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Abstract

In this paper we prove an integral representation formula for the inverse Fueter mapping
theorem for monogenic functions defined on axially symmetric open sets U € R*™! ie. on
open sets U invariant under the action of SO(n). Every monogenic function on such an open
set U can be written as a series of axially monogenic functions of degree k, i.e. functions
of type fr(x) := [A(zo, p) + wB(x0, p)]Pr(w), where A(zo, p) and B(xg, p) satisfy a suitable
Vekua-type system and Py (w) are spherical monogenic polynomials of degree k. The Fueter
mapping theorem says that given a holomorphic function f of a paravector variable defined
on U then the function f(z)Py(z) given by

AR (F(2)Pr(z) = f(2)Pe(z)

is a monogenic function. The aim of this paper is to invert the Fueter mapping theorem by
determining a holomorphic function f of a paravector variable in terms of f(z)Py (). This
result allows to invert the Fueter mapping theorem for any monogenic function defined on
an axially symmetric open set.

Key words: The inverse Fueter mapping theorem in integral form, Fueter primitives, elliptic

equations, Cauchy-Riemann equations, Vekua-type system.
Mathematical Review Classification numbers: 30G35, 32A25, 30E20.

1 Introduction and notations

The Fueter mapping theorem, see [14], is an ingenious tool to generate Cauchy-Fueter regular
functions from holomorphic functions of a variable in the upper complex plane. Such a theorem
has been extended in order to obtain monogenic functions (see [1], [4], [15], [18]), by Sce [25] for
n odd and to Qian [22] in the general case. Later on, Fueter’s theorem has been generalized to
the case in which a function f as above is multiplied by a monogenic homogeneous polynomial



of degree k, (see [19], [20], [21], [26]) and to the case in which the function f is defined on an
open set U not necessarily chosen in the upper complex plane, (see [22], [23], [24]).

The setting in which we work is the real Clifford algebra R,, over n imaginary units ey, ..., e,
satisfying the relations e;e; +eje; = —20;;. An element in the Clifford algebra will be denoted by
Yoaeara where A =iy ... 0,00 € {1,2,...,n}, i1 <... <1, is a multi-index, eq4 = €;,€;, ...¢€;,

and ey = 1. As it is well known, R; is the algebra of complex numbers C (the only case in
which the Clifford algebra is commutative), while for n = 2 we obtain the division algebra
of real quaternions H. For m > 2, the Clifford algebras R,, have zero divisors. In R,, we
can identify some specific elements with the vectors in the Euclidean space R™: an element
(z1,22,...,7y) € R™ can be identified with a so called 1-vector in the Clifford algebra through
the map (z1,22,...,2,) — . = x1€1 + ...+ Tpep.

An element (zg,z1,...,2,) € R™*! will be identified with the element z = x¢ + z called, in
short, paravector. The norm of z € R""! is defined as |z|? = 23 + 23 + ... + 22. The real part
xg of x will be also denoted by Re[z]. A function f: U C R*""! — R, is seen as a function f ()
of the paravector x. We denote by S*~! the sphere of unit 1-vectors in R"*!, i.e.

STl ={z=eizi+... fepr, : i 4. 22 =1}

Any element I € S is such that 1> = —1. We will denote by d, the Dirac operator 9, =
Oz + €102, + ...+ €,05, and we say that a smooth function is left monogenic on the open set
U of R*! if it satisfies 9, f(x) = 0 on U. In the sequel, we will denote by M(U) the right
R,,-module of (left) monogenic functions on the open set U and by AM(U) the R,-submodule
of axially monogenic functions, i.e. monogenic functions of the form A(zg, p) + wB(xo, p) with
A, B satisfying a Vekua-type system and w € S*+1.

