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Abstract. The influence on coupling vibrations and stability among shaft-torsion, disk-transverse and blade-bending of a rotor

system with a mistuned blade’s staggle angle was investigated analytically. A shaft-disk-blade system has been found existing

two types of coupling vibrations, disk-blade (DB), and blade-blade (BB) modes when the shaft was assumed rigid. If the shaft’s

torsional flexibility was taken into account, an additional type of coupling modes, shaft-disk-blade (SDB), appeared. When an

angle-mistuned blade existed, the blades periodicity was destroyed and it was found to change not only the natural frequencies

but also the types of modes. Due to blade’s mistune, the shaft torsion had to participate to balance such that DB modes vanished

and replaced by SDB modes. A mistuned staggle angle was numerically found to alter the natural frequencies in an almost

linear trend. At last, the rotational effects were found to merge frequency loci and eventually reached an instability point. Very

interestingly, a mistuned blade diminished the possible instability caused by blade-dominating modes, which existed in a perfect

and periodic rotor. In words, the rotor might benefit from a mistuned blade from the stability viewpoint. The shaft-dominating

mode, yet, was unaffected by the mistune and retained a possible instability.

Keywords: Coupled vibration, mistuned blade, staggle angle

1. Introduction

Rotor systems composed of shaft, disk and blades have been extensively applied industry. The increasing demand

for higher operational speeds requires more precise tune than it used to be. Rotor dynamics has been explored over a

century. Most of studies were confined to the analyses of individual components, such as disks [1–3] and blades [4–

6]. Compound systems, such as shaft-disks [7–9] and disk-blades [10–12] were relatively limited. Recently, the

demand for high speed has evoked the attention to the investigations of coupling modes among shaft, disk and

blades. The coupling effects of shaft and disk were investigated, utilizing the finite element method [13,14], the

transfer matrix method [15] and the assumed modes method [16]. Other studies [17–19] have addressed the effects

of coupling between disk and blades. Those studies used the Rayleigh-Ritz method and the finite element method to

explore the influence of the disk flexibility on the vibration characteristics and found that the disk-blades coupling

frequencies approached the blade’s frequencies as disk’s number of nodal diameters increased. Chun and Lee [20]

used assumed mode method to analyze the effect of disk flexibility on the vibrational modes of a flexible disk-blade

system, and obtained more precise results, as compared to finite element method. Few studies have addressed the

dynamic characteristics of a shaft-disk-blade assembly.
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Fig. 1. (a) A shaft-disk-blade rotor with a mistuned (asterisked) blade, and (b) the mistuned angle.

Huang and Ho [21] utilized the concept of structure synthesis for a shaft-disk-blade unit. In their paper, the system

was divided into two subsystems, the shaft-disk and the blades. The disk was assumed rigid and withstood the

motion transmission between shaft and blades. The results showed that, there existed not only shaft-blade coupled

modes but also inter-blades coupling modes. Lately, Yang and Huang [22] included disk flexibility into such a

shaft-disk-blades unit and studied its free vibration and classified four types of coupling modes, shaft-disk-blade

(SDB), disk-blade (DB), blade-blade (BB), and shaft-blade (SB).

The present paper extends the work of [22] but focuses on the influence of blade’s mistuned angle on vibration

characteristics. As well known, a perfect disk-blade assembly is symmetric and of the characteristics of a periodical

structure. Any disorder or mistune, however, will destroy this periodicity. The present paper addresses the mistuned

blade’s staggle angle effects upon coupling vibrations among shaft, disk and blades. The instability caused by

rotation and the mistuned blade is addressed as well. The mistuned error set in this paper might be exaggerated

contrast to today’s precision technology. Nevertheless, the present studies are to provide qualitative and quantitative

overview of a periodic structure with mistune, such as rotors.

2. Theoretical analysis

The shaft-disk-blade assembly is shown in Fig. 1. Assume one of the blades’ stagger angle (asterisked) deviates

from the others, the cyclic periodicity of blades is hence destroyed. The subsequential effects such a mistuned blade

are explored in this paper. The resulting from rotor investigated consists of a flexible disk, a torsional shaft and multi

flexible blades fixed onto the outer edge of disk with a stagger angle β. The rotor can be decomposed into three
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Fig. 2. The geometry and coordinates of the rotating disk.

sub-systems, torsional shaft, transverse disk and bending blades. The energies associated with components are here
derived and the assumed mode method follows to discretize the equations of motion.

