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§  1 .  Introduction.

The motion for a compressible viscous, heat-conductive, isotropic Newtonian
fluid is described by the system of equations ([10], [11])

(1.1)

(1.2) 74= —7.tiW, ; ± p - I (//(u!v i d- —  1 Px i + f i

(1.3) e t= (cp )'(K ex ,)x ,— s  ( c  p ) - 1 0—a
a 0

1 )-

--E/2(2cp) - 1 ( u - F u ) ( u i.i.j +u l )d p'(c p) - 1 (ui 2)2 ,

where t - 0, x = (x i , x 2 , x 3) 10,

p : density (p>0), u2, le ): velocity,
0 : absolute temperature (0>0), p :  pressure, f -=-- ( f ',  f 2 , f 3) : outer force,
p : coefficient of viscosity (p>0),

p ':  second coefficient of viscosity (p'+2/2/3.>_0),
:  coefficient of heat conduction (r>0),

c : heat capacity at constant volume, and the subscripts t an d  x i , i =1, 2, 3,
denote the partia l differentiation with respect to the corresponding variable.
We use the summation convention here and in what follows.

The existence theorems of unique solution local in tim e fo r (1.1)-(1.3) are
obtained by Nash [1 4 ], I taya  [2 , 3 ] for the initial value problem, and by Tani
[1 5 ] for the first initial-boundary value problem. On the other hand th e  ex-
istence theorem of global solutions in tim e fo r (1.1)-(1.3) is not know n in
general. Recently some one-dimensional equations are investigated on the ex-
istence of global (in time) solutions by K anel' [6 ], Itaya [3 , 4 ], K azh ikhov and
S h e lu k h in  [8 , 9 ]. More precisely, K anel' obtained the global solution for the
model equation

V t - UX
(1.4)

-  P (o x uv
x tao,x E R ,
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with the initial data

(1.5) (v-vo, u)(0, x)eH l(R )

for v 0 =constant>0. (See § 2 for the notations of the function spaces.) It con-
tains the barotropic model in the Lagrangian coordinates: p=a 2 /vr, r=constant

1 and a, p : constant>0. Itaya obtained the global solution for the isothermal
gas model equation

(1.6)
f  p , - - - ( p u ) x

u t = p p 'u s s - a 2 p - 1 px -u u s ,t 0 , x E R ,

p, a :  constant>0, with the general initial data

f p(0, x)Egl" ,
(1.7)

1 u(0, x)Eg 2 +6

where 0<p i -<p(0, x ),o 2 < co , p i ,  p i  are constants, a- E(0, 1) and u(0, x),r e L i (R).
Moreover Kazhikhov and Shelukhin considered the initial-boundary value pro-
blem of (1.1)-(1.3) in the one space-dimension. They obtained the global solution
in  t - 0, x E [0, 1] for (1.1)-(1.3) under the same assumptions on gases as ours
(see the conditions (i) (ii) (iii) below) with the initial data

(1.8)
J p (0 , x )E gl" , 0<p i _p(0, x) p2 <00

u(0, x ), 0(0, x)Eg 2 "  , xE[0, 1] ,

where p i , p i  are constants, a (0 ,  1 ) ,  and with the boundary data

(1.9) u(t, 0)=u(t, 1)=O s (t, 0)=O s (t, 1)=0, t_O

For the initial value problem of (1.1)-(1.3) the global (in time) solution is
not known even in the one space-dimension. In the present paper we consider
the in itia l value problem (1.1)-(1.3) in the three space-dimensions. We assume
the following conditions on (1.1)-(1.3).

(i) The gas is ideal : p=RpO, R=constant>0.
(ii) The gas is polytropic : e=c0, where e denotes the internal energy and

c  is  a constant which denotes the specific heat at constant volume. Then the
equation of state for the gas is

(1.10) e=  a2r - 1  ( p '
_, r -1 , exp S)+constant ,

where a is  a constant >0, 1  i s  th e ratio  o f specific heats 1  and S  i s  the

entropy. W e have 0=e 8 , p=p 2 e , and c =
r -1  •

(iii) p, p ' and ic are positive constants and  f  0 ,  i --=1, 2, 3. We treat more
general fluids in the subsequent paper. We suppose that the initial data

(1.11) (p, u, 0)(0, x), xER3
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are given as

(1.12) P(0, x) — ,00, u(0 , x ), 0(0, x) - 00 I / 2(W )

and that their norms are small in the space 1-13(R 8) ,  where p o , 0o are positive
constants. Then we show that the solution of the initial value problem (1.1)-
(1.3) w ith  (1.11) exists uniquely globally in  tim e and th a t  i t  i s  a  classical
solution for t>0 and decays:

(1.13) (p, u, 0)(t, x ) --> (p o , 0, 0 )  a s  t co .

We use the energy method for the proof. cf. [6], [12]. Last we remark that
our m ethod also applies to the compressible Navier-Stokes equation for the
ideal isentropic fluid, where the equation of state of gas is the following:

(1.14) P = P (p ), P ' ( p )> 0  f o r  p > 0  a n d  S=constant.

In particular, the case 1=1 o f (1.10) can  be treated  in  th is  w a y . T h e  first
energy form for this model gas may be the following :

(1.15) E ° ( p ,  u ) ( 1 + p )  Pu(1++
,0

P)2) d P
—  p P(1)+--1 (1- F p)u'ui

in particular, for 1=1

1(1.16) E°(p, a2 {(1+ p) log (1+ p)—  p}  + (1+ p)u

Compare these with E°(p, u, s) in  (2.19). We omit the argument for these cases.

§ 2 .  Notations and Basic Lemmas.

If we change the unknown variables p p o (1+ p), 00(1+0) in  (1.1)-(1.3)
under assumptions (i)-(iii) and regard pp0-1, p ' R00, KO0pO

- '  as p, p', R , tc res-
pectively, we may consider the following system of equations:

(2.1) p i i - u ip s;+ (l+ p )u i.r i= 0

7.4 P u '  . P + P ' ul,. x .1 +  p 1 +  p ,

1+0
=—ujuix.—R0 x , R p s i =  ,

1+ p

(2.2)

1=1, 2, 3

(2.3) Ot
K(7- 1 ) a

R ( 1 +  p )
;

x

i
= —1)(1+0)741

r —1 
R (1+ p) 

fpu ix y + 12--t (u r z +u )(u ix i + te,.2 )} i .

Our p rob lem  is to  seek  the so lution (2.1)-(2.3) such  that I p I, I id, lOI <1
globally in time, when the initial data are given in  a  small neighbourhood of
(p, u, 0)=(0, 0, 0).
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Definition 2.1.
(i) / (1  - p<c>9): the Lebesgue space of measurable functions on R '  whose

p-th powers are integrable with the norm

(2.4) ( R, I f(x )1 P dx ) 1 / .

For p=2, we simply write 11.11•
(ii) a 0 (k = 0 , 1, 2,• :  the Banach space o f bounded continuous functions

on R 3 such that all their partial derivatives of order k  ex ist and are bounded
continuous with the norm

fMpo E  sup
1 zk R3

where a=(ai, a2, a3), I al = a i and

( - -

a
- - )

a f (x )(2.5)

(

a aa x )  f _ a iaLf  / a f o o x p a x p  .

(iii) ak--(k=o, 1, 2, •-• , 0<u<1): the Holder space of _Bk-functions such
th a t th e ir  partial derivatives of order k  are uniformly Holder continuous (ex-
ponent u )  w ith  the norm

IlflIgk+ , = 1 1 flIg k +  E  s u p  
( --aa x- - ) a f( x)— (—aai ) a -AY )  (2.6)

l a i= k  R 3 x— yl
(iv) Let f = ( f ' ( x ) ,  f 2 (x ), •••  , fn (x )).

Denote

(2.7) Dkf= ((—a
d—x  f lal=k i=1, 2, n ) ,

which is a  vector composed of a ll k - th  partial derivatives. D k f • D k g  denotes
the usual inner product of D k f and D i' g .

(2.8) i D k fi_ (D k f.D k f)1/2 .

( y )  H 1 (1= 0, 1 , 2, •••): the Sobolev space on R 3 of L 2-functions whose partial
derivatives up to 1 -th o rder are also L 2-functions, with the norm

(2.9) 11f11/--=( E ID 2 f l 2 dx)'/ 2 •
0202/

We note two lemmas playing an important role in the paper.

Lem m a 2.2 . Let xE R 3 .
(i) I f  f ( x ) H 2 ,  then fE .0 6  f o r  any  uE(O, 1/2) and

(2.10)C f  112

(ii) I f  f (x ) H ', then fE L ,  fo r  any  pE [2, 61 and

(2.11) 11fIlL,-5ClifIli •
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Lemma 2 .3 .  Suppose g(x) g 1 and  f(x)E L 2 .  S et f or i=1, 2, 3

(2.12) Cia-=.0,3*(gfx,.)—g(950fsz),

where 00 denotes the Friedrichs' mollifier with respect to  x . W e have

(2.13) 110s115_ClIfIl

(2.14) - ->  0  a s  ô - 0 .

As for the proofs, see [13 ] for example. By Lemma 2 .2  we obtain estimates
for the terms on the right hand side of equations (2.2) (2.3).

