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ABSTRACT. In this paper we consider the integration operator in two variables
on L,[0, 1]2, determine its multiplicity and reducing subspaces, and make
some observations about its invariant and hyperinvariant subspaces.

1. INTRODUCTION

The purpose of this paper is to study the Volterra integration operator W in
two variables, that is, the operator defined on L,[0, 1]* by

(W f)(x,y) "é‘/oy ds/(;xf(t, s)dt.

In particular we find its multiplicity and reducing subspaces and obtain some
information on its invariant and hyperinvariant subspaces. It will follow from
our results that the properties of W are quite different from the properties of the

classical Volterra operator V' (defined on L,[0, 1] by (V f)(x) &f f: f()dr).
It is well known that V is compact and quasi-nilpotent. Since W =V QV,
the same properties are also shared by W . These facts are also easily verified
directly.

Before describing the content of this paper, we introduce some notation and
recall some definitions. For a complex Banach space X, we will denote by
L(X) the algebra of bounded linear operators on X . If A is a subalgebra of
L(X) which contains the identity operator, then a subset G of X is called
cyclic for A4, if the linear span of the set {Tx: x € G, T € A} is dense
in X . The smallest cardinality of a cyclic set for the algebra A4 is called the
multiplicity of 4 and will be denoted by m(A4).

The multiplicity of an operator 7 in L(X) is defined as the multiplicity
of the algebra generated in L(X) by T and the identity operator and will be
denoted by m(T).

The commutant of 7T is defined by

T (BeL(X): TB=BT}.
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514 A. ATZMON AND H. MANOS

A closed subspace M of X is called an invariant subspace of T, if T maps
M into itself. If M is also invariant for every operator in 7’ , then M is
called hyperinvariant for 7. Let /Z be a Hilbert space and T € L(#). A
closed subspace E of # is called a reducing subspace for T, if E and E*
are both invariant under T .

It is well known (see [2, Theorem 4.14]) that the invariant subspaces of V
are exactly the subspaces M, of the form M, = {f € L,[0,1]: f =0 ae.
on [0, a]} for some 0 < a < 1. It follows from this, and it is also easily
seen directly, that the function f =1 is cyclic for ¥V ; hence, m(V) = 1. It
also follows from this description of invariant subspaces that ¥ has no proper
reducing subspaces. Also, since V' is unicellular, by a general result (see [2,
Corollary 6.27]), every invariant subspace of V' is also hyperinvariant.

In §2 we prove that unlike V', the operator W has infinite multiplicity.

In §3 we consider the reducing subspaces of W and prove that the only
such subspaces are S, and S_, which consist of the symmetric functions and
antisymmetric functions in L,[0, 1]> respectively; that is,

Sy ={feLy0,1: f(x,y)=f(y,x), ae. on[0, 1]},
S_={feLy0,1]?: f(x,y)=—-f(y,x), ae. on|0, 1]*}.

In §4 we give some examples of invariant and hyperinvariant subspaces of
W ; however, the complete characterization of these subspaces remains open.

2. THE MULTIPLICITY OF W

In this section we show that W has infinite multiplicity, that is, we prove
Theorem 1. m(W) = co.

The proof of the theorem will be based on a result from [1, Proposition 2.1].
For the sake of completeness we include its statement and proof.

Proposition 2. Let T be an operator in L(X), and assume that for some integer
n > 2 there exists a nonzero continuous n-linear mapping ¢ of X" into some
topological vector space Y, such that, for every n-tuple (xi, ..., x,) in X"
Sor which x; = x; for some 1 < i < j < n and for every pair of nonnegative
integers (ky, ky), ¢(x1,x2, ..., Thx;, Xip1, ..., TRx;, ..., x,) = 0. Then
n<m(T).