In the following, the blade of mistuned stagger angle is asterisked to separate from the others. It is denoted as

β∗ = β + ∆β = β(1 + ε) (1)

where ε is an indication of mistuned error, positive or negative.

The torsional energies associated with the shaft-disk subsystem are:

Ts =
1

2

∫ Ls

0

Is(φ̇ + Ω)2dZ +
Id

2
(φ̇ + Ω)2|Z=Zd

(2)

Us =
1

2

∫ Ls

0

GsJs

(

∂φ

∂Z

)2

dZ (3)

where φ(Z, t) is the torsional displacement with respect to a constantly rotating (Ω) frame; L s, Is, and GsJs denote

the shaft’s length, polar rotatary inertia, and torsional rigidity, respectively. I d is the disk’s polar rotary inertia. The
upper “dot” denotes with time derivatives. Subscripts s and d are designated for shaft and disk, respectively.

Figure 2 shows a disk, clamped inside and free outside, rotating at a constant speed Ω. In this figure, r s and rd

denote disk’s inner and outer radii respectively, hd is disk thickness.

The energies associated with the disk in transverse vibration are

Td =
ρdhd

2

∫ rd

rs

∫ 2π

0

(

ẇd + Ω
∂wd

∂θ

)2

rdθdr (4)

Ud =
D

2

∫ rd

rs

∫ 2π

0

{

(∇2wd)
2 − (1 − ν)

∂2wd

∂r2

[

(

1

r

∂wd

∂r
+

1

r2

∂2wd

∂θ

)

−
(

1

r

∂2wd

∂r∂θ
− 1

r2

∂wd

∂θ

)2
]}

rdθdr

+
hd

2

∫ rd

rs

∫ 2π

0

[

σr

(

∂wd

∂r

)2

+ σθ

(

1

r

∂wd

∂θ

)2
]

rdθdr (5)

where wd is the disk’s transverse displacement; ∇2 is the Laplacian; D is the bending rigidity; σr and σθ are the

initial stresses in the radial and circumferential directions due to Ω. These terms are of the following forms:
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Fig. 3. Coordinate sets and deformation of a blade.

∇2 =
∂2

∂r2
+

∂

r∂r
+

∂2

r2∂θ2
(6)

D =
Edh

3

d

12(1 − ν2)
(7)

σr =
3 + ν

8
ρdΩ

2(r2

d − r2) +
(1 − ν)ρdΩ

2r2
s [(3 + ν)r2

d − (1 + ν)r2
s ]

8[(1 + ν)r2

d + (1 − ν)r2
s ]

(

r2

d

r2
− 1

)

(8)

σθ =
Ω2

8
[(3 + ν)r2

d − (1 + 3ν)r2] − (1 − ν)ρdΩ2r2
s [(3 + ν)r2

d − (1 + ν)r2
s ]

8[(1 + ν)r2

d + (1 − ν)r2
s ]

(

r2

d

r2
+ 1

)

(9)

Figure 3 shows a typical rotating blade cantilevered onto a flexible disk with a stagger angle (β). The (X,Y, Z)

coordinate system is the inertia frame; (x1, y1, z1) frame rotates at a constant speed Ω. (x2, y2, z2) frame turns an

angle “β ” relative to (x1, y1, z1) frame, and (x3, y3, z3) frame is fixed to the blade’s root.

