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THE INVARIANCE PRINCIPLE FOR A CLASS
OF DEPENDENT RANDOM FIELDS
UDC 519.21

D. V. PORYVAI

ABSTRACT. Sufficient conditions for the tightness of a family of distributions of par-
tial sum set-indexed processes constructed from symmetric random fields are obtained
in this paper. We require that the moments of order s, s > 2, exist. The depen-
dence structure of the field is described by the (;-mixing coefficients decreasing with
a power rate. Assuming that a field is stationary and applying a result of D. Chen
(1991) on the convergence of finite-dimensional distributions of the processes we ob-
tain the invariance principle.

1. INTRODUCTION

The asymptotic behavior of partial sum set-indexed processes is studied in a number
of papers (see, for example, [2], [3], [6], [7], [I1]). The results of the above papers are
obtained for smoothed partial sums defined on a subclass 2 of the Borel sets of the
cube [0,1]%. More precisely, let X = {X;,j € Z?} be a stationary field defined on some
probability space (Q,®,P). Consider the processes

Zn(A)=n""> " b, (A)X;, A€ neN,
jezd
where j = (j1,...,ja), C; = (j1 — 1,j1] X ==+ x (ja — 1, ja] is a unit cube, |-| is Lebesgue
measure in R%, b,,;(A) = |(nd) N Cy|, and nA = {nz: x € A}.

Let 2 be the closure of 2 with respect to the pseudometric dr, (A, B) = |AAB| defined
for A, B € . Denote by C(2l) the space of real continuous functions on 2 equipped with
the sup-norm.

We consider symmetric fields X (see, for example, §4.2 in [12]) constructed from
identically distributed random variables X;. Recall that a field X is called symmetric if
the finite-dimensional distributions of the fields X and

eX = {&;X;,j € 2%

coincide where € = {¢;,j € Z¢} is the Rademacher field that does not depend on X.
We are interested in obtaining sufficient conditions for the invariance principle, that

is, conditions for the convergence in distribution in the space C(2l) of the processes Z,
to the process \/nZ as n — oo, where Z is a standard Brownian motion,

n=Y E(XoXx|9),
keZd
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124 D. V. PORYVAI

and J is the o-algebra of events that are invariant under the shifts of the field X (Z does
not depend on 7n). The standard Brownian motion Z is defined as a mean zero Gaussian
process with sample paths in C() and such that E(Z(A)Z(B)) = |[AN B| for A, B € 2.
The existence of such a process Z is proved in [9] under some entropy conditions posed on
the class 2. These conditions are given in terms of the so-called entropy with inclusion.

We need more notation to describe the dependence structure of the field X. Let
B(01,02) be the coefficient of absolute regularity of the o-algebras 01,09 C D (see, for
example, [1]). Put

p(G1,Gs) = inf{||z —y||: z € G1,y € Ga}

where G1,Go C Z¢ and ||z|| = maxi<i<q |7i| for = (21,...,24) € R% For n € N and
k,m € N U {oc} we introduce the mixing coefficients:

(1) Bx(n,k,m)=sup{B(ox(G1),0x(G2)): 4(G1) < k,4(G2) < m, p(G1,G2) > n}
where the sets G; and Go are separated by some hyperplane in R?, ox(G) is the o-
algebra generated by the field X in the set G C Z9, and #(G) denotes the cardinality
of G. For z,y,z > 1, we put Bx(x,y,2) = Bx([z], [y], [2]) where [-] is the integer part of
a number.

The convergence of finite-dimensional distributions of the processes Z,, is proved in [7]
under a condition on the dependence of ox({j}) and ox(G), such that

r({j},G)=n, neN.

At the same time, the condition on the tightness of the family of distributions of the

processes Z, in C'(2A) relies on the dependence of ox ({i,5}) and ox(G) such that
p({ij}.G)>n,  neN.

The main aim of this paper is to obtain a sufficient condition for the tightness of the
distributions of Z,, in terms of the coefficients 8x (n, 1,m), so we avoid two-point subsets
of Z4 in (1) (instead, the condition will involve those G for which #(G;) = 1). There
are, of course, some extra conditions on the moments of the field X and on the structure
of the class 2.

To solve the problem we generalize the method of the paper [3] to the case of weakly
dependent fields. This generalization is due to the so-called reconstruction technique
(see, for example, §1.2.2 in [8]) developed in the paper [B]. Our method also uses trun-
cation of the original random variables, appropriate approximations of elements of the
class 2, and some maximal inequalities.

