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Measurements have been made of the lattice spacings of solid solutions of lithium, m agne

sium, silicon, copper, zinc, germanium and silver in aluminium. The lattice of aluminium is 

expanded by the solution of magnesium or germanium, and contracted by the solution of  

lithium, silicon, copper or zinc. No change in lattice spacing can be detected when 

silver is dissolved in aluminium, although microscopic exam ination shows that a solid 

solution is formed, and this is confirmed by the absence of any diffraction lines other than  

those of the solid solution in aluminium.

I f  the lattice spacing/composition curve for dilute solutions is extrapolated to 100%  of 

solute, the resulting lattice spacing refers to a hypothetical face-centred cubic modification 

of the solute, and the corresponding closest distance of approach of the atoms is called the  

apparent atomic diameter (a .a .d .) of the solute when in solution in aluminium. Previous work 

enables the corresponding a .a .d . values to be deduced for the above solute elements when  

dissolved in univalent copper, silver or gold, and in divalent magnesium. The differences 

between the a .a .d . values of a given element when dissolved in various solvents are 

discussed, and it is suggested that they are controlled by the interplay of four factors:

(1) the relative volume per valency electron in crystals of the solvent and solute, (2) the 

relative radii of the ions of solvent and solute, (3) Brillouin zone effects, and (4) the difference 

between solvent and solute in the electrochemical series. I f  this line of approach adopted  

be correct, it follows that it is only in exceptional circumstances that the so-called  

Vegard’s law will apply to metallic solid solutions.

1 . In t r o d u c t i o n

T h e  la ttic e  spacings o f  solid so lu tions o f  d iffe ren t e lem en ts  in  cop p er a n d  s ilv e r w ere  

in v e s tig a te d  b y  H u m e -R o th e ry , L ew in  & R ey n o ld s  (1936), a n d  la te r  b y  O w en & 

R o b e rts  (1939), w ho also ex am in ed  so lid  so lu tio n s in  gold  (1945). I n  th ese  a lloys th e  

so lv en t m e ta l is u n iv a le n t a n d  th e  e lec tro n  s ta te s  o f  th e  firs t B rillo u in  zone a re  o n ly  

h a lf  filled. T he  ex p e rim en ta l re su lts  show  th a t  fo r a n y  one so lv en t th e  la t t ic e  d is 

to r t io n  p ro d u ced  b y  a  g iven  a to m ic  p e rcen tag e  o f  th e  so lu tes  in  a n y  one ro w  o f  th e  

period ic  ta b le  (e.g. Ag, Cd, In , Sn, Sb) increases a lg eb ra ica lly  w ith  th e  v a len c y  o f  th e  

so lu te . T he  la ttic e  spacings o f so lid  so lu tio n s in  m ag n esiu m  w ere  in v e s tig a te d  b y  

H u m e -R o th e ry  & R a y n o r  (1940a), a n d  b y  R a y n o r  (1942). I n  th e se  a llo ys th e  so lv en t 

m e ta l is d iv a len t, a n d  w ith  tw o  v a len cy  e lec trons p e r  a to m , o v e rlap p in g  h as  o ccu rred  

in  som e d irec tions o f  th e  first B rillou in  zone o f  th e  c lose-packed  h ex ag o n a l s tru c tu re . 

In  th e  m agnesiu m -rich  alloys, th e  a d d itio n  o f  re la tiv e ly  sm all a m o u n ts  o f  so lu te  o f  

h igher va lency  p ro duces an  o verlap  in  a n o th e r  d irec tio n  o f  th e  B rillo u in  zone, a n d  

th e  re la tio n s be tw een  la ttic e  spacings a n d  com position  becom e m ore  com plica ted . 

T he  presentwpaper describes an  in v e s tig a tio n  o f  th e  la ttic e  spac in gs o f  so lid  so lu tions

T h e  la t t ic e  sp a c in g s  o f  so lid  so lu tio n s  o f  d iffe re n t

e le m e n ts  in  a lu m in iu m
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o f lith iu m , m agnesium , silicon, copper, zinc, g e rm an iu m  a n d  s ilver in  a lu m in iu m , 

th is  m e ta l h av in g  been chosen as an  exam ple  o f  a t r iv a le n t so lv en t w ith  a  face- 

c en tred  cubic  s tru c tu re . T he above  so lu te  e lem en ts  are  th e  o n ly  e lem en ts  w h ich  

dissolve in  a lum in iu m  to  a n  e x te n t sufficien tly  g re a t to  p e rm it a n  a c c u ra te  la t tic e  

spacin g /com positio n  cu rv e to  be d e te rm in ed . T h e  e x p e r im en ta l m e th o d s  a n d  re su lts  

a re  described  in  §§2 an d  3 respec tive ly , w h ils t in  §4' th e  th e o re tic a l im p lica tio n s  

o f  th e  resu lts  a re  described, a n d  th e  v a lid ity  o f  V eg ard ’s lawr is d iscussed .