The kinetic and strain energies associated with a blade are

Tb =
1

2

∫ rb

rd

ρbAb

{

v̇2

b + ẇ2

b + (vb cosβ + wb cosβ)2Ω2 + x2Ω2 + 2x(v̇b sinβ + ẇb sinβ)Ω
}

dx

+
1

2

∫ rb

rd

Ib

(

Ω cosβ +
∂v̇b

∂x

)2

dx (10)

Ub =

∫ rb

rd

EbIA

2

(

∂2vb

∂x2

)2

dx +

∫ rb

rd

1

4
Ω2ρbAb(r

2

b − x2)

[

(

∂vb

∂x

)2

+

(

∂wb

∂x

)2
]

dx (11)
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where vb and wb are the transverse displacements of the blade in y2 and z2 directions respectively. IA is the area

moment of inertia about the z3 axis, and Ib is the polar moment of inertia. Note that vb(x, t) and wb(x, t) are

contributed by the shaft’s torsional displacement φ(Zd, t), the disk’s transverse displacement wd, and the blade’s

bending displacement v̂b(x, t), i.e.,

vb(x, t) = v̂b + xφ|Zd
cosβ − (wd|rd

+ xw′

d|rd
) sinβ (12)

wb(x, t) = xφ|Zd
sinβ + (wd|rd

+ xw′

d|rd
) cosβ (13)

Note that the blades are assumed identical except the mistuned one and for which the β is replaced by β ∗. In the

following, without loss of generality the mistuned blade is numbered the first blade.

Assumed mode method is adopted to discretize the continuous system, i.e.,

φ(Z, t) =

ns
∑

i=1

Φi(Z)ηi(t) = Φ(Z)η(t) (14)

wd(r, θ, t) =

nd
∑

i=1

[W c
i (r, θ)ζc

i (t) + W s
i (r, θ)ζs

i (t)] = W (r, θ)ζ(t) (15)

v̂bk
(x, t) =

nb
∑

i=1

Vi(x)ξik(t) = V (x)ξk(t), k = 1, 2, . . ., N (16)

where Φi, {W c
i ,W

s
i } and Vi are the mode shapes of a torsional shaft, of a transverse disk, and of a bending blade,

respectively. These modes are chosen to be

Φi(Z) = sin

[

(2i− 1)πZ

2Ls

]

(17)

W c
i (r, θ) = Ri(r) cos [(i− 1)θ] (18)

W s
i (r, θ) = Ri(r) sin [(i− 1)θ] (19)

where Ri(r) is the disk’s radial function and is chosen the beam function [23].

Vi(x) = (sin τix− sinh τix) + αi(cos τix− cosh τix) (20)

similar to Ri(r), is a beam function for blade with

[cos τi(rb − rd)][cosh τi(rb − rd)] + 1 = 0 (21)

αi =
− sin τi(rb − rd) − sinh τi(rb − rd)

cos τi(rb − rd) + cosh τi(rb − rd)
(22)

ηi, ζ
c
i , ζ

s
i and ξik are the participation factors. n’s with subscripts for the corresponding subsystems, are the number

of modes deemed necessary for required accuracy. In this study, (n s, nd, nb) = (7,9,10) assures the convergence to

10−3 Hz.

Substitution of the above equations into the energy expressions and employing the Lagrange equations yields the

equations of motion in matrix notation as

[M ]q̈ − Ω[P ]q̇ + ([Ke] + [Ki] − Ω2[KΩ])q = 0 (23)

where −Ω[P ], generated from the Coriolis effect, induces the bifurcation of the natural frequencies [22]. Closer

inspection of [P ] reveals that it is nonzero only if the disk is flexible. In words, it is the disk flexibility that causes

frequency bifurcation. [K e], arising from the elastic deflection, dominates at low rotational speed. [K i] is the

stiffness due to initial stress resulted form rotation. The term−Ω2[KΩ] softens the rotor and becomes very significant
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at high rotational speed. It is also the major role that decides rotor’s stability. The matrices [M ], [P ], [K e], [Ki] and

[KΩ] are given as:

[M ] =





















[Ms]ns×ns
[0]ns×2nd

[M∗

sb]ns×nb
[Msb]ns×nb

· · · [Msb]ns×nb

[0]T2nd×ns
[Md]2nd×2nd

[M∗

db]2nd×nb
[Mdb]2nd×nb

· · · [Mdb]2nd×nb

[M∗

sb]
T
nb×ns

[M∗

db]
T
nb×nd

[M∗

b ]nb×nb
[0]nb×nb

· · · [0]nb×nb

[Msb]
T
nb×ns

[Mdb]
T
nb×nd

[0]Tnb×nb
[Mb]nb×nb

. . .
...

