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The Irreducible Components of the
Nilpotent Associative Algebras

ABDENACER MAKHLOUF

ABSTRACT, The aim of this work is to describe the ireducible components of the nilpotent
complex associative algebras varieties of dimension 2 to 5; and to give a lower bound of the

number of these components in any dimension.

INTRODUCTION

Let A" be the variety of the n-dimensional nilpotent complex
associative algebras (without unity). The direct product A”'xC is a Zariski-
closed subset of Alg,,, which is the variety of (n+1)-dimensional unitary
complex associative algebras.

An associative algebra A is nilpotent if the descending chain of ideals
ASA™D... terminates. If A*£{0} and A*'={0] then s is the nilindex of A.

The group GL(n,C) acts on A.". Since the classification, up to
isomorphism, of Alg, is known until n=5, one can deduce the
classification of A(" until n=4. One can also get the irreducible
components from the deformation diagrams for these dimensions.
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In this paper, we describe the irreducible components of A" for n=1
to 5 using the nilindex invariant. This approach follows the remark that
the nilindex does not decrease by perturbation. Then, by perturbation, it
is easy to see if a given algebra of fixed nilindex defines an irreducible
component or can be perturbed in an algebra of larger nifindex.

Moreover, in A, we present for each nilindex different from one, a
family of algebras which could not be perturbed in algebras of larger
nilindex. Therefore, we deduce a lower bound of the number of the
irreducible components of A™.

Finally, using the study of A(*, we show that in Alg, there are no

rigid nilpotent algebras if a nilpotent aigebra of Alg, is identified with an
element of Cxa’>.

1. NILINDEX AND PERTURBATION

In this work, the notion of perturbation related to the Nonstandard
framework ([G],[G-M]), 1s used instead of the deformation notion.

Let A=(C"p,) be a standard algebra of A" It is defined by its
structure constants (C}) <, in a fixed standard basis 3.

Definition. A perturbation of A is an algebra A’=(C"u) of N such
that u(X.Y)-uo(X,Y) is infinitesimal for any standard elements XY in C".

If this is the case we write p=p,,.

The structure constants of A’ and A, in a standard fixed basis of C"
are infinitely closed.

Definition. The algebra A=(C"u,) of N is a contraction of
A=(C"u,) if there exist a perturbation A’=(C"u) of A, such that A’ is
isomorphic to A.
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Remarks.
1°) A contraction of a standard algebra is also called a specialisation.

2%) Let A=(C"pn,) in A" be a contraction of A=(C"p,), then
A,=(C"p,) is in the closure of the orbit of A=(C" p,) corresponding to the
natural action of GL(n,C) on \™.

Perturbation of the nilindex. Let A=(C",p,) be a standard algebra
of A™ and s the nilindex of A.

s=min {p: X**'=0 V XeA}

Lemma. If A'=(C" u} is a perturbation of A then the nilindex of A’
is larger or equal to s.

Proof. We have A*#{0}. Since A is standard then (A’)*#{0}.

This statement is fundamental. If we cannot perturb an algebra in an
algebra of larger nilindex, namely if this algebra is not a contraction of
an algebra of larger nilindex, then this algebra does not belong to a
component containing an algebra of larger nilindex. It will be used in the
following cases.

2. LOWER BOUND OF THE NUMBER OF THE IRREDUCIBLE
COMPONENTS

As an illustration of the previous method in A", n>2, we present for
each value s of the nilindex, 1<s<n, an algebra A, such that every
perturbation has the same nilindex. Throughout this paper, the products
not written are null,
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Definition. The algebra A} of N and nilindex s is defined by the
following law: Assume that X satisfies X’#0. Let (X, X*, ..., U,, ..., U, ) be
the basis of A}. Then

XX =X"Y if i+jss
X y=X i=l..,ns
U - uU=vX YelC ij=1,..n-s.

Propeosition. Every perturbation of A’ has nilindex s.