2. ENTROPY CONDITIONS

We introduce the following conditions posed on the entropy with inclusion for a fam-
ily 2. Let g(e), € € [0, 1], be an increasing function such that g(¢) — oo as e — 0 and

(2) A@*H@W%@%<w

where H(e) = log N;(e,2(,dy) and Ny(e,9,dr) denotes the minimal number & > 1 for
which there are measurable sets AZ(-I) and AZ(-Q) of [0,1]%, 1 < i < k, such that for all
A € 2 there exists i such that A'Y ¢ A c AP and |4\ ADY| <e.

It follows from metric entropy condition (2) that 2l is a compact set, and therefore
C(R) is a separable space. We define the exponent r of the metric entropy of 2 by
r = inf{s > 0: log N;(e,,d;) = O(¢7%) ase — 0}. It is easy to see that metric
entropy condition (2) holds if » < 1. Therefore all the classes of sets studied in [3] satisfy
condition (2).
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3. TIGHTNESS
Here is the main result of the paper.

Theorem 1. Let X be a symmetric field of identically distributed random variables X;;.
Assume that 2 is a family of subsets of [0,1]% satisfying metric entropy condition (2).
Moreover let

(i) E|Xo|® < oo for some s > 2;
(i) limsup,|o f27(c) - Bx (9/%(e) — 1,1, f*7(e)/g(€)) < oo where T = s/(s — 2) and
fe) = (e H(e))?g(e).
Then the family of distributions of the processes Z, = {Z,(A): A € A} is tight in the
space C(A).
Proof. Given § > 0 consider the family of sets
Ss = {A\ B: A, B € 2 such that |A\ B| < d}.

Since N;(e,Ss,dr) < Ny(e/2,2,dy)?, condition (2) holds for Ss. Thus the process Z is
continuous in the space (Ss,dy). Let

[fllp = sup | f(2)|
xeD

for all real functions f defined on the set D. The functional

w(Zy,0) =sup{|Z,(B) — Z,(C)|: B,C € A,|BAC| < §}, 0 >0,

is the modulus of continuity of the process Z,, in the space C (). Tt is clear that Z, is a
random element in the space C(2). Since w(Z,,,d) < 2||Z,||s,, the family of distributions
is tight if for all M >0

(3) %irr(l)limsup P(|Znls; > M) = 0.

n—oo

We split the proof of (3) into several steps.
Step 1. First we truncate the random variables X;. According to (i) there is a
sequence {c, }n>1 such that ¢, — 0 and lim,, . n? P(|Xo|* > 2nd) = 0. If

2 _ 2d/s—d 4/s
bn—n/ cn/,

then lim,, . n?P(X2 > b2n) = 0. Fix constants M and § > 0 and put

(4) Y = inf {'y>0: ndP(Xg >72nd) <M5b;1}/\bn.
Let
Z1/1 = TLid/2 Z banj ﬂ{lijb"nd/z}, Z;L/ = TLid/2 Z banj ﬂ{,ynnd/2<|Xj‘§b"nd/2} .
J J

If the sequence {b, } is defined as above, then
n P (|X0| > %nd/?) < Mob;!
and b,;(+) < 1. Thus by the Chebyshev inequality

PUIZills, > M) <P [ {IX1> ban®2} | =o(1),

0<j<n1

PUIZ1ls, > M) < MTUE[Zls, < M7'b, > P(IX;1 > 9n®/?) <.

0<j<n1
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Here 1 = (1,...,1) and 0 < j < nl is equivalent to the inequalities 0 < j; < n for all
it =1,...,d. Therefore condition (3) holds in the general case if it holds for the truncated
partial sum process

Ly =Zn— 2y — 2y = n= 2 Z bnj Xj L{1x;|<yanis2y
J
instead of Z,.
Step 2. We apply the so-called stratification procedure where the interval (0, Y 2]
is partitioned into appropriate subintervals. Let F'(z) = P(|Xo| > z), z € Ry. Put

Qr(u) = inf{x > 0: F(x) < u}, u € (0,1].
For 0 < 8 < 1let up = 8% and a, = Qp(ux), k=0,...,k,, where

k, = max {k: ar < %nd/Q} .