...
...

...
. . .

. . . [0]nb×nb

[Msb]
T
nb×ns

[Mdb]
T
nb×nd

[0]Tnb×nb
. . . [0]Tnb×nb

[Mb]nb×nb





















(24)

[P ] =





















[0]ns×ns
[0]ns×2nd

[0]ns×nb
· · · · · · [0]ns×nb

[0]T2nd×ns
[Pd]2nd×2nd

[0]2nd×nb
· · · · · · [0]2nd×nb

[0]Tnb×ns
[0]Tnb×2nd

[0]nb×nb
[0]nb×nb

· · · [0]nb×nb

...
... [0]nb×nb

. . .
. . .

...
...

...
...

. . .
. . . [0]nb×nb

[0]Tnb×ns
[0]Tnb×2nd

[0]nb×nb
· · · [0]nb×nb

[0]nb×nb





















(25)

[Ke] =





















[Ke
s ]ns×ns

[0]ns×2nd
[0]ns×nb

· · · · · · [0]ns×nb

[0]T2nd×ns
[Ke

d ]2nd×2nd
[0]2nd×nb

· · · · · · [0]2nd×nb

[0]Tnb×ns
[0]Tnb×2nd

[Ke∗
b ]nb×nb

[0]nb×nb
· · · [0]nb×nb

...
... [0]nb×nb

[Ke
b ]nb×nb

. . .
...

...
...

...
. . .

. . . [0]nb×nb

[0]Tnb×ns
[0]Tnb×2nd

[0]nb×nb
· · · [0]nb×nb

[Ke
b ]nb×nb





















(26)

[Ki] =





















[0]ns×ns
[0]ns×2nd

[0]ns×nb
· · · · · · [0]ns×nb

[0]T2nd×ns
[Ki

d]2nd×2nd
[0]2nd×nb

· · · · · · [0]2nd×nb

[0]Tnb×ns
[0]Tnb×2nd

[0]nb×nb
[0]nb×nb

· · · [0]nb×nb

...
... [0]nb×nb

. . .
. . .

...
...

...
...

. . .
. . . [0]nb×nb

[0]Tnb×ns
[0]Tnb×2nd

[0]nb×nb
· · · [0]nb×nb

[0]nb×nb





















(27)

[KΩ] =





















[KΩ
s ]ns×ns

[0]ns×2nd
[KΩ∗

sb ]ns×nb
[KΩ

sb]ns×nb
· · · [KΩ

sb]ns×nb

[0]T2nd×ns
[KΩ

d ]2nd×2nd
[0]2nd×nb

· · · · · · [0]2nd×nb

[KΩ∗

sb ]Tnb×ns
[0]Tnb×2nd

[KΩ∗

b ]nb×nb
[0]nb×nb

· · · [0]nb×nb

[KΩ

sb]
T
nb×ns

... [0]nb×nb
[KΩ

b ]nb×nb

. . .
...

...
...

...
. . .

. . . [0]nb×nb

[KΩ

sb]
T
nb×ns

[0]Tnb×2nd
[0]nb×nb

· · · [0]nb×nb
[KΩ

b ]nb×nb





















(28)

The dimensions of the above matrices are (ns + 2nd + N × nb) × (ns + 2nd + N × nb), where are denoting the

number of blades. The entries of the above matrices are given in the Appendix. If the mistune is zero, the system

returns to a periodic structure and it is the base for comparison in the following studies. q is a generalized vector,

i.e.,

q = {ηT \ζcT ζsT \ξT
1 ξ

T
2 · · · ξT

N}T (29)

In the usual manner for free vibration analysis, it is assumed the solution is of the form q = {c} e λt, with {c} the

undetermined coefficient vector and λ the eigenvalue. Note that λ is pure imaginary for most of the undamped rotors,
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Table 1

