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The Inverse Sturm-Liouville Problem
and the Rayleigh-Ritz Method

By Ole H. Hald

Abstract.   In this paper we present an algorithm for solving the inverse Sturm-Liouville
problem with symmetric potential and Dirichlet boundary conditions.   The algorithm
is based on the Rayleigh-Ritz method for calculating the eigenvalues of a two point
boundary value problem, and reduces the inverse problem for the differential equation
to a nonstandard discrete inverse eigenvalue problem.   It is proved that the solution
of the discrete problem converges to the solution of the continuous problem.   Finally,
we establish the stability of the method and give numerical examples.

Introduction.  In this paper we will present a numerical method for solving the
inverse Sturm-Liouville problem.  We will prove that the algorithm converges, and
will give numerical results.

The inverse Sturm-Liouville problem is primarily a model problem.  In essence
it amounts to determining the density of a vibrating string from its fundamental tone
and overtones, see Borg [4, p. 83] and Krein [19].  Similar, but more complicated,
problems occur in geophysics and engineering.  One of the fundamental problems
in geophysics is to determine the variation of the density within the earth from the
eigenfrequencies of the earth, see Backus and Gilbert [2].  These data can be ob-
tained from seismograph recordings after major earthquakes.  In mechanical engi-
neering inverse problems arise in the design of driving shafts.  Here it is important
that the eigenfrequencies of the shaft do not coincide with the contemplated rota-
tional frequency, see Niordson [25].

The basic paper on the mathematical aspects of the inverse Sturm-Liouville
problem is that of Borg [4].   Later more elegant uniqueness proofs have been given
by Marcenko [23], Levinson [21], and Hochstadt [15].   Alternate constructive
methods have been suggested by Krein [18], Gel'fand and Levitan [10], Levitan [22],
Niordson [25], Barcilon [3], Friedland [8], Hochstadt [16], and Hald [13].

The algorithm presented here is based on the classical Rayleigh-Ritz method.
The idea is to expand the potential and the eigenfunctions in Fourier series, truncate
the series and reduce the problem to a nonstandard finite dimensional inverse eigen-
value problem.  The existence of solutions to this problem is easily proved by the
contraction mapping theorem.  The difficult step is to show that the solutions of the
finite dimensional problems converge toward the correct solution of the continuous
problem.  This crucial point is missing in the discrete algorithms presented by
Gantmacher and Krein [9], Anderson [1], Hald [12] and Morel [24].
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688 OLE H. HALD

The problem studied in this paper is a special case of the inverse Sturm-Liouville
problem.  First, we only consider Dirichlet boundary conditions.   Secondly, we assume
that the potential is symmetric around the midpoint of the interval; and finally, in
order to prove that the method converges, the potential must be sufficiently small in
norm.   Alternative methods for more general problems have already been proposed by
Hald [13] and Hochstadt [16].  Presumably, the basic idea in this paper can be ex-
tended to some of these cases, but it seems unlikely that the third restriction can be
removed.

1.  The Rayleigh-Ritz Method and an Inverse Matrix Problem.  In this section we
will derive the algorithm and indicate why it works.  We consider the Sturm-Liouville
problem

(1.1) -y"+qix)y = \y
on the interval 0 < x < tt, with the Dirichlet boundary conditions

O-2) yiO) = yitr) = 0.
Here q is a real, square-integrable function.  This problem has an infinite number of
eigenvalues Xn with X„ -*■ <*>, and a corresponding set of eigenfunctions ynix), see [6,
pp. 189-201].  The inverse Sturm-Liouville problem amounts to the reconstruction
of the function q from X,, X2, . . . .  Borg has shown that the eigenvalues determine
the potential uniquely provided it satisfies the symmetry condition

(13) Qix)=qin-x)

for almost all x in [0, n], see [4, p. 69].  We will therefore construct our solution
such that Eq. (1.3) is fulfilled.

By multiplying Eq. (1.1) with yix), integrating by parts and using the boundary
conditions (1.2), we see that the eigenfunctions yn are the stationary points of the
Rayleigh quotient

cf. Courant-Hilbert [7, p. 402].   To compute the critical points we take a classical
approach and use trigonometric polynomials as trial functions.  If y = S" w- sinjx,
then the Rayleigh quotient reduces to the quadratic form

R[w] = wTAw/wTw.

Here wT = (w,, . . . , wn) and the elements of the symmetric n x « matrix A =
(a;7) are given by

1 2   fir
(1.4) an =rSfl + -J0 qix)sinjxsinIxdx.

If the potential is constant, then A is a diagonal matrix and the differential equa-
tions (1.1), (1.2) have the same eigenvalues as A.   Otherwise, we extend the potential
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THE INVERSE STURM-LIOUVILLE PROBLEM 689

as an even, 27r periodic function and represent it by its Fourier series

(1.5) q(x) = a0 + 2 Jat cos 2kx,
k=\

where m < °°.   Here all odd Fourier coefficients vanish because of the symmetry con-
dition (1.3).  Borg has shown that the eigenvalues of the differential equation have the
asymptotic expansion X- =/2 + a0 4- o(l), see [4, p. 11].  In the inverse problem
the \j are given; and we may therefore assume that a0 vanishes.

