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Abstract

This paper analyses the stresses and displacements in a uniformly
prestressed Mohr-Coulomb continuum, caused by the excavation of an infinitely
long cylindrical cavity. It is shown that the solution to this axisymmetric
problem passes through three stages as the pressure at the cavity wall is
progressively reduced. In the first two stages it is possible to determine
the stresses and displacements in the r 8-plane without consideration of the

out-of plane stress o,. In the third stage it is shown that an inner plastic
zone develops in whicho, =c,, so that the stress states lie on a singularity

of the plastic yield surface. Using the correct flow rule for this situation,
an analytic solution for the radial displacements is obtained. Numerical
examples are given to demonstrate that a proper consideration of this third

stage can have a significant effect on the cavity wall displacements.



1. Introduction
Many situations in geotechnical engineering, such as dams, embankments
and tunnels, can be treated as cases of plane strain; that is, there is no

displacement in the out-of-plane or z-direction, and the shear stresses ty;

and t© are zero. If the soil or rock is elastic, then ¢, =0 and the stress

and displacement analysis may be carried out purely in the xy-plane, with the

out-of-plane stress found subsequently asc; = v(ox +cy),v,denoting the
poisson’'s ratio.

Even is the material is elastic-plastic, it is often possible to ignore
the influence of the out-of-plane stress. This is because the most commonly-
used plastic yield criterion, that of Mohr-Coulomb, is expressed in terms of

the major and minor principal stresses 6103 only, and o, can often be shown

to be the intermediate principal stress at yield. However, this does not
imply that a remains intermediate throughout the deformation, and a complete

analysis should evaluate o throughout the yield zone to demonstrate the validity

of this assumption.

One of the most important plane strain problems in rock mechanics is to
predict the stresses and deformations induced in a pre-stressed rock continuum
of infinite extent by the excavation of an infinitely long tunnel or cavity of
uniform cross-section. An axisymmetric version of this situation, in which the
tunnel has circular cross-section and the in situ stress field is of equal
magnitude in all directions, is amenable to analytic solution, and it is this
axisymmetric tunnel problem that will be considered in this paper.

Many rock mechanics texts (e.g. Jaeger & Cook 1979) feature the solution

for the radial and tangetial stresses 61,0 in the rock mass when an elastic-

brittle plastic material model is used with Mohr-Coulomb yield criterion, and

with the assumption that oy <c; <cg throughout. (Because of the axisymmetry,

or and oy aft are the principal stresses in the xy-plane.) The zone of yielded

rock forms an annulus around the tunnel, with a discontinuity in Gy at the
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interface with the intact rock. The author (Reed 1986) has given an analytic

solution for the displacement field assuming oy <o <oy with a dilation flow

rule derived from the Mohr-Coulomb yield function. A lower limit on the tunnel
support pressure p was also derived, for which the above assumption on o5
remains valid. It isthe purpose of this paper to analyse the problem when p
drops below this limit.

In the following section the problem and notation are defined. The com-
plete solution to the problem is then shown to pass through three stages as the
tunnel support pressure is gradually reduced. The first stage is a standard
result of elasticity theory. In the second, a plastic zone develops in which

or < 6z <og, andinthethird aninner plastic zone formsin which oy < oz < og.

Stresses in this inner plastic zone lie on singular points of the Mohr-Coulomb
yield surface. The effect of this on the displacement solution is considered

in sections 5 and 6, and illustrated by graphs in section 7.

2. Statement of the problem

The axisymmetric tunnel problem may be described as follows:- consider
a homogeneous isotropic rock mass, of infinite extent, with a uniform compressive
in situ stress field of magnitude q in all directions. A long tunnel of
circular cross-section, radius r0, is now excavated in the rock mass; the
excavation process is represented by a gradual reduction in the normal support
pressure p on the tunnel wall from p = qto afinal valuep = po. The
problem is one of plane strain, and because of the axisymmetry it may be analysed
in theradial dimension. The unknowns are the stresses in the radial, tangential

and out-of-plane directions (o cg oz) which form the principal stress directions,

and the inward radial displacement u(r) at aradius r from the tunnel centre

(see fig. 1).
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The rock is taken as a linear elastic-brittle plastic Mohr-Coulomb
material. That is, it deforms elastically until the yield criterion
c,=ko,+0, (1)
is satisfied. Here, o, and o, are the major and minor principal stresses,
k 1s the triaxial stress factor and o the unconfined compressive strength.
The last two parameters are related to the cohesion ¢ and angle of internal
friction ¢ by

k:1+s%n¢’ cyc:2ccc‘)scl)
1-sin¢ 1-sin¢

(2)

After yield, the stress state is constrained to lie on the residual yield
surface F (o) = 0, where

F(o) = o1 - k1c53 — ('5(1:. 3)

Note that F (o) is defined using the residual strength G%: which is strictly less

than o¢for a brittle rock, and residual triaxial stress parameter k'.

