us in Corollary 7.4 to provide a new way of computing the index of a
regular closed subvariety X of a projective space using data pertaining only
to the singular vertex of a cone over X.

Theorem 7.1 Let X be a Noetherian scheme. Let f : Y — X be a morphism
of finite type such that the generic point of every irreducible component of
Y maps to the generic point of an irreducible component of X. Let xo € X
be a point with dim Oy , > 1, and set E :=Y xx Speck(xo). Assume that
E #0.

(a) Assume that f is birational and proper. Then 6 (E / k(x)) divides nx (xo).
(b) Assume that f is birational and finite. Then

ged{ny W[k(y) :k(x0)] |y € F(xo), y closed} divides nx(xo).

(c) Assume that Oy y, is universally catenary. Then

nx(xg) divides gcd{ny(y)[k(y) :k(xo)] | y € f_l(xo), y closed}.

Proof After the base change Spec Oy ,, — X, we can suppose that X is local
with closed point xg.

(a) Let us show that 6 (E/k(xg)) divides nx(xg). Let U be any dense open
subset of X such that f~!(U) — U is an isomorphism. Since U is dense,
there exists, by definition of n(Oy ), a one-dimensional reduced closed sub-
scheme C of X such that max(C) C U and a rational function g € K7 (C)

such that ny (xo)[xo] = [div(g)]. Let C be the: strict transform of C in Y.
Then we have a finite birational morphism 7 : C — C, and

nx(o)lxol= Y ordy(g)[k(y): k(x0)]lx0]

yer 1 (xo)

(use 1.1 (3)). As 71 (xp) C E, we conclude that S(E/k(x0)) | nx(xo).

(b) We will proceed as in the proof of (a), after carefully choosing the initial
dense open subset U of X. First, we may assume that X and Y are affine. Let
Y1, ..., ¥n denote the preimages of xo. For eachi =1, ..., n, choose a dense
open subset V; of Y such that n(V; N Spec Oy,y,, Oy,y;,) = ny(y;) (see 5.5).
Since f is birational, let V C Spec B be a dense open subset such that fjy
is an isomorphism. Then W := (), V;) N V is a dense open subset of Y,
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contained in each V;, and such that n(W N Spec Oy y,, Oy,y,) = ny(y;). We
let U := f(W), a dense open subset in X with f~!(U) = W by construction.
As in the proof of (a), we find that

nx(o)lxol= Y ordy(&)[k(y) : k(x0)]lx0l.

yer ! (xo)

By our choice of W, we find that for each y € 7~ (xp), ny(y) divides
ordy (g), and the result follows.

(c) Recall that we assume X = Spec Oy ,,. Let yo be a closed point in E.
We claim that n x (xg) divides ny (yo)[k(yo) : k(x0)]. Let W be an open affine
neighborhood of yg in Y. Since W is of finite type over the affine scheme X,
we can find a projective scheme g : Z — X and an open embedding i : W —
Z suchthat goi = fjw. Since ny (yo) = nw(yo) =nz(yo), it suffices to prove
our claim in the case where f is projective.

Using 5.5, we may find a dense open subset U of X which does not con-
tain xo, and such that nx (xo) = n(U, Ox y,). Let V := f~(U). Then V is
dense in Y. Let s : Spec Oy, yo — Y denote the natural morphism, and let
V' :=s~!(V). Since V' is dense in Spec Oy, y,» we can find finitely many
closed integral subschemes C; of Spec Oy, y, with generic points in V', and an
invertible rational function g on | J; C; such that ordy, (g) =ny(yo). Since ¥
is Noetherian and FA, we can apply Proposition 6.3 and find that ny (yg)[yo]
is rationally equivalent to a cycle Z on Y such that max(Supp Z) € V. More
precisely, there exist finitely many closed integral subschemes C; in ¥ such
that yp has codimension 1 in C;, such that the generic point of C;isin V for
all i, and such that ny (yg)[yo] is rationally equivalent on S := Ui Citoa cy-
cle Z with max(Supp Z) C V, and such that each irreducible cycle occurring
in Z is of codimension 1 in some C;.

Let D; denote the schematic image of C; in X. Then D; is universally
catenary. We can thus use the dimension formula (see [23], IV.5.6.5.1) for the
morphism C;i — Dj,

dimOg, .+ trdeg(k(z0)/ k(x0)) = dim Op. x, + trdeg(k(n;)/k(&)),

where zo is any closed point of C;, and n; and & denote respectively the
generic point of C; and D;. Since dim Oz o = =1 by construction, and
trdeg(k(yo)/k(x9)) = O by hypothesis, we ﬁnd that dim Op X = =1 and
trdeg(k(n;)/k(&;)) = 0. It follows that dim Og Cizo = =1 for all z() closed in
C;, so that dim(C;) = 1. Since xq is the only closed point of D;, we find that
dim(D;) = 1. Since dim(C;) = 1, we find that max(Supp Z) consists in a set
of closed points of Y. Since V does not contain any closed point of Y by
construction, we find that ny (yg)[yo] is rationally trivial on Y.
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The morphism fig: § — f(S) is proper, with f(S) universally catenary.
Hence, the cycle f.(ny(yo)[yo]) is rationally trivial on f(S) and, thus, on X
(use [54], 6.5 and 6.7). Since the irreducible components of S have dimension
1, since the generic points of f(S) belong to U by construction, and since
Sy (o) [yol) = ny (yo)[k(yo) : k(x0)][xo] is rationally trivial on f(S), we
find that by definition, n(U, Oy x,) divides ny(yo)[k(yo) : k(x0)], and the
statement of (c) follows. O

Remark 7.2 The hypothesis that X is universally catenary is needed in 7.1 (c).
Indeed, consider the finite birational morphism 7 : ¥ — X described in Ex-
ample 1.3. The scheme Y is regular, and X is catenary but not universally
catenary. The preimage of the point xo € X consists in the two regular points
yo and y; in Y, with [k(yo) : k(x0)] = d, and [k(y1) : k(x0)] = 1. It follows
from the discussion in 1.3 that ny (xp) is divisible by d. Thus, when d > 1,
the morphism 7 provides an example where

ged{ny (0 [k(y) : k(x0)] | y € £~ (x0), y closed} = 8(E/k(x0)) < nx (xo).

Corollary 7.3 Let X be a universally catenary Noetherian scheme. Let xo €
X be a point with dimOyx v, > 1. Let f : Y — X be a proper birational
morphism such that f~'(xo) is contained in the regular locus of Y . Let E :=
Y xx Speck(xp). Then nx(xg) = 6(E/k(xp)).