Proof. Let A be the subalgebra of L(X) generated by T and the identity
operator. First we note that since the set D = {T": n > 0} spans 4, the
assumption on ¢ implies that for every (7}, T;) € A x A and for every n-
tuple (xi, ..., x,) in X" for which x; = x; forsome 1<i<j<n

(l) ¢(X],x2,.-- ) Tlxisxi+la ey T2Xj, ---,xn)zo-

Let G be any subset of X which contains less than n elements, and consider
the set M =span{Sx: x € G, S € A}. The hypothesis that G contains less
than n elements implies by (1) that M" C ker¢, and therefore since ¢ is
continuous, M = M" C ker¢. Remembering that ¢ # 0, we conclude that
M" # X" and therefore M # X. O

In the proof of the theorem it will be convenient to write W as a convolution
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THE INTEGRATION OPERATOR IN TWO VARIABLES 515

operator. For f, g € L,[0, 1]? the convolution is defined by

(g*f)(x,y>“=°‘/0y ds/oxf(t,s)g(x—t,y—sm.

It is known and easily verified that the convolution is commutative, asso-
ciative, g x f € C([0, 11*), and ||f % gll2 < |If|l2llgll2. If we denote by U
the function U = 1 on [0, 1] then it is clear that for every f € L,[0, 1]?,
Wf=Uxf.

In view of Proposition 2, the conclusion of Theorem 1 follows from

Proposition 3. For every n > 2 there exists an n-linear mapping ¢, that satisfies
the assumptions of Proposition 2 for W .
Proof. For a > 1, we denote by 0O, the rectangle [0, 1] x [0, 1/a] and by T,
the operator on L,[0, 1]? defined by

ay,x/a),  (x,y)€0,,
2 T.f)(x, “=°f{ s .
(2) (Taf )(x. 7) 0, otherwise .

It is easily verified that T, is a continuous linear operator on L,[0, 1]> and
that for every (x, y) € O,

(3) (TWf)x,y)=(WTaf)(x,).

Let n > 1, and choose n — 1 real numbers a;, ay, ..., a,_; such that
ay=1 and a; <ay,, for k=1,2,..., n-2, and define the operator P, on
L,[0, 1]? by
f(x9y)9 (xay)GDa,,_la
0, otherwise .

(Puf ), ) = {

For every fi,..., fn in L,[0, 1]? consider the matrix

an A
Afis fos s )= ° :
Ta,,i.fl Ta,,i,f;t
and define the mapping ¢,: (L,[0, 1]?)* — L,[0, 1]* by
(4) Snfis-evs fo) & PAdetlA, fo, -on s I}

where multiplication in detA4 is convolution. Since for every n functions
&, ..., & in Ly[0, 1]> we have that

gy *g2x--- % gull2 < ll&1ll2ll&2ll2- - l|&nll2 5

and since the operators T, are continuous, it follows that ¢, is a continuous
n-linear mapping of (L,[0, 1]?)* into L,[0, 1]>. Next, let (f,..., fa) €
(L2[0, 11%)* and assume that there exist 1 < i < j < n such that f; = W’f,
fi=WwWmf forsome f € L,[0, 1]>. We have to show that ¢,(f;, ..., fu) =0.
Firstif (x, y) ¢ O,,_, then, forevery f € L,[0, 1}2, (P.f)(x,y) =0 and so

[¢n(f1 PR f;!)](x’ y) = [Pn(detA)](x’ y) =0.
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516 A. ATZMON AND H. MANOS

It remains to prove that this holds also for (x, y) € O,,_, . By changing the
order of the columns of 4 we may assume that i = 1 and j = 2, namely,
fi=W'f and f,=W™f. Thenon O,,_,

¢n(er, Wmf’ fé"" 9f;l)

wrf wnf Lo
Ta, er Tal Wmf Ta.f3 et Talf;l
(5) = det : : :
Ta,,_l er Ta,,_| Wmf Ta,,-,ff& e Ta,,_|f;x

Forevery 1<k <n-1, a,_1 > ay; hence, O,,_, C O, . Therefore, using
(3) and remembering that W f = U x f and that convolution is associative and
commutative, we obtain that on O, |

