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Abstract. The Laplacian spread of a graph is defined as the difference between the
largest and second smallest eigenvalues of the Laplacian matrix of the graph. In this paper,
bounds are obtained for the Laplacian spread of graphs. By the Laplacian spread, several
upper bounds of the Nordhaus-Gaddum type of Laplacian eigenvalues are improved. Some
operations on Laplacian spread are presented. Connected c-cyclic graphs with n vertices
and Laplacian spread n — 1 are discussed.
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1. INTRODUCTION

Let G be a simple graph with n vertices and m edges. If m = n + ¢ — 1,
then G is called a c-cyclic graph. Let A be the adjacency matrix of G and D =
diag(dy,ds, . ..,d,) the diagonal matrix of vertex degrees. The Laplacian matrix
of G is defined as L = D — A. The spectrum of G is the spectrum of its adjacency
matrix, and consists of the values A\; > Ay > ... > \,. The Laplacian spectrum of G
is the spectrum of its Laplacian matrix, and is denoted by 1 > e > ... = uy, = 0.

The spread of a graph G is defined as

S(G) =M — A\
For details see the recent papers [10], [18], and the references quoted therein.

It is well known that L is symmetric and positive semidefinite and u, = 0. In
particular, p,—1(G) > 0 if and only if G is connected. Fiedler [8] called pi,—1(G)
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(or (G)) the algebraic connectivity of the graph G. The Laplacian spread [6] of
a graph is defined as
LS(G) = p1 — pn—1.

Fan et al. [6] showed that the star S, and the path P, are respectively the trees
with the maximal Laplacian spread and the minimal Laplacian spread among all trees
of order n. Recently, the unicyclic graphs with maximum Laplacian spread [15], [1]
and minimum LS-value [24] have been studied. The maximum Laplacian spread of
bicyclic graphs [7], [16] and tricyclic graphs [2] of given order have been reported.

In this work, we present some results about Laplacian spread of graphs. In Sec-
tion 2, several lemmas are listed. Bounds of Laplacian spread of graphs are considered
in Section 3. By the Laplacian spread, in Section 4, we show improved results on
Nordhaus-Gaddum type Laplacian eigenvalues. In Section 5, we discuss some opera-
tions on graphs and Laplacian spread. Section 6 presents a question on the maximal
Laplacian spread of connected graphs with n vertices and the extremal graphs. And
we discuss connected c-cyclic graphs with Laplacian spread n — 1 and n vertices.

It is well known that p1 < n. By the definition of Laplacian spread, we have

Proposition 1.1. Let G be a graph with n vertices. Then

(1) LS(G) < n.
If p,—1 = 0, then G is disconnected. Let p be the number of components of G.

Proposition 1.2. Let G be a disconnected graph with n vertices and p compo-
nents (p > 2). Then
LS(G) < n —p.

Proof. Note that y,,—1 = 0. Then LS(G) = p1 = max{u1(C1),...,pu1(Cp)} <
n — p, where C; (i =1,...,p) are the components of G. O

In what follows, we only deal with connected graphs with n vertices (n > 3).

2. PRELIMINARIES

Let § and A be respectively the minimum and the maximum degree of G. Denote
by G —e the graph that arises from G by deleting the edge e. A noncomplete graph G
has constant u = p(G) if any two vertices that are not adjacent have p common
neighbors. A graph G has constant p and @ if G has constant p = p(G), and its
complement G has constant 77 = u(G). In [5], the authors defined the restricted
Laplacian eigenvalues of a connected graph as the nonzero Laplacian eigenvalues.
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Lemma 2.1 ([5]). Let G be a graph on v vertices. Then G has constant y and fi if
and only if G has two distinct restricted Laplacian eigenvalues 61 and 5. If so then
only two vertex degrees k1 and ke can occur, and 61 + 0 =k + ko +1=pu+v—n
and 0102 = kiks + p = po.

Lemma 2.2 ([8]). Let G be a graph with n vertices and algebraic connectiv-
ity &(G). Then o(G) > 26(G) —n + 2.

Lemma 2.3 ([12]). Let G be a graph with at least one edge and maximum vertex
degree A. Then p; > 1+ A with equality for a connected graph if and only if
A=n-—1.