Then P(|Xo| > ar) < py for k = 0,...,k,. Consider the intervals J, = (ag,ar+1],
0 < k < k,,, where ay, 11 = v,n?.
If Y; = | X/, then
= > Otk
k<kn

1/2

where 0, = a1/~ and

~1/2 _
Vni(A) = ("dﬂk) an]'(A)ak-}l-lXj Livieqy -

It is clear that a,H_lY <1ifY; € Ji. It is easy to see that

Zek—zak+1ﬂk<ZQ2 (BMh)B* < 1/(B(1 - B))EXG < o0

for all n € N.

Below we use the functions f and H that are introduced above. The only properties
of the functions H and f we use in the proof are that H(e) is an upper bound of
log Ny(g,2,dy) and f is integrable. Thus without loss of generality we may assume that

(5) H is continuous, decreases, and H(g) > 1+ log(e™ 1)

and f is a decreasing function. Hence its inverse function f™ is well defined. Put
Snk, = fV((n%uy, ) /?/4). For 0 < k < k, we choose &, such that

(6) n s, = 16H (k)9 (3, )01

This can be done, since H has the inverse function. Taking into account (4) we see
that nu, > Mdb,! — oo, whence 6,5, — 0 by (6). Note that the aim of the second
truncation above, that is, the subtraction of the process Z//, is to satisfy the latter
relation.

Step 3. Now we consider a finite net of subsets that approximate v, on A € Ss by
its values on the subsets of the net that are close to A. The family 2 is totally bounded,
thus there are finite nets ]fo,)c, Il = 1,2, whose cardinalities are less than or equal to
exp(2H (0,1 )), respectively, and such that for all A € S5 there is D(l) W(A) € ]D)Sl)c for which
DL (A) c Ac DZ(A) and [DF)(A)\ DL (A)| < 26,

Since v, is additive, we represent Z as follows:

(7) = 3 va (D)) + D v (AN D)) = 200 (4)+ 22 (4).

k<kn k<k,
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Step 4. Further we apply the reconstruction technique. Let
L,={j/n:je{1,2,....,n}%}
and Cp,; = (j —n~'1,j]. Let [0,1]¢ be represented as follows: [0,1]¢ = = Uies,, Cpn

where p, = [n/m,], m% = N, and N = g(6,1,). The intersections of an arbltrary cube
Cp,, 1 with cubes of the family {C,, ;,j € L, } form a family of smaller cubes. These small
cubes are numbered in every cube of the family {C,, ;! € L, } and denoted by I,

i={1,...,N}. Put
U Inli~

€Ly,
Then every element I,,; is a union of cubes whose sides are of length 1/n and the distances
between the cubes are at least 1/p,, — 1/n.
The reasoning above implies that

N N
Vnk(A) = Zynk(AmInz Z Z Unk Am[nlz)
=1 i=11€Lly,

and

V(AN Ti) = () 123

jeNS(n,l,i)

n(AN Ly N Cn,j)|a1241-1Xj Il{YjeJk}

where
S(’I’L,l,l) = {] € L,: Cn,j N1 7& @}
If n and i are fixed, then the set S(n,l,7) contains only a single element and the distance
between these sets is at least 1/p, — 1/n.
To every j € nS(n,l,4) there corresponds a triple (n,l,7). Then

Youi = }/j
for j e nS(n, l, Z) and Unk(A n Inli) = (nduk)_1/2|n(A N Inli)‘a;iyxnli H{YnMGJk,}'
The following result plays the key role in the reconstruction technique.
Lemma 1 ([B]). Let X and Y be two random variables assuming values in Polish
spaces S1 and Ss, respectively. Suppose that the probability space where X and Y are
defined is essentially rich in the sense that there exists a random variable U that is uni-

form on the interval [0, 1] and independent of both X and Y. Then there exists a random
variable Y* having the same distribution as Y, independent of X, and such that

P(Y #Y*) = B(o(X), 0(Y)).
Moreover the random variable Y* can be represented as Y* = f(X,Y,U) where
f:81 xS2%x[0,1] — S
is some measurable function.