2 H . J . A xon and W . H um e-R othery

2 . E x p e r i m e n t a l  d e t a i l s

(a) Metals used

T he aluminium u sed  in  th e  p re se n t w ork  w as s u p e r-p u r ity  m e ta l su p p lied  b y  th e  

B ritish  A lu m in iu m  Co. L td ., th e  certifica te  o f  an a ly s is  show ed  th e  follow ing 

im p u ritie s :

Silicon 

Iro n

M agnesium  

C opper

A lu m in ium  (by  difference)

0 -0015%  

0 -0 0 1 0  %  

0 -0 0 1 0  %  

0 -0 0 2 0  %  

99-9945 %

T he lithium u sed  w as from  a  b a tc h  o f spec ia lly  p u re  m e ta l p re sen te d  b y  P ro fesso r 

R . S. H u tto n . T h is m e ta l h as  n o t  been  an a ly z e d  in  th e  e le m e n ta ry  s ta te , b u t  a  series 

o f m ag n esiu m -lith iu m  alloys p re p a re d  from  i t  gave  n o  in d ic a tio n  o f  im p u ritie s . 

T he  copper w as o f  99-995 %  p u r ity  a n d  w as k in d ly  p re se n te d  b y  th e  B rit is h  N on- 

F e rro u s  M etals  R esearch  A ssocia tion . T h e  magnesium w as p ro v id e d  b y  th e  M in is try  

o f  S upp ly , a n d  w as o f D om in ion  orig in , th e  p u r i ty  be in g  o f  th e  o rd e r  99-97 % . T he  

silicon w as in tro d u c e d  in  th e  fo rm  o f a  h ig h -p u r ity  m a s te r  a lloy  o f  a lu m in iu m  a n d  

silicon w hich  w as su p p lied  b y  th e  B ritish  A lu m in iu m  Co. L td . T h e  w as p u re  

assay  silver, a n d  th e  germanium w as spec ia lly  pu rified  m e ta l, th e se  tw o  m e ta ls  be in g  

supp lied  b y  M essrs J o h n so n  M a tth e y  a n d  Co. L td . T h e  w as k in d ly  p re se n te d  

b y  th e  Im p e ria l S m elting  C orpo ra tion , a n d  w as o f a  p u r i ty  exceed in g  99-99 % .

(6) Preparation and heat treatment of ingots

T he in go ts  u sed  in  th e  p re se n t w ork  w ere  p re p a re d  b y  m e ltin g  th e  s u p e r -p u r ity  

a lu m in iu m  in  cru cib les lined  w ith  a lu m in a -flu o rsp a r m ix tu re , u sing  a  s ta n d a rd  flux , 

th e  so lu te  m e ta l be in g  in tro d u c e d  e ith e r  in  th e  e le m e n ta ry  s ta te , o r in  th e  fo rm  o f 

a  m a s te r  alloy . A fte r th o ro u g h  s tirr in g  w ith  an  a lu m in a  ro d , th e  a llo y  w as c a s t in to  

h e a v y  copper m ou ld s, to  give cy lin d rica l in g o ts  f i n .  in  d ia m e te r . T h e  in g o ts  w ere  

p laced  in a lu m in a  collars in  sealed  e v a c u a te d  h a rd  glass tu b e s , a n d  w ere  a n n ea le d  

fo r periods o f th e  o rd e r o f 1 w eek  a t  a  te m p e ra tu re  o f  a p p ro x im a te ly  500° C, a f te r  

w hich th e y  w ere q u en ch ed  in  iced  w a te r . A su rface  la y e r  o f  a b o u t 1 m m . w as rem o v ed  

on a  la th e , a n d  th e  re m a in d e r o f  th e  in g o t w as th e n  u sed  fo r th e  p re p a ra t io n  o f  th e  

filings.
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(c) Preparation and heat treatment of filings

F ro m  0*5 to  1*0 g. o f  filings w ere  p re p a re d  fro m  each  in g o t, u sin g  a  d e ad -sm o o th  

file. T h e  filings w ere  c leaned  w ith  e th e r , u sing  th e  m e th o d s  d esc rib ed  b y  H u m e - 

R o th e ry  & R ey n o ld s  (1936). T h e  c lean  d ry  filings w ere  th e n  p laced  in  th in  a lu m in a  

th e rm o co u p le  sh ea th s  in  sea led  e v a c u a te d  g lass tu b e s ; in  th is  w ay  th e  filings w ere  

p re v e n te d  from  com ing in to  c o n ta c t w ith  glass, a n d  c o n ta m in a tio n  b y  silicon  w as 

av o ided .*  T he  e x a c t h e a t  t r e a tm e n t  g iven  to  th e  filings d e p en d e d  on  th e  sy s te m  

concerned . F o r  alloys ly in g  w ith in  th e  ra n g e  o f  th e  solid so lu tio n  a t  low  te m p e ra 

tu re s , th e  an n ea lin g  tre a tm e n t  w as follow ed b y  slow  cooling. I n  m a n y  sy s te m s th e  

lim its  o f  th e  solid so lu tio n  u n d e r eq u ilib riu m  co n d itio n s  a t  low  te m p e ra tu re s  a re  

so re s tr ic te d  th a t  i t  w as n ecessa ry  to  q u en ch  th e  filings a f te r  a n n ea lin g  a t  a  te m p e ra 