Geometric and material properties of the illustrated examples

Shaft density: ρs 7850 kg/m3

shear modulus: Gs 75 Gpa

shaft length: Ls 0.6 m
radius: rs 0.04 m

Disk density: ρd 7850 kg/m3

Young’s modulus: Ed 200 Gpa

location: zd 0.3 m

outer radius: rd 0.2 m

thickness: hd 0.03 m

Poisson’s ratio: ν 0.3

Blade density: ρb 7850 kg/m3

Young’s modulus: Eb 200 Gpa

blade outer end: rb 0.4 m

cross-section: Ab 1.2 × 10−4 m2

area moment of inertia: IA 1.92 × 10−9 m2

Staggle angle: β 60◦

Rotational speed: Ω 0 ∼ 123000 rpm

Table 2
Natural frequencies (Hz) of shaft-disk, disk and clamped blade

Component’s n.f. ω1 ω2 ω3

shaft-disk (w/o blades) 207.418 2645.690 5267.204

Disk (shaft rigid ) 921.227 974.922 1205.039

clamped blade (shaft-disk rigid) 81.538 510.99 1430.788

i.e., λ = jω, j =
√
−1, unless the rotor reaches threshold speed of instability, where λ = a + jω. Equation (23),

then yields to be:
{

( [Ke] + [Ki] − Ω2[KΩ] ) − λΩ[P ] + λ2[M ]
}

{c} = {0} (30)

The characteristic equation is
∣

∣ ( [Ke] + [Ki] − Ω2[KΩ] ) − λΩ[P ] + λ2[M ]
∣

∣ = 0 (31)

3. Numerical results

To avoid dimensional dependence, all the numerical results are normalized with respect to the cantilevered blade’s

first natural frequency (ωb1), i.e., ω∗ = ω/ωb1 and Ω∗ = Ω/ωb1. Table 1 lists the geometric and material properties

of the illustrated examples. Note that, the length of blades are deliberately elongated in order to magnify the

coupling behaviors. Table 2 gives the natural frequencies of individual components, with the other components

either temporarily removed or assumed rigid. Table 2 provides a comparison basis for the effects of component

flexibility on coupling vibration. These frequencies serve as validation and interpretation of the numerical results as

well.

The first interest arises from wondering the effects of shaft’s torsional flexibility, which was frequently ignored on

discussing the coupling vibrations. Figure 4 shows the frequency shifts due to shaft’s torsional flexibility for a six-

and a seven-blade rotor. Note that the abscissa, not drawn in a linear scale, has three reference marks respectively at

ω∗ = 1, 2.544 and 6.267 denoting blade’s first bending, shaft’s first torsion, and blade’s second bending frequency

(ref. Table 1). For a rotor of rigid shaft, the coupling modes (hollow symbols) could be grouped into two categories,

the disk-blade coupling (DB), and blade-blade coupling (BB). Once the shaft’s flexibility is included, there are three

types of coupling modes, shaft-disk-blade (SDB), disk-blade (DB), and blade-blade (BB). In the six-blade case, 1a

(SDB) mode is evolved from the original fouth DB mode and becomes the lowest mode due to shaft’s flexibility.

1g (SDB) mode, where shaft’s torsion predominates, is a generated new mode. The BB modes are of repeated
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Fig. 4. Frequency changes due to shaft’s flexibility for a six- and a seven-blade rotor. ©• Blades’ first mode predominates, △ � Blades’

second mode predominates, � Shaft’s first torsional mode predominates.

frequencies. 2f (DB) mode changes to SDB mode but its frequency is higher than BB modes, unlike 1a mode. As
to the seven-blade case, very similar phenomenon appears except different multiplicity in BB modes. It has been

concluded, from numerical results [22], that BB modes were of (N − 1)/2 and (N − 2)/2 multiplicity for odd and

even number blades.

Figure 5 enhances the previous interpretations and illustrates the mode shapes of a six-blade system. The first x-y

plot denotes the shaft’s torsional displacement. The disk’s and blade’s deflections are illustrated in the following

diagrams. Each mode’s natural frequency and coupling type are indicated on each plot’s upper left and right. Figure

5 demonstrates the mode shapes of a well-tuned system, which are used as references to a corresponding mistuned

system. From the torsional displacement plot, one notices that only 1a and 1g are shaft involved modes. 1b-1d

modes are disk and blades (DB) related modes and 1e-1f are inter-blades (BB) modes.

