THE INFLUENCE OF LATERAL BOUNDARY CONDITIONS
ON THE ASYMPTOTICS IN THIN ELASTIC PLATES
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Abstract. Here we investigate the limits and the boundary layers of the three-dimensional
displacement in thin elastic plates as the thickness tends to zero, in each of the eight main types of
lateral boundary conditions on their edges: hard and soft clamped, hard and soft simple support,
friction conditions, sliding edge and free plates. Relying on construction algorithms [8, 9], we establish
an asymptotics of the displacement combining inner and outer expansions. We describe the two first
terms in the outer expansion: these are Kirchhoff-Love displacements satisfying prescribed boundary
conditions that we exhibit. We also study the first boundary layer term: when the transverse
component is clamped, it has generically non-zero transverse and normal components, whereas when
the transverse component is free, the first boundary layer term is of bending type and has only its
in-plane tangential component non-zero.

Key words. Thin Plates, Linear Elasticity, Singular Perturbation, Boundary Layer, Asymptotic
Expansion

AMS subject classifications. 73K10, 73C35, 35J25, 35B25

Introduction. The problem of thin elastic plate bending in linearized elastostat-
ics has been addressed for more than 150 years (the first correct model was presented
in a paper by KIRCHHOFF [18] published in 1850). But, due to the singular pertur-
bation nature of the problem as the thickness of the plate tends to zero, it is not
straightforward to perform a rigorous mathematical analysis of characteristic fields
and tensors, solutions of the three-dimensional equations. However the knowledge of
accurate asymptotics allows first an evaluation of the validity of mechanical models
and second the construction of simplified and performing numerical models.

In the case when the plate is clamped along its lateral boundary, the situation is
now well-known, at least theoretically: The comparison between 3D and 2D models
was first performed by the construction of infinite formal asymptotic expansions, see
FRIEDRICHS & DRESSLER [15], GOL’'DENVEIZER [16], GREGORY & WAN [17]. Shortly
before, MORGENSTERN [21] was indeed the first to prove that the KIRCHHOFF model
[18] is the correct asymptotic limit of the 3D model when the thickness approaches
zero in the hard clamped, hard simply supported and free plate situations by using
the PRAGER-SYNGE hypercircle theorem [29]. Next, rigorous error estimates between
the 3D solution and its limit were proved by SHOIKHET [31] and by CIARLET and
DESTUYNDER [5, 13, 3]. Further terms were exhibited by NAZAROV & ZORIN [24],
and the whole asymptotic expansion was constructed in [8, 9].

Different types of lateral boundary conditions are of interest: let us quote the soft
clamped plate where the tangential in-plane component of the displacement is free,
the hard simply supported plate where its normal component is free, the soft simply
supported plate where both above components of the displacement are free, and also
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the totally free plate. These cases were investigated by ARNOLD & FALK [1] where an
asymptotics for the Reissner-Mindlin plate was constructed, and by CHEN [2] where
error bounds between the 3D solution and its limit were evaluated.

In this paper, we prove the validity of an infinite asymptotic expansion of the
displacement with optimal error estimates in H!, L? and energy norms. Such an
expansion can be differentiated and provides then corresponding results for the stress
and the strain tensors, see [7] for the clamped case. Like in [24] and [8, 9], this
asymptotics includes

e An outer part containing displacements only depending on the in-plane vari-
ables x, and on the scaled transverse variable 3,

e An inner part containing exponentially decaying profiles (boundary layer
terms), depending on two scaled variables (z3 and t = r/e where r is the
distance to the lateral boundary).

As material law, we choose to remain in the framework of homogeneous, isotropic
materials, which allows to uncouple the boundary layer terms ¢ into two parts:

e The horizontal tangential component ¢, governed by a Laplace equation,

e The two other components ¢; and @3 governed by the bi-dimensional Lamé
equations, whose solutions can themselves be uncoupled in membrane and
bending modes, i.e. possessing parity properties with respect to the transverse
variable: the former having an even ¢; and an odd ¢3 and the latter having
converse properties.

Thus, conditions ensuring the exponential decay at infinity of solutions of the above
problems can be made explicit, resulting into simple coupling formulas between the
inner and outer parts of the expansion. These coupling formulas lead to the determi-
nation of boundary conditions for the limit membrane and bending problems.

The first boundary layer terms bring the quantitative limitation of accuracy of
bi-dimensional models. In the clamped and simple support cases, we find a strong
boundary layer term with generically non-zero membrane and bending parts, whereas
in the frictional and free cases, we find a first boundary layer term which has the
bending type and only the in-plane tangential component non-zero, and moreover, the
sub-principal term in the outer part of the expansion is a Kirchhoff-Love displacement
as usual, but with zero membrane part. Thus if the right hand side has the membrane
type, the solution of the 3D Lamé equations for the free plate converges to the usual
limit Kirchhoff-Love displacement with improved accuracy.

This paper contains twelve sections: in section 1 we introduce the elasticity prob-
lems and in section 2 we present our results in the form of several tables. In section 3
we give as an algorithm the construction rules for the outer part of the Ansatz, while
in section 4 we formulate the boundary value problems on a half-strip governing the
boundary layer profiles ¢ and give in section 5 the conditions on the data ensuring
the existence of exponentially decreasing solutions to these problems. The five next
sections are devoted to each of the eight types of lateral boundary conditions with
more emphasis on five of them: hard and soft clamped, hard simple support, sliding
edge and free plates. In section 11, we prove error estimates between the 3D solution
and any truncated series from the asymptotic expansion, and analyze the regularity of
the different terms in the asymptotics: whereas the outer expansion terms are smooth
if the data are so, the profiles have singularities along the edges of the plate. We con-
clude in section 12 by considerations about relative errors between the 3D solution
and a limit 2D solution, which has to be carefully chosen according to what we wish
to approximate (the displacement in H' norm, or the strain in L? norm).
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1. Lateral boundary conditions. We aim to study the behavior of the dis-
placement field u® in a family of thin elastic three-dimensional plates 2¢ as the thick-
ness parameter € tends to zero. The plates Q¢ are constituted of a homogeneous,
isotropic material with Lamé constants A and p and are defined as follows:

Qf =wx (—¢,+¢) with w CR? a regular domain and € > 0.

Let T'S be their upper and lower faces w x {Ze} and I'§ be their lateral faces dw x
(—e,+e).

1.1. Cartesian, scaled and local coordinates. Let & = (x1, z2, Z3) be the
cartesian coordinates in the plates 2°. We will often denote by z. the in-plane
coordinates (z1, x2) € w and by « or 8 the indices in {1,2} corresponding to the
in-plane variables. The dilatation along the vertical axis (z3 = ¢! Z3) transforms Q°
into the fixed reference configuration Q = w x (=1, +1):

(1.1) Z= (24, 33) € =w X (—&,4€) — = (Tx, x3) € X =w x (—1,+1).

We also have to introduce in-plane local coordinates (r, s) in a neighborhood of
the boundary dw. Let n be the inner unit normal to dw and 7T be the tangent unit
vector field to Ow such that the basis (7,m) is direct in each point of dw. Denote by
s a curvilinear abscissa (arc length) along dw oriented according to 7. Let S ~ dw be
the set of the values of s:

S35+ v(s) € Ow.

For a point x, € R?, let » = r(z,) be its signed distance to dw oriented along m,
i.e. r is this distance if z, € w and r is minus this distance if z, ¢ w. If |r| is small
enough, there exists a unique point 20 € dw such that |r| = dist(z.,2?) and we define
s = s(x4) as the curvilinear abscissa of z¥. Thus, we have a tubular neighborhood
of Ow which is diffeomorphic to (—r% r%) x S via the change of variables x, + (r, s).
And, in this tubular neighborhood, the partial derivatives 0, and J; are well defined
(and, of course, commute with each other).
We extend the vector fields n and 7 from S to (—7°,7%) x S by

Vr e (—ro,ro), Vs €S, n(r,s) =n(s) and 7(r,s)=7(s).

nz(nl) and 7= < 2 >
n2 —ny

Moreover, with R = R(s) the curvature radius of dw at s from inside w and k = %
the curvature, there holds (the last identities are Frenet’s relations)

We have

Om=0, 01=0 and On=—kKT, OsT = Kn.
Thus, relying on the relation z, = v(s) + r n(s), we obtain
(1.2) Or =n101 +n202 and 95 = (1 — k7)(n201 — n102).

Of course 9,, = 0,.
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1.2. Cartesian, scaled and local tensors. The displacement and traction
tensors in ¢ are denoted u® and T and their cartesian components are (uf, u§, u§)
and (TF,T5,7T5). As w is covariant, it is naturally transformed by the scaling (1.1)
into u(e) according to

(1.3) ua(e)(x) = us(2), a =1,2, us(e)(x) = eus(Z),

whereas T' which is contravariant is transformed according the same laws as the
volume force field f¢: by the scaling (1.1) f¢ is transformed into f(e)

(1.4) fa(@)(@) = f3(2), a =12, f3(e)(2) =™ f5().

In the tubular neighborhood (—7°,7%) x S, in view of (1.2) we can introduce the
in-plane normal and tangential components of u and T' by

(1.5a) Up =N1u1 + nous  and  ug = (1 — k7)(n2ur — nque),
(1.5b) Tn=mTi +n2Ty and Ty = (1—kr)  (neT) —niTy).

1.3. The equations of elasticity. As standard, let e(u) denote the linearized
strain tensor e;;(u) = % (Oiu; + Oju;) associated with the displacement w. Then the
stress tensor o(u) is given by Hooke’s law o(u) = Ae(u) where the rigidity matrix
A = (A;ju) of the material is given by A;ju = A 350k + p(0ir05; + 041951 ). The inward
traction field at a point on the boundary is T' defined as o(u)n where n is the unit
interior normal to the boundary.

We make the assumption that the boundary conditions on the upper and lower
faces I'y of the plate are of traction type. On the lateral face I'§ we are going to
consider the eight ‘canonical’ choices of boundary conditions which will be denoted
by (i) where i = 1,---,8. Indeed, on the lateral boundary 5 we can distinguish
three natural components in the displacements or the tractions: normal, horizontal
tangential, vertical, and we obtain 8 ‘canonical’ lateral boundary conditions, according
to how we choose to prescribe the displacement or the traction for each component.

TABLE 1.1
Lateral boundary conditions.

@ Type Dirichlet Neumann A ® B ®
@ hard clamped u =0, {n, s, 3}
®  soft clamped Un, uz =0, Ts =0 {n, 3} {s}
®  hard simply supported | wus, uz =0, Tn=0 {s,3} {n}
@  soft simply supported uz = 0, Tn, Ts =0 {3} {n, s}
(® frictional T Up, us =0, T3=0 {n, s} {3}
® sliding edge Uy, =0, Ts, T3 =0 {n} {s,3}
@  frictional 11 us = 0, Tn, T5 =0 {s} {n, 3}
free T=0 {n, s, 3}
On I'§, we recall that the normal component of w is u, = uini; + ugng, its

horizontal tangential component is us = uins — usny and its vertical component is
u3. Similar notations apply to T. To each boundary condition (i) corresponds two
complementary sets of indices A@ and B@ where A@ is attached to the Dirichlet
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conditions of (i), i.e. u, = 0 for each index a € Ag): these are the stable conditions.
The Neumann conditions are T, = 0 for each index b € B@ and appear as natural
conditions.

To each boundary condition (i) is associated the space of displacements V@(QE )
of the v € H(Q¢)3 such that v, = 0 for all a € Ag), and the space R of the rigid
motions satisfying the Dirichlet conditions of V@. Then, the variational formulation
of the problem consists in finding

ut € V@(QE)
Vv e V@(QE), Ae(u®) :e(v) = feov _|_/ g€,+ ‘v _/ g v,
Qe r re

€ €
£ +

(1.6)

where f¢ represents the volume force and g the prescribed horizontal tractions. If
the right hand side satisfies the correct compatibility condition (orthogonality to all
v € Rp(§29)), then there exists a unique solution to (1.6) satisfying the orthogonality
conditions [o,. u® - v =0 for all v € R (7).