To motivate our algorithm for the inverse Sturm-Liouville problem we consider
a typical case, say n = m = 6.   By inserting (1.5) in Eq. (1.4), we obtain

(1.6) A =

I-a, a-, -a,

22 -a„ a, -a3 «2 _a4

32 -a, ax -a4

42-a. a, ~ac

52 -ac

a2 - a4 ax - as 6' - a6

In the direct problem the eigenvalues of A approximate the eigenvalues X- of the
differential equation (1.1).  In the inverse problem X.- are given, and we will determine
ak such that X- are the eigenvalues of A.   Thus, we expect that the eigenvalues of the
differential equation (1.1) with the potential (1.5) are close to X- and hope that the
potentials converge toward the solution of the inverse Sturm-Liouville problem as n
and m increase.  Observe here that if m « n, then A will be a band matrix; whereas
if n is fixed, then all matrices with m > n are identical.

We can now formulate our inverse matrix problem. Let D = diag(l, 22, 32,.. . ).
Find a matrix E such that X ■ are the eigenvalues of A = D + E.   Here the off-diagonal
elements of E depend on the diagonal elements.  This problem has much in common
with the so-called additive inverse eigenvalue problem which has been studied exten-
sively; for recent results see Morel [24] and Friedland [8] ; for older results see the
survey by Hald [12].

Before presenting our algorithm we observe that the eigenvalue problem for the
matrix A can be reduced to the eigenvalue problems for A1 and A11. If m > n = 6,
then

A' =

1-a, «1  -<*2        «2

32 -a,

52 -ac
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<//_

22 - a2     a, - a3     oj - a„

a, - a3     42 - a4     ax - a5

ou -a. 62-a,*2       "4       "1       "5        " "6

This splitting is a consequence of the symmetry condition (1.3) and implies that
the eigenfunctions are either odd or even functions around rr/2.

It is easy to suggest several algorithms for solving the inverse matrix problem.
Our choice is influenced by the convergence proof presented below. Let X be the
lowest eigenvalue of A1 and partition A1 - X as

ax ! - X      a\

flj Ax - X

If X is not an eigenvalue of A x, then detiA1 - X) = 0 is equivalent to ax x - X =
a\r(Ax - X)_1flj.  Since axx = 1 - <xx, this is a nonlinear equation which 04 must
satisfy.  Similar arguments for the higher eigenvalues lead to:

The Basic Nonlinear Equations.   Let X(, X2, . . . , X„ be the eigenvalues of A =
D + E, then

(1.7) «„ = v2 - X„ - al(Av - \)~xav

for v = 1,2, ... ,m.   If ^ is odd, then Av is a submatrix of A1 and obtained by de-
leting the (v + l)/2th row and column of A1.  The vector av is the (v + l)/2th
column of A1, except for the diagonal element, which is deleted.  If v is even, then
Av is the submatrix of A11 obtained by deleting the iV2th row and column of A11,
and the vector av is the t>/2th column of A11, except for the diagonal element, which
is deleted.

We have now reduced the inverse Sturm-Liouville problem for a differential equa-
tion to finding a solution of a system of m nonlinear equations a = Fia). We will
show that if S(X.- -j2)2 is small then the functional iteration new a = Fiold a) will
converge.  We can then prove the intricate part namely that the potentials which are
defined by the Fourier coefficients a converge toward the solution of the inverse
Sturm-Liouville problem as the dimension of the space of test-functions increases.

2.  Eigenvalue Estimates.  It is well known that the eigenvalues of the differential
equation (1.1) with the Dirichlet boundary conditions (1.2) are simple, but this may
fail for our Rayleigh-Ritz procedure.  In this section we will find that if the L2 norm
of the potential is less than (3/4)\/27r then the eigenvalues in the Rayleigh-Ritz proce-
dure are simple.  Moreover, we will show that the eigenvalues of the matrix A have
the same asymptotic behavior as the eigenvalues of the differential equation.   Roughly
speaking, it is this property which ensures the convergence of the solutions of the
discrete problems.

Lemma 1. Let X„ be the eigenvalues of A and set aT = iax, . . . , an). Here
oim + 1 = . . . = an = 0 in case m <n.  If y = \\a\\2 < 0.5, then
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|Xl-i4.ail<ll,        IX2-22 +a2l<2L,

y2
IX„ - v2 + aj < —-,        í> = 3 4 n

Remark.   A slightly sharper result can be obtained by using the Temple-Kato
brackets, see [17].  Borg has shown that the eigenvalues of the differential equation
(1.1) satisfy X„ = v2 - av + oH/v), see [4, p. 11].  Thus the eigenvalues of the two
problems have the same asymptotic behavior.

Proof.   Let A =D + E where D = diag(l, 22, . . . ) and let ev be the vt\\
column of the identity matrix /.   Since A is symmetric we find that each disk
IX - v21 < Hiïejlj contains an eigenvalue.  Here \\x\\2 = zZx2.  It follows from the
definition (1.6) of A that the Fourier coefficient ak can occur at most twice in each
column of ,4 and consequently H/îeJ^ < 2y.  We can therefore conclude that if
7 < 3/4, then the eigenvalues of A are simple and satisfy

(2.1) \\-»2\<2y
for all v.  Since Av has the same structure as A, we find that if; =£ v, then each disk
IX - j21 < 2y contains exactly one eigenvalue of Av.  By using these estimates and
7 < 1/2, we obtain

(2.2) IIU""X"rl|l2<^lT)

for v > 3.  The bounds for v = 1 and 2 are equal to the bounds for v = 3 and 4.  To
complete the proof we use the inequality (2.2) to estimate the last term in Eq. (1.7)
and note that ||fl„||2 < 2y.

3.   Boundedness of the Successive Approximations.   To use the contraction
theorem for a = F(a) we must prove two facts.  The first is that F maps a sphere
into itself and the second is that F is a contraction in the sphere.   In this section we
will show that if S (X.- - j2)2 is sufficiently small then all successive approximations,
new a = F(old a), stay within a small sphere whose radius is independent of n and m.