In particular, if X is an integral excellent scheme of dimension 1, and if f :
Y — X is the normalization morphism, then nx(xo) = gcd{[k(y) : k(xp)] |

ye f~xo)l

Proof The statement follows immediately from the previous theorem, since
ny(y) =1 forany y € f~!(xo) because y is regular on ¥ by hypothesis. [

Corollary 7.4 Let K be any field. Let V /K be a regular closed integral sub-
scheme of P/ K , and denote by W/K a cone over V /K in P" /K. Let wy
denote the vertex of W. Then §(V/K) = n(Ow,w,) = ¥ (Ow,w)-

Proof Let Z — W denote the blow-up of the vertex wg of the cone W. It is
well-known that the exceptional divisor £ of Z — W is isomorphic to V/K.
When V/K is regular, the points of E are regular on Z. Theorem 5.6, along
with 7.3, shows that §(V/K) = n(Ow,w,) = ¥ (Ow,w)- O

Keep the notation of Corollary 7.4. Consider the sets
D(V/K) := {degK(P), P closed point of V}

and

EOw,uy) = {e(Q, Ow,u,). Q is primary}.
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Corollary 7.4 shows that gcd(d,d € D) = gcd(e, e € £). Let us note here
that the sets D and £ can be very different. For instance, it is known that
e(mw ) = deg(V), and this integer is the minimal element in £. At the
same time, it may happen that V (K) # @, so that 1 € D(V).

If Q is a primary ideal of Oy, generated by a system of parameters, then
any positive multiple of e(Q, Ow y,) belongs to £ ([53], 11.2.9). When K is
infinite, this statement remains true for all m,,,-primary ideals of Ow ,,, (use
[56], Thm. 22). In view of the property of the set D in Proposition 7.5, one
may wonder whether an analogous property holds for the set £.

In the next proposition, we call a field K Hilbertian if every separable
Hilbert set of K is non-empty. This is the definition adopted in [17], 12.1, but
not the one used in [35], page 225, for instance. Both definitions agree when
char(K) = 0, such as in the case of number fields, and the reader will see that
the proof of 7.5 is simpler in this case.> A scheme V /K of finite type is called
generically smooth if it contains a dense open subset /K which is smooth
over K.

Proposition 7.5 Let K be a Hilbertian field. Let V /K be an irreducible reg-
ular generically smooth algebraic variety of positive dimension. Then there
exists ng > 0 such that

{n8(V/K),n>no} S D(V/K).

Proof Let K’ denote the subfield of elements of K (V) algebraic over K.
Then V/K' is geometrically irreducible and §(V/K) = [K' : K]8(V/K')
(see 6.9). It is thus sufficient to prove the proposition when V /K is geomet-
rically irreducible. Choose an affine open subset U of V. Then §(U/K) =
8(V/K) (6.8). We can thus find finitely many closed points Py, ..., P, in U
such that ged(degg (P;),i =1,...,r) =8(V/K). In case char(K) > 0, we
use 9.2 to show that we can assume that each point P; has its residue field
K (P;) separable over K. Since U /K is quasi-projective, we can use [43], 2.3,
and find a geometrically integral curve C/K in U which contains Py, ..., P,
in its smooth locus C* (the proof of [43], 2.3, uses Bertini’s Theorem in
[28], where the only hypothesis on K is that it is infinite). Let C'/K denote
a regular projective curve containing C*™ as a dense open subset. Clearly,
3(C'/K)=38(C*™/K) and §(C*" /K divides gcd(degg (P;),i =1,...,r) =
3(V/K).

Since C"\ C*™ is a finite set, it suffices to prove the proposition in the case
where V /K is the smooth locus of a regular projective geometrically integral
curve V, of arithmetical genus g(V) =dim HY(V, Oy).

SThe case of inseparable extensions requires careful consideration (see for instance the Notes
on page 230 of [17]). We also note that Proposition 5.2 in Chapter 9 of [35], page 240, requires
further hypotheses to ensure that the element y in its proof exists.

@ Springer



The index of an algebraic variety

Let again Pj,..., P in V be such that gcd(degg (P;),i =1,...,r) =
8(V/K). Clearly, every large enough integer multiple j of 6(V/K) can be
written as j = Y ;_, x; degg (P;) with x; > 0. Suppose that j > 26(V)—1+
max; (degg (P;)). Then by the Riemann-Roch Theorem there exists a func-
tion f € HO®V, Z;zl x; P;) which does not belong to HO(V, O(D)) for any
effective D < (Z?Z 1 Xi P;). It follows that f defines a morphism f (V> P!
over K of degree equal to j. If the induced extension K (V)/K (P') is sepa-
rable, then our assumption that K is Hilbertian implies that f has irreducible
fibers, and so, that points of degree j on V exist.

If char(K) > 0, we can modify the argument as follows. Consider a closed
point Py of V with residue field K (Pp) separable over K, and such that Py
is distinct from Pj, ..., P.. Then every large enough integer multiple j of
8(V/K) can be written as j = degg (Py) + Z;lei degy (P;) with x; > 0.
As before, when j > 2g(V) — 1 4+ max(degg (P;),i =0,...,r), we use the
Riemann-Roch theorem to define a morphism f : V — P! over K of de-
gree equal to j. This morphism now has the property that the induced exten-
sion K (V)/K (P') is separable, and we can conclude using the fact that K is
Hilbertian, as above. O

Remark 7.6 The statement 7.5 does not hold if V/K is not assumed to
be regular. Indeed, consider the curve X/Q defined by x> + y?> = 0. Then
8(X/Q) =1, and (0, 0) is the only point of odd degree.

Remark 7.7 When X/ F is a smooth proper geometrically connected curve of
genus g > 1 over any field F, slightly more can be said about the set D(X/F).
Since the canonical class can be represented by an effective divisor, the curve
X/F has at least one point of degree at most 2g — 2. Let Q be a point of
minimal degree on X.

We claim that there exists a divisor Y ;_, a; P; of degree §(X/F) such that
foralli=1,...,s,

deg(P;) < g +deg(Q) <3g — 2.

Indeed, let D := Y }_,a;P; be a divisor of degree §(X/F) such that
max; (deg(F;)) is minimum among all such divisors. We may clearly choose
such a divisor D such that the degrees of the closed points in the sup-
port of D are pairwise distinct. After reordering if necessary, we may as-
sume that deg(P;) < --- < deg(Py). If deg(Ps) > deg(Q) + g, then by the
Riemann-Roch theorem, the divisor P; — Q is equivalent to an effective di-
visor Z];':lbj Q;, with b; > 0 and deg(Q;) < deg(Py). Replacing P by

O+ ZI;=1 bjQ; in D contradicts the minimality of max; (deg(FP;)).
Suppose now that there exists an algorithm which determines, given an
irreducible variety V /| F, whether V /F has an F-rational point. Then there

@ Springer



O. Gabber et al.

exists an algorithm which determines the index §(X/F) of a smooth proper
geometrically irreducible curve X/ F of genus g. Indeed, for a given d > 1,
consider the quotient X @ / F of the d-fold product X¢/F by the action of the
symmetric group S, acting by permutation on X¢. Then a F -rational point on
X@ corresponds to a point of X defined over an extension L/ F of degree [L :
F] dividing d. To compute §(X/F), it suffices to determine whether X (4)/F
has a F-rational point ford =1, ...,3g — 3.

