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Abstract

The principal inverse tangent and cotangent functions for complex arguments can
be defined as formulas involving principal natural logarithms, but these are not odd
on the imaginary axis, which they must be according to their definitions as inverse
functions. These formulas are therefore modified in such a way that they become odd
on the imaginary axis, by choosing the other branch on the lower branch cut, and the
corresponding addition formulas for complex and real arguments are derived. With
these addition formulas their values on their branch cuts are determined, confirming
these modified formulas. Some new formulas for the (hyperbolic) inverse tangent
and cotangent functions for complex arguments and some new addition formulas for
these functions for real arguments are derived. Some new formulas for the inverse sine
and cosine functions and their connections with the inverse tangent and cotangent
functions for complex arguments are provided, and from these some new addition
formulas for the inverse sine and cosine functions for real arguments are derived.
Some duplication and bisection formulas for the inverse tangent, cotangent, sine and
cosine functions are derived.
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1 Definitions and Basic Identities

A complex = can be represented by its absolute value r = |z| and its principal angle with
the positive real axis in the complex plane ¢ = Arg(z) where —m < Arg(z) < m:

z=re? (L.1)

In this paper Arg(z) always means the principal angle here defined. The principal square
root of a complex x is then defined by [I}, 9]:

VE = Vet (1.2)

A definition which is used in this paper and in an earlier paper [4] is the function sg(z)
for complex z [§].

Definition 1.1. For complex x, let \/x be the principal square oot of x, then:

VzZ _  x £ 0
)= V= 07 (1.9
1 if x =
The result of this definition is:
1 if Re(x) >0
—1 if Re(z) <0
()= {1 BRI < (1.4
1 if Re(x) =0 and Im(z) >0
—1 if Re(z) =0 and Im(z) <0



For complex z: 1/sg(z) = sg(x) and for complex = # 0: sg(—x) = —sg(z).
For real z, sg(iz) = sg(x).
For real x the function sg(z) reduces to:

1 ifz>0
_ 2 1.5
58(e) {—1 if 2 <0 (15)

From these identities follows that for complex z: sg(z)vVz? = x, sg(z)r = Va2, and
replacing x with iz: sg(iz)v —z? = iz and sg(ix)iz = v —22, and for real z, sg(z)|z| = =
and sg(x)x = |z|. For complex x, sg(v/x) = 1, and for complex z, (1/7)? = .

Let f(z) and g(x) be complex functions, and let:

9(x) = f*(x) (1.6)

Then:
Vg(x) = £f(z) (1.7)

Because for complex x: V22 = sg(z)x, the sign is sg(f(x)):
g9(x) = sg(f(x)) f(x) (1.8)

For real x, sg(z)x = |z|, so for real f(z) and g(z): v/g(z) = |f(z)].
For real z, y [II, [:

/22 1 02 [ 22 2 —
VT +iy= WJrisg(y) W (1.9)

V—x =isg(iz)Vz (1.10)

For complex x:

This identity is proved below.
For complex = and real nonnegative a:

Vaz = Vayz (L.11)

For complex x and real positive a:
sg(ax) = sg(x) (1.12)

Using and V2 = sg(z)x and v—12 = sg(iz)iz:
For complex z:
sg(ix?) = sg(x)sg(ir) (1.13)
Replacing x with (1 —4)x:
For complex x:
sg(z?) = sg((1 +1)z)sg((1 — i)x) (1.14)

The Iverson bracket notation [3} [7] is defined.



Definition 1.2. Let S be a logical expression, then:

[S]{l if S is true (1.15)

0 if S is false

The function sg(z) for complex x can be written as:
sg(z) = [Re(x) > 0] — [Re(x) < 0] + [Re(z) = 0]([Im(z) > 0] — [Im(z) < 0]) (1.16)

For complex x # 0 it is clear that:

s8(2) = sa(x) — 2[Re() = Olsg(Tm()) (117)

For the principal angle with the positive real axis in the complex plane
—m < Arg(z) <, where Arg(0) = 0 is defined, the following addition formula holds.
For complex z, y:

2 if Arg(z) + Arg(y) > 7
Arg(z) + Arg(y) = Arg(zy) + ¢ —27  if Arg(z) + Arg(y) < —7 (1.18)
0 otherwise

The following six identities are evident from the complex plane.
For real z, y:

Arg(z +iy) = arctan(%) + 7l < 0)sg(y) (1.19)

where when x = 0, for real y:

™

5 (ly>0] = [y <0]) (1.20)

arctan(%)

because arctan(oo) = /2, arctan(—oo) = —m/2 and Arg(0) = 0.
For complex x # 0:

Arg(—z) = Arg(z) + msg(iz) (1.21)
For complex x:

Arg(z?) = 2Arg(x) + 7(sg(z) — 1)sg(Im(x)) (1.22)
[Arg(r) > 0] = 5 (1 + sa(im(x) (1.23)
[Arg(z) > 0] = %(1 — sg(iz)) (1.24)

For complex = and real positive c:
Arg(z) + Arg(%) = 2n[Im(z) = 0][Re(z) < 0] (1.25)
Arg(z) + Arg(—g) = msg(Im(z)) (1.26)



The principal natural logarithm function In(z) for complex z is defined by [II:
In(x) = In(|z|) + iArg(x) (1.27)

In this paper In(z) always means the principal natural logarithm function here defined.
For complex z, y, application of ((1.18) to this identity gives:

2 if Arg(x) + Arg(y) > m
In(z) + In(y) = In(xy) + § =27 if Arg(z) + Arg(y) < -7 (1.28)
0 otherwise

For complex z, application of gives:
In(—2) = In(x) + misg(ix) (1.29)
For complex z, y, because —m/2 < Arg(y/z) < m/2:
In(v/2) + In(v) = In(v7) (1.30)
and when z = y because (/7)% = z:
2In(v/z) = In(x) (1.31)

Identity (1.10|) can now be proved.

Theorem 1.1. For complex x:
V—x =isg(iz)Vx (1.32)
Proof. Using (1.29)) and (1.31)):

V=T _ (V=) ~In(vz) _ o3 (In(-2)=In(z)) _ ,Fmisg(iz)

7 = isg(ix) (1.33)

O

2 The Inverse Tangent and Cotangent Functions which
Must Be Odd on the Imaginary Axis

The principal values of the inverse tangent and cotangent functions can be defined in the
complex plane as the following formulas [I], where In(z) is the principal natural logarithm
function:

1 1+ix
t =—=1 2.1
arctan(x) n( . za:) (2.1)
ir— 1
arccot(z) = arctan(—) = —% IH(Z n 1) (2.2)



The power series expansion of the arctan(z) function is odd:

$2k+1

2k +1

arctan(z) = Z(fl)’c (2.3)

k=0

which indicates that the principal arctan(z) function should be odd. The functions tan(x)
and cot(z) for complex z are defined as [11 [2]:

el _ gz

t = —g— 2.4
an(x) o e (2.4)
t(x) tan (3 — ) (2:5)
cot(z) = =tan(= — .
tan(x) 2
The principal inverse tangent function arctan(z) for complex x is defined by:
arctan(tan(z)) = x (2.6)

Because both tan(xz) and z are odd functions in the complex plane, from this equation
follows that the principal arctan(z) function must also be odd in the complex plane, and
similarly for the principal arccot(z) function for  # 0. Replacing « by —z in formulas
2.1) and (2.2) means replacing = by 1/z in the principal In(z) function. From definition
%D and it is clear that In(1/z) = —In(x) except for = on the negative real axis,
which is the branch cut of the principal In(x) function [I], and where the angle is always
m and never —w. Therefore these formulas are not odd there and must be made odd
there explicitly. The following theorem determines for which arguments of the principal
arctan(z) and arccot(z) functions the arguments of the principal In(z) function in
and are on the negative real axis. The branch cuts of the principal arctan(z) and
arccot(z) functions are defined as in [I, 5] and not to include +i which are singular points
of these functions.

Theorem 2.1. The argument x of the principal In(x) function in and s on
the negative real azis if and only if the argument x of the principal arctan(x) or arccot(x)
functions is on their branch cuts [1.

Proof. For the arctan(x) function (2.1)), let ¢ be the argument of the principal In(z) func-
tion in (2.1) and let ¢ be real, then the following identity is solved:

1+ix

=t 2.7
1 -z 27)
which is easily checked to be:
_it (2.8)
T =i7 T .

which means that x must be on the imaginary axis. Therefore x can be replaced with iz
where x is real, and because ¢t must be real and negative, the following identity is solved:

11—z
1+«

<0 (2.9)



which is fulfilled if and only if z < —1 or z > 1. When —1 <t < 0, > 1 is on the upper
branch cut, and when ¢ < —1, x < —1 is on the lower branch cut.
For the arccot(z) function (2.2)), the following identity is solved:

w—1

= 2.10
iz +1 ( )
which is easily checked to be:
t+1
={— 2.11

which means that x must be on the imaginary axis. Therefore x can be replaced with iz
where x is real, and because ¢t must be real and negative, the following identity is solved:

rz+1

rz—1

<0 (2.12)

which is fulfilled if and only if —1 <2 < 1. When —1 <t <0, —1 < 2 < 0 is on the lower
branch cut, and when ¢t < —1, 0 < z < 1 is on the upper branch cut. O

The principal arctan(z) and arccot(x) formulas and can be made odd on
these branch cuts explicitly by defining the following functions that are 7 on the lower
branch cuts of these functions and zero elsewhere, using the Iverson bracket notation
definition

oddtan(z) = 7[Re(z) = 0][Im(x) < —1] (2.13)

oddcot(z) = w[Re(z) = 0][—1 < Im(x) < 0] (2.14)

The following are the formulas for the principal values of the arctan(z) and arccot(z)
functions that are odd everywhere in the complex plane including on the imaginary axis,
where In(x) is the principal natural logarithm function.

Definition 2.1. For complez x:

arctan(z) = —% ln(i i_ iz) — m[Re(z) = 0][Im(z) < —1] (2.15)
arccot(z) = 7% ln(jz _T_ 1) — m[Re(z) = 0][—1 < Im(x) < 0] (2.16)

This definition means that on the lower branch cut the other branch is chosen, and this
definition will be confirmed by applying the addition formulas for determining the values
of these functions on their branch cuts in section 5. In this paper from here this definition
of the principal arctan(z) and arccot(x) functions is always used.