Lemma 2. Assume that y/l, (X- - ;'2)2 < 0.192 and consider the functional
iteration scheme

av(3.1) ßv = v2 -\v-aJiAv-\) x

for v = 1,2, ... ,m.  Here m<n and ßm + x = . . . = ßn = 0 in case m <n.  If
\\a\\2 < 0.32, then \\ß\\2 < 0.32.

Proof.   Let y = ||a||2 and k2 = E(X- -j2)2- We observe first that the proof of
the bound (2.2) uses the fact that X„ are the eigenvalues of A ; but it enters only via
the inequality (2.1), and this can be replaced by IX„ - i^2 I < 0.192.  The bound (2.2)
is therefore still valid, and by using the arguments from Lemma 1 we get

(32) S(X„-,24-^)2<74[— +— + Z -*-1.(3-2) |_1.52      252      ->3("-1.5)2J
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The second factor on the right-hand side of (3.2) is less than 25/16, and we conclude
by using the triangle inequality that |||3||2 < k + 1.25y2. The proof is then complet-
ed by inserting the specific values of y and k .

In the next section we will show that there exists a solution a of Eq. (1.7) with
||a||2 < 0.32.  It then follows from Lemma 1- or Eq. (3.2) with a = ß — that
I7 - k K (5/4) • O.327 an(i we obtain the well-posedness result

Corollary 1. Let X;- be the eigenvalues of A.  If \\a\\2 < 0.32, then

0.6||a||2 <V/2(X/-/2)2<1.4||a||2.

This corollary is false without the bound on a.  For example, if n = m = 3, then
the matrices corresponding to a = (0, 0, 0) and a = (- 4, 0, 4) have the eigenvalues
1,4 and 9.

4. The Lipschitz Condition. In the previous section we have seen that if
y/z(\j-j2)2 < 0.192, then the function F defined by (3.1) maps the sphere S =
{\\a\\2 < 0.32} into itself.  Since F depends continuously on a we conclude from the
Brouwer fixed point theorem that there exists at least one a in S such that a = F(a).
We will now prove that F is a contraction in 5.   Thus F has exactly one fixed point
in S and it can be obtained by the method of successive approximations.

Let a and a be given, and define ß and ß by

(4.1) ßv = v2-\-iv(Av-\,)-lav,

(4-2) K = v2-\-aTviAv-\vTlav.

Theorem 1. Let \/2(X;--/2)2 < 0.192, and assume that \\a\\2 < 0.32 and
\\a\\2 < 0.32. Ifß and ß are defined by Eqs. (4.1) and (4.2), then

\\ß-ß\\2 <0.81||a-o7||2.

Proof.   By subtracting (4.2) from (4.1) we get

ßv-ßv = (av - av)T(Av - Xvrxav + af(Av - \TX (av - av)
(4.3)

+ aTv(Av - \vTl K - K\ (Av - V>_1 V

Letj3-j3 =£ + T, + f where the uth terms of %, r¡ and f are given by the right-hand
side of Eq. (4.3).  Since the coefficient a k - ak occurs at most twice in the vector
fl~„ - av, we conclude by using Eq. (2.2) that \%v I and It,„ I are less than
0.32||a - a||2/(i> - 1.5) for v > 3.  We can now use the arguments from Eq. (3.2) and
this leads to

(4.4) lltll2+lltj||2<0.8||a-or||2.
It is more difficult to estimate the last term in Eq. (4.3).  The reason is that

\\AV - Av\\2 cannot be bounded independently of n and m.   To circumvent this problem
we let Dv = diag(. . . , (v - 2)2, (v + 2)2, . . . ) and define two real, diagonal matrices
Av and /„ by
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(4.5) A2vIv=Dv-v2.

Here the diagonal elements ofIv are either -1 or +1.   By writing Av = Dv + Ev and
dropping the index v whenever convenient we get

Av-\ = Ailv + A-V - A„) + A-^A-^A,

(4.6) sv = aTvA-xHv + ... )-xA-xiE-E)A-xiIv + ... T'A"1^.

Let \\A\\F = (Sf-fl?)1'2 be the Frobenius norm of a matrix A.   Since the Euclidean
norm is dominated by the Frobenius norm, we obtain the very useful estimate

(4.7) IIA-^A^IIa < HA"1 |l2HA"1 ||Fmax \\Ee,\\2.
This result can also be derived by using Gershgorin's theorem.  We will now show that
the bound (4.7) is in essence independent of« and m.   From Eq. (4.5) it follows that

for v > 3.  For v = 1 and 2 the values are 1/8 and 1/12.  To estimate ||A_1||F we
consider El/2 - v2 \~~x.  Here / ¥= v and the sum is taken over all positive integers /
which have the same parity as v.  By expressing (j2 - v2)~x by partial fractions and
cancelling as many terms in the sum as possible, we find that

(4-8) Ha;1!!2^ fi+J + ..\ +-^1- —v    r     2v   L       2 v - 1J       4v2

for v > 2.  The bound for v = 1 is 1/4.  The largest value of the right-hand side of
(4.8) occurs for v = 3 and is 10/36.  We also observe that l|A_1||2 is less than 1/y/S
for all v.  By combining these estimates with Eq. (4.7) and using that afc - a fc can
occur at most twice in a given column of E — E, we conclude from Eq. (4.6) that

(4.9) U<^lla-a||3v - 1 ¿
for v > 3.  The bounds for f j and f2 are equal to the bounds for f3 and f4.  By
using (4.9) we find that ||f ||2 < 0.053||a - a ||2.   The proof is then completed by
combining this result with the estimate (4.4).

