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The intermediate Jacobian of
the cubic threefold

By C. HERBERT CLEMENS and PHILLIP A. GRIFFITHS
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0. Introduction

The purpose of this paper is to study the cubic threefold, that is, the
hypersurface of degree three in complex projective four-space. Our principal
tool in this study will be the intermediate Jacobian of the threefold, an abelian
variety which has a role in the analysis of algebraic curves on the threefold
similar to the role of the Jacobian variety in the study of divisors on an alge-
braic curve. Much of what we will do is motivated by analogy with properties
of curves and their Jacobian varieties, so we shall begin by recalling some of
these properties together with some general facts about abelian varieties
(see [17]).
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A positive polarization on a complex torus A is given equivalently by:
(i) a skew-symmetric form
Q: H(A) Q H(4) — Z

which satisfies the Riemann bilinear relations;

(ii) a non-degenerate divisor ¢ on A, taken up to numerical equivalence
(see [17; Chapter 1]). Since H*(A) ~ Homy (A*H,(A), Z), if weare given 6, then
the dual cohomology class Q € H*(A) defines the corresponding form @. Con-
versely, given @, the Riemann bilinear relations permit the construction of
the non-degenerate divisor 6. A complex torus is called an abelian variety if
it admits a positive polarization.

A positive polarization on a complex torus is principal if equivalently:

(i) Q is unimodular;

(i) dim|6|=0 so that ¢ is determined up to translation by its homology
class.

Because of this last property, principal positive polarizations are especially
useful in geometry. If we define a morphism

P (A9 011) — (By 0B)
between polarized abelian varieties to be given by a homomorphism ¢: A — B
such that *(Q;) = Q,, then the principally polarized abelian varieties form
a category having very strong semi-simplicity properties (see (3.6) and (3.20)).
Given a smooth projective variety W, there are associated to W two abelian
varieties, the Albanese variety Alb(W) characterized by the existence of a
mapping A: W— Alb(W) such that any rational mapping of W into an abelian
variety factors uniquely through \, and the Picard variety Pic(W) which is
the group of divisors algebraically equivalent to zero modulo divisors of ration-
al functions on W. Furthermore there exist the relations:
0.1) Ayt H(W) ~ H,(Alb(W)) (modulo torsion)
) \*: Pie(Alb(W)) ~ Pie(W).
If C is a smooth curve, the intersection form
H,(C)Q H,(C)—Z
induces a principal polarization on Alb(C) with corresponding divisor 4. The
mapping +r: C — Pic(C) given by
$(@) = @ — )

induces a mapping:

i Alb(C) —> Pie(C) .
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(Using (0.1), o can be alternatively constructed from the mapping Alb(C) —
Pic(Alb(C)) given by a— (0 + a).) It is then Abel’s theorem that:
(0.2) The map o: Alb(C) — Pic(C) is an isomorphism.
Thus in the case of curves, these two abelian varieties can be identified, the
resulting variety being denoted by J(C), called the Jacobian variety of the
curve.

Continuing with the case of curves, there are induced natural mappings:

k®: C® — J(C)

where C*® is the k-fold symmetric product of C. The Jacobi inversion theorem
states that:
0.3) If &k = g, the genus of C, £* is surjective and if k = ¢, the mapping is
birational.

The theorems of Riemann and Poincaré state that:

(0.4) Fork < g, £*%(C™) has the same homology class in Hgk(J(C)) as the cycle

1 - '(9. cer 20).
(g — Mt (g—k)-times
In particular, since @ is determined up to translation by its homology class:
£9(CYY) = @ + (constant) .
Finally, Torelli’s theorem states that:
(0.5) The curve C is uniquely determined by the principally polarized abelian
variety (J(C), 0).

In general, let (A, ) be a principally polarized abelian variety of dimen-
sion g. Referring to (0.4), we say that (A, 6) has level k if the homology class of

1 e eoe
(g—k)!( )

Ny —
(9—k)-times

contains an effective algebraic k-cycle. Thus (4, 6) is always of level (g — 1);
and (A4, 0) is of level one if and only if (A4, 6) is a sum of Jacobians of smooth
curves (see [14] and [16]). Now any principally polarized abelian variety has
a unique direct sum decomposition into irreducible ones corresponding to the
irreducible components of its theta-divisor (see Lemma 3.20). Thus given
(A, ) we can associate to it, for example, the principally polarized abelian
variety (A4,, 6,) which is the direct sum of the components of (4, §) which are
not of level one.

The motivation of the definition of (4,, 6,) is as follows: If V is a non-
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singular threefold such that the Hodge numbers h*-°(V') and h*°(V') are zero,
then there is a principally polarized abelian variety (J(V), 6,), called the in-
termediate Jacobian of V, obtained by dividing H'*(V) by a lattice generated
by the third integral cohomology. The associated principally polarized abelian
variety (J(V),, (6,),) (obtained by “throwing away” the summands of J(V)
which come from curves) turns out to be a birational invariant of V. In the
case that V is a non-singular cubic threefold, (J(V), 6,) will be shown to be
irreducible and of level two but not of level one, so that V cannot be rational.

Again, let V denote a smooth, projective variety of dimension three.
Given v ¢ Hy,(V; Z) there is induced a linear mapping:

v¥: (H(V) P H*(V))—> C

0———| .

r

Then J(V)~ (H*(V) @ H*(V))*/{y*}. Analogously to the case of curves,
given an algebraic family {Z,},., of effective algebraic one-cycles on V, the
“locus of the cycle” map

$xt H(S) — Hy(V)
induces a homomorphism of complex tori

é: Alb(S) — J(V)
called the Abel-Jacobi mapping. (S is assumed to be smooth and irreducible.)
Furthermore, if {Z,} satisfies a mild general position requirement, then for
each s e S there is defined an incidence divisor

D, ={teS: (Z,N Z,) + @}.

Choosing a basepoint s,e S, the map +(s) = (D, — D,) from S to Pic (S)
leads to a homomorphism

7: Alb(S) — Pic(S) .

A general version of Abel’s theorem says that there always is a factorization
(0.6) lrz %)

and that if A*(V) = h"(V) =0, kern/ker¢ is finite. This says that, up
to isogeny, the equivalence relation on {Z,} determined by J(V') is the same
as that determined on {D,} by linear equivalence.

We now specialize to the case that V is a cubic threefold. Then A*(V) =
R*(V) =0 and A*'(V) = 5. Furthermore, if we denote by Gr (2, 5) the Grass-
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mann variety of projective lines in P, and put
S = {se Gr(2, 5): the corresponding line L, c V},

then it is a result of Fano [6] that S is a smooth irreducible surface having
the numerical characters

0.7) r(S) =5, A*(S)=10.
Building upon results of Gherardelli [7] and Todd [19] we show:

(0.8) (Abel’s theorem and the Jacobi inversion theorem). In the diagram (0.6),
all three mappings are isomorphisms.

Also the natural mapping +: S —— Alb(S) = J(V) is generically injective
and we will show that:

(0.9) The homology class of +(S) is the same as that of the cycle
(1/3!) (0V‘0V‘0V)-

Next, the mapping +®: S x S — J(V) defined by (s, t) = s — ¢ is generically
6 — 1 so that:

(0.10) (Theorems of Riemann and Poincaré). The image variety (S x S)
coincides, up to translation, with 4,.

Thus (J(V), 0,,) is of level two. By studying the so-called Gauss map on 6,
we then derive our last two theorems:

(0.11) (Torelli theorem). The principally polarized abelian variety (J(V), 6y)
uniquely determines the cubic threefold V.

(0.12) (Non-rationality theorem). The principally polarized abelian variety
(J(v), 0y) is not of level one so that V cannot be rational.

Our methods of proof of (0.8)-(0.12) consist mainly in elementary geo-
metric analysis of cubic hypersurfaces of dimensions 2, 3, and 4, applications
of the theory of abelian varieties and of Picard-Lefschetz theory, and degenera-
tion arguments, that is, reasoning based on the study of the topology of alge-
braic varieties acquiring some simple types of singularities. Our use of this
last technique occurs wher a family V, of cubic threefolds acquires an ordinary
double point for a fixed value t = 0 of the parameter. The corresponding sur-
face of lines S, has an ordinary double curve D, given by the lines on V, which
pass through the double point. The threefold V, is rational and is obtained
by blowing up P, along a canonical embedding of D,, a non-singular curve of
genus four, and then blowing down a quadric surface. Furthermore the sur-
face S, has as its normalization the second symmetric product D{*. This
enables us to construct a topological model for S, by plumbing S, along a
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tubular neighborhood of D,.

The preceding topological analysis leads, first of all, to the conclusion that
the mappings of (0.6) are all isogenies. This then allows us to conclude that
two relations induced on elements of S under the mapping S — Pic(S) actually
already hold under S — Alb(S). Before stating these relations, recall that
the group law on a cubic curve is generated by the relation “three points lying
on a line”. In this context, if we think of Alb(S) as a quotient of the free
abelian group generated by the lines on V, then the generating relations for
the group law include the following two:

“Six lines passing through a point on V.

“Three coplanar lines on V7.

The existence of these relations in Alb(S) are then sufficient to conclude (0.8).

A second use of the degeneration argument outlined above comes in the
proof of (0.9) where we show first that the theorem is true “in the limit” and
then apply the absolute irreducibility of the action of the monodromy group
for a Lefschetz pencil of hyperplane sections of a cubic fourfold to conclude
(0.9) for smooth V and S. For (0.10), the fact that the difference map, rather
than the sum, is used to construct 6, geometrically is intimately related to
the classical “double sixes”, that is, conjugate sets of six disjoint lines on a
non-singular cubic surface (see § 13).

The geometric aspects of our proofs of (0.11) and (0.12) were motivated
by Andreotti’s proof of the Torelli theorem for curves [1]. His arguments are
based on the interplay between the geometry of the canonical mapping of the
curve into projective space and the Gauss mapping on the theta-divisor. In the
case of the cubic threefold, we find ourselves in a situation formally analogous
to that upon which Andreotti builds his proof. To explain briefly, we can
define a Gauss map on (S) < J(V):

G: (S) —> Gr(2, 5)

where Gr (2, 5) should now be interpreted as the set of two-dimensional sub-
spaces to the tangent space to J(V') at the origin. The central geometric fact
is then that, under suitable identification, the composition Govr is just the
tautological inclusion coming from the definition of S as a subvariety of
Gr(2, 5), the set of projective lines in P,. This essential fact, which we call
the tangent bundle theorem, allows us to compute the branch locus of the Gauss
map
8:60, — PF .

Analogously to the case of curves, this branch locus is the dual variety V*
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of the original cubic threefold V, from which we obtain (0.11). Finally (0.12)
reduces to showing that V* does not contain linear subspaces of dimension
two so that V* cannot coincide with the dual variety of a curve in P,.

By and large, the paper is self-contained. Aside from one’s natural incli-
nation to do so, the reason that we have given a self-contained development is
that it was often necessary to have somewhat more precise information than
was classically available. For example many computations hinge on such ques-
tions as whether the double curve D, of the degenerate Fano surface S, splits
into two components under normalization, what is the normal bundle of the
curve lying over D, in the normalization of S,, and so forth. The length of
the paper is due in large measure to this circumstance.

By way of acknowledgement, two of the central ideas in this paper were
suggested to us by A. Mayer and E. Bombieri. First, it was Mayer who told
us that the Gauss mapping should be used to study the subvarieties in a princi-
pally polarized abelian variety, and in particular that the Gauss map on the
theta-divisor should have a branch locus with geometric significance. Second-
ly, it was Bombieri who suggested that the rationality of the cubic threefold
should force its intermediate Jacobian to look like the Jacobian variety of a
curve. After we put in the information arising from polarizations, it was
exactly this notion which led eventually to the irrationality proof.

Finally, after this paper was completed, G. Lusztig pointed out to us a
recent paper by A. N. Turin (Izvestia Akad. Nauk. S.S.S.R., Tom 34, no. 6,
pages 1200-08). This paper, together with a subsequent one appearing in
Izvestia, Tom 35 (1971), pages 498-529, seems to overlap very considerably
with the geometric aspects of our study of the cubic threefold. In particular,
the tangent bundle theorem is contained in an essentially equivalent form in
Turin’s first paper and the Torelli theorem for cubic threefolds, obtained by
a different method, appears in the second paper according to a letter which
we have recently received from the author. In a related letter, Y. Manin has
written that he and V. Iskovskibh have recently proved the irrationality of
the non-singular quartic threefold. Since some of these are unirational, this
gives another counterexample to the three-dimensional Luroth problem.

Before beginning the main body of the paper, we conclude the introduc-
tion with a list of notation and conventions which will be used repeatedly
throughout the paper:

Notation and Conventions

1. Dimension means complex dimension, and all complex manifolds will be
assumed to be oriented by the form dx, A dy, A -+ Adx, A dy, Where {z; =
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%; + 1Y,}j=1....,» are holomorphic local coordinates. For a complex number z,
Re z and Im z will denote its real and imaginary parts respectively.

2. “Threefold” means “three-dimensional variety”. If X is an algebraic varie-

ty, the expression “for generic x € X’ means “there exists a dense Zariski open
subset U of X such that for all xe U”.

3. For a product X, x .- x X, of manifolds, 7, : (X, x -+ x X,)— X;
will denote the projection onto the factor X;.

4. For a space X, H,/(X) = H,(X; Z)/{torsion cycles}, all homology singular,
with compact support. If X is a compact manifold: H(X) = (image of
H*(X; Z) in the de Rham group {closed ¢g-forms}/{exact ¢g-forms}); A: H*(X)®
H*(X)— H*(X) denotes the cup-product operation and -: H.(X) ® H.(X)
— H,(X) the dual intersection operation. If Y is an algebraic g-cycle in the
algebraic manifold X, {Y} is the element of H,(X) carried by Y. “.” will
also denote intersection of algebraic cycles.

5. For a complex manifold X, xze X, Y a submanifold of X: T(X) is the
(complex) tangent bundle of X, T(X, x) its fibre at x; T*(X) is the dual
cotangent bundle with fibre T*(X, x). N(X, Y') will denote the normal bundle
to Y in X. For a divisor D on the algebraic manifold X, L(D) is the associ-
ated line bundle and O(D) its sheaf of holomorphic sections.

6. P, will denote complex projective n-space; Gr(k + 1, » + 1) will denote
the Grassmann manifold of (k¥ + 1)-dimensional subspaces of complex (n + 1)-
space. Then P, = Gr(1, n + 1) and P} will denote Gr(n, n + 1), the dual
projective space to P,. For A C P}, let [A] = the subspace of P, determined
by the linear subspace N{h: h: he A}, for BC P,, let [B] = {he P}: BC [h]}.

7. Z, Q, R, and C will denote respectively the integers, the rational, real and
complex number fields.

PART ONE: INTERMEDIATE JACOBIANS OF THREEFOLDS

1. Algebraic correspondences and homology relations

Let X and Y be smooth irreducible complex projective varieties of dimen-
sion m and n respectively, and let T be an algebraic r-cyclein (X x Y). Let

K: H(X) Q Hi(Y) — H (X X Y)

be the Kiinneth isomorphism. Then T induces a homology mapping ®(X, Y;
T) defined by the composition:



THE INTERMEDIATE JACOBIAN 289
Y K
2.2 H,(%) ® B.(Y) 55 H, (X < T)

ﬂlH:k-i—Zr—-Zm(X xY) M wrer—zm(Y)

We have immediately a purely formal numerical relation:
(1.1) (PX, Y; T)(M - a)y = (v+(2(Y, X; T)(@)))«
where ve H(X), a€ Hypyipr—o(Y) .
If welet 33" a;® b,,_; be the decomposition of {T'} according to the

Kiinneth isomorphism K and if we let X, and X, be two copies of the manifold
X, then we can define an algebraic cycle M in X, x ¥ x X, such that:

1.2) M) = (X, a: ® bors @ {X})- (2, {X) ® boy; ® @)
(again we use the Kiinneth isomorphism, this time on X, x Y x X,). Define
the mapping »(X; T') as the composition:

YIR{X:
H(X) = Hyx) B g (X x Y x X)

M
—“—‘}—’ Hyiirsmin(X, X Y X X))

(77-'X ) *
2 Z{
— *+4r—2(m+‘n)( ) .

Again, by a purely formal calculation using the relation between the Kiinneth
formula and the intersection pairing, one obtains:

(1.3) X T)=97,X; T)ep(X,Y; T) .
Also notice that if we view T as a correspondence T: X — Y and let T*:
Y — X be the dual correspondence (also defined by T < (X x Y)) then
M= (T*T): X—X.
If T is an effective algebraic cycle (components with multiplicity one), then:

(1.4) {M} = {7, ) (D)} {(rx) (T)}

2. Families of algebraic curves on a threefold

For the purposes of this paper, we will be interested in the formalism of
§1 only in a very restricted setting. Let V be a smooth irreducible complex
projective variety of complex dimension three.

Definition 2.1. An algebraic family of algebraic curves on V is a non-
singular projective variety S (called the parameter space) together with an
algebraic subvariety T (S x V) such that:

Z, =m(({s) x V)N T)
is an algebraic curve in V for each se S.

(Note: Multiplicities of the components of Z, are given by the multiplicities
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of the components of ({s} x V)-T. Thus since all components of T will be

counted with multiplicity 1, the same will be true of Z, for generic se S. This

setting, while not the most general, is adequate for our present purposes.)
For x € V define:

2.2) W,=rs((Sx{=})NT).
Thus W, is the set of s€ S such that Z, passes through xz. Now the family
{W.}..x does not have to be equidimensional, however it will be of use to make

some restriction in this direction, which we will incorporate in the following
definition:

Definition 2.3. The family {Z,}, .5 is said to be a covering family of curves
for V if:
(i) S is irreducible, dim S = 2, and Z, is irreducible for generic s;
(ii) for all but a finite number of points of V,
dimW, =0;

(iii) for generic x ¢ V, W, has more than one element;
(iv) for generic x, if s, and s, are distinct points of W, then Z, and Z,
have transverse intersection at « and have no other common points.