tu re  a t  w hich  th e y  w ere hom ogeneous. I n  som e cases i t  w as su ffic ien t to  cool th e  

sealed  glass tu b e  in  a  b la s t o f  co ld a ir , w h ils t in  o th e rs  m ore  d ra s tic  q u e n ch in g  w as 

n ecessary  in  o rd e r to  re ta in  th e  hom ogeneous so lid  so lu tio n . I n  all such  cases th e  

re su lts  w ere ex am in ed  carefu lly  to  ensu re  t h a t  th e  m e asu re d  la ttic e  spac in gs re fe rre d  

to  th e  tru e  hom ogeneous s ta te , a n d  n o t  to  a  p a r t ly  decom posed  spec im en . A fte r  

quench in g , th e  filings w ere w ashed  w ith  alcohol a n d  e th e r , a n d  w ere  d rie d  in  a  

v acu u m . T he  d rie d  filings w ere  th e n  passed  th ro u g h  a n  80-m esh sieve in  o rd e r  to  

rem ove  b roken  glass, a n d  a n y  u n d u ly  larg e  m e ta llic  p a rtic le s .

(d) Preparation of X-ray specimen and analysis of filings

In  th e  p re sen t w ork  no re su lts  w ere o b ta in e d  w hich  suggested  th a t  th e  filings w ere 

o f u n ev en  com position , b u t  th e  p o ssib ility  o f s lig h t tra n sv e rse  seg re g a tio n f in  th e  

in g o ts  could n o t be avo id ed , a n d  i t  w as th e re fo re  desirab le  to  c a r ry  o u t th e  chem ical 

analy ses on  sam ples w hich  w ere as n e a r ly  as possib le  id e n tic a l w ith  th o se  o f  th e  

X -ra y  specim en. F o r th is  reason  th e  m a te ria l w hich  h a d  p assed  th e  80-m esh sieve  

w as used  b o th  fo r th e  p re p a ra tio n  o f th e  X -ra y  specim en  a n d  fo r th e  chem ical 

analy sis . E x p e rim e n t has show n th a t  th e  use o f a  finer sieve h as  v e ry  l i t t le  effect 

on  m easu rem en ts  o f la ttic e  spacing , a n d  i t  is fe lt t h a t  fo r th e  p re se n t p u rp o se  th e  

in creased  accu racy  in  th e  analy sis^  ou tw eig hs a n y  a d v a n ta g e  w hich  m ig h t be 

ga ined  b y  th e  use o f a  finer sieve.

T he  X -ra y  specim ens w ere m ad e  b y  m ix in g  a  sm all p o rtio n  o f  th e  filings w ith  

a  so lu tion  o f C an ad a  ba lsam  in  xy lo l u n til  a  p a s ty  m ass w as o b ta in ed . T he  p a s te  

w as th e n  rolled in to  th in  cy linders o f d ia m e te r a b o u t 0-4 m m ., a n d  a f te r  th ese  h a d  

been  d ried  th e y  w ere m o u n te d  in  th e  X -ra y  cam era .

T he chem ical analy ses  o f th e  specim ens w ere carried  o u t b y  M essrs Jo h n so n  

M atth ey  an d  Co. L td ., a n d  th e  a u th o rs  m u s t express th e ir  th a n k s  to  M r A. R . P ow ell 

fo r his care a n d  a tte n tio n . In  a  few cases p a rtic le s  o f  glass w ere fou n d  m ix ed  w ith  th e

* Experim ent has show n th a t a lum inium  filings pick up silicon  w hen annealed  in  g lass tu b es.

t  E xperience w ith  m an y  p olyp h ase alum in ium  a lloys has sh ow n  th a t sligh t transverse  

segregation  is o ften  present in  chill castings.

J I t  w ill be appreciated  th a t if  a v ery  fine sieve  is used , either th e  chem ical an a lysis has  

to be carried out on a very  sm all sam ple , or, a ltern ative ly , a  m u ch  larger sam ple o f  m eta l has  

to  be filed up, in w hich  case th e  p ossib ility  o f  u n even  com position  is increased .

Lattice spacings of solid solutions of elements in aluminium
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filings, a n d  w ere w eighed sep a ra te ly . A ll a lloys w ere  th e n  a n a ly zed  fo r b o th  co n 

s titu e n ts , an d  no  in d ica tio n  o f c o n ta m in a tio n  w as fou n d . T he  w ork  w as s tr a ig h t

fo rw ard  ex cep t fo r th e  a lu m in iu m -g erm an iu m  alloys fo r w h ich  v e ry  low  re su lts  w ere 

a t  firs t o b ta in ed  fo r th e  germ an ium . T h is  source o f  e rro r  w as e v e n tu a lly  tra c e d  to  

th e  escape o f germ an iu m  in  th e  fo rm  o f h y d rid e , a n d  th e  d ifficu lty  w as av o id ed  b y  

dissolv ing  th e  alloy in  a  m ix tu re  o f  n itr ic  a n d  su lp h u ric  acids.

