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Summary 

The optical method of reflected caustics was applied up-to-now to problems of cracked 
plates under uniaxial loading. Only the problem of the biaxial tension of the plate has been 
considered for the particular case where the crack is transverse to the longitudinal axis of 
the plate which coincided with the loading axis. In  this paper the influence of a biaxial 
loading of the plate on the form and orientation of the caustic was studied in connection 
with the orientation of the crack. New modified relations were given for the evaluation of 
the complex stress intensity factor K = K I - -  i K r i  in terms of the angle ~v of the angular 
displacement of the caustic axis. For the accurate evaluation of K I and K H nomograms of 
correction factors 6vmax, 6x max and dx rain were given in terms of the angle of inclination of the 
crack O9 = (90 -- fl) and the biaxiality factor k. Experimental  evidence with PMMA inter- 
nally cracked plates corroborated the results of theory. 
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List o~ Symbols 

complex-stress function of Muskhelishvili 
crack tip stress referred to Cartesian coordinate system. 
polar coordinate system centered at  crack tip 
stress intensity factors for I~Iode I and I I  loading, respectively 
angle of inclination of the crack 
90~ 
ratio of stresses at infinity 
principal stresses at crack tip 
crack length 
stress applied at infinity along the transverse boundaries of the plate 
parametric equations of the reflected caustics referred to the Cartesian 
system O ' X ' Y '  on the reference screen: (r) reflected caustics from rear 
face of the specimen and (]) reflected caustics from the front face of the 
specimen 
radius of the generatrix curve on the specimen around the crack tip 
(initial curve) 
optical constants of the material for reflections from the rear and front 
faces of the specimen respectively 
magnification ratio of the optical set-up 
distance between the reference-screen and the middle plane of the 
specimen 
distance between the focus of the light beam and the middle plane of 
the specimen 
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thickness of specimen 
2 for the reflected caustics h'om the rear face of the specimen and 1 for 
the reflected caustics from the front face of the specimen 
szodcr,//).m(2Zt) 1/2 
Poisson's ratio 
elastic modulus of the material 
(1 § k) § (1 -- k) cos 20) 
(1 - -  k) sin 2w 
1 -4- kZ -f- (1 - -  k z) cos 2~o 
2 tan -1 (B/A) = 2 tan -1 (KxflKi) 
the maximum and the minimum diameter of caustics along the axis 
O'y' and O'x' of the crack respectively 

max max Dxm, in respectively the correction factors for Dy, , D x, and 
the maximum transverse and longitudinal diameters of the caustics 
respectively 
the correction factors for Dt max and D/max respectively 

1. I n t r o d u c t i o n  

The optical method  of reflected caustics, as it has been developed during the 

last ten years, was extensively applied to various elastic problems containing 

singularities and especially to problems with cracked plates. Whereas  in all these 

problems of cracked plates under  a ny  combinat ion of the three modes of defor- 

mat ion were studied, in the case of uniaxial loading of the plate, the problem of the 

influence of the biaxial i ty of loading was s trangely always omitted. Surely, it was 

t aken  into account  the influence of the component  of stress parallel to the crack 

tip which was added to the singular expression of stresses, bu t  this was valid only 

for the case when the crack-axis was r~ormal to the applied tensile lbad at infinity. 

I t  was only in 1977 tha t  Liebowitz and his co-workers [1] to [4] have con- 

sidered problems of infinite plates containing slant cracks where the influence of 

biaxial i ty of loading of the plate was taken into account  for s ta t ionary  cracks. 

Thus, Eftis, Subramonian  and Liebowitz [1] have shown tha t  the one-parameter  

representat ion of the stress field at  the vicinity of the crack tip only for simple 

cases of transverse cracks and uniaxial normal  to the crack-axis loadings is a 

sat isfactory approximation.  When  a biaxial load at infinity is applied to the 

cracked plate and the crack is oblique to the principal applied stresses to the plate 

this representat ion m a y  lead to erroneous results. I t  was also shown tha t  the second 

term in the series representat ion for the stresses contributes significantly and 

independen t ly  of the distance from the crack tip. The effect of higher terms was 

best  indicated in the problem of a biaxially loaded infinite plate containing a 

transverse central crack [2] under  biaxial loading at infinity. Liebowitz and 

co-workers continued their s tudy  on the influence of biaxiali ty and have shown in 

a thi rd  paper [3] tha t  the elastic strain energy densi ty depends also on the bi- 

axiali ty of the applied load. Finally, in a four th  paper Liebowitz, Lee and Eft is  [4] 

have shown tha t  the elastic stress intensi ty factor  as well as the ]-integral are not  

sensitive to the presence of the biaxial load. They  extended also their studies to 

internal cracks in finite plates and to cases small scale yielding. 