Example 7.8 1t goes without saying that most often, the explicit determina-
tion of the set D(X/F) is a very difficult problem. Consider for instance the
Fermat curve X ,/Q given by the equation x? + y” = z”, with p > 3 prime.
This curve has obvious points of degrees 1, p — 1, and p. Points of degree
2 on the line x + y = z were noted already by Cauchy and Liouville ([55],
Introduction). Indeed, a point (x : y : 1) on the intersection of X, with the
line x 4+ y = z satisfies:

X+ (1=x)? = 1=x(x — (x> = x+1)"E,(x),

with E,(x) € Z[x],andb=1if p=2 (mod 3) and b =2if p=1 (mod 3).
Mirimanoff conjectured in 1903 that E,(x) is irreducible over Q for all
primes p > 11. Klassen and Tzermias conjecture in [30] that any point P
on X ,/Q of degree at most p — 2 lies on the line x + y = z. Putting these two
conjectures together when p > 11, we would find that

D(X,/Q) ={1,2,deg(Ep(x)), p— L, p,...}.

Example 7.9 Let A be any Noetherian local ring of dimension d > 0. Set
X = Spec A, with closed point xg. Our next example shows that nx (xg) is not
bounded when d is fixed.

Let k be a field which has finite extensions of any given degree. Let
Y = Spec B be an affine normal integral algebraic variety of dimension d > 0
over k. Let yp € Y be a closed point corresponding to a maximal ideal m
of B.Letr >1,let A:=k+m", and let X = Spec(A). Let 7 : ¥ — X be
the induced morphism. Then 7 is finite birational, xg := 7 (yg) € X (k), and
m:Y\{yo} = X\ {xo}is an isomorphism. Theorem 7.1 shows that nx (xo) =
ny (yo)lk(yo) : kJ. A straightforward computation shows that e(Oy x,) =
e(Oy, y)[k(yo) : klrdm 5.

Remark 7.10 Let (A, m) be a Noetherian local ring of positive dimension.
Let s(A) denote the smallest positive integer s such that there exist a reduced
closed one-dimensional subscheme C in Spec A, and f € K7 (C), with s =
ordm (f). In other words, s(A) is the order of the class of [m] in the Chow
group A(Spec A), and in the notation of 5.4, s(A) = n(Spec A, A). It is clear
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that s(A) divides n(A), and we note in the example below that it may happen
that s(A) <n(A).

Let k := R. Consider the projective plane curve C/k given by the equation
y2z+x%z+x3 = 0. Let X/k denote the affine cone over C in A3/ k. Let cg €
C denote the singular point corresponding to (0 : 0 : 1). The preimage of cg in
the normalization of C consists of a single point with residue field C. Hence,
it follows from 7.3 that n¢(cg) = 2. Let now xg := (0,0, 1) € X (k). Using
a desingularization of x¢ and 7.3, we find that nx(x9) = 2. We claim that
5(Ox,x,) = 1. Indeed, the ring Oy y, is the localization at (x, y, z — 1) of the
ring k[x, y, z]/(yzz +x2z 4+ x3). The ideal (x, y) defines a closed subscheme
of Spec Ox x, on which ord,,(z — 1) = 1.

We conclude this section with a further study of the integer n x (x¢) which
will not be used in the remainder of this article.

Proposition 7.11 Let X be a Noetherian scheme and let xy € X be a point
withdim Oy y, > 1. Let I, ..., I'; be the irreducible components of X pass-
ing through xo, each endowed with the structure of integral subscheme. Then

nx(xo) = ged{np(xo) |1 <i <r}.

Proof We can suppose that X is local with closed point xg. Let U be a
dense open subset of X and let i <r. Then U N I; is dense in I;. So
nr;(xo) = ord(f) for some f € ICZ(C) where C is a reduced curve in I3,
with max(C) CU NT; € U. Hence. nx(xo) divides nr; (xo) forall i <r.
For each i, fix a dense open subset U; of I\ U#I- I'j such that nr; (xo) =
n(U;, I7) (see 5.5). Let U be a dense open subset of X such that nx (xg) =
n(U, X). Replacing each U; by U; N U and U by |J; (U; N U) if necessary,
we can suppose that U := | J; U; satisfies nx(xg) =n(U, X). Let C be a re-
duced curve in X such that max(C) C U and nx (xg) = ord( f) for some f €
ICE(C). Let C; = I; N C. Then nx(xg) = ) _; ord(f;) where f; is the image
of f in ICE, (Ci). As max(C;) € U;, we have nr;(xo) =n(U;, I7) | ord(f;).
Therefore nx (xp) is divisible by the ged of the n; (x0)’s. Il

Remark 7.12 Let (A, m) be a Noetherian local ring of dimension d > 1. Let
P1,...,pr be the minimal prime ideals of A, and assume that dim A/p; = d
if and only if i <s. Proposition 5.2 implies that

Y (A) = ged{€(Ap)y(A/pi) |1 <i <s}.
Proposition 7.11 implies that

n(A)=ged{n(A/pp) |1 =i <r}.
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We produced in 5.6 a class of rings where n(A) = v (A). The above formulas
indicate that the hypotheses in 5.6 that A be equidimensional (s = r) and that
p; € Reg(A) foralli =1, ..., r, are optimal.

Our next proposition strengthens Corollary 6.7 when ny (x9) < y (Ox x,)-

Proposition 7.13 Let X/k be a reduced scheme of finite type over a field k
and let xo € X be a closed point with dim Oy x, > 1. Then §(X"°8/ k) divides

nx (xo) degy (xo).

Proof Let I7, ..., I, be the irreducible components of X passing through
x0, each endowed with the structure of integral subscheme. Since §(X™2/ k)
divides 8(I°/k) forall i = 1,...,r, we find from 7.11 that it suffices to
prove the statement when X is irreducible. When X is irreducible, nx (xo) =
Y (Ox x,) (5.6), and the results follows immediately from Corollary 6.7. I

Proposition 7.14 Let A be Noetherian excellent local ring (e.g., the local
ring at some point of a scheme of finite type over a field) with dim(A) > 1. If
the residue field k of A is algebraically closed, then n(A) = 1.

Proof Let X := Spec A, with closed point xg. Proposition 7.11 shows that it
suffices to prove the statement when X is integral. Let U be a dense open
subset of Spec Oy ,,. There exists an integral curve C in X that contains xo
and some point of U (Theorem 4.5). Consider the normalization map C—C.
Applying 7.3 to this map and using the fact that k is algebraically closed,
we find that nc(xg) = 1. By definition, there exists f € K¢ (C)* such that
ord(f) = 1. It follows from the definitions that nx (xg) = 1. O

Proposition 7.15 Let X/ k be a scheme of finite type over a field k. Let xg € X
be a k-rational closed point with dim(Ox y,) > 1. For any extension F/k,
denote by xo r the unique preimage of xo under the natural base change map
Xr — X. Then there exists a finite extension F [k such that nx . (xo r) = 1.
Moreover, any such extension F [k has degree divisible by nx (xo).