Let us now recall the classical Fueter theorem for monogenic functions. Let f be a holomor-
phic function in an open set U of the upper half complex plane and let

flu+w) = a(u,v) +18(u,v), uweR, veRT

where o and 3 are differentiable functions with values in R. The Fueter theorem in this setting
states that, taken a function f as above and considering the axially symmetric open set (called
the open set induced by U)

U={z=x0+zeR"" | zo+lz| €U},

by replacing u by xg, v by |z| and ¢ by x/|z|, we get that the function

n—1 €T

Aa? (aleo, [z]) + - Alao ),

|z

where A, is the Laplace operator in dimension n + 1, is a monogenic function on U. For sake
of simplicity, we will use the notation of cylindrical coordinates, i.e. we will write x = xg + Ip
where p = |z|, [ = ‘% In the sequel, taken two open sets U and U as above, it will be useful to
consider the following set of functions:

NU)={f:UCR™ =Ry, f(z) = flwo+ Iz|) = awo, |z]) + IB(wo, |z]) |

a(u,v) + 1f(u,v) is a C—valued holomorphic function in u 4 v € U}.

Note that when considering functions in N (U), sometimes called holomorphic functions of a
paravector variable, « and § are R-valued functions. However one can consider a more general



class of functions: let f : U ¢ R"*! — R, be of the form f(z) = f(zo + I|z|) = a(xo, |z|) +
IB3(xo,|z]), where I € S, a and (3 are R,—valued functions satisfying the Cauchy-Riemann
system and suitable additional conditions. Note that such a function f is slice monogenic in
the sense of [7], (for more detail on slice monogenic functions and some of their applications see
2], [3], [5], [8], [9], [10], [11]). In the recent paper [6] we have proved an integral representation
formula for f(xo, p) in terms of the function f(zo, p), where f(zo,p) and f(zo, p) are related by

f(xo,p) = ALV f (o, p). (1)

We have proved that the function f(zo, p) is axially monogenic (see [12]) and that A"=1)/2 ig
surjective onto AM(U). Moreover, given f € AM(U) we construct a slice monogenic function
f satisfying (1), thus inverting the Fueter mapping theorem.

Remark 1.1. On an axially symmetric open set U, see [13] p. 310, every left monogenic function
f can be written in the form f(x) = >";7, fix(z) where fi(x) are axially monogenic functions of
degree k , i.e. fr(x) are functions of the form

fr(x) = Ap(xo, p,w) + wBy(z0, p,w)

where Ay (zo, p,w) and By(zg, p,w) satisfy the Vekua-type system:

Do Ay, — 9, By, = =1 By, )
o Br, + 9, Ay, = LAy 2)

Even though the following definition is very well known, we recall it for sake of completeness.

Definition 1.2. A left monogenic polynomial P in R"*! (resp. R") is called inner spherical
monogenic polynomial of degree k if it is homogeneous of degree k, that is Py (z/|z|)|z|*, (resp.
Pr(z/|z])|z|*) and satisfies 0, Py (x) = 0 (resp. 0, Px(x) = 0).

Remark 1.3. For any (0, p) fixed the functions Ay and By, are inner spherical monogenics of
degree k, see [1]. Thus we can write

A (20, p,w) = A(20, p)Pr(w),  Br(xo, p,w) = B(zo, p)Pr(w) (3)

where A(zg, p), B(zg, p) are real valued. Note that this assumption is not a restriction, in fact,
in view of the finite dimensionality of the space of inner spherical monogenics we can always
decompose any axially monogenic function of degree k of the form Ay(xg, p,w) + wBk(xo, p,w)
into a finite sum of functions of the form (3), i. e.

Ag(z0, p,w) + wBk(z0, p,w) = (A(z0, p) + wB(x0, p))Pr(w)-
The preceding discussion leads to the following result (see [13]):

Theorem 1.4. Let U C R be an open set invariant with respect to SO(n). Then every
monogenic function f: U — R, can be written in the form f(z) = > 72 fu(x) with

mg

fe(@) = [Arj(wo, p) + wBr j (w0, p)]Pr j(w) (4)
=0

where Py ; form a basis for the space of spherical monogenics of degree k of dimension my, and
Ay j, By j are suitable real valued functions.