Simultaneously,  some extensive experimental  studies with photoelast ic i ty  were 

under taken  where crack-tip stress pat terns  were analysed on the basis of two and 

multiple paralneter  characterizat ion of the stress components  at  the vicinity of the 
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crack tip. I t  was shown that  at  least a two-parameter representation of the stress 

field around the crack tip is necessary and in many eases sufficient to yield 

results in agreement with the experiment [5] to [9]. For a critical review of these 

two-parameter methods see ref. [9]. 
A three-parameter method taking into account the third term in the Taylor 

series expansion of the Westergaard complex stress function was introduced in 

ref. [10] for the evaluation of mode-/stress intensity factor at a crack tip where the 

idea of an appropriate selection of the polar direction for determining Ks was 
introduced depending on the distance of the point of measurement of isochromatics 

from the crack tip. Three and several terms approximations in the series expan- 
sions of Z(z) were also introduced in refs. [11] and [12] in order to liberate the 

measurements from the requirement of being made at the vicinity of the crack tip, 

but  these methods are rather complicated and necessitate considerable computer 
work with doubtful results. Finally, t~ossmanith gave an extensive analysis of 

the mixed-mode isochromatic patterns at the vicinity of the crack tip in a plate 

containing an oblique crack [13]. 
On the other hand, Cotterell [14] studied the influence that  the coefficient of 

the second term of the Williams asymptotic expansion 'has on the shape and 

orientation of the isbstatic loops. Similarly, Williams and Ewing [15] have studied 
the influence of the applied biaxial stress at infinity in a plate containing an 

internal slant crack and discussed the influence of the constant term in the Taylor 
series expansion of the stress function on the position of the critical angle of 

fracture. The procedure adopted in the experiments indicates empirically the 

significance of inclusion of the constant and higher terms of the series expansion 
of the Westergaard complex stress function. However fails to disclose the authentic 

influence of these terms on the stress distribution around the crack tip and conse- 
quently on the form of the isochromatics. 

With caustics the situation is different. While the isochromatics are pro- 

portional to l~r q- ~(z)[ (where ~(z) and k~(z) ~- --2q~(z)/z the Muskhelishvili 
complex stress functions) and the isopachics are proportional to Re qi(z) in caustics 

the initial curve and the respective caustic depend on r and r respectively 
and at least for the Kx-mode of deformation of the crack these curves are in- 

dependent of the constant term, at least, in the series expansion of r An 
extensive study of the influence of the biaxiality factor/c on the dynamic crack 
propagation in slant cracks of any obliqueness was undertaken by Theocaris [16] 

and Theoearis an d Papadopoulos [17], whereas closed-form solutions for the stress 
field in cracked plates under biaxial load was recently prepared [18]. 

In this paper the influence of biaxiality on the shape and orientation of caustics 

formed around stationary cracks was thoroughly studied and formulas were 
given for evaluating K I and KH for any slant angle fl of the crack where this 
influence is incorporated by  the introduction of appropriate correction factors. 

2. Crack-Tip Stress Fields for Nixed-Node Deformation 

For a thin elastic and isotropic plate under conditions of generalized plane 
stress containing a slant internal crack of length 2a and submitted at infinity by 
a biaxial state of stress defined by the stresses a and/ca along two adjacent sides 
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of  the plate (Fig. 1) the Muskhelishvili complex stress functions qi(z) and D{z) 
are given by [19] 

( 2 P +  f ' )  ~ ~ Y'  (I) 
r = T (z~ - a~)~/~ 2 

and 

z 1 F , ( 2 F  + F ' )  - ~)~/~ + - -  ~9(z) = T (~  - 2 

where the quantities F and F '  are expressed by:  

1 r ' - -  a ( 1 -  k)e  ~i(-~-~) 
2 4 

T T 1 -- e =~(~-" 2 i [ ! - . /11  

(2) 