Lemma 2.4. Suppose (p, u, 64) E H i f o r 1=2 or 3 and —1< p(x) for some
constant p i . Consider the functions

gi(p , u, 0)=--wit6 j —ROx i , i=1, 2 ,3

. 1+0 
(2.15) g z --g t  R  i + p  p x ,, i=1, 2 ,3

h(p, u, 0)=—w/O s i —(r—ixi-Fo)ui, J

R ( r - 1 )  
 {

p/(11 ) +1+ p

Then it holds f o r m=0, 1, ••• , 1-1

Ilgiln-5C(1 - Filull3)1ID(u, 0)111-1

11R 1 + 0  p r . 5_C(1+11p, u, 0113) 2 IID(p, u, 0)111-11+ p

II h11. C(1+11 p, U, 0113)2 1ID(p, u, 0)11/-i,
where C is a constant depending on p2. Furthermore suppose (p, u, 0), (p', u', 0')
EH 3 . Then it holds

u, 0)—e(p', u', 0')111, u, 0)— h(p', u', 0711
(2.17)

u, 0113+11p', u', 0 '1102 .11P- 10' u— u', 0 - 0'112.
Set

(2.18) s=(1+0)/(1+ p) 1 1 - 1—1

which is a  function of the entropy by (1.10). Define a  function E°(p, u, s) for
p, u=(u 1 , u 2 , u3 )  and s by

(2.19)
E°(p, u, s) - -= ((l+ p)r —1—r p)(1±s)

T -1

p)uiut- Rsp+ 2 (7 . - 1 )   (1+ p)s 2 ,

(2.16)
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w hich  w ill be  used  in the first energy form  in  § 6 on  the base  o f following

lemma.

Lemma 2 .5 .  There ex ist constants p,> 0, (p 2 1/2) and  C1 , C2(0<C1 C2< 0 0 )
such that E° is positive definite, i. e.,

(2.20) p2+u2+02<ciEo<c2(p.2 u 2+0 2) f o r  1p1-5p2,
where to,, C 1 , C2 depend on 1 >1.

P ro o f  F irs t w e  note th a t  for I to  . 1/2

(2.21) 02_8(--32--)2(
1

 1 ) (S2 ± (T - 1)2 p 2) .

N ext by  the m ean value theorem  w e have
rR ( ( l + p ) r - 1  p)= p 2 +  

rR ( r -2 )   ps (1- I e p)r
r-1 2 3!

for some e (0 , 1 ) .
Therefore w hen I pl 1/2, (2.19) h a s  the estimate

s2
E0 Ri. p2-Eps+ 2(1 _1) 

rir-21  2, 10  (
2
7 p 2+  Tir -21

6 6
21r-31 pI 13)ISI

11

2 ( 1 - 1 )

 Ip l s i+-
4

it i u i

(2.22) R p 22 r 1  r - 2 1  2 ' 31 1 p I —(ï -1)(r-1/2)— 2 1 2  3

Tir-21-(7+
3 2

7 '1  p  102 )

s2 21p1  )1
+ -

1
u+  

2(y-1)(r-1/2) (
1 

(r-1/2) 4

>  R s2 V j_ 1  •
=  8 ' (7.- 1 ) ( r - 1 / 2 )

provided I < 0 z= p 2(r)
Inequalities (2.21) (2.22) give  the f irs t one in (2.20). The second inequality

of (2.20) is  triv ial for I pi 1/2. This completes the proof of Lemma 2.5.

The spaces of the solution are the following.

Definition 2 .6 .  Let B  be  a  Banach space, k  be a  non-negative integer and
T  b e  so m e  positive constant. Ck (0, T ; B )  (respectively M . (0, T ; B ) )  :  the
Banach space of functions f ( t )  on [0, T ]  w hich have the values in B for every

fixed t [1), T ]  and are k-tim es continuously (respectively boundedly) differen-

tiab le  w ith  respect t o  t  [0, T ]  in  B-topology. L 2(0, T ; B ) :  the Banach space
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of functions f ( t )  on [0 , T] which have the values in B for tE [0, T ] and square

summable with respect to  tE [0, T ] in  B-topology.

Definition 2.7. F or k=2, 3 and 1=0, 1, 2, 3

(2.23) e(O, T ;  Hk)-.= { (p, u, 0):

p(t, x)GC°(0, T ;  H k )nC 1(0, T ;  H k - 1 ),

ui(t, x), 0(t, x)EC°(0, T ;  H k )ne '(0 , T ;  H 4 - 2 ) ,

2, 3}

(2.24) £.(0 , T ;( ( p ,  u, O):

p ( t ,  x )  12,(0, T ; Hk)nL L (0, T•

u i (t, x ), 0(t, x )E T ; Hk)nL I,(0, T ;  H k - 2 ),

i=1, 2, 3}
Denote

Il(p, u, 0)(t)11i= p(t)11H- 1 u(t)111 + 110 (OH

where 'I Q =
Last we note that the  so lu tion  for (2.1)-(2.3) g lo b a l in  time is sought in

e(0, 00 ; 11 3)  so small that it satisfies for

(2.25) II(P, u, 6)(/)113 6

where s>0 is  a  constan t such  that (2.25) implies I p(t, x )I5_p2, w here p ,  is
defined in  Lemma 2.5. T his is because we will use the fcnction E° in  the  first
energy form  fo r a  p rio ri e s tim a te . T he  ex is tence  o f s >0 is  a  triv ia l conse-
quence of Lemma 2.2. Although the local solution [14] [2] is obtained in the

Holder-continuous space, f o r  our purpose we reconstruct it belonging to
e(0, T ;  H 3)  for some T >0  in  § 315.

§ 3. Energy Estimates for Linearized Equation.

We establish some basic energy estimates f o r  th e  linearized equation of

(2.1)-(2.3) a t (72, V):

(3.1) L L (p , u )--= pt+vi 0 ,

(3.2) 1 ,(u )=14 ,  x II + P i u fs i x i =g  , i=1, 2, 3 ,1+7) 1-H2

(r - 1 )  (3.3) L4(0)=0, R (1 + ) x ix .7=  h

where 27= (t , x), v=(v '(t, x ), v 2 (t, x ), v s(t, x )), f  -= f (t, x ), g=( e t ,  x ) ,  g 2(t, x ),

x )) and h=h(t, x )  are given functions. When we regard the term (1+0/V.r .,
in  (3.1) a s  known by use of the solution of (3.2)-(3.3), we consider the  following
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simple equation

(3.4) L v (p)=- pt+vi  pxj = f °

where f°= f° (t , x ) is  a  known function.

F irs t w e  p re p a re  so m e  e s tim a te s  fo r  th e  com m utators o f  th e  operators

(3.1), ••• , (3, 4), Dm, m=1, 2, , and m ollifiers, w hich w ill be used later.

Lemma 3.1. Let (y2, v)(t)G a(0, T ; H 3) fo r some T >0 and —1<p i ri(t, x)
fo r  some constant p i . Put

E=max{ su p  1172(0113 , su p  111)(01131.
o s t7 ' o s t r

Suppose (p, u, 0)(t)G_Ec.(0, T ; lit )  fo r  1= 2  o r  3. T hen w e have the following
estimates (i)-(iii) fo r  every  t [ 0 ,  T ] and for any w h e r e  C=C(p i , E)<co
is a constant.

( 0  For any m,

Dm Lv(p) —  Lv(Dm  p)11+11D' i Lv(p) — L (D n w p)II

CE p l l .

(3.5) MD' D7)2,(p, u) - 1 ,,(Dm p,

+11D" l a y ( p ,

011..

For any m,

II LV11) —  LVD74 u)ll Ell D ull. , i=1, 2, 3
(3.6)

11D' L ( 0 ) —  Lt(D m e)ll Ell Dell.

(ii) For any m,

11034' 1 , 1)(P)—  Li(ça*P)11.+1—ClIp11.+i,

1106*Lv(p)-Lv(00p)11., ---> 0 a s  6 —> o,

1103* L (p, u) - 14,(08 4, p, Oa* u)11.+1=<C11p, ull.,i,

(3.7)
11958* L(it) —  1, (95a*u)11. CIIDull. ,

1103* L'7)a,v(p, u) — a3(06* p, OS* 11 )11m+i -- >  0  a s  5 ---> 0 ,

1195a* -W O —  1-4(06* u)II. --> 0 a s  a - ->  0 , i=1, 2, 3,

1105* L12(0)—  LI,(03*6)11,,,- CIID6111.,

1103*Lt(0)- L17(0,3*0)II. - - >  0  a s  5 ---> 0 .

(iii) Fu rth e r w e  suppose th at  (p, u, 0)G ..r.„ (0, T ;  113) and ( 2', 71) e
L1(0, T ; I P )  w ith —1< p i _yi'(t, x). Then we have for a constant C=C(p i )
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114' .v{p, u) — ,v (p, 74)112

o tipr  11(p, uxt)113)1172-)7', 7)-012

L(u)—

sup II u(/)113)1112- 12'112 y i=1, 2, 3,05t5T

L(0)— L (0)111

.1<C( sup  1119(/)1I3)11,7- 012.ogtr

75

P ro o f .  ( i )  We show the inequality  only  fo r  L4 w ith  1=3, m=2. The
others are proved in the same w a y . Compute

{L(u)} x r„ —  14(a. kx.)

= (1 + 2  x  
k x r i (pu i x ; + (p +

—2(14-72) - 3 Y) xo s n (pu'x i x ; + ([ 1 + P')u ix i x ;)

H-(1-H7) - 2 7) .xn (pu'.; i x J xk ±(It+ P')w ixi x i x k)

± ( 1 + 0 - 2 7  s k (Pu'x p r i x n - F(p+ „ )

A 1 —2 A2 + AL+ AL •

By Lemma 2.2 we can estimate each term as follows:

2 1 1 + P ' 1177x x(l+p i )2k  k

CE II Du 112

2p- F p'
xk lI 21177 x x - HI u.l.; ; II)

— (1+,00 3

CE 2 11 Du JI
2 p -  p ' 

II AL II x k 20 Uix is ix n il +  W ixixix(1-Vpi )2

Therefore noting D2f= (a 2f/ax k ax„, n 3), w e arrive at

11D2LVO — L4(D211 )11- CEIIDull2,

where C =C (p E , p , p ')<co is  a constant.
(ii) W e prove it only for L  w ith  1 =3, m=2.

{06 * I4(u)— “(0,3 * u)} x  k x .