At this point, we are halfway through the investigation.   Our main result so far
is that the inverse matrix problem has a solution.  Clearly, it may have many solutions,
but the successive approximation method with zero initial guess singles out the solu-
tion with the smallest norm.   Our method of proof has been inspired by the work of
Hadeler [11], Laborde [20], Oliveira [26] and Morel [24].  The main difference
occurs in the formulation of the inverse problem.   It should also be observed that our
estimates are independent of the number of Fourier coefficients and the dimension
of the space of trial functions.   Finally we mention that Borg solved the inverse
Sturm-Liouville problem by a method of successive approximations, see [4, pp. 71—
81].  His proof is based on the Volterra integral representation of the differential
equation (1.1), and our approach can be considered as a numerical interpretation of
Borg's idea.
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5.   The Fourier Coefficients Converge.   Roughly speaking, the solution of the in-
verse matrix problem is just some numbers ak which are used in Eq. (1.5) to define
a potential.  The data A- are not the eigenvalues corresponding to this potential.   In
this section we will show that each Fourier coefficient ak converges as the dimension
of the space of trial functions in the Rayleigh-Ritz method increases.  It follows from
this result that X- are the eigenvalues corresponding to the potential which is defined
from the limits of the ak.

Lemma 3. Let \x, . . . , Xm be given and consider the solutions a and a of the
nonlinear equations

(5.1) <*p=»2-K-<tl(Av-\vr\,

W «v = v2-K-?vTiAv-KTlZv,

for v = 1, 2, . . . , m.  Here afc = a fc = 0 for k> m.  Let the dimensions of the
space of trial functions be nx and n2, respectively.   Then

lla-a||2<——4-r-
2 + min(rtj, n2)

Proof.   Assume that nx > n2.  For each v we partition the matrix Av - X„ and
the vector av as

A     BT

B      (
} and  [',]

Here the partition is chosen such that A and Av have the same dimension. Clearly,
A, B, C, f and g depend on v but we suppress this dependence to simplify our nota-
tion. By solving iAv — Xv)x = av we can express the last term in Eq. (5.1) as x av
and get

fTiA-BTC-xB)"xf- 2fTiA-BTC-xB)-xBTC-xg

+ gTC~xg + gTC'xBiA - BTC-xB)-xBTC'xg.

If «2 > 3m, then g = 0 and the expression simplifies considerably.  In practice the
solutions become acceptable for much lower values of «2, and we will therefore not
use this possible shortcut in the proof.  It is natural to compare the matrices A and
Av - \v, and by using the above result we find by subtracting Eq. (5.2) from Eq.
(5.1) that

av-av = a^Av-Xv)-xav-fTA-xf

(5.3) _f,A -BTC-XB)-XBTC-XBA-Xf+ 2fTiA - BTC-XB)-XBTC-Xg
-gTC-xg-gTC-xBiA-BTC-xB)-xBTC-xg.

Let a - a = T,*1* + ... 4- t/6* where the i>th term of t/1*, . . . , i/6) are given
by the right-hand side of Eq. (5.3).  The matrix A is equal to the matrix which we
would have obtained if nx and n2 had been equal.  Theorem 1 is therefore applica-
ble and we conclude that
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(5.4) Hr?(1)+77(2)||2< 0.8111a-a ||2.

To estimate the last four terms in Eq. (5.3) we modify the technique used in
the proof of Theorem 1.  Let 2 be the diagonal matrix defined by 22 = diag((w + l)2
- v2, in + 3)2 - v2, . . . ).  Here n = n2 + 1 if v and n2 have the same parity and
n = n2 otherwise.  Since v < m < n, we can choose 2 such that its diagonal elements
are positive.  We will now factorize the matrices A and C in the form

A = Ailv + A-20>2 - X„) + A-1 FA-1)A,

C = 2(7 + T,-2iv2 - \) + 2~1F2_1)2.

Here A and Iv are defined by Eq. (4.5).   By letting W = 2_1/3A_1 we can rewrite
the third term on the right-hand side of Eq. (5.3) as

(5.5) -fTA~x [Iv+R- WTiI + S)~x W] ~x WTQ + S)~x W(IV + R)~l A~xf.

Here R = A~2(v - X„) + A_1FA_1 and S is defined similarly.  Since ||A-1|I2 < V\/8"
and HA-% < s/ÎO/6 for all v, we conclude from Eq. (4.7) that ||i?||2 < 0.024 +
y/5 ' 0.16/3. This bound is also valid for ||5||2, simply because 2 is a submatrix of
a very large A.  To estimate the norm of W we use that the Frobenius norm domi-
nates the Euclidean norm and obtain

(5.6) llalla <IIS-1llallA-Il|Fmax||Äg/||2.
/

This generalizes Eq. (4.7).  It follows from the definition of 2 that ||r-1'||| <
l/[(« + l)2 - v2] where n = n2.  We remember now that any Fourier coefficient
ak can occur at most twice in a column of B and, hence ||Zte-||2 < 2 • 0.32.  By
using Eq. (5.6) and the bounds for R, S, A and 2 we find from (5.5) that the third
term on the right-hand side of Eq. (5.3) can be estimated by

htf>l<       °-°095
(n + l)2 - v2

The fourth, fifth and sixth terms on the right-hand side of Eq. (5.3) can be estimated
in the same manner, and we state without further ado that

!„<"!<      a°68       .     !„»>!<      °M        ■    hf>K    0m>5
•2_„2 /-„-I-1V2_„2 f-»4-n2-»2(n + l)2 -v2 (n + l)2 - i^2 (n + 1)

Since 1 < v < m < n and in + l)2 - v2 > (n + 2)(n + 1 - v), we see that

^ 1 <tt2     1

v

v=i [(« + l)2 -j^2]2       6 « + 2 '

By combining this result with the estimates of the yth component of i/3\ . . . , t?(6)
we conclude that

(5-7) ||t,<3> + . . . + 7j(6)|L < 0.73
« + 2
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Finally, it follows from Eq. (5.3) and Eq. (5.4) that 0.19||a - a ||2 is less than the
bound given in Eq. (5.7).  This completes the proof.