Proof Assume first that X/k is geometrically integral. We find then that for
any extension F/k, nx,(xo,F) = ¥y (Oxp x ) (5.6). Let E/k denote an al-
gebraic closure of k. Since 7.14 shows that n X; (xo 7) = 1, we can find 1de—
als of definition Q1,..., 0, C OXk Xox such that gcd (e(Qi, OXk ka))

Foreach i =1,...,r, choose a system of generators for Q;, and denote
by F/k the extensmn of k generated by the coefficients of the rational
functions needed to define all these generators. Thus, the generators of Q;
are elements of Oy, y, ., and generate in this ring an ideal of definition
that we shall denote by P;. To conclude the proof, it suffices to note that

e(Qi’ OX;,XO}) = e(Pi’ OXst(),F)'

@ Springer



The index of an algebraic variety

Assume now that X/ k is not geometrically integral. First make a finite ex-
tension k’/ k such that each irreducible component of X/ /k’ is geometrically
integral. Let x(, be the preimage of xo under X} — X. For each irreducible
component I"/ k" of X/ /k" passing through x), we can find using our earlier
argument an extension Fr/k’ such that the moving multiplicity of the unique
preimage of x(, under I'r,. — I' is equal to 1. Let F/k be one of the exten-
sions F. It follows then from Proposition 7.11 that the moving multiplicity
of the preimage of x{, under X — Xy is equal to 1.

Letnow F/k such that ny . (xo, ) = 1. Consider the finite flat base change
f:Xr— X, with f(xo,F) =x0 and k(xp) = k. Theorem 7.1 (c) shows that
nx(xo) divides [F : k]nx, (xo,r). It follows that the degree of the extension
F/k is divisible by nx (xp). O

As the last paragraph of the above proof indicates, when nx(xp) > 1 and
F/k is separable and non-trivial, the étale morphism f : Xr — X, with
f(x0,F) = x0, is such that nx . (xo, ) < nx(xo). This example shows that the
hypothesis on the residue fields of the points x¢ and yg is necessary in (b) of
our next proposition.

Proposition 7.16 Let X be a Noetherian scheme, and let f :Y — X be a
smooth morphism. Let xo € X with dim Ox , > 1 and let yo be any point in
the fiber f~1(x0). Then

(a) ny(yo) divides nx (xg).

(b) Assume that X is universally catenary. If k(xo) — k(yo) is an isomor-
phism, then ny (yg) = nx (xg).

(c) Assume that X is universally catenary. Let g : Z — X be any smooth
morphism with zg € g_l (x0) such that k(zg) is isomorphic over k(xg) to
k(y0). Then nz(z0) = ny(yo)-

Proof (a) Since by definition nx (xo) =n(Ox, ), we can assume that X is lo-
cal with closed point xo by replacing f, if necessary, by Y x x Spec Ox x, =
Spec Oy x,. We can also assume that ¥ — X is of finite type.

Since f is smooth at yp, replacing Y by an open neighborhood of yg in Y if
necessary, we can suppose that f factors as the composition of an étale map
Y — A‘;( followed by the canonical projection Aff — X. Thus it is enough to
prove (a) separately for étale morphisms and for the projections Ai — X for
alld > 1.

We now make one further reduction, to the case where X is local inte-
gral of dimension 1. This paragraph and the next only assume that f is flat.
Consider the natural morphism i : Spec Oy, y, — Y. Using Lemma 5.5, we
can find a dense open set U’ of Y such that n(Oy,y,) = n(i~\U"), Oy, y)-
Note as in 5.5 that for any dense open subset U; C U’, we have n(Oy, ) =
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n(i~\(UyY), Oy, y,)- We now choose a dense open subset U € U’ such that U
is fiberwise empty or dense in Y over X, that is, such that for all x € X, U,
is either empty or dense in Y,. Indeed, first use [23], IV, 9.7.8 (applied to
each irreducible component of X), to find a dense open subset X of X such
that for each x € X1, say belonging to an irreducible component {n} of X,
the number of geometric irreducible components of Y, is equal to the num-
ber of geometric irreducible components of Y). Note now that f is flat, so
the image f(U’) of U’ in X is open. Apply then again [23], IV, 9.7.8, to the
morphism fjy : U' — f(U’) and find an appropriate dense open subset V;
of f(U’) with similar conditions on the fibers. It follows that W := V| N X
is a dense open subset of X, and we take U := fll_]} (ViNXy) C U'. Note that
fFO)=Ww.

Recall that n(U, Oy,y,) = ny(yo), and that n(W, Oy ,) divides nx (xo).
To prove that ny(yo) divides nx(xo), it suffices to prove that n(U, Oy,y,)
divides n(W, Ox y,). Thus, it is enough, given any integral curve C in X con-
taining xo and whose generic point 1 belongs to W, and given any non-zero
regular function g € O(C), to find a one dimensional closed subscheme D
of Spec Oy y,, contained in ¥ x x C with maximal points in U, and an ele-
ment g € K7, (D) such that ordy,(g) divides ordy,(g). As U xx n is dense
in Y xx n, we find that U xx C is a dense open subscheme of ¥ xx C.
Therefore, to prove that ny(yg) divides ny (xp), it is enough to prove that
nyxyc(yo) divides nc(xp); indeed, then there exists such a D and g; with
ordy (g1) =nyxyc(yo), and this latter integer divides nc (xo), which by def-
inition itself divides ordy,(g).

Returning to the case where f is smooth as in the proposition, we find that
it suffices to prove (a) when X is local integral of dimension 1 with generic
point . Now suppose that f is étale. We keep the notation U and W of the
previous paragraphs. Suppose given a nonzero regular function g on X (X can
now play the role of C). Let D := Spec Oy, y,. As U, is dense in the discrete
set Yy, it is equal to Y;. Hence, the maximal points of D belong to U. Let
g1:= f*(g). Then ord,,(g1) = ordy,(g) because f is étale, and (a) is proved
in this case.

Suppose now that f is a projection morphism A‘)i( — X. An easy induction
in d reduces the problem to the case d = 1. Consider now f :Y := A; — X.
Assume first that yg is a closed point of Y. Write X = Spec R, with R a
local domain with maximal ideal m. Fix g € R\ {0}. Let F(T) € R[T] be a
monic polynomial which lifts a generator of the maximal ideal of k(xo)[T]
corresponding to yg € Yy,. Let § := R[T]/(F(T)), and D := Spec S. Then
S is finite and flat over R, with S/mS = k(yp) a field, so that § is local. Let
g1 =g € S. The element g is regular by flatness and we have

ordy, (g1) =€5(S/(81)) =Ls(S®r R/gR) = Lr(R/gR) = ordy,(g),
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where the third equality holds by flatness and because S/mS = k(yp) is a field
(see [21], A.4.1, or [39], Exercise 7.1.8(b)). To conclude the proof, we need
to further specify the element F(T'), so that D is such that D,, C U. For this
we modify a given F(T') by an element A € m as follows. Write ¥;, \ U, as
V(¢ (T)) for some non-zero ¢(T') € Frac(R)[T]. Since m is infinite, we can
find A € m such that gcd(F(T) + A, ¢(T)) = 1 in Frac(R)[T]. Then we take
the curve D defined by F(T) + A.