The main aim of this paper is to find the inversion of the Fueter mapping theorem in the case
of monogenic functions of type (A j(xo,p) + wBy j(x0, p))Pk,(w) by providing their so-called
Fueter primitive.

Problem 1.5. Suppose that U C R"*! be an axially symmetric domain, where n in an odd
number. Given the axially monogenic function of degree k

¥

f()Pr(z) = (A(wo, p) + wB(z0, p))Pr(z)

where Py(z) is a spherical monogenic function determine a function f(xg,p) = a(xo,p) +
wh(xo, p) € N(U) such that

k=L v
A:T 7 (f@)Pu(@) = f@)Prla) on T, (5)
where A, is the Laplace operator in dimension n + 1.

The solution of Problem 1.5 is given by the following integral representation formula for f(z)Py(z):

FlafPulo) = [ Wi, (S Pe(E2) P R Al )~ dp Bl (6)

_ + (T Y0 LYo\ 2k+n—2
/kas,n( p )Pk( P )p [dyoB(yo, p) + dpA(yo, p)];

where f(z)Py(z) is solution to the equation (5) and T is a suitable regular curve. Here W
and W, are explicit kernels that are determined in Section 4.

B

From (4) and the integral representation formula (6) we show that we can find a Fueter primitive
for any monogenic function on an axially symmetric open set, see Corollary 5.4. Acknowledgments.

This research was supported by Research Foundation on Flanders (F.W.O. project 31506208).

2 A restriction result for the Fueter primitive

Definition 2.1 (Fueter’§ Primitive). Let n be an odd number and let U C R" be an azially
symmetric domain. Let f(z)Pr(z) = (A(zo, p) +wB(z0, p))Pr(z) be an azially monogenic func-
tion of degree k € No. We say that a function f(x)Px(z), f € N(U) is a Fueter primitive of
F)Puta) |

k+2=2 v

z ° (f(@)Pe(z)) = f(2)Pe(z) on U,

where A, is the Laplace operator in dimension n + 1.

A

Given any paravector x = xg + wp, where p # 0, it is obvious that x belongs to the complex
plane C,, and that any paravector on the real axis belong to C,, for all w € S"+1.

Definition 2.2. Let U C R"! be a domain. We say that U is a slice domain (s-domain for
short) if U NR is non empty and if U N C,, is a domain in C, for all w € S*T1.

Remark 2.3. Let U C R"*! be an axially symmetric s-domain. Suppose that W € N(U). So
function W admits the power series expansion and we have

W) = 3 g Vo). )

>0



where V(xg) := W (z)|z—o. For functions W € N(U) the terms V() (zg) are real numbers. The
convergence is in a suitable ball B(zg,r) centered at zyp € U N R and radius » > 0. Finally
observe that the product W (z)Py(z) is well defined and we can write

W@Pe) = 3 52 VO ) Pela)

>0

We have the following results which will be crucial in the sequel. We reason in the ball B(zg,r)
of convergence and for the Identity Principle for slice monogenic functions, see [7], the result
can be extended to the whole axially symmetric s-domain U.

Proposition 2.4. Let U be an azially symmetric s-domain in R™, n be an odd number, and
suppose that W € N(U). Let Pr(z) be an inner left spherical monogenic polynomial of degree
k € No. Let xg € UNR and suppose that (7) is the power series expansion of W in B(xg,r).
Then there exists a positive constant Hy, ,,, independent of xq, such that, for x — 0

AT (W () Pi(2)) = HogV D (00)Pi(z) + R, 2) (),
where - B
Hoim Y ()7 Yz <2§'>'F<;+])’ 0
3=0 ' F(@)
and

lim R(zo,z) = 0.

z—0

Proof. We set for simplicity m = k + (n — 1)/2 and we calculate A" (W (z)Px(z)), keeping in
mind that we have to take the limit £ — 0. Since A, = 8%0 + Az, we can write

AW ZZ( > (m—3) AJ (x Pula )V(‘])(xo))

=0 £>0

_ i ( > 1 Nﬁ (m Pil ))aﬁgm‘j)V“)(:vo)
0 ¢>0

Jj=

and we observe that
0 if 2j > ¢,
Af (aPula)) ={ CoPula) i 2j =1,
- E(@)Pr(z) if 2j <,
where Cy are constants depending on ¢ and £ is a continuous function such that £(z) — 0 for
x — 0. Moreover, it is easy to see that all the terms corresponding to 2j = ¢ contain

8%’”*7')‘/(27)(%) = V™) ().