Theorem 2.2. For real x, y:

arctan(£E + zy) :Z ln(m) + 5 arctan(m) (2 17)
+ S la? +y? > LUsg(a) =l = 0y < —1]



N Ut 2@
arccot(z + iy) =1 ln(m) T3 arctan(m) (2.18)

2
g[ﬁ 12 < 1sg(z) — wfz = 0][-1 < y < 0]

Proof. When evaluating (2.15)) with (|1.27] -

For complex x:

1+Zx
1—x

arctan(z) = —11 (‘ ) + = Arg( m) — m[Re(x) = 0][Im(x) < —1] (2.19)

In this formula z is replaced by x + iy:

For real z, y:
1—y+iz)* |1—y+iz)A+y+iz)?  [(1-y)(1+y) —a?+ 2iz]?
N+y—iz)2 |[14+y—dix)(l+y+iz)? (1 +y)2 + x2)?

2.20
(L=t =P 2> (1—yP+a? (220
(1+y)? +22)? (1+y)* +2?
y+ix (1—y+ix)(1+y+ix) 2 9 .

Arg(—2— "V = A = Arg(l —z° — 2 2.21

With apphcatlon of (1.19)) the first identity is proved, and the proof of the second identity

is similar. |

When # = 0 and y = %1 these formulas yield arctan(i) = ioco, arctan(—i) = —ioo,
arccot(i) = —ioco and arccot(—i) = ioc.
For real x: ] )

arctan(ix) = éln(‘ 1 i_i )+ g([x > 1] — [z < —-1]) (2.22)

arccot(iz) = E.ln( vl )+ Z([0 <z<l]-[-l<z<0)]) (2.23)

2 Mz +1 2 '

The sum of the two functions (2.15) and (2.16) is now also odd in the complex plane
(except for z = 0 as mentioned above).

Theorem 2.3. For complex x # +i:
arccot(z) + arctan(z) = gsg(x) (2.24)

where sg(x) is defined by (1.4 .
Proof. Substituting formulas ) and ( and using (1.28]) and In(—1) = mi:

arccot( )+ arctan(z)
142 ix—1

- “n(l—z e G

)

)] — oddtan(z) — oddcot(z)
(2.25)

7 if Arg(12) + Arg(21) > 7

—1 1x+1
:g — oddtan(x) — oddcot(z) + ¢ —m if Arg(3HL) + Arg(zi;}) < -7
0 otherwise

—1T



In the last identity (1.26)) with ¢ = 1 can be applied, for which the imaginary part of
(1+4x)/(1 —ix) can be determined by substituting = = a + bi:

1+i(a+bi) (1—-b+ia)(1+b+ia) 1—a®—0b*+2ia
. < = : — = (2.26)
1—i(a+bi) (Q+b—ia)(l+b+ia) (1+b)2 + a?

From this follows that Im((1 + ¢z)/(1 — éz)) > 0 if and only if Re(z) > 0, and application

of (1.26) with ¢ =1 yields:

1+ x x— 1
Arg(—Ey 4 A
raly ) A

and consequently from ([2.25)) follows:

) = wsg(Re(x)) (2.27)

arccot(z) + arctan(z) = g — oddtan(z) — oddcot(z) — w[Re(z) < 0] (2.28)

which for x # +i is exactly §sg(x) with sg(x) defined in (1.4). O

This result is different from [I] eq. 4.4.5 when Re(x) = 0, because as mentioned the
function definitions in this reference are (2.1)) and (2.2]) which are not odd on the imagi-
nary axis.

Theorem 2.4. For complex x:

arctan(%) = arccot(z) + w[Re(z) = 0]([-1 < Im(z) < 0] — [0 < Im(z) < 1])  (2.29)

1
arccot(;) = arctan(z) + 7[Re(z) = 0]([Im(z) < —1] — Im(x) > 1]) (2.30)
Proof. Applying the definitions and :

1
arctan(—) — arccot(x)
x

= iy (P 4 addeot(x) — oddtan(L)
2 1—1i= iz +1 T
- o 1 (2.31)
2 1T — 1T —
__ 1y _ ddeot(z) — oddtan(~
gy ~ ()] eddeot(@) = oddtan(Z)

1
=oddcot(x) — oddtan(—)
x
Because the lower branch cuts are on the imaginary axis, the following identity holds:

oddtan( 1) = oddcot(—z) (2.32)

x
and the first identity in the theorem is proved. The proof of the second identity is similar.
O



Both sides of these identities are odd for « # 0. For real x, arccot(z) = arctan(1/x).
The following is a consequence of this theorem, using theorem
For complex x:

arctan(z) + arctan(l) = gsg(x) + 7w[Re(z) = 0]([-1 < Im(z) < 0] — [0 < Im(z) < 1])

T
(2.33)
1
arccot(z) + arccot(;) = gsg(x) + m[Re(z) = 0]([Im(x) < —1] — [Im(z) > 1])  (2.34)
Theorem 2.5. For complex x:
1 Vv 2
arctan(z) = —iIn( R ) (2.35)
1—iz+v1+ a2
which is identical to , and therefore odd in the complex plane.
Proof. From definition (2.15)) and - ) follows:
T35
arctan(z) = —i In( jg ) — 7[Re(z) = 0][Im(z) < —1] (2.36)
Let:
1414 V1 2
Flo) = 2tV IED (2.37)
1—iz+ V1 + 22
Then:
2(1 +iz)(1 4+ 1 2 144
Py = 20 HQEVIH ) 1in (2.38)
21 —iz)(1+vV1+22) l—ux
Using (1.8]) the result is:
14z
= sg(F F 2.
T (P () (239
Evaluation of F'(z) with ( and:
a+ib  (a+ib)(c—id) ac+bd+i(bc— ad) (2.40)
c+id  (c+id)(c—id) +d? '
yields for real z, y:
o fy) g, y)
Flx+1iy) = 2.41
=T ) 240
where:
o) = I+ PP Gl = VTP A (242)
fla,y)=1—2—y* + z2(z,y) + 2/ (z(z,y) + 1 + 22 —y2)/2 (2.43)
x,y) =2z(1+ v/ (2(z,y) + 1 + 22 — y2)/2
9(z.y) V(z(2,y) y)/2) (2.44)

+2ysg(zy)/(2(z,y) — 1 — 22 + y2)/2

10



h(w,y) =2° + (1+y)* + 2(z,y) + 2(L+ )/ (2(z,y) + L+ 2% — y?)/2
—2asg(zy)V/(2(z,y) — 1 — 22 + y2)/2

where h(z,y) > 0. Because z(z,y) > |z + y*> — 1| and z + |z| > 0, it is concluded that
flz,y) >0, so sg(F(z +iy)) = 1 except when f(x,y) = 0 and g(x,y) < 0. Furthermore
f(x,y) = 0 if and only if x = 0 and y? > 1. When x = 0, g(x,y) < 0 if and only if y < 0,
so sg(F(z +14y)) = —1 if and only if # = 0 and y < —1. Therefore the following results.
For complex x:

(2.45)

T3
- - L = (1 - 2[Re(x) = 0][Im(x) < ~1) F(z) (2.46)
With (2.36]) and ([1.29)) the theorem is proved. O
Theorem 2.6. For complex x:
1—1 V1 2
arccot(x) = zsg(;c) —ilIn( m tv A (2.47)
2 146z + V1422
which for x # 0 is odd in the complex plane.
Proof. From theorem [2.3] follows:
For complex x:
arccot(z) = gsg(;v) — arctan(x) (2.48)
Substituting for arctan(z) the previous theorem, and because Re(F'(z)) > 0:
In(F(z)) = —In(1/F(z)) (2.49)
gives the theorem. O
Theorem 2.7. For the arctan(z) function in definition [2.1}
For complez x:
tan(arctan(x)) = x (2.50)
Proof. For the tan(x) function defined by (2.4)), for integer n:
tan(z + nw) = tan(z) (2.51)

and therefore using the arctan(z) function as defined in and using for complex z:
en@) = g

1 ln(ilJrz:z) 1 In( 1+im)

; 2 1—ix/ — p 2 1—ix
tan(arctan(x)) = tan(—% ln(i i_ 233)) = —iel e e_l Tz
(2 621‘1(1,7;1) +e 2111(1,1‘1)
) _ielrl<%f§§) -1 EE (2.52)
T e
A +ix—144x 2z
Ttrirt+il-ax 2 "

11



Theorem 2.8. For the arccot(z) function in definition [2.1]
For complex x:

1
tan(arccot(x)) = - (2.53)
Proof. For the tan(x) function defined by (2.4), for integer n:

tan(z + nw) = tan(z) (2.54)

and therefore using the arccot(x) function as defined in and using for complex z:
en(@) — g

. . i ln(lixil) -1 ln(?z'il)
v, dr—1 ce? iztl/ — e 2 izl
tan(arccot(x)) = tan(—— In(- ) = —i——3 — 1
2 ZIZ’+1 eiln(im+1) _’_e_iln(m)
ir—1 .
) _p g (2.55)
= —1 —— = — ——
eln(gﬁ) +1 ot
oz —1l—gzx—-1 =2 1
Yir—1tiz+1 2z =
O
Theorem 2.9. For the arccot(z) function in definition [2.1]
For complex x:
cot(arccot(z)) = x (2.56)
Proof. For the cot(z) = 1/tan(z) function defined by (2.4)), for integer n:
cot(x £ nm) = cot(x) (2.57)

and therefore using the arccot(z) function as defined in and using for complex x:
In(z) _ .
e =

) wx— 1 e% ln(gﬁ) + e_% 1n(§§i)
cot(arccot(z)) = cot(—= In(- ) =1 — —
2 izt o3 Ciart) _ o3 In(iagr)
ln(z:x;l) iz—1 1
D 4y ey (258)
= w1 Va1
M) ol
gdr—14+ix+1 2z
= /L% = 91— =T
x—1—ix—1 -2
O
Theorem 2.10. For the arctan(z) function in definition [2.1):
For complez x:
1
cot(arctan(zx)) = (2.59)

T

12



Proof. For the cot(x) = 1/ tan(z) function defined by ([2.4)), for integer n:
cot(x £+ nm) = cot(x) (2.60)

and therefore using the arctan(x) function as defined in and using for complex x:
In(z) _ ,.
e =

) 1+ix e2 +e 2
cot(arctan(x)) = cot(—=In =1 . .
( (@) ( 2 (1 - zx)) Tm(yEE) 6—%1n(i+§i)
1+ix .
R e (2.61)
= B =97
M) T — 1

A4+iz+1—x .2 1

T Yiz—1+iz 2%z =z
]
Definition 2.2. For real xz:
1 .
S(a) = 5Arg(e”) = g - ((g — z) mod ) (2.62)

This function is periodic: for integer n: S(z £ nw) = S(z).