(3) 

(4) 

In these relations /c is the biaxiality factor of the stresses at infinity and o) the 
angle subtended by the crack-axis and the transverse axis of the specimen 

(~o ----- 90 ~ --  fi). The components of stresses at the tip of the crack may be derived 

by  the well-known relations: 

~x~: + ~ = 2[~(z) + ~(z)] (5) 

% - ~,= + 2iT,:y = 2[(~ - z) q~'(z) + ~(z) - q~(z)]. (6) 

Introducing relations (1) and (2) into relations (5) and (6) we obtain [1] to [3]: 

(Txx Kr c o s _ Q [ l _ s i n  V ~ s i n ~ ] _  KH sin~_.[2@ 

- -  ~ ( 1  - -  k )  cos 2w 

~ c o s ~ ]  COS 2 

(7) 

r~,~,Kr c~ O [ l @ s i n  t g s i n ~ ]  -t- K~f sin v ~ -  .~,~, - -cos- -0  cos--3va Gyy 
~ o/r::_ 2 2 ~/s-::_ 2 2 2 

(8) 

K/ sin 0 ~ 30 K n ~ [  ~ 7 ]  - - c o s - - c o s - - +  c o s - -  1 - - s i n - - s i n - -  (9) 

where the components of the stress intensity factor K = K• -- iKH are given by: 

Ks = ~ .  A (10) 
2 

with: 

55-,1/ 
KH = a " - - "  B (11) 

2 

A = (l + k) ~- ( 1 - -  k) cos 2co 

B = (1 --  k) sin2m. 

(12) 

(13) 

: The variation of the K/- and K• intensity factors in terms either of the 
angle co of inclination of the crack-axis with bhe transverse direction or of the 
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Fig. 1. Geometry of cracked plate and the shape of the principal epicycloid and geometry 

of its formation for k = 0 (uniaxial tension) 

biaxial i ty factor  k is given in Fig. 2 and 3 respectively. Similarly, the var ia t ion of 

ratio of stress intensi ty factors K I I / K  r versus co and k is given in Figs 4(a, b) 

respectively. F rom relations (7) and (8) the stun of principal stresses at  the vicinity 

of the crack t ip m a y  be evaluated f rom relation: 

(27er)1/~ K1 cos 2 - -  - -  K i i  sin 2 1 - -  ( ~ ( 1 -  ]C) c o s  2o) .  
] 

(14) 
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Fig.  2. Variation of KI versus either (9, or ]c for various parametric values of k and o) 

respectively 

14 Acta  Mech.  44/3--4 
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:Fig. 3. Var ia t ion of 1s versus e i ther  (9, or k for various parametr ic  values of k and  co 
respectively 

0 o 30 ~ 60 ~ 90 ~ 

Fig. 4~a. Variat ion of the  rat io  ]_CH/K z Versus co for various parametr ic  values of 1~ 
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Fig. 4b. Variation of the ratio KrI/KI versus k for various parametric values of oJ 

3. The Method of Reflected C a u s t i c s  f o r  Biaxial  Loading 

The  exper imen ta l  a r r angemen t  of the  m e t h o d  is simple.  A laser  l ight ,  t he  

specimen,  a g round  glass screen and  a camera  suffice for recording the  caustics.  I t  

is shown schemat ica l ly  in Fig.  1 while a t  bo th  l a t e ra l  faces of the  specimen the  

gene ra t r ix  curves of the  respect ive  caust ics  are small  circles, on the  screen Sc the  

ex te rna l  caust ic  corresponds to  reflect ions f rom the  rear  and  the  in te rna l  caust ic  

to  ref lect ions f rom the  f ront  face of the  specimen.  