So we have



I

(M)ad(2Pu@) vEa) + R 2Py

= 2D\
Let us set:
H, = ii ") Ad (x2j7? (x)) where m=k+ (n=1)
MR gt ) T TS 2
Now recall that A, = —82 where 0, is the Dirac operator in dimension n and the well known
relations

%(@25%(&)) = —2s 2*7 ' Py(2),
8£<g25+177k(1)> = —(25 4 2k + n) %Py (z).
Observe that A (2°Px(z)) =1 and consider the terms:
A (ngPk(g)> — A2 (ngPk(g)> _

= Aj_18£(2j fj_lpk(g)) = —2j(2j —2+2k+n) AJT1 (f(j_l)Pk@))-
So we get
A(2®Py(@)) = ~2(2k + n)Py(a),
A% (2'Prla) ) = 2+ 4(2+ 2k + n)(2k + n)Pu(x),
and by induction we have

A <£2j77k(£)) = (_1)j22jj! @

Pr(z)

we finally obtain that

" Tt
My = ]20@1])' <7]’7)(—1)322le <F(22k2+n>>

This concludes the proof recalling that m = k + (n—1), O

1
2
3  The kernels 7/, (z) and F,_ (v) and their factorization

Using the monogenic Cauchy kernel and the inner left spherical monogenic polynomials Py (x)
we define two important kernels that we will use in the sequel. We start by recalling:

Definition 3.1 (The monogenic Cauchy kernel). We denote by G the monogenic Cauchy kernel

on R 1 . B
x n
G(z) = Ay |t z e R™1\ {0}, (9)
where A,4+1 is the area of the unit sphere:
o (n+1)/2
An+]_ = e
r("3)



Definition 3.2 (The kernels ;" (z) and F;_, (z)). Let G(z—y) be the monogenic Cauchy kernel
defined in (9) with z = zg +2 € R"*! and for y=rweR" weassumer =1and w € S*—1. Let
Pr(z) be an inner left spherical monogenic polynomial of degree k € Ny. We define the kernels

Frnl) = o — w) Pr(w) dS(w), Fem(®) = Gl Pr(w)dS(w), (10)
where dS(w) is the scalar element of surface area of S*~1.

Before we are able to prove the main result of this section that is the factorization property
of the kernels ;" (z) and F, (z) we recall some results that we will use in the sequel.

Theorem 3.3 (Funk-Hecke (see [16])). Denote by S*~! the unit sphere in R™ and by A,_1 its
area. Let & and n be two unit vectors in R™. Let v be a real-valued function whose domain
contains [—1,1] and let P(&) be spherical harmonics, of degree k. Then we have

1
- PUE M Pr(n) dS() = An—1Pi(€) /1 D) Pon(t)(1 — £2)n=9/2 g

where dS(n) is the scalar element of surface area on S"™1, by (€,1) we denote the scalar product
of &, m. The Legendre polynomials are denoted by Py, ,(t) and
o (n—1)/2

Kt

Anfl =

Remark 3.4. By the Rodriguez formula the Legendre polynomials Py ,,(t) can be expressed by

Pn(t) = (_ ;)kr(l;(in(; i){)QEQ) (1-— t2)(3—n)/2%(1 _ p2yn=3)/2,

We recall the following formula (see [16] p. 188).

Proposition 3.5. Let f: [-1,1] — R be a continuous function with its n derivatives, then the
following formula holds:

! n— I\F F((n_l)/Q) ! n— n
| 1P -2 = (5) gt [ e o ar,

where Py, are the Legendre polynomials, n is the dimension and k is the degree of P, .