Lemma 2.4. Let G be a connected graph with n vertices (n > 3). Then
U1 =...= fp_2 > lp—1 >0 ifand only if G = K,, —e.

Proof. Suppose that g3 = ... = pt—2 > pip—1 > 0. By Lemma 2.1, G has two
degrees k1 and ko with multiplicities n; and ny (nq1 4+ ng = n), respectively. Without
loss of generality, let k1 > k2. By Lemmas 2.2-2.3, we have

(2) 2m=mniki+ngka=n—2)p1 + ptn—1 =2 n—2)(k1 +1) + 2k —n+2,
ie.,

(3) (n —no)ky +noka = (n—2) (k1 + 1) + 2ks —n+ 2.

Then inequality (3) transforms to

(4) (na — 2)(k2 — k1) > 0.

Note that k; > ko. Thus inequality (4) holds if no —2 =0 or k1 = ko.

Claim. ki # ko.

Assume that k; = ko, then (n—2)p1 + pin—1 = nk, ie., i1 = nk1 —(n—2)p1 <
nky — (n —2)(k1 + 1) = 2k; — n + 2. By Lemma 2.2, we have a(G) = pp—1 >
20 —n+2=2k1 —n+2.

Then p,—1 = 2k1—n+2 and (n—2)u1 +2k1 —n+2 = nky. We have (n—2)(u1—1) =
(n —2)k; and 3 = 1+ k1. By Lemma 2.3, k; = n— 1 and g1 = n. Then
-1 =2ks—n+2=2ki —n+2=2(n—-1)—n+2=mn. Hence G = K,,. Note
that K, has Laplacian eigenvalues u; = ... = uy,—1 = n, but G has the Laplacian
eigenvalues (g = ... = tp—2 > pp—1 > 0, a contradiction.

Hence no =2 and ny =n—ns =n— 2.
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By (2), pin—1 = (n —2)(k1 — 1) + 2k2 < (n — 2)(—1) + 2k = 2k —n + 2. By
Lemma 2.2, piy,—1 = 2ka—n+2. Then p,_1 = 2ka—n+2 and (n—2)u1+2ke —n+2 =
(n—2)k1+2kz. We have (n—2)(u1 —1) = (n—2)ky and g1 —1 = k;. By Lemma 2.3,
k1 =n—1and g1 = n. Then G has the maximum degree n — 1 (n — 2 times). Hence
G has K,, — e as an induced subgraph. Note that k1 # ko. Then G = K, —e.

Conversely, the characteristic polynomial of L(K,, —e) is A(A —n)""2[A— (n — 2)].
Then p1 = ... = pp—a=n> pp_1 =n—2> p, = 0. O

Lemma 2.5 ([26]). Let G be a graph with n vertices. Then 3 = g = ... =
fn—2 = fin—1 if and only if G = K,, or G =2 K,,.

We need some properties of the Laplacian eigenvalues. For more details, see [20].
Let G (or G¢) be the complement of the graph G with n vertices. The Laplacian
eigenvalues of G are n — fi,_1, 7 — fin_2, ..., 7 — pu1, 0.

Lemma 2.6. Let G be a connected graph with n vertices. Then p1 > ps = ... =
Mn—2 = fin—1 > 0ifand only if G = K,,, G = K1 51, or G = K}, /3 /9.

Proof. Suppose that g1 > o = ... = pip—2 = fin—1 > 0.

There are two cases:

Case 1. py = po = ... = pfip—2 = fp—1 > 0. Then by Lemma 2.5, we have
G~2K,.

Case 2. g > o = ... = lip—2 = fp—1 > 0.

Claim. p; = n.

Suppose p1 < n. Then G has the Laplacian eigenvalues n — ji,—1 = n —
Up—2=...=n— s >n—pu; > 0.

By Lemma 2.4, G = K,, —e. Hence G = Ko U K¢ , and G is disconnected,
a contradiction. Consequently, p; = n.

Hence G has the Laplacian eigenvalues n — jt,—1 = n — fip_2 = ... = n — iy >
n — p1 = 0. It has 0 two times and G has only two components C; and C,.

Subcase 2.1. C7 =2 K; or Cy = K.

