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Abstract. First, we prove that the set of intuitionistic fuzzy con-
gruences on a semigroup satisfying the particular condition is a modular
lattice [Theorem 2.9]. Secondly, we prove that the set of all intuition-
istic fuzzy congruences on a regular semigroup contained in (x7¢, Xe)
forms a modular lattice [Proposition 3.5]. And also we show that the
set of all intuitionistic fuzzy idempotent separating congruences on a
regular semigroup forms a modular lattice[Theorem 3.6]. Moreover,
we prove that the lattice of intuitionistic fuzzy congruences on a reg-
ular semigroup is a disjoint union of some modular sublattices of the
lattice[Corollary 3.15]. Finally, we show that the lattice of intuitionis-
tic fuzzy congruences on a group and the lattice of intuitionistic fuzzy
normal subgroups satisfying the particular condition are lattice isomor-
phic[Theorem 4.6].
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1. Introduction

In 1965, Zadeh [33] introduced the concept of fuzzy sets as the generalization
of ordinary subsets. After that time,several researchers [1,23,24-27,29,31] have
applied the notion of fuzzy sets to congruence. In particular, Das[10] and
Yijia[32] investigated the set of all fuzzy congruences in the view of lattice
theory.

In 1986, Atanassov(2] introduced the concept of intuitionistic fuzzy sets
as the generalization of fuzzy sets. After that time, many researchers [3,5-
8,11,12,14-16] applied the notion of intuitionistic fuzzy sets to relation, group
theory and topology. Recently, Hur and his colleagues [17-21] studied intuition-
istic fuzzy equivalence relations and various intuitionistic fuzzy congruences.

In this paper, first, we prove that the set of intuitionistic fuzzy congru-
ences on a semigroup satisfying the particular condition is a modular lattice
[Theorem 2.9]. Secondly, we prove that the set of all intuitionistic fuzzy congru-
ences on a regular semigroup contained in (x#, Xx<) forms a modular lattice
[Proposition 3.5]. And also we show that the set of all intuitionistic fuzzy
idempotent separating congruences on a regular semigroup forms a modu-
lar lattice[Theorem 3.6]. Moreover, we prove that the lattice of intuitionistic
fuzzy congruences on a regular semigroup is a disjoint union of some modu-
lar sublattices of the lattice[Corollary 3.15]. Finally, we show that the lattice
of intuitionistic fuzzy congruences on a group and the lattice of intuitionistic
fuzzy normal subgroups satisfying the particular condition are lattice isomor-
phic[Theorem 4.6].

2. Preliminaries

In this section, we list some basic concepts and well-known results which are
needed in the later sections.
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For sets X,Y and Z, f = (f1, f2) : X — Y X Z is called a complex mapping
if f1: X —Y and f5: X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as /. And
for a lattice, refer to [4,22]. For any ordinary relation R on a set X, we will
denote the characteristic function of R as yg.

Definition 2.1[2,7]. Let X be a nonempty set. A complex mapping A =
(ta, va) : X — I x I is called an intuitionistic fuzzy set (in short, IFS) in
X if pa(x) +va(x) <1 for each x € X, where the mapping pa : X — I and
va : X — I denote the degree of membership (namely pa(x)) and the degree of
nonmembership (namely va(x)) of each x € X to A, respectively. In particular,
0~ and 1. denote the intuitionistic fuzzy empty set and the intuitionistic fuzzy
whole set in X defined by 0.(z) = (0,1) and 1.(x) = (1,0) for each z € X,
respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 2.2[2]. Let X be a nonempty set and let A = (pua,va) and
B = (up,vp) be IFSs on X. Then

(1) AC B iff pua < pup and vy > vp.

(2) A= B iff AC B and B C A.

(3) A® = (va, pa).

(4) ANB = (pa A pp,va V vp).

(5) AUB = (ua V pup,va Avg).

(0) [JA= (a1 — ), < > A= (1= va,0).

Definition 2.3[7]. Let {A;}ics be an arbitrary family of IFSs in X, where
A; = (pa,,va,) for each i € J. Then

(1) N A = (A pa, Vva,).

(2) Ui = (Vpa, Ava,).

Definition 2.4[6].Let X be a set. Then a complex mapping R = (ur, Vg) :
X x X — I x I is called an intuitionistic fuzzy relation (in short, IFR) on X
if ur(x,y) +vr(x,y) <1 for each (z,y) € X x X, i.e., R€ IFS (X x X).
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We will denote the set of all IFRs on a set X as IFR(X).

Definition 2.5[6]. Let R € IFR(X). Then the inverse of R, R~ is defined
by R~(z,y) = R(y,z) for any z,y € X.

Definition 2.6[6,11]Let X be a set and let R,Q € IFR(X). Then the com-
position of R and ), Q o R, is defined as follows : for any x,y € X,

por(t,y) = \/ [nr(r, 2) A pg(z,y)]

and

voor(z,y) = /\ [vr(@, 2) V vo(z.y)).

Definition 2.7[6].An Intutionistic fuzzy Relation R on a set X is called an
intutionsitic fuzzy equivalence relation (in short, IFER) on X if it satisfies the
following conditions :

(i) it is intutionsitic fuzzy reflexive, i.e.,R(x,y) = (1,0) for any z,y € X.
(ii) it is intutionsitic fuzzy symmetric, i.e., R~ = R.