(e) X-ray technique and lattice-spacing measurements

T he D ebye-S cherrer p h o to g ra p h s  w ere ta k e n  in  a  19 cm . d ia m e te r  U n ic am  cam era , 

using un filtered  copper ra d ia tio n  o b ta in e d  from  a  M etro -V ickers  d e m o u n ta b le  

X -ra y  u n it. W ith  th is  ra d ia tio n  th e  p u re  a lu m in iu m  gives (511), (422) a n d  (420) 

reflexions a t  angles o f  82, 69 a n d  58° re sp ec tiv e ly . T he  film s w ere  a ll o f good  q u a lity , 

a n d  could be m easu red  a c c u ra te ly  on  a  tra v e llin g  m icroscope w hich  h a d  been  te s te d  

ag a in s t a  s ta n d a rd  scale c a lib ra te d  a t  th e  N a tio n a l P h y s ic a l L a b o ra to ry . T he  la tt ic e  

spacings w ere ca lcu la ted  b y  s ta n d a rd  m e th o d s , u sing  th e  e x tra p o la tio n  fu n c tio n  o f  

N elson & R iley  (1945). D u rin g  a n  exposu re  th e  te m p e ra tu re  w as m e a su re d  b y  m ean s  

o f a  th e rm o m e te r  p laced  on th e  cam era , a n d  fo r conven ience a ll la t t ic e  spac ings w ere  

ca lcu la ted  fo r a  s ta n d a rd  te m p e ra tu re  o f  25° C. F o r  th is  p u rp o se  th e  coeffic ien t o f  

lin ea r expansion  w as assu m ed  to  be 23*1 x 10~3 * * 6, th e  v a lu e  fo r p u re  a lu m in iu m .*

T he  va lues  g iv en  fo r th e  la t t ic e  spac in gs a re  in  k X  u n its , a n d  h a v e  n o t  b een  

co rrected  fo r re fra c tiv e  in d ex . T h is  po licy  h as  b een  a d o p te d  in  o rd e r  to  m a k e  th e  

d a ta  d ire c tly  co m p arab le  w ith  th o se  o f  m o s t o th e r  a u th o rs .

3. Ex pe r ime n t a l  r e s u l t s  

(a) Pure aluminium

In  th e  course o f  th e  p re se n t w o rk  n in e  d e te rm in a tio n s  o f  th e  la t t ic e  sp ac in g  o f  

p u re  a lu m in iu m  w ere  m ade, in v o lv ing  th e  p re p a ra t io n  o f  five co m p le te ly  d iffe ren t 

sam ples o f  filings. T he  m e asu re d  la ttic e  spacin gs, re d u c ed  to  25° C, la y  w ith in  th e  

ex trem es  4-0412(8) a n d  4-0414(2) k X , w ith  a  m e a n  v a lu e  o f  4-0413(4) k X  a t  25° C. 

T h is v a lu e  is in  good  ag re em e n t w ith  th e  v a lu e s !  4*0413(6) k X  o f J e t t e  & F o o te  

(1935), a n d  4 -0 4 1 3 (l)k X  o f W ilson  (1941), a n d  is w ith in  0 -0002k X  o f  th e  w ork  o f 

severa l o th e r  in v e s tig a to rs .

(6) Solid solutions of lithium, silicon, copper and zinc in aluminium

T he  la ttic e  spacin gs o b ta in e d  in  th e  course  o f  th e  p re se n t w ork  a re  g iven  in  

ta b le  1, a n d  th e  re la tio n s  b e tw een  la tt ic e  spacin gs a n d  com position  a re  show n in  

figures 1 a n d  2. A ll th e se  e le m e n ts !  p ro d u ce  a  la ttic e  c o n tra c tio n , a n d  th e  follow ing 

p o in ts  m a y  be  n o ted .

* E xp erim en ta l w ork  h as sh ow n  th a t  th e  d ifferences b etw een  th e  coefficients o f  exp an sion  

o f  th e  various a llo y s  produces a  n eg lig ib le  effect w h en  th e  correction  is for 10° C or less.

t  In  com parin g th e  d ifferent papers care m u st be tak en  to  see  w h eth er th e  correction  for  

refractive  in d ex  h as been  applied .

f  T he d a ta  for th e  a lu m in iu m -lith iu m  a lloys  are in clu d ed  in  figure 2 to  a v o id  overlapping  

o f  p o in ts in  figure 1.

H . J . A xon  and W . H um e-R othery

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0

2
2
 



Lattice spacings of solid solutions of elements in aluminium5

Ta bl e  1

T he tab le  con ta in s th e  m easured  la ttice  sp acin gs o f  th e  a lu m in iu m -rich  so lid  so lu tio n s  

w hich h ave  been  in v estig a ted . A ll va lu es  h a v e  b een  corrected  to  25° C.

so lu te w eig h t % ato m ic  % la ttic e  sp acin g

elem en t so lu te so lu te a t  25° C k X

Li 0-91 3-44 4-0396(7)

1-29 4-83 4-0392(7)

1-93 7-11 4-0381(9)

Mg 0 3 1 0-35 4-0422(1)

0-57 0-63 4-0428(6)

0-73 0-81 4-0435(7)

M 3 1-26 4-0458(3)

2-14 2-37 4-0495(7)

2-69 2-97 4-0511(2)