After initial yield, the process of stress reduction is described by a
flow rule defined in terms of a plastic potential Q(c).If strains are split

into elastic and plastic components, then the plastic strain increment is given
by the flow rule

og
where dA is a constant multiplier. The flow rule is termed associated if Q = F;

we shall for generality consider a dilation flow rule defined by



-5

Q(Q) = (51 - 603 (5

where
£_1+§nw
1-siny

, Wwith v beinganangleof dilation, 0 <y < ¢

Note that the stress state must everywhere satisfy the equilibrium equation

cg="r dor + Oy (6)
dr
and that the boundary conditions are
or =p a r=rg (7
wﬂchq%%—ﬂ1% r—oo . (8

3. Solution: first stage

As the tunnel support pressure p is gradually reduced, the stress solution
passes through three distinct stages. In the first stage, there is no plastic
yield in the rock, and standard elasticity theory (Timoshenko & Goodier 1951)

gives
2
i
or =4-(a-p) ()
2
.
00 =0+(q—p) (=) )
6z=4
and radial displacement
2
1+v r
U(f)=?(Q—p) O/r. (10)

This will continue until the stresses at the tunnel wall satisfy the yield
criterion (1), that is, when

20-o

k+1

p=p= <. (11)

4. Solution: second stage

From this point on, an annular zone of failed rock will grow outwards around

the tunnel. Let r denote the radius of the interface between the plastic zone
of failed rock and the surrounding mass of intact, elastic rock; the situation
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is illustrated in fig. 2. At least initially, oy<ocz<og at all points

within the plastic zone.
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The stress solution may be found (Fenner 1938) as:

In the elastic zoner >T:
or=q-(a-p)(7)?
o9 =a+(a-P)(7)° (12)
cSZ:q1

Where p is defined in (11), and is the value of o, at the interface.



In the plastic zone r, < r < T:
r—1
or=(p+p) (%)< P
—1
cg=k (10+p')(%0)k -p' (13)
oz =v(or +09)(1-2v)q

'
C

k'-1
As the radial stress must be continuous at the interface, the radius 1 is

where p'=

obtained as

p+p'
As mentioned previously, strains may be decomposed into elastic and (in

_ ] 1
f:r{p+p}k"1 . (14)

the plastic zone) plastic components:

8=§e+8p. (15)

~ ~

Elastic strains are related to stresses by

ey =%[(Sr —vog —voz —(1-2v)q]

1
38 :E[Ge —VOyr — VO, —(1—2V)q] (16)
ev :%[GZ -vor —vog —(1-2v)q]

and at equilibrium

& = ?i_lrl and 892%. (17)

The radial displacement u(r) in the elastic zone is thus (since ¢, = 0)

I+v —(F
u0="r@-pH) ()
To find the displacements in the plastic zone the flow rule (4) is needed. Since

cg=0] and oy =03,inserting (5) in (4) and eliminating dA yields

¢P el =0 and &) = 0 (19)

and by summing the increments

p
0

Combining (13), (15), (16), (17), (20) gives a differential equation for u :
du v _ 1+V[A(m)k'—1 +B} @1

dr r E

s$+£s =0 and af =0 (20)
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Where
A=[1+k')A-Vv)-(k'+O)V](p+p),B=-1-2v)(/+D(g+p") .

The solution, using the continuity of uatr = 1 from (18), is

1+v r\K=1 7 /\(+1
u(r)=?r[k2( ﬁ) ko) kg 22)
where
1 1
=——A : kg=——B
1 K'+/ 3 l+1
and kK,=q-p—-k,-k; .

5. Solution: third stage

The author (Reed 1986) has shown that the second stage will continue until
the tunnel support pressure p reaches the value P where

1-2v

Zm(qup')—p' : (23)

At this point cg=oczat the tunnel wall. If p drops further, an inner plastic
zone developsin which oy <cg<oz. Let R denote the outer radius of this inner
plastic zone. To analyse this situation, we will consider the two cases (i) cg=03
and (ii) ocg<oz inthiszone separately, and show that (ii) isimpossible. The

resultant situation is shown in fig. 3.

5.1 oy <og =07 ininner plastic zone.

In this case the stress solution for a and a. in the inner zone is still
given by (13), since the relationcg =k'cy + o' still holds there. The interface
radius Tis also still given by (14), and o7 is given by (13) in the outer, and
cz=0¢ intheinner zone. By equating ; and cg from (13), the boundary between

the inner and outer plastic zones is at
1

R=rg {—p - p:} k-2 (24)
pP+p
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The analysis of the previous section for the radial displacement u(r) also
still holds in the outer plastic zone. The displacements in the inner plastic
zone will now be derived.