-=[g5 L 4 (u x  k x .)— L(0 3 * u.,, x n ) ]

+ 1 {I,(u -0 ,3 * u)} s k y n — D (  {u— Oa* k x . ) ]

±[153 * {(L4(u)) x  k x  7,— 14(u, k x n )} {(L (u )) x  k  x n —  LV1 x 011

(3.8)
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BP-BP-Md .

1 Noting that _g31 and U s k x . x 3 E  L „  we have by use of Lemma 2.31+7)

1 1 
11Biall sba* (14kx„.v.i).; 0a*(12..kx„xi)xil1+72 1+7

1 1 
±(t2+12') Oa* (itixkxnxi)xj 03*(itixkxnxi)x j1+17 1+77

' Cl121 113,

B 1811 0  a s  a o .
By (i) above and by the property of mollifier we have

IIB I  . .C11u- 0,3*u113- 2 C1111113

11B2811 —> 0 a s  3 --> 0
In the same way

11B3a11-5_CII{E(u)} xk x7, - 12(12z k xn )11

<_Ch113,

11133811 —> 0 a s  a o .
(iii) We prove it for L (u )  only.

{L(u)— L  (u)} xk

(  1 1  \ 1 
=  P  1 + ) 2 1+71 )x kUx»

(
r I l k 1+77 1+1 7/) i t i x k x  ix

1 +7 2 , )U -xkxis j
p  1 1/   1  — ( p + , ) (

1 +Ujeox ( 1 - 1 ±  PA ,2
1 i

1+77 1+7/ )xk

_.==pA 1 +tiA 2 +(p+te')A 3 +(p-ha')A 4 .

We can estimate each term as follows:

( 1 2X k (1 - 72/)2

1 
(1+ )

2  (vx ,, — )2'xi)uix i x;

1 
+ kXk( ( 1 +1  77)2( 1 4- Y1)2  ) ' 4 1 x )

<CILD(7) — )2911111D2 nili+C117) - 012011D'ull

5.0172- 7/11211u113.
1142 11_ C11)2- 72'llgollu113-5C117) - 72'11211u113•

In the same way we have
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IIA 3 1I+IIA 4 11 -CII22- 721311u1I3.

This completes the proof of Lemma 3.1.

Lemma 3.2. Suppose v ( t ) E L(0, T ;  H 3 ) f o r  some T > O .  Let p ( t ) E

Lg,(0, T ;  I l i )nL10(0, T ;  I -P - 1 )  and f°(t)e La,(0, T ;  I P )  satisfy the equation (3.4)
fo r 1=1, 2 or 3. Then there exists a constant C(independent o f t)<c o  such that
the following energy estimates hold for 1=1, 2 or 3 respectively.

(3.9)i i  p(t)II e"t(11p(0)11/+ t
oe- cErlif 0(7)11,dT) ,

where E = sup Ilv(1)II3.ostsr

Proo f. Consider p3 (t)=-00 p(t), where 05* is  the Friedrichs mollifier with

respect t o  x, which belongs to c°(0, T ;  H ') n C '( 0 ,  T ;  1 1 9 .  Applying 0,3* to

L y (p), w e have

(3.10) Lv(p6)-=-06*f°+C3,

where

Ca= 1,(03* p)— 05* Lv(P)

Apply D to  (3.10). Then w e have

(3.11) .L, (Dpa)=Li,(Dpa)--DLv(Pa)-F¢a*Df°+DC6.

Multiply po t o  (3.10). Take the inner product of (3.11) and D 13 . Adding them

and integrating it w ith  respect to  x , w e have

(3.12) (II rogt)11?)t {CEM pa(t)111- 1- 11fP1- HICalli} 11,03(011i .

Integration of (3.12) in  / EEO, T ] gives

p a(t)111-5e" p 0)11 1+ roc" 7 (11 f '8(7)11 1+11C 5(1- )11 dz-}

By Lemma 3.1 as 6 —. 0, we obtain

(3.13) Ilp(1)III-e"̀ 111p(0)11i-1- to e
-  C E T

II r(r)II 1 (171.

For 1=2 apply 132 t o  (3.10)

(3.14) L2(D2p6)= 03* DV
.°
 ± D2 Cad- L(D 2 105)—  L v (P a) •

Taking the inner product of (3.14) and D2 14, and in tegrating it in  x  we obtain

by Lemma 3.1

(3.15)i i  D 2 ,06(t)R5 2 ICE ii D2 pa(t)II + ii D 2 f  +  ii D2C8

-1-cElippa(t)11,111D2 N(t)11 .

Addition of (3.15) to  (3.12) gives



78 A kitaka Matsumura and Takaaki Nishida

(3.16) (1Ipa( OM 5_ 2(CE pa(1)112+ II fP 2+ 11C3112)11p3(t)112

Thus we have by u se  o f Lemma 3.1 as ô —> 0

(3.17) 11 p(t)1125_e"t(11 p(0)112+ Çoe- "r11/0 (7)112d7) .

F o r 1=3 apply 133 to (3.10).

L 0(D3 p3)= 03* D3 10 + D3 C5+ L JD' AO— D3 1,0(to).

By Lemma 3.1 in  th e  same way a s  above we have

(II D2 p a(t)11 2 ) t . 2(C Ell D3 ps(t)11±11D2 f ±  II PC 611

±CE11Dpall 2)11D2 pall

Add this to (3.16), integrate it in  t [0, T ] .  We obtain as ô —>

p(t)II3 E  (11,0 (0 )113±Çoe -  E r 11 f °(7)11,c1r) ,

where C is a  constan t independent o f  E, t.

T h is  completes th e  proof o f Lemma 3.2.

Proposition 3 .3 .  L et 72(t)E 1,(2,(0, T ;  11 3 ) for some T >0 and —I< x)

fo r som e  constant p i . Pu t E = osN11 7011 a. I f  f o r  1= 2  o r  3, (u, 0)(t)

T ;  1 11 )n1 ,(0 , T ;  H 1 - 2 )  and g(t), h(t) E 1,20 (0, T ;1 )  satisfy the equation
(3.2) (3.3), then there exist constants v >0, C<00 (independent o f  t )  such that
(u, 0)(0E 1, 2(0, T ; 1--P+1) and has the estimates:

(3.18) 6)(1)112-q11D(u, 0 )(r)11 2 dr

<ec E 2 “(l(u , 0)(0)11 2 +  t
o lKg, h)(r)11 2 dr),

(3.19) IlDk(u, 0)(1)11 2 - H .Q1D0 ÷ 1 (14, 0)(r)112 d7

5 11 D k (u, 0)(0)11 2 ±q11(g, h)( 7 )11i- i d s

+CE 2 Y0 11D(u,

(3.20) ecE2̀ (11.Dk(u, 0)(0)112 - Pq11(g, h)(r)Ili_idr)

f o r any k,

P roo f. (3.18) is easy to see. Multiplying u, 0 to (3.2) (3.3) and  integrating
it in  x ER 3 ,  we have
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-;: (11(u, 0)(t)112)t± ( i +t t rit i g : 1 1 72/ RK((rj:+17)2)19xiOxi)dx

• ti - Fi f
( 1 + 0 2 77x, (1+ 71)2 v x zuix iui

K(r -

1) 
R ( 1 + v ) 2  

71sies +g1ui+h64)dx

•=af  P
 7 , 4  u x

i +  K ( r - 1 ) n
J  1+72 R ( 1 + 71)

+C.( 1 H- E2)1Ku, eXt)112 -FlIg(t)112+ h(t)112

for any a>0 . Thus after integration in  tE[0, 7 ] , we get

II(u, 0)(0 112--H.:11D(u, 0)(r)112 ar

< e C (1+E 2 ) t , ” ' u , 60(0)112 +  t
o(11g(z-)112 +11 h(r)I12)dr),

where v depends on p, i ,  I  a n d  p i  b u t  not o n  t.

In  order to obtain (3.19) (3.20), we first prove them f o r  k=1 under which
(u, 6)E L20(0, T ;  I lk + 2)  and  g , hEC(0, T ;  I V ) .  Multiply —Aui to (3.2) and —AO
to (3.3). We compute each term as follows:

(,Au • gi-FA O.h)dx _<a( E TicTi (IIg112 +  H z)

for any a>0.

L 1(u)+,410. L 1(0)dx

1
(9)(t)112)t +.f i +P yi Aui.

+ P ± P  A u ' • uls
i
x

j
+  

R ( 1 + 7 2 )
d

1 + v
' • x (r-1 )x

1
' 0)(0112)t±2voalAu(t)II2+140(t)112)— 2 

!I+ I-g'•A  l• k ir i x  d
1+7;

The last term has the  estimate
1

x i ...kxku- ;1 +7 2   A ie • u x ix  i d (1+72),1 • x =

1
x ir )d x

1+ 71k x.w 
" )

1 1
N 2 a t i 141

(1 + 7 2 )- - k ( 1 + 0 2  , s k  x j  x k x i



80 Akitaka Matsumura and Takaaki Nishida

1 
1 + 7 ,  u%s j ui.ri x Odx

for any a>0.
Thus after integration in  t we get the  estimate for (u, 0)e L2,0(0, T ; 113 ) n

L (O, T ; 11') satisfying (3.2) (3.3)

0)(t)Il2 +14 II fr(u, 0 )( 7 )112 dr.

0

—:511D(u, 0)(0)11 z 4-C El. :11Duer)112 dr
(3.21)

+Croll g(7)112 + h(7)11 2 dr

.- ecE2 t(11D(u, 0)(0)11 2 -1-CÇ0 11 g(r)112h (7 )1 1 2 dr

This holds also for (u, 0)E T; H 2 )na (0 , T ; 1-1') satisfying (3.2) (3.3).
I n  fact it is p roved  by use  o f Friedrichs mollifier. L et (u 3 , 04)=(çbou, 03 4, 0)
fo r (u, 0)e Lao, T ; InnLVO , T ; H 1 - 2 ). Apply 06 * to (3.2) (3.3)

L;7(u6)=0,3*gi d-Cia, i =1, 2, 3

1  L12(03)=0 5 * h ,
where

L(u6)— 0,3* 1,(u)

L(6 6) -0 3 * Lt(0).