After the scaling (1.3), an asymptotic expansion of u(e) makes sense if the scaled
data have comparable behaviors as ¢ is varying. To this aim, we make the assumption
on the right hand sides that they are given by profiles in z3, namely

(1.7a) FE(@) = falw), a=1,2, e 'f5(7) = falx),
(1.7b) el (@) = galwa), a=1,2, e %g5" (&) = g5 (2.),

compare with (1.4) for the homogeneities. To simplify, we assume that the profiles f
and g are regular up to the boundary, i.e. f € €>(Q)% and g* € € (@)3.

After scaling (1.3) and assumption (1.7), problem (1.6) is transformed into a
new boundary value problem on 2, where now the operators depend on the small
parameter ¢: The variational formulation of the problem for the scaled displacement
u(e) consists in finding

u(e) € V()
(1.8) Vo € Vp(Q), /9149(5)(11(5)) :0(e)(v) :/Qf-v —|—/F gt v —/ g v,

where V@(Q) is the space of the geometrically admissible displacements v € H!(Q)3

associated with the problem with lateral boundary conditions (1), and 6(¢)(v) denotes
the scaled linearized strain tensor defined by

(1.9) Oup(e)(v) :=eqp(v), BOas(e)(v) := et eas3(v), O33(e)(v) := g2 ess(v),

for a, B = 1, 2; note that there holds 6(g)(u(e)) = e(u®).
Denoting by R@(Q) the space of rigid motions satisfying the Dirichlet conditions
of V(p(€2), the compatibility condition becomes

(1.10) Vv € R (9), /Qf-v +/F g+-v—/ g v=0,

and u(e) satisfies the orthogonality condition

(1.11) Vv € Rp(), / u(e) v =0.
Q



6 M. DAUGE, I. GRUAIS AND A. ROSSLE

Problem (1.8) can be written in the boundary value problem form (1.12)-(1.14)
on () as follows. To formulate it, we use the repeated index convention. Moreover u.
is a condensed notation for (u1,uz), div. u. denotes d1uj + daug and A, denotes the
horizontal Laplacian 011 + 022. The in-plane components, indexed by o = 1,2, and
the vertical component of the interior equations in €2 are:

(1.12a)  2p0sea3(w) + AOasus + 2 (A + )0 dive ws + pAuy) = —€2fa,
(112b) (/\ + 2/1)(933U3 + 2 (/\ O3 div, uy + 2u 8@653 (u)) = —€4f3.

The boundary conditions on the horizontal sides I'+ := {z3 = =1} N I are
(1.13a) 2t ens(u) = £2ga , a=1,2,

(1.13b) (A + 200)5us + €2 Adiv, u, = e'g; .

The boundary conditions on the lateral side I'g = dw x (—1,1) can be written as
(1.14) ug, =0, Vaée A@ and T,=0, Vbe B@.

The normal, tangential horizontal and vertical components of the traction T =
T(e) on T'y are given by respectively

(1.15a) To(e) = ABsus(e) 4+ > (A divy uu(€) + 21 Onun(€)),
(1.15Db) To(e) = e (dsun(e) 4 Onus(e) + 2k us(e)),
(1.15¢) T3(e) = pu(Onus(e) + Ozun(e)).

2. Description of results. We first state the common features of the asymp-
totics of the scaled displacement u(e), next deduce the asymptotics of the displace-
ment »° in the thin plates. Then we describe the first terms of the asymptotics in
each of the eight lateral boundary conditions.

2.1. Common features. Just as in the well-known situation of the clamped
plate, the scaled displacement u(e) tends in € to a Kirchhoff-Love displacement. Let
us recall:

DEFINITION 2.1. A displacement w in Q is called a Kirchhoff-Love displacement

if there exist a displacement €« = (C1,(2) in the mean surface w and a function (3 on
w such that

u = (¢ — x301(3, C2 — ©302(3, (3).

The function ¢ := ({«, (3) is called the generator of w, and the de-scaled displacement
associated with w in QU has exactly the same form with xs replaced by T3. Then

(2.1) ukLp = (—2301C3, —2302C3, (3) and ukLm = (C1,¢2,0)

are respectively the bending and membrane parts of u.

The asymptotics of u(e) contains three types of terms for & > 0:

e ul, : Kirchhoff-Love displacements with ‘generating functions’ ¢* = (¢¥, ¢¥),

Le. ufy (z) = (CF(ze) — 23Vl (20), 5 (2))),

. . _ 1
e v* : displacements with zero mean value: Vz, € @, fjl v* (2, 23) dxz = 0,

e w” : exponentially decreasing profiles as t — +oo
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and can be written as:

r T
(2.2) wu(e)(z) ~ uly +eul(w, g) bt rub (s, g) .
where
(2.3) ul(zt) = ug + x(r) wi(t, s, z3) with  wi =0,
. uk(ifyt) = ’U,II%L + vk + X(r) wk(t, S,(Eg) for k>2.

with x a cut-off function equal to 1 in a neighborhood of dw.
THEOREM 2.2. Let u(e) be the unique solution of problem (1.8) satisfying the
mean value conditions (1.11). Then there exist Kirchhoff-Love generators ¢* for k >

0, displacements with zero mean value v* for k > 2 and profiles w* for k > 1 such
that there holds VN > 0

(2.4) l(e)(x) — uky,(z) —

1=

ko ki, I
cu ({E, E)HH1(9)3 < C€N+1/2

with u*(x, L) given in (2.3).

Let us point out that the ‘physical’ displacement u® expands like u(e) in the
following way in the sense of asymptotic expansions

1. - - - - -
(2.5) u® gu?{L,b + u?(L,m + u%(L,b + 5(“%{L,m + u%(L,b AR E
b k(b + BT+ )
where
. f‘f{L,b and f‘f(L,m are the bending and membrane parts on Q¢ of the Kirchhoff-

Love displacement with generator ¢ k.
o 8 = oF(x,, %), i.e. does not depend on ¢ in the scaled domain ;

o F =F(L,s, %) is a boundary layer profile.
The links with expansion (2.2) on the thin plates are simply provided by the following

relations

2.6 ' )
(2.6) ok — (vF k+1) ko, k+1

{ "ﬁ(L.b(i = 5u§<L,b($)a "]%{L,m(i‘) = uf{L,m(x)a
= (vy,v3 and " = (wl, wyt!).

In Table 3.1, we will give the formulas linking the displacements v to the Kirchhoff-
Love generators. These formulas do not depend on the nature of the lateral boundary
conditions. In particular, the first non-Kirchhoff displacement ! = (0,v3) is com-
pletely determined by ¢°, ¢f DESTUYNDER [14] for a similar formula:

A

(27) f)l(x*,xg) = m

(o, 0, —6x5div, ¢° + (322 — 1)A*§§).

2.2. Specific features: The Kirchhoff-Love generators. The generators ¢*
and ¢¥ of the above Kirchhoff displacements are solutions of membrane and bending
equations respectively, with boundary conditions on dw. Let us first write down
the Dirichlet and Neumann conditions associated with the membrane and bending
operators. Then we describe the boundary operators and data associated with the
generators.
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2.2.1. Membrane. The bilinear form associated with the membrane operator
L™ (plane stress model)

(2.8) L™ = p AL + (A + ) V. div, ¢,
is [ X eaa(C) ess(me) + 21 eap(Cs) €as(n.) with the homogenized Lamé coefficient

2\
A42u

(2.9) A=

In normal and tangential components, c¢f (1.5)

Co=n1G + 12l and (= (1 —k7)(n2ét — n1la),

the Dirichlet traces are simply ((,,(s) on dw, and the Neumann traces are

(2.10a) T (¢y) = Ndivi Co + 2090,

where 9,, and 9, are defined in (1.2).
2.2.2. Bending. The bilinear form associated with the bending operator LP,

(2.11) LG = (A +2u)AZG

is fw XaaaCs 0paN3 + 214 0a3C3 Oapns. Its Dirichlet traces are (3 and 0,3 on Jw,
whereas the Neumann traces are

(2.12a) M (G3) = X AuGs + 21 G,
(2.12b) Nu(€3) = (A + 20)0n AsCs + 2 05 (9 + K)DsCs.

The mechanical interpretation of these boundary operators is that M, corresponds
to the ‘Kirchhoff bending moment’ and N,, corresponds to the ‘Kirchhoff shear force’
on the lateral side of the plate (up to constants only depending on A and p).

2.2.3. Boundary value problems for the Kirchhoff-Love generators. The
¢k and ¢¥ are solution of equations of the type

(2.13a) L™(CH) =Ry, imw,  y™N¢E) =, and y™%(CF) =, on dw,

(2.13b) L°(¢5) = RE inw, HEE) =, and YP2(¢5) =, on dw,

(see Table 3.1 for expressions of the right hand sides RF and RF) where the boundary
operators v™7 and 47, j = 1,2, depend on the nature of lateral boundary conditions
according to table 2.1.

2.2.4. Boundary data for ¢°. For conditions (1) — (@), the boundary data i
and 7{37 i J =12, are all zero, whereas for conditions @ - , only the membrane
boundary data 'ygl’j, 7 = 1,2, are always zero.

In the cases (5) and (7), we assume for simplicity that w is simply connected.
Then 7&1 which is the trace of ¢J on Ow, is a prescribed constant (so that ¢{ has a
zero mean value in accordance with the orthogonality condition (1.11)) which is given
by the scalar product of RY versus the solution of a typical problem of type (2.13b).
The other boundary data 7872 is zero.
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TABLE 2.1
Boundary operators for the Kirchhoff-Love generators.

Membrane part Bending part

YHC) | Y™R(CL) Y1 (¢3) 7*2(¢3)
@ Cn Cs CS anCS
) Cn (<) (3 OnC3
@ | TR Cs (3 Mn(¢3)
@ Cn Cs CS anCS
@© | TV Cs (3 Mn(¢3)
TR (C.) | T&(Cs) Mn(¢3) Nn(C3)

In the cases (6) and the boundary condition related to v”2 = N,, is given by

+1
(2.14) No (&) = g (/ x3 fndzs + g +9n>
-1

Ow

The mechanical interpretation of the right hand side in this relation reads that this
expression has the dimension of a moment and can be understood as a prescribed
moment on the lateral side of the plate, generated by f,, g} and g, . Obviously,
this right hand side is zero, if the supports of the data f, and gftl avoid Ty and Ow,
respectively. The other boundary data ~{ , is zero.

2.2.5. Boundary data for ¢'. For conditions (1) — (4), all the boundary data
for ¢! are special traces of ¢°, according to the next table (we recall that x is the
curvature of Ow)

TABLE 2.2
Boundary data for ¢1.

Membrane part Bending part
%111,1 "frln,Q "fé,l 71%.,2
@ ch div. ¢0 0 0 c4® ALCY
® c? div. ¢0 cg) 9 divy &2 0 c4® ALY
® cg@ K2 ¢ 0 0 c4® K2 0n (S
@ c? ke divy ¢2 c? Os div €2 0 (cgD k2 + ch Oss) Bngg

Here, the constants ch depend only on A and p and come from typical boundary
layer profiles.

In contrast to the four ‘clamped’ lateral conditions, for the four ‘free’ lateral
conditions (5) — the boundary conditions related to the membrane part ¢! are all
zero, which combined with the fact that the interior right hand side R is zero yields
that ¢! is itself zero.
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The traces of (3 are generically not zero: in cases ®) and (7) (and if w is simply
connected) all traces can be expressed with the help of the function

+1
(2.15) L(s) = —g(ﬂzu)anmc%/

x3 frndrs + g +9;}
1

Ow

In cases (6) and the prescribed values of the traces involve more complicated
operators. We write the boundary data for (3 in a condensed form in the next table.

TABLE 2.3
Boundary data for Cé.