(#11) it is intutionsitic fuzzy transitive, i.e., Ro R C R.
We will denote the set of all IFERs on X as IFE(X).

Definition 2.8[18].We define two IFRs on a set X, A and <7 as follows,
respectively : for any x,y € X,

(170) fo:yy

Alwy) = { (0,1) ifz#y,

and
v(z,y) = (1,0).
It is clear that A, <7 € IFE(X).

Let R be an intuitionistic fuzzy equivalence relation on a set X and let
a € X. We define a complex mapping Ra : X — [ x I as follows : for each
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rze X

Ra(z) = R(a, x).

Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra in X is called an
intuitionistic fuzzy equivalence class of R containing a € X. The set {Ra :

a € X} is called the intuitionistic fuzzy quotient set of R by X as denoted by
X/R.

Result 2.A[18, Theorem 2.15].Let R be an intuitionistic fuzzy equivalence
relation on a set X. Then the followings hold :

(1) Ra = Rb if and only if R(a,b) = (1,0) for any a,b € X.

(2) R(a,b) = (0,1) if and only if RaN Rb = 0. for any a,b € X.

(3) Uyex Ra = 1.

(4) There ezists the surjection p : X — X /R defined by p(x) = Rz for each
re X.

Definition 2.9[18]. Let X be a set, let R € IFR(X) and let (A, ) € [0,1) X
(0,1] such that A\+-p < 1. We define a complex mapping Ry ) : X x X — I x 1
as follows : for each y € X,

(1,0) iof pr(z,y) >\ and vg(z,y) < p,
R(/\,u) (.I', y) = .
(07 1) Zf /J/R(xay> <A and VR(x7y> > ez
Result 2.B[18, Proposition 2.19].Let P,Q € IFR(X). Then
(1) P = Q if and only if P = Qi for each (A, ) € [0,1) x (0, 1] with
A+ p <1
(2) For each (A ) € [0,1) x (0,1] with A+ u < 1,

(PNQ)am = Pouw N Q) (PURQ)0w = P UQuw,
(PoQ)onw = Py 0 Qo (PV Q) = Pow V Qo

Definition 2.10[18].Let X be a set, let R € IFR(X) and let {Ra}acr be the
family of all the IFERs on X containing R. Then () ,cp Ra is called the IFER
generated by R and denoted by R°.
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It is easily seen that R® is the smallest intuitionistic fuzzy equivalence

relation containing R.

Definition 2.11[18].Let X be a set and let R € IFR(X). Then the intu-
tionsitic fuzzy transitive closure of R, denoted by R, is defined as follows

R> = U R", where R"= RoRo---o0R(n factors).

neN

Result 2.C [18, Proposition 3.7].Let X be a set and let R, () € IFE(X). We
define RV @ as follows: RV Q = (RUQ)*®, ie, RVQ = J,n(RUQ)™
Then RV Q € IFE(X).

Result 2.D[18, Proposition 3.8].Let P and Q be any intutionsitic fuzzy equiv-
alence relations on a set X. It Ro Q € IFE(X), then Ro@Q = RV Q, where
RV Q denotes the least upper bound for {P,Q} with respect to the inclusion.

Result 2.E[18, Proposition 3.9].Let X be a set. If R,Q € IFE(X), then
RVvQ@Q=(RoQ)™®

Result 2.F[18, Corollary 3.9].Let X be a set. If R,Q € IFE(X) such that
Ro@Q=QoR, then RVvQ=RoQ.

3. The lattice of intuitionistic fuzzy congruences on a
semigroup

Definition 3.1[19].An IFR R on a groupoid S is said to be:
(1) intuitionistic fuzzy left compatible if ugr(z,y) < pr(zz, zy) and vg(x,y) >
vr(zx, zy), for any z,y,z € S.

(2) intuitionistic fuzzy right compatible if pg(z,y) < pur(xz,yz) and vg(z,y) >

vr(zz,yz), for any z,y,z € S.
(3) intuitionistic fuzzy compatible if pr(x,y) A pr(z,t) < pr(zz, yt) and
VR(xa y) N VR(Za t) > Z/R(-TZ, yt): fO’f’ any ,y,2,t € S.

Definition 3.2[19].An IFER R on a groupoid S is called an:
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(1) intuitionistic fuzzy left congruence (in short, IFLC') if it is intuition-
istic fuzzy left compatible.

(2) intuitionistic fuzzy right congruence (in short, IF'RC') if it is intuition-
istic fuzzy right compatible.

(8) intuitionistic fuzzy congruence (in short, IFC') if it is intuitionistic
fuzzy compatible.

We will denote the set of all IFCs [resp. IFLCs and IFRCs| on a groupoid
S as IFC(S) [resp. IFLC(S) and IFRC(S)]. Then it is clear that A,y €
IFC(S).

Result 3.A[19, Lemma 2.14].Let R and Q be intuitionistic fuzzy compatible
relations on a groupoid S. Then QQo R is also an intuitionistic fuzzy compatible
relation on S.

Result 3.B[19, Theorem 2.15].Let R and Q be intuitionistic fuzzy congruences
on a groupoid S. Then the following conditions are equivalent :

(1) Qo R € IFC(S).

(2) Qo R € IFE(S).

(3) Q o R is intuitionistic fuzzy symmetric.