I t  has been shown t h a t  for  un iax ia l  tens ion (or compression) wi th  k = 0 t he  

pa r ame t r i c  equat ions  for bo th  branches  of the  caust ic  are given b y  [20]: 

-1 , 3v~ Cr,f]~ilro -~/2 sin 3~ (15) 2~ x~, I ~ r o cos v ~ + Cr,iK~ro -~/2 cos 2 2 

3v~ 
)~m- lYr , f  = r 0 sin ~ -~ Cr ]Kiro -~/s sin 3~ ~_ Cr,lKiiro_,/2 cos - -  (16) 

' 2 2 

where r 0 expresses t he  rad ius  of the  genera t r ix  curve (init ial  curve) given b y :  

wi th  : 

~/5 
(27) 

Cr,] ~ ~z~ dcr'-f 

2m(2X~)l/~ " 
( 1 8 )  

14" 
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In  relation (18) the quanti ty e takes either the value e ~ 2 for reflected rays from 

the rear face of the cracked plates (caustics designated with the subscript r), or 

the value e ~ 1 for reflected from the front face rays, d is the thickness of the 

plate and Cr,1 global constants including the optical constants of the material as 

well as it mechanical properties and corresponding to reflected rays from the 

rear (r) or the front face (/) of the plate. The constant cf is very simple and equals: 

c~ = ~ / E ,  (19) 

where v is Poisson's ratio and E the elastic modulus of the material. Finally, the 

magnification ratio of the optical set-up 2m is given by:  

~m __ Zo • zi ( 2 0 )  
zi 

where z~ is the distance between the focus of the light source and the middle plane 

of the plate and z0 the distance between this plane and the parallel plane of the 

reference screen Sc. The positive sign is valid for real image, while the negative 

one for virtual image. 

Introducing relations (10) and (11) into Eq. (17) we obtain: 

with: 

C ---- 1 ~- ]c 2 + (1 - -  ]c ~) cos 20~. (22) 

Relation (21) yields the depedenee of the radius r0 of the initial curve from the 

angle ~o and the biaxiality factor k. The complete variation of the radius ro of the 

initial curve versus either the angle w, or the biaxiMity factor ]c with parameter  

the other quanti ty for each case is given in Fig. 5. 

Introducing relation (21) into Eqs. (15) and (16) we obtain the parametric 

equations of the caustic in terms of ~o and ]c. These relations are given by: 

2 A(2C)_1/2 cos B(2C) -1/~ sin (23) ~ - l x ; ,  I = ro cos ~ + -~ 2 3 

{ 2 A(2C)-l/'sin3~'+ 2 B(2C)-l/~cos3--~} (24) )~m-ly;,f ~-- ro sin 0 + -~- -~ ~- . 

t~elations (23) and (24) are the parametric equations of the caustic referred to 

the 0 'x 'y ' -system (Fig. 1). By  angularly displacing the 0 'x 'y ' -system by  an angle 

( 2 ~ -  ~) we obtain the new 0'xiyI-system. For this new coordinate system 
relations (23) and (24) may be found by the transformation: 

: 
-- in t 

\YIr,~! \sin ~ cos ~] yr " 

These relations in the new coordinate system become: 

/ 2 
x• ~ = ; ,~ro  cos (# + ~) § y cos § 

Ysr.~ = 2mr0 sin (~ + ~) + -~- sin + 

(25) 

(26) 

(27) 
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Fig. 5. Variation of the radius r o of the initial curve versus either co, or k for various pa.ra- 
metric values of k and co respectively 

with 

and 

cos ,/ = A(2C) 1/2, (28) 

sin y = B(2C) -~/2 (29) 

sin 2 y ~- cos e y = 1. (30) 

Pu t t ing  y = ~/2 and T (~ q- F) the parametr ic  Eqs. (26) and (27) become:  

x~r';----2mr~ c~ + 2 c ~  (31) 

Ylr,~ = ~-m% s i n  v _a ~_ . 

I t  m a y  be derived from the parametr ic  Eqs. (31) and (32) tha t  the caustic in the 

0 'x /yf referenee  system is a symmetr ic  curve having as an axis of s y m m e t r y  the 

line subtending an angle - - ~  with the 0 'x ' -axis  of the crack. Relat ions (28) and 

(29) for ? ~- eft2 yield the angle of angular  displacement of the caustic relatively 

to the crack-axis. This angle is given by :  

(1 - -  k) s i n  209 (33) 
~o ~ 2 tan  -1 (1 § ]c) § (1 -- ]c) cos 2oj" 

Comparing relation (33) with relations (10) and (11) we obta in :  

~ 2 tan  1 ~ I / .  (34) 
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Therefore, relations (33) and (34) yield the angle of angular displacement of the 

caustic in terms of the angle o) of inclination of the crack and the biaxiality fac- 

tor ]c. The variation of angle ~ with angle o) and the factor k is given in Figs. 6a, b. 

t~rom relations (23) and (24), for values of 0 between - - z  and z and for various 

values of the biaxiality factor k we may  readily plot the caustics formed around 

the respective crack tips. 