Theorem 2.11. For the arctan(z) function in definition [2.1)
For complex x:

arctan(tan(z)) = g—((z—Re(x)) mod W)fw[(gqtRe(:z:)) mod 7 = 0][Im(z) < 0]+i Im(z)

2
(2.63)
arctan(cot(z)) = g — (Re(x) mod 7) — [Re(z) mod 7w = 0][Im(z) > 0] — iIm(x) (2.64)
Proof. For the first identity, the first part of definition 2.1 with (2.4):
; 1+ M T —ix T —ix T
1 +itan(z) e feiw e e e —e e _ i (2.65)
1 —itan(z) 1_€er—e™ el femiT _giv | g—iz  Qe—iz '
e’LfE + 677/{1/’
which results in:
arctan(tan(x)) = —% In(e**) — w[Re(tan(x)) = 0][Im(tan(x)) < —1] (2.66)
For the first part of this expression, for real a, b:
- %ln(em(‘”bl)) - _% In(e**e ") = - Arg(e”) + ib = S(a) + b (2.67)
For real a, b, the case Re(tan(a + ib)) = 0 occurs when for integer n, a = nw/2:
T i"e™t — (—i)"eb 1—(—=1)"e?
t — 41ib) = —1 = —1 2.68
an(ng +ib) = S e — T (Sl (2:68)

13



From this follows that Im(tan(nn/2 + b)) < —1 if and only if n is odd and b < 0. As
S(—a) = —S(a) except for a = £(2n + 1)7/2 when S(a) = S(—a) = 7/2, this expression
is odd in the complex plane, except when Im(xz) = 0 and Re(z) = +£(2n + 1)7/2.

For the second identity, using , Re(x) is replaced by § —Re(z) and Im(x) by —Im(z).

O
Theorem 2.12. For the arccot(z) function in definition 2.1}
For complez x:
i ™ ™ .
arccot(cot(z)) = 57((5 —Re(z)) mod 7) — [(5 +Re(x)) mod 7 = 0][Im(z) > 0]+ Im(x)
(2.69)
arccot(tan(z)) = % — (Re(x) mod 7)) — w[Re(z) mod 7 = 0][Im(z) < 0] —¢Im(z) (2.70)
Proof. For the first identity, the first part of definition with (2.4) and cot(z) =
1/ tan(z):
. _M -1 ) ) . . )
Zcot(aj) —1 _ eim _ e—iw . —e' — T _ W LT _ —2e"* - €2ir (2 71)
icot(z) +1 _ez + eizz 1 | —eiT —emiw feiT _emiz  _Qe—iz '
e’ —e
which results in:
arccot(cot(z)) = f% In(e**) — w[Re(cot(x)) = 0][~1 < Im(cot(z)) < 0] (2.72)
As in the previous theorem, for the first part of this expression, for real a, b:
- %ln(e2i(a+bi)) = S(a) +ib (2.73)
For real a,b, the case Re(cot(a + ib)) = 0 occurs when for integer n, a = nw/2:
™ i"e 4 (—i)"eb 1+ (—1)"e?
cotlng +ib) = i e ~ = (e 2.74)

From this follows that —1 < Im(cot(nm/2 + b)) < 0 if and only if n is odd and b > 0. As
S(—a) = —S(a) except for a = £(2n + 1)7/2 when S(a) = S(—a) = 7/2, this expression
is odd in the complex plane, except when Im(x) = 0 and Re(x) = £(2n + 1)7/2.

For the second identity, using with z replaced by % —x, Re(z) is replaced by % —Re(z)
and Im(z) by —Im(x). O

3 Addition Formulas for the Inverse Tangent and
Cotangent Functions for Complex Arguments
For the addition formulas of the principal arctan(z) and arccot(z) functions for complex

arguments, application of (1.28) to the arguments of (2.15|) and (2.16]) gives the following
theorems.
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Theorem 3.1. For complex x # +i and y # *+i:

0 ify=—x
arctan(z) + arctan(y) = { 358(%) + oddcot(z) — oddcot(—xz) ify=1/x
arctan( 1x—+xyy) + addtan(z, y) + oddtan(z,y) otherwise
(3.1)
where: ‘ .
T if Arg(1H2) + Arg( :;Z) >
addtan(z,y) = ¢ —7 if Arg(12) + Arg( i‘;y!) < -7 (3.2)
0 otherwise
z+y
oddtan(z,y) = oddtan( T y) — oddtan(x) — oddtan(y) (3.3)
Proof. For xzy # 1, application of ((1.28) to (2.15)):
arctan(x) + arctan(y)
Ty L4
= — 2 lIn(5 i =) +In(; . ZZ)} — oddtan(z) — oddtan(y)
; 14+ix)(1+3 3.4
=— ;ln(mgli_zz;) + addtan(zx, y) — oddtan(x) — oddtan(y) (34
14
=— %ln(l i_zz) + addtan(z, y) — oddtan(x) — oddtan(y)
where z has to be solved. First the following equation is solved:
1+iz
= 3.5
1—1iz (3:5)
which is easily checked to be:
1-1¢
=1— 3.6
d=ity (3.6)
The following t is now substituted:
144z)(1+2
= Qi) +iy) (37)
(1 —iz)(1 —dy)
and the solution is:
(A+iz)(1+iy) . . . ,
LG _ (- —iy) — (i) (I+iy)  w+y (38)
(1+iz)(1+4y) — — ; ; _ :
1+W(1—iz) (1—dx)(1—dy)+ A +izx)(1+iy) 1—azy
Substituting ([2.15)):
14
! In( i ZZ) = arctan(z) + oddtan(z) (3.9)
2 11—z
and the theorem is proved for zy # 1. For xy = 1, that is y = 1/z, (2.33]) is used. O
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When writing this theorem as f(z,y) = g(z,y), because f(—z,—y) = —f(z,y), the
symmetry identity g(—z, —y) = —g(x,y) must hold. When none of the inverse tangent
arguments is on a branch cut, the arguments of the Arg(x) functions in addtan(z,y) are
not on the negative real axis, and then by Arg(1/xz) = —Arg(z), and this symmetry
identity holds. When one of z or y is on a branch cut, then only the first or the third case in
addtan(x) is possible, so addtan(x,y) changes from 0 to 7 or vice versa, and oddtan(z, y)
changes from 0 to —m or vice versa. In all of these cases the same identity holds. When
both = and y are on a branch cut, then addtan(z, y) = 7 and oddtan(z,y) changes from 0
to —27 or vice versa or from —7 to —m, and the same identity holds. When only z is on a
branch cut, then holds with ¢ real and negative, and using then addtan(z,y)
changes from 0 to —7 or vice versa, and oddtan(z,y) from 0 to 7 or vice versa, and the
same identity holds. When z and x or y is on a branch cut, then addtan(z,y) = 0 and
oddtan(z,y) changes from 0 to 0 or from 7 to —m or vice versa, and the same identity
holds. The arguments z, y and z cannot all be on a branch cut, because the product of
two real negative t values cannot be negative.

Theorem 3.2. For compler x # +i and y # +i:

0 ify=—-x+#0
arccot(x) + arccot(y) = Zsg(x) + oddtan(z) — oddtan(—x) ify=1/x

-1
ty

) + addcot(x, y) + oddcot(z,y) otherwise

(3.10)
where:

mif Arg(251) + Arg(g) >

addcot(z,y) = ¢ —7m if Arg(ii;}) + Arg(g;i) < -7 (3.11)

0 otherwise

-1
oddcot(z,y) = oddcot(zy_’_ "

) — oddcot(z) — oddcot(y) (3.12)

Proof. For xy # 1, application of (|1.28]) to (2.16):

arccot(z) + arccot(y)
7 x—1 1y —
— 1
g Tl
il Gy
2 C(ix+ 1)y +1)
1
i
iz+1

1

P )] — oddcot(x) — oddcot(y)
| (3.13)
) + addcot(x, y) — oddcot(x) — oddcot(y)

[In

) + addcot(z, y) — oddcot(z) — oddcot(y)

where z has to be solved. First the following equation is solved:

izfl_
iz+1

t (3.14)
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which is easily checked to be:
Zz=1— (3.15)

The following t is now substituted:

iz - 1)(iy - 1)
b= e D) (3.16)

and the solution is:

1x—1)(1y—1
Ll - Dy - )+ Gz Dy + 1) oy — 1

7 = et =i . . . = (3.17)
(tz—1)(iy—1) _ _ _
m,1 iz — 1)y —1) — (tz+ 1) iy + 1) T4y
Substituting ([2.16)):
) iz —1
~3 n(iz n 1) = arccot(z) + oddcot(z) (3.18)
and the theorem is proved for zy # 1. For xy = 1, that is y = 1/z, (2.34)) is used. O

When z # 0 and y # 0, writing this theorem as f(z,y) = g(z,y), because then
f(=z,—y) = —f(z,y), also g(—z,—y) = —g(x,y), and the same reasoning as for the
previous theorem can be given. When y = 0 this theorem and and yields:
For complex x:

wx— 1

%(1 +sg(x)) + [Re(z) = 0]([-1 < Im(z) < 0] — [Im(z) > 1]) = [Arg(ix n 1) > 0] (3.19)
and replacing x by 1/z and using and :
For complex z:

5 (14 ss(@) + [Re) = 0]([Im(x) < ~1] — [0 < Tm(a) < 1)) = [Ara(; ) > 0] (3.20)

4 Addition Formulas for the Inverse Tangent and
Cotangent Functions for Real Arguments

For the addition formulas of the principal arctan(z) and arccot(x) functions for real argu-
ments, theorems [3.1] and [3.2] are applied for real = and v.