Let us consider now the case where yg is the generic point of the fiber
of A}X — X above xo. As before, let R := Oy y,, with maximal ideal m.
Then Oy,y, = R[T Imrir) =: R(T). Let I be an ideal in R. Then I is m-
primary if and only if / R(T) is mR(T)-primary, and when I is m-primary,
then e(/, R) = e(IR(T), mR(T)) (as stated for instance in [53], 8.4.2). It
follows that y (R(T)) divides y (R). Since n(R(T)) divides y (R(T)), we find
that n(R(T)) divides n(R) when n(R) = y(R). When R is a local domain of
dimension 1, the hypotheses of 5.6 are satisfied and n(R) = y (R).

(b) When X is universally catenary, we can apply Theorem 7.1 (c) (since f
is open, the hypothesis on generic points is satisfied) and obtain that n x (xp)
divides ny (yo)[k(yo0) : k(x0)]. This gives the divisibility relation nyx(xgp) |
ny (yo) when [k(yo) : k(xo)] = 1.

(c) Consider the Cartesian diagram

B

w
la
Z

—_—

S

Let w denote a point of W := Z x x Y above zg and yg inducing isomorphisms
k(zo) — k(w) and k(yg) — k(w). The morphisms « and 8 are smooth, and
it follows from (b) applied to @ and B that nz(z9) =nw(w) = ny (yo). Il

Example 7.17 We show in this example that there exist a local ring O and
an ind-étale local extension O” such that Spec ©" — Spec © induces an iso-
morphism on closed points, and such that n(O") < n(O). In our example, the
local ring O is not universally catenary, while the ring O is the Henselization
of O, and is universally catenary.

Consider again the finite birational morphism 7 : ¥ — X described in Ex-
ample 1.3. The scheme Y is regular, and X is catenary but not universally
catenary. The preimage of the point xo € X consists in the two regular points
yo and y; in Y, with [k(yo) : k(x0)] = d, and [k(y1) : k(x0)] = 1. It follows
from the discussion in 1.3 that nx (xo) is divisible by d. Let O := Ox ,, and
consider the Henselization O" of Oy y,. It is known that a Noetherian local
Henselian ring of dimension 2 is universally catenary (see, e.g, [47], 2.23 (1),
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with for instance, [53], B.5.1). We let x(/) denote the closed point of Spec Oh.
We have the following diagram with Cartesian squares:

Yoh Y(Q

Spec Oh ——~ SpecO ———

We use 7.1, (b) and (c), on 7’ to conclude that
ged{ny,, N[k :k(xp)] | v € 7'~ (x)), y closed} =n(0") = 1.
Thus, when d > 1, we find that 1 = n(O") < n(0).

Remark 7.18 1t is easy to construct examples of flat morphisms f : Y — X
with yp € Y such that ny(y9) > nx(f(y0)). Indeed, start with an integral
scheme Y of finite type over a field k with a closed point yy € Y such that
ny(yo) > 1. Choose any non-constant function f : Y — IP’,i. This morphism
is then flat, and since ]P’,l( is regular, I’lP]l((f(y())) =1.

8 Index of varieties over a discrete valuation field

8.1 Let K be the field of fractions of a discrete valuation ring Ok, with max-
imal ideal (7r) and residue field k. Let S := Spec(Og). Let X be an integral
scheme, and let f : X — § be a flat, separated, surjective morphism of finite
type.

Since f is flat, div(;r) is a Cartier divisor on &X', and we denote its associ-
ated cycle by [div(w)] = Z?:l riI;. BEach I7; is an integral variety over k, of
multiplicity r; in Xj. The generic fiber of X'/S is denoted by X /K.

For any irreducible 1-cycle C (endowed with the reduced induced struc-
ture) on X and for any Cartier divisor D on X whose support does not
contain C, the restriction D|¢ is again a Cartier divisor on C. The as-
sociated cycle [D|c] is supported on the special fiber of X — S. Writ-
ing [Dlc] = D, gosed(P-C)x[x], then its degree over k is degy[D]|c] =
> . (D.C),deg;(x). Note that if D is effective, then for any closed point
xeCNSupp D, (D.C)xy =4(Oc.x/Oc(—D)y) > 1.

Assume that C — S is finite. Then C is the closure in X" of a closed point
P € X, and we have

degy (P) = degy (div(m)|c).
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Assume now that & is locally factorial (e.g., regular). Then the Weil divisors
I'; are Cartier divisors (again denoted by I;) and we can write that div(w) =
Y i, riT; as Cartier divisors. It follows that

degg(P)= ) (Z ri(I7.C)x degkoc)). )

xeXyNC “Ij>x

In particular,

qu{riS(I“i/k)} divides 8(X/K),

where 8(X /K) denotes the greatest common divisor of the integers degg (P),
with P € X closed, and whose closure in X’ is finite over S. This statement is
sharpened in our next theorem.

When f: X — § is proper, the closure of any closed point P € X is finite
and flat over § and, thus, in this case, gcd,{r;6(I;/k)} divides §(X/K) =
8(X/K).

Theorem 8.2 Let f : X — S be as above, with X regular. Let X/K denote
the generic fiber of X /S.

(a) Then ged;{r;8(I} 2 /k)} divides (X /K).
(b) When Ok is Henselian, then §(X/K) = ged; {r;§(I'; %/ k)}.

Proof For ease of notation, we will write gcd(&y) := gcdi{ri(S(Fl.reg /k)}.

(a) Let P be a closed point of X whose closure in X is finite over S, and let
us show that ged(Xy) divides degg (P). If {PYNT; € I} % for all i <n, then
Formula (1) above shows that gcd (X)) divides degg (P). In general, though,
{P} may intersect the singular locus of some I7. If that is the case, then we
can end the proof in two different ways.

The first method relies on Theorem 2.3, and assumes in addition that X’
is FA when Ok is not Henselian. Indeed, 2.3 shows that there exists an
affine open subset V of X which contains the 1-cycle {P} and a I-cycle
C rationally equivalent to {P} in V, and whose support is proper over S
and does not intersect the singular locus F of (Xj)req. Then P is rationally
equivalent on Vi to Cjy,, whose support is a union of closed points of X.
We claim that degg (P) = degg C|x. Indeed, since V is affine, we can con-
sider an open embedding V — ) over S where )/S is projective. Theo-
rem 2.3 shows that {P} and C are closed and rationally equivalent in ).
Then degg (P) = degg Cy, = degg Cjv, = degg C|x. The above discus-
sion shows that each point in Supp C|x has degree divisible by gcd(Xy), so
that ged(&)) divides degg (P), as desired.

The second method relies in the end on Theorem 6.5 and its Corollary 6.7.
It consists in a succession of blowing-ups, starting with the blowing-up of
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specializations of P in X as in Lemma 8.3 (3), to produce a new regu-
lar model ), where the specializations of P belong to the regular locus of
(Vi )red. Our initial discussion above implies that gcd(Vx) divides degg (P).
Then Lemma 8.3 (2) shows that gcd()x) = ged(Xy), and (a) is proved.