3-17 3-50 4-0543(6)

3-72 4-11 4-0563(9)

5-06 5-58 4-0630(6)

6-14 6-76 4-0688(7)

8-86 9-73 4-0820(9)

9-62 10-56 4-0860(8)

Si 0-24 0-23 4-0408(1)

0-36 0-35 4-0406(5)

0-70 0-67 4-0402(1)

0-77 0-74 4-0400(4)

0-81 0-78 4-0399(0)

0-95 0-91 4-0397(3)

0-96 0-92 4-0396(4)

0-97 0-93 4-0396(0)

Cu 0-11 0-06 4-0411(7)

0-93 0-40 4-0394(0)

1-82 0 :80 4-0372(1)

2-88 1-23 4-0353(9)
3-12 1-37 4-0347(8)
3-71 1-62 4-0335(5)

Zn 1-05 0-43(6) 4-0412(2)
4-09 1-70 4-0403(8)
6-45 2-76 4-0396(7)
6-78 2-91 4-0393(5)

12-24 5-44 4-0373(3)
13-33 5-96 4-0369(6)
14-88 6-72 4-0360(5)

Ge 1-0 0-37 4-0418(8)
2-34 0-88 4-0426(0)
2-99 1-13 4-0431(1)
3-68 1-40 4-0434(7)
4-85 1-86 4-0444(8)
5-06 1-98 4-0446(5)

A g 10-0 2-7 4-0413(3)
20-0 6-0 4-0413(6)

Pure alum inium  o f  99-9945 % p u r ity 4-0413(4)
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6

In  th e  system  aluminium-zinc (figure 1) th e  la ttic e -sp a c in g  com position  re la tio n  

is n o t linear, b u t  is a  cu rve  such  th a t  th e  la ttic e  c o n tra c tio n  p e r  a to m ic  p e r c en t o f 

so lu te  increases w ith  th e  c o n cen tra tio n . T he  p o in ts  lie w ell on  a  sm o o th  cu rv e  w ith

H . J . A xon  and W. H um e-R othery

A l-Zn

4-035-

AI-Cu

ato m s %

F ig u r e  1

4 0 4 5
Al-Ge

4 0 4 3

ato m s %

F i g u r e  2

one excep tion , fo r w hich  th e  d ivergence  is 0-0002 k X . I n  th e  sy s tem  aluminium- 

copper th e  la ttic e  sp ac ing /com position  re la tio n  is linea r. O ne p o in t lies s lig h tly  

below  th e  b e s t s tra ig h t line, b u t  th e  difference is w ith in  th e  lim its  o f  th e  e x p e r i

m e n ta l accu racy . In  th e  sy stem  aluminium-silicon, a  s t ra ig h t line can  be  d ra w n  

th ro u g h  all th e  p o in ts  w ith in  th e  lim its  o f  e x p e r im e n ta l accu racy . I n  th is  sy s te m  

th e  solid so lu tion  is re s tr ic te d , a n d  ex p e rim en ts  w ere  m ad e  w ith  tw o  d iffe ren t ra te s  

o f  quench ing , in  o rd e r to  en su re  th a t  p a r t ia l  deco m p o sitio n  h a d  n o t  o ccu rred . T h e
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7

p o in ts  m a rk e d  A  a n d  B  w ere  o b ta in e d  in  th is  w ay , a n d  th e ir  good  a g re e m e n t su g 

g ests  t h a t  th e  solid  so lu tio n  h a d  b een  re ta in e d . I n  th e  sy s te m  aluminium-lithium, 

th e  p rev io u s  w o rk  o f  Z in tl  & W o lte rsd o rf  (1935) su g g es ted  t h a t  th e  la t t ic e  o f 

a lu m in iu m  w as e x p a n d e d  b y  th e  so lu tio n  o f  lith iu m , w h ereas  th e  d a ta  o f  V o ssk u h le r 

(1937) in d ic a te d  a  c o n tra c tio n . T h e  p re se n t w o rk  confirm s t h a t  a  c o n tra c tio n  ol th e  

la t t ic e  ta k e s  p lace , a n d  as w ill be seen fro m  figure 2, th e  la t t ic e  s p ac in g /c o m p o s itio n  

line  is s lig h tly  cu rv ed .

(c) Solid solutions of magnesium, germanium and silver in aluminium

T h e  la ttic e  spac ing  o f  a lu m in iu m  is e x p a n d e d  c o n sid e rab ly  b y  th e  so lu tio n  o f 

m ag n esiu m  a n d  g e rm an iu m , a n d  is u n a lte re d  b y  silver. T h e  re su lts  o b ta in e d  a re  

g iv en  in  ta b le  1, a n d  a re  show n in  figures 1, 2 a n d  3.