For/~ = 1 the caustics plotted are always symmetric to the crack axis while 

for/c 4= 1 and varying beteeen/~ ~- --1 and/c = 1 a continuous relative rotation 

a6d 

0 / 

o" 30 ~ 60 ~ 90 ~ 

bJ ~- 

Fig. 6a. Variat ion of the  angle ~o of ro ta t ion  of caustic versus co for various paramet r ic  
values of/c 

36~ 

~.9C 

I 
o 

~ I ~. 

-1.0 -Q5 0.5 1.0 

k 

Fig. 6b. Variat ion of the  angle ~ ot ro ta t ion  of caustic versus k for various parametr ic  
values of co 
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of  t h e  caus t i c  is a p p a r e n t .  Th i s  r o t a t i o n  is m a d e  in  such  a d i r ec t i on  so t h a t  t h e  

c r ack  axis  a n d  t h e  axis  of  s y m m e t r y  of  t h e  caus t i c  s u b t e n d  an  ang le  equa l  to  - - q  

g i v e n  b y  re la t ions  (33) a n d  (34). 

Figs .  7a ,  b p r e s e n t  a series of  caus t ics  p l o t t e d  b y  t h e  c o m p u t e r  for  t y p i c a l  

k-.-~ -1.0 -0.5 0 0.5 1.0 

k 

Fig. 7a. The caustics from reflected light rays on a cracked plate made of an isotropic 
elastic material for k between --1 and 1 and for w = 0 ~ 30 ~ and 45 ~ as they have been 

plotted by the computer for - -~  < # ~< 

- *  y i l o  o , 05 ,, ,, lo  

~.~0 Y ~  .x' ~ _ x '  x' Yl I x' 

Yl Y' Yl Y' 

:Fig. 7 b. The caustics from reflected light rays on a cracked plate made of an isotropie 
elastic material for /c between --1 and 1 and for m = 60 ~ 70 ~ 80 ~ and 88 ~ as they have 

been plotted by the computer for - -~  _< v a ~< :~ 
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values of angle co (co = 0 ~ 30 ~ 45% 60 ~ 70% 80 ~ and 88 ~ and values of k varying 

between/c = - -  1 and/c = 1. These caustics correspond to an  initially isotropie and 

elastic material  and as sueh was chosen PMMA with ~ = 0.34 and E = 3 400 MN/m 2. 

The thickness of the cracked plate was d ~ 0.003 m the crack length 2a = 0.02 m 

and the optical constant  cr = --1.55 X 10 -~~ m~/N, zo = 2.0 m, zr = 0.5 m and 

= 2.0 MN/m 2. 

D raax of the Caustics 4. Evaluation of the Diameters t,~ 

and the Stress Intensity Factors K~ and K~f 

Relat ion (24) presents ext rema whose positions m a y  be found by  zeroing the 

first derivative ~y~,f/~v~. This derivat ion yields: 

,~m -1 ~y*r,l/~z9 = r o / c o s  ~9 @ A ( 2 C )  -~/~ cos 3v~2 - -  - -  B ( 2 C )  -1/2 sin ~ }  = 0  (35) 

with : 

, \2/5 B2~1/5 
(36) 

Solutions of relation (35) for - -1  --</c ~ 1 and for 0 ~ =< ~ < 90 ~ yield the 

positions of angles 0ym,~. ~ for whieh the maxima of relation (21) exist (these are 

maxima  since Oey~,i/~02 < 0). Relat ion (24) m a y  be wri t ten under  the form:  

2 ( @ ~  1~-) 2/5 . . . . .  
Dy m~x ---- ~~ Y~,I.j . . . .  = 2m t~,f-~z oy, (co, k), (37) 

where Dvm, a~ expresses the max imum diameter  of the caustic along the direction 

of the 0 'y ' -axis  of the crack and dy~,a~(co, k) is a eorreetion factor  given by :  

{ 3,ct . . . .  3vgmax / 
max 2 " --Y', i 2 ~ 2  �9 sin v%, 4 @ ~- A(2C) 1/e sin -t- B ( 2 C )  -1/~ cos .• 