¢n(er’ Wmfa ﬁ’“' aj;l)

wrf wmf fio
Wr Ta, f Wm Tal f Ta| .f3 e Ta, f;l
= det : : :
(6) WrTa,,_lf Wm Ta,._lf Tan_lfé T Ta,,_]f;l
f f i S
Talf Talf Ta|f2‘3 e Talf;l
= W™ det : : :
Ta,,_,f Ta,,_lf Ta,,_lf3 e Ta,,_|f;l

Now in the last matrix the first two columns are the same on O,,_, and, there-
fore, the determinant vanishes on 0O,,_, . Noticing that if g is any function
that vanishes on some rectangle of the form [0, a] x [0, b]—that is included in
[0, 1]>—then Wkg also vanishes on that rectangle for every k, we conclude
that ¢,(W'f, W"f, f5,..., fr)=0o0n O, _, .

It remains to show that ¢, is not identically zero. For this consider the
functions gi(x,y) =1, &(x,y)=x,..., g(x,y) = x"~!. We claim that
®n(81, ..., &) # 0. Indeed, by definition (2) and the fact that O,,_, C O,
we have for (x, y) in the rectangle O, _, and for every 1 < k < n -1 that

(T 8m)(x,y) = 8mlary, x/ax) = a,'("“y""l . By the definition of ¢, we get

that on O,,_,
1 X xh—1
1 y cen yn—l
—1 -1
On(g1s ., gn)=det| 1 @y - @y
1 apyy -+ apZiym!

where multiplication in the determinant is convolution. Denoting by AM;; the
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THE INTEGRATION OPERATOR IN TWO VARIABLES 517

minors of the determinant, we obtain that on O, _,
n
¢n(g1 LI gn) = Z(—l)k'xk—l * Mlk M
k=1

The highest power of x appears when k = n, namely, in the term x"~!x My, .
Therefore, to show that ¢,(g;, ..., &) Z 0, it suffices to show that x"~! x
M, # 0; but since M, is a polynomial, this is obviously true if M;, Z0. So
it suffices to prove that

y RN y"_2
1 axy . an—Zyn—Z
My =det| . ? £0.
I ap1y o apZiym?
It is easy to see that
1 1 ... 1
a . ag'z
My, =det| . | . | Uxyxexyn?
1 ap_1 - a"::%

where the multiplication in the last determinant is the usual multiplication. But
the last determinant is the Van-der-Monde determinantof a; =1, a,, ..., @1
and hence, is equal to [, j>1(a,~ — a;), which is not zero since a; > a;, for
i>j,s0 M, #0. B

This completes the proof of Proposition 3 and, hence, also of Theorem 1. O

3. THE REDUCING SUBSPACES OF W

We recall that a subspace E of L,[0, 1]? is reducing for an operator T
on L,[0, 1]? if E and E' are both invariant under T, or equivalently if E
is invariant under T and T*. We denote by S, the symmetric functions in
L,[0, 1]?, namely,

Sy ={f€Ly0,1: f(x,y)=f(y,x)ae on[0, 1]},

and by S_ the antisymmetric functions in L,[0, 1]*, namely,
S_={feL)0,11: f(x,y)=-f(y,x)ae on[0, 1]}.

Consider the operator t defined on L,[0, 1]*> by

(T )x, »)=fy, x).
It is easily verified that 7 commutes with W . Therefore, if f €S, then

(W) =Wif)=W[;

hence, W f € S, . Similarly if f € S_ then Wf € S_; thatis, S, and S-
are invariant under W . It is easy to see that S_ is the orthogonal complement

of S, , and, therefore, S, , S_ are reducing subspaces of W .
The main result of this section is the following theorem.

Theorem 4. The only nontrivial reducing subspaces of W are S, and S- .

For the proof of the theorem we shall need several lemmas.
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518 A. ATZMON AND H. MANOS

Lemma 5. Let T be an operator in a Hilbert space # , and assume M is a
reducing subspace for T . If A is an eigenvalue of multiplicity one and x a
corresponding eigenvector, then x e M or x € M+ .

Proof. Let A be an eigenvalue of multiplicity one and x a corresponding eigen-
vector. Suppose x = x; + X, where x; € M and x; € M+ . Then
(7) AM=Tx=Tx,+Tx,.