Lemma 3 shows that the sequence of vectors a which depend on the dimension
n of the space of trial functions is a Cauchy sequence in Rm and hence converges.
Let q(x) be the potential corresponding to the limits of the Fourier coefficients, and
let qn be the potential determined by (1.5).   By using Lemma 3 and Parseval's
theorem we see that

(5-8) H«-«Jla<¿T2-

This result is true for all n > m.   However, it follows from the proof of Lemma 3
that if n > 3m, then the bound in Eq. (5.8) can be replaced by 0.16/(« + 2).  The
reason is that the vector g in Eq. (5.3) vanishes.   Finally, numerical experiments in-
dicate that both estimates are quite generous, but this is to be expected.

6.   Proof of Ellipticity.   In the previous section we have seen that the potentials,
which correspond to the computed Fourier coefficients, converge in L2 to a potential
q(x), as we increase the dimension of the space of trial functions.   In the next sec-
tion we will show that X- will be the eigenvalues corresponding to this limit potential.
The proof will be based on some simple upper and lower bounds for the quadratic
form a(u, u) = f£ u2 + qu2.  The topic of this section is to establish those bounds.

Lemma 4. Assume that qix) = qi-n - x) for almost all x.  If «(0) = uiir) = 0
and \\q\\2 < 0.32V27T, then

0.28 /0V2 <fl(«, u) < 1.72 J0V2.

Remark.   This result shows that Va("> u) is a norm on the space of smooth
functions which vanishes at 0 and ir and equivalent to (fr\u'2)x'2.  We denote the
completion of this space by Hx.  Note that we do not assume that q is a bounded
function, cf. Ciariet, Schultz and Varga [5].

Proof.   Let u and v be smooth functions and vanish at 0 and n.  It follows from
the Cauchy-Schwarz inequality that

(6-D |/;^|2<^lí?|2|"|2^li;|2-

The last factor on the right-hand side of (6.1) can be estimated by /J lu'I2, see [14,
p. 185].   To estimate the first factor we note that lw(x)l2 < (ir/2)f^/2 \u I2 for all
x in [0,7r/2].   A similar Sobolev inequality holds for the interval [7r/2, it] .  By
combining these results and using the symmetry of q(x) we conclude from Eq. (6.1)
that

(6.2) /;^2<ï/;m2/:'«''2/;'^

We can now establish the upper bound.   Let u = v.  Since ||<7||2 < 0.32\/2~7r, we
find from Eq. (6.2) that
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aiu, u) - /* u2 +qu2<   il + y- • 0.32^ j ||«'||2 .

The lower bound is obtained in a similar manner, and this completes the proof.
Lemma 4 shows that the operator - u" + qu is elliptic and that the lowest

eigenvalue px is greater than 0.28.  More precisely, it follows from Corollary 1 that
px > 0.55.   Both results have been derived by using the symmetry assumption for
the potential, and it is not clear whether Lemma 4 is valid without this assumption.

Let q be a symmetric potential and define the quadratic form a" by a~(«, u) =
f% u'2 +qu2.  We will now show that if q - q is small, then the ratio a/a  of the
quadratic form is close to one.

Lemma 5. Let u be in Hx and satisfy the boundary conditions «(0) = w(7r) =
0. Assume that qix) = qiir - x) and cfix) = qiit - x) for almost all x in [0,7r].
If\\q\\2 and \{q\\2 are less than 0.32\fin, then

aiu, u) _
<3.2\\q-q\\ 2-a («, u)

Proof.   It follows from the definition of a and a that

(6-3) aiu, u) = aiu, u) + f¡(q-q)u2.

According to (6.2), we can estimate the last term in (6.3) by i\fñ/2)\\q - q'l^Wu'W2,.
The proof is then completed by using the lower bound in Lemma 4.

7.   Solution of the Inverse Sturm-Liouville Problem.   We have seen that given
Xj, . . . , Xm the inverse matrix problem has a solution for each space of trial func-
tions with dimension greater than or equal to m.   The corresponding potentials have
been constructed such that X- are the eigenvalues obtained by the Rayleigh-Ritz
method.   However, in general X- will not be the eigenvalues of the differential equa-
tion (1.1) with boundary conditions (1.2).   Instead, we have shown that the poten-
tials converge to a limit potential as we increase the dimension of the space of trial
functions.  In this section we will prove the main result of this paper, namely that
X- are the eigenvalues corresponding to the limit potential.   In practice we will never
find this potential, but according to Eq. (5.8) we can approximate it arbitrarily well.
It is in this sense that we solve the inverse Sturm-Liouville problem.

Theorem 2.  Z,erv/2(X/-/2)2 < 0.192 and let qn(x) be the potential (1.5) de-
fined from the solution of the inverse matrix problem.  Here n is the dimension of
the space of trial functions.  Let qix) = lim qn(x).   Then X;- are the eigenvalues of
the differential equation (1.1) with boundary conditions (1.2).