Proof. Let A’ be a perturbation of Al. Assume that A”*"'#0. Then we
have:

X'=e X+e, X+, +e X*+e, U +...+¢, U, , £~0 i=l..n

We have € ,=...=¢ =0 by the isomorphism:

[X°=X; U;=U+(i/e, ), U+...+e, U, ); U=U, i=2,..,.n-s

n n-s.

Therefore X=X+, X0+ + e XY+, XU,

s+
and X"=egX* +eX+..+eX" +e,UX
The difference of the two equations implies
e, XU, -U;X)=0
since XU, = ¢, and U, X = X*+¢, where ¢, and ¢, are infinitesimal
vectors. On the component X°, we have ¢_,,(-1 + ¢; - $)) = 0. Then ¢,

=0.

We have the following consequence.

Theorem. # (irreducible components of N') 2 n-1.

Proof. If the nilindex is maximal (s=n), then the corresponding
algebra is rigid. Therefore it determines an irreducible component.
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If l<s<n, for each value of the nilindex, following the previous
proposition, there is an irreducible component.

3. IRREDUCIBLE COMPONENTS OF A, A2, A’ AND &

The classification and deformation diagram of Alg, is known for
n=2,...,5 (see [Ga], [Ma], [H]). From these results one can deduce the
irreducible components of A’%, A’ and A(*. This study is done here
directly, whithout using the complete classifications. Hence, we determine
the irreducible components of A(*. The technique is the same as above.
For each value of the nilindex the study is based on the following lemma.

Lemma. Let A be in A", s the nilindex of A and X€ A such that X*#0.
Then the Jordan blocs of the operator Ly (L(Y}=XY) are at most (s+1)-
dimensional, and the subspace generated by (X X*,...X%) is invariant by
L.

Proof. Since L,..1 = 0 then the Jordan blocs have at most the lenght
s+1.

The vector X* is an eigenvector of L,. Then (X,...,X") are in the
subspace invariant by L. Suppose that it exists U such that L,U=X, then
the algebra is not nilpotent.

VARIETY A

A2 is formed only by 2 algebras, up to isomorphism. Let {ee,} be
a basis of C°. There is, in A7, the following laws:

19) pie,.e)) = e,.
2?) The null algebra.

It’s easy to see that the null algebra is in the closure of the orbit of
2
By
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Proposition. The variety N* has one irreducible component.

VARIETY A

Proposition. The variety \° has 2 irreducible components.

Proof. We have the following cases of the matrix of the operator L,.

000 000 000 000
19(1 0 0 2911 00 310 00 410 00
010 000 610 oo

1%) The nilindex is 3; it corresponds to the rigid algebra in A(%,
generated by the basis (X, X%, X?). It gives the irreducible component C,.

29) The nilindex is 2; there is the algebra A} of the family (definition
2.1) which determines the irreducible component C,.

3%) and 4%) The nilindex is 1. The case (3%) give the skew-symmetric
algebra generated by the basis (X,Y,X-Y). It’s easily perturbed in algebra

of larger nilindex, if we take X’=e XY with £ ~0. The case (4%) gives an
isomorphic algebra to the previous one.

Remark. The minoration given before is optimal in this dimension.

VARIETY A*
Proposition. The variety N has 4 irreducible components.
Proof. We discuss each occuring nilindex separately:

- Nilindex 4: There is the rigid algebra, generated by the basis
(X, X%, X*X*. It defines an irreducible component C,.
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- Nilindex 3: There is the irreducible component given by the algebra

A} (definition 2.1). It defines the irreducible component C,.

- Nilindex 2: By the lemma, we have two possibilities for the matrix
of L,.

0000 00O00O
1000 1000
a) b)
0000 0000
0010 0000

a) There is the algebra law p, generated by the basis (X, X%Y,X-Y).
In this basis, the products which are not given directly by the basis are:

B YX = aX?4+PX-Y and Y? = yX2+8X Y.

b) i) If the basis is (X, X%Y,Y'X) then there is the law p, where
Yi=aX*+BY X.

ii) I the basis is (X, X%Y.Y?) then there is the law p, where
Y X=aX>

iii) If the basis is (X,X%Y,Z) then there is the law p, of Al,
The law p, and p, belongs to the family p, with =0 and f=ce for p,
and o=P=0 and &=e= for p,.
The law p, is not in the family p,. And these algebras cannot be

perturbed in algebras of larger nilindex. Therefore, p, and p, correspond
to the irreducible components C; and C,.