2 -3 

(38) 

max rain The max imum and min imum values D x, , D x, of the diameter  of the caustic 

along the 0 'x '-axis of the craek m a y  be eva]uated from re]ation (23) for values of 

angles 0~ m~x and ~x~, i~ for which relation (24) becomes equal to zero. For  these 

values relation (23) m a y  be pu t  under  the form:  

2 ( @  _ )2/5(~ . . . . . .  in/( D 
Dx  m . . . .  in • ~ Xr,f J . . . . . .  in - -  ~ ,t,,  C r , : K •  x" , , k ) ,  (39) 

i=1 

where again D x  m~x and D x  rain are the max imum and min imum diameters of the 

caustic along the 0 'x '-axis of the crack and timex(cox" ~ , k) and dminr ~ , k) the respective 
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correction factors given by:  

/ ~ / 1 / ~  
dmax'min(60 k) 2 1 + 
~' ' ' = j = l  ~ /  

max,rain 
2 A(2C)_~/2 cos 3G''4 (40) �9 cos Gm,~ ~'m~n + V 2 

3 t~max, min ] 
23 B(2C)-l/2sin ~'2 J" 

The variations of the correction factors max and min (iv" ,6x m'aX ~x" in terms of the angle o) 

and the factor k are given in Figs. 8a, b, 9a, b and 10a, b respectively. 
max __ Dx" )/Dx" given by:  From relation (39) we m a y  derive the ratio (D x, m i  . . . . .  

Gm, ~X - D~,~ d p , ~ -  d ~  
- ( 4 ~ )  

DxmaX (~xm, ax 

From this relation it may  be derived tha t  the difference of the respective maximum 

(D~, )  diameters of the caustic along the 0'x'-axis of the (D~, ~X) and minimum mi, 

crack normalized to D~, ~X equals the respective difference of the correction 
max factors ~ x  and ~x mi" normalized to @ . 

The variation of the ratio (41) in terms of the angle co and the factor k is 

given in Figs. l l a ,  b. 

Finally, from relations (18), (34), (37) and (39) the stress intensity factors Kf  

and Ks• may  be evaluated from the respective relations: 

or: 

/Dmax\5 2 
2(2~)~/2 [~Y---:--' | / (42) 

Ks = :~-3ezod~m 3/2] Cr ~l \G~ ax ] 

2(2~)1/2 (Dxm, ax'min t 

Ks = =[_ 3szo d2,,yel Cr,f [ \ ~ x'max'min ] (43) 

K H = K I tan ~o. (44) 
2 

and: 

Relations (42), (43) and (44) yield the components of stress intensity factors 

derived by  measuring the diameters Dye, aX and  Dx maX'min of the caustics along the 

transverse and the longitudinal axes of the crack. The sign of K s must  be chosen 

according to Fig. 2. However, since the internal caustic yields always the 0'xFaxis 

of symmet ry  of both caustics an alternative procedure, which is, in some cases, 

much easier than  the previous one, is to measure the diameters J~)t max and Dl max 

of the caustic. These diameters are along 0'yi- and 0'x• which may  be defined 

by  tracing the common tangent  to the cuspoid internal caustic and draw the 

normal at the middle of this common tangent.  This normal is the 0'xFaxis of 

the caustic. In  this case the two components Kr  and KH are expressed by:  

K s  = • 2(2 )1J  3eZo d)'m 3/2 I % / ~ /  (45) 
\ t,I ] 

K~s = / ( i  tan  ---~. (46) 
2 
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I n  relat ions (45) the correction factors dt ma~ and  dt ma~ take  the values d t . . . .  = 3.17 

and  6t ~ --~ 3.00 respectively. These well known  values ma y  be derived from the 

nomograms of Figs. 8a, b, 9a, b and  10a, b for ~o ----- 0 ~ or k ---- 1.0. 

t 
-O.S 

-1.0' - 

0 o 

o" 

ko'~ko 
f f  

30 o 60 ~ 90  o 

Fig. 12. Positions where appears the state of stress in the vicinity of the crack tip is pure 
shear (K I = 0, K H 4= 0) for ]c < 0, while for /~ > 0 there are no positions of pure shear 

5. Experimental  Evidence 

I n  order to cheek the potent ial i t ies  of the method we have applied i t  for the 

eva lua t ion  of the angle ~ of the angular  displacement  of the caustic in a t h in  plate 

conta in ing a central  crack subtending  an  angle co = 45 ~ to the loading axis and  

subjected to a biaxial  load at  infini ty.  The mater ial  of the plate  was plexiglas with 

v ~-0 .34,  N = 3400 MN/m 2 and  an  optical cons tant  c~ = --1.55 X 10-10 m2/N. 

