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Tite Irreducible Components of tite
Nilpotent Associative Álgebras

ABDENACER MAKHLOUF

ABSTRACT. The aim of thai work is Lo describe Che irreducible components of the nilpotent
complex associative algebras varieties of dimension 2 to 5; and to give a lower bound of the
nuruber of tese components in any dimension.

INTRODUCTION

Let ~<“ be ¡te variety of tIxe n-dimensional nilpotent complex
associative algebras (without unity). The direct product NQxC is a Zariski-
closed subset of Alg0~> which is the Vanety of (n+1)-dimensional unitary
complex associative algebras.

An associative algebra A is nilpotent if tIxe deseending chain of ideals
AnA5... terminates. If A’!={0¡aid A~~>=(Oj ¡ten gis the nilindex of A.

The group GL(n,C) acts on ~[n~ Since ¡be classiftcation, up to
isomorphism, of Alg,, is known until n=5, one can deduce the
classif>cation of ~< until n=4. One can also get the irreducible
components from the deformation diagrams for these dimensíons.
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In this paper, we describe the irreducible components of £‘VJ’ for n=l
to 5 using the nilindex invarianr. This approach folLows ¡be remark that
the nilindex does not decrease by perturbation. Then, by perturbation, it
is easy to see if a given algebra of fixed nilindex defines mi irreducible
component or can be perturbed in mi algebra of larger nilindex.

MoreoVer, in WQ, we present for each nilindex different from one, a
family of algebras which could not be perturbed in algebras of larger
nilindex. Therefore, we deduce a lower bound of ¡be number of the
irreducibk components of NQ.

Finally, using the study of ~V2,we show ¡bat in AIg6 there are no
rigid nilpotent algebras if a nilpotent algebra of AIg6 is identifted with an
element of CxUv$.

1. NíLíNDEX AND PERTURBATiON

In this work, the notion of perturbation related to ¡be Nonstandard
framework ([G],[G-M]), is used instead of the deformation notion.

Let A=(C ~ be a standard algebra of 9V]’. It is defined by its
structure constants (C~)1~~~ in a fixed standard basis ~B.

Definition. A perturbation of A is an algebra A’=(C
0,p) of ~V]such

that ffiX,Y)-p
0(X,Y) is infinitesimal for any standard elements X,Y in tC “.

íf this is the case we write p—pt,.

The structure constants of A’ aid A, in a standard ftxed basis of cn
are infinitely closed.

Definition. The algebra A1=(C “,p1) of sAt is a contraction of
A=<’C fl,p~,) if t/zere exisr a perturbation A’ =(C %u) of A1 such that A’ is
isomorphic to A.
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Remarks.

1 Q) A contraetion ofa standard algebra is also called a specialisation.

2~) Let A1=(C
t,p

1) in ~AÚbe a contraction of A=(C “,p~), then
A1=(C

t,,p
1) is in ¡be closure oftIte orbit of A=(C

0,p
0) corresponding to tIte

natural action of GL(n,C) on 9V2’.

Perturbation of the nilindex. Let A=(C “,p~) be a standard algebra
of gúJ mid s tIte nilindex of A

s = mm (p~ 5<p~’d V XeA}

Lemina. 1f14’=<C”,p) isa perturbation of A titen rite nílindex of A’
is larger or equal to s.

Proof. We have A’!=¡O).Since A is standard tIten (A’)’!=¡O1.

mis statement is fundamental. If we cannot perturb mi algebra in an
algebra of larger nilindex, namely if ¡bis algebra is not a contraction of
an algebra of larger nilindex, then this algebra does not belong to a
cornponent eontaining an algebra of larger nilindex. It will be used in tIte
following cases.

2. LOWER BOUND OF THE NUMBER OF THE IRREDUCIBLE
COMPONENTS

As an illustration oftIte previous method in ~C,
each value s of tIte nilindex, 1cscn, an algebra
perturbation has tIte same nilindex. Throughout this
not written are nulí.

n>2, we present for
A5 sueh ¡bat every
paper. the products
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Definition. The algebra A of £7~j” and nilindex s is defined by the
following law: Assupne that X satisfies X’!=O.Let (7<, 7<2 U1,..., U05) be
tite basis of A’. Titen

— X~ if i+j=s
5<435<’ i =

= ‘y~ X~ ‘y~EC i,j=1 n-s.

Proposition. Every perturbation of A has nilindex s.

Proof. Let A’ be a perturbation ofA2. Assume that A”’!=O.TIten we

have:
.+E sX’+Es+íUí+...+EnUns, E~~’O 1=1 n

Wehavec ~ n
0 by tIte isomorphism:

{X’=X; Ui=Uí+(l/Es+i)(Es+
2U2+...+tnUns); U~=U~ i=2 n-s

Therefore 5<&+2 = ,X
2+E

2X
3+

mid X’~2=r5<2+~X3++cX’~1+~ ,~
1U1X.