- Nilindex 1: the algebras obtained are contractions of algebras of
larger nilindex.
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VARIETY A
Proposition. The variety A" has 13 irreducible components.

Proof. We investigate the different values of the nilindex using the
method described in the beginning.

Nilindex 5. There is, up to isomorphism, the rigid algebra generated
by the basis {X,X2%,X*,X*X°} and which define the irreducible component
C,.

Nilindex 4. Every law of " with nilindex 4 is isomorphic, up to
isomorphism, to one of the following laws, where (X, X%X*,X%Y) is a
basis:

a) X“X = XM if i+j<4  i<i,j<3.

b) X‘i-Xj = X" if i+j<4 1<i,j<3; Y- X=X".

¢) X'X = XM if i+j<4  1<i,j€3; Y X=X% Y Y=0X".

The laws (a) and (b) would be perturbed in an element of the family
(c) which cannot be perturbed in the rigid law of nilindex 5 the

(proposition 2.1). It defines the irreducible component C..

Nilindex 3. Following the lemma, we have two possibilities of L.

60000 00000
10000 1 000GC
a0 1000 by|01 0 00
00000 60000
00010 00000

a) In this case, let (X,X°.X’Y,X'Y) be a basis, we have the
reducible (up to isomorphism) family given by:

XX = XM f i+<3 1S§jS2; Y X=oXH4BX4HyX Y Y X =(a+1o)X
XY X=0X;
Y Y=AX 4 X +0X Y YX - Y=0AX: X-Y2=AXC.
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and the relations:
0+ +PA-A-00=0 and A(o+0y+0Y-1)=0.
-If A=0, the first equation becomes o(c+yx-v)=0. For a=0 and
v=0+Y0 there are laws with the same orbit dimension as the law (c) of

nilindex 4.

Then a=0 corresponds to an irreducible component C, and v=c+yo
to the compoenent C,.

- If A#0, then A=1,

a={(1-Pyy and v={(1 - (1+p/(-y)

defines the irreducible component Cs. (y=0 is impossible and y=1 is in the
previous family where o=0 and v=ee),

b) In this case, there are two possibilities:
i) let (X,X%,X%,Y,Z) be a basis, we have the family:

X X=X" if i4i<3  1€0,j€2; Y- X=0X? Y Y=AX% Y Z=yX?* ZX=pX3
Z-Y=pX’; Z-Z=vX. It defines the irreducible component C,.

ii) let (X,X%X%Y,Y? be a basis, we have the family:

XiXi=X"if +j<3  1<i,j=2; Y Y=Y% YX=0X* Y Y=Y Y=aX’
a=0,1.

When a=1, the corresponding algebra defines the irreducible
component C,.

Nilindex 2. Following the lemma, we have 3 possibilities of L.
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00000 00000 00000
10000 10000 10000
@)|00000 Blooooo d{00000
00100 00100 00000
00010 00000 00000

We shall only write these products which are not defined directly by
the basis.

a) Let (X, X%Y,XY,X®Y) be the basis. We get the following
families:

Y X=-02a+1)X*+aX Y+yX2Y; Y- X=a’X2Y; Y- Y=-o'X’+oX Y+
BX: Y. YXY=oa(@+)X*Y; XY X=aX*Y: XYY=aXY;
where a=(-1£iv 3)/2.

They define the irreducible components C; and C,,.

b) We have two cases:

19) If the basis is (X,X%Y,X'Y,Y'X), the law is defined by:
Y Y=aX Y+BY X. There is a perturbation of nilindex 3, if we take
X’=eX'Y where £ =0,

29 If the basis is (X,X%Y,XY,Z), we get the following law:

DY X=a, XH0,XY; Y Y=PXM4B,XY; YZ=yX4pXY;
Z-X=0X+8,XY; Z-Y=p X*+p,X'Y; ZZ=0,X*+n,X"Y.