Theorem 4.1. For real x, y:

7sg(x) ify=1/x

arctan( lx +y ) + w[zy > 1]sg(z) otherwise
—ay

arctan(x) + arctan(y) = (4.1)

Proof. Applying theorem for z and y real, oddtan(z,y) = 0, and for addtan(z,y) in
(13.2), because x and y are real:

1+ix 14y
A A
rg(y— )+ rg(liiy

) = 2[Arg(1 + iz) + Arg(1 + iy)] (4.2)

17



Applying ([1.18)) because —7 < Arg(1 + iz) + Arg(1 +iy) < 7:
Arg(1l 4+ iz) + Arg(1 +iy) = Arg((1 +iz)(1 +iy)) = Arg(l — a2y + i(z + y)) (4.3)
The addtan(z,y) in theorem for real z,y thus becomes:

m  if Arg(l —ay+i(z+y)) > 7/2
addtan(z,y) = ¢ —7  if Arg(1 —zy +i(z +y)) < —7/2 (4.4)
0 otherwise

In the complex plane this is easily seen to be equivalent to the theorem, with the fact
that in this case xy # 1. When zy > 1, x and y have the same sign, so sg(x + y) can be
replaced by sg(x). O

Theorem 4.2. For real z, y:

0 ify=2=0
0 ify=—x#0
arccot(x) + arccot(y) = zsg(x) ify=1/z
-1
arccot(my )+ 7wllzy| < sg(z)sg(y)]sg(x +y) otherwise

+y
(4.5)

Proof. Applying theorem for z and y real, oddcot(z,y) = 0, and for addcot(x,y) in
(3.11)), because = and y are real and using sg(z)x = |z|:

ix—1 _ —isg(x)(ix—1)  |z|+isg(z)
ir+1  —isg(x)(iz+1) |x| —isg(x)

(4.6)

ol isg(a), RSB
Arg([ o 2 0) + Ara( D) = Aol +ise(e) + Ava(ly] + isa(v)] (47)

Applying ([L1.18)) because not = y = 0 which is a special case in the theorem,
—m < Arg(|z| + isg(x)) + Arg(|y| + isgly)) < =

Arg(|z| +isg(x)) + Arg(ly| +isg(y))
=Arg((|] +isg(@))(lyl +isg(y))) (4.8)
=Arg(|zy| — sg(z)sg(y) + i(sg(x)lyl + sg(y)|z))
The addcot(z,y) in theorem for real x,y thus becomes:

m  if Arg(|lzy| — sg(x)sg(y) + i(sg(@)|y| + sg(y)|z])) > 7/2
addcot(z,y) = ¢ —m if Arg(|lzy| — sg(z)sg(y) + i(sg(@)|yl +sg(y)|z])) < —7/2  (4.9)
0 otherwise

Because |zy| = sg(x)sg(y) only occurs when zy = 1, in the complex plane this is easily
seen to be equivalent to the theorem, with the fact that in this case xy # 1. Because |zy| <
sg(z)sg(y) can only occur when sg(x) = sg(y), and because sg(z)|z| = =z, sg(z)|y| +se(y)|z|
can be replaced by = + y. O
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Theorem 4.3. For real x, y:

7sg(x) ify=1/z

arctan( vy
xy —1

arccot(z) 4 arccot(y) =

) + nlley] < sele)sg(y)lse( +y) otherwise
(4.10)

Proof. From ([2.29)) follows that for real z: arccot(x) = arctan(1/x), so this theorem follows
directly from the previous theorem, where the special cases x =y =0 and y = —x # 0
give identical results. O

Theorem 4.4. For real z, y:
Tty

arctan(x) 4+ arctan(y) = 2 arctan( (4.11)
( L—zy++/(1+22)(1+y?)
Proof. From definition (2.15)), for real z:
1 1+ix
t =——1 4.12
arctan(x) 5 n( T zx) (4.12)
Using (L31):
arctan(z) = —iIn(F(x)) (4.13)
where:
14z
F(x) = 4.14
() =/ T (414)
For real z, y using (1.30):
arctan(z) 4+ arctan(y) = —i(In(F(x)) + In(F = —iln(F(x)F(y))
14+ [1+ zy (4.15)
= —i1In(
1—ix\/ 1-— zy
From definition for real z:
141z
2 arct = —ql 4.16
arctan(z) i n(1 — zz) (4.16)
From theorem the solution of:
14z
=t 4.17
11—z ( )
is: 1—t
=1 4.18
Z=ig T (4.18)

Substituting for ¢ the result of (4.15), and using (1.11)) and (1 — iz)(1 +ix) = 1 + 22

1—\/%\/% V(42?1 +y?) = VO +ix)?y/(1+iy) (4.19)

=1

T VA A ) VO e
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Because for real z, sg(1 +iz) = 1:

L (1+x2)(1+y2)—(1+z:x)(1+l:y) (4.20)
(T+22)(1+y?) + (1 +iz)(1 +dy)

Using (2-40)):

2(z 4+ y)/ (1 + 22)(1 + y?)
(VA +22)(1+y?) +1—-a2y)? + (z +y)?

_ (z+y)V/A+2%)(1+y?) (4.21)
I+22)1+92) + (1 —2y)/(1+22)(1 + y?)
z+y

(1 +22)(1+y?) +1—ay
O

In this theorem in the argument on the right side: 1 — zy + /(1 +22)(1 +y2) > 2,
with equal sign if and only if = y, and squaring that argument yields:

|z +yl
[1 —zy++/(1+22)(1+y?)

Taking # = 1/a and y = 1/(4a® + 3a) and using 1+ (463 + 3a)? = (1+a?)(1 +4a?)?, from
this theorem the following known identity [6] results.

>1) = [zy > 1] (4.22)

For real a: 1 )
arctan(g) + arctan(m) =2 arctan(%) (4.23)
Theorem 4.5. For real x, y:
T ify=2=0
arccot(z)+arccot(y) = 0 . LAY ify=—z#0
2arccot(my — 1+ se(@)se(y) (L +a)(L+y >) otherwise
z+y
(4.24)
Proof. This theorem directly follows from the previous theorem because for real x:
arccot(x) = arctan(1/x). O
Theorem 4.6. For real x, y:
0 ify=—a#0

Tty
1— zy + sg(e)sg(y) /(1 + 22)(1 + y?)

arccot(x)+arccot(y) =

2 arccot( ) otherwise

(4.25)
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Proof. From definition (2.16)) for real x:

arccot(z) = ~3 ln(ix n 1) (4.26)
Using :
arccot(z) = —iln(G(x)) (4.27)
where:
ix—1
G(z) = T (4.28)

For real x, y using (1.30)):

arccot(x) + arccot(y) = —i(In(G(x)) + In(G(y))) = —i In(G(z)G(y))

ix—1 [iy— 1 (4.29)
= —iln(
i+ 1\ wy+ 1
From definition [2:16] for real z:
1z—1
2 t = —7l 4.30
arccot(z) iln( oy 1) (4.30)
From theorem the solution of:
1z—1
= 4.31
iz+1 ( )
i t4+1
=7— 4.32
z Zt—l ( )

Substituting for ¢ the result of (4.29), and using (1.11) and (1 — iz)(1 +ix) = 1 + z2:

tx—1 7 1
s gV ket S G wy s Ay w7 SRR/ W) G RPY:)

I = e N N e R (e (e

Using from section 1: v —a? = sg(iz)iz and i(1 — ixz) = i + = and for real z:
sg(i+ ) = sg(o):

(4.33)

| se@)se@)i+2)(i+y) + V1 +22) 0 +37) (4.34)

sg(x)sg(y)(i +z)(i +y) — (1 +22)(1 +¢?)

and multiplying numerator and denominator with sg(z)sg(y) and using sg?(z) = 1:

L 2) (i +y) +se)sg(y) /(1 +22)(1 +12) (4.35)

(i +2)(i +y) —sg(z)sg(y) /(1 +22)(1 + y?)
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Using (2.40):

2(z + y)sg(@)sg(y) v/ (1 +22)(1 + y?)
(sg(z)sg(y)v/ (1 +22)(1 +y2) + 1 —2y)? + (= +y)?
_ (z +y)sg(x)sg(y) v/ (1 + 22)(1 +y?) (4.36)
(T+22)(1 +y2) + (1 — zy)sg(z)sg(y)v/ (1 +22)(1 + y?)
r+y

 sg(@)sg(y) /(T +22)(T+42) + 1 —ay

z =

O
Theorem 4.7. For real x, y:
0 ify=—x
arctan(z) + arctan(y) = 2 arctan(xy LS \/W) otherwise (4.37)

Proof. This theorem directly follows from the previous theorem because for real x:

arccot(z) = arctan(1/z), and using ([1.17)). O

Let s = 41, then by cross multiplication it is clear that:

Tty Cay—1+s/(14+22)(1+y?) (4.38)
1—zy+sy/(1+22)(1+y2) T+y '

From this follows that theorems [£.4] and [£.7] as well as theorems [4.5] and [£.6] are equivalent.

5 The Principal Values of the Inverse Tangent and
Cotangent Functions on the Imaginary Axis

For determining the principal values of the arctan(z) and arccot(z) functions on the imagi-
nary axis, and thus confirming the new definitions and , the addition theorems
for complex arguments are used to express these values as a sum of two principal arctan(z)
or arccot(z) terms with arguments that are not on the imaginary axis. The following the-
orems state that this is possible.

Theorem 5.1. Let t be on the imaginary azis and t # +i and let x be real and positive,
then from theorem [3.1] follows:

t —
arctan(t) = arctan(z) + arctan( ° ) — oddtan(t) (5.1)
1+tx
Proof. In theorem [3.1] the solution of:
z+y
=t 5.2
T (5.2)
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is easily checked to be:
t—x

= 5.3
Y 1+1tx (53)

When ¢ is on the imaginary axis then it can be replaced by ¢ = iz where z is real:
iz—x  (iz—x)(1—iza)  x(z? —1)+iz(1+a?) (5.4)

vy= 14 izx 1+ 2222 1+ 2222

Because z is real and positive, y is only on the imaginary axis when z? = 1, that is when
t = 4i which are singular points and excluded in the theorem. Therefore y is never on
the imaginary axis and oddtan(y) = 0. Because x is real, also oddtan(z) = 0, so in
theorem oddtan(z,y) = oddtan(t). For evaluating addtan(z,y) in that theorem, by
substituting :

1+iy 14+ 1—ux

l—iy 1—it 1+iz
When ¢t is on the imaginary axis the first factor in the right side of this equation is real
and is called ¢, and because t # +i, ¢ # 0. Then in addtan(z,y) in theorem because

x is real and positive, application of (1.25)) and (1.26)) yields:

(5.5)

14z 141y 14z 1—x 0 ife>0
A Arg(———)=A A = 5.6
() T AT ,) = Ars(g ) + Argle—) {w ite<o OO
This means that in theorem addtan(z,y) = 0 and this theorem follows. O

Theorem 5.2. Let t be on the imaginary azis and t # +i and let x be real and positive,
then from theorem [3.3 follows:

14+t
arccot(t) = arccot(z) + arccot( i tx) — oddcot(t) (5.7)
Proof. In theorem [3.1] the solution of:
-1
A (5.8)
r+y
is easily checked to be:
1+tx
= 5.9
pr— (5.9)

When ¢ is on the imaginary axis then it can be replaced by ¢ = ¢z where z is real:

1 4ize (1+iza)(w+iz) (1 —22) +iz(1 + 2?) (5.10)
YT T T x2 + 22 a 2%+ z° .