TIte difference of the two equations implies

- U15<) = O

since x .13 = 4» and U~~5<= X’i-4> where 4>, and 4>2 are infinitesimal
Vectors. On tIte component 5<’, we Itave c,~1(-1 + 4>~ - 4>» = 0. Then t,~1

= 0.

We Itave tIte following consequence.

Theore¡n. it (irreducible components of WC) =n-1.

Proof. If tIte nilindex is maximal (s=n), tIten tIte corresponding
algebra is rigid. merefore it determines an irreducible component.
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If l<s<n, for eacIt value of tIte nilindex, following tIte previous
proposition. ¡bere is an irreducible component.

3. IRREDUCIBLE COMPONENTS OF g1¿
2, *3. ~¿ AND 9i¿

The classification and deformation diagram of Algt, is known for
n=2 5 (see [Gal, [Ma], [H]). From ¡bese results one cai deduce the
irreducible components of w12, ~( mid wj. This study is done Itere
directly, whithout using tIte complete classifications. Hence, we determine
tIte irreducible components of 9t. TIte technique is tIte same as aboye.
For each value of tIte nilindex ¡be study is based on tIte following lemma.

Lemma. Let A be in 9~fj, £ the nilindex ofA and XeA such that 1<~!=.O.
Titen Me Jordan bloes of tite operator L~ (L~/Y)=X~Y) are at most (s+J)-
dimensional, and tite subspace generated by <X>Q,. .. 7<5) is invariant by
L~.

Proof. Since ~ = O tIten tIte Jordan blocs Itave at most tIte lengItt
s+1.

TIte vector 5<’ is an eigenvector of L~. TIten (X 5<’) are in tIte
subspace invariant by L~. Suppose that it exists U such tItat L~U=X, tIten
the algebra is not nilpotent.

VARIETY g,¿2

g~¿2 is formed only by 2 algebras, up to isomorphism. Let (e
1,e,} be

a basis of C
2. There is, in ~jj2, tIte following laws:

l~) j4(e,e) = e
2.

2~) TIte nulí algebra.

it’s easy to see that tIte nulí algebra is in tIte closure of tIte orbit of
2
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Proposition. Tite varie¡y 1A5 has one irreducible component.

VARIETY ~A[3

Proposition. Tite variety ~t itas 2 irreducible components.

Proof. We Itave ¡be following cases of tIte matrix of tIte operator L~.

(O0o~
ID) Ii 0 01

10)

(ooo~
2~) ¡1 0 01

kooo)

(0 o

3D) lo o oj
í o)

(00 61
4Q) lO o

~oo o)

1~) The nilindex is 3; it corresponds to tIte rigid algebra in 9.12,
generated by tIte basis (5<, 5<2, X3). It gives tIte irreducible component C

1.

2~) TIte nilindex is 2; ¡bere is tIte algebra A~ of tIte family (definition
2.1) wItich determines ¡be irreducible component C2.

39) mid 42) TIte nilindex is 1. TIte case (32) give tIte skew-symmetric
algebra generated by tIte basis (5<,Y,XY). It’s easi¡y perturbed in algebra
of larger nilindex, if we take X

2=rXY witIt É ~‘0.TIte case (42) gives mi
isomorphic algebra to tIte previous one.

Remark. TIte minoration given before is optimal in tItis dimension.

VARIETY <

Proposition. Tite variety i’fj itas 4 irreducible cornponents.

Proof. We discuss eacIt occuring nilindex separately:

- Nilindex 4: TItere is ¡be rigid algebra, generated by tIte basis
(X,5<2,X3,5<j. It defines mi irreducible component C

1.
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- Nilindex 3: There is tIte irreducible component given by tIte algebra
Al (defrnitíon 2.1). It defines the irreducible component C2.

- Nilindex 2: By tIte lemma, we Itave two possibilities for ¡be matrix
of L~.

(00 OO~
110 ool

a) ~ ool
koo ‘ol

00 0
10 o al

b) ~ 0 0 Oj

000 a)

a) TItere is tIte algebra law j~ generated by tIte basis (X,5<
2,Y,X~Y).

Di tItis basis, tIte products wItich are not giVen directly by tIte basis are:

Mí: YX = a5<2+13X~Y aid Y2 = ‘y5<2+5XY.

b) i) íf tIte basis is (X,XtY,Y5<) tIten tItere is tIte law P2 where
Y2=aX2+13Y .5<

u) íf tIte basis is (X,5<2,Y,Y2) tIten tItere is tIte law p~ wItere
Y X=aX2.

iii) If tIte basis is (X,5<2,Y,Z) tIten tItere is tIte law w of At

TIte law ~2 aid ji
3 belongs to tIte family Pi with a=O and 3=oo for ji~

aid cx=13=0 and 5=oo for ji3.