Moreover apply Dm, to (3.22). We obtain the  system for

(3.23) I i=1, 2, 3,LVDmu8)=çbo Dm gi + DmC'a d - M r  , 
LI,(Dm0,5)=0,3*DmhH-DmCA-FMk"' ,

where
L 2(Dinua)—Dni L(u 5)

Mkm==-- Lt(D 7 3 06)—Dm L(t9,5) .

Here we can apply the  inequality (3.21) to Dm(ua, Oa) in (3.22), (3.23)(m=0, 1, •-• ,
/- 1  recursively) to obtain (3.19) (3.20) fo r k = m + 1 . In fact fo r k= 1 we get
from (3.22) (3.21)

MM u s ,  00(0112 +14:11D2 (us, ea)(011 2 d7

03)(0)112 +CP ,Vo llDuser)112 dr

+CY0(11(ga, ha)(7)11 2 + 11Q3112 )dr .

(3.22)
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A s 3—, 0, by Lemma 3.1 we get

11D(u, 0 )(0112 + 1)Ço IlD2(u, 0)(r)112 dr

(3.24) 11D(u, 0)(0)112 +CE 2D u(r)11 2 clz-h ) ( 0 1 1 2 c l z -

. ecE2 t (IID(u, 19)(0)112 +Cro ll(g, h)()112 c/r).

For k=2 w e get from  (3.21) and (3.23) m=1

II D2 (us, (93)(0112 +v ÇII D3 (u3, 0)(011 2 dr

--1[D2 (us, 03)(0)112 .+CPÇo ll D2 ua(T) M 2 clv

H-C t J D(g6, /1 5)(011 2 + DCR 2 + 2cir
Jo i 1

Noting that CEI1D(us, 06)11. by Lemma 3.1, w e  have  by Lemma 3.1 as

the lim it 3—>0

11D2 (u, 0 )( 1-)112 + 1)Ça ll 0)(r)112c/z-

(3.25) -111-Y(u, 0)(0)112 +CE 2 Ço IlD2(u, 0(0112

0)(r)112 clz- - -FCÇo IlD(g, h)(r)Il 2 dr

Estimates (3.19) (3.20) f o r  k=2 fo llow  from  (3.24) (3.25). F o r  k=3 w e  have

from (3.21) and (3.23) m=2 in  the  same way

11D3 (115, 05)(t)112 - H)Yo l!D4 (u5, 06)(7)112 dr

•511,02(u6, 06)(0)112 +CE2 Yo llDs(u6, 06)(7)112 dr

+CS.  D2 (ga, 126)(012 +  ‘i  D 20112 +11114"ArY1 2 dz-0 

As 0 by Lemma 3.1 we obtain

0)(t)112 ±v .Vo llP(u, 0)(01 2 dr

(3.26) 5_ 11 Ds (u , 0)(0)112 H-C E2 Ço IlD3 (u, 0)(r)112
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D(u (9 )(r)Ilicir +C .Yo liD2 (g , h)(r)11 2 dz. .

Thus (3.19) (3.20) fo r k=2 and (3.26) give (3.19) (3.20) fo r  k=3.
This completes the  proof of Proposition 3.3.

Proposition 3.4. S u p p o s e  (72, v)(t)E 14(0, T ;  113) fo r  som e T > 0  an d  —1< pi
Lç_.72(t, x) f o r som e constant p i . Let f  (t)e L (0, T ; H t)  a n d  g(t), h(t)  T  ;

IP - 1 ) f o r 1=2  or 3. Let (p, u, 0)(t)EZ.,(0, T ;  l i t )  s a t i s f y  the sy s tem  (3.1)-(3.3).
T hen  th ere ex ist constant v>0, C<c>0 su ch  th a t (u, 0)(t)E L 2(0, T ;  IP+ 1)  and for

a n y  t E[0, T]

IKP u, 0)(0111,( 11 211 0)(r)Ilicly)

(3.27) <ecci+E)2t{.. •  yp11( u, 0)(0)11 i - EYo llf(r) Ili dz.

±(C .DI(g, h)(r)111,- Idr) 1 1 2 }.

P r o o f .  It follows from Lemma 3.2 and Proposition 3.3. I n  f a c t  w e  note

fo r k=0, 1, 2, 3

,,t 11.7"(r)11 0dz. - 0 Ilf(7 )11 k +11(1 + 71)Uja: 0ds-

5Ço Ilf(r)11 k +C(1+ E)11Dull k d z-

.Df(r)11 k +C (1 + E )t" 2 0:11DullidrY i  2

By use of (3.9) and (3.18), (3.20), k=1, ••• , 1, we obtain

11(p, u, 0)(0111 ec(l+E) 2 tIllp(0)11L+ro llf(r)11/dr

+C(1+ E)t" 2 ec E 2 t (11(u, (9)(0)11i+C h)(r)rt-iclor)'12

+1I(u, 0)(0)11/-* .f:II(g,

< e c1+E)2ift ,, ,
p , u,

+ K oll(g, h)(r)Iliciz-) 11 .

Also by (3.18) (3.20) w e have

ÇIIDu 60(r)Ilich-

___ec E 2 t (11(u, 0 )(0 )1H- 4 0 11(g, h)(011i-Idz).
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This completes the proof of Proposition 3.4.

§ 4. Solution of Linearized Equation.

We solve the initial value problem for the linearized equation (3.1)-(3.3).

(4.1) L°(p, pt+v i p.,±(1 - FOu ix ,=f

(4.2) L1(u) u— II 7.4 7.x 1-1 ±  i = 1 ,  2, 3,1+77 1+77

K(7- 1 )  0x(4.3) L4(8)=01 R a + )2 )

where it is supposed that for some T>0

(77, v)(t)EC°(0, T ; l< i 37 for some constant pi,

(4.4) f (t) C°(0, T ; H 3)

g ( t ) = ( g
1 ,  g ° ,  2

.2
) ( 0 ,  h ( t )

Co(O, T ; H2) .

The initial data are given by

(4.5) (p, u, 0)(0)E1-1 3 .

First instead of (4.1) w e so lve th e  in itia l v a lue  problem for the simple
hyperbolic equation

(4.6) °

where y and f°=f— (1-H2)0, 5 a re  considered as known functions o f  t  and X .

The initial data are given by

(4.7) p(0)EH' for 1 =1 or 2.

Proposition 4.1. L et v (t) C°(0, T ; 11 2), f °(t) C°(0, T ; HO and p(0) H '

f o r 1 =1  o r 2 an d  som e T  >O . T hen the initial value problem (4.6) (4.7) has a

unique solution

(4.8) p(t) C°(0, T ; 110ne '(0 , T ;

which satisfies the energy inequality:

(4.9) p(/)11/ _ec E t (11P(0)11/+ ,:e- c E r ilf° (r)11/dr),

where

E =  sup IlY(t)113
otz r

and C is a constant independent of  t.

Pro o f . If we note v (t) C°(0, T ; 1-13)ce°(0, T ; g '+°), 0  < < 1/2, the theorem
for 1=1 is well known by the theory of hyperbolic equation. (cf. for example
[7], [13]) For 1=2 we differentiate the equation (4.6) with respect to x.
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L(px,)==fl i -W r i p.vi

(4.10)
x ) = 0 ) . „ i=1, 2, 3.

If we note the inequality

(4.11)

the initial value problem (4.10) is solved by the iteration :

p (3,°,) (t, x )=-- p(0) x i , i=1, 2, 3

and p (4 ) (t, x ), i=1, 2, 3, m=1, 2, 3, ••• , is the solution, belonging to C°(0, T ;  111),

of the problem
L(p(3,7+9-=f .°„i ±v i p (

a7i
)

p (
a7+1)(0, x)= p(0) x i , i=1, 2, 3.

We have the estimates for the approximation D e ) .

IlDp("(t)111511Dp(0)11i,

11D p (1 ) (01115_e" t (11Dp(0)111

+Ço (e - c E rIlDf ° (r)111±CEe - c E rIlDp(0)11,)dr

E1 (11DP(0 )1114 e - c E r IlDfV)111d
7 ).

Noting for m=1, 2, 3, ••• .

L(p - p (4 ))=1»ixi (p (2,3) - p`,7 -1)) , i= 1, 2, 3,

we have by Lemma 3.2

IlDp(''(t)-Dp(m)(t)11,_ec'Et1 1 e- cEriCEIIDp(ni)(ri)_Dpo .

0

••• ec'Et(CE)77' ,U -
0

1 ••• r -
o

m  1 e - cErm1Dp( 1)(z-n i ) - D  - (°)P (r7011idr.••• dri

< e CEt ; En ttr  (211D p(0)111+Ço e- C 1 l D f  ° (r)Ilidv) .

Hence there exists for i=1, 2, 3

lim p (4 )( t)=p , 1(t)EC°(0, T  ; H 1),

which is the unique solution of (4.10), and so the solution p(t)GC°(0, T ;  H 9 r)

C1(0, T ;  H 1)  for the initial value problem (4.6) (4.7) is obtained. By Lemma 3.2
the solution p ( t )  satisfies the energy estimate (4 .9), 1= 2. This completes the
proof of Proposition 4.1.

Next we solve the initial value problem for (4.2) (4.3).

Proposition 4 .2 .  Suppose i2(t) C(0, T ;  1-1 ') f o r  some T>0 a n d  - 1<pi:‹77
f o r some constant p,. L et g(t), h(t) C°(0, T ; 111 - 1 ) and the initial data (u, 0)(0)
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E H' f o r 1=2  or 3. Then the initial v alue problem (4.2) (4.3) has a  unique solu-

tion (u, 0)(t)EC°(0, T ; 11 1)ne'(0, T ; IP - 2 ), which satisfies the energy estimates:

0)(t)IIHAIID(n, 0)(01i clz-

(4.12)
<ec ( 1 ' 2 ) (̀11(u, 0)(0)11i+Cro lKg h)(r)11i-idr)

where v >0 and C=C(p 1)<o0 are constants independent of  t, E, and E= os p r 117)(0113.