A consequence of this definition is that if {Z,} is a covering family, we
can define an effective divisor I, called the incidence divisor of (S x S), by
putting:

2.4) I = (union of all components of dimension three of the set
{(5,,8)0€ (S x 8): (Z,, N Z,) + @} .
Furthermore, if we define M as in (1.2) for the triple (S, V; T') it follows that
(Est)*({M}) = {I},

so that, again using the notation of § 1:

(2.5) S, T) =9(S,S; 1) .
Notice also that if we define
(2.6) D, = my(({s} x S)nI)

where 7 means projection on the second factor, then it is a consequence of
Definition 2.3 that D, is an effective divisor on S for each se S. (Set-theo—
retically D, is just the set of all s’ such that Z, and Z,. intersect on V, but as
with Z,, we will want to count components of D, with multiplicities given by
those of the components of (({s} x S)-I). For generic s, D, is counted with
multiplicity one.) The algebraic family of divisors {D,},.s will be called the
Sfamily of incidence divisors on S.
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Recalling the definitions in § 1, put:
Pe = P(S, V; T): H(S) — Hy(V)
(2.7 Me =@V, S; T): H(V) —— Hy(S)
Ne =0(S; T):  H(S) — Hy(S) .
Using § 1 and (2.5), these mappings can be thought of gemetrically as follows:

@(v) = three-cycle traced out on V by Z, as s traces out the one-cycle 7v;
Ma) = three-cycle traced out by W, as x traces out the three-cycle «;
7(Y) = three-cycle traced out by D, as s traces out the one-cycle 7.

Furthermore, since T and I are algebraic cycles, the dual mappings

o*: HY(V) —> HYS) given by grcp*(a)):g ©

Px(T)

(2.8) Ve HYS) — H(V) givenby | a@) = g
I

7' H(S) — H'(S) given by | 77(9) =

7x(7)

respect the Hodge decompositions [13; §15] of H*(S) ® C and H*(V)® C
according to the following rules:
qyk: Hp.q(V) > Hp~1.q~1(S)
(2.9) (SO, in particular, ¢* |H3,0(V) = O) ;
A HP(S) — H?(V) ;
n*: H?(S) — H?>"7X(S) .
Finally for a covering family {Z,} of curves for V there is a relation be-

tween the “positivity’ of the cycles Z, and D, which is conveniently introduced
at this point:

Definition 2.10. An effective algebraic one-cycle Z on V is called numeri-
cally posttive if for any effective divisor W on V:

(W-Z)>0.

PROPOSITION 2.11. If {Z,} is a covering family for V arnd if Z, is numeri-
cally positive, then the divisors D, are ample on S.

Proof. Let C be any effective divisor on S. Since {Z,} is a covering family,
there is an effective divisor W on V such that

oS, V; T) ({C}) = (W} (see §1).
But
(@S, Vi T)({C})-2(S, V5 T)({s}) = (C-n(S; T)({s}))
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by (1.1), thatis (W-Z,) = (C-D,). Since Z, is numerically positive, (C-D,) > 0,
and so by the criterion of Moishezon-Nakai [11; page 30], D, is ample.

COROLLARY 2.12. If V has Picard number = 1, then D, is ample. (Recall
that if H*(V) has rank one, which is the case, for example, when V is a com-
plete intersection, then the Picard number of V = 1.)

3. The intermediate Jacobian and its polarizing class
As was mentioned in § 2, one has the Hodge decomposition of the group
HY V)R C:
HWV)QC~ H*(V)D H*(V)DH"*(V)D H*V).
If we project the subgroup H*(V) of H*(V)® C into the subspace W =
H"* (V)@ H**(V), the image is a lattice U, in W and there is an isomorphism

3.1) o: H(V) — U,
such that for &, g€ H*(V):
(8.2) Sva/\BzzReSVp(a)/\m.

Now there is a non-degenerate hermitian form JC, defined on W by the for-
mula:

(3.3) To (@, @) = 2@8 0, N @, .
vV

By (3.2), Im J(;- corresponds under the isomorphism (3.1) to the cup product
pairing on H*(V'). Thus Im JC, is unimodular on U,. Also if Q is the funda-
mental class of a Kahler metric for V, then for appropriate choice of local
coordinates z,, 2., 2, around xe V

Ql, = ‘/2;1{ ' dz, A dEue (THV, 2) A TH(V, :c))}.

If we H**(V) is such that (w A Q) |, = 0, then
o, = adz N dZ, A\ dZ, + a.dz, A\ dz, N\ dZ, + a,dZ, A\ dZ, A\ dz,
so that
wNO= 7”( - 2%)3( — l)dx, A dy, A\ da, A dy. A da; A dy,

where z, = x, + 1y, and, if @ |, # 0, 7 is a positive real number. Thus we
have:

LEMMA 3.4 Let E be a subgroup of HXV') such that for E; = (EX C) &
(HA(V) ® C):

(i) Ec = (Ecn H*(V)) @ (EcnH™*(V));

(i) o A Q=0 (i.e., w is primitive) for each w € E;
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then JCy is positive definite on (Ec N H"¥(V)).
The preceding discussion suggests the following formalism (see also [17;
Chapter I]):

Definition 3.5. Let W be a finite-dimensional complex vector space, U a
lattice (of maximal real rank) in W, and J(: (W X W) — C a nondegenerate
hermitian form on W such that Im J( is integral-valued and unimodular on
U. The triple (W, U, I() is called a principally polarized complex torus.

In the category of principally polarized complex tori, the notion of mor-
phism will be the strong one, namely

(W,, Uy, 3) = (W, Us, IC)
means a linear transformation o: W, — W, such that ¢(U,)) € U, and I(, =
(ICy),, the “pullback” of J(, under ¢. This implies that o: W, — W, is injec-
tive and that o(U,) is a direct summand of U, such that Im J(, is also uni-
modular on U} = (a(Ul))LImsczg U.. Since (g(Wl))l?Kzg (,,-(Wl))l mi  we
have by dimension that:
(G(W))* % = (o(W)* =7 .

Denoting this last complex vector space by W, we obtain a direct sum decom-
position:
(3'6) (WZy Uzy SCZ) ~ (WU Ul’ %1) 69 (Wllr Ully SCZI Wll) °

We have just seen that every non-singular threefold V has associated a
principally polarized complex torus
(3.7) JWV) = Wy, Uy, Iy) -

If B*(V) = (V) = 0, then by Lemma 3.4, J(, is positive definite so that
J(V) becomes a principally polarized abelian variety. It is of course a stand-
ard fact that if C is a non-singular projective curve, W, = H"*(C), U, = the
projection into H**(C) of the subgroup H*(C) of H'(C) ® C, and

IC o,y @) = — 2i So“" A @,
then J(, is positive definite on W, and

(3'8) g(c) = (ch UC’ jCC)

is a principally polarized abelian variety, called the Jacobian variety of C.
Suppose now that A: V,— V, is a birational morphism between non-
singular threefolds. Then for w,, w,e Wy, :

3.9) sz o, A @, = Svl Vay) A (Vw)
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so that there is induced a morphism

JV) — J(v)
and hence by (3.6) a direct sum decomposition:
(3.10) JV) ~ J(V) @ 9(Vo)* .

If we suppose further that V, is the monoidal transform of V, obtained by
blowing up V,along a non-singular curve C, then for §(C) as in (3.8) we have:

LEMMA 3.11. (V) ~ J(V,) @ 4(C).

Proof. Put T={(s,») € (C x V,): Mx) =s}, and define ¢, =¢(C,V,; T):
H,(C)— Hy(V,) asin §1. One checks immediately that the sequence

0 — HY(V) ® C— HN(V) ® €~ H(T) ® C

is exact where 7 = m, : T — V, is the natural projection. By the Thom iso-
morphism and the fact that as in (2.9) all maps respect the Hodge decomposi-
tion of cohomology, we have the following diagram in which the horizontal

sequence is exact:
A% ¥
Wy, > H¥(T)
U
o* \
H*(C) .

0 W

2

The lemma will follow if we can show that
(i) @* is onto;
(ii) if (JC;),- denotes the pull-back of F;, then
(jcc)eo* = (SCVI) IWWVZ)l .
We obtain both (i) and (ii) at once by proving: If v,, v.€ H,(C), then:

(3.12) (Pe() - Pi(72))y, = — (Vi*Vo)c

To prove (3.12), first notice that if v, and v, can be represented by cycles «,
and «, which have no common point, then so can @,(7,) and ®,(7.). It there-
fore suffices to check the formula in the case where (v,-7;) = 1 and their repre-
sentatives «, and «, are part of a standard basis for H,(C). Thus «, and «.
meet transversely at one point s, € C and have no other common point. Let
W be a non-singular surface in V, which meets C transversely. Then W =
N"Y(W) is a non-singular surface in V, with exceptional curves of the first kind
above each point of (W N C). Suppose now that s,e (W N C). Then:

(¢*(71)°9’*(72))V1 = ({7\4—1(30)}'{7\*_1(30)})?? .

But it is a standard fact in the theory of algebraic surfaces that A~'(s) has
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self-intersection = (— 1) in W. So (3.12) follows and so does the lemma.
Given a principally polarized complex torus

T=W,U,X)
there is a natural identification
(3.13) U~ HW/U)
so that Im J( can be interpreted as a linear mapping on (H,(W/U) A H(W/U)).
Since

NH(W/U) ~ H(W/|U) ,

(— Im J() corresponds naturally to an element

QI)e H(W/U)

called the polarizing class of J. If JC is positive definite, that is, if I is a
principally polarized abelian variety (see [17; page 30]), then there is an
effective divisor 6(J) on (W/U) such that {6(7)} is the Poincaré dual of Q().
0(J") is uniquely determined up to translation in (W/U) and is called the theta
divisor of . One has the formula for v,, v, U:

(3.14) ImH (v, 7)) = — (('71 X 72)'0(5))(W/U)

where the identification (3.13) is assumed and “x” denotes the Pontrjagin
product.

For a principally polarized complex torus I, we define
dimJ = dim W .

Definition 38.15. Let J be a principally polarized abelian variety of di-
mension q. J issaid tobeof level k 1 < k< q — 1) if

QI)N ==+ AQN))(q — k)!

q—k-times
is the Poincaré dual of an effective algebraic k-cycle in (W/U).

The condition of the definition is of course vacuous if k = ¢ — 1. Itisa
theorem of Matsusaka (see [16] and [14]) that T is of level one if and only if I =
J(C) where C is a (possibly reducible) non-singular algebraic curve (in which
case the image of C in J(C) = (W,/U,) is the desired algebraic one-cycle). If
g is of level one, then J is of level & for each k =1, ---, ¢ — 1, since the
image of the k-fold symmetric product C*® of Cin J(C) is a k-cycle satisfying
the required condition in Definition 3.15. Finally, we note that in the case
of the cubic threefold V' which will be studied in detail later on, J(V') will be
shown to be not of level one. We will prove, however, that (V) is of level
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two (see §13).
Next we let C denote the set of isomorphism classes of principally polar-
ized complex tori. We define an equivalence relation (~,) in C as follows:

(8.16) I ~, J” if there exist non-singular (possibly reducible) curves C and
C’ such that there are morphisms

TF— T D)
T —TDh YC) .
This equivalence relation has the properties:
(8.17) If I, ~, 97 and T, ~, T/, then (T, P T) ~. (T D T)).

(8.18) If J is a principally polarized abelian variety and 7 ~, J”’, then 9" isa
principally polarized abelian variety.

The set of equivalence classes C/{~,} with the operator ¢ forms a commuta-
tive semi-group with identity element equal to the equivalence class of
Jacobian varieties of curves. Let G denote this semi-group. It would seem
that the structure of G is quite complicated. However if we define:

(8.19) A = (semi-group in G given by {J: J is a principally polarized abelian
variety})

we can give the structure of A explicitly with the help of the following lemma
which was pointed out to the authors by G. Shimura (see also [14]):

LEMMA 3.20. Let (W, U, J() be a principally polarized abelian variety
and suppose that 6(F) is reducible, that is 0(T) =" m.0; where each 0; is
effective and irreducible and each m; is a positive integer. Then all the m;, =1

and there exist primcipally polarized abelian varieties J; = (W, U;, IC))
such that:

(i) T~
(ii) wnder the isomorphism (i), 6; corresponds to(W,/U,) X ««+ X (W,_,/U;_,)
X 0(T) X (Wi Uipr) X oo0 X (W,/U,).

Proof. Define:
v (W/U) — Pic(W/U)
(@y +++,a,) — ((Z: mi(a; + 01,)) - 6)
where 6 is a particular divisor representing () and
6 =Y mb; .

Now dim H((W/U), O(2_ mi(a; + 6,))) = 1 for each (a, +-+, a,) € (W/U)" and
(W/U)" is connected. Thus:
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3.21) v(a, +--,a, =¥0,---,b,) if and only if a; + 6, = b; + 6, for all ¢
(where equality means equality as divisors).

Since ¥ is a homomorphism of abelian varieties and ¥ is clearly onto, dim (ker
¥) = (n — 1)q where ¢ = dim J. Let (W/U); be the subvariety of (W/U)"
corresponding to the inclusion of the ¢-th factor into the product. Then if
A; = (ker W) N (W/U); we have by (3.21) that:

kerv =3 A,.

Now consider each A; as a subvariety of (W/U). By (3.21):

N:4; ={0,---,0}.
If we put B; = [),.:4;, then an easy dimension count gives that

dimA; + dimB; =q .
But ({4}-{B})ww =1 since [, A; has only one point. Thus (W/U) ~
A; P B;, and it follows immediately that:

(W/U) = @1, B; .
Forae B;,a + 0, = 0, for all j # 1 so that
({0}'{Bi}) = ({migi}'{Bi}) .

But ¢ induces a principal polarization on B; since B; is a direct summand of
(W/U) so that m; = 1 and the lemma is proved.

Definition 3.22. A principally polarized complex torus ¥ is irreducible if
for any morphism

0: 9 —J
either J’ = 0 or o is an isomorphism.

Since the direct summands of " in Lemma 3.20 were constructed intrinsically
from the components of 6(J), we have:

COROLLARY 3.23. If I is a principally polarized abelian variety, I has
a2 unique decomposition into the direct sum of irreducible principally polar-
ized abelian varieties. T itself is irreducible if and only if 6(J) is irreducible.

Now the semi-group A defined in (3.19) can be characterized as follows:

COROLLARY 3.24. A ~ (free abelian semi-group on the set of all irre-
ducible principally polarized abelian varieties I which are not of level one).

If V is a non-singular algebraic threefold, we denote by g(V) the ele-
ment of the semi-group G corresponding to the principally polarized complex
torus J(V), called the intermediate Jacobian of V (see (3.7)). Motivation for
the definition of g(V') is contained in the following:
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THEOREM 3.25. g is a birational invariant.

Proof. Let V — V’ be a birational map. Then by [12; page 140], there
exists a sequence

V=V, —V,,— e —V, =V
such that each V,;, — V,_, is obtained by blowing up a point or along a non-
singular curve, and such that the composition
VoV-oV

is a (birational) morphism. Since blowing up a point has no effect on third
homology and hence no effect on the intermediate Jacobian, we conclude by
Lemma 3.11:

JV)~ J(V) D 94(C)
for some (possibly reducible) non-singular curve C. By (3.9) and (3.10), there
exists a morphism

Iy — 4(V).
Similarly there exists V' such that (V") ~ $(V') @ J(C’) and (V) — 4(V").
So J(V) ~, (V') and the theorem follows.
An essential role in what follows will be played by:

COROLLARY 3.26. If there exists a birational mapping between V and Py,
then (V) = J(C) for some (possibly reducible) non-singular curve C.

Proof. By the previous theorem §{V) ~,(0). In particular by (3.18),
J(V) is an abelian variety. Now use Corollary 3.23.

4. The Abel-Jacobi mapping

We wish to combine the considerations of §2 and §3. Let V be a non-
singular algebraic threefold, and let {Z,},.s be a covering family of algebraic
curves for V. Let

H(V) = (WV’ UV’ 3CV)
as in (8.7). W, is canonically the dual vector space of H*°(V)@ H*'(V).
Furthermore, if for a € H,(V) we define

@t (H™(V) @ H*(V)) — C

o———| o

then we have a natural isomorphism of pairs:
(Wy, Uy) m~ (H*(V) @ H*(V))*, {a*: ae H(V)}) .



THE INTERMEDIATE JACOBIAN 299

Define
(4.1) J(V) = (W,|Uy) ~ (H*(V) @ H*(V))* | H(V)

where H,(V) is identified with the corresponding lattice in (H>(V)® H>'(V))*.
Notice that under this last identification we can write elements of J(V) in
the form

Y_a;a; (a; real)

where {a;} is some basis for H,(V), and (3.14) gives:

(“.2) [, 230) = = @8
where (¢ x Q) denotes the Pontrjagin product of &« and 8 considered as ele-
ments of H,(J(V)).

Similarly, if » + ¢ = m, any cycle ve H,(S) can be identified with a
linear functional:

v*: H»(S) — C
®— S .
We define the Albanese variety of S:
Alb(S) = (H(S))* | H(S) ,
and the Picard variety of S:
Pic(S) = (H*(S))* | H(S) -

By (2.7) and (2.9) we clearly have the following commutative diagram of in-
duced homomorphisms:

ADD(S)-__
(4.3) lv S ).

Again under the appropriate identifications, we write:
P22 ;7)) = 22 ¢iPx(7y)
)\'(2 aiai) = 2 ()
N evy) =2 em(vy)

LEMMA 4.4. Let W be an ample divisor on V. Suppose that (P«(7): W) =
0 im H(V) for each ve H,(S). Then the intersection pairing on V is non-
degenerate on ®.(H,(S)).

Proof. The statement is an immediate corollary of (4.2), (2.9), and
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Lemma 3.4.

The mapping @: Alb(S) — J(V) is called the Abel-Jacobi mapping. We
are now in a position to prove an analogue of the classical Abel’s theorem for
curves:

THEOREM 4.5. Suppose that there is an ample divisor W on V such that
(Px(v)- W) = 0 for all ve H,(S). Then in the commutative diagram

Alb(S)~_,

(ker p)° = (ker n)° where (°) denotes the component of the identity.
Proof. We need only check that A\, is injective on sD*(}L(S )). If
Xx(P4(¥)) = 0 then by (1.1)
(P (M) -Pu(v)) =0
for all ve H,(S). Now use Lemma 4.4,

Geometrically Theorem 4.5 means that the equivalence relation on the
curves {Z,},.s which is induced by the intermediate Jacobian of V is, up to
isogeny, the same as linear equivalence on the incidence divisors {D,},.s.
There is a general discussion of incidence divisors and Abel’s theorem in [9;
§1-4].

For each choice of a basepoint s € S we have a canonical morphism:

(4.6) a,: S— Alb(S)

given by a,(s’) = <a) — S: a)). In the remainder of this section let us suppose
that there is a principally polarized subtorus
IF=W,U,I)— JgV)

such that:

(i) P(Alb(S)) = (W./U,)

(ii) IC, is positive definite on W..
Let 6 be an effective divisor on (W,/U,). Then there is associated to ¢ a homo-
morphism

e Alb(S) — Pic(S)

which can be constructed as follows. Let 6, be the divisor given on Alb(S)
by #7'(8). (Notice that 6, may be zero but otherwise is an effective divisor.
We suppose that 6, # 0 since otherwise everything is trivial.) Now 6, induces
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an algebraic family of divisors on S:

{Euses

such that L(F,) is the pull-back to S of the line bundle L(f) under the map-
ping a,. The mapping p0,: S— Pic(S) defined by p,(s) = (E, — E,) has
the following properties:

(i) The homomorphism ¢: Alb(S) — Pic(S) such that ptoar,) = 0, is inde-
pendent of the choice of s,.