Proof.   The proof is based on the technique developed for the finite element
method, in particular see Strang and Fix [27, Chapter 6].   Let p, be the eigenvalues
of the differential equation (1.1) with the potential qix). We will show that p- = X-.
Let 5, be an/-dimensional subspace of//1, where Hx is defined in the remark following
Lemma 4.   According to the minimax principle [27, p. 221], we can characterize the
/th eigenvalue by
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aiu, Ú)(7.1) Pi = mi" max -7777777 ■
S,     u(ES¡   <-"' U>

Let qn = q and let 7 be the corresponding quadratic form.   By interchanging the
role of a and ó" in Lemma 4 and using Eq. (7.1) we find

(7.2) Pi<il + 3.211? -q\\2) min max        '     .
5,   uœs,    («. ")

Let 5 be the space of functions « of the form 2"w;- sin /x   If « is in S, then ÍT(«, u)
= wTAw where .4 is defined as in Section 1.  We choose now S¡ to be the subspace
of 5 which is spanned by the first / eigenvectors of A.   The potential qn has been
constructed such that X- are the eigenvalues of A.   We can therefore conclude from
the minimax principle and Eq. (7.2) that p¡ < (1 + 3.2\\q - i„ll2)X/.  Since qn -* q,
this inequality shows that p¡ < X, for / = 1, 2, . . . , m.

It is more difficult to prove the opposite inequality.  Let « be in Hx and define
the projection Pu of u onto S by

(7.3) aiu -Pu,v) = 0

for all v in S.   It can be shown by a standard variational argument that ||u - F»||2 -»
0 as the dimension of S increases, see [27, p. 166 and p. 229].  The argument is
known as Nitsche's trick, and the proof is based on expanding the function « in a
Fourier sine series and uses Lemma 4.

Let E¡ be the space spanned by the first / eigenfunctionsyx, . . . ,y, of the
differential equation (1.1) with the potential qix).  We assume that ally- are normal-
ized and denote the unit sphere of E¡ by E¡.  Let

a¡ = max I2(m, u - Pu) - (w - Pu, u - Pu)\.

Since each u in E¡ can be expressed in the form 2 [ cy, with 2 c2 = 1 and ||y • - Py, \\ 2
-> 0 as n -*■ °°, we conclude that a¡ -> 0 as n -* °°.   Moreover, it can be shown
that the dimension of PE¡ is / if ol < 1, see [27, p. 229].  We can now characterize
the /th eigenvalue of the matrix A by the minimax principle and find by using Lemma
5 that

(7.4) X, < (1 + 3.211,7 - q\\2) min max  fe^.
5,   «es,   (»» «)

The minimum is taken over all /-dimensional subspaces of S.   Let now S¡ be the
space PE¡.  It follows from Lemma 4 and the definition (7.3) of P that aiPu, Pu) <

aiu, u) for all u.   Since iPu, Pu) > 1 - o, for all « in E¡, we infer from Eq. (7.4)
that

(7.5) A|<0 +3.2||4-4„||)max^T^-.
E¡      1      P/

Since aiu, u) = 2{c2íí;- with 2 c2 = 1 we see that the last factor on the right-hand
side of (7.5) is less than ju,/(l - a,).  Finally, by letting n -»■ °° and using that az ->■ 0
and \\q - q„\\2 -*0we conclude that \,<p¡.  This completes the proof.
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8.  Infinitely Many Eigenvalues Prescribed.   So far our approach has been consis-
tent with the manner in which inverse problems occur in practice.  For example, in
geophysics only a finite number of the eigenfrequencies of the earth are measured
and used in the inversion procedure.  To obtain unique results the number of param-
eters must be less than or equal to the number of data.   In our formulation the
uniqueness of the potential is obtained by representing it as a trigonometric poly-
nomial.  Clearly, a different representation yields a different potential.

In the classical formulation of the inverse Sturm-Liouville problem it is assumed
that all the eigenvalues corresponding to a given potential are known and then slight-
ly perturbed.   Borg has shown that there exists a unique nearby potential which
corresponds to the perturbed spectrum.  Assume, therefore, that all the eigenvalues
are given, but that only the first m have been used in our construction.  In this sec-
tion we will show that the effect of the remaining eigenvalues is small.  This state-
ment must be taken with a grain of salt, because the whole theory is a perturbation
theory.   Indeed, there are examples, with large perturbations of the eigenvalues, for
which the distance between two potentials cannot be estimated in terms of the difference
between the spectra, see Hald [13].

Lemma 6. Assume that V2 (Xy - ;'2)2   < 0.192. Let a be the solution of
the inverse matrix problem with data Xx, . . . , Xm   and let a correspond to
X,, . . . , X      with 1 < mx < m2.  If the spaces of trial functions have the same
dimension, then

a-all, <5.3  /    >    (X, - j¿Y + 0.54
(m2 - 1.5)(mx -1.5)

Proof.  We will use the technique developed in Section 4.  Since a and a are
solutions of the inverse matrix problem we can replace ßv and ßv in Eqs. (4.1) and
(4.2) with av and a v.  It follows from the proof of Theorem 1 and Eq. (4.3) in
particular that

(81) /XK-ov)2<0.81||a-a||
i

Since the av are set equal to zero for v > mx, we must estimate av from Eq. (4.2),
directly.   By using (2.2) and the triangle inequality we find that

'2 ¡™2 m2

(8-2)       /   £   (a,)2 < / Z   (K - v1? + 0.322  /  £
»»1 + 1 V   mj + l  (j,- 1.5)2

The proof is now completed by estimating the last sum by an integral and combining
Eqs. (8.1) and (8.2).