Theorem 3.6 (Factorization property of the kernels F;' (z) and F,_ (z)). Let n be an odd
number. Let Pr(z) be an inner left spherical monogenic polynomial of degree k € Ny. Let
f;‘n(x) and F,, (x) be the kernels defined in (10). Then there exists two functions S; (x) and

Sin () belonging to N(U), independent of Px(x), such that

Frin@) =8, (@)Pi(a),  Fp,(2) =S, (2)Pr(z) (12)
and
. + o xo . — _ 1
é%sk,n(x) - Ck,n (SL‘% T 1)k+(n+1)/2’ ili%sk,n(x) - Ck,n (.’E% T 1)k+(n+l)/2’ (13)
where i "
Com = (=) Ik + "5) (14)




Proof. Let us consider first the function F;" (z), for all n odd number, and recalling (9), we can

write 7, (z) as:

1 To— T+ w
+ . LT W
A =g G 2 —wpur e A5

By setting r = |z|, I = z/r, we split it as
Fiin(@) = (x0 — 2) T n (20, 7) + Lin(x0,7)

where we set

Tealwor) = 5= [ P dS()
Lenloor) = — [ () w Pule) S

and
1

(2 + 1412 —2rt)(nt1)/2’

P (t) := where t:= (I,w), (15)

To compute .7-",: ,,(z) we proceed by steps.
First we calculate J, » (20, ) and Ly, (zo,7) by Theorem 3.3 (Funk-Hecke).
We have

A 1
Tim(zo,r) = 2=, (1) / o (8) P ()(1 — £2)0-972 g, (16)
An—H -1
and )
Lrmzor) = 221 1y (1) / G (8) P () (1 — )0/ a1, (17)
An—i—l -1
If we set
A1 1
Qpon(o,7) = / r(H) Pen(t) (1 — £2)9)/2 g, (18)
Apy1 J

then we can write Jj ,,(zo,7) and Ly, »(zo,7) as
jk,n (an 7’) = Qk,n(wﬂa T)Pk(l) (19)

and
Ly n(x0,7) = Qiy1,n(x0,7)IPr(I), (20)
so we obtain

Fraw) = (P 0y w,m) + 2y Qi a0,) ) Phla) = 5, (0)Pul).

This proofs the factorization of f,jn(a:) given in (12) and that, by its definition, S; (z) € N(U).

Let us now calculate the limit

((1’0 —z)

Z
" Qp,n(@o,7) + ﬁ@kﬂ,n(l‘o, 7“))

lim
r—0

where the non trivial term is only

. Zo
}g% Tkakm(iﬂoﬂ")-

8



To this end, we must study the function Qy, (o, ) defined in (18) for r — 0.

First of all, we expand in power series the function v, (t) defined in (15) using the binomial series

1 +1)/2 2rt J
()’
1/]7”( ) (‘TO +1+ T2)(n+1)/2 Z ( j ) SC% +1+7r2
using the orthogonality properties of the Legendre polynomials we get

Qpon(0,7) = Apnq 1 <—(n + 1)/2) ( 2r )k

Apgr (2 + 1+ r2)(nt1)/2 k 22+ 1+ 12
1
x / P ()1 — )92 4y o
—1
— Anfl k T‘k ( )/2 k 2\ (n—3)/2
© Ann 2 (22 + 1 + r2)k+(n+1)/2 < k / t Py (1) (1 —17) dt.

