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Abstract

This paper is devoted to prove the controllability to trajectories of a system of n one-dimensional
parabolic equations when the control is exerted on a part of the boundary by means of m controls.
We give a general Kalman condition (necessary and sufficient) and also present a construction and
sharp estimates of a biothorgonal family in L?(0,T;C) to {t/e~"#t}.

Résumé

Cet article a pour but de prouver la controlabilité aux trajectoires d’un systeme de n équations
paraboliques en une dimension d’espace par m controles exercés sur une une partie du bord. Nous
obtenons une condition de Kalman (nécessaire et suffisante). La preuve passe par la construction
dans L? (0, T; C) d'une famille biorthogonale & la suite {t/e ~*#*} et par une estimation de la norme
de ses éléments.

Keywords: Parabolic systems, Boundary Controllability, Biorthogonal families, Kalman Rank
condition.

1. Statement of the problem. Main results

This work is devoted to the study of the controllability properties of the following parabolic
system

Yt = Yoo T+ Ay in Q = (077‘—) X (OvT)v
y(oa ) = Bu, y(7r, ) =0 on (OvT)a (1)
y('v O) =Y in (0,7‘(’),

where T > 0 is given, A € L(C") and B € L(C™;C™) are two given matrices and yo €
H=1(0,7;C") is the initial datum. In system (1), v € L?(0,T;C™) is a control function (to
be determined) which acts on the system by means of the Dirichlet boundary condition at point
z=0.

The aim of this work is to give a necessary and sufficient condition for the exact controllability to
trajectories of system (1). Let us remark that, for every v € L?(0,T;C™) and yo € H~1(0,7; C"),
system (1) possesses a unique solution (defined by transposition; see Section 2) which satisfies

y € LQ(Q; Cc"n C’O([(LT]; H_1(077r; Cc™))
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and depends continuously on the data v and yp, i.e., there exists a constant C = C(T") > 0 such
that
yll 2 (@scmy + yll ooy 0memy < C (lyolla—r0mem) + 0l z2.rem) -

It will be said that system (1) is approximately controllable in H~1(0,7;C") at time T if for
every yo,yq € H~1(0,7;C") and for every € > 0, there exists a control v € L?(0,T; C™) such that
the solution y to (1) satisfies

Hy(v T) - yd”H_l(Om';C") <e.
Also, it will be said that system (1) is exactly controllable to trajectories at time T if, for every
initial datum yo € H~1(0,7;C") and every trajectory y € L?(Q;C") N CY([0,T]; H~1(0,m;C"))
of system (1) (i.e., a solution to (1) associated to fixed v € L?(0,T;C™) and o € H (0, 7;C")),
there exists a control v € L?(0,T;C™) such that the corresponding solution y of (1) satisfies

y(aT) = g(vT) in Hﬁl(oaﬂ—;(cn)'

Thanks to the linear character of system (1), this last property is equivalent to the null control-
lability at time 7. That is, for every yo € H~1(0,7;C") there exists a control v € L?(0,T;C™)
such that the solution y to (1) satisfies

y(-,T) =0 in H~ (0, m;C").

It is interesting to point out that we want to control the system (1), which has n equations,
by means of the control v, which has m components. Of course, the most interesting case is the
case in which the number of controls is less than the number of equations: m < n.

Nowadays, the controllability properties of system (1) are well known in the scalar case, i.e.,
in the case n = 1 (see for instance [12, 13, 29, 11, 25, 17, 16]). Thus, when n = 1 and B # 0,
system (1) is exactly controllable to trajectories, null controllable and approximately controllable
in H=1(0,7;C") at time T (see for instance [25, 17]). In fact, the boundary controllability results
for system (1) can be easily obtained from the corresponding distributed controllability results
and vice versa. As it is proved in [14, 15], the situation is quite different when n > 2. More details
will be given below.

On the other hand, controllability of linear ordinary differential systems is well-known. In par-
ticular we have at our disposal the famous Kalman rank condition (see for example [23, Chapter 2,
p. 35]), that is to say, if n,m € N with n,m > 1 and A € L(C™) and B € L£(C™;C"), then the
linear ordinary differential system Y’ = AY + Bu is controllable at time T > 0 if and only if

rank [A| B] = rank [A"'B, A" ?B, ..., B] = n, (2)

where [A""1B, A"2B, ... B] € L(C™";C").

In the framework of distributed controllability, an extension of this algebraic condition to a
class of coupled second order parabolic equations has been obtained in [6] and [5]. Let us describe
the Kalman condition and the result of controllability proved in [6]. Let R be a scalar second order
elliptic selfadjoint operator. Let us also consider the matrices D = diag(dy,ds,...,d,) € L(R")
(where d; > 0 for every i : 1 <i<n), A€ L(R") and B € £ (R™;R"). Let  be a bounded and
regular domain of R? and w CC € a nonempty open subset. Denoting by L the operator given
by L := DR+ A, the authors define the Kalman operator associated with (L, B) by the matrix
operator

K = [L|B] : D(X) C L2(Q)"™ — L3(Q)", with
D(X) = {u € L2(Q)"™™ : Ku € L2(Q)"},

where
[L|Bl=[L""'B,L" B, .., LB, B].

They prove that the following system
Oy = (DR+ A)y+ Bvl, in Qr = Q x (0,7),
y=0o0nXpr =00 x(0,7), y(-,0)=1yo(-) in £,
2



is null controllable if and only if
Ker (X*) = {0}. (4)

Let us point out that when D = I, this last condition is equivalent to the algebraic Kalman
condition (2). In fact, in [5] the authors study this case and consider an operator L and coupling
matrices A and B which depend on t.

In [14, 15], the authors study the controllability properties of system (1) when n = 2 and m = 1.
They prove that, unlike of system (3) with D = I, the algebraic Kalman rank condition (2) is
not a sufficient condition for the null controllability of system (1). They also exhibit an additional
condition which is equivalent to the exact controllability to trajectories of system (1) (n = 2
and m = 1): Denote by p; and po the eigenvalues of A*. Then, (1) is exactly controllable to
trajectories at any time T if and only if rank [A | B] = 2 and

py — po #k* =12, Vk,1 €N with k # 1.

This work is an extension of both [6] and [15]. For n, m € N* we give a suitable extension of the
finite-dimensional Kalman rank condition. We show that the exact controllability to trajectories
for system (1) is equivalent to this Kalman condition (see Theorem 1.1).

In the last ten years, the study of the controllability properties of coupled parabolic systems
has had an increasing interest (see for instance [31], [3], [9], [7], [4], [19], [21], [5], [6], [20], [24]
and [10]). In these papers, almost all the results have been established for 2 x 2 systems where
the distributed control is exerted on one equation (n = 2 and m = 1). The most general results
in this context seem to be those in [20], [5] and [6]. In [20], the authors study a cascade parabolic
system of n equations (n > 2) controlled with one single distributed control.

To our knowledge, the unique works that study the boundary controllability problem for general
coupled parabolic systems are [14] and [15]. It is also worth mentioning the paper [1] where a
boundary controllability result for a particular hyperbolic coupled system is proved.

In this work we will use the following notation: Given z € L(CN;CM), N,M > 1, z* €
L(CM;CN) stands for the conjugate transpose of z. If N = M = 1, i.e., if 2 = a + bi € C, then
z* =Z = a — bi is the complex conjugate of z.

Let us now precise our controllability result.

It is well known that the operator —d,, on (0, 7) with homogenous Dirichlet boundary condi-
tions admits a sequence of eigenvalues and normalized eigenfunctions given by

2
Ak = k2a (bk(-T) = \/;Sil’lk‘ﬂ?, k> 1, ze€ (Oaﬂ-)v (5)

which is a Hilbert basis of L?(0,7). Thus, if y € L*(0,7;C") there exists a unique sequence
{yx}x>1 C C" such that
y= E Yk Pk -

k>1
Let L: D(L) C L*(0,m;C") — L?(0,7;C") the unbounded linear operator defined by
L=140.+A, D(L)=H?*0,7;C")NH}0,m;C").
Its adjoint operator is given by
L* =140, +A*, D(L*) = H?*(0,7;C")N Hy(0,7;C").
Then for any y = >, 5, yx¢x € D(L) = D(L*), we have
Ly=>Y [(=Mela+ Ayl de, L'y=> [(~Npla+ A") ] o
k>1 k>1
In what follows, we set:
Ly =-XIg+ A€ L(C") and L} = =\ Iy + A" € L(C™), Vk>1. (6)
3



For k > 1, let us introduce the matrices

L 0 0
B 0 Ly -+ 0

By=| : |€L(@™C™), Lp=| . N (e (7)
B 0 - 0 Iy

and let us write the Kalman matrix associated with the pair (L, Bg):
Kr = [Lk | Bkl = [Bx, Lk By, LBy, -+, L 2By, LPF1B,] € £(C™F, C"F). (8)

The main result of this work is the following characterization of the exact controllability to tra-
jectories at time T of system (1):

Theorem 1.1. Let us fix A € L(C™) and B € L(C™;C™). Then, system (1) is ezactly controllable
to trajectories at any time T if and only if the pair (Ly, By) is controllable for all k > 1, i.e., if
and only if

rank X, = nk, Vk>1. 9)

Remark 1.1. 1. Actually, condition (9) only has to be checked for a frequency. In Corol-
lary 3.3, we will show that there exists a positive integer ko, only depending on A, such that
rank Ky, = nko if and only if rank Ky, = nk for every k > 1.
2. Note that the algebraic Kalman condition, rank [A| B] = n, corresponds to k = 1 and then,
it is a necessary condition for the exact controllability to trajectories of system (1).
3. We will see that when B € C", i.e., when m = 1 (one control force), condition (9) is
equivalent to the algebraic Kalman condition, rank [A | B] = n and

Wi — g #F e — N, Y(kyi), (1,7) e Nx {1,2,...,p} with (k,i) # (1, j),

where {pi<i<p C C is the set of distinct eigenvalues of A*. In this sense, Theorem 1.1
generalizes the results obtained in [14] and [15].

4. We will also see that if rank B = n (and therefore m > n), then the pair (A, B) fulfills
condition (9) and system (1) is exactly controllable to trajectories at time T. This boundary
controllability result has been obtained in [15] in the N-dimensional case.

5. From Theorem 1.1 we can conclude that, unlike the scalar case, n = 1, the distributed
controllability property of parabolic systems in not equivalent to the boundary control property:
the Kalman rank condition is a mecessary condition for the controllability of both systems
but is not a sufficient condition for the boundary controllability of system (1). This shows
that there is an important difference between the controllability properties for scalar parabolic
problems and coupled parabolic systems. [ ]

The sufficient part of Theorem 1.1 is proved through a moment problem. This method has
been successfully used to prove the boundary controllability problem for the scalar heat equation
(see [12]). Let us briefly remember this method in the case of the scalar heat equation.

Let us fix yo € H~1(0, 7). Then, there exists v € L?(0,T) such that the solution to

Yt — Yzax = 0 in Qv
y(07 ) =, y(ﬂ-7 ) =0 on (OvT)v
y(70) =%Yo in (Oaﬂ-)v

satisfies y(-,T) = 0 in (0, ) if and only if v € L?(0,T) satisfies

T
—<Z/0767A’“T¢k>H71(o,w),H3(o,w) Z/ v(t)e T 09,4, (0) dt, Yk > 1.
0

4



In the previous equality A\; and ¢y are given in (5).
Using the Fourier decomposition of o, Yo = >~ Yo,k¢k, it will be sufficient to find a control
v € L?(0,T) such that

This problem is called a moment problem.
Let us recall that a family {py}r>1 C L?(0,7T) is biorthogonal to {e=**!};>1 if it satisfies

T
/ e My (t) = 0pg, V(K1) k1> 1.
0

In [12] and [13], the authors solve the previous moment problem by proving the existence of
a biorthogonal family {px}r>1 to {e **!},>; which satisfies the additional property: for every
€ > 0, there exists a constant C'(¢, T") > 0 such that

Ipellz20m) < Cle, T)e.