Lattice spacingsof solid solutions of elements in aluminium

3 4 5 6 7 8  9

a tom s % Mg

F i g u r e  3

I n  th e  sy stem  aluminium-magnesium, th e  lim its  o f  th e  a lu m in iu m -ric h  so lid  

so lu tion  a re  a p p ro x im a te ly  16 a to m ic  %  m ag n esiu m  a t  450° C, a n d  3 a to m ic  %  

m agnesiu m  a t  200° C. I t  w as fo u n d  th a t  decom positio n  d u rin g  q u en ch in g  w as 

effectively  p re v e n te d  b y  cooling in  a  b la s t o f  a ir . As w ill be seen  from  figure  3, te n  

o f th e  tw elv e  observed  p o in ts  lie on  a  cu rve  w hich, a f te r  2 a to m ic  %  m ag n esiu m , is 

p ra c tica lly  a  s tra ig h t line, b u t  w h ich  show s a  defin ite  c u rv a tu re  a t  th e  low er p e r 

cen tages. T he  tw o  rem ain in g  p o in ts  lie above  a n d  below  th is  line  b y  a m o u n ts  o f  

th e  o rd er 0-001 A  w hich  is e q u iv a len t to  0-25 %  on th e  com position  ax is . I t  is 

th o u g h t th a t  m o st o f th is  d isc rep an cy  is due to  th e  an a ly ses  r a th e r  th a n  to  th e  

la ttice-sp ac in g  m easu rem en ts , because  th e  film s w ere  o f good q u a lity  a n d  cou ld  be 

m easu red  well. A g re a t deal o f a t te n tio n  w as g iv en  to  th e  q u estio n  o f  th e  c u rv a tu re
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a t  low p ercen tages o f m agnesiu m . T he  fo rm  o f th e  la ttic e /sp a c in g  co m p o sitio n  c u rv e  

n a tu ra lly  suggests th e  p resence o f a n  im p u r ity  w h ich  is rem o v ed  on  a lloy in g , b u t  i t  

w ould be necessary  to  assum e a  v a lu e  o f 4*0404 k X  fo r th e  la ttic e  spac ing  o f  th e  

so lven t m e ta l in  o rd er to  p ro d u ce  a  la ttic e  sp ac in g /co m p o sitio n  cu rv e  w h ich  w as  

free from  a b n o rm a l c u rv a tu re  a t  low  p e rcen tag es  o f  m agnesium . T h is  w ould  be  in  

c o n trad ic tio n  to  th e  re su lts  o f a ll p rev io u s in v e s tig a to rs , a n d  w ou ld  also le ad  to  

im probab le  c u rv a tu re s  in  th e  la ttic e  sp ac in g /co m p o sitio n  cu rves fo r th e  o th e r  a lloys 

in v estig a ted , unless i t  w ere a ssu m ed  th a t  th e  h y p o th e tic a l im p u r ity  re m a in e d  

c o n sta n t in  th ese . N o convincing  e x p la n a tio n  b ased  on  e rro rs  in  a n a ly s is  cou ld  be  

found  to  ex p la in  th e  ab n o rm a l c u rv a tu re , a n d  in  g en era l th e  s y n th e tic  a n d  an a ly z e d  

com position o f th e  specim ens w ere  in  good a g reem en t. I t  seem s, th e re fo re , t h a t  

ad d itio n s  o f less th a n  1 a to m ic  %  o f m ag n esiu m  p ro d u ce  a  s lig h tly  sm alle r e x p an s io n  

in  th e  la ttic e  as co m p ared  w ith  th e  effect o f la rg e r p e rcen tag es. T h e  p re se n t re su lts  

are  in  v e ry  good  a g re em e n t w ith  tw o  p o in ts  o b ta in e d  fo r 6*61 a n d  9*01 a to m ic  %  

m agnesium  b y  B rick , P h illip s  & S m ith  (1935), w ho  show ed  th a t  th e  use o f  q u e n ch e d  

rods gave e rroneous v a lues  ow ing  to  th e  s tra in in g  o f  th e  specim en , a l th o u g h  q u e n ch e d  

filings gave  a c c u ra te  re su lts ; u n fo r tu n a te ly , th e se  in v e s tig a to rs  d id  n o t  e x am in e  

alloys w ith  low er p e rcen tag es  o f  m agnesium .

In  th e  sy stem  aluminium-germanium, th e  la t t ic e  sp ac in g /co m p o sitio n  re la tio n  is 

v e ry  slig h tly  cu rved , a n d  as w ill be seen  from  figure  2 th e  e x p e r im e n ta l p o in ts  a re  

q u ite  co n sis ten t. As ex p la in ed  on  p. 4 th e  a n a ly ses  o f  th e se  filings g a v e  rise  to  

difficulties, a n d  m u ch  a d d itio n a l w ork  h a d  to  be c a rr ie d  o u t  befo re  th e  p ro b le m  

w as solved. As a  re su lt  o f  th is  w ork  i t  w as show n th a t  th e  in te n d e d  co m p o sitio n s o f  

th ese  alloys w ere  a t ta in e d  to  a  h ig h  degree  o f  p rec ision , a n d  th e  p o in t  m a rk e d  w ith  

a n  open  sq u are  w hich  re fers  to  a n  u n a n a ly z e d  spec im en  h as  th e re fo re  b e en  in c lu d e d .