(b) Let FiO = Fireg \U ot I';. Proposition 6.8 shows that 5(1‘1.reg k) =
5(1“1.0 / k). We use then Proposition 8.4 (3) on each closed point of Fio to find
that §(X/K) divides ged(Ay). Il

Lemma 8.3 Let f: X — S be as in 8.1, and assume X regular. Let d :=
dim X. Let xg € Xy be a closed point and let Iy, . .., I'y denote the irreducible
components of Xy which contain xg. Let e; denote the Hilbert-Samuel multi-
plicity of xo on I';. Consider the blowing-up X — X of X along the reduced
closed subscheme {xq}.

(1) The scheme X is regular, and the exceptional divisor Ey in X is isomor-
phic to Pg(xo). The multiplicity r(Ey) of E1 in X is Y i_, ri€;.

(2) We have ged(Xy) = ged(X).

(3) Let P be a closed point of X. Then there exists a finite sequence

.X%l—é A%T_l—é ---—9.%b::,¥

such that each morphism X; — X;_1 is the blowing-up of a closed point
in the special fiber, and such that the closure of P in X, intersects (Xp,)x
only in regular points of ((Xm)k)red-

Proof (1) As we blow-up a regular scheme along the regular center
Spec k(xp), we have X regular and Eq >~ Pg(xo) ([39], 8.1.19). In the regular
local ring Ox y,, factor a uniformizing element w of Ok as 7 = ugi1 ----- gs',
where g; is a local equation in X" of the component [ at xo, and « is a unit.
It is not hard to see that the Hilbert-Samuel multiplicity of xg on I is the
positive integer e; such that g; € (muy )% \ (Mx ) *1 Since the associ-
ated graded ring P 4>0 (mi.]\f’ 0 /m?vf):o) is a polynomial ring over k(xg), we
find that 7 € (mx,xO)Zi Ti€i \ (mx,xO)Zi rieit]l et & denote the generic point
of Ey. Since X is regular, the local ring O T is a discrete valuation ring with
normalized valuation vg, and the multiplicity of E; in /fk is vg (r). We leave
it to the reader to check that if f € (mx )" \ (mx,xo)r“, then ve (f) =r.

(2) Let I'; denote the strict transform of I in X. The blowing-up X— X
restricts to a morphism I'; — I which is nothing but the blowing-up of I}
along xo. Hence, the varieties I /k and I /k are birational and § (fl.reg k) =
8(I'"*®/k) (6.8). Recall that

ged(Xy) = ged {ri8(1%/k), r(E1S(E1 /b))

1<i<n
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We thus find that gcd(z’?k) divides gcd(Xy). Clearly, §(E1/k) = [k(xo) :
k] = deg; (x¢). Corollary 6.7 implies that for every I; passing through xo,
e; deg, (xo) is the degree of some O-cycle supported in Fireg and, thus,
e; degy (xo) is divisible by 8(I %/ k). Therefore ged(Xy) divides ged(Xy).

(3) Let P be a closed point on X. We describe below how to obtain a new
regular model using a sequence of blowing-ups along closed points

Xy —>Xn1—>-- >N —~>X

such that the specializations of P in &}, are regular points in ((X};)x)red-

Suppose m meets the singular locus F of (Xj)req. Let YV — X be the
blowing-up of X along {P} N F. Then ) — X is also obtained by succes-
sively blowing-up points of {P} N F. If P specializes only to regular points
of Vi, then the process stops. Otherwise, let y be a specialization of P in )V
belonging to the singular locus of (V)red. Then y belongs to an exceptional
divisor E1, of multiplicity »(E1), and to at least one strict transform I7. Using
these two facts and Formula (1), we find that

degy (P) > r(Ey).

Consider the blowing-up Z — ) of ) along { P} intersected with the singular
locus of (YVi)red. The exceptional divisor E; above y has multiplicity r(E3)
in Z, and since y € E; N I, Part (1) of this lemma implies that r(E>) >
r(E1). Repeating the above argument on E; shows that degg (P) > r(E>2).
Therefore, the process must stop after at most 1 4- degy (P) steps. 0

Let F be any field, and let W/F be a scheme of finite type. Recall that a
closed point P € W is called separable if the residue field extension F(P)/F
is a separable extension.

Proposition 8.4 Let f: X — S be as in 8.1. Let xg € Xy be a closed point,
regular in X. Let I, ..., Iy be the irreducible components of X} passing
through xo. Let e; := e(Or; x,) denote the Hilbert-Samuel multiplicity of xo
on I;. Then

(1) The Hilbert-Samuel multiplicity e(Ox, x,) of xo on Xy is equal to
Y oijriei. o
(2) Any closed point P € X such that xo € {P} has degg (P) > e(Ox; x,) X

deg; (x0).
(3) Assume that Ok is Henselian. If k is infinite, or if xq is a regular point of
(Xi)red, then there exists a closed point P € X such that xo € { P} and

degg (P) = e(Oxy,x,) degy (x0).
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If k is finite, then there exists a 0-cycle on X of degree e(Ox, x,) deg; (xo)
and such that each closed point in its support specializes to xo in X.

If X/K is generically smooth, then the point P and the support of the
0-cycle can be chosen to be separable over K .

Proof (1) This is the same computation as in Lemma 8.3 (1), or use 4.6.
(2) Let X — X be the blowing-up along xo with exceptional divisor
E1. We saw in 8.3 (1) that E is isomorphic to ]P’i(xo) and has multiplicity

e(Ox, x,) In Xi. As P has a specialization in X belonging to E{, Formula
(1) before Theorem 8.2 shows that degg (P) > e(Ox;,x,) degy (xo).

(3) Let us suppose first that xq is a regular point of (X )req. Since X8 is
open in X ([23] IV.6.12.6 (ii)), we may without loss of generality assume that
X = Spec A is affine, irreducible, and regular, with irreducible special fiber.
Since Oy y, is factorial, we may if necessary replace X by an open dense
subset and assume that the uniformizer w of Ok factors as 7 = ut® in A,
witht € A, u € A* and e := e(Oy,; x,). By hypothesis, there exists a system
of generators { f1, ..., fy} of the maximal ideal m of A/(¢) corresponding to
xo with d =dim(A/(¥)).

Fori=1,....d, let g; € A be any lift of f;. Let Tp be the closed sub-
scheme of X defined by Tp := Spec A/(g1, ..., gq). Consider the induced
morphism ¢ : Tp — S. Clearly, (p_l ((m)) = {x0}. Let T1 < Ty denote the open
subset (see [23], IV.13.1.4) consisting of all the points of Ty where ¢ is quasi-
finite. It is clear that xo € 77, and x¢ is in fact a regular point of 77 since
A/(g1,-..,8a,t) is a field. Using [23] IV.6.12.6 (ii) again, we find that the
regular locus of 77 is open, and we can thus if necessary replace 77 by a open
subset containing xo and assume that 77 is regular. Since Ok is Henselian,
we may use [5], 2.3, Proposition 4 (e), and obtain that there exists an open
neighborhood T of x¢ in 77 such that 7 — S is finite. Since both 7" and § are
regular and T — S is finite, we find that T — § is also flat. The generic point
P of T ={P} has thus degree e deg; (k(xp)) over K, as desired.