(ii) Let py: H(S) — H,(S) be the homomorphism induced by z¢: Alb(S) —
Pic(S) and the identifications H,(Alb(S)) = H,(S), H,(Pie(S)) = Hy(S). Then
continuing with these same identifications, we obtain the formula:

(4.7) (71'#*(’72))S = ((71 X 72)'0¢')A1b(s)
= (((p*(71) X ¢*(72))°0)(1V1/U1>
where “ %’ as before denotes Pontrjagin product.

Now suppose that @ is a specific representative of the theta-divisor 6(5)
determined up to translation. Recalling the definition of » in (4.3), we have:

THEOREM 4.8. p¢ = — n: Alb(S) — Pic(S).
P’I"OOf. For Ty 72 € Hl(S).

(71‘77*(72))3 (L:” (@*(71).¢*(’\/2))V
“:.2) - ((90*(71) X ¢*(72))'0)(W1/U'1)

= — (V£ (7)) -

PART TWO: GEOMETRY OF CUBIC HYPERSURFACES

S. The dual mapping, Lefschetz hypersurfaces
Let V be a hypersurface in complex projective n-space P,.

Definition 5.1. V will be called a Lefschetz hypersurface if V is either
non-singular or has at most o::e ordinary double point.

It follows that, if V is Lafschetz, then V is given locally in P, by either
the equation z, = 0 (simple point) or (2} + --- + 22) = 0 (double point) for
appropriately chosen holomorphic local coordinates in P,. Suppose that V is
defined by an irreducible homogeneous polynomial of degree d:

(5.2) F(Xm ° Xn) .

Let P} be the Grassmann manifold of hyp=rplanes in P, and let (C**')* denote
the dual vector space to C**'. Using the Pliicker coordinates in (C**')*, we
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define a mapping
(5.3) §y: €+ —— (CHY)*
by the formula:

(5.4) Ey(Yor =1 Un)
= (OF/0X) Moy =+, Ya) =+ +» OF/0X,)Yor ==+, U2)) -

Then &, induces a rational mapping:
(5.5) D P,— Px.
This mapping is called the dual or polar mapping associated to V. It is an
elementary exercise to show that:
(5.6) (1,0, -.-,0)is a singular point of V if and only if (0°F/0X,0X,) |1 0,..... =0
for all © (use Euler’s formula), and (1, 0, - --, 0) is an ordinary double point if
and only if, in addition,

det (((O°F/0X:0X,)|qo,0) 1 = 1, j<m) 0.
Now suppose that V is Lefschetz. Let P, denote the closure of the graph of

9, in (P, x P¥) and let V denote the closure of the graph of 9, |,. The pro-
jections onto the factors of (P, x P}) give the standard commutative diagram:

T Pn
P, < l.b,,

LEMMA 5.7. P, and V are non-singular. If V is non-singular, 7 is an
tsomorphism. If V has double point x,, 7: (P, — 77 (x,)) — (P, — {x,}) tsan
isomorphism and so ts D: w7 (x,) — [w,] where [x)] = {he P}: w, € [h]}. Thus
P, ~ (P, blown up at x,).

Proof. If V is non-singular, everything is obvious. If V has double point
z,=(1,0,---,0)eP,, definea mapping f: C*— (C"™)* by f(H, ++-,¥,) =
((aF/aXo) (lr Yy =° yn)’ Sty (aF/aXn)(lv Yy o2y yn)) It (Cn)o = (Cn blown up
at the origin) and (C"*); = ((C**')* blown up at the origin), then by (5.6) f
induces a regular mapping f,:(C"), — (C**')§ which takes the exceptional set
in (C"), isomorphically onto a linear subspace of the exceptional set of (C"*!)f.
Let g, denote the composition (C"), — C* — P, and g, the composition (C"), LY
(C**¥ — Pk. The mapping g, X g.: C;r — (P, x P¥) is injective and every-
where of maximal rank and is onto a neighborhood of 7~(x,) in P,. The asser-
tions of the lemma now follow immediately.

COROLLARY 5.8. Q, = (V' N (7 7'(w))) is a non-singular quadratic hyper-
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surface of w(x,).

Given a Lefschetz hypersurface V and he P}, then V, = (Vﬂ [h]) is a
hypersurface in the projective space [h]. In general, of course, V, will not
be Lefschetz; however we now show that if % is chosen in a sufficiently generic
manner, V, continues to be Lefschetz. First of all, let H denote the subva-
riety of P, defined by

det ((azF/aXian)og,jén) =0.

H is a hypersurface of degree (n + 1)(d — 2) in P,, called the Hessian sub-
variety of P, associated to V.

LEMMA 5.9. Let V be a hypersurface, x a simple point of V. The follow-
ing statements are equivalent:

(i) »e H;

(i) D,: P, — P} is of maximal rank at x;

(iii) Dy |y: V — P} is of maximal rank at x;

@iv) of h = D, (x), the tangent hyperplane to V at x, then V, has an ordi-
nary double point at x.

Proof. The equivalence of (i) and (ii) is obvious. To get the rest, assume
x=(1,0, ---, 0) and that the tangent hyperplane to V at z is given by X, = 0.
Using that

0F[0X; = (1/d — 1) X X,(0°F[0X,0X;)

one has that at the point «:
(5.10) (°F0X0X;) =0 ifj#m, =Wd-1) ifj=n.
Then (iii) is just the condition that

det ((aZF/aXian)Oéién——l)

ISjsn

be non-zero at x. So (iii) and (5.10) give (ii). By (5.6), (iv) is equivalent to
the condition that

det ((azF/aXian)léi,jén—l)
be non-zero at « so that again by (5.10), we have the equivalence of (iii) and
@iv).

In the following, V will always be a Lefschetz hypersurface and x, will
always stand for the double point of V if there is one. All statements should
be taken as applying both to the case V non-singular and to the double point

case, unless it is explicitly indicated to the contrary. Also we shall use the
following notation:

(5.11) If W is a subvariety of P,, then W will denote its proper transform
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in P,. Furthermore if W has dimension 7:
mo(W) = multiplicity of x, in W

= intersection multiplicity at x, of W with a generic (» — r)-plane

passing through z,.

Now for k > 0: H,(P,) ~ H,(P,) @ H,(7"'(,)). For k odd, these groups are
all zero, and for k = 2r a basis for H,(P,) is given by {{L}, {L,}} where L is
an r-dimensional linear subspace of P, and L, is an r-dimensional linear sub-
space of (77'(%,)). For linear subspaces L and L’ (of dimension 7) in P,, one
has in P, the homology relation:

(5.12) (L) — {2)) = (mu( L) — mo(I)}Le} -
If ¢ L, then an immediate consequence of (5.4) is that deg(D.({L})) =
(d — 1)7, where 9, is the homology map associated to 9: P, — P}. By Lemma
5.7, deg (D«({Ly)) =1. Taken together these last two facts give the
formula:
(5.13) deg (ED*({W})) = (d — 1)"deg ({W}) — mo(W)
where W is any r-dimensional subvariety of P,.

COROLLARY 5.14. Ifd > 2, 9D: P, — P} 1is finite-to-one.

Proof. If not, there would be an algebraic curve in P, which 9 sends to
a point. By (5.13), the curve must lie in 7~'(x,). But that is impossible by
Lemma 5.7.

LEMMA 5.15. If d > 2, D[y s generically injective.

Proof. Let V* = @(V). Then V* (considered as a subvariety of P} and
taken with multiplicity one) has its own dual mapping D,.: Py — P;* = P,.
At a generic point € V, 9D, |, must be of maximal rank since 9 |7 is equidi-
mensional by Corollary 5.14. Therefore there is an open neighborhood U of
z in P, such that 9,(U N V) is smooth at D,(x). If 3_a,;X, = 0 gives the
tangent hyperplane to 9,(U N V) at D,(x), then Y (a;(0*°F/0X;0X;)(x))X;
must give the tangent hyperplane to V at , since 9, is of maximal rank at
2 by Lemma 5.9. Therefore at x:

(X a;(0°FloX,0X,), -, > a,;(0*F/0X;0X,))
= ((0F/0X,), + -+, (0F/0X,)) -
On the other hand if = (y,, -+, ¥.), then at x:
(X y;(*F/0X;0X), -, > y,;(0°F[0X;0X,))
= ((d — 1)(0F/0X,), «++, (d — 1)(OF/3X,)) .

Thus as projective points (@, **+, @) = (Yo» * * *» ¥») Which means that, restric-
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ted to V, (Dy.0D,) is the identity map. The lemma is then clear.

PROPOSITION 5.16. Let V be a Lefschetz hypersurface. Then a generic
penctl of hyperplane sections of V contains only Lefschetz hypersurfaces.

Proof. By what we have done above we know that there is a Zariski open
subset U< V such that (D(U) N NV — U)) = @ and 9|, is injective and of
maximal rank. Also there exists a Zariski open subset U, of [x,] such that
the points of U, correspond to hyperplane sections of V which have at x, only
an ordinary double point. Also 9(V) & [x,] by (5.13) and Lemma 5.15. So
the subvariety D(V — U) U (D(V) N [w]) U ([z,] — U,) has codimension = 2
in P¥. The proposition follows.

Definition 5.17. A pencil of hyperplane sections of a hypersurface V will
be called Lefschetz if a generic element of the pencil is non-singular and each
element of the pencil is Lefschetz.

COROLLARY 5.18. Let V be a Lefschetz hypersurface. Then a generic
penctl of hyperplane sections of V is a Lefschetz pencil.

Finally, it is an easy exercise in differential topology to show that all the
non-singular hyperplane sections of V are diffeomorphic, in fact they can be
deformed one onto another along paths in (P — V*). Furthermore, since V*
is irreducible, there is a connected Zariski open subet U* of V* containing
only smooth points of V* and such that for he U*, V, is Lefschetz and for
h, hye U*, V, can be deformed homeomorphically onto V,, along a path in
U*. (We shall need this fact in § 11—see discussion preceding Lemma 11.23.)

6. Cubic hypersurfaces

We shall now restrict our attention to hypersurfaces of degree three. As
in § 5, V will be Lefschetz. We begin by deriving a fact about the dual map-
ping in this case which will be of central importance in Part three of the
paper.

LEMMA 6.1. Let K* be a linear subspace of P}. Suppose W<V and
NW) = K*. Then
[K*] = n.{[h]: he K*}
s tangent to V at each point of W.

Proof. If dim K* = 0, the assertion is trivial. If dim K* > 0, let « and
y be distinet points of (W — {x,}) such that D(x) = D(y). Let L* be the line
in K* connecting D(x) and D(y) and let C = 7(D(L*)) (see (5.7)). By (5.13),
9: C — L* is a covering by (2 deg({C}) — m,(C)) sheets. For the point y e C:
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({l2W)1}+{C}) = 2(2 deg ({C}) — mW(C))
= 2deg ({C})

since [D(y)] is tangent to C at (2deg ({C}) — m,(C)) points. So C<=[D(w)]
and in particular » € [D(y)], which implies that W< [K*]. But [K*] =[D(v)]
for x ¢ W. The lemma follows.

COROLLARY 6.2. Ifdim K* = r in Lemma 6.1, then 2r < (n — 1).

Proof. 9 isfinite-to-oneon V. But (W)= {h: W< [h]). Sor =dim W<
dim{h: W [r]} < (n — (r + 1)).

We next turn our attention to the algebraic family of projective lines
(effective algebraic curves of degree one in P,) which lie inside V. For n = 2,
V = P, contains no lines. However, if » > 2, then V does contain lines. It is
a classical fact, for example, that:

(6.3) If V is a non-singular cubic hypersurface in P,, then V contains exactly
27 lines. (See [18].)

Suppose that V has double point x,. Let L be a line in P, which passes
through «,. Then either L lies in V or L intersects V in precisely one more
point. Thus the projection P,— P,_, centered at «, gives a birational morphism:

(6’4) 40: V_) Pn—l .

Furthermore, if W, is the cone formed by the lines through «, which lie in V,
then

p: (V — W) — (P,_, — p(W,))
is an isomorphism. As for the structure of W,:

LEMMA 6.5. Let [h] be any hyperplane in P, which does mot contain x,.
Then there is a non-singular complete intersection C of type (2,3) in [h] such
that W, is the cone over C with vertex x,.

(Recall that a complete intersection of type (2,3) in a projective space [A] is
the intersection of a quadratic and a cubic hypersurface of [#].)

Proof. Let Y, be the tangent cone to V at «,. If «,¢ [k], then (Y, N [A])
is a non-singular quadratic hypersurface of [#]. Also if L is a ray of Y,, then
L lies in V if and only if L meets V in one point outside of x,. Thus W, =
(cone over ([r] N Y, N V)), and we need only check that ([] N W,) is non-
singular. But if this variety were singular, it would be singular independently
of the choice of [h] so that Y, and V would have to be tangent along an entire
ray L of W,. This in turn would imply that 9(L) = (point) which contradicts
Corollary 5.14.
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We can summarize our discussion of the case where V has a double point
%, as follows: V can be transformed (birationally) into P,_, by blowing up V
at x, and then blowing down the proper transforms of the lines through «,.
So, for instance, if V is a surface, V is obtained from P, by blowing up six
points lying on a non-singular quadric curve. From this it follows easily that
V contains exactly 21 lines, six of which pass through the double point «,.
Furthermore no three of the lines through «, are coplanar.

The Chow variety of projective lines lying in a Lefschetz cubic hypersur-
face V was studied classically by Fano [6] and also was treated extensively
by Bombieri and Swinnerton-Dyer in [2]. Our presentation in § 6-§ 10 borrows
heavily from these two works. We begin by classifying the lines in P, into
types depending on the behavior of the dual mapping 9, along the line. By
(5.13), for any line L, deg (EDA{I?})) < 2 so that we can make the following
classification:

Definition 6.6. Let L be a projective line in P,.
(i) L will be called a line of first type if D(L) is a non-singular (plane)
quadric curve;
(ii) L will be called of second type if either
(a) x,¢ L but (L) is a projective line (so that 9: L —D(L) is a
ramified two-sheeted covering),
(b) 2, e L and D|; is an isomorphism onto a projective line in [z,] S Pj.

An easy corollary of (5.18) is that possibilities (i), (ii) (a), and (ii) (b) are mutu-
ally exclusive and exhaust all possible cases for a line L in P,. For any L,
the dimension of the linear subspace [D(L)] of P, is always = (n — 3) and we
have:

LEMMA 6.7. A line LSV is of second type if and only if there is a
(unique) (n — 2)-plane tangent to V along L. This (n — 2)-plane is [D(L)].
If L= Vs of first type, [ED(E)] 18 an (n — 3)-plane tangent to V along L.

For a line L lying in V, we can characterize the local behavior of V near
L according to the type of L. For this discussion we assume that L is given
by:

(6.8) X,=.--=X,=0.

Then F(X,, -+, X,) = 2_{XiQ:i(X,, X)): ©=2,---,n} + (terms involving
higher powers in X,, -+, X,), where degree Q; = 2 for each 7. Thus 9, |, is
given by the formula:

Dy (Yor Y1y 0y <+, 0) = (0, 0, Q:(¥os ¥, *+ s Qu(¥o y1)) .



308 C. H. CLEMENS AND P. GRIFFITHS

L is of first type if and only if the Q; span the entire three-dimensional vector
space of quadratic forms in two variables. In this case, a linear change of
coordinates involving only X;, .-, X, reduces F(X,, ---, X,) to the form:
(6.9) XX+ XXX, + XX}

+ (terms with higher powers of X, --+, X,) .

If L is of second type, the @; span a two-dimensional vector space and we can
put F(X,, ---, X,) into the form:

XQ:(X,, X)) + X;Qu(X,, X))
+ (terms with higher powers of X,, -+, X,) .

If z,¢ L, Q, and @, have no common zero and one can make a coordinate
change involving X,, X, to get 1,0, ---,0) and (0,1,0, ---,0) as the rami-
fication points of 9D|;. Then a change involving only X, X, reduces
F(X,, ---, X,) to the form:

(6.10) X, X: + X X?

+ (terms with higher powers of X;, -+, X,) .
Finally, if x,€ L, then Q, and Q, have «, as their only common zero and a
change of coordinates involving X;, X, followed by one involving X, X,
reduces F(X,, ---, X,) to the form:
(6'11) X2X0X1 + X3X12 + XOQO(X21 M) Xn)

=+ X1Q1(X21 M) Xn) + P(Xzy M) Xn)

where degree Q; = 2 and degree P = 3. The double point «, then becomes the
point (1, 0, - -+, 0) and by (5.6):
(6.12) det ((0Q,/0X:0X;)s=i,55n) # O .

Let Gr(2, » + 1) be the Grassmann variety of projective lines in P,. We
wish to describe the family of lines in V locally around L. To do this, let H;
be the hyperplane in P, given by the equation X; = 0. Put u; = (X,;/X,),
2z, = (X;/X) forj =2, -+, n. Then (u, -+, u,) gives affine coordinates for
(H, — (H,n H)) and (2, -+ -, 2,) gives affine coordinates for (H, — (H, N H,)).
Furthermore:

(6.13) (uzy ety Upy Ry 000,y zn)
give local coordinates in Gr(2, » + 1) around the point corresponding to the
line L. To see which lines lie in V, one forms the polynomial

F(X(ly Oy Ugy ***y un) + /1(0, 11 Roy 000y zn))
and sets the coefficients of A%, \zt, M¢* and /£ each equal to zero. If L is of
first type, we use (6.9) and get the local equations:
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#, + (higher powers) = 0
%, + 2, + (higher powers) = 0
%, + 2, + (higher powers) = 0
z, + (higher powers) = 0.

(6.14)

If L is of second type and x, ¢ L, use (6.10) to get:

u, + (higher powers) = 0
(6.15) 2z, + (hi‘gher powers) = 0
u; + (higher powers) = 0
z; + (higher powers) = 0.
If L is of second type and z, € L, use (6.11) to get:
Qo(uyy =+ -, u,) + (higher powers) = 0
6.16) Uy + (higher: powers) = 0
u; + 2, + (higher powers) = 0
Z; + (higher powers) = 0.