Let 9 be a one-to-one mapping from [1,§(L,, )] N to Ly, such that ¢ (m) <iex t(m’)
for all 1 < m < m' < §(L,,) where the symbol <jex stands for the lexicographic order.
Then

{ani7 le Lpn} = {Xn,w(m),ia me [1’ ﬂ(L;Dn)] N N}
Given numbers n and ¢ we use an induction and construct the independent random

variables _
{Xnii, L€Ly }

such that the distribution of ani coincides with that of X,,;; and
P(jznlz 7& anz) S 6X (mn - ]-7 1729%) .
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At the first step of the induction we put )Zw(l),i = X, ¢(1),i» while at the induction
step 7 (1 <r < §(Lp,)) we apply Lemma 1 with

X= (Xn bm), ) v Y =Xauei Xapma =Y

1<m<r
As a result we get the inequalities

P(Xpii # Xpii) = B(o{X},0{Y}) < B(o{Xnpmy.in 1 <m <1} 0{ X () i})-
Put Fni = UleLp” {anz 7& anz} Then

This completes the process of reconstruction of the field X.
Step 5. First we prove relation (3) for the process z? (A). We represent 782 as

follows:
Z2)(A) = i 3" v ((A \ DY (A)) N Im-) .

i=1 k<ky,
If Upyi (A) = n= %2 n(AN L) ﬂ{Y,L“eJk}, then

[vnk(A)| < Z (r) -1/ Z

leLPn
Since P(Y; € Ji) < ug, we obtain
()% > E( < () Y AN Luil
I€L,,, €Ly,

where A is an arbitrary set belonging to 8([0, 1]?). This implies for A € Ss the following
estimate:

var (AN DU(A)) 1)

S SRS SR CEITE)

€Ly,
N
2 1 (2
<) YD Vi (DR AN D) + ()2 D (4)\ D (A)
i=1 IEL,,
where VE = Uk —EUF.. Let VE, = U*. — EUF,. where

Uki(A) = n=2|n(A N L) L% ien)

and A\pi = 16N (0,1 H (6,%))"/2. Then we estimate P(HZ%Z)HSJ > M) by

Z Z 0 sup Z O Ak

Uk ((A \ DD (4) ) N Im)

(9) i=1 k<k,
S WIURES S0
i=1 k<k,
where

€Ly,

PnkN = (Mk) /2>\nk/N — nd/2uk25nk/1\7.
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Step 6. Now we are going to apply the Bernstein inequality (see [4]) to estimate RY,.
This can be done, since V*.(E) for E € S5 are independent random variables. We need
the following estimates:

(10)

.

(11) ( Z i ) < Y Var (Liypes) B0 Tl < [E 0 Tyl

I€Ly, I€Ly,

VAi(E)| < 0= 2n(E 0 Lu)| <=2,

Putting F = fok) (A) \Dr(llk) (A) in (10) and (11) and applying the Bernstein inequality
we obtain

7l (D20 \ D) | > o

2
DPnkn
< 4H(6 — .
S exp < ( nk) 2 (Hk25nk + 1/3nd/2pnkN)>

In view of (6) we have n%? 1,0, = 4N (H (8px)0nk ) /% (pux)Y/?. Thus

64/"Lk‘H(5nk)5nk. >
= exp(—8H (dnk))-
2116260k + 2/30 i) p(—8H (dnr))

R’f”» < exp <4H(5nk) -

Then it follows from (5) that

(12) Z RF. < Nexp(—=8H(0n1)) < Noni < N(SprH (0,1)) 2.

Condition (2) implies that fo "k f(g)de — 0 as m — oo. In turn, the latter relation
implies that

(13) > N(GurH(@Gui))> =0 asn — oo
k<ky,

Indeed, put
1/2
Gk = (n%ux) "% /4 = N (H(0) /61) ">
and note that g < f(dnk) and gn g41 = BY2¢,1. Hence

S NuH G < g7 o)+ (1= 877) 2 @k~ ) aos)

k<kn, k<kn

< annfil(ann) + (1 - 51/2)71 fﬁl(x) dx

Ank,y,

1 fOnk,
§(1—51/2) 1/ ' fle)de — 0, n — oo,
0

whence 3, 0k.9(6nk, ) (0 H (601))/? — 0 as n — oo. Therefore

N
(14) ZZRZi_)O and Zek)\nk—>0 as n — 00.

k<k, i=1 k<kn

Step 7. Now we prove the relation

N
(15) Z P(Fni) = 0 asn— oo,

i=1
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which, in view of (8), follows from n?gx (mn -1, 1,pfl) — 0 as n — oo. The latter
relation is equivalent to