Without loss of generality, let C; = K;. Then G = K1 UK,,_1 and G = K; ,,_1.

Subcase 2.2. C1 2 K; and Cy 2 K;. Cy has ny Laplacian eigenvalues pj = ... =
M, —1 > pr,, = 0. By Lemma 2.5, then Cy = K, . Similarly, C; = K,,. Note
ny =, 1 =n2i=12 Thus G =K, UK,/ and G = K, 3 /2.

Conversely, it is easy to see that p1 > o = ... = p—o = pin—1 > 0if G =2 K,
GgKlﬁnfl, OrGgKn/Qm/Q. O
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Lemma 2.7 ([26]). Let G be a connected graph with n > 2. Then ps = ... =
pn—1 and py =1+ A ifand only if G = K,, or G = K1 5,—1.

3. BOUNDS OF LAPLACIAN SPREAD

Theorem 3.1. For a connected graph G with n vertices and m edges,

n—1 2m
H1 —

LS(G) > .
(@) n—2 n—2
Equality holds if and only if G = K, G = K1 ,—1 or G = Ky, /3 /2.

Proof. Let ui,...,u, be the Laplacian eigenvalues of G. Note that 2m =
i+ .o+ pp—1+pn=p1+ ...+ ptin—1. Then

(5) 2m = 1+ (n = 2)pn—1-

We have p,—1 < (2m — p1)/(n —2). Thus

2m—p; n-—1 2m
L - - Hn— 2 - = - .
S(G) = = 1 2 n—2 n—ZM n—2
Equality (5) holds if and only if ps = ... = pp—1, by Lemma 2.6, ie., G = K,
GgKl,nfla OrGgKn/Q,n/Q' O
Let My = >, d2. Note that > p? is equal to the trace of L?, from which it
weV(G) i=1
n
may be shown that [14] > p? = > (d? +d,) = My + 2m.
i=1 weV(Q)

Theorem 3.2. Let G be a connected graph with n vertices and m edges, then

LS(G) = p1 — 4/ W Equality holds if and only if G =2 K,,, G = K 51
or G & Kn/27n/2.

Proof. Note that

(6) My+2m=>"p?>pi+(n—2)pus

i=1
Then i, 1 < /2O Thig LS(G) = pir — pin1 > i — o) 2EE2m=id
Equality (6) holds if and only if o = ... = pp—1. By Lemma 2.6, i.e., G & K,,
G=Kin1,0r G=Kygpo O
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Corollary 3.1. Let G be a connected graph with n vertices, m edges and maxi-

mum degree A. Then LS(G) > u1 — 4/ W >14+A— \/Ml(GHiT’Q_(HA)Q.

Equality holds if and only if G 2 K,, or G =2 K1 5,—1.

Proof. Let f(z) = = — \/%W. It is easy to verify that f(z) is

an increasing function. By Lemma 2.3 and Theorem 3.2, LS(G) > 1+ A —

\/Ml +2m (1+A)2. By Lemma 2.7, equality holds if and only if G = K, or
= Kin-1 (I

The join G = G1 V G3 is obtained from two disjoint graphs G; and G2 by adding
all edges between vertices of V(G;) and V(Ga2).

Lemma 3.1 ([9]). If G # K, is a connected graph with n vertices, then
11 (G)/un—1(G) = (A(G) +1)/6(G) if and only if G is of the form G = Gy V Ga,
where GGy is a disconnected graphs on n — §(G) vertices and G is a graph on §(G)
vertices that satisfies a(Gz) > 26(G) —n and A(Gs) = 6(G) —

Adopting the idea from [9], we have

Theorem 3.3. Let G be a connected non-complete graph with n vertices.
Then LS(G) > A+ 1 — 6. The equality holds if and only if pu1(G)/pn-1(G)
(A(G) +1)/0(G), i.e., G is a connected graph in Lemma 3.1.

Proof. Note that py > A+ 1 and p,—1 <6. Then pg — ppp—1 =2 A+1-290.

If pyy — ppp—1 = A+ 1 -6, by Lemma 2.3, then pu; — (A+1) = g1 —§ >
ie, fin—1 = 0. Thus pp—1 = d and uy = A+ 1. We have p1(G)/ppn-1(G)
(A(GQ) +1)/0(G).