If L is of first type, there is a way to define a family of curves in
Gr(2, n + 1) which will be quite helpful later on in studying the tangent space
to the variety defined by (6.14) at the point

Upg = *o0 =Up =2y = > =2,=0.

For (a,, a)) € P,, let B(a,, ;) be the closed irreducible curve in Gr(2, n + 1)
which is given (in terms of the local coordinates (6.13)) by the equations:

u2+z4=0
Uy + 2, =0
U, +2,=0

u5='.':un:z2=...=zn=0
and
au, + auy, = 0.

(Compare this with (6.14).) For each s e B(a,, @,) let L, be the corresponding
line in P, and define:

(6.17) Q(a,, &) = U{L,: se B(a,, a,)} .

Then Q(«,, @) is a non-singular quadric surface which spans a three-plane
M(a,, @) in P,. Assuming L is given by (6.8) and V by (6.9), we let i(a,, «;) be
the element of P} such that [A(a, a,)] is spanned by M(a, a,) and [D(D)].
Then:

LEMMA 6.18. (i) Q(a,, @) is tangent to V along L. (ii) The mapping
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(@, @) > h(a,, @) is am isomorphism from P, onto D(L).

Proof: (i) follows immediately from (6.11) and the definition of Q(«,, ,).
For (ii), we see from (6.9) that the tangent hyperplane to V at the point
(Bos By 0, +++,0) on L is given by:

Bng + ,80,81X3 + B%X4 = 0 .
But [A(a,, «,)] is spanned by the points (1, 0,0, @, — &, 0, --+, 0) and (0, 1,
—a,, &, 0, -+ -, 0) together with the (n — 3)-plane given by X, = X, =X, =0.
Thus [A(a, )] is given by the equation
Cng + C3X3 + C4X4 - O

where c.a, — ¢, = 0 and — c,at; + c,, = 0. Normalizing things by picking
¢, = a, we get ¢; = a,, and ¢, = «? and the lemma is proved.

PROPOSITION 6.19. Let V be a Lefschetz cubic hypersurface, L a line in

V such that x,¢ L. Let (n) denote the line bundle of degree n on L. If L is

of first type, the normal bundle N(V, L) to L in V is given by
0VDODBMND---DAD);

if L is of second type, NV, L)~(—1)P L PQDH--- P Q).

Proof. If L is of first type, normalize the equations for L and V as in
(6.8) and (6.9). Using (6.14) and the definition of Q(«,, @,) in (6.17), one checks
immediately that Q(1,0), Q(0, 1), and [ED(E)] meet transversely along L. How-
ever by Lemmas 6.7 and 6.18, Q(1,0), Q(0,1) and [9D(L)] are all tangent
to Valong L. Thus N(V, L) ~ N(Q(1, 0), L) @ N(Q(0, 1), L) @ N([D(L)], L).
If L is of second type, the (n — 2)-plane [9(L)] is tangent to V along L.
Normalize the equations for L and V as in (6.8) and (6.10). Then [D(L)] is
given by the equations

Xz - Xa - 0 .
The tangent hyperplane to V at (8,, 8, 0, - -+, 0) is given by 8:X, + 58X, = 0.

Let L(B B) be the line spanned by (53, 8,0, --+,0) and (0,0, — &, &2, 0,
«++,0) and let

B = U{L(Boy 181): (;30’ Bl) € Pl} *

Then B is non-singular along L and tangent to V there. Also [9(L)] and B
meet transversely along L. Thus:

N(V, L) ~ N((9(L)], L) ® N(B, L) .

Since degree N(V, L) = (n — 4) and degree N([D(L)], L) = (n — 3), it follows
that degree N(B, L) = —1 and the proposition is proved.
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The algebraic structure of the set of lines in a Lefschetz cubic hypersur-
face is now accessible. The purpose of the next section is to examine that
struecture.

7. The variety of lines on a cubic hypersurface

For each seGr(2,n + 1), let L, be the associated line = P,. For a
Lefschetz cubic hypersurface V in P, we define:

S =8, ={seGr@,n+1): L <V}
(7.1) D = D, = {se S,: L, is of second type}

T=T, ={(s,2¢e(S, x V):aeL,}.
Then the projection
is an algebraic fibre bundle with fibre a projective line. We also have a pro-
jection
(7.3) T T—V.

If V has double point «,, define

(7.4) D,={seSy:x,eL,}.
By Lemma 6.5, D, is isomorphic to a non-singular complete intersection of
type (2,3) in P,_,. By Proposition 5.16, therefore, the generic fibre of 7, in
(7.3) must be isomorphic to a non-singular complete intersection of type (2, 3)
in P,_,. Next let D, be the union of the components of D, which do not lie
in D,. We wish to bound the dimension of D,. To do this, let B, be the set

of all (s, ) € T\, such that se D,, «,¢ L,, and « is not one of the two ramifica-
tion points of the mapping 9|z,.

LEMMA 7.5 7,: R, — V is finite-to-one.

Proof. Suppose there is an irreducible (open) curve C in R, such that
w,(C) = {y}. R, possesses an involution ¢ which is induced from the involu-
tions 4,: L, — L, given by the two-sheeted mapping 9: L, — D(L,). Also
(se) =1 and (Dyomyoi) = (Dyomry). So (Dyomy)(i(C)) = {Dy(y)} and since
Dy |-z, is finite-to-one, there exists ze V such that 7,(¢(C)) = {2}. Since
7, is injective on fibresof ws: T, — S,, 2+ y. So for any (s, x) ¢ C, L, must
be the line passing through y and z. The lemma follows.

COROLLARY 7.6. dim R, < (n — 2) and dim D, < (n — 3).

Proof. The first statement follows from the fact that 9, is at least two-
to-one on 7,(R,) together with Lemma 5.15. The second statement then
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follows from Lemma 7.5.

We have already studied the local structure of S, in (6.14)-(6.16). Using
(6.14), (6.15), and the Jacobian criterion for non-singularity we get:

LEMMA 7.7. Let V be a Lefschetz cubic hypersurface in P,. Then
Sy — D) is non-singular and has pure dimension 2(n — 3).

(Notice that it follows from Proposition 6.19 that if «, ¢ L, H'(L, O(N(V,
L))) = 0 and H(L, O(N(V, L))) = 2(n — 3). By a theorem of Kodaira [15;
page 150], the Chow variety of lines in V is smooth at L and the tangent
space to this Chow variety is H°(L, O(N(V, L))). This yields an alternate proof
of Lemma 7.7.)

If se D,, the local equations for S, around s are given in (6.16). If L, is
given by (6.8) and V by (6.11), the double point «, is given by (1,0, ---, 0) so
that the local equations for D, are given by (6.16) together with the additional
conditions

Uy = so»=U,=0.

By (6.12), Q,(u., ---, u,) is a non-degenerate quadratic form. Taken together,
these conditions mean that there is a neighborhood U, of s in S, which is
biholomorphic to the analytic variety (P,_; X @,—;) where P,_;is an (n — 3)-
dimensional polydisc and

Qns = {(“11 ceey Ups)t Z“§ =0, Zujﬁ’i < 1}’

This biholomorphism carries (D, N U,) onto (P,_; X {0}). To describe this
situation, we say that D, is an ordinary double variety of S,.

THEOREM 7.8. Let S, be a Lefschetz cubic hypersurface. Then S, is a
projective variety of pure dimension 2(n — 3). If V is non-singular, so is S,.
If V has a double point, S, s non-singular except along D, which is a non-
singular (n — 3)-dimensional ordinary double variety for S,.

This theorem will allow us to get rather precise information about the
topology of S,. But first we need a general proposition about non-singularity
of various subvarieties of S,. In order to give geometric proofs of non-singu-
larity of such subvarieties it will be convenient to construct a “linear” sub-
variety T,= Gr(2,n + 1) for each non-singular point se S, to play the
analogous role to that of the tangent hyperplane in the case of hypersurfaces
in P,. If L, is of second type, define:

(7.9) T, = {teGr@2, n + 1): L, S[D(L,)], the
(n — 2)-plane tangent to V along L,} .
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T, is a non-singular 2(n — 3)-dimensional (Schubert) subvariety of Gr (2, n + 1)
and we have the equality of tangent spaces:

T(Sy,s) = T(T,, s)
(considered as subspaces of T(Gr(2, n + 1),s)). If L, is of first type, our
construction of 7T, depends on the choice (6.13) of local coordinates for
Gr(2, n + 1). Define:
(7.10) T, = (closure in Gr(2, n» + 1) of the variety given in local
coordinates (6.13) by the equations
U =0, Ug+2=0, u,+2=0, 2=0).
Then T, is irreducible of dimension 2(n — 3) and by (6.14):
T(T,, s) = T(Sy,s) .

Let R be an (n — 2)-plane in P, and let Y be a non-singular cubic hyper-
surface in P,. Define
Y, = (Y nI[r]) for helR];
(T11)  Ap = {(s b e(Sy x [R]): LS [hl};
S, = wi(k) where 7t Ap — [R] is the natural projection.

For generic choice of [R], the family {Y,} is a Lefschetz pencil of hyper-
plane sections of Y and since we can assume that R itself meets Y trans-
versely the double points which occur in Y, never lie on R. Therefore to
show that for generic R, A, is non-singular, let

B, ={seGr@2, n + 1): L,=[h]}
Bp = {seGr@2,n + 1): (L,NR) + @}
and we prove:

PrOPOSITION 7.12. (i) For generic R, if se (BxN Sy) and L, Z R, then
(Br N Sy) is non-singular at s. (ii) For generic R, if he[R] and se S, such
that L, contains only non-singular points of Y,, then B, and S, meet trans-
versely at s.

Proof. (i) At s, the local coordinates (6.13) can be constructed so that
By, is given by linear equations. Thus it suffices to show that if se (B N Sy),
T, Z By. If L, is of first type and T, & By, fix

toe(B(]-, O)_‘{S})v tIE(B(O, 1) - {S})
where B(a,, ;) is as in (6.17). Then ¢, ¢, and {t: L, = [D(L,)]} all lie in
T, and R is determined by (RN L,), (RN L,), and (RN [9D(L,)]). Thus
dim {R: T, B} = (n — 1). If L, is of second type, T,= B if and only if
dim ([9(L,)] N R) = (n — 3). A dimension argument now yields (i).
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(ii) Ats, B, is given by linear equations in the coordinates (6.18), so it
suffices to show that:

(7.19) dim, (T, N B,) < (2(n — 3) — 2).

Let L, be of first type (for Y in P,). If [D(L,)]Z[k], then (7.13) is clearly
satisfied since T, contains all lines lying in [D(L,)]. If [D(L,)]Z[k] and
(7.13) were not satisfied then there would exist (a,, &) eP, such that
B(a,, a,) S B, (see (6.17)). Thus h = h(a, a,) and by Lemma 6.18 (ii), L,
passes through the point where [2] and Y are tangent. This gives (7.13) in
case L, is of first type. If L, is of second type, it suffices to show that
[D(L.)] Z[k]. But if this were not the case, [D(L,)] would be a hyperplane of
[k] which was tangent to Y, along all of L,. But this contradicts the fact
that Y, is Lefschetz and therefore has a finite-to-one dual mapping. The
proposition is proved.

If V is a non-singular, cubic hypersurface in P,_,, there is a non-singular
cubic hypersurface Y = P, such that V is a hyperplane section of Y. Let

U= {heP;: Y, is non-singular} .
Since U is a Zariski open subset of P} it is connected. Then Proposition 7.12

(ii) and a standard elementary argument from differential topology gives:

LeMMA 7.14. S, is diffeomorphic to S, for all he U.

PART THREE: THE CUBIC THREEFOLD

8. The Fano surface of lines on a cubic threefold,

the double point case

We now restrict ourselves to the case of central interest in this paper,
namely the case in which V is a Lefschetz cubic hypersurface in P,. For
veV,let W,={seS,:axecL,} (see (2.2)).

LEMMA 8.1. There are at most a finite number of points x on V such that
dim W, > 0. If xis a simple point on V and dim W, > 0, then W, is a cone
over a non-singular plane curve of degree 3.

Proof. If dimW, > 0, let W = U{L,: se W,}. Clearly there is a plane
tangent to V along any ray of W so that by Lemma 6.7, L, is of second
type for each se W,. Lemma 7.5 and Corollary 7.6 then give the first
statement. The proof of the second statement parallels exactly the proof
of Lemma 6.5.

The simple points 2 such that W, is infinite should be called “Eckardt
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points” (see [18; page 6]). For instance, the cubic threefold given by the
equation
X+ oo +X2=0

has all points of the form (y,, - - -, ¥,) such that all but two of the y;’s are 0
as Eckardt points. There are 30 such points. (From results of § 10, it will
follow that 30 is the maximal number of Eckardt points for a non-singular
cubic threefold.) Assuming for a moment the irreducibility of S,, we conclude:

COROLLARY 8.2. If V'isa non-singular cubic threefold, the family {L},.s,
18 a covering family of curves for V. (See Definition 2.3.)
Suppose that V has a double point x,. If x,¢ [A], let
o: V= [1] ~ P,
be the birational morphism defined as in (6.4). S, has double curve D, =
{seS,: 2,e L}, and if x,¢ [#] Lemma 6.5 gives that the mapping s— (Ls n

[h]) is an isomorphism of D, onto a non-singular space curve of genus four.
By the adjunction formula, this embedding

(8.3) k: D,— [h] ~ P,
is canonical. Since 9: V — Pf is finite-to-one, V contains no planes so that
each (¢, ¢') e D® determines a unique point A(¢, ) in S, such that
L, 4+ Ly + Ly
is a plane section of V. The morphism
N D —— S,

clearly restricts to an isomorphism from (D{ — AY(D,)) onto (S, — D).
Also associated to £ in (8.3) there is a canonical morphism

(8.4) £¥: DY — Gr (2,9 S P,

which assigns to (¢, t) the line through «(¢) and x(¢'). It is clear that for
(t, t') e (D — N(Dy)):
(8.5) Ly, = p(EZ(t,t’)) .

For (t,t)e D®, let K,,, be the unique plane such that L, + L, +
(third line) is the section of V by K,.,).

LEMMA 8.6. Let Q, be the non-singular quadric surface given in Corollary
5.8. The following conditions are equivalent for (t,t’) e D{:

(@) (¢ 1) e N (Do)
(i) L., 1S a trisecant of £(D,);
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(i) (K. N Q) = ome of the lines on Q.

Proof. The equivalence of (i) and (ii) is clear. If (¢, t') e x"%(D,), then
({1?(, i}+{Q})y = 8 so that (iii) must hold. Conversely, if (iii) holds, then
every line in K, ,, which passes through =, lies in the tangent cone to V at
%, Thus if L is a line in K, ,,, not passing through «,, the three lines con-
necting x, with the three points of (L N V) must lie in V. This gives the
lemma.

For (t,t)e D, define:

L if M, t) ¢ Dy,
Z:Z(t,t’) + (I’Z(t,t') n QO) if 7\"(t’ t’) € DO .

Ju.ey is an algebraic one-cycle on V and under the mappings

(8-7) J(t,t’) =

V
r/ \P
v N
|4 P, .
J i, behaves according to the formulas:
(8.8) T(Jiewn) = Lagen s O wey) = Lemg e«

LEMMA 8.9. Thefamily {Jie.n}ie.en e 18 @ covering family of curves for V.

Proof. Use Lemma 8.1 and the fact that (x x p) gives an embedding of
V into (P, x P,).

It follows from the preceding discussion that A~*(D,) must have two com-
ponents, D, and D,, corresponding to the two rulings of @,. Also the map
A DP — S, is just the standard desingularization of the variety S,. Each
component D, of A'(D,) for 7 = 1,2 must be isomorphic to D, under the
mapping:

(8.10) Ni = Mlp, 1=1,2.

It is interesting to apply the considerations of Part one to the covering
family {Juorbwenep® for V. For te D,, let
(8.11) E, ={,t")eD®: t =t}.

If we let {Dy (}eren® be the family of incidence divisors (see (2.6)) associ-
ated to {J .}, then it is immediate from the definition of J,, ., that:

FOI‘ (t, t') € DI: D(t ) — E}(t t) + Dz .

FOI‘ (ty t') € DZ: D(t )y — El(t t') + Dl .

LEMMA 8.13. (i) {D} = {D,} in Hy(D{). Soin particular ({D3}-{D;}) =
0fori=1,2;

(8.12)
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(ii) ({E’t}-{Di}) =2 for 1 =1,2.
Proof. (i) is clear from (8.12). Given t,e D,, there is exactly one point
(t, t')e D, such that ¢, = ¢, ¢'). So (E,, N D) ={{¢t), (t,t)}. That this
intersection is generically transverse follows immediately from the fact that
E, is given by the curve (D, x {t}) in (D, x D,). This gives (ii).

Next let @: Alb(D®) — J(V) be the Abel-Jacobi mapping associated to

Jie ool ren® (see (4.3)). Fori = 1,2, te D, the inclusions

tit Dy —- D

Y E,—— DP
induce homomorphisms of the corresponding Albanese varieties (which we
denote by the same symbols #; and g, respectively). Also, since the mapping
0: V — P, is just the monoidal transform which blows up the curve £(D,) in
P., there is induced by Lemma 3.11 an isomorphism

p: J(D) — J(V) .

ProposITION 8.14. (i) For te D,, the diagram

JE) = J(Dy)
#tl lﬁ
Alb(D®) -2 J(V)

18 anticommutative.
(i) For i =1,2 and \; as in (8.10), the diagram

J(D) 5 J(Dy)

|

Alb(DP) —2 J(V)
18 commutative.

Proof. For (t,t)eD;, Ju.) = (Ijm,t,) + Li(t, t')) where Lt t) is a
line in Q,. The algebraic family {L, + Li(\7'(8))}en, of algebraic one-cycles
induces a homology map (see §1) o;: H,(D,) — Hy(V). Under the natural
identification H,(D)) = H(J(D,), Hy(V) = H(J(V)), o,is the homology map
corresponding to (@op;on;"). But the homology map H,(D,) — H,y(V) induced
by the family {L;(\;'(¢))};cp, is the zero map since it factors through H,(Q,) =
0. Thus o; = o: H(D, — H,(V) where ¢ is the homology map induced by
the family {I.},. p, Which is the homology map corresponding to @. This
gives (ii). For (i) notice that (p-y, ) corresponds to the homology map induced
by the family {J.j}iep,. Thus it suffices to show that the homology map
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H,(D®) — H(V) induced by the family {L, + L, + J(t, t)} is the zero map.
Let G = Gr(2, 4), the Grassmann variety of lines in P,. Then G is simply
connected ([3; page 70]) and G parametrizes an algebraic family of algebraic
one-cycles on V whose generic element is o (L), ueG. If uw=k®@,t)
(see (8.4)), then

o' (L,) = (Et + Et’ + Jiey + Queen)

where Q. ., is an algebraic one-cycle in Q,. As above the homology map
H/(D&) — Hy(V) induced by the family {Q,, im}teanen® must be zero since it
factors through H,(Q, = 0. But the homology map induced by the family
{0~ (k™ (¢, t'))}(t,t,)eDém must also be zero since it factors through H,(G) = 0.
The proposition follows.