713;,1 711,2
® A® 0
® 0 POCY) + kKO(fa, 1)
@ A® Lr
o 0500 + 1)D:CY POC)) 1+ kKO(fn, g )

Here A® and AD are special double primitives of L on dw. P® is a linear
combination of 9sx20s, (k0s)? and kd,A,, and P® of KOnAy, Os(k(0n + K))0s and
KOs (On+k)0s. Finally, K ©® and K® are operators preserving the support with respect
to the in-plane variables.

2.3. Specific features: The first boundary layer profile. For conditions
(D —~ @, the first boundary layer profile ¢! can be described as a sum of three terms
in tensor product form in the variables s and (t,x3) with ¢ = Z:

(2.16) Q! = 0"(s) @ (t,as) + £°(s) @°(t,w3) + £(s) @°(t,z3) -

Here @™, @" and @° are typical profiles only depending on the Lamé constants and
whose components have special parities with respect to z3: @™ is a membrane dis-
placement whereas @P and @° are bending displacements, moreover some of their
components are zero, which is summarized in the next table.

TABLE 2.4
Typical boundary layer profiles.

Components @™ PP @
Normal even odd 0
Horizontal tangential 0 0 odd
Vertical odd even 0

The functions ¢ are given as traces of ¢° along the boundary Ow according to
table 2.5.

Again in contrast to the four ‘clamped’ lateral conditions, the normal and trans-
verse components of the first boundary layer profile ¢! are always zero in the cases
®) — (®. Only the in-plane tangential component ¢! is generically non-zero, and it
is odd with respect to x3. This means that ¢! is a bending displacement.
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TABLE 2.5
Lateral traces coming up in the first boundary layer profile.

Case m o %

@D and @ div. ¢9 aWe 0

® r G K On Gy 0
TABLE 2.6

The first boundary layer profile.

Case I @°
® N Phir
@ ’fas Cg SZSNeu
@ s C;(z,) <'ETDir
(On + K)Os Cg PNeu

The component o} can be written in tensor product form ¢3(s) @°(¢, v3) according
to table 2.6. Here @5, and @Y, are solutions on the half strip R* x (—1, 1) of special
boundary problems for the Laplace operator, see Lemmas 5.5 and 5.7.

Note the presence of  in front of the traces for the hard simple support case (3)
and for the sliding edge case (6) (compare also with [2] and [27] respectively): due
to the possibility of reflecting the solution across any flat part of the boundary, the
existence of boundary layer terms is linked to non-zero curvature.

3. Inner — Outer expansion Ansatz.

3.1. The Ansatz. The determination of the asymptotics (2.2) can be split into
two steps. The first one consists in finding all suitable power series

(3.1) u(e)(z) ~ u’(x) +eu' (z) + -+ ul (@) + - -

which solve in the sense of asymptotic expansions the interior equations (1.12) in
and conditions (1.13) of traction on the horizontal sides I'+. We refer to MAZ’YA,
NAzZAROV & PLAMENEVSKII [19, Ch. 15] for general developments relating to the
structure of expansion (3.1).

We will see in the sequel that all the terms in the suitable series (3.1) are strictly
determined ezcept the elliptic traces of the Kirchhoff-Love generators ¢¥. The second
step which we will initiate in the next section, consists in finding the profiles w* so that
> efwk (re=t s, x3) solves equations (1.12) in © with zero volume force, conditions
(1.13) of zero traction and so that the lateral boundary conditions (1.14) are satisfied
by the complete Ansatz. The outcome will be that the existence of exponentially
decaying profiles is subordinated to the determination of the remaining degrees of
freedom in the series (3.1).

3.2. The algorithms of the outer expansion part. This section is devoted
to the construction of the most general power series (3.1) solving (1.12)-(1.13). Let
us introduce the two operators A and B which associate with a displacement u in 2
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a volume force in € and tractions on the horizontal sides on I'+ according to:

Au = (2u O3€ea3(w) + A Oasugz, (A +2u)053us ; 2ueqs(u) |F+ , (A +2u)03us |F+>

")

the first group of arguments being the in-plane volume forces, the second, the trans-
verse volume force, and similarly for the tractions. Solving (1.12)-(1.13) by a power
series (3.1) is equivalent to solve the system of equations

Bu = <()\ + 1) 0adivitty + p Aytin, A0z diviu, + 2p 0gegz(u); 0 ‘r+ , Adivieu,

Aut — for k=0,1,
52) Au? + Bu® = (_fa70§9§|p+ ’0|F+)’
Au'+Bu® = (0, —f3; 0] . 9§|r+)a
AuF + Bub=? = 0, for k=3 and k> 5.

It is well known that the solutions of the problem Au = 0 are the Kirchhoff-Love
displacements. Thus u’ = u%; and u! = uj;, with generators ¢° and ¢*.

In order to solve the series of equations of odd order Au* + BuF=2 = 0, let us
introduce the operator V.

DEFINITION 3.1. The operator V : ¢ +— V ( is defined from € (@) into € ()3
by

(3.3)
(VC)B = P1 div, C* + P2 A*CB

with p; for j =1,2,3 the polynomials in the variable x3 of degrees j defined as

A A 1
D1(x3) = — o 8 pa(r3) = — (ﬂfg——)7
" 4p 3
(3.4) 1
p3(w3) = o (A +4p) 2§ — (BA + 12p) a3).

Here X still denotes the ‘homogenized’ Lamé coefficient 22 (X + 2u) L.
With L™ the membrane operator (2.8), direct computations yield

LEMMA 3.2. Let ¢ belong to € (w)? and let uky, be the associated Kirchhoff-
Love displacement. Then the field V  is the unique solution with zero mean values on
each fiber x. x (—=1,1) of the problem

(3.5) A(VQ) + Bluxr) = (L™, 05 0], 0], )

Then, if L™¢! = 0, we can take u® = uj; + V¢!, In order to proceed, we remark
that each component of B(V{) can be split into two parts, both of them being the
product of a polynomial in x5 and of A, div, {, or A2(3, or a derivative of these
expressions. With the bending operator (2.11) we easily obtain that if L™, and
LP(3 are zero, then B(V¢) is zero, too. Thus, the odd part of the outer Ansatz is
solved, since we obtain by an induction argument:
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PROPOSITION 3.3. For any k = 1,3,5,... let ¢* be such that L™¢F = 0 and
LPCE = 0. Then, setting for k =3,5,...

k k k—2
u = uKL + VC 5

we obtain all the solutions of the odd order equations in system (3.2).

Let us consider now the equations of even order. The operator A is block trian-
gular and its diagonal is made of ordinary Neumann problems on the interval (—1,1).
So actually, in order to have solvability for these problems, compatibility conditions
are required on the right-hand sides. Conversely, if the problems are solvable, the
solutions are uniquely determined if we require that they have a mean value zero on
each fiber z, x (—1,1) with z, € @.

With u® = uf; , we will find u? being of the form u%; + V¢ + G(f,g*), where
G is another solution operator. But prior to this, we need two sorts of primitive of
an integrable function u on the interval (—1,+1):

NOTATION 3.4. Let us introduce:
e The primitive of u with zero mean value on (—1,+1)

T3 T3 1 +1 23
7{ wdys = / u(ys) dys — 5/ / u(ys) dysz dzs,
-1 -1 J-1

o The primitive of u which vanishes in —1 and 1 if u has a zero mean value on
(—=1,41) and which is even, resp. odd, if u is odd, resp. even

K] 1 Y3 +1
][ wdzz = — (/ u(zs) dzs —/ u(z3) d23) .
2 -1 Y3

DEFINITION 3.5. The operator G : (f,g%) — G(F,g%) is defined from €>°(Q)3 x
> (w)° into € ()3 by
(G(f.g")s = 0
N 1 z3 Y3 n _
gD = 5§ [2f Fat oz

—+1
fo)ys + gt +ga}dy3 :
1

The reason for the introduction of G is

LEMMA 3.6. For any (f,g%) € €*(Q)3 x € @)%, G(f,g%) is the unique
solution with zero mean values on each fiber x. x (—1,1) of the problem

1

+1
a@tta) = (a3 | [ sedearat—az| ovaily, ol

Now, we can see that if we set

+1
39 R =3 |[ e teie) - g,

—1

for any ¢¥ satisfying the membrane equation L™(¢?) = R, the displacement u? =
u¥; + V¢ + G(f,g") solves the equation of order k = 2 of system (3.2). We denote
by v? = VO + G its part with zero mean values on each fiber z, x (—1,1).
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In order to go further in solving the even part of the Ansatz, we are going to
introduce a residual operator F' = (F}, F3) and a new solution operator .

DEFINITION 3.7. (i) The operator F' : v — Fv = (F.v, F3v) is defined from
€ (Q)? into € (w)* by

41
Fsv = Jpeps(v) dys,
—1
;\ +1  rys
Fov = 5/ ][ Oapeps(v) dzz dys -
—1

(ii) The operator W : v Ww is defined from €>(Q)? into itself by

W3’U = —j{ (2 le*’U* ][ (95653 >dy3

T3
Wav —% (8 Wsv +][ (; On3Ws3v + )\T Op divy v, + A ’Ua)>dy3.

With these operators, we can prove
LEMMA 3.8. Let v in € (Q)% be a displacement field with zero mean values on
each fiber x, x (—1,1), . € w. Then Wwv has also zero mean values on each fiber
2« X (—1,1) and solves the problem
AWwv)+ B(v) = (0, 0; + Fy(v) ‘1“+ , ¥ F3(v) ‘r+)'

Now, it is natural to search for u* with the form ug; +V¢2+W (V¢ +G) + H.
In view of Lemmas 3.2 and 3.8, with such an Ansatz, H has to solve the problem

m _ +
Thus, it is important to have more information about F(V ¢+ G). It is not difficult
to check:

LEMMA 3.9. For all ¢ in (@)% we have
F(VO)=0 and  F(VC) = -LLbG.

Moreover, we have

1

+1
= —div, {/ $3f*d$3+9:r+g*]-

(3.8) F3(G) = 5 B

Then there holds
LEMMA 3.10. Let R be defined as

+1

3+
(3.9) RY=< { fadrs + g — g5 +div*(/ v3 fodrs + gt +g*_)],

-1

and R2, be defined as

+1
(3.10) R2 = F.(G) — —V. U z3 f3dzs + g5 +93} :
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If there hold L"(¢9) = RY and L™((2) = R2,, then equation (3.7) admits a unique

)
solution H = H(f,g>) with zero mean values on each fiber x. x (—1,1) which is given
by

1 z3 Y3
Hs = m% {(—2][ f3)+g§r+93}dy3

x3 1 by Y3 1 +1
—]{ [5aH3 + " ys Fu(G) + ;][ {3a3H‘ . OazHs3 dZsH dys .
—1

H,
2

Thus, we have found u? as uj; +v* where v* has zero mean values on each fiber
2. X (=1,1): v* is given by V2 + W(VC* +G)+ H =V¢2 + Wo? + H.

Next, we search for a u® with the form u%; + V¢* + Wo? +Y. In view of
Lemmas 3.2 and 3.8, with such an Ansatz, Y has to solve the problem

(3.11) AY = (=L"(&), 05 TR [, £ BEY]).

This problem is solvable if

(i) F5(v*) is zero, which holds true if LP(3 = 3F3(Wwv? + H),

(ii) L™(¢Y) = Fi(v*), compare Lemma 3.10.

Then Y = Y () solves equation (3.11), with the solution operator Y defined as

DEFINITION 3.11. For (. € €°° ()%, Y =Y ({4 is defined as

Y3=0 and Y.=-2X"15,L™(C,).

And from now on, the solution of the series of equations (3.2) is self-similar.
Summarizing, we obtain by induction that every expansion (3.1) solving (1.12)-(1.13)
can be described according to Table 3.1 below, where G and H are a condensed
notation for G(f,g*) and H(f,g") respectively and RE and R} are the prescribed
values for L™(¢¥) and LP(¢¥) respectively (note that RO, R2 and R are defined in
(3.6), (3.10) and (3.9)).