Because z is real and positive, y is only on the imaginary axis when z? = 1, that is when
t = 44 which are singular points and excluded in the theorem. Therefore y is never on the
imaginary axis and oddcot(y) = 0. Because z is real, also oddcot(z) = 0, so in theorem
ddcot(:zc, y) = oddcot(t). For evaluating addcot(z, y) in that theorem, by substituting
59)

iy—1 it—1 dz+1
iy+1  it+1 dr—1

(5.11)
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When t is on the imaginary axis the first factor in the right side of this equation is real
and is called ¢, and because t # +i, ¢ # 0. Then in addcot(z,y) in theorem because

x is real and positive and using (4.6)), application of (1.25) and (1.26] yields:

ix—1 wy—1
A A
gl + Arg(o )

1 1+ 1
. . . (5.12)
— f
:Arg(‘xl—’—l,Sg(x))—i—Ar (C\x| zsg(m)) _ )0 1 c>0
|z| — isg(x) |z| 4 isg(x) 7 ife<0
This means that in theorem [3.2] addcot(z,y) = 0 and this theorem follows. O

The two tables below are the computation of principal values of arctan(t) and arccot(t)
on four points of the imaginary axis, where the principal arctan(y) and arccot(y) values
can be computed with a computer algebra program. With these two tables it can be
checked that for these values on the imaginary axis arctan(t) and arccot(t) are odd and
that theorem is valid. These values are also in agreement with definitions and
, which are therefore now confirmed with the addition formulas.

Table 1: Evaluation of arctan(t) with theorem

t 2i 3i —3i —2i
T 1 1 1 1

e 34 34, 32 S
Y= 5t 51+ 5¢ —5t 35 5 5" 5 5t
1 2L 7 B} 1 7

—1T
}f—g i —31 —3i 3i
arctan(x) T 1 I 1
arctan(y) T+2iln@B) | -T+%im@B) [ - -—1InB3) [ T — 1In(3)
—oddtan(t) | 0 0 0 -7
arctan(t) Z+3in(3) | Liln(3) —3iIn(3) —Z — Ziln(3)
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Table 2: Evaluation of arccot(t) with theorem

t 2

T 1
y=S0p |5t
ir—1
=
e .
eS| -3t
arccot(z) T

arccot(y) —Z — 2iIn(3)
—oddcot(t) | 0

arccot(t) —Z1iln(3)
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6 The Inverse Hyperbolic Tangent and Cotangent
Functions and their Addition Formulas

The principal arctanh(z) and arccoth(z) functions for complex x are defined by:
arctanh(x) = —i arctan(iz) (6.1)

arccoth(x) = i arccot(izx) (6.2)
With these definitions from (2.15) and (2.16) follows:

For complex x:

arctanh(z) = D) In( T ac) + mi[lm(z) = 0][Re(z) < —1] (6.3)
1. x+1 ;
arccoth(z) = 3 In( 1) — mi[lm(z) = 0][-1 < Re(x) < 0] (6.4)
T —
Theorem 6.1. For complex x:
1 V1—a?
arctanh(x) = IH(M) (6.5)
1—z+v1—22
T 14+z+v1—22
arccoth(z) = —isg(iz) + In(—————— 6.6
(@) = Giselin) + (V) (6:6)
Proof. This theorem directly follows from theorem [2.5| and definition (6.1)) and theorem
and definition (6.2)). O
Theorem 6.2. For real x, y:
) 1.y + (z+1)2 ) 2y
tanh LTy L ctan(——
arctanh(z + iy) 1 n(y2—|—(gc—1)2)+ 5 AIC an(l_x2 — 1)
— Zila® + o2 > 1sg(—y) + mily = O] < —1]

2
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I SRR € ) L 2y
arccoth(xz + iy) =- In(%———%) — — arctan(——%——

4
T2 2 .
+ §z[x +y* < 1lsg(—y) — mify = 0][-1 < z < 0]

Proof. These two identities follow from theorem with definitions (6.1) and (6.2) by
replacing x + iy with i(z + iy) = —y + ix, that is replacing x with —y and y with z.

O
When z = +1 and y = 0 these formulas yield arctanh(1) = oo, arctanh(—1) = —o0,
arccoth(1) = oo and arccoth(—1) = —oo.
For real x: . )
+x m
h(z) = =1 i > 1] =z < —1 .
arctanh(x) 5 n(‘l—x ) 22([$> | =[x < —1]) (6.9)
1 1
arccoth(x) = §1n( Tt 1 ’) + gz([O <z<ll—-[-1<z<0]) (6.10)
z —
For complex x # +1:
arccoth(z) — arctanh(z) = %isg(iac) (6.11)

For complex x:

arctanh(%) = arccoth(z) + mi[lm(z) = 0]([-1 < Re(z) < 0] — [0 < Re(z) < 1]) (6.12)

arccoth(%) = arctanh(z) — mi[Im(z) = 0]([Re(z) < —1] — [Re(x) > 1]) (6.13)
For complex x # +1:

arctanh(z) — arctanh(

)
=0]([-1 < Re(z) < 0] — [0 < Re(z) < 1])

(6.14)

= 8|~

=— gisg(ix) — mi[Im(z

arccoth(z) — arccoth(%) = gisg(ix) + mi[Im(z) = 0]([Re(z) < —1] — [Re(z) > 1]) (6.15)

The addition formulas for these functions for complex x and y can be taken from the
addition formulas for complex x and y above by substituting iz for  and iy for y. The
addition formulas for real z and y are given, using for real z: sg(iz) = sg(x).

Theorem 6.3. For real x # +1 and y # +1:
arctanh(x) + arctanh(y)

—Zisg(r) —mi([~1 <z <0] - [0 <2z <1]) ify=-1/x (6.16)
B arctanh( 133 erl;) — mi(addtanh(z, y) + oddtanh(z,y)) otherwise
where:
addtanh(z,y) = ([z < —1] + [z > 1]))([y < —1] + [y > 1]) (6.17)
oddtanh(z, y) = | fjxyy < A—[e<—-1]-[y<—1] (6.18)
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Proof. Application of theoremby substituting definition (6.1)) gives this theorem, where
in addtan(x,y) the sum of Arg(z) functions becomes:

1 1 0 f-l<z<land-1l<y<l
— —
x
Y 2n f(z<—-lorxz>1)and (y<—lory>1)

Only in the last case is addtan(z,y) 7 and otherwise zero, which is equivalent to
addtanh(z, y). O

Theorem 6.4. For real x # +1 and y # £1:

arccoth(z) + arccoth(y)

e ify=2=0
0 ify=—-x+#0 (6.20)
= Sisglx) + mi(fz < —1] = [z > 1]) ify=-1/z
arccoth( x—:—xj) + mi(addcoth(z, y) + oddcoth(z,y)) otherwise
where:
addcoth(z,y) = [-1 <z < 1][-1 <y < 1] (6.21)

1
oddcoth(z, y) = [-1 < ; “””yy <0 —[-1<z<0—[-1<y<0] (6.22)

Proof. Application of theorem|[3.2]by substituting definition (6.2) gives this theorem, where
in addtan(z,y) the sum of Arg(x) functions becomes:

41 0 if(x<—-lorzx>1)and (y<—-lory>1)
Arg(%)+Arg(j): m ifoneof -l<zr<lor-1l<y<l (6.23)
Y 2r f-l<z<land -1<y<l1

Only in the last case is addcot(z,y) © and otherwise zero, which is equivalent to
addcoth(z,y). O

Theorem 6.5. For real x # +1 and y # +1:

Fisg(r) + mi([r < —1] — [z > 1]) ify=-1/x

arccoth(w) + arccoth(y) = arctanh( vty ) + miaddcoth(z,y) otherwise (6.24)
1+ 2y
where:
T+y
addcoth(z, y) :[1 g >+ [-l<z<l][-l<y<]1] (6.25)

—[l<z<0—-[-1<y<0]
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Proof. Using (6.12)) and the identity:
1
D<a<l]= [a > 1] (6.26)

this theorem directly follows from the previous theorem, where the special cases t =y =0
and y = —x # 0 give identical results. O

When =z = y these addition formulas reduce to the following duplication formulas,
using [2z/(1 + 2?)| < 1.

For real z: 5
2arctanh(z) = arctanh(%) +mi(fz < —1] — [z > 1)) (6.27)
1+=z
2
2 arccoth(z) = arccoth( ° Y+mi(0<z<1]—-[-1<z<0]) (6.28)
x
2
2arccoth(r) = arctanh(; +xx2) tri0<e <1 —[-1<z<0]) (6.29)

7 Conclusion

When the principal arctan(z) and the arccot(z) functions are defined by and (2.16)),
by choosing the other branch on the lower branch cut, and the principal arctanh(z) and
arccoth(z) functions by and , then these functions are related by and
with sg(z) defined by (T.4).

For complex z:
arccot(x) = gsg(x) — arctan(x) (7.1)

arccoth(z) = gwg(zm) + arctanh(z) (7.2)

and not arccot(z) = arctan(1/x) and arccoth(z) = arctanh(1/z), which are then replaced
by (2:29), (2.30), (6.12) and (6.13). This way the functions are odd everywhere in the
complex plane (except at x = 0 for the arccot(x) and arccoth(z) functions) and consistent
with the addition formulas as mentioned in section 5. These formulas also have the
advantage that no inversion of the arguments is required. For implementation of these

functions theorems and [6.2] with (L.5) and ([1.20) may be used.