The above proof did not depend explicitly on the dimension n of the space of
trial functions although the Fourier coefficients av and a v do.   It follows from Lemma
3 that the components of a and a converge as n -*■ °°.  We can therefore conclude
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from Lemma 6 that the potentials Qm ix) and Qm (x) associated with the limit of
a and a form a Cauchy sequence in L . By using Parseval's theorem and letting m2
tend to °°, we obtain from Lemma 6 the following result:

Corollary 2. Assume that \fH (X;- - /2)2 < 0.192. Let Qm be the potential
which has the eigenvalues Xj, . . . , Xm and let Q be the potential corresponding to
Xj,X2,_Then

HÔ-fiJ|2<13.3  /¿ (X,.-/2)2+—^—■
v   m + l yjm - 1.5

One might object that we have not shown that the limit Q of the potentials Qm
has the eigenvalues Xj, X2, . . . .   However, according to Eq. (5.8) each potential Qm
can be approximated arbitrarily well by a potential which corresponds to a solution
of an inverse matrix problem.  Thus, the proof of Theorem 2 carries over to the
present case.

9.  Continuous Dependence on the Data.   In the previous section we have inci-
dentally obtained an existence theorem for the inverse Sturm-Liouville problem in its
classical formulation.  Since we perturb around the spectrum corresponding to the
zero potential, our result is only local.  The proof is independent of the theory for
the differential equations.   The existence proofs due to Borg [4] and Barcilon [3] are
also based on the method of successive approximations, and it is normally easy to de-
rive well-posedness results for these methods.   In our case we have

Theorem 3. Assume that \¡Y,(\¡ - j2)2   and V2(X^ - j2)2 are less than
0.192. If qix) and qix) are the potentials corresponding to X- and X;-, then

(9.1) Wq-q\\2<13.3JzZ(\j-\j)2.

Remark.   This result is valid for the solutions of the inverse Sturm-Liouville
problem and the potentials obtained from the inverse matrix problem.   Here we assume
that the potentials are represented by the same number of Fourier coefficients and
that these are computed by using the same space of trial functions.

Proof.   Let a and a be the solutions of the inverse matrix problems with data
X,, . . . , Xm and X,, . . . , Xm.  Thus, av satisfy Eq. (4.1) with ßv replaced by ctv
and av satisfy Eq. (4.2) with ß v and X„ replaced by av and \v.  By subtracting Eq.
(4.2) from Eq. (4.1) we obtain Eq. (4.3) with two additional terms, namely \v - X„
and

flj(2 -KT'iK -K)(A -\Tlav.

It follows from Eq. (2.2) that the sum of these two terms must be less than
1.0064lX„ - X„l.  By using the triangle inequality, Lemma 4 and Parseval's theorem
we obtain (9.1).

Let m be fixed.   Since the Fourier coefficients a and a converge as n ■+ <*>, see
(5.8), we conclude that the inequality (9.1) holds for the limit potentials.   Finally,
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by letting m -*■ °° it follows from Corollary 2 that (9.1) is also valid for the inverse
Sturm-Liouville problem in its classical formulation.  This completes the proof.

10.   Numerical Experiments.   In the derivation of our algorithm for the inverse
Sturm-Liouville problem we have assumed that the potential is a square integrable
function.  The theory does not distinguish between smooth and not so smooth poten-
tials, but the difference is very obvious in practice.

Borg has shown, see [4, p. 11], that if the potential is twice differentiable then
X„ = v2 + const • v~2 + 0(v~3), otherwise the i>th eigenvalue has the asymptotic
expansion X„ = v2 - av + o(v~x), where av is the 2i>th Fourier coefficient of the
potential.  Roughly speaking the consequence of these asymptotic expansions is that
a small number of eigenvalues are sufficient to determine the potential if it is smooth,
whereas a considerable number is needed if the potential has any kind of discontinu-
ities.

In our theory we have assumed that the average of the potential has been deter-
mined from the asymptotic expansion of the eigenvalues.   However, if only a finite
number of data is available, an ad hoc guess is necessary.  This guess may be based on
the behavior of the eigenvalues or on some a priori information about the potential.
We have not been able to find a solution of this very complicated problem.

The algorithm presented in Section 1 has been tested on three different poten-
tials.  In all three cases, the eigenvalues used were correct to eight decimal places.
The first test problem is the Mathieu equation with the potential

qx(x) = 2cos(2;c).

The L2 norm of this potential is >/2~7r, and therefore this case is not covered by our
theory.  The potential is atypical because it can be described by a finite Fourier
series.   On the other hand, the Mathieu equation is important by itself, and the eigen-
values have been carefully tabulated, see [28].

To investigate the importance of the representation of the eigenfunctions we
tried to calculate the potential from the first six eigenvalues.  The errors in the Fourier
coefficients ak can be found in Table 1.  We see that the lowest Fourier coefficients
are best determined and that it is preferable to choose the dimension of the space of
trial functions as an even number.

In Theorem 3 we have shown that the inverse Sturm-Liouville problem is well-
posed.  However, from a practical point of view the problem must be considered as
ill-posed.   For example, for the inverse problem for the earth the higher eigenfre-
quencies are measured with less absolute accuracy than the lower ones, and finally
regarded as noise.   To investigate this phenomenon we have perturbed the first, fifth
and tenth eigenvalue of the Mathieu equation by one percent.  The results are given
in Table 2.  We conclude that av is roughly equal to v2 - \v but that the perturba-
tion spreads out to the nearby Fourier coefficients.  In the case where all eigenvalues
are perturbed by one percent the solution is completely dominated by noise,  yet
the lowest Fourier coefficients are essentially correct.
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Errors in

Dimension of the space of trial functions

6 7 8 9

3.1-10

4.1-10

-6

-5

4.3-10

4.0-10

4.1-10

3.1-10

-3

6 .1-10

1.1-10
-6

1.7-10
-5

2 .0-10
-4

2 .9-10

3.0-10'

3.3-10

1.5-10"

2.0 -10"

3.1-10"

3.2-10"

1.7-10"

2.5-10

3.6-10

5.5-10

9.0-10'

1.6-10"

2 .0-10'

-9

-9

-9

10

2 .5-10

3.4-10

1.3-10
-9

1.9-10
-9

.0-10

2.5-10"

Table 1

Errors in the Fourier coefficients

All X.
]

Errors in : exact
3

"1
pert.