Pro o f . B y the assumption o n  0 )  in Proposition 4.2 , Equation (4.2) (4.3)
m ay be considered a n  evolution equation. If g(t), h(t) C°(0, T ; I P )  and the
initial data (u, 8)(0) H 2 ,  then the initial value problem for (4.2) (4.3) is solved
by the abstract theory of linear evolution equation (cf. [7 ]  for exam ple). The
solution (u, 8)(t) belongs to C°(0, T ; 11 2 )nC 1 (0, T ; L 2). In order to weaken the
hypothesis on (g , h )(t) to  (g, h)(t)EC°(0, T ; H 1 ), w e  u se  th e  parabolicity of
Equation (4.2) (4.3) and the energy estimates in Proposition 3.3. Let us consider
the solution (us, 83)(t ) for the initial value problem

Li(u3)=-00e--- gEC°(0,  T ; H " ), i 1 ,  2, 3,

(4.13) L4(03)=00h=--- hs EC°(0, T ; H " ),

(us, 03)(0)=(u, O)(0) H2 ,

where Oa* denotes the Friedrichs mollifier with respect to  x .  B y  Proposition
4.2 already proved, (4.13) has a  unigue solution

(us, 83)(t)EC°(0, T ; 112 ) ( -)C 1 (0, T ;

Further, using Proposition 3.3 for (u 3 —u3„ 83 -8 5 , ) ,  th e  follow ing energy ine-
quality holds for any a, ô'>0:

II(us—us„ 3— 31 )(t)11!+ 1) Ço ll D(U II 8 „  o 6,)(Z)1122d

eC  ( 1  + E 2 )  t( g  6 — g 5„ h s — h3, )(7)Ilidz-

Tending ô to zero, w e have a solution (u, 8 ) (t ) o f (4.2) (4.3) fo r  (g, h) (t)E
C°(0, T ; IP )  such that by Proposition 3.3.

(u, 0)(t)EC°(0, T ; 112 )nC 1 (0, T ;
 1 , 2 ) n - L 2 ( 0 ,

 T ; H 3 ) ,

(4.14) 11(u, 0)(011!+14:11D(u, 0)(7)11idz-

ec ' ) `(11(u, 0)(0)H+q11(g, h)(7)11idr).

The uniqueness follows from the energy inequality (4.14) immediately.
Last w e can get Proposition 4.2 for 1=3 as follows: Differentiate (4.2) (4.3)

w ith respect to  x k , k=1, 2, 3.
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I t  

(1-H7) Yy.,(u ix ) •
2

(4.15) te+tt' +  
(1 + 2 2 ),

 77x,(itix i )s., =— g i k , 2, 3.

r( r - 1 )  
1,4 (0 —h = x „d -  R (1 + 7 1 ) 2 ) 7xk(ex,)x j

=7- h k

(14 k , x  k )(0)E11 2k  =1, 2, 3.

We note that if  u x k (t)EC ° (0, T ; 11 2), then the right hand side of (4.15)

g" (t), h k (t)GC°(0, T ; 11 1),j ,  k•=1, 2, 3.

Therefore we can solve (4.15) by the iteration a s  in  th e  proof of the latter
part of Proposition 4 .1 , when each approximate solution of the iteration is
given by the former part of Proposition 4 .2  for 1 = 2 . Hence a s  th e  lim it of
iteration we have

u x  k (t)GC°(0, T ; 11 2)nC"(0, T  ; L '), k =1, 2, 3,

which implies
u(t)GC°(0, T ; H 3 )n e '(0 , T ; H 1).

Proposition 3.3 gives the energy inequality (4.12) for 1= 3 and the fact

(u, 0)(t)G L,(0, T ;

This completes the proof of Proposition 4.2.

Now we can combine Proposition 4.1 and 4 .2  to  g e t  the solution of the
initial value problem for the linearized equation (4.1)-(4.3).

Proposition 4 .3 .  Suppose ()7, v)(t)GC°(0, T ; H 3) f o r som e T  >0 and — 1< p,

with some constant p i . L et f (t) C°(0, T ; H ')  and g(t), h(t)EC°(0, T  ; 11 1).

Consider the initial value problem (4.1)-(4.3) w ith the initial data

(4.16) (p, u, 0)(0)G1-1 2

T hen the problem (4.1) - (4.3), (4.16) has a unique solution

(4.17) (p, u, 0)(t)Œe(0, T ; I1 2 )

which satisfies

(u, 0)(t)G L,(0, T ; 11 3)

and f or any  t [0, T ]

(I(p, u, 0)(t)h, (ITIID(u 0)(r)Ildz- )1 / 2

(4.18) <ecc1+E)2t iii( u, 0)(0)112+ Ilf(r)112drJo

2H- (C 0 1Kg, h)(r)ridr)v 2 },
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w here v>0 and C<00 are constants independent of  t and

E=max{ sup (t)M3, sup Ilv(t) 3}.ogt,r oscr

P ro o f . For any 6>0, le t (p a , u a, 00) (0  be the solution of

L°(pa, u a)= f

(4.19) 1,z (u0)=00e ra, i=1, 2, 3

L4 (05)= çb,3 * h=- 113 ,

po(0)=p(0)
(4.20)

1 (u s , 193)(0)=(0 a *u(0) , 000(0))

Since g a, h 0 EC°(0, T ; H 3 )  and (ua , 00)(0)E1-13 , Proposition 4.2 implies that

(to , 06)(t)EC°(0, T ; 11 3 )nC 1 (0, T  ; H')

and
f(t)— (1+v)u2a,xj(t)EC°(0, T ; H').

Thus Proposition 4.1 gives

pa(t)EC°(0, T ; H 2 )nCi(0, T ; 11 1 ).

Further by Proposition 3.4 for the difference of solutions for a n y  6, ô'>0, we
have the estimate for an y  te[0 , T ]

11(ps—ps, u 0 u 0 ., ea- 03, )(0112,

ct
(11 IlD(ua— tta., 03- 00, )(r)11Zdr) 2

(4.21) 0

ec ( 1 + E ) 2  ̀111(ua— ua„ 0 6 - 616, )(0)112

d- (CL3 11(ga— ga, , ha— h0. )(r)

Since
11(ua—us,, 0a-00(0)112 ---> 0

sup 11(g0— g0., ha—h5, )(t)111 - -> 0
05t5T

as 5, a' 0 in (4.21), w e have the solution (p, u, 0)(t) fo r  (4.1)-(4.3), (4.16) as
the li m it 5-40, which satisfies (4.17). The estimate (4.18) follows from Proposi-
tion 3.4. T he uniqueness follows from  (4.18). T h is completes the proof of
Proposition 4.3.

We are ready to prove the existence of solution in 8(0, T ; 11 3 )  fo r any
T>0 of the initial value problem (4.1)-(4.3), (4.5).

Theorem 4.4. Suppose (7, v )(t)EC°(0, T ; 11 3 ) f o r som e T >0 and — 1<pi.)7
f o r some constant p i , (g, h)(t)EC°(0, T; 11 2 )  and the initial data (p, u, 0)(0)E11 3 .

Then the initial value problem (4.1)-(4.3), (4.5) has a uniqu solution
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(p, u, 6)(0E6(0, T ; 11 3)

such that

(u , 0)(t) L 2(0, T ; H 4)

and it satisf ies the energy estimate:

For any  t E[O, 7]

II(p, u, 0)(0113, q 0 11D(u, 0)(v)Ilidr)" 2

= e cc1+E)2t110 , uy 0)(0)Ii3H- (C .Ql(g, h)(7)11idr) 112 1,

where v>0, C<00 are constants independent o f  t  an d  E = sup 11( 72, v)(0113.Ogt 2'.

Pro o f . Differentiate (4.1)-(4.3) with respect to x k , k =1 , 2, 3 and put f==--0.

L ° (p x , ,  U xk) = V ix k P x ,+ 72xkU Jx 2 =- f k  ,

L 'cu. k (1-H2) 2

 12 X k( 16 ) x i

(4.23) (11+41172;2 72x k( U js j)Xi g  k2 ,  3 ,

L 4(Ox k )=h K(7-1)
x k R (1+72)2  '7x k (ex i )x . r==h k ,

(px k , ux k , ex k )(0)EH 2 , k =1, 2, 3 .

If we note

IlfklI cE11D(p, Ile : k ill, 11121111 0EIID(u,

we can solve this problem in 8(0, T ; H 2)  by the iteration using Proposition 4.3
in  th e  sam e way as the latter part of Proposition 4.1. Thus we have a solu-
tion (p, u, 0)E8(0, T ; 11 3)  such that (u, (9)E L 2 (0, T ; H 4). The energy estimate
and the uniqueness are consequences of Proposition 3.4. T h is completes the
proof of Theorem 4.4.

§ 5. Local Solution for Nonlinear Equation.

In order to obtain the solution of the initial value problem for the nonlinear
equation (2.1)-(2.3) belonging to en T ; 11 3)  for some T >0 and satisfying —1
< p(t, x ), we construct the approximate sequence

{(p, u, 0).(t)=(p n , u n , On )(t, x )rn° ,

as follows :

(5.1) (p, u, 0) 3 -=(p, u, 0)(0)a11 3 , n=3,

(4.22)
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un -i(Pny u )= 0

L ip ._ ,(U n ) = .—Re_ 1, x i

1+8
R " 1  P n - i , s i g i;1- 1 , i= 1, 2, 3

1±pn-i
— 72 .4-10 n-i,x j

— (r - 1 )( 1 +on-Ou ln_i..,

r —1 
R(1+ p1) 112 ( ui--1.4 2+ ( A , xi + _ i , . . )

• (71.1„_1 , hn-i n=4, 5, 6, ••• .