In fact, the control v is obtained as a linear combination of {py}r>1 and the previous bounds are
used to prove that this combination converges in L?(0,T).

In this paper we will follow the previous technique for proving the sufficient part of Theorem 1.1.
In the case considered here, we have two difficulties: first, the control v may act only on some
of the n equations of the system (in general m < n); second, the spectrum of the operator
L* = 0,14 + A* may be complex with eigenvalues of multiplicity greater than 1. This leads to a
moment problem associated to families as {t/e ="}, ~q g<j<,—1 with 7 > 1 a positive integer.

In [15], the authors considered the case n = 2 and proved the existence of a suitable family
{qx, Gx : k > 1} biorthogonal to {e~**t te=®t:k > 1}. We extend this result to any n > 1 and
to a large class of sequences {A}r>1 C C. To our knowledge, this construction produces a new
and interesting result by itself and it is our second main result.

Let us fix 7 > 1, a positive integer, and let us consider a sequence of complex numbers
A={Ar};~; CCL={AeC: R\ > 0}. Throughout this work we will use the notation:

erj(t) =tle ™ vt >0,

withk>1land j:0<5<n—1.
Given T € (0, 00], we define

2 .
A(A,n,T) = span e, k=1, 025 <n -1 79,

Let us recall that the family {¢ ; }r>1,0<j<n—1 C A(A, 7, T) is biorthogonal to {ey ; } x>1,0<j<n—1
if the equalities

T
(Bk,jasﬁl,i)m(o,T;C) = / tjefAktéﬁ?‘,i(t) dt = 5kl6ijv V(kvj)v (l7i) ki1 >1,0<14,5 <n-1, (10)
0
holds.

Our second main result is the following one:

Theorem 1.2. Let us fix n > 1, a positive integer, and T € (0,00]. Assume that {Ar},~, is a
sequence of complex numbers such that, -

éRAkZ(ﬂAkL ‘Ak—Al|2p|k’—”, Vk,lZl,
S L <, (11)



for two positive constants § and p. Then, there exists a family {pk ;}; -, 0<j<n—1 C A(An,T)
biorthogonal to {ey ;}, 0<j<n—1 such that, for every e > 0, there exists C(e,T) > 0 for which

H@k,jHLz(O,T;(C) < C(EaT>eE§RAk7 V(kvj) tk > 1? 0< .7 < n— 1. (12)

|

The plan of the paper is the following: In Section 2, we will address some preliminary results. In
Section 3 we will study the Kalman condition (9) in some interesting cases. Section 4 concerns one
of the main results, the construction and estimates of a biorthogonal family (proof of Theorem 1.2).
Section 5 is devoted to the proof of Theorem 1.1. Finally, in Section 6 we give some comments
and open problems.

2. Preliminary results

We devote this section to recalling some known results that will be used below.
We begin by recalling some results for system (1). First, we introduce the concept of solution
by transposition to system (1). To this end, let us consider the linear backward in time problem

—pt — Pee = A0 +g in Q,
©(0,-) =0, (m,-)=0 1in (0,7), (13)
o(-,T)=0 in (0,1),

where g € L?(Q;C") is given. It is well known that, for every g € L?(Q;C"), this problem has a
unique strong solution

¢ € L*(0,T; H*(0,7;C™)) N C°([0, T]; H} (0, 7; C™)),
which depends continuously on g, i.e., there exists a constant C = C(T) > 0 such that

H<P|\L2(0,T;H2(o,7r£n)) + ||90||CO([0,T];H3(o,w;@»)) < CHQHL2(Q;C")-
Thanks to the previous properties, we can introduce the following definition:

Definition 2.1. Let yo € H'(0,m;C") and v € L*(0,T;C™) be given. It will be said that
y € L?(Q;C™) is a solution by transposition to (1) if, for each g € L*(Q;C™), one has

T
/ / (y. g)cr dadi = (yo, o[- 0)) + / (0(t) . B2 (0, ))cm dt,
Q 0

where @ is the solution to (13) associated to g and (-,-), (-,-)cn and (-,-)cm stands for, resp., the
usual duality pairing between H—1(0,7;C") and H}(0,7;C") and the scalar products in C"* and
c™. [ |

We can now state the existence and uniqueness of solution to system (1). One has:

Proposition 2.2. Assume that yo € H-1(0,7;C") and v € L*(0,T;C™) are given. Then prob-
lem (1) admits a unique solution by transposition y that satisfies:

y € L*(Q;C")nCO([0,T); H1(0,mC")),  y: € L*(0,T; D(—=A;C™)),

Ye = You = Ay in L*(0,T; D(=A;C")),

y(-,0) =yo in H0,7;C") and

||Z/||L2(Q;Cn) + ”ytHL?(O,T;D(fA;C")’) <C (Hy0||H*1(0,7r;(C”) + HU||L2(0,T;<Cm)) s

for a positive constant C = C(T). n



This result can be proved using standard arguments. Anyway, for a detailed proof of the result,
see for instance [15].

As it is well-known, the controllability properties of system (1) are equivalent to appropriate
properties of the following adjoint system

—pt = Paz + Ap in @,
@(07 ) = 07 90(71-7 ) =0 on (OvT)7 (14)
@(aT) = ¥0 in (Oa 77)7

where ¢y € H}(0,7;C"). Let us observe that, for every o € Hg (0, 7;C"), system (14) admits a
unique solution ¢ € L%(0,T; H?(0,7;C™)) N C°([0,T]; Hi(0,7;C™)) and, for a positive constant
C = C(T), one has

[l 2 (0,7:82(0,m:0m)) + [10llco (o, 11: 12 (0,msem)) < Cllwoll i (0,mcmy-

The solutions y to problem (1) and ¢ to the adjoint system (14) are related by means of the
following result:

Proposition 2.3. Let yo € H1(0,m;C"), vy € H}(0,m;C") and v € L*(0,T;C™) be given.
Let y and ¢ be, resp., the solution to (1) associated to yo and v and the solution to the adjoint
system (14) associated to vo. Then:

<y(-at)acp(wt)>—<yo790(-70)>=/0 (v(s), B"02(0,8))cm ds, vt € [0,T]. (15)

This proposition is an easy consequence of Proposition 2.2 and the details are left to the reader.
As said above, the controllability properties of (1) can be characterized in terms of appropriate
properties of the solutions to (14). More precisely, we have:

Proposition 2.4. The following properties are equivalent:

1. There ezists a positive constant C' such that, for any yo € H~1(0,7;C"), there exists a
control v € L?(0,T;C™) such that

||’UH%2(0,T;(C7”) < CHyOH?—I*l(O,ﬂ;C")

and the associated solution to (1) satisfies y(-,T) = 0 in H=1(0,m;C").
2. There exists a positive constant C such that, for any trajectory y € C°([0,T]; H=1(0,m;C"))
of (1) and any yo € H=1(0,7;C"), there exists a control v € L*(0,T;C™) such that

||’U — 6”%2(077“;(:7”) < CHyO - g( 70)”%{—1(0771';(:")

and the associated solution y to (1) satisfies y(-,T) = y(-,T) in H=1(0,7;C").
3. There exists a positive constant C such that the observability inequality

T
oGOy 0men <€ [ 1B w00 P (16)

holds for every po € Ha(0,7;C"). In (16), ¢ is the solution to the adjoint system (14)
associated to @g.

Again, this result is well known and is a consequence of formula (15). For its proof, see for
instance [15].

Remark 2.1. [t is also well known that the approzimate controllability of (1) can be characterized
in terms of a property of the solutions to (14). More precisely, (1) is approximately controllable if
and only if the following unique continuation property holds:

“Let pg € H}(0,m;C") be given and let ¢ be the associated adjoint state. Then, if B*¢,(0,t) =
0 on (0,T), one has p =0 on Q.” ]



3. The Kalman condition

We will devote this section to showing some properties related to the Kalman condition (9).
To be precise, we will give equivalent conditions to (9) in two important cases, m = 1 and m > n,
and will clarify Remark 1.1.

Throughout this work we will use the following notation:

Notation: Let us denote by {1 }1<i<p C C the set of distinct eigenvalues of A*. For[:1 <[ < p,
we denote by n; the geometric multiplicity of y; and assume that we have

ny>n;, 2<IlI<p.

The sequence {vl>j}1<j<m will denote a basis of eigenvectors of A* associated to py, i.e., a
basis of the eigenspace associated to ;. To each eigenvector v; ; we associate its Jordan chain (of
dimension 7; ;) and the corresponding set of generalized eigenvectors {Uf j}lgign,j defined by:

{ Aj = pvj+oh, 1<i<ny,

w, TG T,
A*v) = vy
T
(so that v; ¥ = vy ;).

We will first present an equivalent condition to the Kalman rank condition that will be used
later. To this end, let us consider A € £L(CV) and B € £(CM;C") two matrices, (N and M are
positive integers). Let {6 }1<;<; C C be the set of distinct eigenvalues of A*. For 1 :1 <[ < p,
we denote by m; the geometric multiplicity of #;. The sequence {w;},;_,, Will denote a basis
of eigenvectors of A* associated to 0, i.e., a basis of the eigenspace associated to 6;. With this
notation, one has:

Proposition 3.1. Under the previous notations for the pair (A, B), the following conditions are
equivalent:

1. rank [A | B] = rank [B, AB, A?B, .-, AN71B] = N.
2. The set {B*w 1, B*wi o, , B*wym, } € CM is linearly independent (i.e.
rank [B w1, B wia, -, B wim,] = my)

for every I, with 1 <1 < p.

Proof: We will deduce the proof from the Hautus test which is an equivalent condition to the
Kalman rank condition. Indeed, it is well known (for instance, see [32], page 15) that rank [A | B] =
N if and only if

rank ( A %fﬂd > =N, VI:1<I1<p. (17)
Let us assume that the Kalman rank condition holds and let us proof that the set

{B*wi ;}1<j<m, € CY

is linearly independent for every [ : 1 <1 < p. To this end, let us suppose that for {a;}1<j<m, C C
one has

my
* p—
E OéjB wp; = 0.
Jj=1
In particular, w = 27;1 ajwy; € C" is an eigenvector of A* associated to §; and is a solution to

the linear system
A — (9[[d -
( B* ) w = 0.



Using (17), we conclude w = Z;”:’l ajw;; =0, ie, a; =0, for every j: 1 < j <my.

Let us now assume that the set {B*w; j}1<j<m, C CM is linearly independent for every [ : 1 <
I < p and let us proof that (A, B) fulfills condition (17). Thus, we consider w € C a solution to
the previous linear system. In particular, B*w = 0 and w is an eigenvector of A* associated to
0;. As a consequence, w can be written as w = Z;n:ll ajwy j, with o; € C. Evidently, the equality
B*w = 0 implies a; = 0 for every j whence w = 0. This finalizes the proof. [ |

Our next task will be to clarify the first point in Remark 1.1. Before let us prove the following
result:

Proposition 3.2. Let A € L(C™) be given and let us denote by {1 }1<i<p C C the set of distinct
eigenvalues of A*. Then, there exists an integer ko = ko(A) € N, only depending on A, such that,

i = Hj # Ak — A (18)
foreveryk > ko, I >1, k#1, andi,j:1<1i,j<p.
Proof: First, let us observe that Ay is given by (5) and then, for pg = 1 and Ky = 1, one has
A — Ni| > polk?® — 12|, Vk,1> K,.