If the basis is (X, X2Y,X'Y,Y?), we have:

i) Y X=oX?+BX Y.
i) Y X=aX% X-Y=X% X-Y Y=X2,

Then the laws i, ii, iii give the irreducible components C,,, C,, and
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c¢) We have 3 cases:
i) If the basis is (X,X%Y,Y%Z), we obtain the family defined by:

Y Z=BY% ZX=0X% ZY=PY% ZZ=yX+AY% It is in the family
(b.2.0).

i1) If the basis is (X,X%Y,Z,Y Z), we obtain the familiy defined by:
Y X=0X? Y-YstZ; ZX=BX?* Z-Y=pX*+ALYZ It is also in (b.2.1).
iii) If the basis is (X,X%Y,Z,V), we obtain the family defined by:

Y X=PX%: ZX=0X% VX=yX% YY=aX% YZ=bX% Y V=cX’
ZY=eX* ZZ=pX*; Z-V=hX? V-Y=mX?% VZ=pX% V-V=qX°.

It corresponds to the irreducible component C ;.

Nilindex 1. Following the lemma, we have 3 possibilities of L.

00000 00000
00000 00000
{01 000 H|o1 000 ¢) null-matrix
00000 00000
00010 00000

a) Let (X,Y,XY,Z,XZ) be the basis, we have the following laws:
i) YX=-XY,; ZX=-X7Z; YZ=2-Y=X7.
il) Y-X=-XY; ZX=-X"7Z.

The second law can be perturbed in the first. The first has a
perturbation of nilindex 2 if we take in (i) X X=eX-Y where ¢ ~0.
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b) Let (X,Y XY, Z V) be the basis, we have the laws:
1) Y X=-XY; ZV=-VZ=X"Y. And i) Y - X=-X'Y.

If X-X=eX-Y, where =0, we get a perturbation of (i) of nilindex
2. Hence (i) is a contraction of (ii).

¢) We obtain in this case the null law.

These laws would be perturbed in laws of nilindex larger than one.

4. RIGIDITY OF SIX-DIMENSIONAL NILPOTENT UNITARY
ALGEBRAS

Let Alg, be the set of six-dimensional unitary associative algebras.
A nilpotent algebra of Alg, is an element of the direct product A°xC. An
algebra is rigid if every perturbation is isomorphic to this algebra. The
rigid algebras of Alg, are not nilpotent for n<5 (see [Ga], [Ma]}). Since the
variety A is described above, we will study the rigidity of these algebras
viewed in Alg,.

Theorem. The nilpotenr algebras of Alg, are not rigid.

Proof. We examine the algebras of A’ following the nilindex.

Nilindex 5. The rigid algebra in AC is not rigid in Alg, (by adding
the unit). In fact, we take X!'X'=eX’ if i+j=6, where £=~0. The

perturbation is not nilpotent.

Nilindex 4: The law (c) is a perturbation of (a) and (b). And o is a
perturbation parameter (deformation parameter) of the family (c).

Nilindex 3:
a) We have a and A which are perturbation parameter. The 2-

coboundary 8f defined by 8f(X,Y?)=aX* and 8f(Y,X-Y)=AX? gives a non
trivial perturbation of u,, p, + £ & where € ~0.
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b) In (i) and (ii) o is a perturbation parameter.
Nilindex 2:
a) Here « is a perturbation parameter.

b.1) The laws would be perturbed in an algebra of nilindex 3, hence
they are not rigid.

b.2) For the laws (i) 1, is a perturbation parameter and for the laws
(i1) and (iii) we have « as a perturbation parameter.

¢) The laws (i) and (ii) belongs to the family (b.2.i.). But in (iii) if
a#0 then o is a perturbaion parameter.

Nilindex [: All the Jaws would be perturbed in laws of larger
nilindex, hence they are not rigid.

Since we get only families with perturbation parameters or algebras
having a perturbation with different nilindex, there are no rigid nilpotent
algebras in Alg,.

This result will be used in a forthcoming paper for classifying the
rigid algebras of Alg,.
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