COROLLARY 8.15. The mapping @: Alb(D®) — J(V) is an isomorphism
and if 0 is a representative of the theta-divisor 6(J( V)):

({0}-(o})[2! = {P(D)}
in H(J(V)).
(Compare this with § 3, especially Definition 8.15. Also notice that we
have used the fact that the automorphism a+— (— a) on J(V) induces the
identity map in even dimensional homology.)

PROPOSITION 8.16. Let V, and V, be two Lefschetz cubic threefolds, each
with a double point. If J(V.) ~ J( 172) then V,~ V..

Proof. Let D, be thedouble curve of S,,, j =1,2. Then J(D,,) ~ $(D,)
so that by the classical Torelli theorem [1], D, ~ D,. Thus a canonical
embedding of D,, into P, can differ from one for D,, by at most a linear auto-
morphism of P,. Since V; is obtained from P, by blowing up along the canoni-
cally embedded D,,, the proposition follows.

Our purpose in much of the remainder of the paper is to examine the
analogues of Proposition 8.14 (i), Corollary 8.15 and Proposition 8.16 in the
case of non-singular cubic threefolds. Our task is made more difficult by the
fact that in this case J(V) will turn out not to be the Jacobian of a curve and
much less is known about principally polarized abelian varieties which are
not of level one (see Definition 3.15).

9. A topological model for the Fano surface, the non-singular case
Let V be a non-singular cubic threefold. Asin §7let Y be a non-singular

cubic fourfold such that V is a hyperplane section of Y. Let R be a generic
three-plane in P,. Let A, Y,, and S, (he[R]) be as in (7.11). Since R is
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assumed to be transverse to Y, double points of Y, never lie on R and so,
using Proposition 7.12, Aj is easily seen to be non-singular. Moreover S,
is non-singular for almost all &, and for the remaining values &, «+ -, A, of h,
S, is the surface of lines for a cubic threefold with one double point. We will
construct a topological model for S, from our knowledge of the topology of
Sij» 5=20,1,--+,m. Our techniques are essentially those of the classical
Lefschetz theory ([21; Chapter VIJ).
Fix he [R], he {ho +++, h,}. Connect h to each h; by a path p; in [R]:

I8

I

Let B; = U{S:: he p;}. We now proceed to analyze the structure of B; for
fixed 7. For convenience of notation in this part of the argument, fix 5 and
put S; =8, S,; = S, with double curve D,, and put B; = B. Then we have
as in §8:
k: DP — S,

and we let D, and D, be the two components of A~*(D,). There is a retraction
theorem for this situation ([5; page 42]). Since the normal bundles to D, and
D, in D® are topologically trivial by Lemma 8.13, we can state the retrac-
tion theorem in this case as follows:

(9.1) For 7 =1, 2 let N; be a tubular neighborhood of D;. Then there exists
a C~ normal fibration
’)i: Ni — D'i ~ D()

and trivializations

N, -5 D, x {zeC: 2| < 2} 2N,
such that:
() If M;=rc7'(D, x {z: |2| = 1/2}), then S is obtained (as a differenti-
able manifold) from
(D® — (M, U My))
by identifying a e (N, — M,) with be (N,— M,) whenever, for 7,(a) = (t, 2,
and 7,(b) = (t,, 2,):
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=1t
and
zlzZ = 1 .

Thus S is irreducible. Also we have a quotient mapping
i (D@ — (M, U M) — S .

(i) Let »:[1/2,2]—[0,1] be a C=-function which = 0 on [1/2,1], is
increasing on [1,2] and = 1 on some neighborhood (2 — ¢, 2] of 2. Define
0:S— 8, by:

My (@)) if acy(D — (N,UNy);
Mei(t (1 21)2)) whenever, for be (N, N y7'(a)),
o(a) = 7,(b) = (¢, 2) with [z]| = 1;

Me(t (1 21)2)) whenever, for be (N, N v '(a)),
7y(b) = (¢, 2) with |z| = 1.
Then B is homeomorphic to the mapping cylinder of p.

Let X = 07(D,). Then X~ (D, x (circle)). Using Lemma 8.13, Prop-
osition 8.14, and 9.1 (i), it is easily shown that:

(9.2) The natural mapping H,(X) — H,(S) takes H,(X) isomorphically onto
a direct summand of H,(S) for all q.

In the remainder of the chapter let H?( ) denote ¢-th integral cohomology
not modulo torsion. If M, is the mapping cylinder of p, and if X, is the
mapping cylinder of 0|y, then using excision and the Thom-Gysin isomor-
phism we have

HYM,, S) ~ H(X,U S, S) ~ H(X,, X, S) ~ H"*D,) .
Thus there is an exact cohomology sequence associated to o:
. —— HY(S) - HY(S) —L H™ (D))
—— H*\(S) P* > H4(S) — -+ -

where /¢ is the composition of H*(S) — H(X) with the Gysin map H(X) —
HY(D,). By (9.2) therefore, p: H(S) — H**(D,) is onto for ¢ > 0. So:

LEMMA 9.3. The sequence

0 — HY(S) -2 H(S) —5 H(D) — 0
s exact for all q.

Next let K be the quotient space obtained from D + (D, x [0, 1]) by
identifying
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(t, t) e D, with (M¢, ¢), 0)
(t, t)e D, with (Mt,¢),1).

Then K has the same homotopy type as S, and using the exact cohomology
sequence for the pair (K, D) and the Thom-Gysin isomorphism, we obtain
the following exact sequence associated to the mapping \:

. — HY(S) - HY(D®) — HY(D,)
g H(S) * H‘”‘(Dém) > eee,

The mapping HY(D{®) — H*(D,) in this sequence is givenby (w; — o}) where
®; = N5t Dy— D for ¢ =1,2. Again by Lemma 8.13 and Proposition
8.14, it is easily seen that w} = w;. Therefore:

LEMMA 9.4. The sequence

0— H™ (D) = H(S) —— H(D#) — 0

18 exact for all q.

Taking Lemmas 9.3 and 9.4 together we have:

COROLLARY 9.5. H'(S) ~ Z", HYS,) ~ Z°.

Also, for any one-cycle v in D,, there is a two-chain gin D{ such that 08 =
7. — 7, where 7v; lies in D, for ¢ = 1, 2and \(v,) = M7,) = 7 (see Proposition
8.14). Thus M) is a two-cycle in S,. If 7e H'(S,) is such that {v, 7> # 0,
then for non-zero & € H°(D,) the definition of ¢ gives that {\(8), ¢(&) U > = 0.

LEMMA 9.6. The cup product mapping

H'(S,) N H'(S,) — H*(S,)

18 injective.

Proof. If & generates H(D)) and 7ne(H'S) — (ker »*)), one can find

a two-chain g as in the discussion just previous such that <\(B), ¢(§) U 7> # 0.
Thus

(H'(Sy)/(ker A*)) — H*(S,)
N ———7U0()
is injective. Now use Lemma 9.4 together with the fact that the cupproduct
mapping H'(D{) N HY(D{®) — H*D{) is injective.
Let {D,},cs denote the family of incidence divisors for {L,},.s (see §2).
By (8.12) we have that under the mapping 0,: Hy,(S) — H,(S,):

(9.7) ox({D.) = M({E)) + {Do} = M({E,, + D))
for seS, t,eD,, and 1 =1,2.



322 C. H. CLEMENS AND P. GRIFFITHS

Choose a basis 7], -+, n; for H'(D{) such that:

(9.8) B}, 7 Uiy =1 fork—=1,--+,4;
E ), Uy =0 for all other [ > k.

Then by Proposition 8.14:
(9.9) D} 7 Uiy =1 fork=1,---,4 and ¢ =1,2;
AD} mum> =10 for all other > k.

Next let 71, ---, 75€ H'(S,) be such that A\*(n}) = ;. for all k£ and put
N = 0*(72) € H'(S) .
A consequence of (9.7)-(9.9) is:
(9.10) Dy} P U Nugy = 2 fork=1,---,4;
4D}, U > =0 for all other I > k.
Let %’ be a generator for H°(D,) and put
X = p*oo(x)e H'(S).
Then by (9.7):
(9.11) D), xUm> =0 for k=1,---,8.

To see what the cocycle y is geometrically, let U be a regular tubular neigh-
borhood of the circle bundle X in S. If w is the orientation class for the
bundle (U, 0U) over X, then (up to sign), ¥ is the image of the generator
of H°(X) under the composition:

HY(X) 2 H\(U, 3U) —> H'(S) .

By Corollary 2.12, D,is an ample divisor on S. Using this fact and sequence
(9.8), pick ée H'(S) such that:
(9.12) (i) ¢(6) = generator of H°(D,);

() {D,}),6umny>=0 forall k=1,-..-,8;

(iii) <{D,}, x Udy > 0.
Then the collection {y,d, n, «+-, 7} is a basis for H'(S).

Suppose now that in H*(S) we have the relation:
E=exUo+ XU(Z%%) + 5U(Zbk77k) +2 e Un =0.

Using the mapping H*(S) — H*X) ~ H*D, x (circle)) we conclude that all
the b, = 0 and }_,_ ¢iu+xy = 0. Then by restricting & to D, we have also
¢ = 0. Then by Lemmas 9.3 and 9.6 we have:

LEMMA 9.13. The cupproduct mapping
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HYS) N H'(S) — H*(S)

18 imgjective.

(Notice that by Lemma 7.14 this result is valid for the surface of lines as-
sociated to any non-singular cubic threefold.)

Another result about the topology of S is gotten from the fact that by
direct computation (see for example [1; Section 1]) the topological Euler char-
acteristic x(D{®) = 15. For M; as in (9.1) (i), x(M;) = — 6 and }(@M,) = 0.
Thus by (9.1) (i):

9.14) x(S) = 27.

Finally, we will need in § 13 a series of integration formulas on S. We
have on D{:

(9.15) <{D(§2)}, 7. U 77:+k Ui Uniy =1 for 1=k<li<A4
ADPL i, Uume U, umy =0 for{p,q,r,st#{k, 4+ k1, 4+1}.
(To see this look, for instance, at the image of D{® in J(D,) and compute its

Poincaré dual.) Also by Lemma 9.4, {{S;},c(x) U Un U 7> =0 for all
k, I, m. This gives the formulas on S:

LSh e U U U N> = 1 forl #Fk;
(9.16) S UnUNUNY> =0 for {p,q,r, s} # {k,4 + k, 1,4 + };
ASH AU U U Dy =0 for all &, I, m .

Leaving the orientation check for later (see the end of § 11), the definition of
% and the map /¢ (see Lemma 9.3) give easily that:

9.17) ASHZUdUMU Dy = £ 1 for k=1, 4;
AShyuounuUun>=0 for other I > k.

Besides checking the sign in (9.17) we also want to compute <{S},é U n, U
7, U,y and <{D,}, x Udoy. For this we need more information about the
divisor D, which we shall obtain in § 10 and § 11. In any case we can make
some steps in the computation now:

LEMMA 9.18. In H*(S) we have (modulo torsion) the relations:
1) M U N U, tsindependentof k=1,--,4aslongas l¢{k,4+k};
() (. Um U, =0 unless, for some {a, b}={k, 1, m}, a — b = 4.

Proof. By (9.15) and duality the relations obtained on D® by replacing
7 by the corresponding 7’ are valid. Also the subspace A of H*(S,) generated
by {%i}i=1,...s cannot have rank 9. This can be seen as follows. Using
Lemma 8.13 and the homology sequence for the pair (K, D) used in the
proof of Lemma 9.4 one computes immediately the exactness of the sequence
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0 —— Hy(DP) 2% Hy(S)) —— Hy(D) — 0.

Then the pairing H,(D{) x H*D{®)— Z is non-singular and unimodular so
that there is a three-cycle g on S, such that

(i) 6(B) = generator of H,(D,)

(ii) <B, w> =0 forall we A.
If & generates H*(D,), <G, 0(§)> = =1, sorank A = 8. Thus modulo torsion
A A— HY(D) is injective. Thus the relations (i) and (ii) of the lemma hold
on S, if we replace 7 by 7°. The lemma then follows.
(From now on we return to the convention that all cohomology is modulo
torsion.)

10. Distinguished divisors on the Fano surface

From now on, unless explicitly indicated to the contrary, V will be a non-
singular cubic threefold, and S = S,, D = D,, and T = T, will be as in (7.1).
Since in this case, the dual mapping 9D,: P, — P} is everywhere defined, we
can identify D: P, — P} with 9, (see §5). We write simply

D:P,— PF.
Let K be a plane in P,. KZ V since 9 is finite-to-one. We therefore
have a family of divisors on S:
{Dilxcorom » Dx={seS: (L, NK)# 2} .
Each K determines a hyperplane section of Gr(2,5) under the standard Pliicker
embedding
(10.1) Gr2,5) <P, ,

and the set {[A]}cccras SO determined spans the projective space P;. Since
for all K, S& [hx], we conclude:

LEMMA 10.2. Under the Pliicker embedding S < Gr(2,5) = P,, 1o hyper-
plane of P, contains S.

A fundamental result of Fano for the family {D,} is:

ProrosiTION 10.3. For a plane K in P,, Dy is a canonical divisor on S.

Proof. For a generic line L in P,, V, = (Vﬂ [r]) is a Lefschetz cubic
surface for all but a finite set N of values of ke [L] < P}. Furthermore for
any he[L], the number of lines of S which lie in V, is finite (since we can
choose L so that [L] does not contain 9D(x) for any Eckardt point xe V). Let
S'=8S—-{s: L,&V, for some he N} and we have an induced finite-to-one
morphism:
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. 8 — ([L] — N).
By (6.3), 77'(h) has 27 elements if V, is non-singular and by the discussion
following Lemma 6.5, 77'(h) has 21 elements if V, has a double point.
Therefore = ramifies only over ke (D(V) N [L]). Furthermore 7 ramifies at
se S’ if and only if there is a plane K in P, such that
(i) [Kls[LlsPs
(ii) s is a singular point of z7'([K]) = (Dx N S").

Let My = {teGr(2,5): (L,N K) # @}. Then (ii) is equivalent to the con-
dition that My and S be tangent at s. Using local coordinates (6.14) and (6.15),
it is easily seen that if K is tangent to V at some point of L,, then M, and S
are tangent at s. This means that if there is an # € L, such that L <[D(x)],
the tangent hyperplane to V at x, then 7 is ramified at s. Thus if V, has
double point @, (ke ([L] — N )), then = must ramify at each of the six points
s such that «, € L,. Since 77'(h) for such an & has 21 elements, we conclude
that the ramification occurs only at the six points mentioned and that the
branching at each of the points is simple. Thus if W, = {seS:xze L,} and
C, is the divisor on S given by the set

U {W.: 9@) e [L]},
the divisor (C, — 8Dy) is a canonical divisor on S. However for a generic
plane [L]= Py, D7([L]) is a complete intersection of type (2,2) in P, (by
(5.4)) which meets V transversely except possibly at a finite set (by Lemma

5.9 and Corollary 5.14). Therefore C, is linearly equivalent to the divisor
4Dy and the proposition is proved.

We next turn our attention to {D,},.s, the family of incidence divisors
on S. By Corollary 2.12:

LEMMA 10.4. The family {D,} is a family of ample divisors on S.

LEMMA 10.5. For generic se€ S, D, ts non-singular.

Proof. Let M, = {teGr(2,5): (L,N L, +# @}. If seD, and L, is of
first type, we can assume local coordinates (6.13) to be constructed at s’ such
that L, meets (H, N H)) (given by X, = X, = 0). Since M, is then given by
linear equations, it follows easily that M, and S meet transversely along D,
in a neighborhood of s’. Similarly if L, is of second type, M, and S meet
transversely along D, in a neighborhood of s’ except if:

(10.6) L, lies in the plane [D(L,)] tangent to V along L, .

Thus s’ is a singular point of D, only if L, is of second type and (10.6) holds.
A dimension argument then gives the lemma since a generic s € S corresponds
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to a line L, of first type.
LEMMA 10.7. L, is of second type if and only if se D,.

Proof. For s’e D,, s + s, let K, be the plane spanned by (L, U L,). If
se D,, lim,., K, is a plane tangent to V along L,. So by Lemma 6.7, L,
is of second type. Conversely, for L, of second type, the set of planes K such
that (K-V) = (L, + L,, + L,,) is connected and as K approaches [D(L,)],
either L, or L,, (or both) must approach L,. The lemma follows.

We can now compute a series of numerical invariants associated to the
surface S (see, for instance, [13; page 154]). By Lemmas 10.4 and 10.5, D, is
a non-singular irreducible curve for generic s. Since two skew lines in a non-
singular cubic surface have exactly five common incident lines ([18; pages 3-5]):
(10.8) (D}{DJ)s=5.

Picking a plane K such that (K-V) = L, + L,, + L,, (s; # s; for i # j),
we have

(10.9) Dy ~ (D,, + D,, + D,)

where “~” denotes linear equivalence. Then by Proposition 10.8 and the
adjunction formula for surfaces:

(10.10) genus (D,) = 11 .

We have already seen that the second Chern number c,[S] = 27 in (9.14).
To get the first Chern number, use Proposition 10.3:

(10.11) ¢[S] = ({Dx}+{Dx))s = 45 .
Since 12(A"%(S) — h*(S) + h*°(S)) = (¢t + ¢5):
(10.12) B(S) = 10 .

Then by Lemma 10.2 and Proposition 10.3:

LEMMA 10.13. The Pliicker embedding S < Gr(2, 5) — P, 1s a canonical
embedding of S.

Since x(S) =27 = (2 — 2B8,(S) + 28:(S)), where B, denotes the j-th Betti
number, B.(S) = 45 and so by Lemma 9.13:
(10.14) The natural map (H'(S,) ® Q) A (H'(Sy) ® Q) — H*S,) ® Q is an
isomorphism.

In the final portion of this chapter, we treat the algebraic subvariety D
of S, where D = D, is the set of points on S which correspond to lines of
second type on V. From Corollary 7.6, dim D < 1. In order to characterize
the divisor D in S, we need several lemmas.
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LEmMA 10.15. Let E = {se D:([D(L,)] N V) =8L,}. Then E is a finite
set.