(4) QoR=RoQ.

Result 3.C[19, Proposition 2.16].Let S be a semigroup and let Q, R € IFC(S).
IfRo@Q =Qo R, then RoQ € IFC(S).

Let R be an intuitionistic fuzzy congruence on a semigroup S and let a € S.
The intuitionistic fuzzy set Ra in S is called an intuitionistic fuzzy congruence
class of R containing a € S and we will denote the set of all intuitionistic fuzzy
congruence classes of R as S/R.

Result 3.D[21, Proposition 2.4].Let S be a reqular semigroup and let R €
IFC(S). If Ra is an idempotent element of S/R, then there exists an idempo-
tent e € S such that Re = Ra.

For a semigroup S, it is clear that IFC(S) is a partially ordered set by
the inclusion relation ” C ”.  Moreover, for any P,Q € IFC(S), PN Q is
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the greatest lower bound of P and @ in (IFC(S),C ) but PUQ ¢ IFC(S) in
general(See Example 2.11 in [18]).

Lemma 3.3.Let S be a semigroup and let P,Q € IFC(S). We define PV Q as
follows: PNV Q=PUQ, e, PVQ=,(PUQ)". Then PV Q € IFC(S).

proof. By Result 1.C, it is clear that PV @ € IFE(S). Let z,y,t € S. Since
P and () are intuitionistic fuzzy left compatible,

prve(y) = \[lue(z,9) Vv pol,y)"

and

l/p/\Q(.I',y) = /\ [Vp(l',y) A VQ(xayﬂn

> [vp(te, ty) Avg(te, ty)]" = vpag(te, ty).

Thus P V @ is intuitionistic fuzzy left compatible. Similarly, it can be easily
seen that PV (@ is intuitionistic fuzzy right compatible. Hence PV Q € IFC(S).
[

The following is the immediate result of Result 1.D.

Theorem 3.4.Let P and () be any intuitionistic fuzzy congruence on a semi-
group S. If Po(Q) is an intuitionistic fuzzy congruence on S, then PoQ) = PV(Q
where PV @ denotes the least upper bound for {P,Q} with respect to the in-
clusion.

The following is the immediate result of Result 1.E and Result 2.A. More-
over, this gives another description for PV @ of two IFCs P and Q.

Proposition 3.5.Let S be a semigroup. If P,Q € IFC(S), then PV Q =
(Po@)>.

The following is the immediate result of Result 2.F and Proposition 3.5.
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Corollary 3.5.Let S be a semigroup. If P,Q € IFC(S) such that Po@Q = QoP,
then PV Q = PoQ.

For a semigroup S, we define two binary operations V and A on IFC(S) as
follows : for any P,Q € IFC(S),

PVQ=PUQ and PAQ=PNQ.

Then we obtain the following result from Definition 2.8, Lemma 3.3 and The-
orem 3.4.

Theorem 3.6.Let S be a semigroup. Then (IFC(S),A,V ) is a complete lattice
with A\ and <7 as the least and greatest elements of IFC(S).

Proposition 3.7.Let P and () be any intuitionistic fuzzy congruences on a
group G. Then Ro () = Q o P. Hence, by Result 3.C and Corollary 3.5,
PoQ=PVQ.

Proof. Let x,y € G. Then

pro(z,y) = \/ (g (@, 2) A pp(zy)]
z€G

= (e, ) Aoz 27" A pgl(x, 2))
Npp(z,y) A pp (27 270 A pp (2, )]

< Vlke(yz"",9) A pp(z,yz""2))
z€S

<\ lpe(zyze) Apg(yz""z,y)]
yz~lzeG

= HQoP (‘1'7 y)

and
vroe(t,y) = N\ [ol@,2) V vp(ey)

z€G

= /\ [(vo(y,y) Vg™, 27 Vg, 2))
z€G
V(vp(z,y) Vp(z ™t 27 vV up(z, 7))

> /\ vo(yz 'z, y) Vvp(z,yz ')

z€G
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v

N ez, y2"a) v ivglyz"2,y)]

yz—lzeG
= VQop (‘1'7 y)

Thus Po@ C Qo P. Simlarly, we have Qo P C Po(). Hence Po(@Q = Qo P.
[

Definition 3.8[4]. A lattice (L, A, V) is said to be modular if for any x,y,z € L
with x < z,
(xVy)ANz=aV(yAz).

In any lattice L, it is well-known [4, Lemma 1.5] that for any x,y, z € L, if
x < z[resp. x > z],then 2V (yAz) < (xVy)Az [resp. A(yVz) > (zAy)Vzl.
The inequality is called the modular inequality.

Theorem 3.9.Let S be a semigroup and let A be any sublattice of (IFC(S),A, V)
such that Po@Q = Q o R for any P,Q € A. Then A is a modular lattice.