TIte law p.~ is not in tIte family Pi~ And ¡tese algebras cannot be
perturbed in algebras of larger nilindex. Therefore, p~ aud w correspond
to tIte irreducible components C3 aid C4. -

- Nilindex 1: ¡be algebras obtained are contractions of algebras of
larger nilindex.
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VARIETY 9.[5

Proposition. Tite variety ~i¿ itas 13 irreducible cotnponents.

Proof. We investigate tIte different values of tIte nilindex using tIte
metItod described in tIte beginning.

Nilindex s. mere is, up to isomorpItism, tIte rigid algebra generated
by tIte basis { X,X’,X%X’%X5> aid which define tIte irreducible component
C,.

Nilindex 4. Every Iaw of =vjwi¡b nilindex 4 is isomorphic, up to
isomorpItism, to one of tIte following Iaws, wItere (X,5<2,X3,X4,Y) is a
basis:

a) X’’X~ —
b) 5<’~5<1 — X’+J
c) X’~X~ —

if i+j=4
if i+j=4
if i+j=4

i=i,j=3.
l=i,j<3y.5<=)Q
I=i$3 Y~x=5<4; Y~Y=aX4.

The laws (a) and (b) would be perturbed in an element of tIte family
(e) whicIt cannot be perturbed in tIte rigid law of nilindex 5 tIte
(proposition 2.1). It defines tIte irreducible component C

2.

Nilindex 3. Following tIte Iemma, we Itave two possibilities of L~.

00000
10000

a) 0 1 0 0 0
00000
00010

a) In tItis case, let (X,X
2,X3.Y,X Y) be

reducible (up to isomorphism) family given by:

00000
10000

b) 0 1 0 0 0
00000
00000

a basis, we Itave tIte

XiXi — X’~ if i+j=3 l=i,j=2;Y~X=ctX2+¡3X3+’yXY; YX2=(a+yc~X3;
5<~‘f~X=ctX3;
Y Y=~X2+pX3+wX~Y; YX~Y=$kX3; x.Y½4kx3.
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aid ¡be relations:

2

a +yrx2+y~-X-twi=O aid ~(a+ay+v>t.r)=0.
-If X=O, tIte first equation becomes a(a+rx-u)=O. For ct=O and

~>=a+’p diere are laws witIt ¡be same orbit dimension as tIte law (c) of
nilindex 4.

TIten a=O corresponds to an irreducible component C
3 mid r=a+’p

to tIte component C4.

- If ?~!=O,tIten ~=l,

defines tIte irreducible component C5. (y=0 is impossible mid y=1 is in tIte
previous family where a=O aid u=oo).

b) In this case, diere are two possibilities:

i) let (X,X
2,5<3,Y,Z) be a basis, we Itave the family:

5<i.5<i...5<i.i if i+j=3 I=i,j=2;YX=a5<
3; yY=XC; Y{Z=yX3; Zx=13X3;

ZY=pX3; ZZ=nX3. It defines ¡be irreducible component C
6

u) let (X,X
2,X3

4Y,Y
2) be a basis, we Itave tIte family:

a=O,l.

When a= 1, tIte corresponding algebra defines tIte irreducible
component C

7.

Nilindex 2. Following tIte lemnia, we Itave 3 possibilities of L~.



36 Abdenacer Makhlouf

00000 ~0O0O ooooo~
10000 10000 10000

a)00000 b)O0000 c)00000
00100 00100 00000
00010 90000 00000,

We sItalí only write tItese products wIticIt are not defined directly by
tIte basis.

a) La (X,XtY,XY,5<2 Y) be ¡be basis. We get tIte following
farnilies:

Y ‘X=-a(2a+ 1 )X2+aX Y«y5<2 ‘Y; Y‘X2=a25<2 ~Y; Y~Y=-a2X2+aX.y.~.
13V. Y; Y~X~Y=-a(a+l)X2Y; 5<Y~5<=aX2Y; XYY=aX2Y;
wItere a=(- 1 ±i13)/2.

They define tIte irreducible components C~ and £9.

b) We ItaVe two cases:

]Q) If tIte basis is (X,X2,Y,XY,YX), tIte law is defined by:
YY=aXY+¡3Y5<. TItere is a perturbation of nilindex 3, if we take
X3=~XY wItere -O.