(5.2)

with the initial data

(5.3)

which satisfies

(5.4)

Define

(5.5)

(p, u, 0)„(0)-=(p, u, 0)(0)E ,

—1< inf p(0, x ).
.ER3

J E=21I(p, u, 0)(0)113<00

p1=( - 1- Finf p(0, x))12> —1.

Lemma 5 .1 .  I f  T  is suitably small, we hav e for all n ._3

(5.6) (p, u, e)„(t)Ee(o, T ;  H 3 ),

which satisfy f o r any t [0, T ]

(5.7) 11(p, u, 6).0713, (vro llp(un, On)(T)Ilidr)' 12 E,

and

(5.8) x).

Proof. It is trivial for n=3 by (5.5). Suppose (p, u, (9) k(t), k=3, 4, ••, n -1 ,

satisfy (5.6) (5.7) (5.8). Then by Theorem 4.4 we have

(p, u, e)„(t)E6(O, T ;  I I ')

and for E  defined by (5.5) and appeared in  (5.7) it satisfies for any T ]

11(p, u, 0).(t)113, (24: II D(u, 6).(r)111dr)"

<e c ( 1 2 t ill(p, u, 0)(0)113 - E(Cro ll(g n- 0(01342- P 2 1

< e c1+E)2ti 
 E2  ±(Otc(E)E2d.ry/21

,
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provided that tE[O, T 1]  for some small T 1 > 0 .  Because C (E) i s  a constant

independent o f  t. Furthermore (5.8) is  t ru e  f o r  k = n  in  th e  time interval
[0, T 2],  where T , is determined as fo llo w s: The equation

L°P7t-1un-1(Pn, Urt)
= 1 ,

.._1 (sO n )+ (i+ P n -O U ' in,si = 0

is  a  sing le  hyperbolic equation f o r  pn(t, x ), i f  p n - i, un a r e  considered
known. Therefore along the characteristic curve y =y (7 ; t , x )  we can estimate

p n ( t ,  x ) = p n ( 0 ,  y ( 0 ;  t ,  x))-11. :(1+ p,„ -O ul„ ,s 1(7 , y e r; t ,  Octz-

inf p(0, y ) + C ( E ) t -

for 05 t 7',(E).

Therefore fo r  tE[0, T ], T=min (T „ T O, we obtain (5.6)-(5.8) fo r  a n y  n=
3, 4, 5, ••• . This completes the  proof of Lemma 5.1.

Theorem 5.2. Suppose (p, u, 0)(0)E11 3 and —1<inf p(0, x ) .  Then there exists

a positive constant T such that the initial value problem (2.1)-(2.3) w ith the initials

(p, u, 0)(0) has a unique solution

(5.9)
(p, u, 0)(t)Ee(0, T ; 11 3),

(u , 0)(t) L 2 (0, T ; H 4)

which satisfies f o r t E [0 , T ] and  f o r some z.)>0

1—1< —
2  

( -1+inf p(0, x)). p(t, x ),

(5.10)
11(p, u, 0)(0113, (uÇo ll D(u, 6 )(7)113(17r

211(p, u, 0)(0)113.

Pro o f . W e show  a  convergence  o f the  approximate sequence (p, u,

constructed in  Lemma 5.1. Subtract the  equation (5 .2 ), n=m 4 from that for

n=rn+1. We have

2177L+1 —  U M )

=
u m ( P M ,  U M ) — U , m - 1 ( P 7 7 1 7  U M ) )  7

0 . 1 1 ) L ( U m + 1 —  U M )

=—(Lipm (u n i )—Dpm _i (u m ))—(Mn—rm _i ), i=1, 2, 3 ,

14.(0 m + ,- 0 m )=—(L;,,,,(0.)— L;1,,,,_1(0m ))—(11m —h m _l ).

(5.12) (pm+i —  p m ,  um+1 — um, nz=4, 5, 6, ••• .

It follows from Proposition 3 .4 ,  Lemmas 2 .4 ,  3 .1  and 5 .1  th a t  the difference
satisfies the energy estimate :
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11(pm+i — p ., 0.+1 - 0,0(0112
(5.13) 5.. e cc1+E) 2 tc (E )( 011(p m — 112

Thus a s  n 0 0  the  limit exists such as

(p, u, 0).(t) — > (p, u, e)(t)

strongly in  C°(0, T ; P P )  and  as n' 0 0 ,  where In 'l  i s  a  subsequence o f  {n},
we have

D (u , 0 )(0 -->  D (u , 0 )(t)

weakly in  L 2(0, T ;  H ") by Lemma 5.1. Also by Lemma 5.1 we know

(p, u, 0)„.(0 —> (p, u, 6)(0

weakly in  H ' for every fixed t2[0, T ], where 22" , n " (t ) i s  a  subsequence of

{n '}, depending o n  t. Thus we have a solution (p, u, 0)(t)EC.(0, T ;  H ')  for

the problem (2.1)-(2.3), which satisfies

— 1<-
1

p(0, x)) p(t, x).
2

Moreover we can show that the solution belongs also to C°(0, T ;  113 ) as follows :
Consider (p3, ua, 03)(t)=(95* p, 0 3 *u , 006 ) (t) f o r  th e  s o lu t io n  (p, u, 0)(t)e
£.(0, T ;  H ' ) .  It fo llow s from  (p, u, 0)(t)EC°(0, T ;  11°) th a t (pa, u3, 03)(t)E
C°(0, T ;  A p p l y  0 6 *  to Equation (2.1)-(2.3). We have

au(pa, ua)=Cg,

Lip(u3)= g + C , i=1, 2, 3 ,
(5.14)

L',;(05)= h3-FQ ,

(p a,  ua, 03)(0)=(çb5 *p, gia *u, 03 ,0)(0) ,

where g.
a=g5a *g,

{

08 - --= 14,,u(p6, u6) - 95.3*14.(p, u),

QI -  L (u 3) - 0 3 * Lip(u), i=1, 2, 3

Q ------L(8,3)—¢* L,(0).

Using Proposition 3.4 and Lemma 3.1, we can estimate th e  difference fo r  any
5, 5'>0

sup II(pa— pa, z i a —u6„ 06 -0 5,)(0113

<eC(1+E)21103— u3-1161, 0  0  e3, ) ( 0 )11 S

(5.15) , 123 — ha,)(r)fi.0



92 A kitaka M atsumura and Takaaki Nishida

+ (11Cia(r)11i+ M, KID
1/21

+110(r)113+ (r)113dr)

By Lemma 3.1, (5.15) implies

sup I1(pa— pa" u a—ua„ 08- 0 3,)(t)li o — > 0
ogtsr

as 6, 6' O. Therefore as the uniform limit we have

(p, u, e)(t)Ee(O, T ; 1-1').

The uniqueness of solution follows from the energy estimate for the difference
of solutions in the same way as (5.13). This completes the proof of Theorem 5.2.

§  6 .  A Priori Estimates for Nonlinear Equation.

For some fixed positive number T , we suppose that (p, u, e)(t)Ge(O, T ;11')

satisfies (2.1)-(2.3) i. e.,

(6.1) L ( p , u ) =0  ,

1+0 (6.2) L ( u ) +R  i + p i = 1 ,  2 ,  3,

(6.3) L (0 )=h ,

where g i =—ujit,;'.,—Re9s ,, and

(6.4) E—= max 11(p, u, 0)(0113 6,
0 5 t5 T

where e  is defined in  Lemma 2.5 and (2.25). We first show an essential energy
estimate for the solution.

Lemma 6 . 1 .  There ex ists a constant s,>0( _ )  such that if  the solution is

so sm all that E<6 0, then the following a priori estimate holds f o r t [0, T ].

II(p, u, 0)(0112 +11Dp(t)112

(6.5)
d-vc.:11D(p, u, 0)(r)11 2 ds- CII(p, u, 0)(0)111,

where v o >0, C=C(s o)  are independent o f  t.

Pro o f . Since E <e , by Lemmas 2.4, 2.5 the norm 11p, u, 011 is equivalent to
E °(p , u , s). Hence we will estimate E °  at first. I f  p , u , 0  satisfy (6.1), then
p, u , s (See (2.18) for the definition of s) satisfy the system of equations
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pt+{ (1+p)u
i } xj =0

R {(14- p)r s)} xi •  •  I t  74+ uxix3 1 +  p1+ p 

P -E t t '  - I  —01 + u x zs,

r —1)  f   sx, (r-1)(1+ s)1st+u , sx, R1  l+p (l+p)2 Px/ix,

93

K(r —1)r  (  s x ,  (r 1)(1+s) 

R (l+p)2 ( 1 + 0  Px.1)Px)

r —1 
fp'(uix i y+ j)(uix i + .