Let us consider

1
ko = max {Ko, |:p0 1%1}%);:0 s — Mj|] + 1} ,

and let us take k > ko, [ > 1, with k # [, and 4, j, with 1 <4,5 <p. Then, if u; — p; € R, we can
conclude the result. If u; — p; € R and, for instance, k > I,

pi =ty < i = p] < poko < po(k +1) < po(k + 1) (k= 1) = po(k* = I?) < A — Ai.
Finally, if u; — p; € R and k£ <, one has
py — i < i — il < poko < po(k +1) < po(k + 11— k) <\ — M.
We have thus the proof. [ |
By means of the previous result we can establish an equivalent condition to (9). Thus, one
has:

Corollary 3.3. Let A € L(C") and B € L(C™;C") be given and let us consider ko > 1 provided
by Proposition 3.2. Then, the three following conditions are equivalent:

1. rank Ky, = nk for every k > 1.
2. rank Ky = nk for every k : 1 < k < ky.
3. rank Ky, = nkop.

Proof: Of course, condition 1 implies condition 2 and this one implies condition 3.

Let us now prove that condition 3 implies condition 1 and, to this end, let us take kg such
that (18) holds. In order to prove the result, let us denote by o(£}) the set of eigenvalues of the
matrix £} € £L(C™). From the definition of £y, (see (6) and (7)) we get

o(Lp) ={-N+p:1<I<k 1<i<p},

(remember that {4 }1<i;<p C C is the set of distinct eigenvalues of A*).

Let us start with the case k < kg. Actually, we can prove that if rankX; = nk, then
rank X_1 = n(k — 1). Indeed, by contradiction, if rank Xj;_; < n(k — 1), using Proposition 3.1,
there exists an eigenvector V € C™*~1) of the matrix £} , associated to § € C such that



B;_,V = 0. It is easy to check that 0 is also an eigenvalue of £} which has as associated

eigenvector
7 _ v nk
V= ( 0 ) eC

and BV = 0. This contradicts the previous assumption. In particular rank [A | B] = rank K; = n.
Let us now prove the case k = kg + 1. By contradiction, let us suppose that rank Ky, 11 <
n(ko + 1). It is clear that

o(Lyor1) = 0(L,) U{=Aros1 + i 0 1 < < ph.

Using the Hautus criterium (17) for the couple (£} ., Bk,+1) and taking into account that

rank K, = nko we deduce that there exists an eigenvector V € Cn(ko+1) of L}, 11 associated
t0 —Ago41 + i, with ¢ : 1 <4 <p, such that

B} .,V =0. (19)

From Proposition 3.2, we deduce that o(L} ) N {=Ako1 + i 2 1 < i < p} = 0 and therefore, the
vector V = (V))i<j<ko+1 € Ckot1) is an eigenvector of L7, 11 associated t0 —Ag1 + if and
only if
Vi=0, Vj#ko+1, and Vi1 =v,

where v € C™ is an eigenvector of A* associated to ;. Thus, condition (19) implies that v belongs
to the kernel of B*. Using again the Hautus test (17), this time applied to (4, B), we infer that
rank [A| B] = rank X; < n. But this last inequality contradicts condition 2.

The general case k > kg can be obtained combining an induction argument and the previous
reasoning. This ends the proof. ]

In the next result we will study the Kalman condition (9) in the particular case m = 1. Thus,
one has

Proposition 3.4. Let us fit A € L(C™) and B € C" (m = 1). Then, the following conditions are
equivalent:

1. rank K = nk for every k > 1.
2. rank [A| Bl =n and

M — Wy 7& Ak — >\la V(k,%), (17]) € Nx {1727 ~~~1p} with (k,Z) 7é (17])

Proof: Let us assume that rank Xy = nk for every k > 1. It is then clear that rank [A| B] = n.
By contradiction, assume that there exist k,1 > 1, with k£ > [, and 7,5 : 1 <4, j < p such that

A+ = =N + pji= 0.

Then, 6 € o(K}). Let us take w; € C" and wy € C™ eigenvectors of A* associated, resp., to y;
and p;. Then, Vi = (Vi ¢)1<e<k, Vo = (Va)1<e<k € C™F, with

Vig=wpand Vi, =0, VI#Kk,
Voy=wy and Vo, =0, VC#I,

are two independent eigenvectors of X, associated to §. Using Proposition 3.1 we deduce that the
set {BjVi, BfV2} C C is linearly independent (m = 1). This is evidently absurd. So, we have
condition 2.

On the other hand, let us assume that (A, B) satisfies condition 2. We deduce that (18) holds
with kg = 1. Applying directly Corollary 3.3 with kg = 1 we obtain rank X; = nk for every k > 1.
This ends the proof. [ |

10



Remark 3.1. As said in Remark 1.1 and in view of this last result, we deduce that Theorem 1.1
generalizes the controllability result for system (1) stated in [14] and [15] forn =2 and m=1. &

Let us now analyze condition (9) when m > n (at least the same number of controls than
equations) and the matrix B € £L(C™;C") satisfies rank B = n. One has:

Proposition 3.5. Let us fit A € L(C") and B € L(C™;C™) such that rank B = n. Then, the
pair (A, B) satisfies condition (9) for any k > 1.

Proof: Let us fix £ > 1. In order to prove (9), we will use Proposition 3.1 for the pair (Ly, By)
(see (7) for the definition of these matrices). Therefore, let us consider § € o(£L}), an eigenvalue
of £}, and the set

I0) ={(l,i) : 1 <1<k, 1 <i<p, 0=—N+p}.

Aided by this set we can obtain a basis of eigenvectors of £} associated to 6:

EVO)= |J {Vecm:1<j<n},
(1,3)€I(0)

with V!, = (V-l’f)lgggk and Vil’f € C" given by Vllf = 01,00 ;-

2

The set {B;’;V :V € EV(A)} can be written as

{B,V :V € EV(0)} = {B"v;; : i such that, for { > 1, ({,4) € I(f) and 1 < j < n,}

Taking into account that rank B* = n and the set {v;; : 1 <i <p, 1 <j < n;} C C" is linearly
independent, we deduce that {B;V : V € EV ()} is also linearly independent. This finalizes the
proof of the result. ]

4. Biorthogonal families: construction and estimates

This section will be devoted to proving Theorem 1.2. To this end, we will follow here the
strategy based on the Laplace transform which explicitly constructs the biorthogonal family from
the fixed complex sequence. This strategy has been used for instance in [30] in order to construct
a biorthogonal family to the set {e‘A’“t}k>1, where {Ag}r>1 is a real positive sequence satisfying
suitable properties. a

Throughout this section n > 1 will denote a positive integer and A = {Ag},~; C C; =
{A € C: R\ > 0} is a complex sequence satisfying

Ap #A;, Vk,j € Nwith k # 5. (20)
We will obtain the proof of the Theorem 1.2 reasoning as follows:

1. First, we will prove the existence of a biorthogonal family {¢ ;},+; o<j<n—1 C A(A,n,00) to

{tje_Akt}kZLOSjgn—l (
more general Ay than those satisfying condition (11) in Theorem 1.2. In this proposition we
will also give an estimate of the norm in L?(0, oo; C) of ¢k,; in terms of a Blaschke product
associated to the sequence A (see (22)).

2. Secondly, we will use assumptions (11) in order to get an estimate of the Blaschke product
Pk in (22) (see Proposition 4.5).

3. Finally, we will directly prove Theorem 1.2 when T" = oo and will deduce the general case
T € (0,00) using a well known argument (see Corollary 4.6).

see Proposition 4.1). In view of other applications, we will consider

11



For T € (0, 00], let us recall that A(A,n,T) is the space given by

C
A(A,n,T) =span {tle= Mt : | > 1, 0<]<77—1} 0T

and is a closed subspace of L?(0,T;C).
Let us also recall that the function ey, ; is given by

er,;(t) =tle ™™ >0,

with (k,j) such that k> 1and 0 <j<n-—1.
We will obtain the proof of Theorem 1.2 from several previous results. Let us start with the
following one:

Proposition 4.1. Assume that A = {A},~, C C4 satisfies (20) and the assumption

RA
> s 5 < 0. (21)
=1L+ RA)” + (SAy)

Then, there exists a biorthogonal family {@k;} >, o<j<n—1 C A(A,n,00) to {er sy 0<j<n1
such that T T

(RAR)"T 14 Ay [200=DPIO=(22)

2n—j)(n—j—1)+1
lorillz@mo) < C )

1
" <%Ak

where C' is a positive constant, only depending on n, and Py, is given by

1 —|—A;€/A*
P, = [ |1 Ae/AE .
P 1—Ag/Ae|’
02k

To prove this result, we need some preliminary lemmata.

Lemma 4.2. Under the assumptions of Proposition 4.1, let us consider the Blaschke product
associated to A, W : C.. — C, defined by:

AJAy
W) = ]];[16k1+/\//\*7 AeCy

A JAk = 1] A; +1
A A+ 1A —1

5 = (6 =1 if A = 1).

Then, W € H>*(C,), the space of bounded and holomorphic functions defined on C., is defined
almost everywhere on iR and satisfies |W ()| < 1 for RA > 0, |W(iT)| = 1 for almost every 7 € R
and

Moreover, Ay is a simple root of W, for any k > 1.

Proof: Let U be the unit ball of C and let us consider a sequence {ay }x>1 C U such that

> (1= o)) < 0.

k>1

Then, it is well known (see for instance [28]) that the following function

H |ak| , with z € U,
o 1—a z
k>1

12



is well defined in U and everywhere on OU and satisfies C' € H*>(U) and |C(e?)| = 1 for almost
all € (—m, ).

We will obtain the proof of the lemma from the previous properties of the function C. Indeed,
it is not difficult to check that

1
h:z€U+—>h(z):1+Z€(C+

is a bijective map. In addition, A is holomorphic in U and W () = C(h=1()\)) with oy, = b= (Ay).

Observe that
ARA 12
(1—fa))=1- (1~ s
(14+RAK)" + (TAx)

and ).~ (1 — |ag|) < oo if and only if (21) holds. Combining the previous properties we conclude
that W € H>®(Cy) if (21) is fulfilled.

Finally, it can be easily checked that [W(X)| < 1 for RA > 0, [W(iT)| = 1 for almost all 7 € R
and the two last properties. [ ]

As a direct consequence of the previous result we deduce:

Corollary 4.3. Under the assumptions of Proposition 4.1, one has that A(A,n,o0) is a proper
closed subspace of L? (0, 00;C).

Proof: Since conditions (20) and (21) are assumed, it follows that W € H*(C.), given by
Lemma 4.2, satisfies W # 0. Let us set

n

W(A) y for \ € (C+ . (23)

B [TEs T

Simple computations immediately show that ® € H?(C, ), the space of holomorphic functions
on C; such that

“+oo
/ |®(0 +47)|>dT < 00, Vo >0,

— 00

+oo ) 1/2
Bl = ([ oG0P ar) .

—00

with norm

Using the properties of the function W, it is not difficult to check that, for a positive constant C;,
(only depending on 7), one has
@/l m2(c,) < Cy.

It is well known that the Laplace transform is a homeomorphism? from L?(0,00;C) into
H?(C.). Therefore, there exists a nontrivial function ¢ € L?(0, 00; C) such that

1 o0
/ e Mp*(t) dt.
0

T om
Observe that, thanks to Lemma 4.2, {Ay}r>1 are the zeros of ® and have multiplicity . In
particular ®)(Ay) = 0 for every k> 1 and j:0 < j <7 — 1. Thus

(M)

/ tjeiAkt(p*(t) dt = (ek,j ) QD)LQ(O,OO;C) = Oa V(k,]) k > 17 0 SJ < n— 1.
0

We have then proved that there exists ¢ € L2(0,00; C), with ¢ # 0, such that ¢ € A(A,n,00)*.
This finalizes the proof. [ |

Starting from the function ® defined in (23), we would like to construct a family of functions
{®);} C H?(C,) satisfying some additional conditions. These are given in the following result:

4For the space H2(C4) and the properties of the Laplace transform, see for instance [30, pp. 19-20]).
13



Lemma 4.4. Assume that the sequence {Ay},~, satisfies (20) and (21). Then, there ezists a
family {®y ;tr>1.1<i<n C H*(C) such that

O (N) = (—1)"0uije, Yk §), (L) sk 1>1, 0< v <n—1, (24)
and
H;(Ak)

——— Y(k,j):k>1,0<j<n—1, (25)
|(I>(77)(Ak)|” J

Pkl 72 (c) < C

where C' is a positive constant, only depending on n, and ® and H;(Ay) are respectively given

by (23) and
1\ @—D—j—1+1

Before presenting the proof of this lemma, let us complete the proof of Proposition 4.1.