Let us now assume in addition that X /K is generically smooth. We claim
that we can find a lift P € X of xo with K(P)/K separable of degree
edeg; (k(xp)) over K. Keep the assumptions in the first paragraph of the proof
of (3) above. If d = 0, then the generic smoothness of X/K implies that the
fraction field of A is separable over K, and our claim is true.

Assume now that d > 1, and let us show that the lifts g; can be chosen such
that the generic point of the associated T is separable over K. To start, we
show that there exists a lift g; of f; such that the closed irreducible subscheme
V(g1) of X is flat of finite type over S, with generic fiber generically smooth.
We then conclude the proof by induction on the dimension.

Note that there always exists # € A such that the differential dh in
Q}@ K/K is not zero. Start with any lift g € A of f;. If the differential dg
is zero, replace g by the lift g + wh and assume now that dg # 0. Let Z be
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the proper closed subset of X where X — § is not smooth. Then on X \ Z,
the sheaf of differentials is locally free, and we let Z’ be the zero locus of dg
in X'\ Z. By construction, Z’ is closed in X'\ Z, and Z U Z’ contains only
finitely many irreducible closed subsets of codimension 1 in X'.

The ideals (g + 7°) of Ay, s € N, are infinitely many pairwise distinct
prime ideals (recall that by construction (g) is a prime ideal of Ay; and the
maximal ideal of Ay, is also generated by ¢, g + 7%, g2, ..., g4). Therefore,
we can choose g1 := g+ n* for some s such that in X', V (g1) is not contained
in ZU Z'. Since V(g;) is not contained in Z, we find that V (g1) intersects
the smooth locus of X — §. The generic fiber of the morphism V (g1) — S is
then smooth at a point outside Z U Z’ since d(g) is not zero at such a point.
We conclude the proof of the existence of P with K(P)/K separable when
X /K 1is generically smooth by induction on the dimension.

In the general case where xg need not be regular in (Xj)req, consider the
blowing-up X — X of xg as in (2). If k is infinite, then there exists a k(xg)-
rational point x| in the interior of E, and so regular in ()Ek)red- By the above,
there exists a closed point P of X such that degx (P) = e(Ox, x,) deg; (xo)
and which specializes to x; in X.Then P specializes to xg in X, as desired.

If k is finite, then §(Y/k) = 1 for any geometrically irreducible algebraic
variety Y over k ([37], Corollary 3. See also [15], 3.11). Therefore, there
exists a 0-cycle supported in the interior of E;, of degree 1 over k(xp). Then
lift this O-cycle to X as above. U

Variations on the statement of 8.4 (3) when xg is a regular point of (X} )red
can be found in [13], Lemma 2.3, or [5], Corollary 9.1/9. When we relax the
hypothesis that X is regular in Theorem 8.2 (b), we obtain:

Proposition 8.5 Let Ok be Henselian. Let f : X — S be as in 8.1, with X
regular in codimension one. Then §(X"™®/K) divides gcd,; {r;é (Fl.reg /k)}.

Proof Indeed, X™ is open in X' ([23] IV.6.12.6 (ii)). Since X is regular in
codimension one, X \ X" is of codimension > 2. Thus, Fl.reg N X' is not

empty, and 8(I"/ N X™8/k) = §(I', % /k) for all i (6.8). Then lift closed
points of Fireg N X' to X8 as in 8.4 (3). O

Remark 8.6 Let I'/k be an integral normal algebraic variety. Let k’ be the
algebraic closure of k in the field of rational functions k(I"). Let e(I"/ k")
be the geometric multiplicity of I" as k’-scheme ([5], 9.1/3). We claim that
when I is regular,

e(r'/k') divides §(I'/K').

Indeed, let L/k’ be a separable closure of k’. Then e(I" x; L/L) =
e(I'/k"), and §(I" xy L/L) divides §(I"/k’). Let xo € I' x;s L be a Cohen-
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Macaulay closed point, and let f1, ..., fz be a maximal regular sequence in
MOy Loxg Of length i := €Oy, 1.5/ (f1. .-, f)). By [5], 9.1/7 (b),
e(I'/k") divides pdeg; (xo). Hence, when I" is regular, so is I" Xy L and
e(I'/ k") divides 8(I"/k’). Note that e(I"/ k") = e(I"/ k) if k' / k is separable.

Let now X — S be as in Theorem 8.2, with f proper and X regular. Let k;
denote the algebraic closure of k in the function field k (/) of the component
I; of &X}. As noted in 6.9, the scheme I“l.reg is defined over k;, and we have
8(I%/ k) = [k; : kK18 (I°% / k;). The geometric multiplicity e(I; /k;) of I /k;
is also the geometric multiplicity of I“I.reg / k;. It follows then from above that
e(I';/k;) divides §(I'/*® / k;). Hence, Theorem 8.2 (a) implies that

gc_d{ri[ki:k]e(l"i/ki)} divides 8(X/K),

answering a question in [4], 1.6.

Remark 8.7 (1) In general, if Ok is not Henselian, ged; {r,-8(1“l.reg /k)} is not
equal to §(X/K). This can be seen easily when X' /Ok is of relative dimen-
sion 0. We can also consider a smooth projective conic X over Q without
rational point, and with a regular proper model X" over Z. If p is a prime of
good reduction of X, then ged(XF,) = 1 because every smooth conic over I,
has an [ ,-rational point, while §(X/Q) = 2.

(2) In general we cannot replace (S(I“ireg /k) by §(I7/k) in 8.2(b). For ex-
ample, let Ox = R[[¢]] and let X = Proj(Ox[x, y, z1/(x> + y* +1z%)). Then
X is regular, flat and projective over Ok . The special fiber I" := X} is inte-
gral, with a singular rational point, and its regular locus is isomorphic to A}C.
In this example, §(X/K) =2, but r(I")é(I"/R) = 1.

Example 8.8 Let A/K be a central simple K -algebra of dimension n>. The
square root of the degree over K of the skew-field D such that A is isomorphic
to M, (D) for some r > 1 is called the index ind(A) of A. Associated with A
is a Severi-Brauer variety X /K, a twisted form of P"~!/K, with §(X/K) =
ind(A).

Suppose that K is a complete discrete valuation field with perfect residue
field k. Let A/Ok be a hereditary order of A. Associated with A is a model
X /Ok of X/K called an Artin model ([19], 2.1). Artin ([1], 1.4) shows that
when A is a maximal order, the model X is regular. The special fiber X} is
described in some cases in 2.4 and 2.5 of [19]. In particular, the special fiber
in the model described in [19] 2.5 contains only irreducible components I of
multiplicity 1 such that §(I"/k) =1, and §(I"™8/k) = §(X/K).