TABLE 3.1
Algorithm formulas.

k k k— : k
k| u v yhk—2 Rk Ry
0 u%L — — RS Rg
2 | uiy +v? V¢O + 40 G R 3F3(Wwv? + H)
4 | upg +ot ViE2 4+ y? Wo? + H Fovt 3Fs(Wot +Y¢1)

2042 u?(sz—Q +v2[+2 VCQE +y2£ W2t +Yczl F*v22+2 3F3(Wv2£+2+yczl+2)

1 uIliL — — 0 0

2041 | wp o2ttt |yt — 0 0

Here, the even order terms and the odd order ones are independent from each
other. We will see later on that they are connected by the lateral boundary conditions
via the boundary layer terms. We emphasize that each term u” in the algorithm is
the sum of two terms u® = w¥; + v* with ul; representing the general solution of
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homogeneous Neumann problems for ordinary differential equations over each fiber
z, % (—=1,1) and v* being particular solutions of inhomogeneous ordinary Neumann
problems across the thickness with mean value zero.

3.3. Formulas for the determined part of the displacements. The formu-
las in Table 3.1 giving the v* yield in a straightforward way that

UQk-i-l _ VCQk_l
k k—2
(3.12) v = N WwloveO N Wi y 2k
£=0 £=0

+WFoG(f,g%) +WE-1o H(f,g%)

with the convention that W~ = 0 and W° = Id.
Using the definitions of V and W, we can prove

LEMMA 3.12. For ¢ = 0,1,---, we have the following formulas for the iterates
WtoV
(3.13) (WoVQ)a = Tar20aALdiviCe + Tarys0a AL
' (WioVQ)s = @ Aldivede  + G MG

with g;, 7j the polynomials in the variable x3 of degrees j and of parities j defined
recursively as

g1 =D1, G2=p2, T2=DpP2, T3=D3,
with p; for j =1,2,3 the polynomials defined in (3.4), and
- z3 5\ - 5\ ys ., )
gi(xs) = —7{ <ﬂ7ﬁj—1 + 5][ (@j—2 +7“j_1))dy37 Jorj >3
T Yo\ A2 .
—7{ <Qj—1 +][ (; Tj .+ P a rj_z))dys, for j > 4.

Similarly, using the definition of Y we are able to show

(3.14)

7j(x3)

LeEmMMA 3.13. For ¢ = 0,1,---, we have the following formulas for the iterates
WeoY
(3 15) (WZ © YC*)a = S20+2 8aA£ div, C* + t_2é+2 AﬁJrlCa
. (W@ © YC*)ZS = §2€+1 Aﬁ le* C*

with 5; and t; the polynomials in the variable xs of degrees j and of parities j defined
recursively as

A+ 2 _ A+2
51=0, 8=-— +M]52 and t2=—uﬁ2
A A

with pa given in (3.4), and for £ > 1:

- 3 5\ - B ;\ ys ., _,

Sae1(w3) = — ﬁ(sze +t20) + BN (520—1 + 590 + 19y) | dys,

_ x3 _ Y3 )\ B )\+ _ _ B
(3.16) Sppqo(xs) = —7{ <52e+1 +][ (; 55001+ B (500 + Fa0) + Sze))dy3,

_ z3 Y3
toryo(r3) = —]{ <][ tzz)dy?,.



ASYMPTOTICS IN THIN ELASTIC PLATES 17

Condensing G(f,g*) into G and H(f,g*) into H, we obtain the following for-
mulas for the first v* (k even).

v(2)¢ = ]52 8{1 le* C»? + p3 8aA*C?? + Ga
(3.17) , o i o
vi = prdive( + P2 A,
(3.18) V2 = P2 0 divi €2 + D3 0aAuCE + 74 00D divi €0 + 75 0, A2¢) + WG + H)qo
S vi= prdive? + ppAG 4 GAdIv. Y + @A + (WG + H)s.

4. The principles of construction of the inner expansion part. After the
construction of the most general power series (3.1) solving (1.12)-(1.13), we see that
the only remaining degrees of freedom can be given by traces of the Kirchhoff-Love
generators ¢¥. As will be investigated for each case in particular, complementing
traces of the Kirchhoff-Love generators ¢* can be determined along with the compu-
tation of the boundary layer terms w*.

The boundary layer Ansatz, namely >, eFw” must satisfy the equations (1.12)
inside © with vanishing right hand side and the boundary conditions (1.13) of zero
traction on the horizontal faces of €2, and must compensate for the lateral boundary
conditions of the power series >, -, eFuF so that the lateral boundary conditions
(1.14) are fulfilled. We present in this section some common features of all problems.

4.1. The equations of the inner expansion.

4.1.1. Lateral boundary conditions. In order to obtain the relations which
have to be satisfied by the inner part of the expansion, we evaluate the boundary
conditions for a displacement w of the form

(4.1) u(e)(@) = ul@) + (u,2pa) (S, 5,3),

where u = Zk>0 eku? and ¢ = D k1 ekk. The form of the boundary layer term
(¢, ep3) is related to the covariant nature of displacements: indeed we return with
¢ to the homogeneity of the original unknown u®. We denote by ¢; the normal
component of ¢.

For uw of the form (4.1), the formulas for the lateral Dirichlet conditions are
obvious, and the lateral Neumann conditions can be written with the help of the
following boundary operators acting on the profiles ¢

Tp) = sz + (A +21)dhr, T (@) = MOsps — L or),
42) TO) = s, D) = wdspr + 2 s),
Ts(o)(ﬂa) = p(Opps + 03¢1).

Thus, we can write the components of the lateral traction, cf (1.15), as
(4.38)  Ta(e) = e T\ () + 2T (@) + A D3 us + e (A div, w, + 21 0,u,,)
(430)  Tu(e) = e TO (@) + 2T (@) + 2(Outy, + Doy + 2 )

(4.3¢)  Ts(2) = T§” () + p(Ontis + Osu,).
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4.1.2. Interior equations. In variables (¢, s, z3) and unknowns

1
p = (@t;@s,‘ﬂl}) ~ (w*a gw3)

the interior equations (1.12) for w have the form
%(6; tv S5 at; asv 83)<P = Oa

where the three components H(e);, H(e)s and HB(e)s of H(e) can be written as
polynomials of degree 2 in € with coefficients involving partial derivative operators of
degree < 2 combined with integer powers of R = R(s) and of % with

p=R(s)—r=R(s)—et

which is the curvature radius in s of the curve {z. € w, dist(z.,0w) = r}. The
thorough expression of %(g) can be found in [11, §3]. A Taylor expansion at ¢ = 0 of
p~1 = (R —et)~! yields an asymptotic expansion of 2 in a power series of e:

(4.4) %N%(O)+€%(1)+...gk%(k)+...

where the %) (t,s; 0;, 0, 0s) are partial differential systems of order 2 with polyno-
mial coefficients in ¢ independent from e. Here follow the expressions for 2 and
20,

(BO¢) = (B + Bs301) + (A + 1) 0 (Bripr + Dap3)
(4.5) (BO¢)s = u(Oups + Os3s)
(BOp)s = (O3 + Os3ps) + (A + 1) 93(0rpr + Dsps)
and, with the curvature x = %:
(BDp)r = —urdipr + A+ 1) O(—r i + Dsps)
(4.6) (BV @) = pr(Oultes) + Oss(tps)) — wrdips + (A + 1) s (o1 + D3ip3)
(%(1)50)3 = —prdps+(A+np) 33(—f'€ ot + ae%)-

Thus, the interior equation %(e)yp = 0 can be written as
(4.7) BOp 1BVt chpg®p ... .

4.1.3. Horizontal boundary conditions. The boundary conditions on the
horizontal sides x3 = 1 are, ¢f (1.13)

(4.8a) (03¢ 4 Opp3) = 0,
(4.8b) 10305 + € pusp3 = 0,
(4.8(3) ()\ + 2#)83503 + )\8,5(,075 + E)\(—%Qﬁt + %85(%905)) =0.

Similarly to the interior equations, we can develop the horizontal boundary conditions
4 (4.8) in powers of ¢:
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where the ¥(*)(t, s; 0;, 05, D3) are partial differential systems of order 1 with polyno-
mial coefficients in t. The expressions for 4(©) and 41 are:

(g(O)SO)t = (03¢ + Orp3), (g(1)¢)t = 0,
(4.10) (9Op), = pdsps, @We)s = pdsps,
(g(o)so):s = (A +2u)03p3 + AOrpy, (g(1)¢)3 = A=K pt+ Osps).

Thus, the horizontal boundary conditions ¢ ()¢ = 0 can be written as
(4.11) GO+ edWept...cbgWep ...~ 0.

4.2. The recursive equations. Assuming that ), efu® already fulfills the
relations in Table 3.1, we determine now the equations satisfied by the profiles ¥
and the remaining conditions satisfied by the displacements u* so that

(a.12) St Y ek eeh)
k>0 E>1
satisfies equations (1.12)-(1.14).
4.2.1. Interior equations. (4.7) yields that

k
(4.13) VE>0, > B =0,
£=0

which guarantees (1.12) for the whole expansion (4.12).
4.2.2. Horizontal boundary conditions. (4.11) yields that

k
(4.14) VE>0, > 9t =0,
(=0

which guarantees (1.13) for the whole expansion (4.12).

4.2.3. Lateral Dirichlet boundary conditions. Let Y, e*Dk Y, c*D¥ and
>, €D be the normal, tangential and vertical components of the lateral Dirichlet
traces of the series (4.12). The lateral Dirichlet boundary conditions then read

(4.15) Vk>0, DF=0ifnecA, DF=0ifscA D=0if3¢cA,

which immediately yields the Dirichlet conditions for the whole expansion (4.12).
For the terms D*, we have

(4.16) DY =ul, D°=u’ DJ=4uS, Dj=uj,
and for k£ > 1

(4.17a) Df = o} + uF,

(4.17b) DY = ob +uf,

(4.17¢) D§+1 = <p]§ + gé"‘l .
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4.2.4. Lateral Neumann boundary conditions. Let Y, e*T* >, e*T* and
>, eFT¥ be the normal, tangential and vertical components of the lateral Neumann
traces of the series (4.12). The lateral Neumann boundary conditions then read

(4.18) Vk >0, TF=0ifneB, TF=0ifsecB, Ty=0Iif3¢cB,

which immediately yields the Neumann conditions for the whole expansion (4.12).
Let us evaluate the terms 7%. To that aim, we rely on the following formulas for
u®, c¢f Table 3.1, either u® = ul; +vF, ie

(4.19a) Uy = — 13 0nC5 + vn,
(4.19b) Wb = CF — 2y 0.Ch 40,
(4.19c¢) ]?j C?lf + 'Ulga

or uf = ul; + V2 4+ yF 2 e,

(4.20a) u’;:df—xga §3+p26 le*Ck 2+p38A§ —|—y’,§ 2
(4.20b) ub = ¢k —a30,¢k —|—p28 div, ¢ —|—p38A Ch2 pyb2)
(420(:) ]?j = CB + D1 le* C* + P2 A C 3 )
where p1, P2, p3 are introduced in (3.4).

Thus, we find
(4.21) P=0, T}=0, T'=0, T}=0, Ty=0,

and for k > 1, ¢f (2.10), (2.12), (4.2):

0 1 - m - —
(4.922) TH = TR + TV (") + T(CH ) — a3 Moo (G5
+ A0s y§71 + Adiv, v+ 2p 0,08t

(oo TET = TN+ T @) S T — 2w (00 + )06
: —l—,u(avkl—!—@vkl—i— kl)
Tf = T + u(p2 + ) On AL

(4.22¢)
+ p(Onyy 2 + 03yk2).

4.3. Solving the inner expansion. According to the calculations of the pre-
vious subsection, to solve the problem with the Ansatz (4.12), it remains to find a
sequence of profiles (gak)k and a sequence of Kirchhoff-Love generators (¢*) , such
that (4.13), (4.14), (4.15) and (4.18) hold.