Proof. Let R,Q, P € A such that R C P. Let z,y € S. Then

1rvQap(T,Y) = H(Ro@)nP (T, Y) (By Corollary 2.5)
= (\/[MQ(xa Z) N IUR(Za y)]) N :uP(xa y)

z€S

= \/[IUQ(.Z', z) A pr(2,y) A pr(z,y) A e (2, )]

< \/[MQ(xa'Z)/\,UR(Zay)/\:uP(Zay>/\ﬂp(xay)] (SinceRCP>

< V[uQ(x, 2) A pr(z,9) A pp(z, 2)] (Since P € IFC(S))

z€S
= ,uRo(QﬂP)(xa y)

= frvrp)(T,Y) (By Corollary 2.3)

and

V(RVQ)/\P(xay) = V(ROQ)OP(xay)

= (Alvale,2) Vvr(zy)) v ve(z,y)
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= /\ (vo(z,2) Vvr(z,y) Vr(z,y) Vp(z,y)]

/\ (vo(z,2) Vvr(z,y) Ve(z,y) Vp(z,y))

/\ lvo(z,2) Vvr(z,y) Vp(z, 2)]
z€8
= VRo(@nP)(T:Y) = Vrv(Qrr)(T, V).

v

v

Thus (RVQ)AP C RV (QAP). It is clear that RV (QAP) C(RVQ)AP
from the modular inequality. So (RV Q) AP = PV (Q A P). Hence A is
modular. W

The following is the immediate result of Proposition 3.7 and Theorem 3.9.

Corollary 3.7If G is a group, then (IFC(G), A,V ) is a modular lattice.

4. The lattice of intuitionistic fuzzy congruences on a
regular semigroup.

For a semigroup S, S* denotes the monoid defined as follows :

gl _ S if s has the ideuetity 1,
L Su{1} otherwise.

Definition 4.1 [13]. The equivalence relations L, R, H and D on a semigroup
S are defined as follows, respectively :

(1) L ={(a,b) € S x S: S'a= S"b}.

(2) R = {(a,b) € S x S:aS"'=bS"}.

(3) H=LNTR.

(4) D=LVR.

The L—,R—, H— and D— classes of S containg the element a will, as
usual, be denoted by La, Ra, Ha and Da, respectively. The set of all £L—
classes [resp.R— classes| of S can be partially ordered as follows : for any
a,bes,

La < Lb ifand only if S'a C S'
and
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Ra < Rb if and only if aS' C bS!.

Definition 4.2[20].Let R be an intuitionistic fuzzy relation on a semigroup
S. We define a complex mapping R° = (pge,vre) : S xS — I x I as follows :
for any x,y € 5,

Ro(xay> = ( /\ ﬂR(sxtv Sgt)? \/ VR(Sxtv Syt))'

s,teSt s,yesSt

It is clear that R° € IFR(S).

Result 4.A[20, Proposition 3.3].Let S be a semigroup and let R, Q) € IFR(S).
Then :

(1) R° C R.

(2) (R)™H = (R7Y)"°.

(3) If R C Q, then R° C Q°.

(4) (R°)° = R°.

(5) (RNQ)° =R NQ°.

(6) R = R° if and only if R is intuitionistic fuzzy left and right compatible.

Result 4.B[20, Theorem 3.4].Let S be a semigroup and let R € IFE(S). Then

R° is the largest intuitionistic fuzzy congruence on S contained in R.

Result 4.C[20, Theorem 3.6].Let S be a reqular semigroup. If P,Q € > (X, XHe),
then Po @ = Q o P, where Y (x#, xne) = {T € IFC(S) : T C (Xn, Xne)}

Definition 4.3[20].Let S be a regular semigroup and let R € IFC(S). Then
R is called an intuitionistic fuzzy idempotent separating congruence (in short,
IFISC) if Re # Ry whenever e # f, i.e., Re = Ry implies e = f for any
e, f € Es.

We will denote the set of all IFISCs on S by IFISC(SS).

Result 4.D[20, Theorem 4.7].Let S be a reqular semigroup and let T € IFC(S).
Then T € IFISC(S) if and only if T € > (X, Xre)-

Proposition 4.4.Let S be a semigroup and let R € IFE(S) and let Y (R) =
{T € IFC(S) : T C R}. Then > (R) is a sublattice of IFC(S) with the greatest
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element R° and the least element /.

proof. It is clear that A € IFC(S) and A C R. Thus A € > (R). So
YAR) # ¢. Let P.Q € > (R). Then, by Result 3.A(1) and Result 3.B,
PANQCRand PVQ C R°CR. Thus PAQ, PV Q € > (R). Hence > (R)
is a sublattice of IFC(S) with the greatest element R° and the least element
JAWN |

Proposition 4.5.Let S be a reqular semigroup. Then > (xw, Xne) i a modular
sublattice of IFC(S) with the greatest element (X, Xne)® and the least element
A.

Proof. By Proposition 4.4, > (x#, xne) is a sublattice of IFC(S) with the
greatest element (xz, xne)® and the least element A. Hence, by Result 4.C
and Theorem 3.9, > (x#, x#e) is a modular sublattice of IFC(S). B

The following is the immediate result of Proposition 4.5 and Result 4.D.

Theorem 4.6.Let S be a regular semigroup. Then IFISC(S) is a modular
sublattice of IFC(S) with the greatest element (X, Xne)® and the least element
A.

Lemma 4.7.Let S be a semigroup and let P,Q € IFC(S) such that QQ C P.
We define a complex mapping P/Q = (upjq,vp)q) : S/Q x S/Q — I x I as
follows : for any x,y € S,

P/Q(Q£,Qy) = (,up(l',y),l/p(l',y)).

Then P/Q is an intuitionistic fuzzy congruence on S/Q).