Since M and M<' are invariant under T, Tx; € M and Tx; € M+, hence
by (7), Tx; = Ax; and Tx; = Ax,. Since A is of multiplicity one, this implies
that x; =0 or x,=0,hence xe M or xe M+. O

A simple computation shows that the adjoint of W is given by

1 1
(W*g)(t,s>=/ dy[ gx,y)dx,  geLyo, 11

Lemma 6. For every integer n # 0, r, = i/2nn is an eigenvalue of multiplicity
one of the operator W — W* , and the corresponding eigenfunctions are constant
multiples of the function f,(x,y) = e 2%inx — g=2niny

Proof. Let A # 0 be an eigenvalue of W — W* and F(x, y) a corresponding
eigenfunction. Then (W — W*)F = AF . This implies that

(8) / ds/ F(t, s)dt—/ ds/ F(t,s)dt=AF(x,y).

The left-hand side of (8) is a continuous function, so F is continuous, and
therefore, the left-hand side is a differentiable function. Differentiating (8) with
respect to y, we get that

1
) /Ft y)arz—xﬂ
0
Differentiating (9) with respect to x we obtain the differential equation
0%F
(10) axdy
From the assumption that A # 0, (10) implies that
(11) F(x,y)=f(x)+2g0),

where f and g are differentiable functions on [0, 1]. Substituting this in (9)

we obtain that J
/ 0+ g dr =225

hence,

d
Ci+gy)= Ad—g

where C; = fo f(t)dt. The solution of this differential equation is

(12) gy) =B+ Ci,

where B is a constant. Similarly we obtain that f(x) = 4e*/* + C,, where A
and C, are constants, and therefore we obtain that for some constant C

(13) F(x,y) = Ae** + Be?* 4+ C,
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THE INTEGRATION OPERATOR IN TWO VARIABLES 519

and substituting again (13) in the equation (W — W*)F = AF , we obtain
y x 1 1
/ dt / (Ae'’* + BesI* + C)dt — / ds / (Ae'’* + Be*!* + C) dt
0 0 y x

= A(4e*’* + Be'* + C).
This implies that
y[-AA + Ade'* + C] + x[-AB + ABe'/* + C]
+[-Ade'* — ABe'* — C - 2C]1=0;

hence, we obtain the following three equations:

(1) —AA+Ade'* +C =0.

(2) =AB+ABe'* + C =0.

(3) —Ade'/* —ABel/* —C - AC =0.
By subtracting (2) from (1) we get (B — A)(1 —e!'/*) =0.

Possibilitya. e'/*—1 = 0. The solutions are: i, = i/2nn for a nonzero integer
n and then C = 0 and 4 = —B; namely, the eigenvalues are r, = i/2nn
and the corresponding eigenfunctions are constant multiples of the functions
f;l(x , y) = e~ 2minx _ o—2miny

Possibilityb. A= B. In this case, C = —244/(A — 1) where A is the solution
of the equation e'/* = (A + 1)/(A - 1). It is easily verified that r, = i/2zn is
not a solution of the last equation. (The solutions of this equation give other
eigenvalues, in which we are not interested here.) So for any n # 0, r, is an
eigenvalue of multiplicity one and f, is a corresponding eigenfunction. O

Lemma 7. Let P, (x,y) = xky™ — x"™yk and Qun(x,y) = xky™ + xmyk .
Then:

(1) span{Qxm(x,y), k >m}=S,, and

(2) span{Pym(x,y), k>m}==S_.

Proof. Let Q denote the set of symmetric polynomials in two variables—that
is, 0={q;q(x,y)=4q(, x), ¥(x,y) €[0, 1]*}—and P the set of antisym-
metric polynomials in two variables—that is, P = {p; p(x,y) = -p(y, Xx),
¥(x,y) €0, 1]?}. It is easily seen that Q is the linear span of the polynomi-
als Oy, and P is the linear span of the polynomials Py, . This implies the
lemma by observing that Q is dense in S, and P is dense in S_.