A5

pert,

"10
pert

All X.
]

perturbed

'10

2.5-10"

3.5-10

1.3-10

1.4-10"

-9

2.3-10

0.2-10

1-0 .6-10"

1-0 .9 -10"

-9

t3.6-10'4.7-10 -9

8.9-10

-1.3-10

-4

-4

1.1-10"

4.5-10

3.2 -10

2.3-10

-5

-5

1.7-10
-5

1.3-10'

1.1-10

8.4 -10
-6

-1.3-10

-1.7-10

-3

-3

-3.5-10 -3

-2.8-10

-2.5-10

-2

-1

2 .8-10 -2

2 .1-10 -4

9.5-10
-4

5.6-10"

-2.6-10'

-4.0-10

-4.9 -10'

-5.6 -10

-4.7-10

-5.0-10

-6.0-10

-8.6 -10

-1.2-10

2.6-10'

1.0

-6

-4

-3

-3

-3

-3

-2

1.1-10

1.9-10'

-9.8-10

1.4-10"

-2.7-10

3.3-10"

-5 .0-10

6.1-10

-8.0 -10'

1.1

-2

-1

-1

-1

Table 2

Perturbation of\j to X¡ - 0.01 • X-(- IV"'

The second potential was chosen as the Hermite interpolation of qxix) and then
normalized to have zero mean.   Thus

, .      32      64    , ,,      192     ~    1Í2W = 77 " "7 X i" " *)   = —    Z — cos(2fcc).
7T4      *= 1 k415      w4

The eigenvalues for this potential were computed by the Rayleigh-Ritz method with
60 sine functions spanning the space of trial functions, and the results were judged to
be accurate to 10~8.   In Table 3 we give the I2 error of the computed Fourier coeffi-
cients.   One piece of information which cannot be inferred from Table 3 is that the
first Fourier coefficients are best determined.   Indeed, for the case of 16 eigenvalues
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and 24 basis functions all but the last two of the Fourier coefficients are accurate
to within 10-8.  This is interesting because the first Fourier coefficient of the part
of the function which we do not take into account is of order 10_s.   One possible
reason for this is that the higher eigenvalues are well described by Borg's asymptotic
expansion of the eigenvalues corresponding to a smooth potential, and that the term
const • v"2 dominates the Fourier coefficient a„.

No.   of basis
functions

4

8

12

16

20

24

Number of eigenvalues

7.2-10

1.5-10

1.6-10

1.6-10

-2

-4

-4

-4

12

3.9-10

7.4-10
-6

8.2-10
-6

2.7-10
-2

9.1-10
-7

1.3-10
-6

1.3-10
-6

16

2.1-10

6.4-10'

3.4-10

-2

Table 3

Errors in the Fourier coefficients:  V2 (comp ak - exact ak)2

Finally, our third potential was chosen as a piecewise constant approximation of
qxix), specifically

q3(x) =
2     if ir/4 < x < 3tt/4,

otherwise,

8     -    (-l)fc+1
= -   Z     -.      .    cos2(2fc-l)x

it  k=x    2k - 1

Note that the sum of the absolute values of the Fourier coefficients is divergent.
Thus, potentials with jump discontinuities must be excluded in a theory which uses
the classical version of Gershgorin's theorem to estimate the eigenvalues of the matrix
A in Section 1.  This shows the advantage of our L2 approach.  The eigenvalues corre-
sponding to the potential q3ix) satisfy a transcendental equation involving only elemen-
tary functions, and the first 16 roots of this equation were obtained by using the
ZERP algorithm due to Kahan.   This algorithm gives upper and lower bounds for the
roots and the eigenvalues were found with an accuracy of 10-8.  The eigenvalues were
also computed by the Rayleigh-Ritz procedure with the space of trial functions spanned
by 60 sine functions, and differed from the correct ones by approximately 10-5.
This indicates that our method for solving the inverse Sturm-Liouville problem will
converge slowly for potentials with discontinuities.  This is borne out in Table 4.   In
the case where we use 16 eigenvalues and the dimension of the space of trial functions
is 24 we find that the errors in all the Fourier coefficients are of order 10-4, except
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for the last where the error is 2.8-10 3.  The corresponding potential is given in
Figure 1, and we note the Gibb's phenomenon.

No . of basis
functions

4

8

12

16

20

24

Number of eigenvalues

4        8       12 16

1.3-10

3.1-10

3.2 -10

3.2-10

-2

-2

6.1-10

9.6 -10

-2

-3

1.0-10"

4.4-10

4.6-10"

5.0-10

5.0-10'

3.4-10

2.7-10

2.8-10

-3

-3

Table 4
Errors in the Fourier coefficients

Figure 1
Discontinuous potential reconstructed from 16 eigenvalues

In our numerical experiments we have used Gaussian elimination to solve the
systems (Av - \)x = av and used 20 complete sweeps of the functional iterations
(3.1).  Clearly, this could be replaced by a more economical technique.   However,
our objective has been to present a method which works and can be proved to work.
The method is only local and it is not clear if one should strive for an optimal imple-
mentation at this stage.
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