Proof. It is clear that P/Q € IFR(S/Q) from the definition of P/(Q). Let
x € S. Then P/Q(Qx,Qz) = (up(x,x),vp(x,z)) = (1,0). Thus P/Q is intu-
itionistic fuzzy reflexive. It is clear that P/@ is intuitionistic fuzzy symmetric
from the definition of P/Q. Now let x,y € S. Then

pr/Q(Qz, Qy) = pp(x,y) > prop(z,y) = \/[MP(% z) A pp(2,9)]

z€S
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=V kro(Qz,Q2) A p/g(Qz,Qy))

z€S

= IU/P/QOP/Q (Qfﬂ, Qy)

and

vpi(Qr, Qy) = vp(r,y) <wvper(,y) = [\ ez, 2) Vve(z,y)]

= /\[VP/Q(Q.%,QZ)\/VP/Q(QzaQy]

z€S
= VP/QOP/Q(Qxa Qy)
Thus P/Qo P/Q C P/Q, i.e., P/Q is intuitionistic fuzzy transitive. So P/Q €
IFE(S/Q).
Let z,y,2,t € S. Then

1p/(Qr + Qz, Qy+ Q) = ppg(Quz, Qut) = pp(rz, yt)
IUP(xa y) N ,UP(Za t)
/J/P/Q(Qxa Qy> A ,U/p/Q(QZ, Qt)

v

and

vpio(Qr * Qz, Qy * Qt)

vp)Q(Qrz, Qut) = vp(z2, yt)
vp(x,y) Vup(z,t)
= VP/Q(va, Qy> \Y VP/Q(Qza Qt)

Thus P/ is intuitionistic fuzzy compatible. Hence P/Q) € IFC(S/Q). B

IN

Lemma 4.8.Let S be a semigroup, let T' € IFC(S) and let IFCp(S) = {P €
IFC(S) : T C P}. Then there exists an order preserving bijection ® : IFCr(S) —
IFC(S/T).

Proof. We define a mapping ¢ : IFCr(S) — IFC(S/T) as follows : for each
Pe IFCT(S),
o(P) = P/T.

Then, by Lemma 4.7, ® is well-defined. Let P,Q € IFCr(S) such that P C @
and let z,;y € S. Then
pop) Tz, Ty) = ppr(Tr,Ty) = pp(z,y)
< po(r,y) = po/r(Tr, Ty) = pag)(Tz, Ty)
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and

vop)(Tx,Ty) = vpyr(Tx,Ty)=vp(z,y)
> volr,y) = VQ/T(Tx7Ty> = vo(@)(Tz, Ty).

Thus ®(P) C ¢(Q). So @ is an order preserving mapping. It is clear that ® is
surjective. For any P,Q € IFCr(S5), suppose ®(P) = ®(Q) and let x,y € S.
Then P/T(Tx,Ty) = Q/T(Tz, Ty). Thus P(z,y) = Q(z,y). So ® is injective.
Hence ® is an order preserving bijection. W

The following result is straigh forward to verify.

Theorem 4.9.Let S be a semigroup and let T € IFC(S). If P,Q € IFCp(S5),
then (P AQ)/T = P/T AQ/T and (PN Q)/T = P/TV Q/T. Hence [FCr(S)
and IFC(S/T) are lattice isomorphic.

Lemma 4.10.Let S be a semigroup and let CC IFC(S) such that T = (\C € C.
If C/T = {P/T : P €C} is a sublattice [resp. a sublattice of commuting
intuitionistic fuzzy congruences | of IFC(S/T), then C is a sublattice [resp. a
sublattice of commuting intuitionistic fuzzy congruences | of IFC(S).

Proof. Suppose C/T is a sublattice of IFC(S/T'). Let P,Q €C. Since C/T is a
sublattice of IFC(S/T"), P/TANQ/T,P/TVvQ/T €C/T. Since P,Q € IFCp(S),
by Theorem 4.9, P/TAQ/T = (PAQ)/T and P/TVQ/T = (PVQ)/T. Let ® :
IFCr(S) — IFC(S/T) be the order preserving bijection defined in Lemma 4.8.
Then ® |¢ : C—C/T is an order preserving bijection. Thus P A Q, PV Q €C.
Hence C is a sublattice of IFC(S5).

Suppose C/T is a sublattice of commuting intuitionistic fuzzy congruences
of IFC(S/T). Let P,Q €C and let z,y € S. Then

(Po@Q)(x,y) = (Vluolz,2) Anr(zy)]l, Alvale, z) vve(zy))

z€S z€S

= (\ltoyr(Te, T2) A peyr (T2, Ty), Nlvaye (T, T2) V vpyr (T2, Ty))

z€S z€S

= (P/ToQ/T)(Tx,Ty) = (Q/T o P/T)(Tx, Ty)

= (\Vlppr(T2,T2) A pgr(Tz, Ty), )\ ver(Te, T2) V vgr (T2, Ty))

z€S z€S

= (Ve 2) Apglz.9)), \lve(e,2) v va(zy))

z€S z€S
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= (QoP)(x,y).

Thus Po@Q = @ o P. Hence C is a sublattice of commuting intuitionistic fuzzy
congruences of IFC(S). B

Remark 4.11.From Lemma 4.9 it is immediate that if C is a sublattice [resp.a
sublattice of commuting intuitionistic fuzzy congruences | of IFC(S), thenC /T
is a sublattice [resp.a sublattice of commuting intuitionistic fuzzy congruences

| of IFC(S/T).
The following is the immediate result.