Lemma 8. If M is a reducing subspace for W then S_ C M or S_ C M+.
Proof. Since M is a reducing subspace for W , it is also reducing for W —W* .
By Lemmas 5 and 6 we get that, for any n # 0, f,(x, y) = e~2%inx _ g=2niny
belongs either to M or to M+ . In particular, f(x, y) = e2"* — 2" belongs
either to M orto M~

We now show that if f € M then S_ C M. For every n > 2 consider the
polynomial P, defined by

Po(x,y)=y"-x"+x-y.
First we claim that P, e M, n=1, 2, ... . We prove this by induction. Since
f(x, y) — e2m’x _ e27ziy eM
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520 A. ATZMON AND H. MANOS
and M is invariant under W and W*,
. 1
fi=4niWw*W f + mfe M

and
h=4niWW*f+2WfeM.

A direct computation shows that

ﬁ(x,y)=x2[%—1—%e2""”+y]—y2[2—71ﬁ—l—f}t?ez’”"‘+x-+(x—y)
and
2|1 1 oni 2|1 U omix ]
Hx,y)=x [m—me y+y] -y [ﬁ—me +x_.
Therefore,

fi(x, )= folx,y)=x-y-x2+y =P(x,y)eM.
A simple computation shows that
Pop1=(n+ 1)[WP, — W*P, + 1 P],

and therefore if we assume that P, € M, we obtain that also P,,; € M, and
the claim is proved.

Next we claim that, for every n > 1, x" — y" € M. Indeed, since M is
closed and

I1Pn = (x =22 = Iy" = x"ll2 < [I¥*ll2 + Ix"]l2 = Zﬁ — 00 0,
we conclude that x —y € M . Since for every n > 2
P(x,y)=y"—-x"+x-yeM,

this implies that for every n > 1
(14) x"-y"eM
and, therefore, for kK > m
_ 1

m(k-m+1)(k-m+2)---k
Hence P,,, € M and by Lemma 6, this implies that S_ C M . Similarly one
shows that if f € M+ then S_CM*. O

For every pair of nonnegative integers n, m > 0 denote

2n+1 2m+1
Jam(x, y) = cos 57X ) cos 7y ) -

Lemma 9. The only eigenfunctions of the operator W*W are constant multi-
ples of the functions {fum}n,m>0, and the corresponding eigenvalues are Anpm =
16/(2n + 1)2(2m + 1)27*.

Proof. 1t is easy to verify that f,, are eigenfunctions of W*W and that i,
are the corresponding eigenvalues. Since it is well known that {fum}n m>0 is

W (xk=m — ykom) Pem(x,y) €M.
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a complete orthogonal system in L,[0, 1]2, it follows that there are no other
eigenfunctions. 0O

Lemma 10. If M is a reducing subspace for W then either S, C M or Sy C
ML,

Proof. If M is reducing for W then M is also reducing for W*W . Lemma
9 implies that A = 16/%* is an eigenvalue of multiplicity one of the operator
W*W , and a corresponding eigenfunction is f(x, y) = cos(nx/2)cos(ny/2).
Hence by Lemma 5, f belongs either to M orto M.

We will show that if f € M then S, C M. For every n > 1 define
gn(x,y)=1-x"—y". First we claim that g, e M for n=1,2,.... We
prove this by induction. Since f(x, y) = cos(nx/2)cos(ny/2) € M and M is
invariant under W and W*,

7[4 2
f1='1—5W f-feM
and
73

f= m[(W*)zf— WW:fleM.

By a direct computation
n T
.fl(x’ y) =1-cos (zx) — COS (Ey)

and )

n n

Hlx,y)=1+ p [1 —Cos (Ex) —cos(iy)] -y +x).

This implies that

2

&1 =hHh- Efl eEM.

A simple computation shows that
n *
gn+1=(n+1) [mgl -Wgn+ Wgn] .