In  th e  sy stem  aluminium-silver th e  a d d itio n  o f  6 a to m ic  %  o f  s ilve r p ro d u c e s  no  

m easu rab le  change  in  th e  la ttic e  spac ing  o f  s ilver. O n ly  tw o  a lloys h a v e  been  a n a ly z e d , 

a n d  th e  p o in ts  fo r th e se  a re  show n in  figure 1, b u t  th re e  m e asu re m e n ts  w ere  also  

m ad e  fo r o th e r  a lloys. T h e  re su lts  confirm ed  th a t  n o  d e te c ta b le  ch an g e  in  la t t ic e  

spacing  cou ld  be  observed . T he  m ic ro s tru c tu re s  o f  th e  a n n ea le d  a n d  q u e n ch e d  

alloys w ere th e re fo re  ex am in ed , a n d  w ere  fo u n d  to  in d ic a te  a  hom ogeneous so lid  

so lu tion . T h e  co n sta n c y  o f  th e  la t t ic e  spac ing  a p p e a rs  th e re fo re  to  be  a  g en u in e  

c h a rac te ris tic  o f  th e  so lid  so lu tio n , a n d  does n o t  in d ic a te  a  neg lig ib ly  sm all so lid  

so lu b ility  o f s ilver in  a lu m in iu m . T h is  w as confirm ed  b y  th e  absence  o f  e x tra  lines 

on  th e  X -ra y  films.

4. D i s c u s s i o n

(a) The apparent atomic diameters

T he  re su lts  d esc ribed  in  § 3 show  c lea rly  t h a t  th e  la t t ic e  spac ing  o f  a lu m in iu m  is 

e x p an d e d  b y  th e  so lu tio n  o f  m ag n esiu m  a n d  g e rm an iu m , a n d  c o n tra c te d  b y  th e  

so lu tio n  o f lith iu m , silicon , copper a n d  zinc. I n  th e  alloys w ith  silicon , co p p er a n d  

s ilver th e  la ttic e  sp ac in g /co m p o sitio n  cu rves a re  s tra ig h t  lines, a n d  i f  th e se  a re  

e x tra p o la te d  to  100 a to m ic  %  o f so lu te  we o b ta in  w h a t m a y  be  called  th e  a p p a re n t

8 H . J . A xon and W . H um e-R othery
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9

la t t ic e  spac ings a o f  th e  so lu te  in  a  h y p o th e tic a l  fa c e -c e n tre d  cu b ic  s tru c tu re , a n d  

th e  c o rre sp o n d in g  apparent atomic diameters a re  e q u a l to  \{a  ̂ 2 ) ; w e sh a ll u se  th e  

a b b re v ia tio n  a .a .d . fo r th is  q u a n ti ty .  I n  th e  a llo y s  w ith  l i th iu m  a n d  zinc, th e  la t t ic e  

sp ac in g /co m p o sitio n  cu rv es a re  n o t  e x a c tly  s tr a ig h t  lines, b u t  th e  c u rv a tu re  is so 

s lig h t t h a t  ta n g e n ts  can  eas ily  be d ra w n  to  th e  cu rv es a t  zero  c o n c e n tra tio n  o f  th e  

so lu te , a n d  th e  c o rre sp o n d in g  a .a .d . v a lu es  c an  be  o b ta in e d . I n  th e  a lloys w ith  

m ag n esiu m , th e  a b n o rm a l c u rv a tu re s  re fe rre d  to  on  p . 8 m ak es  th e  ab o v e  t r e a t 

m e n t less c e r ta in , a n d  w e h a v e  th e re fo re  e s tim a te d  tw o  a .a .d . v a lu es , one re fe rrin g  

to  th e  c u rv e  a t  zero c o n c e n tra tio n , a n d  th e  o th e r  to  th e  a lm o s t l in e a r  p o r tio n  o f 

th e  cu rv e .

I n  th is  w ay  th e  a .a .d . v a lu es  fo r th e  ab o v e  e lem en ts , w h en  d isso lv ed  in  a lu m in iu m , 

can  be o b ta in e d , a n d  ex is tin g  d a ta  en ab le  us to  d ed u ce  th e  co rre sp o n d in g  a .a .d . 

v a lu es  fo r A l, Si, Z n, Ge a n d  A g w h en  d isso lved  in  copper, a n d  fo r M g, Al, Cu, Z n  

a n d  Ge w hen  d isso lv ed  in  silver, a n d  fo r A l, Cu, Z n  a n d  Ge w h en  d isso lv ed  in  go ld . 

S ince copper, s ilve r a n d  go ld  a re  u n iv a le n t so lv en ts  th e  firs t B rillo u in  zone is o n ly  

h a lf  filled, a n d  th e  a .a .d . v a lu es  d e d u ced  fro m  th p  la tt ic e  sp ac in g s o f  d ilu te  so lu tio n s  

a re  th e re fo re  free  from  a n y  co m plica tions re su ltin g  fro m  b .z .* effects, a n d  re fe r  to  

a  c ry s ta l s tru c tu re  (face-cen tred  cubic) w h ich  is th e  sam e  as  t h a t  o f  a lu m in iu m . 