Let us consider now the profiles gak for £ > 1 as main unknowns. In view of
(4.13), (4.14), (4.17) and (4.22), we see that the sequence of problems satisfied by the
¥ can be written in a recursive way: for each k > 1 the profile " has to solve the
equation

(4.23) Be(e*) = (76" 9"),

where
) 93@ is the operator Z(¥) inside the domain, the traction operator 4 on the
horizontal sides, the Dirichlet traces on the lateral side for a € A@ and the
Neumann traces on the lateral side for b € B@,
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e ¥ and g* are the following functions of the previous profiles

k k
(4.24) fP==> B and gh=-> g
=1 =1

so that (4.13)-(4.14) is solved, and h* involves previous profiles as well and

certain traces of the Kirchhoff-Love generators ¢¢ according to (4.15)-(4.22).

An important point is now to note that neither #®, nor 4©) nor the lateral

trace operators of %y contain any derivative with respect to the tangential variable

s. Thus, the equations (4.23) can be solved in the variables t € RT and x5 € (—1,1),
the role of s being only that of a parameter. So we introduce the half-strip

(4.25) st ={(t,z3); 0<t, —1l<uazg<l}.
Its boundary has two horizontal parts v+ = RT x {23 = +1} and a lateral part
(4.26) Yo ={(t,z3); t=0, —1<umz3<l1}.

Thus, we have

%(0) ((p) = f’ in E+,
9O0(p) = g, on 7+,

(427) Zo(e)=(Figh) Ya = ba, onq, Va€Ag,
Tb(o) ((P) = []ba on o, Vb e B@ .

Essential is the possibility of finding exponentially decreasing solutions when § and g
have the same property. This is what we start to investigate in the next section.

5. Exponentially decaying profiles in a half-strip.

5.1. General principles. The properties of the operators %’@ are closely linked
to those of the corresponding operator Z on the full strip ¥ := R x (—1, 1), defined
as B(p) = (f; ) with f = B () in & and g = 4 () on R x {x3 = +1}, see also
NAzAROV & PLAMENEVSKII [23, Ch. 5].

Let P be the space of polynomial displacements Z satisfying #(Z) = 0. Com-
putations like those of MIELKE in [20] yield that P has eight dimensions and that a

basis of P is given by the following polynomial displacements Z[!, ... ZIl
1 0 0 —T3
zl =10 zP2l— | zZBl = | o A - 0
0 0 1 t
t 0 —2t$3
zZBl =1 o zll — | ¢ AU 0
P1 0 2 + 2o
—3t%x3 + 6p3
A 0
3 + 6tpo

where p1(x3), P2(x3), p3(x3) are the polynomials previously introduced in (3.4).
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Let us introduce weighted spaces H," on the half-strip ¥ for n > 0, their
elements are exponentially decreasing as t — oo:

DEFINITION 5.1. Let n € R. For m > 0 let H;*(X7%) be the space of functions
v such that e"v belongs to H™(XT). We also denote H)(S1) by L2(X1). Similar
definitions hold for RT.

Like in [9, Lemmas 4.10 & 4.11], we have, with ny the smallest exponent arising
from the Papkovich-Fadle eigenfunctions, compare PAPKOVICH [26] for early reference
and GREGORY & WAN [17]:

LEMMA 5.2. Letn, 0 < n < no. Let § belong to L%(E+)3 and g belong to
L%(R*)G, let o belong to HY?(vy) for each a € A@ and by belong to H=/?(vo) for
each b € Br. Then there exist ¢ € HY(XT)? and Z € P so that

(5.1) B+ 2Z) = (g ).

But the solution given by Lemma 5.2 is not unique. Let T@ denote the space

of the polynomial displacements Z such that there exists ¢ = ¢(Z) € H}(X1)?
satisfying

Bo(Z + p(Z)) = 0.

Like in [9, Proposition 4.12], we can prove that the dimension of 7y is 4. Thus P can
be split in the direct sum of two four-dimensional spaces Z@ and T@, and we have
as corollary:

LEMMA 5.3. Let f, g and § be as in Lemma 5.2. Then there exist ¢ unique in
H}Y(X1)? and Z unique in the four-dimensional space Z) so that (5.1) holds.

At this stage, the conclusion is that we have a defect number equal to four for
the solution of the sequence of the above equations (4.23) by exponentially decreasing
displacements ¥, for each s € dw. But four traces on dw are still available, allowing
to modify h*. Note that this is coherent with the principle of ‘matching asymptotics’,
according to which the behavior at infinity of the profiles is transformed into a function
of the primitive variable z (which is a Kirchhoff-Love displacement).

5.2. The operators acting on profiles. We can immediately see that the
operators 93@ act separately on the couple of components (¢4, ¢3) that we denote ¢y,
and on ¢s. On ¢y acts an elasticity operator with the Lamé constants A and p, and
on ¢, a Laplace operator.

The interior elasticity operator in X7 is

0,
(5.2)%é0) Dy fy = p(Ou + Os3) <g;> + A+ p <8;) (Orpr + D3¢p3),
its horizontal boundary conditions ¥(*) (4.10) on 7+ are

(0) . _ (030 + Orp3)
5:3) A ((A +241)0503 + A Orpy
and the lateral boundary conditions are either Dirichlet’s or Neumann’s acting on the
traction T, = (T,%, T5")), ¢f (4.25).
Let us introduce the four elasticity operators that we need. For each of them
fy = %éo) () and gy = %h(o)(goh). Only differs the definition of the lateral trace hy:
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Epic: ¢y — (fy; 8y; by) with by the trace of ¢y on 7,

Eniixt: @5 v (23 823 by) with by the trace of (7, (), ¢3) on 7o,
Ewix2: ¢y — (f4; 9y; by) with by the trace of ((pt,TB(O)(goh)) on o,
Efpveet ¢y — (Fy; 953 by) with by the trace of Tu(o)(%) on 7o,

whereas the Laplace operators are defined as:

L LDir: Ps (fs?ﬂs? bs) with fs = /‘AQPsa 9s = M83<Ps and bs = s On Yo,
® Lneu: ¢s = (55853 bs) with fs = uAps, gs = pdsps and by = pdips on .

Then we have the splittings:

Ba) = Epu®Lpie Bz = Epu®Llnen  Bg = Emixi®Lpie #Bg = Emixt ® Leu
%@) = EMixQ@LDir %@ - EMixQ@LNeu %C]) = EFree®LDir % - EFree@LNeu-

5.3. The Laplacian on the half-strip. The Neumann problem on the full strip
3 has a polynomial kernel of dimension two generated by 1 and ¢, corresponding to
the elements Z[2! and Z!6) of the space P introduced at the beginning of the section.

5.3.1. Operator Lp;,. The polynomial kernel of this problem is the function ¢
and by integration by parts of t A(p + §) on rectangles X5 = (0,L) x (—1,1) with
L — 400, we easily prove

PROPOSITION 5.4. For 1 >0, let f € L2(S1), g* € L2(RT)? and h € HY2 (7).
If moreover n < w/2, then the problem

Lou(¥) = (f5975h)
has a unique solution ¥ = ¢ + 6 in H)(XT) @ span{1} with o € H}(XT) and

+1

(5.4) 6 = i (— /E+tf(t,a:3) dtdx3+/R+t(g+(t)—g_(t)) dren | h(xg)dm?,).

Later on we will use as model profile the exponentially decaying solution ¢f;. of
a special problem involving Lpj;,:

LEMMA 5.5. Let @}, € H},(E*) be the exponentially decaying solution of the
problem

Lpir(#i) = (0;0523) ,

then it holds

/ @%ir(ta 1) dt > 0.
0

Proof. The function @}, is an odd function with respect to z3. Hence @}, (¢,0) =
0 for t € RT. Moreover, as @}, is harmonic, it can be reflected by parity at the line
x3 = 1 according to the reflection principle of Schwarz for harmonic functions. Thus,
we obtain a function @, which is still harmonic, but now in X+ = R™ x (0, 2). Hence
¢ satisfies the Dirichlet problem A @ =0 in £+ and @ = ® on %+ with ®(¢, z3) = 0
for 3 = 0, 2 and any ¢t and ®(0,z3) = x5 for 0 < x5 < 1 and ®(0,z3) = 2 — x3 for
1 <3 < 2. From the maximum principle for harmonic functions it follows ¢ > 0 in
>*, hence the assertion. O
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5.3.2. Operator Lyey. The polynomial kernel of this problem is the function 1
and there holds similarly:

PROPOSITION 5.6. Forn >0, let f € L2 (X1), gt € L2(RY)? and h € H=12 ().
If moreover n < w/2, then the problem

LNeu(z/J) = (f;gt; h)
has a unique solution ¥ = ¢ + 6t in H} (1) @ span{t} with ¢ € H)(XF) and

+1

(5.5) 6= - (E+ (b, z3) dtdxg—/ (0" &) — g~ () dt+ [ hles) dxg).

C 2u R+ -1

We introduce the solution @, similarly as above, and using the second Green
formula for the product z3 A@%, (¢, z3) on ¥4 we prove:

LEMMA 5.7. Let 3, € H(XT) be the exponentially decaying solution of the
problem

LNeU(@SNeu) = (07 07 2:“'733) )

then it holds

o0 s 2
/ SDNeu(tv]') dt = _g .
0

5.4. Elasticity on the half-strip. The problem (5.2)-(5.3) on the full strip
has a polynomial kernel of dimension six generated by Zh[l], Zh[g], Zh[4]’ th, th, Zh[s],

where the two components of Z, Ul are the first and third ones of ZUl. In particular a
basis of the 2D rigid motions is given by

n_ (1 B _ (0 4 _ [ —s3
2=(;) #=(1) 2=(7)

5.4.1. Operator Ep;. From [9, Proposition 4.12], we obtain that

PROPOSITION 5.8. For 1 > 0, let f; € L2(£7)2, g, € L2(RT)* and b; €
HY2(y9)2. If moreover n < 19, then the problem

+
Epir(¥) = (F55 8 b)
. . 1(y4+)2 1] 8] [4]
has a unique solution in H,(X7)* @ span{Z,", Z,”, Z,"}.
5.4.2. Other operators. Concerning the other operators Eyix1, Fmixe and
Erree, and in contrast to the case of Ep;,, they have a polynomial kernel generated

by some of the Zéj I, Relying on the following duality relations (5.7) satisfied by the
ZU!, formulas for the coefficients in the asymptotics at infinity of the solutions can
be obtained from integrations by parts.

LEMMA 5.9. Let T denote the lateral inward traction operator (Tt(o), TS(O), Téo)),
see (4.2). With o the permutation
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the anti-symmetrized flux, which can be defined for any L € R by
(5.6) @z, zW) ::/ (T<o>(zm),zm _T<0>(zm).zm)(L,x3) das
-1

is independent of L, compare [9, Lemma 3.1], and satisfies, for i,j € {1,---,8}
(5.7) ®(Z", ZU)) = 5, 6,001,

with 4; a non zero real number.