Figure 6 shows the frequency changes due to a mistuned blade for a six- and a seven-blade system. The mistuned

staggle angle error is set 5%. According to Fig. 4, there are three types of coupling modes in a tuned system,

said shaft-disk-blade (SDB), disk-blade (DB), and blade-blade (BB). With a mistune, there exist only two types of

coupling modes, shaft-disk-blade (SDB), and blade-blade (BB). The DB modes do not appear any longer due to the

mistune destroying blades’ symmetry such that the shaft must participate to balance the blades forces.

Figure 7 shows the first six modes of a mistuned six-blades system. The torsional plot verifies that except the BB

modes the shaft deforms with the blades. This figure reveals a very significant phenomenon, as compared to Fig. 5,

i.e., the original DB modes (1b, 1c, 1d, etc.) evolve to the SDB modes. As to the BB modes, the frequencies remain.

It is due to BB modes always occurred at repeated frequencies and the mode can orient itself such that the mistuned

blade experiences no deflection, as shown in Fig. 7 no deflection on the asterisked blade in 1e, 1f modes. Mode 1g

where torsional mode predominates, retains an SDB mode but with a slightly lower frequency. Figure 8 illustrates

how the modes frequencies vary with the blade’s mistuned angle. First, to both sides the DB modes switch to SDB

modes as depicted previously. Second, the numerical results showed that the frequency changed almost linearly with

the staggle angle error except the BB modes, which remain the same due to no deformation at mistuned blade.

At last, the system’s natural frequencies varying with rotation are illustrated. Figure 9 plots the natural frequencies

of a well-tuned six-blade system. From Fig. 9(a), it is seen there exist bifurcation for each mode. The forward

(positive) and backward (negative) frequencies approach to each other with the increase of rotation. Eventually these

two frequencies merge and become one. At the merge, it implies a possible instability. Figure 9(b) draws the real
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Fig. 6. Frequency changes due to a mistuned blade in a six- and a seven-blade rotor. ©• Blades’ first mode predominates, △ � Blades’

second mode predominates, ♦ � Shaft’s first torsional mode predominates.
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Fig. 8. Frequencies varying with the mistuned error for a six-blade rotor.
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Fig. 9. Variation of eigenvalues with rotation speed for a well-tuned six-blade rotor.

part of λ varying with rotation. It is seen that Re(λ) is zero until the merging point, at which it becomes a pair of
real numbers. It is seen that instability occurs first at 1g mode, then 1a, 1b, . . . etc.

Figure 10 shows the same system but with one mistuned blade. Very interestingly, Fig. 10(b) shows instability
exists only at the 1g mode, in which the shaft’s torsion dominates. In words, all the blade-dominating modes show

no instability due to the mistuned blade destroying the periodic property. From the viewpoint, mistune by no means
implies only disadvantages.

4. Conclusions

This paper explored the coupling modes of a shaft-disk-blade system with a mistuned blade’s staggle angle. The
study began with the modes evolvement resulting from a flexible shaft. It was discovered that in addition to the DB

and BB modes, there existed SDB modes when the shaft was flexible.
A mistuned blade has drawn an important phenomenon on the coupling modes. The original DB modes existed

no more, but replaced by SDB modes. It is due to the mistune destroying the balance between disk and blades.
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Fig. 10. Variation of eigenvalues with rotation speed for a mistuned six-blade rotor.

The balance situation exists only at shaft-disk-blade (SDB) or blade-blade (BB) modes. Numerical calculation also

revealed that the natural frequencies were affected by mistuned angle in an almost linear trend.

Finally, the effects of rotation on the system’s natural frequencies were investigated. Frequency loci showed merge

phenomenon with increasing rotational speed and eventually reached instability. A mistuned blade yet reduced some

unstable possibilities caused by blade-dominating modes, which existed in a well-tuned rotor. The shaft-dominating

mode was yet unaffected by the blade’s mistune and retained possible instability. Form the results it is seen a

mistuned blade might diminish the instability caused by blade-dominating modes.

Appendix: Matrices elements

βk =

{

β∗ = β + ∆β = β(1 + ε), k = 1
β, k �= 1

(A1)
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