Proof of Proposition 4.1: From Lemma 4.4 we deduce that ®; ; € H*(C.) for every (k,j) : k >
land 0 < j < n—1. Thus, using again the Laplace transform, for any k > 1land j:0<j <n—1,
there exists a nontrivial function @y ; € L?(0,00; C) such that

1 & N
D5 () /0 e MBr(t)dt, VAeCy,

T or

and [|@r 1| 22(0,00:c) < Cl| @k 5l m2(c,) for a positive constant C. We also have

1 o0
e (N) = (_1)V§/0 e MGr (t)dt, YA€ Cy, Yv>0.

Let us consider the projection operator I, : L?(0,00; C) — A(A,7n,00). One has
/ e M " (t) dt :/ the Mtor(tydt, V(k,j):k>1,0<j<n-1, VYo L*0,00;C).
0 0

Taking into account (24) and the two previous equalities, we deduce that the set {¢r ; }i>1,0<j<ns
with ¢ j = IIA@y, ; /27, is a biorthogonal family associated to {t/e™**};>1 0<;<, and

llok,illL2(0,00,0) < Cll Pkl 2(Cy)

for a positive constant C'.
From (25) and in order to prove (22), let us calculate |®( (Ay)|. First, the function ® can be

written as ®(A) = [f(N\)]" with f a holomorphic function on C;. Since Ay is a simple zero of f,

we get @D (Ay) = n![f'(Ap)]", ie.,

W) |

PM(A) =l | — R
S [T

)

where W is given in Lemma 4.2. On the other hand, a simple calculation gives

—A% 1—-AL/A
W) = a0 ] el

YUY ¢ ol
2ALRA 251 1+ Ak/Ag
£k
and therefore ;
1 1—Ak/As
M (AL)] =n!
A Py WEw el;[k 1+ A/A;
Finally, from (25) we get (22). This ends the proof. |
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Proof of Lemma 4.4: Let usfix k > 1and j:0<j <n—1 and let us set

*N__vec,, (26)

Fes =

where ® is given by (23). From the properties of the function ®, we get
£ (A) =0, VI>1withl#k Yv:0<v<n—1,
f(V?(Ak):O, Yv:0<v<j—1, (27)

| +v)!
kaJrU (Ag) = W‘I’("Jru)(l\k), Yv:v > 0.

In particular, f,gjj) (Ay) = f];!!@(ﬁ) (Ax) # 0 (remember that Ay is a zero of ® of multiplicity #;
see (23)).
We will obtain the proof after several steps.

Step 1: In this first step we will prove that there exists a polynomial function p = py, ; of degree
1 — j — 1 such that the function defined by

P ;(A) ==pN) fr,;(A), VAEC,, (28)

satisfies (24).
Clearly, for any polynomial p we have

{@éTJ(Aozo, VITlAk i 0<u <1,

O)(A) =0, Yr:0<v<j<n-1l

Thus, in order to get (24), we have to show that there is a polynomial p such that (I>§€]; (A) = (=1)7
and ‘bé{j")(Ak) =0for 1 <v<n—j—1. Inview of (27)), these relations lead to

(=17 _n (=1

p(Ax) = f(])( Ax) B ﬁ(b(n) (Ax)
v—1 (29)
> aup(Ar) +p (M) =0, Vr:il<v<n-j-1,
=0
where .
(]+V> IFr=0 (A Inl (n+v—1)
e = J4 fk ( ) _ v [l (Ak) (30)
i ( j4v ) flgj])( %) An+v =20 dM(AL)
v

forevery v, 0: 0<fl<v<n—j—1
These relations allow us to compute p(”)(Ak) for 0 <v <n—j—1 and thus

1 W)
poy = 3 EEBE Gy

|
o V!

Evidently ® ;(A) := p(X) fr,;(A) satisfies (24).

Step 2: Let us now prove some estimates of the polynomial p constructed in the previous step.

15



We can rewrite the identities in (29) as a linear system of the form AP = B with

1 0 0 0 —
aio 1 0 0 TS0 (Ar)
. 0 ,
A= aso as1 0 0 c L((CTI—J)’ B = . e CnJ
.. O O
Ag-j-1,0 Gn—j-11 “*° Gp-j-1p—j-2 1
and P = (p(y)(Ak))ogugn—j—l e Cn.

Thus P = A7'B and |P|cs-; < |[A7!||| Blcu-s, where || - || stands for the Hilbert-Schmidt
norm of a matrix, i.e., if M € £(C"77), then

1/2

i ={ 3 mel?

1<r,s<n—j
Let us write A = I; — V. Then (see [18, Theorem 1.4.1, p. 6]):
-\ (n=j=1)/2
- VIZ+n—j
A= < <__1 :
n—17

Recall that V = I;— A. Taking into account the expression of the elements a,¢ of V' (see (30))
we have:

2

. 2 . 9 , vin! PUrtv=0(Ay)
n—Jj+VIF=n—-Jj+ Kk;jl lavel” =m—j+ 0<Z<V§<%jl A +v—10) ‘ o (Ay)
vin! =07,
- Osegg_j_l 0+ v —20)! ‘ o (Ay)
Coming back to P, one has:
Plos <A™ 1Bl <c | 2 Jeroap ] o @
0<t<v<n—j-1 |20 (A"

for a positive constant C' which only depends on 7.
Finally, let us estimate |®"+7 =9 (A)| for (v,£) : 0 < £ < v < p—j—1. Since ® is a holomorphic
function on C,, we can write:

! D(z)
M (Ay) = ﬁ?{ 17— >
(Ax) 2 Jon, = (2 — Ayt dz, VYm >0,

where r > 0 is such that {z € C: |z — Ag| =r} C C;. Observe that we can take r = Ay /2.
On the other hand, from the definition of ® (see (23)) and the properties of W (Lemma 4.2), we
deduce

|D (2) <1, VzeCy.

[
S s
Thus:

! m!
) (Ak)‘ < m ]{ dz=—, VYm >0,
‘ 2mrmtl |z—Ag|=r rm

with r = RA, /2.
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Going back to (31), we get

(n—3—-1)/2

1 1 Hy,; (A
R ooty
o<esnj—1 (RAE)T" |20 (A)| |2 (Ay)|

for a new positive constant C' only depending on n and where Ho ;(Ax) given by

1\ @1—i-D0—i-1)
) -

Hoj(Ar) =1+ (

Indeed,

2(2n—j—1) 1

Z : Z 7 Py i (1/RAy)

RAZD =
o<e<n—j—1 (FA% )X = (RAg)
with P, ; a polynomial of degree 2(2n—j —1). On the other hand, there exists a positive constant
C,.; (only depending on 7 and j) such that
Py j(x) < Gy (1 + w2(2"_j_”) . Vz € (0,00).

From this last inequality it is not difficult to obtain (32).
Step 3: We finalize the proof of Lemma 4.4 showing that the function

o) " (A
(A= Ag)"™? vl

v=0

(I)k,j( ) ( )flw( )

(A—Ap), VAeCy,

(the function @ is given by (23)) satisfies @5 ; € H*(C4) and (25).
On the one hand, taking into account (32), we can infer

. Hy;(Ag) T Ho;j(Ay) ' o
el <C|<I>(n)0j k|77 J Z jir — = W(LFM—A/C" =),

with C a positive constant only depending on 7. On the other hand, we can estimate,

) |® (i) | dr <

HO’(A]C)2 e 1 + |ZT — Ak‘n7j71
@02 c,) < €200 / (

|(I)(n)(Ak)|2(7I*]’) |’L7' — Ak|2(77*j)
Ho;(Ag)? ( 1 1 )2

< C? J : .. ®||%

T jem (A7) \(RATT T RA, [l

Hj(Ag)?
| B (A [P

— 00

< C?

where H; is given in the statement of Lemma 4.4 and C' is a new positive constant only depending
on 7. This last inequality shows that @y ; € H?(C), inequality (25) and finishes the proof of
Lemma 4.4. n

In Proposition 4.1 we have proved that, under assumptions (20) and (21) on the sequence
A = {A}r>1 C Cy, there exists a biorthogonal family {¢x,;};> o<j<, 1 C A(A,7,00) to the set
{tj efA’“t} (
k>1,0<j<n—1
slightly stronger assumptions upon the sequence A (see assumptions in Theorem 1.2) we can
estimate the infinite product Py given in the statement of Proposition 4.1. One has:

n > 1 is fixed) which satisfies (22). Now, we will see that if we impose
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Proposition 4.5. Let {Ay},~, be a sequence of complex numbers satisfying (11). Then, for every
e > 0 there exists a constant C(g) > 0 such that

lJrAk/A}F RA
- II =2 S eI > 1.
P 1= Ag/A < Cle)e , Vk>1 [ |
>1
(Zk

The proof of this result can be found for instance in [27], [13] and [15] (see (25), p. 1730 in the
last reference). See also [22] where a slightly stronger inequality is proved under assumptions on
{Ak}r>1 which, in particular, imply (11).

Proof of Theorem 1.2: Let us start proving Theorem 1.2 in the case T' = oco.
First, if {Ay},, satisfies (11), then one has (20) and there exists a positive constant Cs such

that
1

RA, 11
| Ax|

<
(14 RAL)° + (SAR)° ~ RA,

Therefore (21) holds and we can apply Proposition 4.1 to the sequence {Ak}k21 deducing the
which

<

existence of a family {¢x,;};51 0<j<y_1 C A(A,7,00) biorthogonal to {t/e~
satisfies (22).
Secondly, taking € > 0 and using that $#A; — oo we infer that for a positive constant C(n,¢)

one has
1\ @i m-i-D+1
1 -
* (%Ak)

Agt
Yesro<izn—1

(%Ak)n(nﬂ’) 11+ Ak‘Qn(n—j) < 01(7775)659%/\”2’

for any (k,7) with k >1and 0 <j <n-—1.
Finally, applying Proposition 4.5, with €/(2n(n — j)), instead of € and taking into account the
previous inequality and (22) we obtain (12). This finalizes the proof in the case T' = oo.

Before continuing the proof of Theorem 1.2, let us present a consequence of the result proved
for T = oo:

Corollary 4.6. Let us assume the assumptions of Theorem 1.2. Then, for any T € (0,00) the
restriction operator Ry : A(A,n,00) = A(A,n,T) defined by

RT()O = (ID|(O,T)? VSD € A(Aa m, OO)

is a topological isomorphism. In particular, there exists a constant C(T) > 0 such that

H‘)OHLQ(O,OO;C) < C(T)HRT90||L2(O7T;(C)7 v‘ﬁ € A(Aﬂla OO) u

This result can be proved following the ideas in [13], [22] or [15]. For the sake of completeness,
we include the proof in an appendix at the end of the paper.