The corresponding Mathematica® [10] program:

Sglx_]:=If [Re[x]>0,1,If[Re[x]<0,-1,If[Im[x]>=0,1,-1]]]

8 The Inverse Sine and Cosine Functions

For complex x:

sin(z) = %(eix —e ') (8.1)
cos(z) = %(em + e ) (8.2)



sin?(z) + cos®(z) = 1
sin(m — ) = sin(x)
cos(m — x) = — cos(x)

sin(g + ) = cos(x)

cos(fg + ) = sin(z) (8.7)
Definition 8.1. For complex x [1]:
arcsin(z) = —iln(iz + /1 — 22) (8.8)
arccos(z) = —iln(z + 2@) (8.9)
Theorem 8.1. For complex x:
Re(iz +v1—22) >0 (8.10)

and therefore the arcsin(x) function defined in 1 odd in the complex plane:
For compler x:
arcsin(—x) = — arcsin(z) (8.11)

Proof. Because v —a? = ix sg(iz):
iz + v —a? =ix(sg(iz) + 1) (8.12)

Because for Re(iz) < 0, sg(iz) = —1, Re(iz + v/—22) > 0. Using (1.9) it is clear that
Re(v—2z2 + 1) > Re(v—x2) so the theorem is proved. From:

(tx+V1—a?)(—iz++V1—-22)=1 (8.13)

follows: .
—r+yV1l-22= — —— 8.14
iz + V1 —x? (8.14)
Because when Re(x) > 0: In(1/2) = — In(z), the arcsin(x) function is odd in the complex
plane. O

Theorem 8.2. For complex x:

arcsin(z) + arccos(z) = g (8.15)

Proof. For complex x:

(tx+V1—22)(x+iV1—22) =1 (8.16)

therefore: ;
z+iy/1— 22 = P s (8.17)
From and with ¢ =1 follows:
Arg(x) + Arg(é) = g —27[Arg(z) < fg] (8.18)
With (1.28)), —iIn(i) = /2 and the previous theorem, this theorem follows. O
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Corollary 8.1. For complex x:

arccos(—x) = m — arccos(x)

Proof. Combination of the previous two theorems:

arccos(—x) = g —arcsin(—z) =

Theorem 8.3. For complex x:

T
2

sin(arcsin(z)) =

cos(arccos(z)) =

T
2

+ (g — arccos(x)) = m — arccos(z)

X

T

+ arcsin(x)

Proof. Using (v/z)? = z and (iz + V1 — 22)(—iz + V1 —22) =1

sin(arcsin(z))

_ i(eln(ix+\/ 1—22)

24

1
~ G 1_ 22 _
2i(zx+ x

e~ In(iz++v/ 1712))

1

iz + V1 — 22

)

1
=—(ir+V1—-22+ix—V1—-2a?)=z

21

The proof of the second identity is similar.

Theorem 8.4. For complex x:

sin(arccos(z

COb arcmn

=4/1—22
=+/1— 22

Proof. Using (v/z)? = x and (z +iv1 — x2)(x —i/1—22)=1

sin(arccos(z)) =

l (eln(m+i\/ 1—x2)
21

1
:?(x—ki\/l—aﬂ—

]

1

T +iV1 — 22

— In(z+iv 1*&72))

)

Zl.(x+i\/1—x2—x+i\/1—m2):\/1—1:2
21

The proof of the second identity is similar.

Theorem 8.5. For complex x:

sg(sin(z)) =[0 < Re(z) mod 27 < 7] — [r < R
+ [Re(z) mod 27 = 0]([Im(z) >

+ [(Re(z) +

7) mod 27 = 0]([I

30

0] -
m(z

e(z) mod 27 < 27]

T
) <0] -

m(z) < 0])
[Im(x) > 0])

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)



sg(cos(z)) =[0 < (Re(z) + g) mod 27 < 7] — [ < (Re(x) + g) mod 27 < 27]

+ [(Re(z) + =) mod 27 = 0]([Im(z) > 0] — [Im(z) < 0]) (8.28)

WY

+ [(Re(z) + g) mod 27 = 0]([Im(z) < 0] — [Im(z) > 0])
Proof. For the first identity, for real a, b:
sin(a + ib) = %(ei“e_b — e iaeh)
= *%((COS(G) +isin(a))e™? — (cos(a) — isin(a))e’) (8.29)

1. _ 1. .
il sin(a)(e™® + €%) + 5t cos(a) (e’ — e7?)

Using :
sg(sin(a + b)) = [sin(a) > 0] — [sin(a) < 0]
8.30
+ [sin(a) = 0]([cos(a) (e’ — e?) > 0] — [cos(a)(e’ —e~?) < 0]) (8.30)
For the second identity, using , Re(x) is replaced by Re(x) + 5. O
Definition 8.2. For real x:
T(x) = Arg(e") = 7 — (( — ) mod 27) (8.31)
Theorem 8.6. For complex x:
arcsin(sin(z)) =[sg(cos(x)) = 1](m — ((w — Re(x)) mod 27) + i Im(z))
+ [sg(cos(z)) = —1](m — (Re(z) mod 27) — iIm(z)) (8.32)
arccos(sin(z)) =[sg(cos(z)) = 1](—% + ((m — Re(x)) mod 27) —iIm(z))
- (8.33)
+ [sg(cos(z)) = —1](—5 + (Re(x) mod 27) + i Im(x))
Proof. For the first identity:
arcsin(sin(z)) = —iln(isin(z) — 1/1 — sin?(z))
= —iIn(isin(z) + /cos?(x))
= —iIn(isin(z) + sg(cos(z)) cos(x)) (8.34)
= —iln(%(em —e ) 4 sg(cos(x))%(e” +e ')
= [sg(cos(z)) = 1)(—iln(e’™)) + [sg(cos(x)) = ~1](~iln(—e™"))
Taking x = a + bi, for real a, b:
—iln(e @) = —jIn(e'@e ") = Arg(e®) +ib = T(a) + ib (8.35)
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—iIn(—e" M@ty — _jln(—e"%) = Arg(—e ) — ib = Arg(e @T™) —ib

_ (8.36)
= Arg(e'™)) —ib = T(x — a) — ib
The second identity follows from theorem O
Theorem 8.7. For complex x:
arcsin(cos(z)) =[sg(sin(z)) = 1](7 — ((g + Re(z)) mod 27) — i Im(x))
N (8.37)
+ [sg(sin(z)) = —1](7 — ((5 — Re(x)) mod 27) + i Im(x))
arccos(cos(z)) =[sg(sin(x)) = 1](—% + ((g + Re(x)) mod 27) + i Im(x))
. (8.38)
+ [sg(sin(x)) = —1](—5 + ((5 — Re(z)) mod 27) — i Im(z))
Proof.
arcsin(cos(z)) = —iln(i cos(z) — /1 — cos?(x))
= —iln(icos(x) + \/sin?(z))
= —ilu(icos(e) + sg(sin(s)sin(z) (8.39)
- len(%( 74 e7) — sg(sin(a) 5 (¢ — )
— [sglsin(e)) = 1)(—iIn(ie™)) + [sg(sin(z)) = —1](=i n(ie™))
Taking x = a + bi, for real a, b:
—iIn(ie” @)y = _jIn(ie""%e’) = Arg(ie ™) — ib = Arg(e "*Hi3) —ib
s . T . (8.40)
= Arg(e'G =) — b = T(§ —a)—ib
—iIn(ie'@t?)) = —iln(iei’le—b) = Arg(ie'®) 4 ib = Arg(e'* %) 4 ib
. T . (8.41)
= Arg(el +a))+zb:T(§+a)+zb
The second identity follows from theorem [8:2] O

9 Relations between the Inverse Sine and Cosine and
the Inverse Tangent and Cotangent Functions

Theorem 9.1. For complex x:

sin(arctan(z)) = < (9.1)

V1+4a?
Proof. Using theorem [2.5] the definition of sin(x) (8.1), (vz)? = z, e™®) =z, e~ (=) =

1/2 and:
(A +iz+vV1+22)(1 —iz+V1+22) =21 + 22 + 1+ 22) (9.2)
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IH(M) 7ID(M)
sin(arctan(x)) = 5(6 l—iz+vVI+22/ _ ¢ 1—iz+V1+a? /)
i

! l+iz+vV1+22 1—iz+V1+22

_Z(l—ix+\/1+x2_1+ix+\/1+x2) (9.3)
1 (4 VI+22)? — (1 -z + V1 +22)? '
2i 2(1 4+ 22 + V1 + 22)
1 diz(l+V1+2%) 21+ V1+42?) oz
2021+ 22 +V1+22) VIi+22(V1+224+1) V1422
O]
Theorem 9.2. For complex x:
(arctan(z)) = —— (9.4
cos(arctan(x E .
V1+ 22

Proof. Using theorem the definition of cos(z) (8.2), and the identities in the previous
theorem:

1, m(ifiztvita?y ) ddietyita?)
cos(arctan(x)):i(e l—iz+VI+a? ) 4o | l—iatVI+a?’)

_1(1—|—im+\/1+x2 n 1 —iz+ 1+ 22
2 1—dz+V1+22 1+iz+vV1+a?

)

9.5
_ 10 +ir 4+ V14222 4+ (1 —iz+ V1 +2?)? (9:5)
2 2(1+ 22 +V1+2?2)
_ 1 A0+ V1422 1+ V1+2? 1
221+ 22 +V1+22) V1i+22(V1+22+1) V1+22
O
Theorem 9.3. For complex x:
sin(arccot(z)) = _s8l@) (9.6)
14 a2

Proof. Using theorem the definition of sin(z) (8.1), (vz)? = z, @) = g e~ @) =
1/z and: _
eti358(®) — Ligg(x) (9.7)

(1+iz+V1+22)(1 —iz + V1 +22) =21 + 2% + V1 + 22) (9.8)
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o 1—iz++v1+x2 T se(z)—In 1—iz++1+22
sin(arccot(z)) = %(ezfsg(l’)“n(1+ia:+\/1+x2) _ TiEse@)] (1+iz+V1+ﬁ))
i
1 (i sa( )17ix+\/1+9:2 i se( )1+ix+\/1+x2)
= —(isg(x isg(x
2 B e it e P et Vi 2 09)
1(1—iz+V1+22)? + (1 +iz+ V1 +22)? ’
= sg(z); 3 >
2 2(1 4+ 22 + 1+ 2?)
_ Isg(z)al+v1+a?)  sglz)(l+vVIi4+2?)  sg@)
221+ 22 +V1+22) VIi+22(V1+224+1) V1422
O
Theorem 9.4. For complex x:
(arecot(x)) = “E (910)
cos(arccot(z)) = ——= )
V1+ 22

Proof. Using theorem the definition of cos(z) (8.2), and the identities in the previous
theorem:

cos(arccot(x)) = ;(eigsg(z)ﬂn(m\/g) + efi%sg(m)fln(%\//g))
B l(is (x)l—z‘x+\/1+x2 s (I)1+iz+\/1+x2
Y Vit e R Vit e 011
_‘()E(l—ix+\/1+7x2)2—(1+ix+\/1+71:2)2 (0.11)
_bga:2 20 +22 1 ﬁ—i—gﬂ)
_ i —sg(@)4iz(l + V1 +2?) _ sg(x)z(l14+ V1 + 22) _ sg(x)x
2 20+22+V1+2?) Vi+a?2(V1i+a22+1) V1422
O
Lemma 9.1. For complex x:
1
sg(\/ﬁ) =1—-2[Re(z) = 0][|Im(z)| > 1] (9.12)
1
sg(ﬁ) =1—2[Im(z) = 0][|Re(z)| > 1] (9.13)
B ——s) = 5(0) (9.14)
sal ) = (o)1 — 2m(a) = O Ref)| > 1) (9.15)
[Re(ﬁ) = 0] = [Re(z) = 0] + [Im(x) = 0][|Re(z)| > 1] (9.16)
For complex x # 0:
1) = sg(a)(1 ~ 2[Re(z) = 0) (917)
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Proof. From the complex plane it is clear that sg(1/4/2) = —1 if and only if Im(z) = 0
and Re(z) < 0, from which follows (9.12)), and (9.13) is obtained by replacing x by iz.