Proof. Suppose E contains a curve C. By Lemma 7.5 dim W = 2 where
W = m,(75'(C)). Since D is finite-to-one, 9|, must be of maximal rank at a
generic simple point x of W. Let x = 7,(s,x), s a simple point of E. By
(6.10) we can normalize the equation for V to the form:

XoXi + XX+ X3 {00 XX 2 < < k< 4)
+ X2 {0, X; X 2<j<k=<4}+ PX, X,, X))

where L, is given by X, = X, = X, = 0. The condition that s € E is precisely
the condition that b,, = b, = 0. This implies that the (5 x 3)-matrix

(C*F/6X0X,), (°F/0X:0X), (0°F/0X0X,),)

is not of maximal rank. But it is immediate from (6.15) that the plane given
by X.= X; = 0 is the tangent plane to W at a generic point of L,. Thus
D | cannot be of maximal rank at « which gives the desired contradiction.

1=0,1,°°,4

Recall that the tangent cone C, to V at a point « is the union of all lines
in P, which have contact of order = 3 with V at .

LEMMA 10.16. Suppose for some sc D
(C;+V)=@BL, + L, + L,, + L)
for generic xe€ L,. Then
((9(L,)]-V) = 3L,.

Proof. Put the equation for V in normal form with respect to L, as in
the proof of Lemma 10.15. At the point (1,0, ---, 0) one calculates immedi-
ately that the tangent cone C,,,....,, is either

(i) the union of two planes K and K’;

(ii) a plane K;

(iii) the tangent hyperplane to V at (1,0, ---, 0).

In cases (i) and (ii), (Cy,... 0+ V) = (8L, + +++) so that K (or K’) must be
the unique hyperplane tangent to V along L,. Thus in any case [D(L,)]<=
Cione Similarly [D(L,)]<Coio...,0- Suppose

([(D(L)]-V) = @L, + L)
where ¢ # s, and suppose, for example, that (1,0, ---,0) ¢ L,. Then any line
joining (1,0, -+, 0) with a point on L, has contact of order = 4 with V and so

must lie in V. Since V contains no planes, we have a contradiction to the
assumption that ¢ + s.

Next consider the mapping 7,: T— V given in (7.3). 7, has fibre



328 C. H. CLEMENS AND P. GRIFFITHS

(W, x {«}) where W, = {s:xeL,}. Let V’ be the set obtained by deleting
from V the (finite) number of points x for which dim W, > 0. Putting T’ =
;7' (V’"), we have that the mapping

(10.17) . T -V

is proper, finite-to-one and generically six-to-one.

LEMMA 10.18. 7’ is unramified at (s, x) if and only if L, is of first type.
Furthermore the ramification of ' is simple along a Zariski open subset of
each component of ws*(D).

Proof. One checks easily from equations (6.14) that if L, is of first type,
then there is a tubular neighborhood of ({s} x L,) in T on which 7, is an
immersion. Therefore 7’ is unramified at each point of ({s} x L,). If L, isof
second type, we proceed as follows. Let M = {(¢, «) € (Gr(2, 5) x P,): we L.}.
Let m;: M— Gr(2, 5) and wp,: M — P, be the standard projections. If x ¢ L,,
let

E,={teGr2,5): xe L, =[DL,)]} .
Then E, is tangent to S at s by equations (6.15). Let E’ be a non-singular
curve on S which is tangent to E, at s. Since the surfaces 7;'(¥,) and 75'(E.)
are tangent along ({s} x L.), p,|--1; is not of maximal rank at (s, 2); so
7’ cannot be either. The rest of the proof now follows immediately from
Lemmas 10.15 and 10.16.

We are now ready to characterize D = D,. For a hyperplane section

Vi=(VNI[h]) of V,let
(10.19) S(h) = wy' (V) -
The Bertini theorems give that for generic 2, S(k) is non-singular. So for
generic k, S(%) is isomorphic to S blown up at the twenty-seven points s such
that L,<=[k], and the monoidal transformation is given by the projection
wg: S(h) — S. Let E(h) denote the exceptional divisor on S(k). If K, denotes
the canonical divisor on the algebraic manifold X and “~” denotes linear
equivalence, we have

K, ~(—2V,)
and so by Lemma 10.18:
K; ~ (ms(D) — 2S(h)) .
By the adjunction formula, we have on S(#):
KS(h) ~ (S(h)'(KT + S(h)))
~ (S(h)+(75'(D) — S(h")))
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where 7’ is any element of P}. On the other hand, Lemma 10.3 gives that
on S(h):
Ksu ~ ((S()-S(W)) + 2E(R)) .
Thus (75'(D)-S(h)) ~ 2((S(h)+S(W)) + E(h)) on S(h) so that on S:
(10.20) D ~ 2Dy
where K = ([h] N [r]). This gives the result of Fano:

PROPOSITION 10.21. The set D is of pure dimension one and, considered
as a divisor on S, vs linearly equivalent to twice the canonical divisor.

PART FOUR: THE INTERMEDIATE JACOBIAN OF THE CUBIC THREEFOLD

11. The Gherardelli-Todd isomorphism

We now return to the general considerations of Part one in order to
apply them to the case in which V is a non-singular cubic hypersurface in P,.
Our analysis of the geometry of V and its surface of lines S will allow us to
characterize these varieties entirely in terms of the principally polarized com-
plex torus g(V). (Notice that 2"%(V) =0 = h*(V), so (V) isin fact a
principally polarized abelian variety.)

From § 4, we have a homomorphism of abelian varieties

(11.1) @: Alb(S) — J(V) .
By §9, dim Alb(S) = 5, and by [8; page 488], »*%(V) = 0 and A*(V) = 5.

We devote this chapter to showing that @ is actually an isomorphism of abel-
ian varieties. This result is also a corollary of work of Todd [19; page 183].
We begin with a result of Gherardelli ([7]):

LEMMA 11.2. @: AIb(S) — J(V) s an isogeny.

Proof. Let T = T, be as in (7.1), and 7wy T— S the projective line
bundle given in (7.2). By the Gysin sequence for sphere bundles, there is a
vector space isomorphism:

(L3) H(S) @ H(S) 2“3 (1)

where y: H"(S) — H*(T) is given by y(a) = n¥(a) Ay where 7 is the
Poincaré dual to {S(k)} in T (see (10.19)). Since 7, is generically finite-to-one,
¥ H¥Y(V) — H*Y(T) is injective, and since A*'(V) = h“*(S), it suffices to
show that in H*'(V):

((image 7¥) N (image %)) = {0} .
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To see this, choose 4 as in § 10 so that S(k) is non-singular. For w e H>'(V),
decompose 7 (w) according to (11.3):
THw) = THB) + (THa) A7) .
If « = 0 and g+ 0, there would exist a three-cycle v on the surface S(k) with
Sv wy(w) #= 0. However
S THw) = 5 w=0
r Tya (1)
since 7. factors through H,(V,), the zero group. This gives the lemma.
The proof of Lemma 11.2 shows that for any w ¢ H¥(V):

TH@) s = 0 .
Thus if 7}(w) = 7%(B) + (7(@) A 7) asin (11.3):

B=—aANec

where ¢, e H"'(S) is the first Chern class of the bundle 7. By a theorem of
Chern [4; page 571], one has the relation on T:

AN =nATie) — wEe) -
So for any o, ' e H¥V):

|, ono=a®| @ A

1/6) | (w2@ A7 — 3@ A ) A (@@ AD - T A )

) S THAA & A C) AT
(11.4) r

~@s | ana e

— (1/6)S ana

Dk

=—(1/2)§ ana

Dy

by Proposition 10.3 and (10.9). (By (2.8), @ = *(w), a’ = p*(w’).) Under the
natural identification H*(V) ~ H'(J( V)) we therefore have that if v is the
image of {D,} under the mapping (poa,).: Hy(S) — Hy(J(V)), then

SF A& =—2ImIC,E &)

for any ¢, & e HY(J(V)) (see (3.1) and (3.3)).
On the other hand, if Q, = Q(J( V)) is the polarizing class of (V) as
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in § 3, it is an easy exercise in linear algebra to show that for & &'e¢ H 1(J( V)):
Sm) EANEAQ = — 4 ImICE &) .

Thus we have:

LEMMA 11.5. (poa,)«({D,}) has as its Poincaré dual on J(V) the class
(204/41).
(Compare this result with Definition 3.15.)

Another corollary of Lemma 11.2 is the following:

LEMMA 11.6. Let )\:J(V) — Pie(S) be as in (4.3). Then \ is an isogeny
and

deg(n) = deg(?) .
(The degree of an isogeny is the cardinality of its kernel.)
Proof. The homology maps @, A, and 7, associated to @, », and » =
(Mo®) are given in (2.7). By (1.1) there is an intersection formula:
(@) -2 ())y = (77 (7))s -

Let E denote the bilinear form on H,(S) induced under @, from the intersec-
tion pairing on H,(V). Then deg(®) = |det E|'* and by the intersection
formula for »,, deg(n) = |det E|. Thus deg(x) = |det £

We wish to show, of course, that deg(®) = 1. By (4.3) and standard
facts about curves we have a commutative diagram:

Alb (D,) —— Alb(S)

.
TN
(11.7) J(D,) ’77 P

H l //Z

Pic (D,) <2~ Pic (S)

J(V)

where D, is any non-singular incidence divisor and &, and y, are induced by
the inclusion D, — S. Let o denote the composition (k,0f,0%).

LEMMA 11.8. The homorphism o: Alb(S) — Alb (S) is given by
o(u) = — 2u .

Proof. Since S is connected and for all s e S the ample divisor D, is con-
nected, it is immediate that

{planes K: (K- V) is a sum of lines}
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is connected. Also, if (K-V)= (L, + L,, + L,), then p(a,(s) + a,(s) +
a,(s;)) must go to the fixed point of Pic(S) corresponding to the canonical
divisor on S by Proposition 10.3. By Theorem 4.5 it follows that there is
a fixed point u,c Alb(S) such that whenever (L, + L,, + L,) is a plane
section of V:

(11.9) a,(s) + a,(s) + a,ss) = u, in Alb(S) .
Since V is simply connected, it follows that the mapping
V—— Alb(S)

.., @(s;) where L,, .-+, L, are the six lines
through z is also a constant mapping. So there is a fixed u, e Alb(S) such
that:

(11.10) 2_a(s) = u,

whenever L,, ---, L, are the six lines through a point. Fix s,e S. Then
for se D,,:

gotten by sending x to >_°

o(a, () = @, () + 2_:_, @, (t) + (constant)
where (L, + L, + L,) is a plane section of V and L,, L,, L, -+, L,, are
the six lines through the point » = (L, N L,). Applying (11.9) and (11.10):

o(aso(s)) = Uy — (aso(so) + aso(s))
+ u, — (a,(s) + @,(s)) + (constant) .
= — 2a,(s) + (constant) .

Since D,, is ample, «,(D,) generates Alb(S) and the lemma follows.

Following [2], the formula (11.9) suggests the definition of an involution:
(11.11) Ye: Dy—— D,
for each s € S by putting 7v,(s,) = thatuniques, e D, suchthat (L, + L, + L)
is a plane section of V. Using (10.6) and the involution v, it is clear that D,

is non-singular except at fixpoints of v,. Also for generic s there are no fix-
points. Then by (10.10) and the Riemann-Hurwicz formula, the quotient

(11.12) G, = D./v,

is a non-singular curve of genus 6. Let &, denote alternatively the quotient
mapping D, — G, or the induced homomorphism:

Alb(D,) — Alb(G,) .

Also let v, stand as well for the involution on Alb (D,) induced by (11.11).
Using (11.9), we have on Alb (D,):
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(11.13) KoYy = — Ky &7, =&,

Let A = (image((identity map) + 7,)) and B = (image((identity map) — 7,)).
Then by (11.13):

A< (ker k,)

B< (keré,) .

By a dimension argument:
A = (kerk,)°
B = (ker¢,)°

where (°) denotes as before the component of the identity. Since v, respects
the standard hermitian form associated to Alb(D,), A and B are orthogonal
subvarieties of Alb(D,). On the other hand, if «,.: H(D, — H,(S) and
et Hy(S) — H(D,) are the homology mappings associated to «, and 2, respec-
tively, then (v-s,(8)),, = (£..(v)-B8); = 0 for vekerk,, BeHy(S). Thus
t,(Pic(S)) < (ker £,)* and so by dimensions:
(11.14) B = (ker&,)° = p,.(Pie(S)) .

We next wish to compute the degree of the isogeny & =, |z: B— Alb(S).
The covering &, induces a non-trivial representation of the fundamental group
of G, in the permutation group S(2), or equivalently, a non-trivial homomor-
phism

o0: H(G,) —> (Z/2Z) .

It follows that there is a basis v, &, 7, 8, *+-, Vs 0; for H,(G,) such that:

(@) o(v) =1, p(v;) =0 for j =1, ---,5 and p(3;) = 0 for j =0, -+, 5;

(i) (v;+7) = (8;+6,) = 0, and (7,-6,) = the Kronecker symbol 4,,.
Such a basis can be represented by cycles in “standard form”, that is, each
cycle is a connected differentiable submanifold of G,, any two intersect in at
most one point, and all such intersections are transverse. We then have the
following picture for the covering &,:

o ete. ooo j

O
\O/ etc. ooo >
\

ete. ocoo
o 6!
,}0 0\1

C—

@
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In the obvious way, one constructs a standard basis
{789 58}U{’Y§~, 5;‘3:'&': 1’2; j: 1’ ""5}
for H(D,) such that:
(11.15) Yo(70) = Yo, V(00) = 05,
V(Y5 = v, 7.(05) = o5 ford, 5 =1
and such that the intersection number of two basis elements in D, is precisely
the same as the intersection number of the basis elements in G, over which
they lie. Then the mapping é&,.: H,(D,) — H,(G,) has a kernel which is freely
generated by the set
(11.16) {(vi =), 0y —6): j=1,.--,5}.
Also by (11.13) and the fact that D, is ample in S, the mapping «.: H,(D,) —
H,(S) takes the set
(11.17) (15,8555 =1, -+, 5)
onto a basis for H,(S). By (11.14) and (11.16), however, the abelian variety
B is just the subvariety of Alb(D,) given by elements of the form
2 (as(vs — 7)) + b5 — 8%)), a;, b; real.
(Here H,(D,) is identified with the lattice U such that Alb(D,)= (H Y(D)*IU ))
Therefore the degree of &: B— Alb(S) must be equal to the order of the
group
H\(S)/k«(ker&,) .

Using bases (11.16) and (11.17) and the first formula of (11.13), one computes
immediately that:
(11.18) deg(k) = 2" .

THEOREM 11.19. @: Alb(S) — J(V) 1is an isomorphism.

Proof. We have the commutative diagram of isogenies:

L Pie®)

™~
B J(V).
™~
TS Albs) ¢
Now the composition (kottoro®p) = — 2 (identity map) by Lemma 11.8. But

deg(x) = 2. Therefore @, A, and ¢ must all be isomorphisms.

We now wish to complete the list of formulas begun in (9.16) and (9.17).
First of all, by (11.4), if B = {x, 3, 0, -+, s} is the basis for H'(S) used in
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§ 9, then the determinant of the matrix

%78

is 2. Therefore using (9.10)-(9.12) we can improve on (9.12) (iii), namely we
may conclude that:

(11.20) S ANG=2.

By Theorem 11.19, under the mapping

(Poa,): S — J(V)
we can identify @ with a basis for H‘(J(V)). By (9.10), (9.11), (9.12) (ii),
(11.20), and (11.4), the polarizing class Q, = Q(Y( V)) is given on J(V) by:
(11.21) Q=N+ T A Tusi)

Let us return to the pencil {S,},.;r of divisors on the threefold 4, con-
sidered in (7.11) and § 9. Associated to {S,}..;»; We have the Lefschetz pencil
{Y:}hermy of hyperplane sections of the non-singular cubic fourfold Y. For
P’ = ([R] — {ho, +++, h,}) we have the continuous family of homomorphisms

(11.22) H(S,) — H(Y,) — H(S,) heP',

which by Theorem 11.9 and Lemma 11.6 must be isomorphisms. Let
Tyt Yy — Y5
Ts ;2 Sy — Sy

be the Picard-Lefschetz diffeomorphisms (see [5; pages 42-43]) associated to
the path ¢; in P’ as shown:

According to theorems of Lefschetz (Analysis Situs. Paris: Gauthier-Villars,
1950, pages 93 and 106-08), there is a “vanishing cycle” 6§, e H,(Y;) associ-
ated toeach j =0, -+, m such that:

(i) {8,};=0....n generate Hy(Y;) (since Hy(Y) = 0);
(ii) the vanishing cycles are all conjugate under the action of 7,(P’) on
H,(Y;) induced by the Picard-Lefschetz diffeomorphisms (see end of § 5);
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(iii) (Ty,)«(@) = a £ (a-0;)9; for all @« € H(Y;).

Thus the fundamental group 7, (P’) acts irreducibly on H,(Y;) and so by
using (11.22), it also acts irreducibly on H,(S;) and also

LEMMA 11.23. 7,(P’) acts irreducibly on H'(S;) ® C.

Choosing a basepoint s,€ .S, such that (s, #) €S, for all he[R] and
letting D, , be the incidence divisor for s, in S, we have clearly that
(T)«({D.,,3}) = {D,,2} € Hy(S;) forall j =0, ---, m. Thusif & e H¥(S3) is
the Poincaré dual of {D,3} on S;:

(11.24) ¢&; is invariant under the action of 7 (P’).

Since the Picard-Lefschetz diffeomorphisms respect the intersection pair-
ing on Y4 we have that Q, is invariant under the automorphism induced on
J(V3) by T, for each j so that again using (11.22):

(11.25) &, = (poat,)*(Qy) is invariant under the action of 7 (P’).
For S = S3 the form
B: (H(S)® C) x (H(S) ® C) —> C
(e, ')+ Ssa/\c—l’/\&

is non-degenerate. Let B,(a, a’) = S a A a A &. Since (poa,) is an im-
mersion (see beginning of § 12), B, is ziqlso non-degenerate. There is certainly
some real number ¢ # 0 such that B, 4 ¢B, is degenerate. Let A =
{ae (H'S)® C): Bla, a') + ¢By(a, a’) = 0 for all a’'e H'(S)}. By (11.24)
and (11.25), A is an invariant subspace of H'(S) ® C so that by Lemma
11.23

(11.26) B, +¢B,=0.