Proposition 4.12.Let S be a semigroup and let IFCo(S) = {R € IFC(S)
tR(x,y) € {(0,1),(1,0)} for any x,y € S}. Then IFCo(S) is a sublattice of
IFC(S).

The following is the immediate result of Proposition 4.12 and Result 2.B.

Proposition 4.13.Let S be a semigroup. Then R € IFC(S) if and only if
Ry € IFCo(S) for each (A, i) € [0,1) x (0,1] with A+ p < 1.

Lemma 4.14.Let S be a regular semigroup and let Ro = {(P,Q) € IFCo(S)
x IFCo(S) : P(e, f) = Ql(e, f) for any e, f € Eg}. Then

(1) Ro is an equivalence relation on IFCo(S).

(2) Each Ro— class is a sublattice of IFCo(S) of commuting intuitionistic
fuzzy congruences.

Proof. The proof of (1) is clear.
(2) Let A be an Ro— class, let T'= (\pc4 P, let Q €A and let e, f € Eg.

Then Q(e> f) = P(e’ f) for eaCh P G'A and T(€7 f) = (/\PEAMP(ea f): \/PEA VP(@, f)) =
P(e, f). Thus T' € A. So A has the least element 7.

Suppose there exist idempotents fi and f, in S/T such that pg,r(f1, f2) >
0 and vg,r(f1, f2) < 1. By Result 3.D, there exist idempotents ey, ez in S such
that fi = Te; and fo = Tes. Then

pqler, e2) = pugr(Ter, Tea) = pgr(fi, f2) >0
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and

vg(er, e2) = vor(Ter, Tes) = vg/r(fr, f2) < 1.

Since Q(e1,ez) = T(ey,e2), pur(er,ea) > 0 and vr(er,es) < 1. Since T €
IFCo(S), T(e1,e2) = (1,0). By Result 2.A(1), fi = Tey =Tes = fo. So QT
is intuitionistic fuzzy idempotent separating.

Now, for each P € IFCo(S/T), we define a complex mapping P’ = (up:, vp) :
S xS — I x1I as follows : for any z,y € S,

P'(x,y) = P(Tx,Ty).

Then clearly P’ € IFCo(S) and T' C P’. Suppose P is intuitionistic fuzzy
idempotent separating and ppr (e, f) > 0,vp (e, f) < 1 for any e, f € Es. Then
up(Te, Ty) = ppr(e, f) > 0 and vp(Te, Ty) < 1. Since P is intuitionistic fuzzy
idempotent separating, T'e = Ty. Thus T'(e, f) = (1,0). Since T' C P',1 =
pr(e, f) < ppi(e, f) and 0 = vp(e, f) > vpi(e, f). Thus T'(e, f) = P'(e, f) for
any e, f € Es. So P' €A and thus P'/T = P. Hence A/T ={Q/T : Q € A}
is just the subset of IFCo(S/T') of idempotent separating intuitionistic fuzzy
congruences, i.e., A/T = IFCo(S/T)N IFISC(S/T). By Proposition 4.12 and
Theorem 4.6, A/T is a sublattice of IFC(S/T'). Furthermore, by Result 4.C and
Result 4.D, A/T is a sublattice of IFC(S/T) of commuting intuitionistic fuzzy
congruences. By Lemma 4.10, A is a sublattice of commuting intuitionistic
fuzzy congruences. But AC IFCo(S). Hence A is a sublattice of IFCo(S) of
commuting intuitionistic fuzzy congruences. This complete the proof. B

Theorem 4.15.Let S be a reqular semigroup and let R = {(P,Q) € IFC(S)
x IFC(S) : P(e, f) = Qle, f) for any e, f € Es}. Then

(1) R is an equivalence relation on IFC(S).

(2) Each R— class is a modular sublattice of IFC(S).

Proof. The proof of (1) is clear.

(2) Let A be an R— class, let T = (A, and let P €A. Let e, f € Eg.
Then clearly P(e, f) = Q(e, f) for each @ €A. Thus Ple, f) = T'(e, f). So
T €A and thus T is the least element of A. Let P,Q €A and let e, f € Eg.
Then clearly (PN Q)(e, f) =T(e, f),i.e., PNQ =T. Since T €A, PNQ €A
for any P, €A. Now let P,Q €A, let e, f € Es and let (A, ) € [0,1) x (0, 1]
with A + ¢ < 1. Then T'(e, f) = P(e, f) = Q(e, f). Thus, by Result 2.B(1),
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Touw(e, f) = Pole, f) = Qo e, f). So there exists an Ro— class Ao such
that T(/\#), p(/\#), Q(/\#) cAo. By Result 2B(2) and Lemma 4.14, (P\/Q)(/\#) =
Py V@ €Ao. Then (PVQ) (e, ) = (P VQ@um)(e, ) = Tom(e f).
Thus (P V Q)(e, f) = T(e,f). So PV Q €A. Hence A is a sublattice of
IFC(S). Also, by Result 2.B(2) and Lemma 4.14, (PoQ) ) = PowoQup) =
Qo © Poyy = (Qo P)iy. Then Po@Q = Qo P. Hence, by Result 2.B(1)
and Theorem 3.9, A is a modular sublattice of IFC(S). B

Corollary 4.15.Let S be a reqular semigroup. Then
(1) IFC(S) is a disjoint union of some modular sublattices of IFC(S).
(2) If S is a group, then IFC(S) is a modular lattice.