To explicitly compute the last integral, we use formula (21) and the well known (see [17]) integral

1
/(1—t2)th:ﬁw for geRT,

. L(q+3)
so we get
1 - D(n=1)/2)  T+k+(n=3)/2)
/_ltkpm(t)(l — )2 g = — Rl r T(k+(n—1)/2) T(3/2+k+ (n—2)/2)
! I'((n—1)/2)
=z k! /7 m

Moreover we have

<—(n+1)/2)_( DFL(" + k)
k k(e

which follows from

((3%) = AT (- (- 2

CGECP ) (k) - R

—

Finally we get

 An ¥ —(n+1)/2 bk 2\ (n—3)/2
Qkn(@0,7) = Anpt1 2 (x% 41+ r2)k+(n+1)/2 < k /1 " Py () (1 — £7) dt

A, k e +k 1 r 2
T A -2 2 Tz 2 < (-1)" (| n+l ) o8 kv =12
ny1 (xf+1+712) EID(%5=) 3 I'(k+n/2)
with some simplifications we obtain
Tk

Qn(o,7) = C (22 4+ 1 + r2)k+(+1)/2



where

. (—1)F T(k 4 1)
kn = ’
TToym Dk+ D)
Finally, we compute
.z _ 0
Fy e Qen70:7) = Chon o ke e

from which we deduce the limit in (13), that is limy_o S} (z). The above computations allows
us to determine also the factorization for F,  (x) and the limit for S_, (). In fact

N To—ZT+w
Bl = s o T s e P8

An+1

= (xo — )L n(z0,7) — Tim(z0,7).

With analogous calculations, we deduce the factorization F,_ () = S, (2)Pr(z) with S, (x) €

N (U) and the limit
1

(933 + 1)k+(n+1)/2‘

lim S,jn(a:) = —Cin

z—0

This concludes the proof. ]

4  The Fueter primitives of the kernels 7" (v) and F,_, (v)

The definition of Fueter’s primitive and the factorization property of the kernels ]-',j ,,(z) and
Fi (@), see Theorem (3.6), require the determination only of the functions S} (z) and S, ().

Definition 4.1. Let n be an odd number. Let Pi(z) be an inner left spherical monogenic
polynomial of degree k € No. We will denote by W, (z)Pi(z) and W, (2)Pi(z) the Fueter
primitives of f;n(x) and Fy . (x), that is W,jn(x)Pk(g) and Wy, (z)Px(z) satisfying

Ak+nT_1(W,;fn($)73k(@) — f];fn(x), Ak+”T_1(W,;n(x)Pk(£)) = f;;n(x).

)

Remark 4.2. Let us observe that thanks to Theorem 3.6 we also have

n—1

AME W (@0)Pr(2) = S, (0)Pr(z), AT (W, (2)Pe(@) = Sp, () Pi(2).

Theorem 4.3 (The explicit structure of the functions W, () and W,_, (x)). Let n be an odd
number and let k € No. If S (z) and S, , (x), are the functions in (12), then we have

Cr - - T

+ _ Yk (2k+n—1)

Wk,n(xo) = Heo D (22 + 1)k+(nt1)/2’
_ — Cen o @ktn—1) 1

Wk,n(x()) - _Hik N D (x(% T 1)k+(n+1)/2 )

where the symbol D~("=1%2K) gtands for the (2k+n—1) integrations with respect to xo. Replacing
now o by x in Wy (xo) and in W;_, (z0) we get Wy (x) and W,_ (z), respectively. Moreover,
the functions Wit (x) and Wy_,(z) belong to N'(U).

10



Proof. Let us observe that the kernels S, (z) and S, (z) defined in (10) are axially monogenic,

they satisfy the Vekua system which is elliptic so S (z) and S, (z) are determined by their
restrictions to = 0. From Theorem 3.6 we have that

1

x
2 Ck,n 2 )
(:UO 1)k+(n+1)/2

Chon (22 + 1)k+(ntD)/2°

lim S (z) =

z—0

Hn Skan() =

where the constants C, ,, are explicitly determine by (14). Now recall that if W € N (U), defined
on an axially symmetric s-domain in R"*! from Proposition 2.4, recalling that Py (z) are inner
left spherical monogenic polynomials of degree k € Ny, we have that, for x — 0,

AGTTURW (@)Py() = H VT (20) Pr(z) + R(wo, 2)Pi(2),
where W (x)|z=0 := V(20) and H,, are explicitly determined by (8). If we set