The specimens had the  following average dimensions:  width w = 0.15 m, thick- 

ness g = 0.003 m, and  crack length  2a = 0.02 m. 

Fig. 13 presents  the exper imenta l ly  obta ined  caustics formed on a reference 

screen placed at  a distance z0 = 2.0 m from the specimen, for four cases of hi- 

axial load with r = 1.5 MN/m ~. Fig. 13a presents  the reflected caustic with a 

b iaxia l i ty  factor k = - - 1 . 0  (equal tension-compression).  The angle of angular  

displacement  of the caustic is ~v = 180 ~ while Fig. l a b  presents  the reflected 

caustic with k -  - -0 .6  (tension-compression) and  the angle ~v = 150 ~ Fig. 13e 

shows the reflected caustic for the ease where k = 0.7 (tension-tension) and  the 

angle ~ = 20 ~ Final ly ,  Fig. 13d presents  the reflected caustic with /c = 1.0 

(equal tension-tension) and  the angle ~ = 0 ~ All the exper imenta l ly  measured 

angles ~v coincide with the  theoret ical ly  ob ta ined  ones derived from Figs. 6a  

and  b. 
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Fig. 13. Experimentally obtained reflected caustics for plexiglas plate containing a central 
crack with angle of inclination o) = 45 ~ and subjected to biaxial load with a = 1.5 MN/m 2 

and for lc (a) --1.0 (b) --0.6 (c) 0.7 and (d) 1.0 

6. Results and Discussion 

I n  this  pape r  a m e t h o d  was deve loped  for eva lua t ing  the  componen t s  of the  

s tress  in t ens i ty  fac tor  K ---- K1 - - / K i z  b y  measur ing  on the  ref lected caustics 

c rea ted  a round  the  crack t ip  of a s lan t  crack exis t ing in an inf ini te  elast ic  p la te  

s u b m i t t e d  to a n y  t y p e  of in -p lane  b iax ia l  loading.  

The influence of the  angle  of inc l ina t ion  of the  crack co (co = 90 ~ - -  fi), as well 

as of the  b i ax i a l i t y  fac tor  k express ing the  ra t io  of load ing  of the  p la te  a t  in- 

f in i ty  is a p p a r e n t  b y  fol lowing the  va r i a t i on  of the  shape and  o r i en ta t ion  of the  

respect ive  caust ics  for  each case wi th  ~o and  k. :Figs. 7a, b exempl i fy  th is  in- 

fluence. 

The influence of the  angle  ~o and  the  fac tor  k on the  values  of K I and  KH 

appears  in Figs.  2 and  3. I t  m a y  be der ived  f rom these figures t h a t  as the  angle  m 

increases and  therefore  angle  fi decreases there  is also a decrease of K r. The  same 

phenomenon  happens  for decreas ing values  of k. On the  con t ra ry ,  the  values  for 
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KH increase from zero for (o = 0 ~ rapidly to a max imum appearing for ~ --~ 45 ~ 

followed by  a decrease of this factor  which becomes again zero for fl ~- 0 ~ (~0 = 90~ 

The values of Ki-faetor  for positive values of the biaxiali ty factor  k tend from 

a positive value max imum value which appears at  fi ~ -90  ~ (o~ ~ 0 ~ to zero, 

whereas for negative values of k this factor  takes negative values. I n  the positions 

where a change of sign for K• appears the state of stress in the vicinity of the 

crack tip is pure shear (K• = 0, KH ~ 0). I n  these positions of pure shear the 

ratio K• tends to infinity fact  appearing in Figs. 4a, b. 