8.9 Let W be a non-empty scheme of finite type over a field F. Let D be
the set of all degrees of closed points of W. Denote by v(W/F) the smallest
integer in D. Clearly, §(W/F) divides v(W/F).
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Let f: X — S be as in 8.1, and assume & regular and f proper. Then
Proposition 8.4 (2) shows that

v(X/K)>=  min {e(Ox, ) dege(x0)},

xo closed in X}

with equality if in addition Ok is Henselian and k is infinite (8.4 (3)).

Lang and Tate asked in [36], page 670, whether v(W/F) = §(W/F) when
W is a homogeneous space for an Abelian variety A/F. Recall that non-
empty scheme W/F is a homogeneous space for A/F if W/F is endowed
with a transitive action of A/F, in the sense that the natural morphism A X g
W — W x g W, which sends (a, w) to (a - w, w), is surjective as a morphism
of fppf-sheaves.

Let us say that a field k£ is WC(0) if every homogeneous space X/k for
any Abelian variety B/k has a k-rational point ([11], 1.2). A finite field is
WC(0) ([34], Theorem 2), and it follows from the definitions that a pseudo-
algebraically closed field k is WC(0).

Proposition 8.10 Let Ok be Henselian with a WC(0) perfect residue field.
Let A be an Abelian variety over K having good reduction. Let X/K be a
homogeneous space for A. Then §(X/K) =v(X/K).

Proof As A is an Abelian variety, X is a principal homogeneous space for a
quotient B of A. Let B/Ok be the Néron model of B over Ok . Then B is an
Abelian scheme ([52], Corollary 2 to Theorem 1). We know ([40], Proposi-
tion 8.1) that X has a regular proper model X'/Ok such that X = rV with
V proper, smooth over k (because k is perfect), and V/k is a homogeneous
space for By. Hence, V (k) # 0, so that §(V /k) = v(V /k) = 1. Using Propo-
sition 8.4, we find that v(X/K) = rv(V/k) = r. Theorem 8.2 shows that
S(X/K)=rs(V/k)y=r. O

9 The separable index

Let k be any field, and let X/ k be a scheme. The set of separable closed points
of X can be empty, even when X/k is regular. This is the case for instance
for X = Spec L, where L/k is a non-trivial purely inseparable extension. On
the other hand, when X /k is smooth, the set of separable closed points of X
is dense in X ([5], 2.2/13).

When X/ k is generically smooth and non-empty, define the separable in-
dex 8sep(X /k) of X/k to be the greatest common divisor of the degrees of
the separable closed points of X. Clearly, 6(X/k) divides 8sp(X/ k), and the
question of whether §(X/k) and dsep(X/k) are always equal was raised by
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Lang and Tate in [36], page 670. In this section, we answer this question pos-
itively. The case where X /k is a smooth projective curve was treated already
in [24], Theorem 3.

Let us note first that our work in the previous section lets us answer the
question positively under the following additional hypotheses.

Corollary 9.1 Let K be the field of fractions of a Henselian discrete valu-
ation ring Ok. Let f : X — S be as in 8.1, with f proper and flat, and X
regular. Let X /K denote the generic fiber of X /S, assumed to be generically
smooth. Then

8(X/K) =8sp(X/K) = ggd{riS(I“ireg/k)}.

Proof Follows immediately from Theorem 8.2 (b) and Proposition 8.4 (3). [

The proof of the next theorem is independent of the results in the previous
sections of the paper.

Theorem 9.2 Let X be a regular and generically smooth non-empty scheme
of finite type over a field k. Then §(X/ k) = 8sep(X/ k).

Proof Let X*™ denote the dense open subset of X where X/k is smooth.
It follows immediately from Proposition 6.8 and the fact that X is regular
that 6 (X/k) = §(X°*™ / k). Thus, it suffices to prove the theorem when X /k is
smooth.

Assume that X/k is smooth. It suffices to prove that for any closed point
X0 € X, there exists a separable O-cycle on X of degree deg; (xo). We proceed
by induction on d := dimyy) .le(xo) Ik If d =0, then xq is already separable.
If d =1, then by Lemma 9.3, x( belongs to a closed curve C in X which is
smooth at xo, and we can conclude using Lemma 9.4.

Now fix d > 2, and suppose that the statement holds for any closed point
y in any smooth variety over k such that dimyy) .le(y) = d — 1. Replac-
ing X by the smooth locus of the closed subvariety Y whose existence is
proved in Lemma 9.3, we can suppose that dim,, X = d. Since x¢ is smooth
in X, we can replace X by an affine open subset if necessary, and assume
that there exists an étale morphism f : X — Af. Let w : Af — AZ_I be
the projection to the first d — 1 coordinates. Let zg := 7 (f(xg)). Then C :=
X x Al Speck(zp) is a closed subscheme of X containing x¢. It is a smooth

curve over k(zg) because it is étale over the affine line 7~ 1(zg) = Aé(zo).
Therefore, we can use Lemma 9.4, and obtain that there exists a O-cycle D
on C, separable over k(zo), and of degree deg;,(xo). For any point y in the
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support of D, we have
: 1 : 1 . ad—1

Thus, we can apply the induction hypothesis to each such point y. It follows
that there exists a separable 0-cycle on X/ k of degree deg; (xo). U

Lemma 9.3 Let X be a smooth algebraic variety over a field k, and let
x0 € X. Then x is contained in a closed subvariety Y of X of pure dimension
dimy(x,) ‘Ql}(xo)/k which is smooth at xg.

Proof Let mg be the maximal ideal of Oy ,,. When f € mg, denote by f its
class in mg /m%. The closed immersion Spec k(xg) — Spec Oy, induces the
canonical second fundamental exact sequence

8
mo/mg —> 24 , @ k(¥0) > Ly — O
([41], Theorem 58, page 187). Let f1,..., fiu € mp be such that S(fl), cee,

&( fm) form a basis of Ker(u). Choose an open neighborhood U of x¢ and
gi € Ox(U) suchthatforalli =1, ..., m, f; is the stalk of g; at xg. Let Y be

a closed subscheme of X, equal to V(gy, ..., gn) in an open neighborhood
of xo. As {f1, ..., fm} is part of a regular system of parameters of Ox y,, we
find that

dimy, ¥ =dimy, X — m = dimyy,) ng(xo)/k'

Since (.Qll,/k)x0 ® k(xg) =~ .Q,i(xo)/k, we find that (.(211//,{))(0 is generated by
dim,, Y elements, and this implies that Y is smooth at x¢ (see, e.g., [5],
2.2/15). We may thus replace Y by its irreducible component which con-
tains xg. Il

Lemma 9.4 Let C be a smooth connected curve over k. Let C be a regular
scheme, separated and of finite type over k, such that there exists an open
immersion C — C. Let 7 € C be a closed point. Then there exists a separable
0-cycle on C which is rationally equivalent to [z] in C.

Proof The connected component of C containing C embeds as an open sub-
scheme of a regular compactification C’ of C. Lemma 9.4 follows from a
stronger statement ([18], Chapter 3, Lemma 3.16), in the proof of which
the smooth compactification (which may not exist in general) should be re-
placed by a regular compactification. We thank O. Wittenberg for the refer-
ence to [18]. O
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