Conversely, given 11(G)/jtn_1(G) = (A(G) + 1)/8(G), let 1 (G) = K(A(G) +1)
and p,—1(G) = kd6(G). Since u1(G) > A+ 1 and pn—1(G) < 6(G), we have k =1,
1 = A+1and pp—1 = 6. Then LS(G) = A+ 1—46. By Lemma 3.1, the result
follows. ([

=

Remark 3.1. The lower bounds of Theorems 3.1 and 3.3 are not comparable. For
example, for Py, the lower bound of Theorem 3.1 is better than that of Theorem 3.3.
Let T* be a tree obtained from P, by attaching a pendent vertex to a 2-degree of Pj.
The lower bound of Theorem 3.3 is better than that of Theorem 3.1.

Let a = (ai,...,a

») and b = (by,...,b,) be two positive n-tuples with 0 < a <
a; <A 0<b<b <B,1<i

//\

n.

160



Lemma 3.2 ([22], Ozeki inequality).

ia?ibf—(zaz z) < ~n*(AB — ab)®.

i=1 i=1

Theorem 3.4. Let G be a connected graph with n Vertjces and m edges. Then
LS(G) = 2n~'/(n — 1)(M; + 2m) — 4m?, where M; = Z dz.

Proof. Takea=a;=A=1,b= p,_1 and B = ;. By Lemma 3.2, we have

n—1 n—1 n—1 2 1
PR (Z m) <=1 = ).

Then

9 n—1 n—1 2
a0 (X
i=1 i=1

= 1\/(n—1)(M1+2m)—4m2.

O

Corollary 3.2. Let G be a connected k-regular graph with n vertices. Then
LS(G) = p1 — pin—1 = 2(n — 1)"1y/nk(n — k — 1).

Remark 3.2. Goldberg [9] obtained that for a connected k-regular graph with
n vertices 11 (G)—pin—1(G) = 2+/k(n — k — 1)n~1 holds. By Corollary 3.2, we correct
the inequality in Theorem 3.6 from [9]. Goldberg [9] cited the Ozeki inequality as

zr:agibf_(zaz z) < ~n*(AB — ab)*.

i=1 i=1

The factor n? on the right-hand side of the inequality is actually 2.

4. NORDHAUS-GADDUM TYPE LAPLACIAN EIGENVALUES
AND LAPLACIAN SPREAD

In [21], Nordhaus and Gaddum obtained bounds for the sum of the chromatic
numbers of a graph and its complement. Let G be the complement of the graph G
and I(G) an invariant of G. Then the relations on I(G) + I(G) are said to be of
Nordhaus-Gaddum-type. In Section 4, we use the Laplacian spread to obtain better
bounds for the Nordhaus-Gaddum type Laplcian eigenvalues.
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Theorem 4.1. Let y;(G) and 1 (G) be the Laplacian spectral radius of G and
its complement G, respectively. Then LS(G) = 1 (G) + u1(G) — n.

Proof. The Laplacian eigenvalues of a graph G and its complement G satisfy
the relation ;(G) = n — pn—i(G), i = 1,2,...,n — 1. Then LS(G) = m(G) —
i 1(G) = (G) = [n — (@) = 11(G) + (@) — . 0

Similarly, we have

Theorem 4.2. Let ji,,_1(G) and p,—1(G) be algebraic connectivity of G and its
complement G, respectively. Then LS(G) =n — pn_1(G) — pn_1(G).

Lemma 4.1 ([19]). Let G be a graph with n vertices, m edges and maximum
degree A. Then w(G) > 2m/(2m — (u1 — A)?), where w(G) is the clique number
of G.

Theorem 4.3. Let G be a graph with n vertices, m edges, the minimum degree §
and maximum degree A. Then LS(G) < \/(2 —1/w(G) = 1/w(G))n(n —1) + A —
0—1.

Proof. By Lemma 4.1, y; < \/2m(1 —1/w(@)) + A(G). By Theorem 4.1,

LS(G) = i (G) + m (G) —

1 1
- o) * [n(n—l)—Qm](l—ﬁ)
A(G) — 8(G) — 1.