Let us now go back to the proof of Theorem 1.2 and so, let us assume that 7' € (0,00). If
we apply the previous case, we deduce the existence of a family {@k ;},+, 0<j<n—1 C A(A,n, 00)

biorthogonal to {t/e in L2(0, 00; C) which satisfies (12).
Let us set

7Akt
}kzl,ofjén—l

or; = (RpY) @ry € AN T), Y(k,j):k>1,0<j<n-L

From Corollary 4.6 and the properties of the family {@r,;};~, o< j<, 1, it is clear that ¢y ; satis-
fies (12) for any (k, 7).
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On the other hand, with the notation ey ;(t) = t/e~*** we can write

Skdij = (enj» P1i)12(0,00:0) = (Rp' Rrekj, $1i)12(0,00,0)
= (Rrery, (RpY) @ri)eomc) = (enjs gri)rzorcoy, Yk, j), (1,1),

Le., {0k}t is1.0cjen1 C AN 7, T) is a biorthogonal family to {ex,j};5, o<j<, 1 in L?(0,75C)
which also satisfies estimate (12). This ends the proof of Theorem 1.2. ]

Remark 4.1. In Corollary 4.3 we have proved that, under assumption (21), A(A,n,c0) is a closed
proper subspace of L?(0,00;C). In fact, from the results proved in Proposition 4.1 it is clear that
{er,j :k>1, 1< j<n} form a strongly independent set, i.e., each element ey ; of this set is
outside the closure of the space spanned by the other functions of the set. This two results can be
easily generalized to the case T € (0,00):

“Let us assume that hypotheses in Proposition 4.1 holds. Then A(A,n,T) is a closed proper
subspace of L*(0,T;C). In addition, the set {ey;:k>1, 0<j<n—1} forms a strongly inde-
pendent set. ]

5. Exact controllability to trajectories. Proof of Theorem 1.1

We will devote this section to proving Theorem 1.1. Using Proposition 2.4, we will just prove
the null controllability at time T of the system. To this end, we will follow the method used
by Fattorini and Russell in [12] and [13] for the study of the null controllability of a scalar heat
equation. By means of this method we will reduce the controllability problem for system (1) to a
moment problem.

In subsection 5.1, we explain the moment method and derive the moment problems that must
be satisfied by the components of the control v. We end this section with the proof of Theorem 1.1.
All along this section we will assume that the coupling matrices A and B fulfill conditions (9).

Recall that {1 }1<i<p C C is the set of distinct eigenvalues of A*. In this section we will use
the notation introduced in Section 3 (see p. 8).

5.1. The moment problem

In this subsection we will see that, under assumption (9), the null controllability problem for
system (1) is equivalent to a problem (the moment problem) for the unknown control v.

Let us now fix yo € H~1(0,7m;C"). Using formula (15) for t = T, we deduce that, if ¢ is the
solution of the adjoint system (14) corresponding to ¢o € H} (0, 7; C™), then the null controllability
problem for system (1) is equivalent to the problem

Find v € L? (0,T;C™) such that

r (33)
o, (-, 0)) :/ (0(t) ) B*pu(0,8))cm dt, Vo € HE (0,73C™).
0
If oo € Hg (0,7;C") is given, then the corresponding solution to (14) is given by
pla,t) =Y AT 6 (2)p0 4, with o, = / po(x)pr(z)dz € C",  (34)
0

k>1

(¢r given in (5)).
Let us fix kg > 1 as in Proposition 3.2 and let us consider the finite-dimensional space

Xo={w:w= Z wi Py, with wy, € C™}.
1<k<ko

In general, given y € H~1(0, m;C") (resp. y € L?(0,7;C")), we will use the notation

yr = (Y, ¢r) € C", (vesp. yx = (¥, Px)r2(0,7)),
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where (-, -) stands for the usual duality pairing between H~1(0,7) and H}(0,7). With this nota-
tion, we consider

VT ko wi
Yy = <l/0,k € C"°, with yox = (yo, ¥r) € C", (35)
k\/§ 1<k<ko

and &g = (k\/ggoo,k) ek € C"%o_ Then, it is not difficult to see that
1<k<ko

« 2 *
Ba(0,1) = B, e T 00 + 3 7 k\[rB*e“k’d*A 00k, te(0.1),
k>ko

~(0:(-,0) = =(Yo, €T Do)enno = D (your, €M FA o0 ),
k>ko

with (By,, Lk,) given by (7).
Taking first g arbitrary in Xy and then ¢g = a¢y, with a € C* and k > kg, and using that
{¢x}r>1 is an orthonormal basis of L? (0,7), (33) transforms into the problem

Find v € L? (0,T;C™) such that

T
/ (’U(T — t) 5 BZOGLk0t¢O)Cm dt = F(YQ, @0)7 V(I)O S (C”lfo y (36)
0

T
/ (v(T —t), B e Mt AD ) o dt = fi(yo,a), Ya € C", Vk > ko,
0

where we have introduced the bilinear forms F' : C**o x C"*0 — C and f;, : H~!(0,7;C")xC" — C
given by

F(Yy, ®) = —(Yo, X0l ®g)cnry ,  V(Yy, Bg) € Cko x Crko

1
Jr(Wo,a) = 2\ 3 (Yo,k » €

5 a)cn, Y(yo,a) € H1(0,m;C") x C™.

So we have reduced our control problem to a vector moment problem. In order to analyze this
moment problem, let us first introduce the Jordan structure of the matrix £ : Let {7/ }1<i<5 C C
be the set of distinct eigenvalues of L} . Following the notation that we have introduced for the
matrix A* (see p. 8), for £: 1 < £ < p, we denote by N, the geometric multiplicity of v, and we
assume that we have numbered the eigenvalues in such a way that

Ny =Ny, 2<0<p.

Also, the sequence {V N, will denote a basis of eigenvectors of £ ~associated to . To

,j}lgjg
each eigenvector V ; we associate its Jordan chain (of dimension 77 ;) and the corresponding set

of generalized eigenvectors {V};}1<i<7, ; defined by:

Lr Vi =wVi+ Vi, 1<i<my,
GV =V
(so that VZ;J =Vi;)-

In fact, the eigenvalues, eigenvectors and the Jordan canonical form of the matrix £} is
determined by the eigenvalues, eigenvectors and the Jordan canonical form of A*. Thus, 7., with
1 < ¢ < p, is an eigenvalue of L;:O if and only if for K : 1 < k < kgpand!:1 <1 < p, one
has v, = =g + . In this last case, the vector V= (Vi) <, € C"*o is an eigenvector of L7,
associated to «y, if and only if o

Vi=0, Vi#k, and Vp =v; with j:1<j <n,.
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On the other hand, it is also clear that the following properties hold:
p<p<pky, Ni=max{N,:1<L<p}>n;=max{n; :1<I]<p} (38)

With the previous notation, if t € R, we can write:

To,;—1
o
L7 ~ ~
t kOVZ = ’Ylt Z sz_a7 V(g,j,Z)lgfﬁp, 1S]SN€7 1S’LST€J7
o=0
T, —1 o (39)
e up =t Y 0|v;j", V(l,5,4):1<I<p, 1<j<my, 1<i<m,.
o=0 ’

We will present the moment method under the assumption:
Tl,j:Tl, Vl7j:1§l§p, 1§j§nl,

i.e., we will suppose that the Jordan blocks associated to the eigenvalues of A* have the same
dimension. This assumption will not be a restriction because we will only apply the moment
method in this case. Observe that it also implies 7y, = 7¢ for every ¢,7, with 1 < ¢ < p and
1<)<Ng.

Now, let us fix (£,7,2) and ([,7,47) with 1 <L <p, 1 <)< Ny, 1 <1<7,;,=7,1<1<p,
1<j<mandl<i<m,;=m,and let us take @y = Vi, and a = v}l’yj in (36). So, from (39) and
taking into account that {V;}, :1<¢<p, 1 <3< Np, 1 <2 <Fpand {vj;:1<1<p, 1<;5<
ni, 1 <i <7} are basis of C™ 0 and C" (resp.), we deduce that (36) is equivalent to

Find v € L?(0,T;C™) such that
‘F[{*Z T to.
S e BV e = PORYE), ()
1</<p, 1<)<Nyand1<1< 7, (40)
TI—1 T o . )
([ T b, B e = fulonsi ), (kL)
o=0
k>k07 1§l§p7 1S]§nl andlgi§7l7

where v(t) = v(T —t), for ¢ € [0, 7.
From Proposition 3.1 applied to C' = Ly, and D = By,, we know that condition (9) (with
k = ko) is equivalent to

rank [By Vi1, Bi Via, -+, By, Ven, = Ney VL1 <L <p. (41)

In particular, we infer that m > Ny, for every £ : 1 < ¢ < p and from (38) also m > n; for all
[:1<1<p Thus, the set {B} V1 }i<j<n, C C™ is linearly independent. We complete the

previous set with the vectors {X/}j}lgjgm,]vl C C™ in order to have a basis of C™:
B ={Bi,Vijh<j<n U{Vihigj<m-ny- (42)
We can associate with each vector By V;,] and B*vli’ j of C™, its coordinates in this basis:

m—Nq
Bi Vi, = ZamBkOVLﬁ Z al, Ve 1<U<p, 1<)< N, 1<1<7,

N1 m— N1 (43)
B*vi; =Y Bl BiVig+ Y Bl Ve 1<1<p 1<j<m, 1<i<m.
qg=1 q=1
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Thus, coming back to (40), we obtain that this problem is equivalent to

Find v € L?(0,T;C™) such that
Te—1 Ny Tta
3> o[ G0 @ B e
o=0 g=1
Te—1m—N1 Ttg
33 Al G S Toon = ROV
o=0 q=1
V(€,7,2) with 1 <£<p, 1<y< Nyand 1<1<7,
71—t N1
S el | S, B Ve
o=0 g=1
71—t m—N1
35 Bl G0, Ten = o).
o=0 g¢g=1
V(k,l,7,3) withk > ko, 1 <I<p, 1<j<mand1<i<m7.

Let us now consider {®; 4} 1<q<n, U {®1.4}1<q<m_n, a biorthogonal basis associated to the
previous basis B of C™. We will look for a control v given by

o(t) = Z ug(t)P1,q (44)

with u, € L2(0,T;C) for g: 1 < g < Nj.
Using the equalities (®1,, By Vi,i)cm = 64 and (@14, Vj)em = 0, valid for every (q,7,j) :
1<q,i < Njiand 1<j<m— Ni, we can rewrite the previous moment problem as

Find u, € L*(0,T;C), with 1 < ¢ < Ny, such that
Te—1 N1 o
Y alr . / D it ug(t)dt = F(Y0, V7).
o=0 gq=1
V(l,g,1) with1 </ <p, 1<y3<Nyand1<:1<7, (45)
71—t Ny ‘
Zzﬁmw/ a"e( MR g () dt = fi(yo, vi ),
o=0g=1
V(k,1,7,4) withk > ko, 1<I<p, 1<j<mand1<i<m7.

Our aim is to prove that the previous moment problem admits, for every ¢, a solution u, which
lies in L2(0,T;C). The previous reasoning shows that the corresponding control v(t) = ¥(T — t),
with ¥ given by (44), is in L?(0,T; C™) and solves the null controllability problem for system (1).

For (¢,v) and (I,0) such that 1 <¢<p, 0<v <7 —1,1<i<pand 0<o <7 —1,let us

set
Ty, T o .
X, = /Jewtuq(t)dt ,YE = /;e(*“+ﬂz>tuq(t)dt e CM,
o 1<q<N, o7 1<q<N;

Fyy(Yo) = (F(YO,VZTV))KKN/ e CY, B, (yo) = (fk(yo,”z U))1<j<m € C" and
Avw = (O‘Z”;»*Z*V%SJSN@ € L(CM:CM), Bro = <Blm o) 1<j<n, € L(CTCM),
1242 N, 1242M

(46)
where F(Yy, ®g) and fi(yo, a) are given in (37).
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Step 1: Let us first consider the case £ = 1. Let us recall that (ag j l) cen are the coordinates
i) 1 <<y

of By Vj}; with respect to the basis B = {Bj; V1 j}1<j<n, U {‘A/j}lgjgm,Nl of C™. In particular,

N1 m— N1
BkUVTl Za({,],‘EB;O‘/Lq Z alqu, Vy:1 <7< Ny.
q=1
Since Vf; =V, for every ¢, j, if £ =1 we get
ag,j7?1:5qja v],qléj7QSN1 and
aj ;7 =0, Vjq:1<jg<m-—Ni.
From (45) and using the previous equalities (¢ = 1) we obtain:
T
v =Ti, / ety (t) dt = (YO,V”)
0
N, T T
1=7 -1, Za‘i’jafl/ €71y (1) dt+/ te7i (1) dt = F(Yo, V51,
q=1 e 0 0
T1—1 Ny T .
v=1, Z Zalj 1+a/ *,671 ug(t) dt = F(Yo, Vii;).
o=0 g=1

Using (46), we infer that, for £ = 1, the first part of system (45) is equivalent to the linear algebraic

system
X1,0 = F1,0(Yo),

A11 X0+ X1 = Fi1(YD),

A7 X0+ A7 o2Xa1+ -+ X150 =F175-1Y),

or in matrix form:

I 0 0 0 X1 F10(Yo)
A 14 0 0 Xi1 Fi11(Y)
Ai Aiq 14 0 X12 Fi2(Yo)

Ar71 Mg Az o0 g X171 Fi71(Yo)
=M,

Clearly this system possesses a unique solution given by

X1,0 F10(Yp) C1,0(yo)
X1 . F11(Y) Ci1(yo)
. = 1 . = . ’
X171 Fi 7 -1(Yo) Ci,7-1(%0)

(Y given in (35)). Observe that the matrix M; € £(C™N1) only depends on the coupling matrices
A and B and can be computed independently of the initial datum yq.