For i = 2,6 we find again the simple relations on which rely Propositions 5.4
and 5.6. For the remaining values of i, the relations (5.7) apply to the bi-dimensional

displacements Zh[i]. Relying on (5.7) and integration by parts, we are able to present
formulas for the coefficients in the asymptotics at infinity of the solutions to the
problems concerning the operators Fygix1, Fmixe and Eppee-
+
PROPOSITION 5.10. Forn >0, let fy € L3(31)?, g, € L2(RT)*, b, € H™'/?()
and 3 € HY?(yq). If moreover n < ng, then the problem

Enixa () = (fh?gf; bs)

has a unique solution 9 = @ + 53Zh[3] + 55Zh[5] + 57Zum with ¢ € H}; (2%)? and

+1

(5.8) %«55:/2+ ft—/RJg?—g;H b

+1

6:80) getr= [ (aafivtt+ [ (o +or —tlaf - g)) - [

—1

+1
(5.8<:w353=/E+ fu-zgé‘]—/]R+ (a%2 |7+—g‘-Z£8]|7,)+6/ D3 Be—(p2-+04) b3

-1

PROPOSITION 5.11. Forn >0, let f; € L2(S1)%, g, € L2(R")*, b, € H'/*(z)
and h3 € H=Y2(vy). If moreover n < ng, then the problem

BEnixa () = (fh?gut; bs)

has a unique solution 9 = @ + 51th + 54Z£4] + 58258] with ¢ € H}(X%)* and

+1
— _ _ + _ —
(5.9) Sds = /E f3 /R+(g3 )+ [ o
. 1 X L +1
?151]0): /Efft—/wt(gt —9; )—/71 ()\+2M)ht_ﬂ(/z+x3f3_/1g+(g3 +93 )+/1~T3')3) ;
5.9

+1 .
(.90 b= [ ozl [ (5720 g 2) 2 [ (pabat Ot 2imaty)
3+ -1

R+
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PROPOSITION 5.12. For 1 > 0, let f; € L2(S1)%, g, € LA(RY)* and by €
H~Y2(~o)2. If moreover 1 < g, then the problem

EFree(¥) = (fu;ght; by)

has a unique solution ¥ = @ + 952, S 4 572[7] + 582[8] with ¢ € H1(2+) and

+1
(5.10&) 555 /2+ ft / - gf + ht ’

+1
(5.10b) S0 = /wfs—/ oo+ [ b,

+1
(5.10c) 7757:/E+(—JTJ“3ft-|—75f3)‘f'/]R+ (95 + 95 —tlg5 —93)) —/_1 z3be -

6. Clamped plates.

6.1. Hard clamped plates: The first terms in the asymptotics. In [19,
Ch. 16], MAz’yA, NAZAROV & PLAMENEVSKII prove estimates like (2.4) for isotropic
clamped plates and in [8, 9], the analog of Theorem 2.2 is proved for monoclinic
clamped plates.

Here we will show how the formulas relating to lateral boundary condition (I) in
Tables 2.1, 2.2, 2.4 and 2.5 can be derived.

From (4.16) it follows that boundary operators for the generators are the Dirichlet
ones and that the four traces of ¢¥ are zero. We find again a fact known for long, cf
[5, 13] for early reference.

Let us investigate ¢! and ¢! simultaneously. Condition (4.15) for k = 1 yields
that (3 =0, pp + (L —230,¢3 = 0 and ¢} +(! —2305¢} = 0 on T'y. Moreover condition
(4.15) for k = 2 with (4.17¢) yields that ¢} + ¢Z +v3 = 0 on T.

Thus, the first profile ¢! (s) : (¢,73) — ¢! (t,s,23) has to solve for all s € dw —
cf (4.23), the equation %@(gol(s)) = (0;0; h*(s)) with the trace h*(s) equal to:

bn(s) = —(Cn = 230nG3) (), Ba(s) = —(Co — 2305G3)(s),  b(s) = —(C5 +v3)(s).

Note that the unknowns are the profile @' and the traces of ¢}, (L, 0,3 and (3.
Since 93@ splits into the direct sum Epi; @ Lpi, for each s € dw (fixed now, thus

omitted),

e ! is solution of the Poisson problem

(6.1) Lpir(¢}) = (0;0; b)),

e the couple gaé is solution of the elasticity system

(6.2) Epir(¢y) = (0;0;by).

We have to find the conditions on ¢! so that equations (6.1) and (6.2) admit expo-
nentially decreasing solutions.

Concerning the Poisson problem, Proposition 5.4 yields that (6.1) admits an ex-
ponentially decreasing solution if the coefficient (5.4) is zero, i.e. if fjll hl =0. With
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the above expression of !, this yields that ¢} = 0 on dw. Since we already found
that (3 = 0 on dw, we obtain that h! = 0, thus ¢! = 0.
Concerning the Lamé problem, Proposition 5.8 yields a solution for (6.2) in

H)(ZT)? @ span{th, ZE], Zt£4]}' We first recall that, — cf (3.3)-(3.4)

(6.3) 03 (2, 23) = Pi1(23) div € (w2) + Pa(ws) Augg ().
Let 'lZJEn be the solution in H,}(X7)* @ span{th, ZE], Zt£4]} of
(64) EDir(QZ)én) = (07 0; Oa _]51)'

Since the right hand side of (6.4) has the parities of a membrane mode (the first
component is even and the second odd with respect to x3), the symmetries of the
isotropic elasticity system yield that ¢;* is even and ¥5* odd. Thus the asymptotic

behavior as t — oo has the same parities: only th is convenient.

Hence there exists a unique coefficient C1® such that 1,7);“ splits into
(6.5) 1,_bén =@y + 61®th with @' exponentially decreasing.
Similarly, let 'lZJE’ be the solution in H}’ (=)@ span{th, Zh[B], Zh[4]} of

(6.6) Epir () = (0;0;0, —p2).

Since the right hand side of (6.6) has the parities of a bending mode, the symmetries

of the problem yield that P is odd and Y even with respect to x3. Thus only Zh[g]

and Z£4] are present in the asymptotics at infinity of ’(ZJE
@

Hence there exist unique coefficients c5~ and CP such that '{pé) splits into
(6.7) 12;;3 = cp? + cg)ZéB] + CPZ£4] with @E’ exponentially decreasing.
Then 4y defined as
Q/’ul (ta S, {E3) = div, C,?(S) szén(ta {E3) + A*C??(s) TZ’E(@ {E3)
is solution for each s € Ow of — ¢f (6.3), (6.4) and (6.6):
(68) EDir('lpnl) = (07 07 07 —U%).
Thus, if we have for each s € dw, ¢f (6.5) and (6.7)

(Q(s) —ngéé;ncﬂs)) = div. ¢2s) Dz |+ A6 (PP + Dz |
i.e.
©9) (cﬂs) - xgang%(s)) _ (v s o —asgh(s)
@ A.GY(s)
then cphl defined as
(610) QO;(?‘J, S, 1‘3) = div, CS(S) @En(ta 1‘3) + A*CZ’?(S) @E)(ta 1‘3)

is solution of EDir(gaé(s)) = (0;0; hé(s)), see (6.2). Thus we have obtained all the
results relating to ¢* and ¢?.
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6.2. The non-zero coupling constants. There holds

LEMMA 6.1. The coefficients cl® and CP are non-zero.

®

Let us prove first that ¢;~ is not zero. Let us denote by Z, the polynomial
displacement %Zéﬂ. Thus Z, satisfies:

(6.11) Epix(Zy) = (0;0;0, p2).
So, (6.11) joined with (6.6)-(6.7) yields that
K :=2Z,+ g?)E’ + 03®Zh[3] + c@ZtEM € ker Epj, .

The proof proceeds by computation about the ‘flux’; see also (5.6):

1
(612) (I)t:to (u | ’U) = /: Th(O) (u)(t(), {E3) . ’U(t(), £C3) d!Bg .

We have:

4 rA+p) x
Tu(o)(Zu) = < AR )
0

Thus

D8, Doy S uA+u) @
(6.13) Di—0(Zyles 2" +ci 2y ) = 3 A+2u 4

We are going to prove that, ¢f (6.7):

4 3 4 _
(6.14)  reo(Zy| Pz + Pz = 0o (K | P2 + Pzl + @)
and that

(6.15) Byo(K | P2 + Pz 1 g > 0.

The fact that 09 > 0 is clearly a consequence of (6.13)-(6.15).
In order to prove (6.14) and (6.15), we abbreviate the notations by

CQZF] + C?Z£4] =R and ¢:= @E’.
Proof. Of (6.14). We want to prove that ®;—¢(Zy | R) = ®1=o(K | R+¢). Indeed,
integrating by parts on the rectangle X, = (0, L) x (—1,1) we obtain

ARG B 0) B
| [0 o) K- TR+ )] 0.) da

/ ' TOK) - (R+¢) - K- T (R+ )| (L,2s) dvs =

/ ’ [g;(”(K) (R+¢)- K -9 R+ ga)} (t,1) dt —
0
/L 4 OK) - (R+¢) - K -9 (R+ )| (t,-1)dt -
0

: B(K)- (R+¢) - K- 2" (R+¢).
L
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As ,@éo) (K) = ,@éo)(Zh) =0 and %h(o)(K) = %h(o)(Zu) = 0, the above right hand side
is zero. Therefore
+1 o
Oo(K|R+¢) =0 (K |R+ @)~ |  K(L,3) T, (R+ ¢)(L,3) da.

—1

Since Th(o) (R) =0 (R is arigid displacement) and since ¢ is exponentially decreasing,
we deduce from the identity above that, for all 0 < n < ng

Dico(K | R+ @) = @i (Z| R) + Oc ™).
But for all L, we have the conservation of the flux against rigid displacements
®-1.(Z; | R) = ®1—0(Z; | R),

whence the result. O
Proof. Of (6.15). We want to prove that ®;—q(K | R + ¢) > 0. To see it,

notice that, since Zh|t:0 = —(R+ g0)|t:0 and since we easily check the equality
®.—0(Zy| Zy) =0, we have
Pro(K[R+¢p) = =0(Zy| R+ )+ Pimo(R+ | R+ )

= —®,-0(Zy| Zy) + Pi—o(p| R+ )

= P=r(p|R+¢)+ . Ae(0r,05)(p) = e(0r,03)(R+ @)

= [ AelD05)(0) <€l 05) () + O

Since Zy + R is clearly not zero on {t = 0}, then ¢ # 0. The result follows from the

positivity of the elasticity matrix A. O
©)

The positivity of c;~ can be proved analogously to that of ch, taking into account
that th satisfies problem EDir(ZtES]) = (0;0;0,p1), thus

K™ .— Zh[5] + @y + 61®th €  ker Epiy

and that moreover there hold

4/‘(A+/") 8 )\
©) ( 15ly _ e 51| @ 0 _ 8u(A+p) ®
Th (Zh )_< 0 = and (I)tZO(Zh |Cl Zh )—Wcl .

6.3. Soft clamped plates: The first terms in the asymptotics. We have
now to take care of the space R which is the space of rigid motions v satisfying
the soft clamped plate conditions, i.e. v, and v3 = 0 on the lateral boundary T'y. If
the mean surface w is not a disk or an annulus, R is reduced to {0}. If w is a disk
or an annulus, that we may suppose centered in 0, R@ is one-dimensional, generated
by the in-plane rotation (x3, —x1,0) and the orthogonality condition (1.11) ensuring
uniqueness can be transcribed in Q into [, w.(e) - (x2, —21) T = 0.

Thus, in this situation, the compatibility conditions on w for the membrane prob-
lems (2.13a) has to be checked and the coherence with the orthogonality condition
(1.11) has to be realized by an orthogonality condition for the ¢¥ in w. We refer to
[11, §6] for details.

The behavior of the boundary layer terms is very similar to the hard clamped case
because the boundary conditions involving the components ¢, are Dirichlet’s as in
(D, the only change concerns the lateral component ¢, which is uncoupled from the
previous ones, and subject now to lateral Neumann conditions instead of Dirichlet’s.
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6.3.1. The traces of ¢°. Solving recursively equations (4.13)-(4.14), (4.15) and
(4.18), we find first the Dirichlet traces at the order zero: (? — 23,3 and (I are zero
on Ow. Thus, the Dirichlet conditions concerning ¢° are obtained.

The terms T2 and T} are always zero. Next, condition T2 = 0 yields, ¢f (4.22b)

T (") = —T™(¢0) + 2uz3 (On + 5)0s5C5.

Taking account of the already known Dirichlet conditions for (9, we obtain that ¢!
solves the Laplace Neumann problem on the half-strip:

(6.16) LNeu(‘ﬂi) = (0§0§ _Tsm(cg))

Since, for each fixed s € dw, T™(¢?) is a constant, Proposition 5.6 yields that the
only exponentially decreasing solution is ¢! = 0 obtained with T™(¢?) = 0 on dw.
Then ¢ satisfies zero boundary conditions according to Table 2.1.

6.3.2. The traces of ¢!. The equations (4.15) for k = 1 and for k = 2 yield
the same condition as in case (1) for the trace of (3 which must vanish, and the same
equations (6.2) linking the couple ‘Phl and the traces of ¢}, 9,,(3, ¢3. Thus, the result
concerning these traces is the same for the hard and soft clamped situations. o

As a consequence the coefficients cl® and 09 are equal to their homologues ¢y

and 04@ for the hard clamped plate.