R(1+ p)r

We compute

a 
at 

E°(P' u, s)=(1+ p)uii4-Ef   u tu ' rR  
1 2  - r  r —1 ( l +s) ( ( 1 ±P ) T - 1 - 1 )

+R s + 2 (1
R
- 1 )  s2boi-F{ R  (0-+PY — (1+ 0 + T

R
- 1 ( 1 +P)s}s1-1

=(by use of (6.6))

{ } x „—pulx„ K(r(i+ p)r - ' —1) —(p+ te)(wr i )2 1+ p

,c(r-1)(1+s)(r(i+p)Ti-1) 
(1+ p)2

px,Px,

,(r-1 )(1+s) 
px i s s ,+ 0 (E )1 D (p , u , 5 )1 2— Ksx ,sx , l+p

= E { } s i — pi6 i —(tt+t z )(u is i )2

(6.7) — 2/c(r— l)sx,px, — x(r —1)2p x,px, —
K s.,ss,+0(E )1D (p, u , s)1 2 ,

where E { } x ,  means the terms in divergent form of functions o f  p ,  u ,  s  and
their derivatives w hich w ill d isappear after th e  integration in x, and 0(E)

means the same order as E=11p, u, 011 3 when E  tends to  zero. In addition to
(6.7) we calculate

(1+r-,)2 ut,
{ -1- p x t px ,-1 - 2 p + t e , tt2

(1+ p) 2 ( 1 +  p ) 2,  2(1+p) i=tox i + 2p±p' u  P x it 2  p +  p ' 2 p +p ,  
u  Px iPt

=(by use of (6.6) after differentiation in xi)

(6.6)
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, R(1+  p)" 1
s  .  Rya+ pY (1+ s) 

— E {  Ix ; 2 p + p ,  P s i -x i 2 + p 'i

(i+ p) 3
.+ (74i)2-1-0(E)ID(p, u, s)1 2

2 p -4 - i f

R i  
= E

 } x i  2p+tt' P x i s x i  2 p + p '  P x i P s i

2 p ± (7 4  ) 2 +0(E)1D(p, u, s)1 2

Add (6.7) to p(O<P<l) times (6.8) and in tegrate  it i n  xGR 3 . W e obtain the

following energy inequality

(1+ p) 2-aat  S'E O(p , u , s)-1- 15( 2 p s i p x i +  2 1 1 +p  x ,U)d X

x j+ (12 -r  + 2 K(r — 1 )S X iP X

R  
+ K (i-1 ) 2 p s , p x , + t c s x , s x , + P  2 r i + p ,  px e sx i

Ri( u i x i ) 2  dx

<0 (E ) .f1D(p, u, s)I 2 dx

Therefore if  we take p such that

is <  m in  f  (2/1+0' ( , , + 4 -K (2p p ') 
'I 8 ( 1 + p 2 ) '

where P, is that given in  Lemma 2.5, then

s 2  R )+121Y+8 (r —1)(r — 2-) 8 4

s)+P(1 ( 1 +  u i \
--2- p x i px i + 2 p ± p ,  P x i  ) ,

p u!",,j u ±xr(
s x , s x ,

(r+1)2 +r

2/1+p'

+ (a ( i -1 )+  13R   \s x , ,,x ) ± ( x ( r 1)2+  2 p + p ,)px,ps, •

Thus after integration in  t  we obtain

(6.8)



Initial value problem 95

U U pL 2 + S 2 px.px dx\P
+  

8 4  "

(6.9) +.0{P 74
 . 5 ± " ( P . r i P x i

+ ( 1+1)2+1

+ 0(E)1D(p, u, s)1 2 }dxdr

1 (1+ P ) 2 t=<V o( p , u , s)+13(-y px ,p.r i ,  2 t t + t t , Px,u i )cl x 1

. C11(p, u, 0)(0)11i

This is  the  desired estimate provided that E <s o fo r some s0=s0(p, 7)>0. In
fact the  left hand side of (6.9) is equivalent to the  norm

11(p, u, s)(t)112 +11D p(l)112 +uo .f:11D(p, u, s)(7)( 2 (Iv

Furthermore it is equivalent to

u, 0)(0112+11Dp(t)Ird- voÇoIlD(p, u, 0 )(z)112dr,

by (2.18) (2.20) and by E<E 0 E. This completes the  proof of Lemma 6.1.

Next we proceed to estimate th e  derivatives of solution. Proposition 3.3
(3.19) gives those fo r u, 0, i.e ., fo r  k=1, 2 ,3

Dk (u, 0)(t)11 2 - 4 ° 11Dk + 1 (u, 0)(r)112 ch-

(6.10)I l  Dk (u, 0)(0)112 -1-q11(g, h)(7)11i-1dr

±CE 2
 ,Çe

o llp(u, 0 )(r)I(-1dz ,

where v=v(s)>O, C<00 a re  co n stan ts  independent o f  t ,  a n d  g ,  h  have the

estimates (2.16)

11(g, h)ilk-1-5-,C(1 - 1- E) 2 11D(p, u, 0)11k-i •

Substituting this into (6.10) we get

Lemma 6.2. I f  E<e, then it holds f o r k=1, 2, 3

IlDk (u, 0)(0112+1, oxv)irdr

(6.11)k
--IIDk (u, 0)(0)112 +C .Ç:11D(p, u, 0)(r)11 2k-kcIT ,

where 2 =i)(e)>0 and C=C(s,0<co are constants independent of  t.

Add (6.11), k=1, to ( C +1) times (6.5). We have the estimate
vo
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('t

11(p, u,
 0 ) ( t ) +

u ,  ekr)11 2

(6.12)
+IID2(u, 0 )(r)112dz• Cil(p, u, 0)(0)11i,

where v0 >0(v 0 v and C=C(6 0, vo)  are independent of t.
Now we need the estimates for the derivatives of p.

Lemma 6 .3 .  Suppose (p, u, e)ee(O, T ;  11 2 )  f o r some T>0 is a solution of

(6.1)-(6.3) satisfying (6.4). Then there exist s o >0(6 0 s), v o >0 and C=C(60, vo)<oe
such that i f  E<s o , then it holds:

p(t)112 —CIID'u(t)11 2 -FvoÇo IlD k p( r)I12 dr

(6.13) u)(0)11N+q(111Y(u, 0)(r)112

k-1
E u, 0)(z)112)dz f o r  k =1, 2, 3.
J=1

P roo f. Consider (pa, 7,13)=(0*p, q5 a *u)ee(0, T; H - )  and apply 03* to equa-
tions (6.1) (6.2). We have

(6.14) 14,„(p3, u3)= L , , i (p3 , u0-0a*L,,„(p, u)

1+0 Lip(ua)-I-R paxi=0(3*ki1+ p

1+0 (6.15) + (L (/ / 5 )+ R p a x )  0,3*(L • x iip(u) R   1 + 0
)1+ p l + p  

i=1, 2, 3.

Differentiate (6.14) with respect to x i , i=1, 2, 3.

M,u(pas i , utaxi )={14.(pa, u3) - 955* u)}

(6.16) + a u (p a  T ta x i ) — a u (p 6 ,

=cy+fia , i=1, 2, 3.

For k= 1 we calculate the following in the same way as (6.8):
t r

u s x  ) +  ( 1 ± P ) 2  (PO O2p+ i' P

(6.17) +R  paxi)}dxdr

= ,o s s i ffh - FCW- F (
2

1
t1

+
+

P
i t

) : (r8+06)}dxdz-

We have for the left hand side
(' 1 ,,ox + (1+ 0
J 2 .1`) xi 2)„,± f t ,  Pasiuisdxl:
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40T1-1-- p)pas i ulaxi zi  2 p
1 +

+
P
p , {Ppax i ulax

±(p+ OPasiulaxix + ' 2p+p' (1+ 4
0 )( 1 + 0 )Pax i paxi

1 j 1u x  j paxi Pa_
t

_xi2 p + p, 1(1+ p) 2uial xi padd x dr

1 (i+n)2
(6.18) = i yPaxipaxi+ 2 p ±

r
ti , upa x i dx

1
-1- 211R+ p , (1+ p)(14-0)— yu ix)Pax i Pax i d xdrç

JoJ 2 +( PX./PaS iU i8 X i P .Z iP aX i 11184 C1Xd r

r t r
1 (1+ p)(2u isp xi d-(1+ p)u iasi )

• {03 *(u 1 p j +(l+ p)u.ls  j )} dxdr.

As 0, (6.18) has the expression and estimate.
(i +  „)2.f(-1 px px,± utpxi)dx2 2p±p '

H-N  2te
R
± re , (l+ p )(1 + 0 )— j2--ujx)p x i ps i dxdr

ft(' 1
.10,1 2/1+p' (i+p)(2uips1+(1±p)uix1)

(6.19) • (wip x j ±(14-p)wfx )d xd r

(
2
1
11
±
+

P
te
)
: u i p x j )dx

rt R  
CE)psipsidxdr—Ct

4(2p-Fp')
ilDu(v)112d7.303 0

The right hand side of (6.17) has the estim ate by use of Lemmas 2.4, 3.1
as 3 --> 0.

rtr
2(17±Pp): +co} dxch-v1013o3Nxiff ',Fa+

< DP(v) (C 11D (p , u)(T) +01De(r)11

(6.20) +11Ciall)ds-

. ,Ço
t (CEd-a)11Dp(7)11 2 H-C11 g u , 0 )(7 )112 c.17

for any a>0.

Therefore from (6.19) and (6.20) we get

t=t

t=0

t=t

t=0

t=t

t=0
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r
+  

(l+ p)2  u p d x

R 
o 4(2p+ ') 2 C E — a )p p d x d v(6.21)

+ (

'- t
^C\ ID(u, 0)(r) 2 dv

for any a> O .

Thus there exist >O, O and C=C( 0, i )  such that for E < e 0 we have

Dp(t) 1 2 —CM u(t)l 2 J  Çi D p ( td v
(6.22)

CIKp, u)(0)I +CIID(u, 0)(vI 2 dv.

To get the estimate (6.13), k=2 or 3 we apply Dm (in1  or 2) to (6.15) (6.16)
and get, i=1, 2, 3,

(6.23) j L (D 'p & D , DmU 5 )=Dm CI+f

t L(Dmu5)+R

where

{

L, ( D p 5 , D m u o ) — D m
 {L, u(Po, u o )}

M r

+R(Dm  1+0 1+0  D p 1 ) .P5x

Compute the equality for m=1 or 2

D uo 1)

+ (l+p)2  (L(Dm
u 3 ) +R °  D p 1)}dxdv2e+ /

= t D p &  { D c i+ f m +  (Dm( +C)+Mm)}dxdv

in the same way as (6.17)-(6.22). By Lemmas 2.3, 2.4 and 3.1 we have the
estimates.

Il+  M M + M

CElD(po, Uö)Mm+CID(U, 0 ) .
(6.24)

+CEIDuoM1+C MD (p ,  0)I

CEMDpM+CMDplImi+CMD(u, 0)m
and as ô—O
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(6.25) Dm CWII - ->  O.