(16) n’fx ( 1/d( ko) =1, 1,nd/g(5nkn)) —0 asn— oo.
According to (6)
wtm (2N O )N A6 e
H(énkn)N2 nd(Til) (ukn)Tnd(T—l) nky,

where 7 = s/(s — 2) is defined in the statement of Theorem 1. The construction of py,
and (4) imply that
lim (pg, )" 0~ "Y < lim o7 /(M6 =

n—oo n—oo

It is clear that the latter relation holds for b,, specified above. Then the relation

lim f27 (6u,) - Bx (974 (0nk,) = 1,1 S Ok, )/ 9Bk, ) ) < 00

n—oo
implies (16).
Taking (9), (14), and (15) into account, we see that P(HZ,SZ)HS(; > M) — 0asn — oo.
Step 8. Now it remains to consider the processes Z,(LD defined by (7). When consider-
ing these processes we may face a problem that some of the approximating sets ng) (A)
are too close together, and this may not allow us to obtain a suitable Gaussian approx-
imation. To avoid this problem we apply the following idea. Let S,; be the maximal

subset of S5 such that |C1ACsy| > 2§, for all Cy # Cs. Then for any A € Sy there is an
element Cpx(A) of Spx such that |Cpp(A)AA| < 26,%. Thus

(17) cnk(A)ADS,g(A)‘ < 46

Put

ZOA) = Y G(Cun(A),  Z0(A) = 6, {,/nk <D(1 (A )) - unk(an(A))}.
k<kn E<kn

Then Z§" = ZP(A) + 29 (A).
Proceeding in the same way as in the case of the process Z,(?) and substituting
ng) (A)AC,,(A) instead of E in (10) and in (11) we obtain from (17) that

P <||Z,(l4)\|§5 > M) —0 asn— oo.

Step 9. Recall that if a field (X); is symmetric, then its distribution coincides with
that of the field (¢;X;); where (ej) ;j is a Rademacher field that does not depend on X.

Without loss of generality one can thus consider the field ZP (A) = >, €jSn;(A) instead
of Zr(LB)(A) where Sy,;(A) = Zkgk" n_d/zbnj(an(A))Xj liv,es,3- We have

> ) = (|20, > a) <
Ss Ss

Step 10. Now we need
Lemma 2 ([3]). Let {f;,j € T} be a finite set of real functions defined on the set D and
let {vj,j € T} be a family of nonnegative random variables such that E(v;) = 1. Further

(

3)
n

(18) p (‘

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



THE INVARIANCE PRINCIPLE 131

let {e;,j € T} be a family of random variables that do not depend on {vj,j € T}. Then

Z%‘fj Zajvjfj

JET JET

E <E

D

D
provided the norms are measurable.

Let {g;,j € Z} be independent standard Gaussian random variables that do not
depend on {e;,j € Z}. Since the fields X, ¢, and g = {g;,j € Z?} are independent, we
may assume that these fields are defined on different probability spaces with measures P x,
P., and Py, respectively. Denote by Ex, E., and E, the partial integration with respect
to Px, Pe, and P,, respectively. In particular, E(-) = Ex EcE4(+). Put g = 1/E|go.
Since €;|g;| = g; in law, we set v; = p]g;| in Lemma 2 and obtain

(19) E.

20, <k lZls,

where ZJ(A) = >_,9j5n;(A). Note that all the norms are measurable, since the upper
bounds are considered with respect to the finite set |J, - K, Snk-

The process ZJ is Gaussian with respect to the measure P,. We compare the Gaussian
process Z¢ with another Gaussian process constructed from the Brownian motion Z.
Namely let G*) k> 1, be independent copies of the process Z. Let

(20) Gn(A) = > 20,GW(Ci(A)),

k<kn

-1
Qui(A) = (nur) Y bnj(A) Liyyesy, Dk ={EAF: E# F € Sy}
J

Then for A, B € S5 we have E,(Z9(A) — Z4(B))? = > (Snj(4) — S,j(B))? and this does
not exceed

173 S (00 (Cur(A)) — bug (Cok(B) a2 1 Lvyeny

k<kn J

< Y 62Qui(Crk(A)ACu(B)).

k<kn
On the other hand
E(Gn(A) = Gu(B)? = ) 467|Cuk(A)ACuk(B)].
k<kn

Therefore

Ey (Z3(A) — Z4(B))* < E(Gu(A) — Gu(B))?
on the event D, = {Qnx(A) < 4|A]| for all A € Apg and k < k,}.

Step 11. Below we need the following result.