2~) íf tIte basis is (X,X2,Y,XY,Z), we get tIte following law:

i) Y~X=cx
1X

2+a
2X Y; Y~y=I35<2.1435< Y; y Z—’y X

2+yX Y;

z x=a~x2+a2x Y; Z Y=p15<
2+p

2X Y; Z ~ 1X
2+y~

2X ~

If tIte basis is (X,X
2,Y,X~Y,Y2), we Itave:

u) Y’X=aX2+¡3X Y.
íd) YX=ct5<2; XY2=X2; X~YY=5<2.

TIten tIte laws i, u, iii give tIte irreducible components £10, ~ and
C>

2.
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c) We Itave 3 cases:

1) íf tIte basis is (X,X2,Y,Y2,Z), we obtain die family defined by:

Y~Z=I3Y2; Z’X=a5<2; Z~Y=13Y2; ZZ=yX2+%Y2. It is in tIte family

(b.2.i).
u) If tIte basis is (5<,X2,Y,Z,YZ), we obtain tIte familiy defined by:

YX=aX2; Y~Y=’yX2; ZX=13x2; Z~Y=pX2+W2. It is also in (b.2.i).

iii) íf tIte basis is (X,X2,Y,Z,V), we obtain tIte family defined by:

YKX=13X2; ZKX=cz5<2; V5<=y5<2; YY=aX2; ~T.~l,5<2; YV=cX2;
ZY=eX2; ZZ=g5<2; TV=ItX2; VY=mX2; VZ=pX2; V~V=q5<2.

It corresponds to tIte irreducible component £13.

Nilindex 1. Following the lenima, we have 3 possibilities of L~.

00000 00000
00000 00000

a)O1000 b)O1000 c)null-mnatrix
00000 00000
00010 00000

a) Let (X,Y,X~Y,Z,X2) be tIte basis, we have the followrng laws:

i) YX=-X Y; ZX=-XZ; Y722Y—X~Z

Ii) Y5<=-XY; ZX=-XZ.

TIte second law can be perturbed ir> tIte first. TIte f>rst Itas a
perturbation of nilindex 2 if we take in (i) X5<=rXY wItere £ ~‘O.
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b) Let (X,Y,5<Y,Z,V) be tIte basis, we Itave tIte laws:

i) Y’X=-XY; Z~V=-V~Z=XY. And u) y•x~~x•y

If 5<.5<g5<.~’, where E ~O,we get a perturbation of (i) of nilindex
2. Hence (i) is a contraction of (u).

c) We obtain in this case tIte nulí law.

TItese laws would be perturbed ir> laws of nilindex larger tItan one.

4. RIGIDITY OF SIX-DIMENSIONAL NILPOTENT UNITARY
ALGEBRAS

Let AIg6 be tIte set of six-dimensional unitary associative algebras.
A nilpotent algebra of AIg6 is mi element of tIte direct product W2xC. An
algebra is rigid if every perturbation is isomorphic to ¡bis algebra. The
rigid algebras of Alga are not nhlpotent for n=5(see lOa], IMaD. Since tIte
variety 9.é is described aboye, we will study ¡be rigidity oftItese algebras
viewed in AIg6.

Theorein. Tite nilpotent algebras of AIg6 are not rigid.

Proof. We examine tIte algebras of 9.( following tIte nilindex.

Nilindex 5: TIte rigid algebra ir> 9.t is not rigid in AIg6 (by adding
tIte unit). In fact, we take 5<~5<~~~5<5 if i+j=6, where ~—0. TIte
perturbation is not nilpotent.

Nilindex 4: TIte Iaw (c) is a perturbation of (a) and (b). And a is a
perturbation parameter (deformation parameter) of tIte family (c).

Nilindex 3:

a) We Itave a and X wItich are perturbation parameter. TIte 2-
coboundary Sfdefined by 5f(X,Y

2)=aX3 and 5f(Y,X~Y)=X5<3 gives a non
trivial perturbation of Mo’ Mo + E Sf wItere E ~0.
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b) In (i) and (u) a is a perturbation paranieter

Nilindex 2:

a) Here a is a perturbation parameter.

b.1) TIte laws would be perturbed in an algebra of nilindex 3, Itence

¡bey are not rigid.

b.2) For tIte ]aws (i) 12 is a perrurbation parameter and for tIte laws

(u) mid (iii) we Itave a as a perturbation parameter.

c) TIte laws (i) aid (u) belongs to ¡be family (b.2.i.). But in (iii) if
atO ¡ben a is a perturbalon parameter.

Nilindex 1: AII tIte laws would be perturbed in laws of larger

nilindex, Itence ¡bey are not rigid.

Since we get only families with perturbation parameters or algebras
having a perturbation witIt different nilindex, tItere are no rigid nilpotent
algebras in AIL.

This result will be used in a fortItcoming paper for classifying ¡be
rigid algebras of AIg6.
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