Since B, and B, take integral values on H'(S), c is in fact a rational number.
By (10.14) therefore

§r = —¢&

and

5= ((D.}-(D) = S g = —c SD, &= —¢-10

DS
by Lemma 11.5. Thus:
LEMMA 11.27. On S, the Poincaré dual of {D,} is the class

(1/2)((X A 0) + Z::Fl M N 774+k) .
We are now in a position to complete the list of integration formulas on
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S begun in §9. For convenience we list those which we have derived up to
this point:

SDSX/\3:2=SDsm/\m+k fork=1,---,4;
(11.28) Ssz/\rz,,=0=SDs N fork=1,---,8;

SDS%/\%:O forl >k, l#k+4.
Also we know that

LmADaAn ARG =1  for1sk<lisd;

Sm/\m/\m/\m:0 for other p, q, 7, s ;
(11.29) s

SSX/\m/\m/\vaO forall k, 1, m ;

[xrnonman=0 forl>Fk, l#4+k.

Lemma 11.27 allows us to improve on (9.17) and conclude:

(11.30) Ssx/\a/\r;,c/\r;ﬁk:l forl<k<4d.

Finally, since S o0 A1n, =0 forall k, Lemmas 9.18 and 11.27 give that:
D

8

(11.31) Ssa AT AD AT =0 for all &, 1, m .

12. The Gauss map and the tangent bundle theorem
From (10.14) we have that
(12.1) H>(S) ~ H(S) A H"(S) .
Thus the mappings «,: S — Alb(S) defined in (4.6) are immersions since by
Lemma 10.13 the linear system of canonical divisors on S has no basepoints.
Let Gr (2, T(Alb(S), 0)) be the Grassmann variety of two-dimensional sub-
spaces of the tangent space to Alb(S) at the basepoint 0. Now each isomor-
phism
(12.2) T(Aln(S), 0) ~ C°
induces an associated isomorphism
Gr (2, T(AIb(S), 0)) ~ Gr (2, 5) .

Also there is a rational mapping
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(12.3) 8: a,(S) — Gr (2, T(AIn(S), 0))

defined by assigning to u € ,(S) the subspace T((a,(S) — u), 0) of T(Alb(S), 0).
G is called the Gauss map associated to «,(S) and the purpose of this
chapter is to prove that, for appropriate choice of isomorphism (12.2), there
is a commutative diagram:

Qs

S —" s ays)
(12.4) 1 19
Gr(2, 5) ~ Gr(2, T(Alb(S), 0))
where ¢ is the standard inclusion of S (see (7.1)). Notice that (12.1) and

Lemma 10.13 give immediately that if &: Gr(2, 5) — P, is the Plicker em-
bedding then for any choice in (12.2):

LEMMA 12.5. There is an automorphism o of P, such that ((-Soa,) =
(00&0¢).

The stronger fact (12.4) is considerably harder to prove. Since it is the
central geometric fact of the paper, we will present two proofs, the first an
analytic proof using residues and the second an algebro-geometric proof. The
first proof is shorter and more direct, and in the second we will derive some
geometric facts which will in any case be useful in §13.

Let Aj(V) be the vector space of rational four-forms on P, with a pole
of order two along V. If E = C° there is an isomorphism

(12.6) w: E¥ —— AYV)
defined by putting

O(H) = (H(o, *++, Y)QYsy *++, Y))FWo, *++, Y
where F(X,, -+, X,) is the defining polynomial for V and

Qor =, 8 = X (= Diws@uo A o= A DYy A =+ A dug) .
By [8; page 488], the Poincaré residue operator induces an isomorphism:
(12.7) o: A(V) — H>(V)
since 1*(V) = 0. Combining these with the isomorphism
p*: H* (V) — H"(S)
(see § 2 and §11), we get an isomorphism:
(12.8) o: E* —— H"(S) .

Thus for each se S, p gives a linear mapping:
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0.0 E¥ —— T*(S, s) .

On the other hand, L, = V is the “projectification” of a two-dimensional sub-
space J, of C°. Write:

J:={He E* H|, =0} .

If we identify E* with (T(Alb(S), 0))* under (12.8) then the commuta-
tivity of (12.4) is an immediate corollary of:

ProPoSITION 12.9. The sequence

0 J: Ex 2, %S, 5) — 0
s exact for each se S.
Proof. (12.1) and Proposition 10.3 imply that o, is onto for each se S.
So we must show that if H|, = 0 then o(H) vanishes at s for all s such that
L,=[r]
where hePf is the element given by H(X,, -+, X)) = 0. We assume that

([N V) is non-singular, since it will suffice to treat this case, the generic
one. Now as in [8; equation (10.8)], there is a residue isomorphism

(12.10) R: A(V) — HYV; Q2)
where Q2 is the sheaf of closed holomorphic two-forms on V. For generic H
we will explicity construct the mapping
(Row): E* — H(V; Q)

and then relate it geometrically to the mapping p of (12.8). Let z,, ---, 2, be
holomorphic local coordinates in I', around a point of (VN [R]) such that:

(i) [A] is given by 2z, = 0;

(i) Vis given by z, = 0.
Locally w(H) = (2.f(2)dz, A\ +++ A dz,/z}) where f is holomorphic. If we
choose g(2) such that

09/0z, = df/oz, ,
then locally
o(H) = d((2.9(2)dz, N dz. A dz, — 2,f()dz, \ dz, A dzj)[2) .

Next choose a finite covering {U,} of a neighborhood of V in P, such that on
each U,:

w(H) = d», where 7, is holomorphic on (U, — V), vanishes on
([»] N U,) and has first order pole along (V' N U,) .

If we define +;, = (9, — 7,) on (U; N U,), then each v ;, has the following
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properties:

(i) dyiu=0;

(ii) v, vanishes on ([] N Uj);

(iii) +r;, is either identically zero on a component Uj, of U, or else +;,
has a first order pole along (VN Uj).
Any meromorphic three-form + satisfying (i)-(iii) may be expressed (on the
corresponding U) in the form:

P = ((zla A\ dz4)/z4) + (21:3/24)
where a and 3 do not involve dz,. Since dy = 0, we must have in fact that
2,8/ is holomorphic on U. Then the Poincaré residue ([8; §10]) of v is
given by:
R(y) = z2a|yan

which is therefore a closed holomorphic two-form on (V' N U) which vanishes
on ([k] N VN U). The element

(Row)(H) e H(V; Q)
is then represented by the cocycle:

(12.11) {ROp0) -

The important thing about this cocycle is that it vanishes along ([2] N V).
We can now finish the proof of Proposition 12.9 by proving the following:

(12.12) For generic H e E*, if [h] is the hyperplane defined by Hand L, < [h],
then for each 7 e T(S, s) the contraction <z, o,(H)> = 0.

From [15; page 150], there is a natural isomorphism for each se S:

(12.13) n: T(S, s) — H'(L,; O(N(V, L,)))
where N(V, L,) denotes as before the normal bundle. There is a contraction
(12.14) H'(L,; O(N(V, L)) x H(V; Q) — H(L,; Q)

defined as follows. If 7,e H'(L,; O(N(V, L,))), choose on (U;, N L,) a repre-
sentative
M € HO((Ujk N L,); @(T( V) ij,,an)))
for N lw;ncy- I @ ={0u}e H\(V;03), let &, be the contraction
tiky @ i |UjkﬂL3> .
Then ¢, is an element of H(U;. N Ly Q |v;,nz,) and so gives an element

ghe H'(Ujinr,s Qivjinzy) (where Q' denotes the sheaf of holomorphic one-
forms). Then {&¢}} e H'(L,; Q) depends only on 7, and . Putting {7, ®> =
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{¢%}, we have the pairing (12.14). Furthermore, for suitable choice of iso-
morphism

HY(L,; Q;)~C,
the mapping (12.13) of Kodaira satisfies at s the identity:
(12.15) <z, (P*e0)(Q)> = {n(v), R(Q)>
for ze T(S, s) and Qe AY(V). (See (12.7), [8], and [15].) Finally if Q = w(H)
for generic He E* and if H|, =0, then using representative (12.11) for
R(w(H)) the right hand side of (12.15) trivially vanishes at s for all = € T(S, s).
Thus

&z, (@*eoow)(H)) = 0

which proves (12.12) and hence the proposition.

This then is the analytic proof of the commutativity of (12.14). Before
turning to an algebro-geometric discussion, we remark that the proof of Prop-
osition 12.9 can be generalized to give the following:

Let V be a smooth hypersurface of dimension (2n + 1) in a smooth pro-
jective variety X. Suppose that {Z,},.s is an algebraic family of algebraic
n-cycles on V. As above we have mappings

AEHV) —— s HA (Vi)

la
H0(V) @ -+ @ H (V) < H(S) .
Then if Qe A2 *(V) and R(Q) is zero on Z,,
(@*e0)( )], =0.
We now return again to our point of departure just after Lemma 12.5.
We proceed by a different route, deriving a series of geometric lemmas.
LEMMA 12.16. Let (SxS)° = ((S x S) — (diagonal)). For (s,t) e (S x S)",
define:
([L,] n [L,]), the hyperplane spanned
O(s, t) = by L,U L, if (L,NL)= @ ;
D(x) of {x} = (L, N L,) (see §5) .
Then ®@: (S x S)"— Pf is analytic.
Proof. If suffices to check that if C is a non-singular curve in (S x S)°
and (s, t,) is an isolated point of
Cn{s, t): (L,NL)+* @}
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and L, N L, = {«}, then
limitu,nec,(s,t)«(so,tw D(s, t) = D(x) .

Let h, = limit @(s, t). Following [18; page 2], let y be any point in [h,] such
that y does not lie in the plane spanned by L, and L,. Then if L, is a line
in P, which meets [h,] at y, and if (s, t) is near (s,, t,), there is a unique line
L, meeting L, L, and L,. If y¢ V, then as (s, t) approaches (s,, t,), the
two points given by (L,N L) and (L, N L) must both approach the
point xe (L, N L,). Thus a generic line in [A] which passes through « has
multiple contact with V at «, and so 2 must be a singular point of ([r] N V).
So h, = D(x) and the lemma is proved.

LEMMA 12.17. Let v: E— S x S be an analytic mapping of the unit
disc into S x S such that for ze E, z+ 0, v(2)¢ (diagonal of S x S) but
v(0) = (so, 8). Then limit, ., D(v(2)) € D(L,,).

Proof. Let h, = limit ®(v(2)). If the lemma is false, (VN [hy]) is non-
singular in a neighborhood of L,. So there is a tubular neighborhood U of
L,, in P, such that, if z is near 0 and (s, t) = v(2), U contains (L, U L,) and
(UN VN [ds,t)]) is diffeomorphic to (U NV N[k]). Butin (VN[0 1)]),
({LJ-{L}) = — 1 and ({LJ}-{L}) = 0, so that it is impossible that both L,
and L, go to L, in (V N [A]). This gives the lemma.

Let I<= (S x S) denote as in (2.4) the incidence divisor for the family
{L,}. For (s, s’)el, in order that (s, s’) be a singular point of I it is neces-
sary that s be a singular point of D, and s’ be a singular point of D,. By
condition (10.6), this can only happen if ¢ = s’ and (V-[D(L,)]) = 8L,. (Recall
that [D(L,)] is the plane tangent to V along Ls.) By Lemma 10.15 therefore:

LEMMA 12.18. I is non-singular except possibly at a finite set of points
lying on the diagonal of S x S.

Let v, be as in (11.11) and define:
(12.19) I'={(s, s el ,(s) #s};
w: I'— S given by 7(s,s’) = s .

Thus if L, is of first type, 77'(s) = ({s} X Ds). If L, is of second type, 77'(s) =
({s} x (D, — {t})) where (2L, + L,) is a plane section of V. Also, if (s, s’) e I,
s is a non-singular point of D,..

LEMMA 12.20. If (s, s") e I', limit,.p,, ., D(s, t) = D(L, N L,,,,)-

Proof. Let s, = 7,(s). Then s, #s. If s, #s’, then (L,NL,) =2
for all te D,, ¢t near s, since V contains no planes. By Lemma 12.16,
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limit, .5, ©(s,, t) = (L,, N L,). But for ¢t near s, @(s, t) = O(s, t), and so
we are done in case s, = s’. If s, = s’, let K be the plane spanned by L, and
L,. K is tangent to V along L, so that K = [D(L,)]. Also K<[d(s, t)]
for teD,, t near s. Thus limit ®(s, t) e D(L,). But by Lemma 12.17,
limit @(s, t) € D(L,), and (D(L,) N D(L,)) = D(L, N L,.) since, if xe L,,y € L,,
and 9D(x) = D(y), then the line through x and y lies in V and so must be either
L, or L,. The lemma is therefore proved.

We define two morphisms on I’:

(12.21) o:'—V
(8,8 —— (L, N L,,,.s) -
(12.22) Let 7:P(S) — S be the projective line bundle whose fibre at s is
Gr (1, T(S, s)) and put:
x: I' — P(S)
(s, 8) ——{T(D., )} .

LEMMA 12.23. Suppose L, is a line of first type. Then for (s, s,) and
(Sy 82) € I’: AO(S, 81) = IO(Sy 32) %f and only if X(S, 81) = X(Sy S2)°

Proof. If C is a non-singular curvein S and s e C then by Lemma 10.7,
(L:NL,) = @ for teC, t near s. Furthermore if we put the equation for V
into normal form with respect to L, as in (6.9) and let B(a,, «,) be the curves
in Gr(2, 5) defined as in the discussion preceding Lemma 6.18 then there
is a unique (a,, @,) € P, such that C and B(a,, «,) are tangent at s. For that
particular (a,, a,):

Iimittec,“s @(S, t) = IimitzeB(aO,al),t—vs @(8, t)
(where @(s, t) is the hyperplane spanned by L, and L,). Using Lemma 6.18
and the fact that for all te B(a, ), ®(s, t) = h(a,, @), we have that:
X(s, 81) = %(s, s») if and only if D(o(s, 5)) = D(0(s, s2)) -

Since 9P| ., is injective, we have the lemma.

LEMMA 12.24. Suppose that L, is a line of second type. If (s,s) and
(s, 8) €I’y then D(o(s, s)) = D(os, s2)) if and only if

D(L, N L,) = DL, N L,,) .

(Notice that if, for example, s = s, then (L,, N L,) should be interpreted as
limit,.p, s (L N L,) which exists since D, is non-singular at s.)

Proof. Suppose (s,s’)el’ and s #s'. By Lemma 12.17, if h =
limit, ., ., (s, t) then [D(L,)]<[h]. Clearly L, =[r] also. Since L, &



344 C. H. CLEMENS AND P. GRIFFITHS

[9(L,)] Dby the definition of I';, h = 9(L, N L,), the tangent hyperplane to
Vat (L, N [D(L,)]). By Lemma 12.20 therefore:
(12.25) DL, N Ly) = DL, N Ly, )
By continuity, (12.25) continues to hold if s = s’. The lemma now follows
directly from Lemma 12.20.

If L, is of second type, we see by (6.15) that the tangent directions to S
at s are given by the Schubert varieties:
(12.26) E,={teGr@®,5):2c L c[DL,)]} forzelL,.

LEMMA 12.27. Let L, be a line of second type and let (s, s’) e I. Then if
= (L,NL,), D, and E, are tangent at s.

Proof. Let m;: M — Gr(2, 5) be as in the proof of Lemma 10.18. Then
if D,, and E, are tangent at s, we have as in that proof: Tp,: w5 (D) — P,
is not of maximal rank at (s, ). On the other hand, if y'c L,, ¥’ # y, then
Tp,: 7' (E,) — P, is clearly of maximal rank at (s, ¥’) and so 7p,: 75'(D,) — P,
must also be of maximal rank at (s, ') since z;*(E,) and 7;'(D,) are tangent
along ({s} x L,). But if s = s’ and {z} = (L, N L,), mp;: 75'(D,) — P, cannot
be of maximal rank at (s, x) since non-degeneracy at (s, ) would imply that:

(@) +(T(75'(D,), (s, ¥))) < T([D(L)], )

which in turn would imply that L, =[9D(L,)]. This cannot be since (s, s’) e I'.
The lemma is therefore proved if s+s’. The case s = s’ follows by a conti-
nuity argument.

COROLLARY 12.28. If L, is of second type and (s,s,) and (s, s)ecl’,
105, 5) = %(s, 59 if and only if (LN L) = (L N L,). Also D(o(s, s)) =
D(o(s, s))) if and only if (L, N L,) and (L,N L,) go to the same point under
9D: L, — P},

By Lemma 12.23 and Corollary 12.28, there is a unique rational map

0*: P(S) — V* = (V)

such that the diagram

v
b, |
0*
P(S) — V*
is commutative. If L, is of first type, then by Lemma 12.23 and the injec-
tivity of 91, , we have that
(12.29) 0*: t7Ys) — D(L,)
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is an isomorphism. If L, is of second type then by Corollary 12.28, 6* is
defined at a generic point of z7'(s) and

0*: T7(s) — D(L,)
is generically two-to-one. Since 9: V — V* is generically injective, there is
a unique lifting 6: P(S) — V of #*. By Zariski’s Main Theorem ([10; pages
43-48]) and the fact that 9: V — V'* is finite-to-one, 0 is defined at each point
at which 6* is defined. Since 9 is generically injective, 0(z7'(s)) S L,. If L,
is of first type, 6*|.-., and 9 |;, are isomorphisms so that

(12.30) 0: t7'(s) — L,

is an isomorphism. If L, is of second type, 9|, and 6* .-, are both generi-
cally two-to-one so that the mapping (12.30) is an injection.

ProPOSITION 12.31. The mapping 6s: P(S) — T, defined by 04(b) =
(z(d), 0(b)) 1is an isomorphism of projective line bundles over S.

Proof. By the preceding discussion 6, is an injective, fibre-preserving
map which is defined at a generic point of each fibre of z: P(S) — S. Using
the fact that any such map is determined in the neighborhood of a fibre by
its values on three distinct local sections of z: P(S) — S, the proposition
follows.

We are now in a position to derive a proof of the commutativity of (12.4).

Using the immersion
a,: S— Alb(S)
we define a morphism
0,: P(S) — Gr(1, T(Alb(S), 0))
by associating to b e P(S) the subspace
T((t(C) — et.(s)), 0)

where C is any curve which passes through s = 7(b) with direction b. By
Proposition 12.31, 4: P(S) — V is a morphism and we assert:

LEMMA 12.32. For b, b’ e P(S), if 0(b) = 0(b') then 0,(b) = 6,(b").