Lemma 3 ([I0]). Let {Y;(t),t € D}, i = 1,2, be centered Gaussian processes indexed by
a countable set D such that

0e{YVi(t,w):t€ D,weQ} almost surely.

Assume that
E(Y1(t) — Yi(s))® < E(Ya(t) — Ya(s))?
for all s,t € D. Then E||Y1]|p < 2E||Y2]||p.
The condition 0 € {Y7(t,w): t € D,w € 2} almost surely holds if D is a class of sets

containing the empty set. Note that this is the case for our consideration (recall that
g e Snk)
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By Lemma 3 we have
(21) Eg 1 Z51ls, < 2E(Galls,
on the event D,. It is convenient to introduce the following notation: Z,;(A4) =
S 20,GD(A) and
2
Wok(A) = Zok(Cok(A) — Zog(Crp—1(A)), v = 2(2 9?) .
1>0

Changing the order of summation in (20) we get

Go(A) = 3 20,GE (Cro(4)) + 3 Zzek{ (Cut(A4)) = GB(Cra-a(4)) ]

(22) k<kn k<kn l=1

Lemma 4 ([9]). There exists an universal constant K such that

§
E|Zls, < K/ (e log Ni(c, S5, dy))"* de + Ko.
0

variable, and (17) implies that E W2, (A) < 4v25,,.. Thus

P (IWalls, > ¢ (40%801) ") < 8(Sur)8(Sne-1)(2/ V2T exp (—12/2)
<exp (- (t2—8H nk—1)) /2)
<exp (— (* — 887" H(6nr)) /2) < exp (—t*/4)

for all t > (168~ H(5,%))"/? if n is sufficiently large. Hence

Then E || Znolls; < vE||Z]ls; — 0as d — 0. We see that W, (A) is a Gaussian random

E[[Whillss < (41}26nk)1/2 <(16ﬁ_1H(5nk))1/2 +4) .

Metric entropy condition (2) implies that >, o, E|[Wylls, — 0 as n — co. Combin-
ing (18)—(22) we see that

P (’
Step 12. To complete the proof of Theorem 1 it is sufficient to show that

(23) P(D:) — 0 asn— cc.
As before

(3)

. > M> <P(D%)+o(1).

an( - n_d/Q . Z Z nlz |A‘

i=11€Ly,

Taking the above reasoning into account we obtain from the definition of the event D,
that

P(Dy;)

- P(Ur)+ X X &

1=1 k<k,

P(there exist k < k,, and A € Api: Qni(A) > 4]A])

| /\
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where

R:i:ﬂ(Ank) sup P [n=92(u
Aeln

S T \ > 3A|/N

leLy,

As we have already shown before, conditions (i) and (ii) imply that the first term in (24)

approaches 0 as n — oo. We estimate R,,; in the second term by

f{f” < (jj (]D)Sk)))2 sup P

AeN ik

SV ] > 3|Al/Nn2p,
I€L,,

Applying the Bernstein inequality once more and the estimate |A| > 26, for all A € A,
we get

-k 9|A|]2/N?ndy?
Rni < sup exp 4H(5nk) - | ‘ /—d/2 K d/2
AED 2 (pkl Al + 1/3n=4/23| A| /Nn?/2 py,)

< exp (—68H (dnk)) -

The latter inequality holds, since (6) implies that pn?|A|/N > 32H (§,;)N. Taking (12)
and (13) into account, we get

N
(25) ZZ ‘—>0 as n — oo.
i=1 k<ky,

Therefore (24) and (25) imply (23).
Theorem 1 is proved. O

4. WEAK CONVERGENCE

We use a result of the paper [7] to prove the convergence of finite-dimensional distri-
butions of the processes Z,.
We call a Borel set A regular if the Lebesgue measure of its boundary is zero.

Theorem 2. Let 2 be a family of reqular sets of [0,1]¢ satisfying metric entropy con-
dition (2). Let X be a symmetric strictly stationary field and let assumption (i) of
Theorem 1 be satisfied. If

(ii/) lim Supalo f27—(‘€) : /BX (gl/d(g)a ]-7 OO) < 00,
then the invariance principle holds.
Proof. The tightness of the family of distributions of {Z, },en follows from Theorem 1.

To prove the convergence of finite-dimensional distributions of the fields {Z,,(B), B € 2}
to those of the field {Z(B), B € 2} it is sufficient (see [7]) to check that

(26) Z n41a$7/* (n, 1, 00) < 0.
neN
The latter condition follows from (ii’). O
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