In other words, if we write C1 »(y0) = (¢1,0.4(¥0))1<q<n, € C™1, we have established that the
components of u, of the control v with respect to the set {<I>17q}1§q§ ~, must solve the following
first family of moment problems:

T
t7 o« -
/0 ;671tuq(t)dt:¢31,a,q(yo), V(o,q):0<o <7 -1, 1<¢g<N;.
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Finally, taking into account the expressions of Ci +(yo), F1,-(Yo) (see (46)) and F (Y, @) (see (37)),
we deduce the existence of a positive constant C = C(A, B) for which

|cl,0,q(y0)‘ < CHeLZOTHL((C"kO)HyOHH*l(O,ﬂ';(C") 5 V(U7 Q) : 0 <o< 5:1 - 17 1 < q < Nl-

Step 2: Consider now the case 2 < £ < p. Following the same reasoning as before, we find that
the first equation of system (45) can be equivalently rewritten as:

A0 X0 = Fr0(Yo),

Ap1 X0+ AroXe1 = Foa(Yo), )
47

Apz, 1 X0+ Apz—2Xen + -+ AroXez—1 = Frz—1(Yo).

Let us show that this linear system (which has 7,N; unknowns and 7,N, < 7,N; equations) is
compatible.

Indeed, remember that A, € £(CN1;CNe) (see (46)) and its components O‘Zj 7, are the coordi-

nates of the vectors By V;; = Bj, Vi ; with respect to the basis B (see (43)). Again condition (41)
implies that the set {B;OVM : 1 < j < Ny} € C™ is linearly independent and, evidently, also
rank Ay o = N;. Then, there exists a permutation matrix P, € L(RM) (only depending on Aso,

ie., on ¢, A and B) such that A, oP; = [gg,o | ﬁg,o} with Av&o € L£(CN¢) a squared matrix and

rank ;1@70 = rank Ay o = Ny. For each o with 0 < o <7y — 1, we also set Ay ,P; = [;1570 |5g70}

with ﬁgﬂ, € L(C™). If we look for a solution under the form X, , = P, { Xé*" }, the previous

system transforms into:

gz,o)?e,o = Fy0(Yo),
Ap1Xoo+ ApoXen = Foa(Yo),

/Té,?g—l)?z,o + g@,ﬁ;—%)?l,l +- g@,ofl,ﬁq = Frz-1(Yo).

This system has a unique solution which can be written as )?g,g = ég,g(yo) (0<o <7, —1) with

5@,0(210) Fup0(Yo)
Cr.1(%o) . Fi1 (YD)
= M[_ ) (48)
Coz—1(y0) Frz,-1(Yo)

where M, € £(C™N¢) is the coefficient matrix of the linear system (which, once again, only depends
on £ and the coupling matrices A and B) and Fy ,(Yy) € CV¢ and Y} are given in (46) and (35).
This proves that the system (47) is compatible and, in fact, we have obtained a particular solution.

We can repeat the arguments shown in the case £ = 1 and deduce that the components of the
previous solution of system (47) satisfy the family of moment problems

T
17 ~ ~
/0 —'e"’ftuq(t)dt:cﬁg’q(yo), V(l,0,q) :2<4<p, 0<co<Tp—1,1<qg< Ny,

ag.

where the coefficients ¢y »4(y0) are given by (ce,(,’q(yo))KqQ\,1 =P, [ ’ ]
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Again, taking into account the expressions of Fy ,(Yp) and F(Yy, ®¢) (see (46) and (37)), we
deduce again the existence of a positive constant C' = C(A, B) such that, for every (¢, o, q) with
2</l<p,0<oc<7T—1and 1< q< Ny, one has

let.0,4(W0) < Clle“ ™ | g cnro) 190l r-1.(0,mem)- (49)

Step 3: Now, we are going to obtain an infinite family of moment problems using the second
identity in (45). We fix k > ko and [ : 1 <1 < p. Following the same ideas as before, we obtain
that the second identity in (45) is equivalent to
Bl,OY}I,Co = Fz]fo(yo),
Bl,lYl’fo + Bl,OYlfcl = F‘llfl(yO)a
(50)

Blﬂ'z—lYll,CO + Blm—?Yll,cl +oeet Bl70Yll,€nfl - Fl],c-rlfl(yO)a

where B; , and Flka are given in (46).
Again, we have a compatible system of dimension (7;n;) x (1;N1) (n; < Ny, see (38)). Indeed,
from the Kalman rank condition (2) we deduce

rank [B*v,1, B v e, -+, B'oyn|=n, VI:1<1<p,
and also rank By g = n;. Therefore, for a permutation matrix @Q; € £(R™1) (only depending on
I, A and B), we can write B oQ; = [EZ,O | 13170} with El,o € L(C™) and rank él,o =n;. We also
write By »Q; = [El,g \ ﬁha}, with El,a € L(C™) (0 <o <7—1), and we obtain a solution to (50)
vk

as sza = Q [ b ] with }7/‘0 € C™ solution to

El,O?I% = Fl’fo(y0)7
Bl,lYl% + Bl,OYllﬁ = Fl’fl(yo)a

Bl,n—lyl?o + Bl,n—2Ylf€1 +oet Bl,OYz{cnfl = Fll,cﬂq(yo)-

If we denote by means of M, € L(Cm™) the previous coefficient matrix (which only depends
on l, A and B), then we have managed to obtain a solution of the system (50) under the form

Ylica = le,o(yo) with le,g(yo) =Q l: l,(b(yo) :| and

(Dt o)) (w0) = M (B, (00)) ey - (51)

1<o<m—1

Finally, let us remark that, from the expressions of Flko (yo) and fx(yo,a) (see (46) and (37)),
we have the existence of a positive constant C' = C(A, B) such that the components d’f’ayq(yo)
(¢g:1<qg<DNp)of Dl’fa(yo) satisfy

c, .
|dlf,a,q(y0)| < EHS( ATt AT ey |yo k| (52)
for every (k,l,0,q) with k > ko, 1 <1 <p,0<oc<m—1land1<q<N.

Summarizing, with the previous notation and assuming that 7, ; = 7, for all [,j : 1 <1 < p
and 1 < j < ny, we have proved:
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Proposition 5.1. Assume that condition (9) holds and let us consider the integer ko provided
by Proposition 3.2. Let us also fix yo € H~1(0,7;C"). Then, for every ({,1) with 1 < { < p

and 1 < 1 < p, there exist matrices M, € L(CTNe), M, € L(C™™) and permutation matrices
Py, Q; € L(RNY), which only depend on the coupling matrices A and B, such that, if for every g,

with 1 < ¢ < Ny, the function u, € L*(0,T;C) satisfies the family of moment problems:

T
tY s ~ ~
/ =€ ug(t)dt = copq(yo), V(v):1<L<p, 0<v <71,
o (53)
/ ;e(_hk—ﬂtnt uq(t) dt = dﬁo’,q(yO)a V(kal7g) ik > kO» 1<1< 'z 0<o<n—1,
0 .

then the control v given by v(t) = 0(T—t) (t € (0,T)), with v given by (44), is in L*(0,T;C™) and
solves the null controllability problem for system (1). In (53) the coefficients cg, 4 and d{fmq(yo)

are respectively given by

C Nk
(Ce,u,Q(yo))1§q§N1 =P |: CKVO(yO) :| ’ (dﬁa,q(yo))1§q§N1 = Ql |: Dl’%(yo) :|

and El’fa(yo) and 6’g7,,(y0) by (48) and (51). Finally, there exists a positive constant C, only
depending on A and B, such that (49) and (52) hold. ]

Remark 5.1. Let us now assume that yo € Xg- with

Xo={w:w= Z wi o, with wy, € C™}.
1<k<ko

and kg given by Proposition 3.2. In this case the moment problem reduces to (40) with Yy, = 0
(see (35)) and, evidently, F'(Yo, V/,) = 0 for every (¢, 5,2). If we assume the algebraic Kalman con-
dition (2) then, using Proposition 3.1, we conclude that the set {B*vy,; : 1 < j < n;} C C™
is linearly independent. This set can be completed in order to_have a basis of C™: B =
{B*v1,}1<j<n, YU {Uji<j<m—n,- We can work with this basis B and its biorthogonal basis
{51@}19&”1 U{®1 4 }1<g<m—n, instead of B (see (42)) and its biorthogonal basis {®1 ,}1<q<n, U
{61,q}1§q§m_ N, - If we follow the previous arguments, it is possible to rewrite the moment prob-
lem as (45) with nq, &Z”;HU, Elq,;:iﬁ»o and F (Yo, V/,) = 0 instead of Ny, ozz,’;’wg and ,BIq”;HU. The
first family of equalities can be always solved. Adapting all the previous arguments, we can obtain
the property: If u, € L?(0,T;C) satisfies the family of moment problems (compare with (53))

T
v . ~ ~
/—'ewtuq(t)dt:O, V() 1<0<F, 0<v<7—1,
0 V!

T
t? . ~
/ — eIy (4 dt = df . (yo), V(K Lo) k> ke, 1<I<p, 0<o<7—1,
o O ’7

then the control v given by wv(t) = 22;1 ug(T — t)%l’q is in L?(0,7;C™) and solves the null
controllability problem for system (1). |

5.2. Proof of Theorem 1.1

In this subsection we are going to prove Theorem 1.1.

Necessary condition: Let us show that condition (9) is necessary in order to get the exact
controllability to the trajectories of system (1). To this end, we will use Proposition 2.4. To be
precise, let us assume that, for kg > 1, one has

rank Ky, = rank [By, , LioBro » L1y Bro s =+ » L1r0? By, , L7 By] < ik,
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and let us prove that the observability inequality (16) fails (£ and By are given in (7)).
Indeed, using the Kalman rank condition for ordinary differential systems, we deduce that the
pair (L,’;U,BZO) is not observable, i.e., there exists ®;, € C™° with ®; # 0 such that the solution

® to the system
—®" =Ly @ in (0,7),
O(T) = &g € C™o,

B;, ®(t) =0, Vte(0,T).

satisfies

Now if we do &g = (k\/%cpo’k)1<k<k (with @o € C™ for every k: 1 < k < ky) and we take
SRSRO

ko
= Z ©0,k Pk (T)
k=1

then, ¢o € H(0,7;C"), ¢o % 0 and the corresponding solution ¢ to (14) is given by

o, t) \/726( MFANT=D 0 esin(kx), Y(z,t) € Q

and satisfies
B*¢,(0,t) \[Z BreAAANT O g0 1 = B e“ho T =D&y = Bi &(t) = 0 on (0, 7).

Evidently, this proves that inequality (16) fails.

Sufficient condition: Let us assume that the pair (A4, B) satisfies condition (9) and let us prove
that system (1) is exactly controllable to trajectories at time T or, equivalently, is null controllable
at time T (T € (0,00) is given). To this end, let us fix yo € H~1(0,m;C").