From the complex plane it is clear that for complex z:

N
sel = — =) =1
)
Sg(TJrl) =1-2[Im(z) = 0][[Re(z)| > 1]

Using V22 = sg(z)z and sg(—z) = —sg(x) (9.14) and (9.15)) follow.
For (9.16):

x x? x?
[Re(ﬁ) =0] = [Im(l_ixg) = O][Re(m) < 0]
= [Re(z) = 0] + [Im(x) = 0][|Re(z)| > 1]
Using and :

VI
Sg(T)
= Sg(m) — 2([Re(z) = 0] + [Im(z) = OJ|Re(z)| > 1})Sg(1m(m))
= sa( ) — 2(Rel) = Os(Im(a) — [lm(a) = O Re(o)] > se(Re(z))

which with (9.15)) results in (9.17)).

Theorem 9.5. For complex x:

arccos( ) = sg(z) arctan(x)

1
V1422
Proof. Application of theorem [9.2

arccos( ) = arccos(cos(arctan(x)))

1
V14 a2
Application of theorem [87] with theorem [0.1] and lemma [9.1

) = sg(z)

X

V14 x2

Using that —7w/2 < Re(arctan(z)) < 7/2 the theorem follows.

sg(sin(arctan(z))) = sg(

Theorem 9.6. For complex x # 0:

1— 22

arctan( ) = arccos(z) — w[sg(x)(1 — 2[Re(z) = 0]) = —1]
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Proof. In the previous theorem replacing = with v/1 — z2/x and using that
sg(1/4/x) = —1 if and only if Im(z) = 0 and Re(z) < 0:

1 1 1
= = = Va?sg(—=) = wsg(x)(1 — 2[Re(x) = 0]) (9.26)
1+ 55 e v
Using lemma [9.1] and arccos(—z) = 7 — arccos(x) gives the theorem. O

Theorem 9.7. For complex x:

aresin( ) = sg(z)arccot(z) (9.27)

1
V14 2?2
Proof. Application of theorem (9.3

arcsin( ) = arcsin(sin(arctan(x))) (9.28)

1
V1422
Application of theorem [8.6] with theorem and lemma

sg(z)x

sg(cos(arccot(x))) = sg(ﬁ) =sg(z) =1 (9.29)

Using that —m/2 < Re(arccot(z)) < m/2 the theorem follows. O
Theorem 9.8. For complex x # 0:

arccot(%ﬂ) = arcsin(z) (9.30)

Proof. In the previous theorem replacing x with v/1 — 22/x and using the same method
as in theorem and lemma and arcsin(—z) = — arcsin(z) gives the theorem. O

Theorem 9.9. For complex x:

arcsin( ) =(1 — 2[Re(z) = 0][|Im(z)| > 1]) arctan(z)

V1+a? (9.31)
+ w[Re(x) = 0]([Im(x) > 1] — [Im(z) < —1])

Proof. Application of theorem

arcsin( ) = arcsin(sin(arctan(x))) (9.32)

x
V1422
Application of theorem [8.6] with theorem [9.2] and lemma
1
ARTE

Using that —7/2 < Re(arctan(z)) < /2, with equal signs on the upper and lower branch
cuts, the theorem follows. O

sg(cos(arctan(x))) = sg( ) =1—2[Re(z) = 0][|Im(z)| > 1] (9.33)
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Theorem 9.10. For compler x:

x
arctan = arcsin(z) — w[Im(x) = 0](|Re(z) > 1] — [Re(z) < —1 9.34
(m) () — m[Im(z) = 0}([Re(x) > 1] — [Re(x) D (9:34)

Proof. In the previous theorem replacing x with 2/+/1 — 22 and using lemma

V122 1_a2 1
= = wsg( >
it s Vi

) = 2(1 — 2[Im(z) = 0][|Re(z)| > 1]) (9.35)

From lemma [0.1}
[Re(

m) = 0] = [Re(z) = 0] + [Im(z) = 0][|Re(z)| > 1] (9.36)

In the second case only |Im(z/v1 — 22)| > 1 where Im(z/v1 — z2) > 1 if Re(x) < —1.

With arcsin(—x) = — arcsin(z) follows:

v1—x2) (9.37)
+ (1 = 2[Im(z) = O][|Re(z)| > 1])[Im(z) = 0]([Re(z) < —1] — [Re(z) > 1])

arcsin(z) = (1 — 2[Im(z) = 0][|Re(z)| > 1])? arctan(

which yields the theorem. O

Theorem 9.11. For complex x:

arccos(\/lj_iﬂ) = (1 — 2[Re(z) = 0][|Im(z)| > 1])arccot(x) + w[sg(z) = —1]  (9.38)
Proof. Application of theorem [9.4
(@ rccos(cos(arccot(x
arccos(m) =a (cos( t(x))) (9.39)

Application of theorem with theorem and sg(—xz) = —sg(x) and lemma

sg(sin(arccot(z))) = sg( se(2) ) = sg(x)sg(%)

V1+a? 14z (9.40)

= sg(@)(1 — 2[Re(z) = 0][[Tm(z)] > 1))

Using that —m/2 < Re(arccot(z)) < 7/2 and arccos(—z) = m — arccos(x):

se(@)z ) _ =— sg(x) arccos(——
arccos( L) — rlsg(o) = —1] + se(o) arccos( =) o
= sg(x)(1 — 2[Re(x) = 0][|Im(x)| > 1])arccot(zx)
Multiplying this identity by sg(x) and using sg?(z) = 1 and:

se(@)lse(@) = —1] = —[sg() = 1) (9.42)
gives the theorem. O
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Theorem 9.12. For compler x:

arccot( ) = arccos(z) — w[sg(z) = —1] (9.43)

x
V1—2x2?
Proof. In the previous theorem replacing x with v/1 — 22/x and using the same method
as in theorem [0.10] and using lemma/[9.1

arccos(z(1 — 2[Im(x) = 0][|Re(z)| > 1]))

= (1 = 2[Im(z) = O][|Re(z)| > 1])arccot( (9.44)

\/17_7332) + w[sg(ﬁ) =—1]
Multiplying by 1 — 2[Im(z) = 0][|Re(z)| > 1] and using lemma [9.1}
arccot(————) = arccos(z) + (1 — 2[Im(z) = 0][|Re(z)| > 1])
1— a2 (9.45)
- ([tm(x) = 0] [Re(x)| > 1] — [sg(x)(1 — 2[Tm(z) = 0] |Re(z)| > 1]) = —1]

The second term on the right side is zero when sg(x) = 1 and —7 when sg(z) = —1, which
is the theorem. O

10 Addition Formulas for the Inverse Sine and Cosine
Functions for Real Arguments

Lemma 10.1. Forreal —1 <z <1l and -1<y<1butnotx=y=—1:

sg(av/1— 92 +yV1 —a2) =sg(x +y) (10.1)

Forreal -1 <z <1 and -1 <y < 1:
sg(v/ (1 —22)(1 - y2) — zy) = 1 - 2[sg(a)sg(y) = U[z* +y° > 1] (10.2)
[lzy| < sg(@)se(y)V/(1 — 22)(1 = y?)] = [sg(x)sg(y) = ][+ +y* < 1] (10.3)

sg(sg(w)sg(y) —zy + /(1 — 22)(1 — y?)) = sg(w)sg(y) +2[y = —x # 0] (10.4)

Proof. For the first identity, when sg(x) = sg(y) the identity is obvious. When sg(x) =
—sg(y), suppose that x is nonnegative and y negative. Then as —y is positive:

[2v/1 =y +yvV1—a2 >0 = [ay/1 - 42 > —y/1 - 2?

=[2*A-y*) 2’0 -2 =2y’ =t> -y =[z+y >0

(10.5)

which confirms the first identity, and similarly when z is negative and y nonnegative.
For the second identity, when sg(z) = —sg(y), the argument is always nonnegative, so
then the result is one. When sg(z) = sg(y):

[V =22)(1-9y?) -2y < 0] = [/(1 -2?)(1 - y?) < zy]

= [(1 - 1’2)(1 - yz) < :C2y2} _ [I2 + yz N 1] (10.6)
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which results in the second identity. A similar reasoning results in the third identity. For
the fourth identity, because —1 < xy < 1 it is easily shown that:

—1<v(Q-22)(1-y?)—2y<1 (10.7)
which is equal to 1 if and only if y = —z, which results in the identity. O
Theorem 10.1. Forreal -1 <x <1, -1 <y <1:
arcsin(x) + arcsin(y)

= (1 — 2[sg(2)sg(y) = 1)[x% + y? > 1)) arcsin(z/1 — y2 + yv/1— x?) (10.8)
+mlsg(2)sg(y) = 1[2* +y* > Usg(x)

arccos(x) + arccos(y)
— (1 2fsg@ss(y) = Ua® +9° > arccos(ay/T- 2 +3v/T—22)  (109)
(s + sa@)se) = e + 37 > 1](1 - sa(@)))

Proof. Application of theorem and

/1 —y2 +yv/1— 22
(1—22)(1—y?) —2ay (10.10)
+ mlzy > /(1= 2?)(1 = y?)]sg(x)

arcsin(x) + arcsin(y) = arctan(

Application of theorem [0.9] and:

7 f@w = \/a;gf)@ (10.11)

where in this case o + 82 = 1, and from lemma [10.1}
[zy > /(1 — 22)(1 — y?)] = [sg(x)sg(y) = 1][z* +y* > 1] (10.12)
se(V/ (L —22)(1 - y?) —ay) = 1 - 2[sg(x)sg(y) = 1[2* +y° > 1]) (10.13)

yields the first identity. For the second identity, using theorem

arccos(x) + arccos(y) = m — (arcsin(z) + arcsin(y))
=m—((1 =2f(z,y)) arcsin(g(z, y)) + 7 f (2, y)sg(x))
=7 —((1=2f(z, y))(g —arccos(g(z,y)))) — 7f(z,y)sg(x)

= (1 —2f(z,y)) arccos(g(z,y)) + W(% + [z, y) (1 = sg(x)))
(10.14)

O
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Corollary 10.1. For real —1 < x < 1:
arcsin(y/ 1 — 22) = arccos(|z|)
arccos(v/ 1 — z2) = arcsin(|z|)

Proof. This corollary follows from the previous theorem taking y = 1:
arccos(z) = (1 — 2[z > 0]) arccos(v/1 — z2) + W(g + [z > 0](1 —sg(x)))
= (—sg(x) + 2[x = 0]) arccos(v/ 1 — 22) + g

= —sg(z) arccos(ﬂ) + g
and using theorem (8.2
arccos(ﬂ) = —sg(x)(arccos(r) — g)

= sg(x) arcsin(x) = arcsin(sg(z)x) = arcsin(|z|)

and again using theorem [8.2

arcsin(v/1 — z2) = g —arccos(v/1 —x2) = g — arcsin(|z|)

= g - (g — arccos(|z])) = arccos(|z|)

Theorem 10.2. Forreal -1 <x <1, -1<y<1:
arcsin(z)+ arcsin(y) = sg(z + y) arcsin(zy — /(1 — 22)(1 — y?))