Let s = 1-1/w(G), 3 = 1-1/w(G), and f(m) = \/Qms—i—\/ (n—1) —2m]§ In [13],
the authors showed that f(m) < f((s/2(s +3))n(n—1)) = /(s + 5)n(n — 1). Then
LS(G) < /(2 - 1/w(G) — 1/w(C ))n(n—1)+A—5—1. O

Recently, some upper bounds for Nordhaus-Gaddum type Laplacian eigenvalues
have been considered. By using the Laplacian spread, we can improve these bounds.
From the well-know inequality p; < 2A, the authors [17] obtained

(7) 11(G) + 1 (G) < 2(n — 1) + 2(A - 6).
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Theorem 4.4 ([23]). Let G be a graph of order n with 0 < 6(G) < A < n— 1.
Then

(8) pi(G) + 1 (G) <2¢/2(n — 1)2 = 36(n — 1) + (A +6)2A +4.
Moreover, if both G and G are connected then the upper bound is strict.
Theorem 4.5 ([23]). Let G be an irregular graph, then

(9) 1 (G) + 1 (G) < 2n —2+2(A —6) —4/(2n* — n).

Recently, Liu et al. [17] proved

Theorem 4.6 ([17]). Let G be a simple graph with n vertices and m edges. Let
0 and A be the minimum degree and the maximum degree of G, respectively. Then

(10)  wm(@A)+m(G) <n—2+V(A+6+1-n)2+n2+4(A—-0)(n—1).

By Proposition 1.1 and Theorem 4.1, we have

Proposition 4.1. Let G be a graph of order n, then

(11) 11(G) + 11(G) = LS(G) +n < 2n.

Remark 4.1. Proposition 4.1 provides an estimate for the upper bound of the
Nordhaus-Gaddum type of Laplacian eigenvalues. It is easy to check that the upper
bound (11) is better than the bound (7) if A # §. The bound (11) is better than
the bound (8). Let G be a irregular graph with A # § + 1, then the bound (11) is
better than the bound (9). And if A # § + 1, then the bound (11) is better than the
bound (10).

By the Laplacian spread of trees, the Nordhaus-Gaddum type of algebraic con-
nectivity is considered. It is known that for any tree T' with n vertices [8],

2(1 - COS(%)) = Mn—l(Pn) < Mn—l(T) < Nn—l(sn)'
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Proposition 4.2. Let G be a tree with order n > 5. Then 1 < p,—1(T) +

tn—1(T) < n —4cos(n/n). The left equality holds for T =2 S,,; the right equality
holds for T = P,.

Proof. From [6], S, and P, (n > 5) have the maximal Laplacian spread n — 1
and the minimal Laplacian spread 4 cos(n/n), i.e., 4cos(n/n) < LS(T) < n — 1. By

Theorem 4.2, pin—1(T) + pin—1(T) = n — LS(T). Then 1 < pin—1(T) + pn—1(T) <
n — 4 cos(n/n). O

Theorem 4.7 presents a relation between the Laplacian spread of a tree T and its

independence number.

Lemma 4.2 ([25]). Let T be a tree of order n and «(T) its independence number.
If T is the complement of T, then p,_1(T) > n — 2a(T).

Theorem 4.7. Let T be a tree of order n and «(T) its independence number.

Then
LS(T) < 2a(T) — 2(1 - cos(%)).

Proof. By Theorem 4.2 and Lemma 4.2,

LS(T) = 1 — i 1(T) — pin1(T) < 1~ [~ 20(T)] — pin1(T)
=2a(T) — pn-1(T) < 2a(T) — 2(1 - cos(g)).

(I
5. SOME OPERATIONS ON GRAPHS AND LAPLACIAN SPREAD
Theorem 5.1. Let G be the complement of a graph G. Then LS(G) = LS(G).
Proof. Let ui,...,un—1,0 be the Laplacian eigenvalues of G. Then
LS(G) = p1 = pin—1 =1 — pin—1 — (n — 1) = LS(G).
(I

Let G; x Go be the Cartesian product of graphs G; and Gs. Then V(G; X
G2) =V (G1) x V(G2) and (u1,uz) is adjacent to (v1,vs2) if and only if u; = v1 and
(ug,v2) € E(G2) or ug = vy and (u1,v1) € E(G1).
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Lemma 5.1 ([20]). Let G1 and G2 be graphs with order n and let p!, pb, ..., p,
and pf, 1y, ..., be the Laplacian eigenvalues of G1 and Gs, respectively. Then
the Laplacian eigenvalues of G1 x Gy are p; + ,u}’, ,j=1,2,...,n.