The sam e argument as (6.17)-(6.22) using (6.24) (6.25) gives the desired estimates

(6.13) for k=2 and 3. This completes the proof of Lemma 6.3.
N ow  w e are ready  to  ob ta in  a priori e s tim a te  in  H 3 for the solution of

(6.1)-(6.3)

Theorem 6 .4 .  Suppose that f o r some T>0 (p, u, 0)(t)Ee(0,  T ; 113) is a solu-

tion of  (6.1)-(6.3) satisfy ing (6.4). T hen there ex ist co>0(6 0, u0=u0(60)>0 and

C0=-00(E0, uo) such  that the follow ing a priori estimate holds f o r any  (p, u, 0)(t)
satisfy ing E< co .

11(p, u, 0)(t)iii±voroal D p(r)113.+11D(u, 0)(011i)dr
(6.26)

u, 0)(0)111.

Pro o f . W e combine the inequalities (6.11) (6.12) and (6.13) as follows:

A dd (6.13), k -=- 2, to  (C-I- +1 ) tim es (6.12). W e have
vo

11(p, u, 0)(011?+11D2 p(0112 +1, 411D(p, u, 0)(r)II?dr
(6.27)

5C11(p, u, 0)(0)111.

A dd (6.11), k=2, to  
( _ C

 + 1 ) tim es (6.27). W e have

u, 5)(OH - H oro llD(P, u, 0 )(r)lri - FilD3 (u, 0 )(0112dr
(6.28)

u, 0)(0)113.

A dd (6.13), k=3, to  (C+ C  + 1 )  tim es (6.28). W e have

11(p, u, 0)(OH+11D3 p(0112 +voro lID(p, u, 0)(r)11::dr
(6.29)

u, 60(0)113.

At la s t ad d  (6.11), k=3, to  ( C  + 1 ) tim es (6.29). W e have

11(p, u, 6)(0113+1, 4:11D(p, u, 0)(0113+11P(u, 0 )(0112dr

u, 0)(0)113,

w hich  is  the desired estim ate. This completes the proof of Theorem  6.4.

§ 7 .  Global Solutions in Time.

W e ge t the global (in time) solution (p, u, 0)(t)Ee(0, T ; H 3 )  fo r (2.1)-(2.3)
by com bining local existence (Theorem 5.2) and a priori estim ate (Theorem  6.4)
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at length.

Theorem 7 .1 .  Suppose the initial data

(7.1) (p, u, 0)(0) 113

and set Eo=- k(P, u ,  6 )(0)113<co. T hen there ex ists so >0, v o > 0  and C 0 <00, which

are  defined in  Theorem  6.4, such that i f  E o <m in (so/2, E0/2A/C0 ), then the initial

v alue problem  (2.1)-(2.3) w ith  (7.1) h as  a unique solution (p, u, 0)(t) globally

i n  t im e  s u c h  as (p, u , 0)(t)Ee (0,  00; H 3), D p e  L 3(0, co ; 112) and D (u, 0)e

L 3 (0, co ; H 3)  w hich is a  classical one f or t>0, and has the estimate f o r an y  t

u, 0)(t)H+1),T0 11D(p, u, 6)(011+11 D(u, 0 )(r)113dv
(7.2)

Furtherm ore the solution has the decay:

(7.3) (D(p, u , 0)(0111 ---> 0 a s  t co.

P ro o f .  If the initial data satisfies E 0 <s 0 12, then the local solution of (2.1)-

(2.3) for the data exists in e (0 ,  T 1 ; 113) and has the estimate by Theorem 5.2.

(7.4) E1=- sup II(p, u, 19 )(0113- 2 E0<co •0,tgr

Therefore by Theorem 6.4 the solution satisfies the a priori estimate (6.26):

(7.5) E0<e012

provided E 3 <s 0 /2N/C, . Thus by Theorem 5.2 th e in itia l va lue  problem (2.1)-

(2.3) for with the in itial data (p, u, 0)(7 . ,) has again a unique solution
(p, u, e) e(T 1, 27'1; 113) satisfying the estimate

(7.6) sup ll(p, u, 0)(0113 211(p, u, e)(T1)113 60r i tg2r,
by (7.5).

Then by (7.4) (7.6) and by Theorem 6.4 we have

o tg2T i

sup 11(p, u, 19)(t)113 ,./C,

provided E 0 < s 0/2A/C o . Thus we can continue the same process for
n=-3, 4, 5, ••• and finally get a global solution (p, u, e ) ( t ) E e ( o ,  0 0 ;  113) satisfying
the estimate for any t O

u, 0)(011i+v4:11D(p, u, 0)(7)113+11D(u, 9)(r)113(17

60 12 .

Especially we have
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D p (t)  1 , 2 (0, co ; 11 2 )
(7.7)

1 D(u, 19)(0E L2(0, 09 ; H ') .

T hus using  the  equation (2.1)-(2.3)

a 
- at (p , u , 0 )(t)  L 2(0, co ; H ') .

Therefore the solution decays to  zero:

11D
( P 7  i l l  °MIL 0  a s  t co.

W ith  the  a ide  of (7.2) a n d  Nirenberg's in e q u a lity  th is  im p lie s  t h e  d e c a y  of

maximum norm  of the solution.

N ow  w e have to  show th a t  the solution is  a  c lassica l o n e  fo r  t > 0 . First

by Lem m a 2.2 we know

p(t) C°(0, T ; 1 1 3 )n C 1 (0, T ; 11 2 )

CC°(0, T  ; g l+ a )n C 1 (0 7 T

(14, 0)(t)EC°(0, T ; 1 1 3 )n C l(0 , T ; H ')

CC°(0, T ; .B 1 + °)

for a n y  0. E(0, 1/2). T h u s  p ( t)  is  a  classical solution of (2.1) for t 0 .  As for

(u, 0)(0  w e consider (2.2) (2.3) a s  a  linear equation for 112, j) :

Lip(i1)=gi(p, u, (9), i=1 , 2, 3 ,

(7.9) L (i1)=h(p, u , ,

it(0)=(u, 0)(0)E 11 3 .

The system  (7.9) for is uniform ly parabolic in  the  sense of Petrowski in t - 0,
x E R '.  S ince  (1+p) - 1 EC°(0, co ;  g i " ) ,  g i eC°(0, co ; .0 0 ), i=1, 2, 3, 4, and 2 (0 )

E g l "  for a n y  6- E(0, 1/2), it fo llow s the argum ent in C hapter 9  [1 ] tha t there

ex ists a  fundam ental solution F(t, x ; 7 , e )  for (7.9) s u c h  th a t  the  solution of

(7.9) is represented by

fl(t, x )= 5['(t x ; 0, e).f 1(0,'e)de

(7.10)
+

0

1r(t, x ;  r ,  e)g(z- , e)oledr, ,

w hich  has the  property :

Ç
ii is continuous in  [0, 00) x Ft' ,

'71 si , f i .,x ,, it t  a r e  continuous in  (0, 00)x R 3

and it  is  a  classical solution of (7.9) fo r t > 0 .  O n the other hand  w e obta ined

a solution 77(t)=(u, 8)(t)EC°(0, oc ; 113 )n C 1 (0, cc ; 11 1)  of (7.9) in the former part

of Theorem 7 .1 . T hus it is  su ffic ien t fo r  our purpose to  see that  i( t)— f t( t)  in

t .O. T o  p r o v e  th e  co inc idence  w e  use  the  energy inequality  for the  weak

(7.8)
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solution v(t) of the  system  (7.9) in  the  s e n s e  th a t  v(t)EL1(0, T ;  H ')  and  M t)

T; H - ')  for T>0, w here H - '  is  the  dual space of H ':

(7.11) Ilv(t)112_ect(Ilv(0)112+S.:11g(7)112dr)

for a n y  tE [0, T ].

T his inequality  is g iven  by  the argum ent for (3.18) using  t h e  m ollifier in  th e

sam e  w ay  a s  th e  proof for  Proposition 3.3. Hence the  proof of Theorem fini-

shes, if  w e show the solution fi(t) g iv e n  b y  (7.10) sa tis f ie s  fi(t)E1,1(0, T ;  H ')
and I t (t)E a(0, T ;  H - ')  for an y  T>_0 b y  the  following lemma.

Lemma 7.2.

I Dixn r(1, x ; r, 5.C(t )  ( 3 " m '  exp( 2 1 x — e 1 2

t —z-

Dir(t, x+e; r, e)I —5C(t —7) - 2 ' 2 exp( 2 1 x 1 2

t— r /

f o r any m=0, 1, 2, 1=0, 1 and some constant 2>0.

Proof. See Theorem  7, Chapter 9 [1] for example.

In fact by (7.10)
a

x )-=   x; 0, x+y)fi(0, x+y)dy

a
a
x , F(t, x; 7, e)g(r, e)dedz-

= .V(t, x ; 0, e) aù
al ,

 e)
 de

(7.12)

11(0, x+y)dy

x ; r, e)g(r, e)dÇdz-

III 1112x ;  0 , e>1 delF(t , x ;  0, )1 ii(0, e)s 1 12de)dx

x ; 0, de•sv6 IF (t, x ; 0, e) dxIl Dit"(0)112

.. C11/21(0)11?,

11/2(12 -.5.CS.0 t - ( " 2) exp (-2- Y
t

1 2-)dy

131 12

t- " " ) exp( 2 t )111(0, x +Y )12cly )dx
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Cllit (O r

a
a
x i F (t, x ; z - , e)g(z- , e)de 2 d x rd y

-5_Çast2p(1 D x1'1 d0 1 1  2 steiP61 Dxrldxr 2 .0 . I er, e)I2dey'dz-

sup 11 g(r)l! (t—z-) - (1 1 2 dz-

o

osn  II g(r)11 t"2

Therefore we have

sup IlDit(t)11-C(1117(0 )111-FT"' sup 11g(t)11).
O t T O t T

This completes the proof of Theorem 7.1.
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