As said before, we will follow the technique from [12] and we will prove the result as a conse-
quence of Proposition 5.1 and Theorem 1.2.

CAsE 1: With the notation of Section 3 and Subsection 5.1, let us first assume that the matrix A
is such that 7, j =7, forall [,j: 1 <I<pand 1 <j<mny.

Let us also take kg > 1 provided by Proposition 3.2. Recall that {v/}1</<; C C and
{mhi<i<p C C are, resp., the set of distinct eigenvalues of the matrices £y and A*. Let us
fix > 0 such that (A1 — puy + @) > 0 for every 1 : 1 <1 < p. With this notation, let us set

AZ:_’YZ_‘_/-% fOI'lSeSﬁ,
App(i—1)ptt = Nigko — i+, fori>1, 1 <1 <p.

Recall that, given £ : 1 < £ < p, one has vy = —A\x + p, with 1 < k < kg and 1 <[ < p. Thanks
to Proposition 3.2 we also have that the sequence A = {Ay},~, satisfies (20). On the other hand,
from the property satisfied by u, we deduce that RA, > 0, i.e.,

{Ar}ps € Co.
Our next task will be to prove that the sequence {A},~, satisfies (11):
(a) RAy > §|Ag| for a positive § wich only depends on A. Indeed,

RA
lim ot =1
Kovoo [Ag]
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whence we deduce the existence of Ky > 1 (only depending on {4 }1<i<p) such that RAj, > L[Ay]
for every k > K. Taking
1 RAg
0 =mins -, — : 1 <k < K,
mm{2’ IR } |
we deduce this first property.
(b) Let us recall that Ay = k% (see (5)). Therefore, the second property

1
Zm<0®,

can be easily deduced.

(c) Finally, let us prove that there exists p > 0 (which only depends on A) such that |[Ax — A;| >
plk—1| for every k > 1 > 1. Let us first consider £ > p+1 and | < k. Then, for some v : 1 <v < p,
we can write k =p + (i — 1)p + v and Ay = Aj 2 — 1 + p. Let us take,

My = max — M, = max o — > A\
1§u,a§p|“” pel, 19@1935'7 el 2 Ao

and
Iy = max {0, [Mo +2(p — ko — 1)]} + 1,

1 —
Il :max{(), [2 (p—2ko+\/(p—2k0)2+4(M1—k‘%—i—p—l))]}—&-l,
Ko =p+ Ipp and K1 = p + I1p.

Observe that M; > k2 and, thus, I; is well defined. It is also clear that the constants My, My,
Ky and K, only depend on the matrix A.

Then, if k > Ko and p <1 < k, that isto say, if k > Kpand l =p+ (j—1)p+o with 1 <j <4
and 0:1 <o <p, we have i > Iy and A; = )\j+k5 — lo + p. From the definition of Iy, we get

(i+j+2k0—p)(i—j)Zi+1+2ko—pZMO+p—1,
e, (i—Jj)p+p—1<(i+j+2ko)(i—j)— Mo. So,
k=ll=0G—-jlp+v—o<(i—Jp+p—1=<(i+]j+2ko)(i—j)— My
< (i+ko)® = (j+ko) — |pto — | < [Ag — Al

Let us now assume that k¥ > K; and 1 <[ < p. In particular, i > I, A; = —y; + p. From the
definition of I; we can write

P4 (2o~ p)i— (My — K+ 5—1) >0,
ie,v—1<p+ip—1<(i+ko)?— M. Therefore,

k—1ll=p+G—Dp+v—1<p+ip—1<(i+ko)>— M
< (i4ko)® — |y — ol < Ak — Ay

Summarizing, if £ > K = max { Ky, K1}, we have proved
A, —N| > k=1, VI:1<I<k.

Finally, let us set

L . o . _
% with mg = 1§{211<:H<K|Ak Ayl

Thus, pg > 0 (thanks to (20)), po only depends on the matrix A and |Ay — A;| > polk — 1| for
every k, I with 1 <! < k < K. Thus, we have obtained the second inequality in condition (11)

for p = min{1, po}. This finishes the proof of this condition.
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Let us take n = max {7, 7, : 1 <1 <p, 1 <{¢<p} (we are following the notations introduced
in Subsection 5.1). With 7 and the sequence {Aj},~, we can apply Theorem 1.2 and deduce the
existence of a family I = {¢k;j}; 51 g<jcp 1 C L?(0,T;C) biorthogonal to {te
which satisfies (12).

Our objective is to apply Proposition 5.1 and, in particular, to solve the family of moment
problems (53). Given yo € H~1(0,7;C"), we will take as control in system (1) the function
v(t) = v(T —t) for every t € (0,T), with ¥ given by (44) and u, (1 < ¢ < N;) defined on the
interval (0,7") by

— At
Fis10<i<n-1

p Te—1 p m—1
_ k —
ug() =D D cewao)e pen () + D DD iy gU0)e M o ko140 (1),
{=1 v=0 k>ko =1 0=0

where the coefficients ¢, (yo) and dﬁa)q(yo) are provided by Proposition 5.1 and satisfy (49)
and (52).

Using the orthogonality properties of the family J we deduce that v and u, solve the moment
problems (53). Therefore, if we prove that u, € L?(0,T;C), we could apply Proposition 5.1 and
conclude that the control v € L?(0,T; C™) solves the null controllability problem for the coupled
parabolic system (1).

Let us take € > 0 (which will be chosen later). Using (12), (49) and (52) we get

P
lugllz20ric) < Cle, T, A, B)|le o™ || ¢ cnroy lyoll -1 (0,m:0m) Z e
=

p
1. . . _
+ C(e,T, A, B) Z Z E”e( Aela+A )THL(CH)EE?R(/\;C Nz)‘yo’k|

k>ko 1=1 (54)
|
< C(e,T, A, B) |llyoll -1 0,mcm) + D e @ E)A’Clyo,k]
k>ko
1 o
<CO@ETAB) 1+ Y ze 5”’“] 190l -1 (0.mscn) »
k>ko

where C(e,T, A, B) is a positive constant. Taking ¢ € (0,T), for example ¢ = T/2, we obtain
that the series in the definition of w, converges absolutely in L?*(0,7;C). As a consequence
ug € L?(0,T;C), for every ¢ : 1 < ¢ < Ny, and for a positive constant C (T, A, B) the control v
satisfies

vl z2(0,75cm) < Cllyollz-1(0,mcm) -

This proves the sufficient implication of Theorem 1.1 under the hypothesis 7 ; = 7, for all [, :
1<i<pand1<j<my.

CASE 2: Let us now prove that system (1) is null controllable at time T in the general case.
Thanks to Proposition 2.4, this null controllability property is equivalent to the observability
inequality (16) for the solutions ¢ of the adjoint system (14). Thus, let us show this observability
inequality.

Following the notations introduced in Subsection 3 (see p. 8), we can write A* = PJ*P~! with
P € £L(C") a regular matrix and J* the Jordan canonical form of A* which is given by

J* = diag (J1(p), J2(p2), -+, Jp(pp)) € L(C™),

where
Ji() = diag (Ji1 (), Ji2(), -+ 5 Jin, (i) € L(C™), 1<1<p,
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my = Z;”:l 71,; is the algebraic multiplicity of y; and J; ; (1) € £(C™4) (1 < j < ny) is the Jordan
block associated to the eigenvector v; ; of A*, i.e.,

w0 - 0
1w - 0

Jgw) =1 . ... | €L(CM).
0 - 1

Let us set B = P*B. If we perform the change of variables ¢ = P, with ¢ the solution
to (14) associated to pg € H}(0,7;C™), then the observability inequality (16) is equivalent to the
existence of a positive constant C; such that

T
960 g0 men < O [ 1B 00,0t (55)

for every 1o € H(0,m; C™), with ¢ the solution to

—% = wxa: + J*"/} in Qv
1/1(0, ) =0, 1][)(7T, ) =0 on (OvT), (56)
w(vT) = 1/)0 in (0771-)'

Let us fix a positive integer k. With the new matrices (J, B), we can introduce (Z,ﬁ By) as
in (7), i.e.,

B
B = k) | € L(C™;CR), Ly, = diag (L1, -+ , Ly) € £L(C™) and
B
Ky = [Cx | Bi] = [Bi, Lk By, L2By, -+, sz_2§k , zzk_lék] € L(Cmnk; Cnk),

where L = —\ilq + J.
One has: N
rank Xy, = nk, Vk> 1. (57)
~ k ~ ~ ~
Indeed, if we set P, = diag (P, P,~-)-,P) € L(C™), then Py is a regular matrix, By = P} By,
L= PrLr(Py)~! and Ky = P K. From (9) we infer (57).
From the Jordan canonical form of A* we can obtain a decomposition of C" as follows: if
z € C", then
Pi(2) Pii(2)
z= and P(z) = ,
Py(z) Py, (2)
with P :2€ C"— Fi(2) e C™ and P j: 2 € C" = P j(2) e C™ (1 <1< p, 1 <5< my).

Our next objective is to change the matrices J and B in order to get new matrices J and B
such that the set {y}1<i<p is also the set of distinct eigenvalues of J* (with the same geometric
multiplicity n;), with the property: “for everyl:1 <1 < p, the Jordan blocks of J associated to
wy have the same dimension 7;” and for which the previous case could be applied.

To this end, let us take

p
?l: max Ty.4 ﬁllznlﬂ ﬁz fﬁl
1<<n 7 ’ ZI -

and

~

J* = diag (1 (), Ja(p2), -+, J(pp)) € £(C™),
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where

Ti(m) = diag (J31 (), Ji2(pu), - o T () € £(C™), 1 <1< p, and

Y 1 ] O ~ .
Jilw)=| . . . . [€LC), 1<j<n.
0 - 1

In particular the Jordan blocks of J* associated to each eigenvalue have the same dimension.
Let us also introduce the operator Il : z € C" — Iz € C™ given by

le Hl,lz
Iz = : , Iz = : e C™ andHl,j:zéC"HHl,jz:(POZ>€Cﬁ.
: : ¥
1,2 I, 2 !
Finally, if B = (by| -+ | bm), let us set B = (Iby | - - |ITby,).

With the previous notation and using the pair (j , ]§), we can also construct the corresponding
matrices By € L(C™;C"F), L), € L(C™) and X}, € L(C™;C™) as above. Thus, if k > 1 is
given, one has the following properties:

1.

2.

~ ~

o(Ly)=0(L;)={-N+m:1<i<k, 1 <1< p}. Moreover, the geometric multiplicity of
RS U(ZZ) = U(EZ) coincides.

V € C"F is an eigenvector of E;; associated to y if and only if 1T,V € C™ is an eigenvector
of Zz associated to p (ITy : C™* — C™ is the operator defined as follows: if V = (V;)1<i<i €
C™, with V; € C, then I,V = (IIV;),.,., € C™). Indeed, the set of eigenvectors of the

matrix E; (resp. ZZ) can be easily constructed from the eigenvectors of J* (resp. j*) On
the other hand, it is also easy to check that v € C" is an eigenvector of J* associated to py
if and only if [Tv € C™ is an eigenvector of J* associated to .

rank X, = nk. Indeed, condition (57) holds. Using Proposition 3.1, this last condition is
equivalent to:

dim span {E;V : V is an eigenvector of E; associated to p} = geometric multiplicity of p,
for every p € U(ZZ) From the two previous properties we can clearly deduce:

span {E;W : W € C™ is an eigenvector of EZ associated to pu} =

span {B;V : V € C" is an eigenvector of £ associated to p},

for all p € o(L}) = 0(22) Therefore, using again Proposition 3.1, we conclude that
rank IJACk = nk. R

We can apply the previous step to system (1) (with coupling matrices (J, B) instead of
(A, B)) and conclude that this system is exactly controllable to the trajectories at time 7.
Equivalently, there exists a positive constant C; such that the observability inequality

T
1960y 0 mesy < O [ 1B D(0.0)P e

holds for every solution {Z; of

_{b\t = {b\xm + j*{/; in Q7
$(0,)=0, #(m,-)=0 on (0,T), (58)
$(-,T) = o in (0, 7),

with ¢y € HL(0,7;C™).
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Let us now finalize the proof of Theorem 1.1. If we fix 19 € H}(0,m; C™) and we take 120 = Iy,
the corresponding solution to (58) is given by ¢ = Iy with ¢ the solution to problem (56)
associated to ¥g. The observability inequality (55) is now an easy consequence of the corresponding
observability inequality established for the solutions to problem (58).