Therefore, if we assume that g, € M, we obtain that also g,.; € M, and the
claim is proved. It is easy to see that g, — 1 in L,[0, 1]?, and therefore since
M is closed, the function U = 1 belong to M. Since g, € M, this implies
that, for every n >0, x" + y" € M, and therefore, for every 0 < m <k,

1

m(k—m k—my _
Wy = = mr Dy k m €M

Hence Qy, € M, and by Lemma 7 we conclude that S, C M. A similar
argument shows that if f € M+ then S_ C M+. O

Proof of Theorem 4. Let M be a reducing subspace for W . It follows from
Lemmas 8 and 10 that there are four possibilities:

(1) S.CM and S, C M.

(2) S-C Mt and S, C M+,

(3) S.CM and S, C M*.

(4) S_.CM* and S, C M.
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522 A. ATZMON AND H. MANOS

Since S_ @ S, = L,[0, 1]?, possibility (1) implies that M = L,[0, 1]*> and
possibility (2) implies that M+ = L,[0, 1]>; hence, M = {0}. Since S} =S_,
possibility (3) implies that M = S_ and possibility (4) implies that M = S, .
This concludes the proof of the theorem. 0O

4. INVARIANT AND HYPERINVARIANT SUBSPACES FOR W

It is easy to see that if E is a measurable subset of [0, 1]>, which satisfies
the condition
(x,y)€EE=[0,x]x[0,y]CE,

then the subspace

(15) M ¥ (feL,0,1: f=0ae. on E}

is an invariant subspace for W . These subspaces are in a sense analogous to
the invariant subspaces of the classical Volterra operator V ; however, there are
many other invariant subspaces for W . For example, such are the subspaces
S, and S_ considered in §3; and if G is any finite subset of L,[0, 1]?, then
in view of Theorem 1 the cyclic subspaces generated by G—that is, the closed
span of the set {W"f: f € G, n > 0}—is a proper invariant subspace of
W . In particular, if G consists of the single function U = 1, then it is easily
verified that this subspace consists of all functions f in L,[0, 1]*, which are
of the form f(x, y) = g(xy), where g is a measurable function on [0, 1].

These examples indicate that ' has a very rich and varied supply of invari-
ant subspaces, and a characterization of all of them might be a hopeless task.
On the other hand, it might be easier to characterize all the hyperinvariant
subspaces of W .

First we note, that unlike for V', not every invariant subspace of W is also
a hyperinvariant subspace. Indeed, since the operator t (introduced in §3)
commutes with W | every hyperinvariant subspace for W must be invariant
for 7. This implies, in particular, that a necessary condition for an invariant
subspace of the form Mg to be hyperinvariant is that E should be a symmetric
set (that is, if (x, y) € E then (¥, x) € E for almost all (x, y) € E). Thus,
for example, if 0 <a, b <1 and a # b then the subspace My 4)x[0,5 1S an
invariant subspace for W which is not hyperinvariant.

It should be observed that not every invariant subspace of W which is also
invariant for 7 is hyperinvariant for W . Such examples are provided by the
subspaces S, and S_ which are not hyperinvariant for W , since they are not
invariant for the convolution operator defined on L,[0, 1> by L,f = hx f,
with A(x, y) = x, which commutes with W .

We conclude with two problems.

Problem 1. Let E be a measurable subset of [0, 1]* which satisfies

(1) (x,y)e E=[0,x]x[0,y]CE, and

(2) x,y)eE=(y,x)€EE.
Is Mg a hyperinvariant subspace for W ? In particular, is the answer positive
if E=[0,a)* forsome 0<a<1?

Problem 2. Is every hyperinvariant subspace for W of the form Mg, where E
is a subset as in Problem 1?
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|Gf’||||||

1 ' 1 | l

FIGURE 1. Mp,, Mg, , My, consist of all functions that
vanish in the domains B,, G,, and N, respectively

We mention without proof that one can show that if for 0 < a < 1 we denote
B, ={(t,s) €[0,12: (1 =0)(1-5)>a}, G, ={(¢t,s) €[0, 1> : ts < a},
and, for 0 <a <2, N, ={(t,s) €[0, 1]>: s+t < a}, then all the subspaces
Mg, , Mg, ,and My, are hyperinvariant subspaces for W . (See Figure 1.) Thus
we obtain a positive answer to the first part of Problem 1 in these particular
cases.
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