Proof. (1) It is clear form Theorem 4.15.

(2) Suppose S is a group. Then Eg = {e}, where e is the identity of S. Let
P,@Q € IFC(S). Then P(e,e) = Q(e,e) = (1,0). Thus R = IFC(S) x IFC(S)
and each R—class is IFC(S). Hence, by Theorem 4.15, IFC(S) is a modular
lattice. W

5. Relationship between intuitionistic fuzzy normal
subgroups and intuitionistic fuzzy congruences

Definition 5.1/14/. Let (X,-) be a groupoid and let A, B € IFS(X). Then
the intuitionistic fuzzy product of A and B, A o B is defined as follows : for
any v € X

(Voo la(y) A ps(2)], Ayomslvaly) vV vs(2))),
(0,1) if x is not expressible as x = yz.

(o)) = {

Definition 5.2[14].Let (X,-) be a groupoid and let A € IFS(X). Then A is
called an intuitionistic fuzzy subgroupoid (in short, IFGP) of X if for any
r,y € X,

pa(zy) = pa(@) A paly)  and  va(zy) <wva(z)Vva(y).

We will denote the set of all IFGPs of a groupoid X as IFGP(X). Then it is
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clear that 0. and 1. € IFGP(X).

Definition 5.3[15].Let G be a group and let A € IFGP(G). Then A is called
an intuitionistic fuzzy subgroup (in short, IFG) of G if A(x™') > A(x), i.e.,
pa(x™) > pa(z) and va(x™') < wva(z), for each x € G.

We will denote the set of all IFGs of G as IFG(G).

Result 5.A[15, Proposition 3.4].Let A be an IFG of a group G. Then Ao A =
A.

Result 5.B[15, Proposition 3.5].Let A and B be any two IFGs of a group G.
Then the following conditions are equivalent :

(1) Ao B € IFG(G).

(2) Ao B=BoA.

Definition 5.4[15].Let G be a group and let A € IFG(G). Then A is said to
be normal if A(xy) = A(yz) for any x,y € G.

We will denote the family of all intuitionistic fuzzy normal subgroups of
a group G as IFNG(G). In particular, we will denote the set {N € IFNG(G)
:N(e) = (1,0)} as IFN(G).

Result 5.C[15, Proposition 4.4].Let G be a group and let A, B € IFNG(G).
Then Ao B € IFNG(G).

Result 5.D[19, Proposition 3.18].Let G' be a group and let R € IFC(G). We
define the complex mapping Ar = (14, Vr,) : G — I X I as follows : for each
a € G,

Ag(a) = R(a,e) = Re(a).

Then Agr € IFN(G).

Definition 5.5[16].Let G be a group, let A € IFG(G) and let x € G. We
define two complex mappings

Ax = (fag,Vag) : G — I x 1
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and
A = (,uxA,l/xA) G —1x1

as follows, respectively : for each g € G,
Az(g) = A(ga™") and zA(g) = A(z7'g).

Then Az [resp.xA] is called the intuitionistic fuzzy right [resp.left] coset of G
determined by x and A.

It is clear that if A € IFNG(G), then the intuitionistic fuzzy left coset
and the intuitionistic fuzzy right coset of A on G coincide and in this case,
we call intuitionistic fuzzy coset instead of intuitionistic fuzzy left coset or
intuitionistic fuzzy right coset.

We denote as C'(G) the set of all congruences on a group G. As C(G)
a complate description of the congruences on a group in terms of its normal
subgroups can be seen in many books, for example, in A.Rosenfeld [30] and
J.M.Howie [13]. There can read as follows : There exists a lattice isomorphism
of N(G) onto C(G). In this section, we shall obtain the similar result using
intuitionistic fuzzy sets, where N(G) denotes the set of all normal subgroups
of G.

Lemma 5.6.Let G be a group and let A € IFN(G). We define the complex
mapping Ra = (pr,,Vr,) : G X G — I x 1 as follows : for each (a,b) € G X G,

Ra(a,b) = A(ab™").
Then Ru € IFC(G).

Proof. From the definition of R4, it is clear that R4 € IFR(G). Moreover, R4
is intuitionistic fuzzy reflexive and intuitionistic fuzzy symmetric. Let a,b € G.
Then

HR0R A (a7 b) = \/ [:URA (a7 t) N IR, (t7 b)]

= V/latar™) A pa(ts ™)
< \/ pa((at™H) (b)) (Since A € IFG(G))

= ,uA(ab_l) = pr,(a,b)
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and
VRyora(0,0) = N[vra(a,t) Vg, (t0)] = /\valat™) Vua(td™)]
> A val(at™)(#7) = valab™) = vg,(a,b).

Thus Rqpo Ry C Ra. So Ry is intuitionistic fuzzy transitive. Hence R4 €
IFE(G).