Ck,n Zo
Hk,n (x3+1)k+(n+1)/2

D(Qk‘i’nfl)wlj—n (IO) —

L0
(xg + 1)k+(n+1)/2

and we integrate the function for (2k +n — 1) times we get

Cr - - T
+ _ )TV (2k+n—1)
Wk,n(xo) - Hkn D (xg + 1)k+(n+1)/2

where the symbol D~(#+7=1) stands for the (2k 4+ n — 1) integrations with respect to zg. By
replacing now zo by z in S, (z9) we get S (). We observe that it is the required function
since

. n— Ck,n
iLmQAI;H 1)/2(W1:n($)7>k@)) =7

Hp, V=D () lim P ()
k’n x—y

_ o .
= Chn Gz e 22 Phe)

Analogously we set
Cn 1

K (xg+1)k+(n+1)/2

D(2k+n71)5k—n(x0) P

and we integrate the function for (2k + n — 1) times we get

1
(x(2)+1)k+(n+1)/2

- - Cin —(2k4+n—1) 1
Wk,n(xo) = _Hk,n D (x(z) + 1)k+(nt+1)/2°

Replacing now zg by x in W,_, (zo) we get W, (x) which is the required function. Finally we
observe that the functions

i) 1
(@2 + 1)k D)/2’ PO (@2 1 )R/

g —

can be integrated by parts in closed form an arbitrary number of times. Such primitives contain
rational functions of zg and arctan zg of the real variable xg.

When we replace in such functions the real variable xg by the paravector variable x we clearly
obtain that the functions W, and W,jn belong to N'(U). O
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5 The inverse Fueter mapping theorem in integral form

We now recall the Cauchy’s integral formula for monogenic functions that with the results of
the previous section is the main tool to prove our main result.

Theorem 5.1 (Cauchy’s integral representation theorem for monogenic functions). Let f be a
left monogenic function in U C R*" . Then, for every M C U and for x € M, we have

fla)=| Gly—=a)do(y)f(y), (22)
oM
where OM is supposed to be an n-dimensional compact smooth manifold in U, the differential
form do(y) is given by do(y) = n(y)dS(y) where n(y) is the outer unit normal to OM at point
y and dS(y) is the scalar element of surface area on OM.

We are now in position to state and prove the main result of this paper.

Theorem 5.2 (The inverse Fueter mapping theorem). Let n be an odd number and let Py (z)
be an inner left spherical monogenic polynomial of degree k € Ny. Let

v

f(@)Pr(z) = (A(o, p) + wB(z0, p))Pr(2)

be an axially monogenic function of degree k defined on an azially symmetric open set U C R**1,
Let T' be the boundary of an open bounded subset V of the half plane R +wR™ and let V C U be
the open set in R" ! induced by V. Moreover suppose that I' is a reqular curve whose parametric
equations yo = yo(s), p = p(s) are expressed in terms of the arc-length s € [0,L], L > 0 and
consider the manifold

5= {yo+wpl(yo,p) €T, weS" '}

Then the function

f(@)Pr(z) —/FW,;n(x;y())Pk(a:_pyo)pz“”_z[dyoA(yo’p)—de(yo,p)]

_ + (T Yo LYo\ 2k+n—2
/ka,n( P )Pk( . )p [dyoB(yo, p) + dpAlyo, p))- (23)

is a Fueter’s primitive of f(z)Py(x) on V.

Proof. We represent axially monogenic functions f by the Cauchy formula (22) using the man-
ifold 3 as follows. We specify the notations: ds is the infinitesimal arc-length, dS(w) is the
infinitesimal element of surface area on S*!; t = %(yo + wp) is the unit tangent vector in a
point of I', while the normal unit vector is given by

n— ot — %W) — wyo(s))-

The scalar infinitesimal element of the manifold X, express in terms of ds and dS is given by
d¥ = p" tdsdS(w),

finally the oriented infinitesimal element of manifold do(s,w) is given by

do(s,2) = ndS =+ [p(s) — wyo(s)] 7" ds dS(w)

12



so finally we get
do(s,w) = [dp(s) — wdyo(s)]p" " dS(w).