In the inner zone ry < r < R the stress states lie on the intersection of

the two yield surfaces og=k'oc; +o;'and o,=k'c, +06.', that is on one of

the singularities of the yield surface generated by the Mohr-Coulomb condition
in three-dimensional principal stress space. In these circumstances, Koiter (1953)
showed that the correct flow rule is obtained by summing the contributions from

the two plastic potentials
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Q1 (o) = og - (o}

(25)
Q2 (g) =0, - floy
to give
&P :dxla&Jr d)LZaQ_Z (26)
~ 0o oc
Eliminating diAjand dApfrom the resulting three equations, gives
&P +€ég +0D =0. (27)

While the rock was in the outer plastic zone at earlier stages of the
deformation, the plastic strains satisfied (20), so that (27) may be integrated
to give

el +£sg +¢eb =0. (28)
Using (13), (15), (16), (17) and witho, =c, ande, =0, the differential
equation for the displacements in the inner plastic zone is

‘j;rw%:é[c(%)k -1 +D} (29)
where

C=[1+2k'¢ -2k ++Kk'"O)v](p+p")
D=2/+1)(1-2v)(q+Dp').

u(r):%{Ll(%)k'_l +L2(%)“1 +L3} (30)

The solution for u(r) is

where

1 .. . o
Cand L;= HD. The coefficient L, is found from the continuity
+

TR 1o

of uatr =R, using (22).

A more complicated, coupled analysis for stresses and displacements is
necessary with assumption (ii). It will finally be shown, however, that the
resulting solution is inconsistent,

5.2 oy <og <0, In inner plastic zone

In this case, the stresses in the elastic zone r>1 are still given by (12);
in the outer plastic zone R<r<7t the equilibrium equation (6), yield surface (3)

and continuity of o, give
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or=@+p) (V) - pr

so=k@+p) (XK 1-p: 31)
6z=Vv(or +og)+(1-2v)q

although r is as yet undetermined. By equating o, and o, atr = R, R is
related tor by
1
R=aki-lT (32)
where , _ _(-2v)(@+p) The displacements in the outer plastic zone are

(k'-v-k'v)(p+p")
still given in terms of 1 by (22).
From (16), (31), (32), with sgz 0, the elastic strains at r = R can be deter-

mined, and it is found that 88 = 0 on the outer-zone side of this boundary.

The plastic tangential strain is thus equal to the total tangential strain, which
using (17) and (22) gives

P _(0+1)
Ee zge(R)=1+TU kja+koa k-1 +k3]. (33)

In the inner plastic zone, the failure surface

o, =koy + ol (34)
gives rise to a flow rule which produces the relations
&P 4 0el = o,gg =0 (35)

P .
As €@ in (33) is independent of the tunnel support pressure p and the

boundary radius R , it follows that this was the plastic tangential strain at
each rock element when it passed into the inner plastic zone during the excavation
process. By (20) the other plastic strains at this point are

~P ~p ~Pp

e, = —Ese and e, = 0. (3.6)
Summing the plastic strain increments once in the inner plastic zone,

from (35),

~p ~P - ~P
SF +£ag = 8£+ € =8§ andsg =gq- (37)

By (15) and the plane strain condition,

~p ~P
8r=8?+€8§—£89 andeg =88+89 : (38)
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Combining (6), (15), (16), (34), (38),

% :%{ [L-v— kvt £(k — 2v)]oy — (¢ +1)vrdc%+(£—v)cc'
—@+ga—amﬁ—&g (39)
and
u= %r{l—v—k'v)csr +r(%r—v%'—(l—2v)q}+r'§g : (40)

Differentiating (40) and equating with (39) produces a second-order differential

equation in oy, with general solution

or =F("/RM +6("/R)"2 +H (41)
where nq,n, are the roots of
N2+ (2=k'v+m)n — ((k=2v) = 0 (42)
and
-1 . /+1_—p
H - k'_2V |:GC — (1—2V)q—7E86 :| . (43)

F and G are determined from the boundary conditions at r = R, namely continuity

with the outer zone stresses (31):

1 1 = 1 J
F= [(k'-1-n2)a(p+p') +Nn2p+noH]
n1-np
1 (44)
G= [(k'-1-n1)o(p+p') +n1p+n1H]
ni—np

and R (and hence 1 by (32)) is expressed in terms of the tunnel support pressure
p by setting oy =patr=rg. Finally, by substituting into (40) the dis-
placements u(r) are found. Note however that the nonlinear equation defining R

cannot be solved explicitly, and a numerical method such as Newton-Raphson must
be used.