The shape and the size of caustics depend on the values of the radius of the 

initial curve as it is clear f rom relations (23) and (24). The inclination of the crack 

axis o~ and the biaxiali ty of the external loading k influence the size of the initial 

curve as this appears in Figs. 5. For  increasing values of ~ and for k < 0, a 

decrease of the magni tude  of the radius r 0 of the initial curve appears which after 

passing from a min imum value corresponding to k ~ - 0  it starts to increase 

continuously for k > 0. For  co ~- 0 ~ the size of the initial curve remains constant  

and independent  of k. 

The same phenomenon happens for k = ~-1 for any  angle of inclination co. 

While this is valid for the size of the initial curves, for the respective caustics 

these are independent  of co and k only for k ~ I and o9 = 0 ~ For  values of k = - -  1 

the size of the caustics and their orientation depend on oJ. This m a y  be explained 

by  the fact  tha t  while for k = 1 the state of stress of the plate at  infinity is biaxial 

tension, tha t  is a symmetr ic  ease, for k = - -1  the s tate  of stress becomes longitu- 

dinal tension and transverse compression, which influences weakly the size of the 

caustics but  s trongly their orientation. Indeed,  as it m a y  be seen f rom Figs. 7a, b 

the cusp of the internal caustic has been angular ly  displaced by  - - ~  for o9 varying 

between zero and  45 ~ For  ~o vary ing  between zero and ~/2 the cusp is angular ly  

displaced by  - -2n.  On the other  hand  the external  branch of the caustic is con- 

t inuously reduced in size while its extremities al ternate  on both  sides of the 

crack. 

I n  Figs. 6a, b, where the dependence of the angle of angular  displacement of 

the caustic in terms of angle o~ and the factor  k is given, it is indicated tha t  for 

k ~ 0 the axis of s y m m e t r y  of the respective caustic coincides with the crack-axis 

for ~ ~ 0 ~ and it is angular ly  displaced b y  an angle - -~  for different values of w. 

This angle - -F  is progressively decreasing as ~o increases for k < 0. 

The dependence of angle ~ on k is as follows: For  k ~- 1 angle F is independent  

of ~o and ft. For  positive values of k its variat ion presents a smooth maximum.  For  

]c ~ 0 the dependence of ~ on ~o is linear and for w ~- 90 ~ angle ~ takes the value 

~ 180 ~ For  k positive angle ~ takes always positive values. 

I n  the position of pure shear Kx ~ 0 and Kri  :# 0, an interchange appears of 

the branches of the caustics t ha t  is the external  almost  circular branch becomes 

internal and the internal cuspoid branch becomes externM. The measurements  

of diameter  for evaluat ing K• and K• should be made on this external branch 

which corresponds to rays reflected from the front  face of the plate and therefore 

for the evaluat ion of K's the optical constant  c I should now be taken into con- 

sideration instead of cr. 

Similar phenomena appear  with the variat ion of 9 in terms of k. For  values 

of eo = 0 ~ ~ is independent  of k as it was expected f rom previous evidence [16]. 
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From the nomograms of Figs. 8 to 10 we observe tha t  the values of the cor- 

rection factors 6ym,~x, ~xm~x and o~n are increasing with increasing values of co and k 

and after passing through infinity they diminish tending to their asymptot ic  

values corresponding t o  ~o --~ 0 ~ tha t  is cSt m~x ~ 3.1702 and 6l m~x ~ 3.00. The 

positions of infinite values for the correction factors correspond to pure shear 

stress fields around the cracks and the positions of jump for the angle ~ as it was 

previously discussed. 
Finally, Figs. 11a, b yield the variation of the distance DD' of the inter- 

sections of the external branch of the caustic with the crack lips with ~o and k 

respectively. I t  is observed that  at  the positions of pure shear at  the crack t ip the 

max imum of such distance between the fails of the caustic appears. A combination 

of Figs. 6a, b and l l a ,  b leads to the evaluation of the angle of rotation of the 

caustic and therefore to an evaluation of K•177 especially in cases where the angle ~0 

of ro ta t ion  of the caustic is difficult to be evaluated especially in cases where the 

method is applied to opaque materials. 

Finally, in Fig. 12 the positions where the stress distributions at the crack tip 

is pure shear, with KI  ~ 0 and K~I 4= 0, are shown. I t  must be said tha t  this 

stress distribution can only be achieved when k ~ 0, while for k ~ 0 such positions 

do not exist. 
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