Theorem 5.2. Let Gy and Gy be graphs with n vertices. Then LS(G1 x G2) >
LS(G1) + LS(G2). The equality holds if and only if the algebraic connectivity of G4
and (G5 is equal to 0, i.e., G and G5 are disconnected.

Proof. By Lemma 5.1, we have

LS(G1 x G2) = py + py —min{pg 1, pn 1} = ph + 4 — pgy — 14
= LS(G1) + LS(Ga).

The inequality is strict if ], _; # 0 or ulr_; # 0. O

Lemma 5.2 ([4]). Let G be a graph with n vertices. G’ is a graph obtained
from G by adding a vertex v, where v is adjacent to all vertices of G. Then the largest
Laplacian eigenvalue of G’ is n+ 1 and the other non-zero Laplacian eigenvalues are
incremented by 1.

Theorem 5.3. Let G be a graph with n vertices and G’ a graph obtained from G
by adding a vertex v, where v is adjacent to all vertices of G. Then LS(G") > LS(G)
with equality holding if and only if A(G) =n — 1.

Proof. By Lemma 5.2,
LS(G") =n+ 1~ (pn-1+1) =n— pp—1 > i1 — p—1 = LS(G).

The equality holds if and only if p1 = n, i.e., A(G) =n — 1. d

Lemma 5.3 ([11]). If Ty is a subtree containing at least two vertices of a tree T,
then o(T) < a(Th).

Lemma 5.4 ([3]). For e ¢ E(G), the Laplacian eigenvalues of G and G' = G + ¢
interlace, i.e., p1(G') 2 p1(G) = p2(G') = 12(G) = ... = pn(G') = pun(G) = 0.
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Theorem 5.4. If T} is a subtree containing at least two vertices of a tree T', then
LS(T) > LS(Ty).

Proof. By Lemmas 5.3 and 5.4, a(T) < «(T1) and p1(T) > p1(T1). Then
LS(T) > LS(Ty). O

Example 5.1. The Laplacian spread of a subgraph is not necessarily less than
the LS-value of the graph. Py is a subgraph of C5, but LS(Py) = 3.41421 — 0.58579 >
LS(Cs) = 3.61803 — 1.38197.

6. THE MAXIMUM LAPLACIAN SPREAD OF CONNECTED GRAPHS

By the basic results of [6], [15], [1], [7], [16], [2], the maximum Laplacian spread
of connected c-cyclic (¢ < 3) graphs are determined. However, the graphs which
share the maximum Laplacian spread among all connected graphs of order n are still
unknown. Thus, we present the following

Question 6.1. Let G be a connected graph with n vertices. Does LS(G) < n—1
hold, with the equality holding if and only if G has the Laplacian spectral radius n
and algebraic connectivity 17

Theorem 6.1. There is a connected c-cyclic graph (¢ < (";2)) with n vertices
and Laplacian spread n — 1.

Proof. Let Gp be a c-cyclic graph with n — 1 vertices and A(G1) =n—2. G is
the graph obtained from 7 by attaching a pendent vertex to an n — 2-degree vertex.
Then A(G) =n—1,6(G) =1 and G is a c-cyclic graph with n vertices. Then G has

an isolated vertex and A(G) =n — 2. Hence 1 (G) =n —1 and p,,—1(G) = 0. Then

LS(G) = LS(@G) = n — 1. O

Theorem 6.2. Ifc > (";2) + 1, then there is not a connected c-cyclic graph with
n vertices and Laplacian spread n — 1.

Proof. Since m —n+1=cand m(G) +m(G) = (}), we have

m(G) = (Z)—m— <g>—(c+n—1)< <g>—<”;2) ~1-n+l=n-3.

Then G is disconnected and p1(G) < n — 2. Hence LS(G) = LS(G) < n — 2. O
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