When this analysis is applied to specific problems, and the resulting stresses

evaluated at points within the inner plastic zone (e.g. at the tunnel wall), itis

found that they violate the original assumption that 6; >ocg . It will now be

shown that this is the case in general. This is done by proving that

Goz (o0 4 (=g
dr dr
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Using (6), (34) and (41),atr =R

dGZ 1 ' '
=Z _ ~(nk F+nok G
” R( 1 2k G)

and dj_re = %[n1(1+ n)F+n2(1+n2)G]. (45)
So using (44)

R(dg_rz _dj_rej = (k-1-n)(k'-1-n2)a(p+p)—-nin2(p+H).  (46)
By (42),

ni+np=-2(k'-/)v and nqno= —/(k'-2v)
so that by expanding (46) and using (32) and (43),

do, dog _ l|:(k'—l)(kl—2k'v+1+ n)A-2v)(g+p') N

Y
(+1E 47
dr ad R k'-k'v—v (£+D) °0 } (47

But the right-hand-side of (47) is the sum of two positive terms, if k' > 1,

¢ >1and0O Svs%,so

oz >dc5_e ar=R.
dr dr
Since 67 =og at this point, and the derivatives are both positive at r = R

since oy is monotone increasing, it follows that there is a region on the inner-
zone side of r =R inwhichon cg >0c5.

The assumption oy <cg <o thusleads to a solution which is inconsistent,
and the conclusionis oy < cg = o7 that intheinner plastic zone.

6. Problemswith large drop in strength

From (14) and (24) it is seen that the ratio Ritis independent of the

tunnel support pressure p, so that once the inner zone is formed the inter-

zone boundaries at T and R will move out together. The outer plastic zone

will only exist if T< R, and this holds if P <p ; substituting the definitions

in (11) and (23) leadsto

oc-0¢'< - (a-P)~(k-K)p. “9)
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Thus, if the drop in strength upon yield is sufficiently large, this
condition may not be satisfied. In this case the whole plastic zone will have
oz =cg; the other stresses are given by (13), the interface radius by (14),
the displacements are given by (30) but with the coefficient L, determined from

the continuity of u at 1 using (10).

7. Numerical results

For problems involving only a small relative drop in strength upon yield,
the influence of the out-of-plane stress upon the wall displacement will be minor.

For example, consider the data:

q=30, 6c=40, 6c=20, v=01 k=k =(=3

For this problem yield will first occur when p dropsto p = 5. Theinner

plastic zone will arise when p dropsto P = 2.308, In Fig.4 a graph is plotted

of relative wall displacement EuO/ro against pressure difference g-p, as p drops

from 10 (when the rock is still elastic) to zero. The relative displacement ignoring
the effect of the out-of-plane stress (that is, using (22) throughout) is also
plotted in broken line, for comparison. When p = 0, the relative displacement is
70.269 using (30), compared with 69.300 using (22).

When the relative drop in strength is greater, the difference between the
true solution (30) and the two-dimensional solution (22) is more significant. For
the data:

q=100, c¢c =150, 6¢'=50, V=01, k=k'=/=5

the outer plastic zone starts when p = p - 8.333, and the inner plastic zone when
p =P =7.955. Therelative wall displacements at p = 0 are 264.78 using (30),
compared with 251.32 using (22). The corresponding graph is shown in Fig.5.

If the residual strength in the previous example is now reduced to 20,
then inequality (48) is no longer satisfied and the whole plastic zone has

oz =cg. Now the relative wall displacements at p = 0 are 722.24 using (30),

and 618.32 using (22). The graph is given in Fig.6.
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8. Conclusions

This paper has presented a complete analysis for the stresses and displace-
ments in the axisymmetric tunnel problem using a Mohr-Coulomb yield surface.
The deformation is shown to occur in three stages, in the last of which the out-
of-plane stress influences the displacements in an inner plastic zone. For
materials with a large drop in strength at yield, or with alow Poisson's ratio,
the tunnel wall displacements can be significantly greater than those predicted
by an analysis which ignores this influence.

For more complex (and more realistic) situations involving material aniso-
tropy or non-circular tunnel profile, a numerical model is commonly produced by
the finite element method. In this case the singularities of the yield surface,
at which the flow vector would be indeterminate, are removed by 'rounding off the
corners'. Given the tendency of stress states in the plastic region to approach
these corners, it is essential to evaluate the out-of-plane stress and plastic
strain throughout the deformation when using the flow rule (4), if the numerical

solution is to converge to the correct displacement field.
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