This ends the proof of Theorem 1.1. [ |

The arguments given in the proof of Theorem 1.1, Proposition 3.2 and Remark 5.1 allow us to
prove the following consequence:

Corollary 5.2. Let us fit A € L(C™) and B € L(C™;C™). Let us assume that the algebraic
Kalman condition (2) holds. Then for any yo € Xg- there exists v € L2(0,T;C™) such that the
solution to (1) satisfies y(-,T) =0 in (0, 7). The space Xy is given by

Xo={w:w= Z wr o with wy, € C™},

1<k<ko

where kg is provided in Proposition 3.2. [ ]

6. Further results and open problems

1. In this work we have dealt with the null controllability result for system (1). Taking into account
the results in the paper, it is not difficult to prove the following approximate controllability result:

Theorem 6.1. Let us fit A € L(C™) and B € L(C™;C™). Then, system (1) is approzimately
controllable at any time T > 0 if and only if

rank KX = nk, Vk>1. [ |

2. Let us assume now that in system (1) A € L(R™) and B € L(R™;R™). In this case, if
yo € H™1(0,7;R™) the null control for system (1) can be chosen in L?(0,7;R™). Indeed, if
v € L?(0,T;C™) is a control for which the solution y of system (1) satisfies y(-,T) = 0 in (0,7),
then Rv also gives the null controllability result.

3. For the sake of simplicity, we have presented our controllability result for the Laplacian operator
— 0y, with boundary Dirichlet conditions. It is possible to consider general second order self-adjoint

differential operators R given by
(Ry)(x) = (p(@)y @) + q@)y(e), = € (0,7),
where p € C%(0,7) , ¢ € C°(0,7) and for a positive constant c; one has
0<c <plz), ze€(0,m).

In this case it is well known that the operator R with homogeneous boundary conditions has a
sequence of eigenvalues {A;}r>1 and eigenfunctions {¢y}r>1 such that

M= (k+ @) +0(1), [61.(0)] = c2v/Ax + O(1), for k — oo,

with ¢y a positive constant (for instance, see [12]). The same proof of Theorem 1.1 given in this
work can be easily adapted to the operator R to give the same result. Indeed, in this case we have

1 .
Jr(Wo,a) = ~ 400 (yoi, e MIaTAN )0 Y(yg,a) € HH(0,7m;C") x C"
%

k A TatA*
|dY 5.4(Y0)| < e AR TaTADTY 1 o 50,1

C
|61.(0)]
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instead of (37) and (52). But the asymptotic behavior is the same as before and we can obtain
inequality (54).

4. As in [12], one can consider a control that depends only on time

Yt =Yz + Ay + Bgv  in Q= (0,m) x (0,T),
y(oa ) = 0, y(ﬂ_v ) =0 on (07 T), (59)
y('a O) =Y in (O,Tf'),

where A € £L(C") and B € £L(C™;C") are two given matrices, yo € L?(0,m;C") is the initial
datum and g € L?(0,7;C) is a given function such that for every € > 0

: E)\k
inf |lg| e >0, (60)

where gr = (9,ér)r2(0,r) € C. In system (59), v € L?(0,T;C™) is a control function that, of
course, only depends on time.

In order to deal with this controllability problem we can reason as before. In this case the
control problem is

Find v € L? (0,T;C™) such that
(61)

T
=0, ¢(+,0)) L2(0,x;cm) =/ (v(t), B*(g, ¢(-,t))12(0,m))cm dt, Vo € L? (0,m;C").
0

In this case we can also apply the moment method and obtain the formula (36) with

1 .
fr(yo,a) = —; g Yo,k e(=elatA )Ta)cn, Y(yo,a) € H1(0,7;C™) x C™.
k

An inspection of the proof of Theorem 1.1 shows that by using the same arguments one has
(compare with (54)):

1 oo,
14 Y e 2T ol g1 o,mem)

lugll20,m5c) < Cle, T, A, B) o
k>ho Ik

and therefore we obtain a solution v € L%(0,T;C™) to (61). We have proved:

Theorem 6.2. Let us fir A € L(C"), B € £L(C™;C") and g € L*(0,m;C) satisfying (60). Then,
system (59) is exactly controllable to trajectories at any time T if and only if the pair (L, By) is
controllable for all k > 1, i.e., if and only if rank Ky, = nk, for any k > 1. The matrices Ly, By
and Ky, are respectively defined in (7) and (8). |

5. A natural question is what happens if we consider the situation where some controls act on
r=0and x =7.

Let
Yt = Yoo + Ay in Q = (Oaﬂ-) X (07T)a
y(ou ) = Blvlv y(ﬂ-7 ) = BZUZ on (07T)7 (62)
y(-,0) = yo in (0, ),

where A € £L(C"), B; € L(C™;C"), By € L(C™2;C") are given matrices and yo € H (0, 7; C")
is the initial datum. In system (62), v; € L?(0,7;C™), vy € L?(0,T;C™2) are the controls
functions which act on the system by means of the Dirichlet boundary condition at points z = 0
and x = 7.
We set
B = (B, By) € L(C™ ™2, C™), VE>1.
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Let m = mj+msz. The null controllability problem for system (62) is equivalent to the problem

Find v = (vy,v2) € L? (0,T;C™) such that
T

—(o, (- 0)) = [ (v1(t), Bipa(0,8))em — (va2(t), Biwa(m,t))cma dt, Vo € Hy (0,m3C").
0

With the notations introduced in (6) and subsection 5.1, after simple computations, the previous
problem writes:

Find v = (vy,v2) € L?(0,7;C™) such that

By L*(T—t)\/§

k —k dt

y07 7 Z/ ( ( l)k—‘rl B; ) e o ©0,k )

k>1 cm
for any o € H} (0,7; C™). This suggests to introduce the following matrix (compare with (7)):
By By

Bp=| : : € L(C™;C™), k > 1.

B (-1)"'B,
As in subsection 5.1, we derive the analogous system to (36):
Find v € L? (0, T;C™) such that

T
/((T—t) Bf e%ko'®g)om dt = F(Yy, @), Vb € CFo
0

T B* .
/ (v(T —1t), ( Lokl o ) efrta)em dt = fr(yo,a), Va € C", Yk > k.
0 (=)™ B3

Following the previous ideas, it is clear that this system has a solution for any initial datum
yo € H71(0,7;C") if and only if rank X}, := rank [y, | Bx] = nk for every k > 1. Then we arrive
to the following statement:

Theorem 6.3. For A € L(C"), B = (B1,B2) € L(C™;C") (i = 1,2), System (62) is exactly
controllable to trajectories at any time T if and only if

rankﬂzk =nk, Vk>1. [ |

6. The boundary controllability problem for this kind of parabolic systems in higher dimension of
space is widely open except of course in the case where rank B = n. A first result in this direction
for 2 x 2 parabolic systems can be found in [2].

7. Let us consider the system

Yt = Dyzx + Ay in Qa
y(0,:) = Bv, y(m-)=0 on (0,7), (63)
y('a O) =Y in (0,71'),

where
D = diag (dy,...,d,), Ae€L(C"), BelL(C™C")),

with d; > 0 for 1 < i < n. The null controllability problem for this system is widely open. When
n=2,m=1and A and B are given by

(1) ()
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in [15] it is proved that the approximate controllability of system (63) at time T' > 0 holds if and

only if
Vdi/ds & Q.

The null controllability problem is much more intricate; in [26] it is also showed that there are
matrices D such that /d;/ds ¢ Q (and then, system (63) is approximately controllable at any
time T') for which system (63) is not null controllable for any time 7.

In a forthcoming work [8], we show that we can define a Kalman condition for system (63)
by replacing Ly (defined in (6)) by —AxD + A. The approximate controllability of this system is
equivalent to the same Kalman rank condition (9). Nevertheless we cannot generalize the proof
of exact controllability to trajectories. The main difference between D = I; and the previous
case is that the eigenvalues of L* = DJ,, + A* may not satisfy the separability condition in
assumption (11) of Theorem 1.2.

Appendix. Proof of Corollary 4.6

We will devote the appendix to giving a proof of Corollary 4.6. To this end, we follow the
arguments in [15] (see the proof of Lemma 3.2, p. 1739). Let us fix T' € (0, 00) and consider the
linear spaces

n—1 N
={p: ot Z Zakjtje_/\kt vt € (0,00), with N € N and a; € C},
J=0 k=1
Dr={p: et Zakjt]e_/\"t vVt € (0,7), with N € N and ay; € C}.
=0 k=1

Evidently, D, and Dr are, resp., dense spaces in A(A,n,00) and A(A,7n,T) and the operator
R7 : Dy — Dr is bijective. So, the proof of the result is easily obtained if we prove the existence
of a positive constant C'(7T") such that

lellz2(0,00:0) < C(D)[|Rrollz2(0,70), Vo € Do

The main idea is to use Theorem 1.2 when 7' = cc.
By contradiction, let us assume that for any m > 1 there exists y,, € D, such that

1
lomllz2(0,00:c) =1 and  ||Rromllz20,150) < g Vm > 1. (64)

Observe that ¢, (t) = Z N(m a,(w Jpie=Aet in (0,00), for some N(m) € N and a,(;;) €
C. Using the properties of the b1orthogonal family {ox ;}e>1,0<j<n—1 to {erj}r>10<j<n—1 In
L?(0,00;C) (see (12)), we deduce that for any e > 0 there exists a positive constant C(e) such

that
a1 = 1(@my 0,5 22 (0,00:0) | < N0ml 220,000 19,5 |22 (0,00i0) < C€) e,

for any (k,7): 1<k < N(m), 0<j<n-—1
Let us fix € € (0,7/3) and let us define
_9 —-1/2
U ={2€C: Rz > 3¢, V2] < (077 -1) e},

with § > 0 given in (11). Observe that thanks to (11) one has SA, < (672 — )1/2 RA, and, if
z € U., we can estimate

|€_Akz| — e%/\kgz—%/\k%z S e—(?RZ—E)?RAk7 Vk Z 1

35



We will use the previous estimates to bound ¢,, in the set U.. Thus, for z € U, one has

n—1N(m) N(m)
|g0m(z)| < Z Z |a§€?)||z‘J6_(%Z_E)%Ak < C(g)Qn(‘ZD Z e—(%z—Qa)%Ak
=0 k=1 —
N (m) ~
< C(g)e—nu(éﬁz—zs)@nqz‘) Z e—ERAg—m] < C(E)e—rm(§Rz—2s)Qn<‘Z|)7
k=1

where m; = ming>1 RAj, > 0 and Q,, is the polynomial given by G(s) =1+ s+ -+ s77L.

From the last inequality, we infer that the holomorphic function ¢,, is uniformly bounded in
U, and has a subsequence (still denoted by ¢,,) which converges uniformly on the compact sets
of U, to ¢, a holomorphic function in U.. In particular, ¢,,(t) — ¢(t), for every t € (3¢, 00), and

om(t)] < C(e)e ™ 729Q, (1), Vi € (32,00),

We can apply the Lebesgue theorem and deduce that ¢, — ¢ in L?(3¢,00;C). From (64), we
also have that the holomorphic function ¢ satisfies p(t) = 0 for any ¢ € (3¢,T). Therefore ¢ =0
in U.. Summarizing, we have proved that ¢, — 0 in L?(3¢,00;C) for any ¢ € (0,7/3) and
lomllz2(0,00;c) = 1 for every m € N. This is, evidently, absurd. This ends the proof. |
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