Concerning the tangential component, the condition 72 = 0 yields, cf (4.22b)
m 1
TO(@?) = ~TI(CH) + 2uws (9 + £)0:¢ — T2V (1),

Taking into account the already known trace condition (i = 0, equation (4.23) leads
to the following Neumann problem for the lateral part ¢?

(6.17) Lyeu(¢?) = (— (BYY), = GV, — T™(CL) + 20230503 —Ts(”(sol))-

Proposition 5.6 yields that (2 is exponentially decreasing if and only if

(e = ( / (BV), (1, 35) dt dry
, N (1) 1 (@MWl (4 —
(6.18) / +(<<f )6, 1) — (@D Rh), (¢, 1)) di

+1
+ / T (p1)(0,23) — 2pw395nCA(0) d:rg) .

-1
Since ¢! = 0, the terms involved in (6.18) reduce to

(BYeY), = A+ w)0s(dept + 0393), (G V@), = ndsps, T (') = ndsep;.
Since only the even terms in xz3 contribute to the integrals in (6.18) we see that we

have only to take into consideration the membrane part of cphl, which is equal to
div, ¢%(s) @i (t,x3), cf (6.10). Thus (¢ = CQ@> 9, div, €2, with —% 02® equal to

A+

+1
(=g ) ar [ e ds
K po -1

(8,5(,5?14-83@21) dtd$3 —/
R

Formulas of Table 2.2 concerning case (2) are completely proved.
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6.3.3. Recursivity. It can be proved like in [8], see also [11, §6].

7. Simply supported plates. The space of rigid motions R@ is reduced to {0},
whereas R 3 is three-dimensional and spanned by the in-plane rigid motions. Here
we only present the analysis for the hard simply supported plate. The main feature
of the analysis of the soft simply supported plate is the treatment of compatibility
conditions: we refer to [11, §8] for this.

7.1. Hard simple support: The traces of . According to (4.15), DI = 0
yields ¢§ = 0 on Qw, then DY = 0 is equivalent to (¥ = 0 on dw. Next, DI = 0
yields (3 = 0 on dw, and D! = 0 provides the equation Lpi(¢l) = (0;0; —(}l).
Then Proposition 5.4 yields that the only exponentially decreasing solution is ! = 0
obtained with ¢} = 0 on dw.

Conditions T'? = 0, cf (4.22b), and D% = 0 yield that cpé has to solve

(7.1) Entixi (y) = (0; 0; —TIMCY) + w3 Mn((9), — (G5 +U§))~

With formulas (5.8) we can compute the three coefficients d3, d5 and d7, and
determine conditions on T™(¢?), M,(¢9) and (7 so that these three coefficients are
zero, ensuring that ‘Phl is exponentially decaying. We have

+1
(7.28) 7505 = / CTE) + s M ((D) das

-1
+1
(7.9b) 7767 = / 23 T™(C0) — a2 My (CQ) des

-1
+1
(7.26) 363 = / 653 (—T™ (%) + 3 M (C2)) + 611(P2 + p5') (G2 + v2) dls.

-1

With (7.2a) and (7.2b), the conditions d5 = 0 and d7 = 0 give immediately that
Tm(¢Y) = 0 and M,(¢J) = 0 on Ow respectively. Then with the formula v3 =
P1 divs €0 + P ALY we can compute from (7.2c)

- A
- _ 2 0
Y303 = 4(/\ + 2#) (Cg —30u A*C3)7

whence the relation 304 (3 = A A.¢Y on dw ensuring the existence of a unique expo-
nentially decreasing profile solution of (7.1).
But we have on dw

(7.3a) T(Ce) = (A + 20) diva G + 2(k G — 95C)
(7.3b) M (Cs) = (A + 20)AsCs + 201(5 OnCs — DsC).-

Since ¢? and (§ are zero on dw, then 95¢Y and 955(Y are also zero and since T™(¢%) =0
and M,,(¢J) = 0 we deduce from (7.3) the relations

2u 2u

7.4 div, 8:—~ K 2 and ALY = —= n&ngo.
(7.4) ¢ "t o Cn G3 o 3
Therefore, with @} the solution of EMixl(g’oE“) = (0; 0; 0, Xilgu ;51), and with g’alh) the
solution of EMin(ng’) = (O; 0; 0, % (% +]32)), we obtain the expression in Table

2.5 of the first boundary layer term.
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7.2. The traces of ¢'. The next relations are deduced from 73 = 0 and D3 = 0:
gag has to solve

By (#2) = ((BV6"), 5 (9091, s T (1) + TR(CH) — 23 Ma(Gh), G +03)
Since ! = 0, the terms in the right hand side reduce to
BV, =~ 2 rdpr, (@Y, =0, TV(e") = -Are;

The cancellation of the coefficients d5, d7 and ds, cf (7.2) is ensured by relations
determining T (¢L), M, (¢3) and ¢3. In particular we have

T3¢ = —% ( /E (BV ), (t, x3) dt dzy

- [ (9eh, 1) - @D, 1) de

R+

+1
+ [ ) 00) — (DO dxs) |

Combining with the already known expression for ¢, we obtain the formula of Table
2.2 for T™(¢L). The trace M,,(¢3) is determined similarly.

8. Sliding edge. Lateral condition (6) is the other one, with (3), which allows
a reflexion across the boundary in any region V where it is flat. If the support of
the data avoids V, there are no boundary layer terms and u(e) can be expanded in
a power series in V. In the special case when w is a rectangle (in principle forbidden
here!) and if the support of the data avoids the lateral boundary, the solution can
be extended outside 2 in both in-plane directions into a periodic solution in R? x I:
this link is indicated by PAUMIER in [27] where the periodic boundary conditions are
addressed.

If the mid-plane of the plate w is not a disk or an annulus, then the space R@
is one-dimensional and spanned by the vertical translation (0,0,1). But if w is a
disk or an annulus, that we may suppose centered in 0, then R@ is two-dimensional
generated by the vertical translation (0,0,1) and the in-plane rotation (x2, —x1,0).
Here we will only treat the generic case.

8.1. The traces of ¢°. As the Dirichlet trace DY is zero, we have ¢ = 0 and
9n¢d = 0 on dw. We deduce the problem for ¢} from D, = 0 and T3 = 0:

Emia (1) = (0;0; =C) + 2300(3,0) .

Proposition 5.11 then yields the conditions ¢} = 0 and 9,(3 = 0 on dw and thus
¢, =0.
The condition 72 = 0 yields that ! has to satisfy

(81) LNeu((Pi) = (07 07 _Tgm(ci)) + 2,&.233 (an + H)agg??) .

Proposition 5.6 yields that T™(¢?) = 0 on dw. Combining with 9,,(§ = 0 on dw, this
solution is given by, ¢f Lemma 5.7,

(8.2) s = £ 05C3(5) Phen(t, 73)-
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With T2 = 0 we obtain that ¢? has to satisfy
(8.3) Lyea(?) = (- (DY) = (#DeY),; b)),
where the terms in the right hand side are given by, since cpé =0:
(DY), = (Ot 0}) + Ot o}) = duel) (I W), =0,
b = — (2! + T2(CL) — 2ua(00 + R)0GS )

With the help of Proposition 5.6 and the fact that ! is odd with respect to 3 we
deduce that T™(¢!) = 0 on dw. Taking into account relation (8.2) and the already
known condition 8,,(3 = 0 on dw, this solution is given by

(84) ‘Pz = _H28SCZ(3) ’l;ls\leu + K 89C§ @T‘\Ieu ’

where ﬁ‘f\]eu is the (odd) exponentially decreasing solution of

(8.5) Lven(Biven) = (D Fcw) = Bions 05 2P )

Conditions D2 = 0 and T% = 0 lead to the following problem for cpﬁ

(86) EMixQ(QOE) = (_ (%(1)§Ol)h y (g(l)ﬁol)h ; hta hS) )

where the terms in the right hand side are given by

(872)  (BVPh), =M+ madsps, (I, =0,
(8.70) (BN, = A+ ) dsdspy, TV, = A0y,
(8.7¢) b=~ (G = 30nCF + P2 0n dive ¢ + P3 0u A3 + (G(£,97)n)
(8.7d) b3 = —pu (P2 + Ph) OnDaCy + 03(G(f, 9 ))n) -
Combining with (8.2), the condition dg = 0 from Proposition 5.11 yields:
+1
20,0, + W63 [ Gt 1)t = [ padas.

Using the expressions of G,,, ¢f Definition 3.5, and of P2 and ps, ¢f (3.4), we derive

+1 92 . +1
bz drs = — [—g()\‘f' 20)0n A C§ +/ x3 frdzs + )b +9;]
-1

—1

Then Lemma 5.7 yields

ow

2 +1

3

((X + 200)0n A G5 + 2005 (O + n)ascg?) = ( / 3 fodas + g7 + g, )
-1
= Nn(cg)

hence the condition N, (¢) = % f_+11 x3 fndr3+g,+g, on Ow. Then the compatibility
condition for the solvability of problem (2.13b) for ¢ reads:

)

Ow

30011
(8.8) / RY(z,) da. —/ 5(/ x3 frndrs + gF —l—g;)(O,s) ds=0.
w ow

-1
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With the help of the divergence theorem and formula (3.9), we can rewrite (8.8) as

3 +
5/{ f3d$3+g§r—g3}dx*=0,

—1
which is nothing else than the compatibility condition (1.10), whence (8.8).

8.2. The traces of (!. The only remaining boundary condition is that for
N,(¢3). Therefore we only consider the problem for gag’, which is deduced from D? = 0

and T3 = 0 and reads
EMix2(90§) — (_ (%(1)<‘02)h _ (%(z)sol)h; _ (g(l)SOQ)h _ (g(2)<‘01)h; b, ’)3) .

The boundary condition prescribing N, (¢3) is then found by the cancellation of the
coefficient dg (5.9a). For this, we need an expression for gog, which is derived from the
cancellation of the constants §; and d4 (5.9b)-(5.9¢) relating to problem (8.6). The
details can be found in [12, §5].

Let us check the compatibility condition for (3. Setting ¢ = ! + ep?, we have
by construction

(8.9) oG +2G) = g (/2+ fale) — /}R+ (gg'(g) — g3 (5)) + :1 []3(6))

+ 20 05(0y + K)0s(C8 + £C3),
where
f(e) = B+ 0(),  8le) =Ge+O(?), b(e) = Ty + O(e?).

With w(&) = x(r) (£, s, Z2) on QF and integrating (8.9) along dw we obtain for any
rigid motion v = (0,0,a) in R,

No((§ +eG)vs=—= | Ae(w) : e(v) + O(%) = O(e?),
ow Qs
where we have used [, 9(0n + £)95(C§ 4 £(3)ds = 0. The desired compatibility
condition then follows.

9. Friction conditions. We only give a few precisions about the traces of the
first Kirchhoff-Love generators ¢° and ¢* for conditions (5) and (7), referring to [12,
§4 & §6] for the proofs, which make use in particular of Lemma 5.5.

The membrane boundary operators ™7, j = 1,2, are Dirichlet’s in both cases
and the corresponding traces 721, ; and fyrlrl’ ; are zero.

The spaces of rigid motions R@ and R@ are one-dimensional and both are gen-
erated by the vertical translation (0,0, 1). As a consequence, the first terms ¢ and ¢}
have to satisfy the zero mean value condition on w. The bending boundary operators
43, j = 1,2, are Dirichlet’s for @, and the trace operator on dw and M, for @
Thus the corresponding problems (2.13b) are uniquely solvable. The way out is that
the boundary conditions issued from the solution of the Ansatz include 9;¢3 = 0 on
Ow. Thus the trace of (3 can be fixed to any constant (we assume here for simplicity
that Ow is connected), which can be chosen such that fw (3 = 0. The formula for this
constant rely on the introduction of the solutions 7, and &, of the following auxiliary
problems:
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TABLE 9.1
Auziliary problems.