+a(l— [z <0] = [y < O] + ([sg(z)sg(y) = —1] - %)Sg(x +))
arccos(z)+ arccos(y) = sg(z + y) arccos(zy — /(1 — 22)(1 — y?))

+m(fz <0]+ [y < 0] — [sg(z)sg(y) = —1sg(z +y))
Proof. Application of theorem and
zy — /(1 —2?)(1 -y
/1 —y2 +yV/1— 22
+m(fz < 0] + [y < 0] + [Jey| <sg(x)sg(y) v/ (1 —2?)(1 —y?)lsg(z +y))

arccos(x) + arccos(y) = arccot(

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

(10.20)

(10.21)

(10.22)

Application of theorem and using the same method as in the previous theorem, and

from lemma [[0.1¢
[lzy| < sg(x)sg(y)V/ (1 — 22)(1 — y2)] = [sg(x)sg(y) = 1][z* + y* < 1]

sg(zv/1—y2 +yv/1 — 22) = sg(z +y)
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and when y # —x:
ry — /(1 —2?)(1 - y?)
/1 —y2 +yv1 — 22
=[z+y <0fzy > V(1 -22)(1-y?)] + [z +y>0][zy < /(1 -2?)(1-y?)]
=[z+y>0/(1—[ry =1 —22)1—y?)]) + [zy > V(1 —22)(1 — y?)]sg(z +y)

= [z +y > 0)(1 — [sg(x)sg(y) = 1[a* +y* = 1)) + [sg(z)sg(y) = 1][z* + y* > 1]sg(z +y)
(10.25)

< 0]

Using [2% +y? < 1] =1 — [2? +y? = 1] — [2® + y* > 1] and using the special case zy = 1
in theorem and 1 — [sg(x)sg(y) = 1] = [sg(z)sg(y) = —1] yields the theorem, which is
also correct when y = —x. O

Theorem 10.3. Forreal -1 <x <1, -1<y <1, but not t =y = +1:
/1 —y2 +yv1—a?
V20 -y + /T -1 )
x\/l—yQer\/l—zQ

V2 —zy+ T2 )

When x =y = +1, 2arcsin(£1) = £m, 2arccos(1) = 0 and 2 arccos(—1) = 27.

arcsin(x) + arcsin(y) = 2 arcsin(

) (10.26)

arccos(z) + arccos(y) = 2 arccos( ) (10.27)

Proof. Application of theorem [£.4] and [9.10}

/1 —y2+yV1—a?

1—zy+ /(1 —22)(1—-y?)

Application of theorem 0.9 yields the first identity. For the second identity, using theorem
3.2

arcsin(x) + arcsin(y) = 2 arctan( ) (10.28)

arccos(z) + arccos(y) = m — (arcsin(z) + arcsin(y)) = 7 — 2 arcsin(f(z, y))

=7 — Q(g —arccos(f(x,y))) = 2arccos(f(z,y)) (10.29)

O
Theorem 10.4. Forreal -1 <z <1, -1<y <1, butnoty=—x#0 orx=y==+1:

arcsin(x) + arcsin(y)

= 2sg(2)sg(y) arcsin VIVl ) (10.30)
V201 = sg(@)se(y) ey — /T 22T — 1))

+ 7sg()sg(y) = —1]sg(x +y)

41



arccos(z) 4 arccos(y)
ay/1T— 2 +yv1—2a? )
V201 — sg(@)se(w) (xy — /(T — 221 — 1))
+msg(z)sg(y) = —1](1 + 2[z +y < 0])
When y = —x, arcsin(x) + arcsin(—x) = 0 and arccos(z) + arccos(—z) = .

Proof. Application of theorem [£.6] and [0.12] and lemma [0.1] when not y = —z # 0:

= 2sg(z)sg(y) arccos(

(10.31)

x\/l—y +yV1— a2
sg(z)sgly) —zy + /(1 —22)(1 — y?) (10.32)
+ m([sg(x) = 1] [sg(y) = —1])

Application of theorem and when xy # 0: sg(z/y) = sg(x)sg(y) and from lemma
M0.T¢

arccos(x) + arccos(y) =2 arccot(

sg(zv/1— 92 +yV1 —a2) =sg(x +y) (10.33)
and when not y = —ux:
sg(sg(@)sg(y) — zy + V(1 — 22)(1 — y?)) = sg(x)sg(y) (10.34)

and using [sg(z+y) =1 =1—[sg(z +y) = —1]:

m([sg(z) = —1] + [sg(y) = —1] + 2([sg(2)sg(y) = —1] — [sg(z)sg(y)sg(z +y) = —1]))

= w[sg(x)sg(y) = —1](1 + 2[sg(z +y) = —1])
(10.35)

For the first identity, using theorem and using sg(z)sg(y) = 1 — 2[sg(z)sg(y) = —1]:

arcsin(x) + arcsin(y) = m — (arccos(z) + arccos(y))
=7 — (2sg(x)sg(y) arccos(f (z,y)) + mg(z,y))

=m—(2 Sg(l‘)sg(y)(g — arcsin(f(x,y))) + 7g(z, 7)) (10.36)
= 2sg(x)sg(y) arcsin(f(z,y)) + (1 — sg(x)sg(y) — 9(z,y))
With 1 - 2[sg(z +y) = —1] = sg(z + y) this gives the first identity. O

11 Duplication and Bisection Formulas for the Inverse
Tangent, Cotangent, Sine and Cosine Functions

In theorems and taking y = x:

For real z:

2arctan(z) = arctan(?xxﬂ + mlz? > 1]sg(z) (11.1)

2

2 arccot(x) = arccot(m 5 )+ wlz? < 1]sg(w) (11.2)
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2 arccot(x) = arctan(

)+ mla® < Uss(o)

These formulas also follow from theorem when taking y = 0.

(11.3)

In theorems and taking y = 0 and for real z: arccot(1/x) = arctan(z):

For real x:
L tan(z) = arctan( a )
— arctan(z) = ——
2 14+ V1 + 22
1
5 arctan(z) = arctan(x + /1 + x2) — %
1
3 arccot(z) = arccot(z + sg(x)V1 + x2?)
S arccot(r) = arecot(——————) - 7
— arccot(x) = arcco - =
2 1+sg(x)vl+a22" 4
From theorems [0.9] [0.10} 0.11] and [0.12}

For real —1 <z < 1:

in(x) = arctan(———)
arcsin(z) = arctan(——
V1-—22
T
arccos(x) = arccot(———=) + Tz <0
(@) = svceot( ) + e <0
For real x:
arctan(z) = arcsin(L)
V1422
T
arccot(x) = arccos(————) —wlx < 0
(@) ) e <

In theorem taking y = x:
For real —1 <z <1:

2arcsin(z) = sg(1 — 22%) arcsin(2z/1 — 22) + 7222 > 1]sg(x)

2arccos(x) = sg(1 — 22%) arccos(2zV/1 — 22) + ’7'('(% + 222 > 1](1 — sg(z)))

In theorem taking y =
For real —1 <z < 1:

2arcsin(z) = sg(x) arcsin(2z? — 1) + gsg(m)

2 arccos(z) = sg(x) arccos(2z? — 1) + 27z < 0]

In theorem taking y = 1:
For real —1 <z <1:

1 in(z) in( 1+ :c) o
— arcsin(x) = arcsin - =
2 ’ 2 /1
1 1
5 arccos(z) = arccos( _|2— a:)
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(11.4)

(11.5)
(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)



In theorem taking y = 0:
For real —1 < x < 1:

1 . . T
3 arcsin(x) = arcsin( )
21+ v1—22)
1—+v1—2a?
= sg(x) arcsin( 5 )
5 arccos(x) = arccos( * ) — %
21+ v1—x?)
122
= sg(x) arccos( 5 < ) — % + [z < 0]
In theorem taking y = 1:
For real —1 <z <1:
1
B arcsin(z) = sg(x) arcsin( —|—2|x|) - % + 5[x < 0]
. x+sg(x) T
= arcsin(——=—) — -+ =|lr <0
(o) =+ 5l <0

1 1
3 arccos(z) = sg(x) arccos( —i-2|x\) + g[x < 0]
— arCCOS(Lg(x)) Tz < 0]
2(1+|z])” 2
In theorem [10.4] taking y = 0:
For real —1 <z < 1:
— arcsin(z) = arcsin( |9~"\ ) — g[x < 0]
\/2 1 +sg(x)V1—22)
1 - sg(z)v1— 22
= arcsin( 58(7) z ) — z[x < 0]
2 2
1 || T
5 arccos(z) = arccos( ) — 1 + 5[3: < 0]
\/2(1 +sg(x)vV1 —z?)
1 - sg(x)VI =22
= arccos(\/ sg(m; ° ) — % + g[aj < 0]

Combination of identities (11.16) with (11.20) and (11.17) with (11.21) gives:

For real —1 <z <1:

arcsin( 1+x)+ac'( 1—1:) T
resin(y ) —— resin = —
2 2 2
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(11.18)

(11.19)

(11.20)

(11.21)

(11.22)

(11.23)

(11.24)



1 1-—
arccos(y/%) + arccos(4 / 5 x) = g (11.25)

1-—- 1

arcsin(1 / 5 x) = arccos( —12—93) (11.26)
1 1-—

arcsin(4/ %) = arccos( 5 x) (11.27)

which also follows from corollary [10.1| by replacing = with /(1 + z)/2.
Combination of identities (11.18) with (11.22)) and (11.19) with (11.23]) gives:

For real —1 <z <1 but not x = 0:

With theorem
For real —1 <z < 1:

arcsin( i ) + arcsin( : )= %bg(x) (11.28)
2(1 + V1 —22) 2(1 — VI—22)
arccos( * ) + arccos( ° )= gsg(x) + 27z < 0] (11.29)

21+ V1 —2?) 2(1 — V1 —a?2)
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