Proof. It suffices to check this for generic b and d’. Let (b)) = s, 7(b') =
s’ If s = s’ the lemma is trivial. If s %= s’ and « = 6(b) = 6(V’), then x¢
6(z(s)) = L, and € 6(7'(s")) = L,. Let ¢t =,(s") = 7.(s). Then = = p(s, t)
= (0ox)(s, t) = 6({T(D,, s)}). But = = 6(b) and 0., is injective. Thus b =
{T(D,, s)}. Similarly & = {T(D,, s')}. Now by (11.13), (@,,|5,°7) = — @y lp, +
(constant). So 6,({T(D,, s)}) = 6,({T(D,, s")}) and the lemma is proved.
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By Lemma 12.32, there is an induced mapping
A V— Gr(1, T(AIb(S), 0))
such that (Acf) = 6,. We then have the commutative diagram

Os

T, ——

P(S)

7 1 0/ ‘[01
v /2
V—2Gr(1, T(AIb(S), 0)) .
l 2
P, P,

(12.33)

By its definition, 6, induces a mapping of S into Gr(2, T(Alb(S), 0)) and
using (12.3):

(12.34) The mapping S — Gr(2, T(Alb(S), 0)) is precisely the composition
Gea,).
By Lemmas 12.5 and 10.2:
(12.35) 6,(P(S)) is contained in no hyperplane of Gr(1, T(Alb(S), 0)).
If H is a generic hyperplane = Gr(1, T(Alb(S), 0)):
0 < ({L}- IV EYy = (T @307 (ED) e = 1
Therefore if V, denotes as before a hyperplane section of V:
(12.86) A is induced by sections of the bundle L(V}).

But (12.35) and (12.36) taken together imply that ) is induced by the
entire five-dimensional vector space of sections of L(V,). (See Lemma (A. 1)
of Appendix.) So (12.33) can be completed by an appropriate isomorphism
between the two copies of P, appearing in the diagram. Thus by (12.34):

THEOREM 12.37. For proper choice of isomorphism (12.2), the following
diagram 1s commutative:

as

S— — a,(S)
| I
Gr(2, 5) ~ Gr (2, T(AIb(S), 0)) .

Since a,: S — Alb(S) is an immersion, (G-a,) induces the tangent bundle
on S so that:

COROLLARY 12.38. Let U(S) be the two-dimensional vector bundle on S
induced by the inclusion

e: S— Gr(2, 5) .
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Then U(S) is tsomorphic to the tangent bundle T(S).
Lastly since Va~ U{L.: t e 9(a.(S)) =Gr(2, 5)}, we have

COROLLARY 12.39. The cubic threefold V is determined by its surface of
lines S.

13. The ““double-six’’, Torelli, and irrationality theorems

Asin §3, let Q, = Q(J( V)) denote the polarizing class of the principally
polarized abelian variety §(V). Let a,: S— Alb(S) and @: Alb(S) =, J(V)
be as in previous chapters. Referring to Definition 3.15 and Lemma 11.5,
we have the following:

PRrROPOSITION 13.1. (@oas)*({S}) has as its Poincaré dual on J(V) the class
(Q1/3)).

Proof. Let &, ---, &, be any basis for H'(J(V)) such that

QV :ka/\ Eerk .

If we continue to denote by &, the pull-back of &, to S under (poa,)*, then
from Lemma 11.5 we have:

S Ek/\éﬁﬁ—kzz fOI'lC:l,---,5;
(13.2) Dy
S E.NE=0 for other I > k.

To prove the proposition, it suffices to prove that

szk/\65+k/\sl/\$5+l:1 fork #1,
SSE,,/\&,/\ET/\&:O when {p, q, 7,8} + {k,5 + k, 1,5 + 1} .

Since this is strictly a numerical result, it suffices to prove the result for
S =83 with S; as in §9. By (11.21), we may take as our basis for H'(S)
the set {x, 9, », ---, 7} of §9. Then the proposition is proved by the for-
mulas (11.29)-(11.31).

(Thus J(V) is a principally polarized abelian variety of level 2 (see § 3).)

Define the morphism
(13.8) :Sx S—> J(V)

by W(s, s)) = P(a,(s) — @,(s;)). By Theorem 12.837, ¥ is an immersion at
each point (s, s,) such that (L, N L,) = @. Thus the image ¥(S x S) in
J(V) (counted with multiplicity one) is an effective divisor on J(V') which we
denote by 0s. Notice that 65 is even (that is, 65 = — 65) and independent of
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the choice of basepoint s for the mapping «,. Notice also that W¥(diagonal of
S x S)=0eJ(V). Take a generic (s, s))e (S xS). Then (L, NL,))=0
and there are five lines ¢, ---, ¢, € S such that L, is incident to both L, and
L, for j =2, ---, 6. Referring to (11.11), define:

8; = 7t,‘(sz) .7= 2’ R 6,
S;’ = ’Ytj(sl) .7 = 2’ M) 6.
By (11.9), W(s;, sj) = W(s, s;) for j, &k = 1,2, -+, 6. The pair ((s,, Sz, *+, So),
(s}, 8, -, s5)) is known classically as a “double-six” of lines on a cubic sur-
face (see [18; page 7]). Since dimW(S x S) = 4, W is generically finite-to-
one and, by what we have seen, WV is generically at least six-to-one. But by
Proposition 13.1, ¥,({S x S}) has as its Poincaré dual on J(V) the class
6Q,. Since Q, is not divisible in H*J(V)), we have:
THEOREM 13.4. {05} has as its Poincaré dual on J(V) the polarizing class
Q,.
As in (12.3) we can define a Gauss map
(13.5) g: 05— Gr (4, T(J(V), 0))

by assigning to we6fs the subspace T(0s — u,0) of T(J(V), 0). Then
Theorem 12.37 implies that for appropriate choice of isomorphism (12.2) we
have the following commutative diagram of rational mappings:

S x S—2s 9, J(V)

(13.6) l(p 1
P ~ Gr(4, T(J(V),0))

where @ is as in Lemma 12.16. Let V* = 9(V), the dual variety to V in
P} (see §5). As in [1; §7], let N denote the closure of the graph of ® in
(S x S) x Pf and define
(18.7) E, = T (NN ((S x S) x {h}))
for hePy. If h¢ V*, then by Lemma 12.17, (E, N (diagonal of S x S)) =
@. Then E, contains n, = (2 X (227>> points since (V' N [A]) is a non-singu-
lar cubic surface. For he V*, either F, is infinite or E, contains a number
of points no larger than n,. But clearly the set of points 4 such that F, is

infinite has dimension < 2. Also for generic he V*, (V N [A]) has only one
ordinary double point by Proposition 5.16. Thus for generic he V*, E, has

at least (2 X (222>> points. And E, for generic ~e V* must have less than

n, points since otherwise there would exist a non-trivial connected covering
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space of (P} — (set of codimension = 2)) which is impossible. By [1; § 7],
for any rational map f: X — P, from a normal irreducible projective variety
of dimension d onto P, there is a divisor D in P, uniquely determined by the
condition that it is the largest effective divisor such that for x generic in D,
f~'(x) has fewer than n elements, where = is the cardinality of f~'(y) for
generic y € P,. D is called the branch locus of f and will be denoted by b(f).
Then we have:
LEMMA 13.8. b(®) = V*< Py,

Let 45 be the normalization of 6;,. Then there is induced the following
commutative diagram:

(S x 8) — 7,

(13.9) 1® lﬁ
G

P;k — 03

where ¥ and 4 are morphisms. Since ¥ is finite-to-one except over a set of
codimension > 2:

b(G-B) S b(D) .

But b(®) = V* is irreducible and b(8-R) # @ since ¥ is generically six-to-
one, @ is generically #n,-to-one and (P,* — (set of codimension > 2)) has no non-
trivial connected covering spaces. Thus we have:

(13.10) b(SoB) = b(®) = V*.

THEOREM 13.11. Let V, and V, be two non-singular cubic threefolds. If
J(V) ~ J(V,) then V.~ V..

Proof. If J(V)~ J(V,) andif S;=S,, for j = 1,2 then there is an
isomorphism v: J(V,) — J(V;) such that v(6s) and 6, both give the theta-
divisor of §(V) by Theorem 13.4. Thus there exists u e J(V,) such that:

v(Os,) = Os, + u .
Then there is a’commutative diagram
G5 ~0s,
(90131)1 1(90,32)
P ~ P} .
Using 13.10 therefore, V¥ ~ V. Since for j =1, 2
Dy, Vi— Vi

is finite-to-one and] generically one-to-one, the theorem now follows easily
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from Zariski’s Main Theorem.

Notice that the method of proof of Theorem 13.11 is analogous to the
method of Andreottiin [1]. Our final theorem also derives from the techniques
and results of that same work.

THEOREM 13.12. Let V be a non-singular cubic threefold. Then V is not
birationally equivalent to P,.

Proof. By Corollary 3.26, it suffices to show that §(V) is not isomorphic
to J(C) for some non-singular curve C. Suppose that such a curve C did exist.
Let

k: C— P,
be the morphism induced by sections of the canonical bundle of C. Following
[1], if C is not hyperelliptic let C* = {heT}: £(C) and [A] are tangent at
some point}, and if C is hyperelliptic, put
= {heP}: either £(C) and [A] are somewhere tangent, or

[#] contains one of the 12 branch points of the ramified
two-sheeted covering C — £(C)} .

If 6, is the theta-divisor for the principally polarized abelian variety g4,
then we have a birational morphism

7: C* — 0, = J(C)
by Riemann’s theorem. Let S, denote the Gauss map
Get 0, — PF .
By [1; pages 820-21], b(Scv) = C*. Since J(V) ~ J(C), it follows that we

can identify J(V) and J(C) sothat 65 = 6, + u. We then have the com-
mutative diagram:

S\S~—>0 ~ (<—C“)

SN\

Putting 6 = (v"'o¥), we have:
V* = b(®) = b((Qco'Y)o&) 2b(G0v) = C*

However C* as defined above contains a linear subspace of dimension 2 in P}
(in fact it contains an infinite number of such subspaces), whereas by Corol-
lary 6.2, V* contains no such subspace. This gives the desired contradic-
tion to the assumption that J(V) ~ $(C) and so the theorem is proved.



THE INTERMEDIATE JACOBIAN 351

APPENDICES

A. Equivalence relations on the algebraic one-cycles
lying on a cubic threefold
Let V< P, be a non-singular cubic three-fold. There is a fres abelian
group, called the group of algebraic one-cycles, which has the set of irredu-
cible algebraic curves lying on V as a distinguished basis. We denote this
group by C(V). Assigning to each irreducible curve its degree as an algebraic
subvariety of P,, we can define a homomorphism:

deg: C(V) — Z.

The kernel of this map, which we denote by H(V), is the group of algebraic
one-cycles homologous to zero. Before discussing some relations between cer-
tain subgroups of H(V'), we will need to prove a lemma originally due to Fano:

LEMMA A.l. Let W be an effective divisor on V. Then there is an effective
divisor Y on P, such that:

W=({-V).
Proof. By the Lefschetz theorem applied to V < P,, the natural mapping
H*(P,) — H*(V) is an isomorphism so that there is some divisor Y, on P, such

that W is homologous, and therefore linearly equivalent, to (Y- V). Also, if
H is a hyperplane on P,, the sheaf sequence:

0 — Op,((k — 8)H) — Op (kH) — Oy(k(H-V)) — 0
isexact. If £ > 0:
H'(P,; O((k — 3)H)) ~ H'(P; O((— k — 2)H)) = 0
(see [13; § 15 and 18]). Thus we obtain that the mapping
H(P; O(kH)) — HV; O(k(V- H)))
is a surjection. Since Y, ~ kH for some k > 0, the lemma follows.

Now let C be an irreducible curve on V and let S and T be as in (7.1).
By desingularizing the components of 7#; (C) = T and discarding any com-
ponents which arise from Eckardt points of V, we obtain a non-singular curve
C, and a mapping

gy C,— T

such that (w,oq4): C,— C is finite-to-one and generically six-to-one. (Note
that + is not necessarily generically injective since some components of 7;'(C)
may have to be counted with multiplicity > 1.) Next we define a P,-bundle
over C;:
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T,={(u,2)eC, x V:ze Le (4w} -

Now we can construct sections of the bundle =,: T, — C, as follows:

(i) define 7: C,— T, by t(u) = (u, (Tyoy)(w));

(ii) for a generic hyperplane H < P, define o0:C,— T, by o(u) =
(u’ (L:S(Wu))’H))-
Using Lemma A.l, we have that there exists a divisor Y< P, such that
(counting multiplicities):

(Y-V) =m(T) .
Therefore (again keeping track of multiplicities):
(Y-V-H) = 7,(a(C)) -

But in the surface T,, ¢(C,) is homologous, and in fact linearly equivalent,

to (7(C,) + (sum of fibres of x,)). Thus projecting onto V by m: T, — V, we
have

LEMMA A.2. Let C be an irreducible curve on V. Then there exists a
divisor Y on P, such that 6C is rationally equivalent to ((H-Y V) + (sum of
lines)) on V.

Let R(V) be the subgroup of H(V) consisting of all algebraic one-cycles
rationally equivalent to zero, and A(V) the subgroup of all algebraic one-
cycles algebraically equivalent to zero. Then

R(V)c AV)cS H(V) ,
and dividing by R(V) we get an inclusion of quotient groups:
avycsI(v).
If we let £(V) be the subgroup of @(V) generated by elements of the form
2_n;L,; (s;€8,2_m; =0)
then by Lemma A.2:
PROPOSITION A.3. 6F(V)< L(V).

B. Unirationality

Recall that a threefold V is unirational if there is a generically finite-to-
cne rational mapping

fiP,— V.
It was evidently known to Max Noether that the cubic threefold is unirational.

We will give a construction for this which was pointed out to us by J. Fogarty.
Let L, be a line in V and let [9(x)] denote the tangent hyperplane to V
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at the point x e L,. Then there is a P,-bundle
B h— LO

with fibre = {t e Gr(2, 5): v ¢ L, = [D(x)]}. Evidently B is a rational threefold.
We can define a rational map by the rule

(f(x, t) + 20) = (L V)

for (x,t)e B. Then f: B— V is defined except along a curve and the set of
adherence points to f along that curve lies in

W=U{L:seS and (L,N L) # @} .

For ye(V — W), let K be the plane through y and L,. Then f~'(y) is the
set of points (z, t) € B such that:

() yeL;

(ii) « is a singular point of (K- V).
Since (K-V) = L, + (quadric curve), f is generically two-to-one.

C. Mumford’s theory of Prym varieties and a comment on moduli

D. Mumford has developed a theory of “conic bundles” and associated
Prym varieties. His theory gives also a proof that if V is a non-singular cubic
threefold then J(V') is not the Jacobian variety of a curve. Furthermore, it
sheds some light on the singularities of the polarizing divisor 6,. We shall
briefly describe his results here.

Let L be a line lying in V and let

ﬂ'-L: P4—)P2

be a generic projection centered along L. If V, is the variety obtained by
blowing up V along L, then 7, induces a morphism

(C‘l) [ VL e P2 .

The fibres of = are given by conic curves on V which are coplanar with L.
By [18; pages 3-5], these fibres are non-singular except along a plane curve
G, of degree five along which the fibre becomes the sum of two lines. For
generic L, we have seen in § 10 that G, is the quotient of the incidence divisor
D, under a fix-point-free involution 7,.

The situation (C.1) is called a conic bundle. Note that V, — V gives an
isomorphism on the principally polarized intermediate Jacobians:

(C.2) JV) =5 g(V) .

If we put §(D.) = (W, U, K), then v, induces an involution on W which
leaves J( invariant and also takes U onto itself. This gives a decomposition
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w.e W,

into eigenspaces corresponing to the eigenvalues -+ 1 and — 1 of the involu-
tion. Im JC is not unimodular on the lattice

-1 = (Uﬂ W—l)

but it is divisible as an integral-valued bilinear form and Im ((1/2)?](_") is inte-
gral-valued and unimodular. The resulting principally polarized abelian
variety

(W_, U_,, (1/2)X)
is called the Prym variety associated to (D, v,), which we shall denote by
P(Dy, 7).

Mumford has proved that for conic bundles with singular fibres which
are always the union of two distinct linear components, there is an isomor-
phism between the intermediate Jacobian variety of the conic bundle and the
Prym variety associated to the curve with fix-point-free involution given by
the components of the singular fibres. Thus in our situation:

(C.3) J(V1) ~P(Dy, 71) -

The question then arises as to which Prym varieties can be Jacobian vari-
eties of curves. If (W, U, J() is a principally polarized abelian variety and
 is the corresponding theta-divisor on (W/U), then it is known that a neces-
sary condition for (W, U, () to be the Jacobian of a curve is that:

(C.49) dim (6,,) = (dim W) — 4

where 6, is the singular locus of the subvariety 6 of (W/U).

Let D be a non-singular irreducible algebraic curve, v a fixed-point-free
involution, and G the quotient curve. If the associated Prym variety P(D, )
has theta-divisor 6,, then Mumford has shown that:

(C.5) dim ((6,)sing) < (9 — 5)
where g = genus of G except in the following case:

(i) G is hyperelliptic;

(i) G is a three-sheeted covering of P,;

(ili) G is a double covering of an elliptic curve;

(iv) G is a curve of genus 5 having some vanishing theta-nulls;

(v) G is a plane quintie.
By (C.3), it is case (v) which interests us here. In this case the unramified
coverings D — G fall into two classes depending on the parity of the dimen-
sion of a certain linear system on G. To see what this is, let L, be the line
bundle on G which is constructed from the representation
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(@) — {1, - 1} C*

associated to the covering D — G and let L, be the ample bundle on GZ P,
gotten by restricting the bundle whose divisor is a line on P,. Then there
are two cases:

() if dim H'(G; O(L, ® L)) is even, dim ((,).ns) = 1 so that we cannot
rule out the possibility that the Prym variety is the Jacobian of a curve;

(ii) if dim H °(G; oL, ® Lz)) is odd, then the singular set of 6, contains
exactly one point. Now for the case of the cubic threefold, (D;, v;) falls into
this last case, so that by (C.3) and (C.4) the intermediate Jacobian cannot be
the Jacobian of a curve. Also, by §13, the singular point of 6, = 6, = J(V)
must just be the image of the diagonal of S x S under the difference map
(S x S)—6,=J(V).

Finally, we should like to give a comment about moduli of the set of
cubic threefolds. It is easily seen that the isomorphism class of a cubic three-
fold V depends on ten parameters (see [8; pages 493-94]). If a plane quintic
G, arises as in (C.1), then the ramification locus of the Gauss mapping applied
to the theta-divisor of P(D,, v.) allows us to reconstruct V, and for fixed V'
the family {G,} depends on two parameters. Since the family of all plane
quintics also depends on twelve parameters, this suggests that one may be
able to take a generic plane quintic G and an unramified double covering
D — G such that dim H'(G; O(L, ® L)) is odd and recover a cubic threefold
from the ramification locus of the Gauss map associated to the theta-divisor
on the Prym variety.
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