® | mes(w)LP(nu) =1 inw Nw =0 and 9pnw =0 on dw
@ | mes(w)LP(éw)=1 inw | £, =0 and Mp(u) =0 on dw

NoOTATION 9.1. If L is an integrable function on dw such that faw L =0, then
we denote by faw L the unique primitive of L along Ow with zero mean value on Ow
(that is [, ¢ Lds=0). The second primitive §, §, L then makes sense.

For condition (5), 9,¢J = 0 and ¢? is equal to the constant — [, Rb e on dw,
whereas for condition (7), M, (¢§) = 0 and (9 is equal to the constant — fw Rg & on
Ow. Finally, here are the boundary conditions for (3, with L given in (2.15):

TABLE 9.2
Boundary conditions.

C?} C?@(faw fawL_faw(faw faw L) Nn(m»)) 8n<§ =0

R s A P R e

10. Free. The space ’R is six-dimensional and spanned by all rigid motions.

We are only going to explain how the traces of ¢° can be determined by our method
and refer to [12, §7] for the traces of ¢!. The nonhomogeneity of the boundary
condition N, (¢9) is known, see CIARLET [4, Th. 1.7.2].

From the conditions 7 = 0 and T2 = 0 we obtain for gaé

(10.1) EFree(‘Pé) = (0;05 —szn(CS) + x?»Mn(C??)’ 0).

From the cancellation of the constants d5 and 7 in Proposition 5.12, the conditions
Tm(¢Y) = 0 and M, (¢J) = 0 on dw are obtained. Thus ¢, =0.

The condition T2 = 0 yields that ¢! has to satisfy problem (8.1). Thus T™(¢?) =
0 on dw and ¢! is then given by, cf Lemma 5.7,

(102) Qpi = (877 + H)aggg(s) @?\Ieu :

With T3 = 0 we obtain that ¢? has to satisfy problem (8.3), hence the condition
T™(¢L) = 0 on Ow ensures the existence of an exponentially decaying profile. Taking
into account the relation (10.2), this solution is given by

(103) Qpi = _H(an + K)aggg ,[;T\Teu + (aﬂ + H)aggé @SNeu ’

where 9%, is the solution of problem (8.5).
The conditions T3 = 0 and T3> = 0 lead to the following problem for gogz

(10.4) EFree(Qoi) = (_ (%(1)301)h ’ (g(l)sol)h : bty [33) )
where the terms in the right hand side of (10.4) are given by

(BVR"), = A+ 1) 00spl, (TN @), =0, by = — My + TR (C)) — 23 M (G3))
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whereas (1), and (¥Me!), are still given by (8.7b) and b3 by (8.7d). Thus,
the cancellation of the constants J5, d7 and dg from Proposition 5.12 is required. The
cancellation of §5 leads to the boundary condition T(¢!) = 0 on dw. Inserting the
expressions involved, the condition 67 = 0 reads

Ot ) [ (0015, — 005 dda 43 [ ¢ (B(1,8) = G (1,8)
P 0

+1 +1
+ )\/ 23 Pleu(0; Z3) dxgl 0s(On + n)asgg — / x% Mn(@) drs =0.

-1 -1
As the boundary layer term @y, is odd, the above condition becomes

+1
; M, (83) = 05(0y + K)0s(S [—u/

o0
3 Plen (0, 73) dwg — 2#/ t Pleu(l,1) dt] :
-1 0
Applying the second Green formula for Laplace to the functions @y, (t,x3) and
w(t, z3) = txs, yields the relation

[e%s) —+1
2/ t@SNeu(t,l)dt:/ 2 P (0, 25) das
0

-1

Thus M, ((3) = c@s(an + k)05(Y on Ow with c =-3u fjll 3 PRen (0, 23) ds.

The evaluation of the condition dg = 0 has been already done in §8.1, which yields
in exactly the same way formula (2.14) for the trace N,,((9).

Now let us check the compatibility conditions ensuring the existence of the gener-
ator ¢°. Concerning ¢?, we have to show that the membrane right hand side R, of the
limit problem is orthogonal to each of the two-dimensional rigid motions (1,0), (0, 1)
and (g, —x1), since we have homogeneous traction boundary conditions in the prob-
lem for ¢¥. These orthogonality conditions are clearly a consequence of the expression
of the right hand side R?, and of the three-dimensional compatibility conditions (1.10)
for in-plane rigid motions.

The compatibility conditions for ¢§ remains to be checked. They are related to
the kernel of LP with boundary conditions M,, and N,, i.e. to the functions 1, x; and
2. It has been already shown in §8.1 that the condition (8.8) relating to the element
1 of the kernel is fulfilled. Now let us check the condition for z1, namely

3 +
/a:le(x*)dx*—i/a 1 (/1 argfndxg—!—g:—i—g;) (0,8)ds =0.

With the help of the divergence theorem we can rewrite it as

3

3{ [ h-anfydndn s [ o o)~ of +0) do =0,

which coincides with a compatibility condition (1.10) for the three-dimensional prob-
lem. Of course, the condition for x5 can be proved analogously.
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11. Error estimates. We provide in this section estimates in H' and L? norms.

11.1. In H! norm. In this section we prove Theorem 2.2, which yields an opti-
mal estimation of the error between the scaled displacement u(¢) and the Ansatz of
order N. This extends the results obtained in [8, §5] for the hard clamped situation to
the eight ‘canonical’ boundary conditions on the lateral side. The proof relies on en-
ergy estimates and on a very simple argument consisting in pushing the development
a few terms further.

We define the space V@(Q) as the subspace of the admissible displacements u in
V@(Q) which are orthogonal for the L? product to all the rigid motions v € ’R@(Q)
Thus u(e) belongs to V@(Q). Combining Korn’s inequality without boundary con-
ditions and the infinitesimal rigid displacement lemma we obtain a Korn inequality
with boundary conditions for arbitrary u € V(g(€2), compare [25] and [4], which reads
in terms of the scaled linearized strain tensor 6(e)

1/2
([ a0 0@@) = TN e > Ll

Defining the remainder at the order N of the asymptotics of u(e) by UN(e) =
u(e) — UN(g), where UN (¢) denotes the asymptotic expansion of order N, namely

N N
(11.2) UVE) = Y b+ x(r) Y Pt (L s am)
k=0 k=1 €

=:VN(e) = W¥(e)

with u® := u’f<L +2*, compare §3.1 for notations, we only need to establish an a priori

estimate for U (¢) in the norm of the space H'({2)3.

Therefore, we split UV () into its natural parts UN(¢) = VN () + x(r) W/ (e).
Considering carefully the construction algorithm, in particular the derivation of the
boundary layer terms, we observe that for any N € N, UV (¢) belongs to the space
V(). Thus, we have

WNeEN, T (e)eVg(®)

c . —=N .
and the variational form of the problem for U (¢) can be written down, where we
split the deviation to the true solution into an error generated by V¥ (g) and an error

coming from W (¢), compare [8, (5.8)—(5.11)]. For the choice v = T () of the test

function in the variational formulation of the problem for U (¢), we obtain as one
side of the resulting equation the energy associated to the remainder, namely

N

/Q 40T (e) : 06T (e)).

Korn’s inequality (11.1) and the coercivity of the operator of elasticity then provides
the following rough estimate

—N _
1T @) 1 gqe < CN72

HY()
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exactly in the same manner as in the proof of Lemma 5.3 in [8]. This estimate reads

for ||UN+4(5)HH1(Q)3 < OVt at the rank N + 4, whence

(@) - ule (o }je W s e
(11.3) Nt

.
<CeNty N e (Ilukﬂm o + X0 o)l )
k=N+1

With the help of the following H!-estimates of each term in the asymptotics

r _
(14) e <€ and ()@ (5,23 o g0 < C /2

the estimate (2.4) directly follows from (11.3).

11.2. In other norms. The L2-estimates of each term corresponding to (11.4)

T
(115) @l <€ and )W C,s,2)] g < 2

lead in a straightforward way to the following estimates in L2-norm

N

(11.6) lu(e) — Z ebwh(=,s 2 23) | oy < CceNVHL,
k=0

The question of estimates in higher norms, H? for instance, is also considered
in [9] for the clamped case. Such estimates require a splitting of the solution and
of terms in the asymptotics, since in general the H? regularity is not attained. The
situation is similar for all lateral conditions. Let us just emphasize that all the terms
in the outer expansion are smooth, but also that the singularities along the edges
Ow x {£1} of the plate are concentrated in the inner expansion: the model profiles
are all non-smooth, with a regularity between H3/2 and H®. For example @by 18
almost H? and @Y, is almost H® whereas the profiles @i,y and @%ir’h occurring in
the clamped plates have less regularity, cf [10].

12. Conclusions. Coming back to the family of thin domains ¢, we will briefly
address the question of the determination of a limit solution, and of the evaluation of
the relative error between this limit and the 3D solution. The correct answer depends
on the norm in which the error is evaluated and of the type of the loading.

12.1. H! norm. We have first to evaluate the behavior of the H!(Qf) norm

denoted by [ - ||, of each of the four types of components of series (2.5), namely

ULy, 1y Wip, e OF and @F. We find:
||u§(L,b||H1 = 0(61/2)7 ||u§(L,m||H1 = 0(61/2)7
3%y = O™, I, = O).

In the case of a bending load such that RY, cf (3.9), is non-zero, we have

Lu’?(L,bH

lusll

|[u® —e~

(12.1) Al < Ce,
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and this estimate is sharp for any lateral boundary condition, since the main contri-
bution to the error comes from @' which is equal to (0,0, pa(x3) A.(Y): indeed, since
we assumed that R is non-zero, A2(Y is non-zero, and @' # 0.

In the case of a membrane load such that R . cf (3.6), is non-zero, we have to
include @' in the limit solution to have a convergence: we set

(12.2) up® = ugy, + 60" = (0, pi(ds) div. (D).
Then
—up

K00 [

I

(12.3) HL < 02 in cases @) — (@),

this estimate being generically optimal, in the sense that it is sharp when ¢! is non-
zero, i.e. when div, ¢ is non-zero on dw in cases (1), 2) and (@), and when x¢? is
non-zero on dw in cases (3). On the other hand

(12.4) —m”Hl <Ce¢ incases(® - @®),

this estimate being generically optimal too, in the sense that it is sharp when 92 is
non-zero, i.e. when div, ¢? # 0, compare also with [22] for a special membrane loading
on a free plate.

12.2. Energy norm. We now set [[uf , = (foe Ae(u) : e(u))l/Q. The energy
of the four types of terms in the series (2.5) has the same behavior as their H! norm
except the one concerning u’f<L7b whose energy is one order smaller:

lukr,pll ;= O(%).

We obtain exactly the same conclusions if we use this energy, or the L? norm of the
strain tensor, or the complementary energy. We have to include the polynomial terms

up to the order 2 to obtain a convergence: we set ul™ as above in (12.2) and moreover

(12.5) wp™ = uRyy, +ev’ = (—exsV.l, § +epa(as) AL),

see also [28] and [30] in this context.
In the case of a bending load such that Rg is non-zero, we have

[u — up™|

(12.6) E < Cel/?,
[

this estimate being generically optimal, in the sense that it is sharp when ¢! is non-
zero, i.e. when /P is non-zero on dw in cases (1) — @), cf Table 2.5, and when £° is
non-zero on Jw in cases (5) — (8), cf Table 2.6.

In the case of a membrane load such that R? is non-zero, we have exactly the
same behavior as with the H' norm, see (12.3) and (12.4). In particular, the condition
for the optimality of the estimates is visibly sharp, which brings a conclusion to the
work [2].

The observation of the first terms in the asymptotics also sheds light on the order
of magnitude of the answer of the plate under the loading. The maximal answer
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rate (of order £72) is obtained with a bending load such that RY is non-zero and
corresponds to the flexural nature of plates. In contrast, the membrane (or stretching)
answer is of order 1 when RY is non-zero. Moreover, there are very many other types
of loading (bending or membrane) whose answer rate is much lower, see [6].
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