Thanks to the above considerations we have:
f(xo—i—fr YPr(I //S » (yo + wp —xg —rl)do(s, w)f(yo + wp)Pr(w).

So we can split the integral in the following way

f(a:o—FIT)Pk(I):—/F[ - 1g(yo—Hup xo—rl)wPr(w) dS(w )} p"dyo A(yo, p)—dp B(yo, p)]

—i—/F [/Sn—1 G(yo +wp —xg — rl) Pr(w) dS(w )] P dyoB(yo, p) + dpA(yo, p)]

keeping in mind the property G(tx) =t "G(tx) for ¢ > 0, with a change of variables, we have

f(m“mp’“(])_/r[/gn_l pf"g( ; + iy w)ka( )dS(w )} p" " Mdyo A(yo, p)—dp B(yo, p)]

_/F[/Sn 1 —ng( py°+ iy w) Pro(w) dS(w )} " dyoB(yo, p) + dpA(yo, p)]

recalling the definitions of ]-',j , and JF~ we get

Flao+ 0P = [ (P24 21) 07 o Ao ) = do Blao. )

Tro — r _
- [E (R +4)p HdyoB(yo. p) + dpA(yo, ).
r P P

Let us observe that, since = xg + Ir, we have

Flwo + Ir)Py(I / fkn _l[dyo A(yo, p) — dp B(yo, p)]

T — —
_/f/j,n< yo) P~ dyoB(yo, p) + dpA(yo, p)].
r p

By setting

/ xz y()
' =
p
by Deﬁnition (41), we Oblain

Fawo + IryPi(I / ASFOD2 (e P! - dyo Alyo ) — dp Blyo, p)]

— [ AR WP o i Blun. ) + dpAlun. )

EH1)/2 _ okino1 AkH-1)/2

and since A_, =p we get;:

f(a:o +Ir)Pp(I) = A§+(nfl)/2 [/FWl;n<x _pyO)Pk (g _

pyo>p2k+nf2[dy0 A(yo, p) — dp B(yo, p)]
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- /F Wiin (a: _pyO)Pk (g ;yO)P%M_?[dyOB(yO’ p) + dpA(yo, P)]}

where

r — _
/Wk:n yo Pk(i pyo)p2k+n 2[dy0 A(ZUO;P) _dPB(iUOaP)]

_ + (£~ Yo =Y\ 2k4n—2
/FWk,n( ; )Pk( ; )p [dyoB(yo, p) + dpA(yo, p)]- (24)

From the proof on the above theorem one can easily see that the following result holds.

Corollary 5.3. Under the hypothesis of the above theorem, the Cauchy integral formula for
axially monogenic functions f of degree k can be written on V in the form

z) = /F‘Fk_,n<x_py0) p_l[dyo A(yo, p) — dp B(yo, p)]

T — _
- / f%( yo) p~dyoB(yo, p) + dpA(yo, p)].
r p

Another consequence is the following corollary which needs some more notations in order
to be stated. Let us denote by AM(U) the set of axially symmetric functions on the axially
symmetric open set U and let us introduce the set

={pp = Zf] z)Pr;(z) | fj € N(U), Py, spherical monogenic of degree k},

where my, = dim AMj.

Corollary 5.4. Let n be an odd number and let U be an axially symmetric open set in R™1.
There is a map of R,,-modules

AM(U) — N (D),

such that, given (A + wBy)Pr € AMy(U), we have (Ax + wBy)Pr = Ak+%((ak + whB)Pr),
with ap +wBr € N(U), and a map

M(U) = P AR N (D),

k

such that, given f =, fr € M(U), fr € AMy(U), there are gy € Ny such that
=AY Ak
k

Proof. 1t is a consequence of the inverse Fueter mapping theorem and of Theorem 1.4. ]
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