We can easily see that R, is intuitionistic fuzzy compatible. Therefore
R4 € IFC(G). R

Proposition 5.7.Let G be a group and let A, B € IFG(G). Then

Rpo Ry = Raon

Proof. Let (a,b) € G. Then

(RpoRa)(a,b) = (RrporA(a;]),VRzor,(a,b))
= (\Vlurala, 2) A prg(2,0)], N [ra(a, 2) V v, (z,0)])

= (\lpalaz="") A ps (0], A\ Ivalaz™) vus(2b7)
= ( V  lu@rws@]l N\ @) vesy)
= (V [ma@Aus@)] N\ lvale) vesy)

= (paon(ad™),vacp(ad™))
= (ILLRAOB (a7 b)? VRaon (a7 b)) = Ruon (a7 b)'

Hence Rgo Ry = Raop. I

Theorem 5.8.Let G be a group. Then (IFC(G), o) is a semilattice (i.e., a
commutative idempotent semigroup).

Proof. Let H, K € IFC(G) and let (a,b) € G x G. Then

(KoH)(a,b) = (txor(a,b),vkon(a,b))



232 Kul Hur, Su Youn Jang and Hee Won Kang

= (Vlpala,2) Aux(z,0)], \vila, 2) V vk (2, b))

z€G z€G
= (Vlunloz"0) Apscle, 0], A Irmlaz™e) V wicle, =~ 'B)
z€G z€G

(By Lemma 3.1)
= (\lnx(e,27'0) Apm(az e)), Alvic(e, 7'0) v w(az™", )))

= (\/ [ (a,az™'b) A g (az™tb, b)), /\ [vic(a,az7'b) V vg(az™ ', b))

(By Lemma 3.1)
= (V@) A pa 0], Akl t) Vgt ) (t=a2""0)

teG teG
= (pnor(a,b), viox(a,b)) = (H o K)(a,b).

Thus Ko H = H o K. So, by Result 3.B, Ho K € IFC(G). On the other had,
we can easily see that R o R = R for each R € IFC(G). Hence (IFC(G), o) is
a semilattice. W

The following result follows from Results 5.A, 5.B and 5.C.
Proposition 5.9.Let G be a group. Then (IFN(G),0) is a semilattice.

Theorem 5.10.Let G be a group. Then there exists a bijection o : IFC(G)
— IFN(G) such that a(Ro S) = a(R) o a(S) and a(R A S) = a(R) N «a(S)
for any R, S € IFC(G). Hence v : (IFC(G),\,0) — (IFN(G),N,0) is a lattice
1somorphism.

Proof. We define two mappings « : IFC(G)—IFN(G) and g : IFN(G) —
IFC(G) respectively, as follows :

a(R) = Re for each R e IFC(G)
and
B(N)(a,b) = N(ab™!) for each N € IFN(G) and any a,b € G.

By Result 5.D and Lemma 5.6, o and 3 are well-defined.
We show that o f = id;pn () and Bo a = idpee). Let R € IFC(G) and
let a,b € G. Then

[(Goa)(R)(a,b) = [B(alR))](a,b) = B(Re)(a,b)
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= R.(ab™) = R(e,ab™")
= R(b,a) (Since R is intuitionistic fuzzy right compatible)

= R(a,b). (Since R is intuitionistic fuzzy symmetric)

Thus (8o a)(R) = R. So foa = idipc). Now let N € IFN(G) and let
a € G. Then
(o B)(N)l(a) = [a(B(N))](a) = (B(N))e(a) = B(N)(e,a)
= N(ea™') = N(a™') = N(a).

Thus (a0 3)(N) = N. So ao 3 =idpn(c). Hence a is bijective.

Now, we show that a(Ro S) = a(R) o a(S) and a(R A S) = a(R) N«a(S)
for any R, S € IFC(G). Let R, S € IFC(G) and let a € G. Then

[(R o 5)](a) = (R o S)e(a) = (Ro 5)(e,a).
Thus
ﬂRoS(eu a) = \/ [MS(@ Z) N MR(zu a)] = \/ [MS(@ Z) N IUR(ev az_l)]

zeG zeG
(Since R is intuitionistic fuzzy right compatible)

=\ lnse(2) A prelaz™)] = \/ lne(az™) A prse(2)]

zeG zeG
=V [1re(0) A p1se(2)] = Hreose(@) = pa(ryoa(s)(@)
a=bz

and

Vros(e,a) = /\ lvs(e, z) Vvg(z,a)] = /\ [vs(e, 2) V vr(e,az™b)]

z€G z€G

= /\ [vr(e, az_l) Vus(e, z)] = /\ [VRe(D) V vse(2)]

z€G a=bz

= VReose(@) = Va(r)oa(s)(@)-
So a(RoS) = a(R)oa(S). On the other hand,
Ha(ras)(@) = prns)e(a) = prns(e, @) = prle, a) A ps(e, a)
= fire(a) A pse(a) = prense(a) = Harina(s)(@)
and

Va(rrs)(@) = Vgns).(a) = vrns(e, a) = vr(e,a) V vs(e, a)

- VRe(a) V l/Se(a) = VReﬂSe(a) = l/a(R)ﬂoc(S)(a)'



234 Kul Hur, Su Youn Jang and Hee Won Kang

So a(RAS) = a(R)Na(S). Hence « is a lattice isomorphism. This completes
the proof. B

The following is the immediate result of Corollary 3.9 and Theorem 5.10.

Corollary 5.10. (IFN(G), N,0) is a modular lattice.
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