F o r  so lid  so lu tio n s in  m ag n esiu m  th e  v a r ia tio n  o f  th e  a -sp ac in g  w ith  co m p o sitio n  

enab les  a .a .d . v a lu es  to  be o b ta in e d  fo r lith iu m , a lu m in iu m  a n d  s ilve r. T hese  re fe r 

to  a  co n d itio n  a f te r  a  b .z . o v e r la p ,!  a n d  since  th e  c ry s ta l  s t ru c tu re  is n o rm a l close- 

p a ck e d  h ex ag o n a l (c /a  =  1-6235), th e  co -o rd in a tio n  n u m b e r  is 12 as in  th e  face- 

c e n tre d  cub ic  s tru c tu re . F o r a b b re v ia tio n  we use th e  sy m b o l a to  d e n o te  th e  

d is ta n c e  b e tw een  a n  a to m  a n d  its  s ix  n e ig h b o u rs  in  th e  b a sa l p la n e , a n d  th e  

sym bo l d fo r th e  d is ta n ce  b e tw een  an ' a to m  a n d  i ts  s ix  o th e r  close n e ig h b o u rs , 

th re e  in  th e  la y e r above  a n d  th re e  in  th e  la y e r  below . I n  th e  id e a l case  w h ere  th e  

a x ia l r a t io  eq u als  ^ ( f ) ,  a a n d  d a re  eq u a l.

T he  above  p ro ced u re  enab les u s  to  com pare  a .a .d . v a lu es  o f  th e  e lem en ts  co n cern ed  

w hen  in  d ilu te  solid so lu tion  in  u n iv a le n t copper, s ilve r a n d  gold , d iv a le n t m ag n esiu m  

a n d  tr iv a le n t a lu m in iu m . A ll th ese  so lv en ts  c ry s ta llize  w ith  s tru c tu re s  o f  co 

o rd in a tio n  n u m b e r 12, a n d  so fa r  as th e  c ry s ta l s tru c tu re s  o f  th e  so lv en ts  a re  co n J 

cerned , th e  cond itions fo r com parison  a re  fav o u rab le , a n d  co m p ariso n  m a y  also  be 

m ad e  d ire c tly  w ith  th e  a to m ic  d ia m e te r  (a .d .) v a lu es  (i.e. th e  clo sest d is ta n ce s  o f  

ap p ro ach ) in  th e  c ry s ta ls  in  th e  e lem en ts  a lu m in iu m , m ag n esiu m , copper, s ilv e r 

a n d  gold.

L ith iu m  crysta llizes in  th e  b o d y -c e n tre d  cub ic  s tru c tu re  o f  co -o rd in a tio n  n u m b e r  

8, w h ils t silicon a n d  g e rm an iu m  c ry s ta llize  in  th e  d ia m o n d  ty p e  o f  s tru c tu re  o f  

co -o rd ina tion  n u m b e r 4, a n d  i t  is c lear th a t  th e  d iffe ren t c o -o rd in a tio n  n u m b e rs  

in tro d u ce  a  fu r th e r  com plica tion  in  com p arin g  th e  a .d . a n d  a .a .d . values. A ccord ing

* For ab b reviation  th e  letters b .z . are u sed  for B rillou in  zone.

t  T he varia tion  o f c-spacing in so lid  so lu tion  in  m agn esiu m  can n ot be u sed  to  ca lcu la te  

a .a .d . valu es because as litt le  as 1 a tom ic  % o f  a  tr iva len t e lem en t causes a  n ew  b .z . overlap  

in  th is d irection  (see H u m e-R oth ery  & R ayn or  1940; R ayn or  1942).

Lattice spacings of solid solutions of elements in aluminium
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to  G oldschm idt con tractions o f 4 an d  12 %  resu lt from  changes o f co -o rd in ation  

num ber 12->8 and  12->4  respectively. E x am in a tio n  o f th e  orig inal G oldschm id t 

papers (1928) shows th a t  m any  o f th e  so-called G oldschm idt a tom ic  d iam ete rs w ere 

ob tained  from  X -ray  c rysta l d a ta  for m etallic  phases w hich a re  now  know n to  

involve b .z . overlaps, so th a t  th e  whole position is m uch  m ore com plicated  th a n  was 

originally im agined (see p. 15). The above  con tractions o f 4 an d  12 %  m u st there fo re  

be regarded  only as giving a  rough  ind ication  o f th e  m agn itudes involved, a n d  fo r 

th is  reason we have  n o t ta b u la te d  values o f th e  G oldschm idt a to m ic  d iam eters, 

a lthough  we shall refer to  these occasionally. The d a ta  ob ta ined  are  sum m arized  in  

tab le  2 which also gives th e  a .a .d . values o f gallium , cadm ium , ind iu m  an d  tin  re fe rred  

to  la te r. E xam in ation  o f tab le  2 will show th a t  fo r th e  solid so lu tions in  a lu m in iu m  

th e  following principles are  a p p a ren t:

(a) The te tra v a le n t elem ents silicon an d  germ anium  w hen in  solid so lu tion  in  

alum inium  give a .a .d . values g rea te r th a n  th ose  fo r solid solu tions o f  th e  sam e 

elem ents in  un iv a len t so lvents, an d  g rea te r th a n  th e  a .d . values. The effect is so 

m arked th a t  th e  a .a .d . values w ould.be g rea te r th a n  th e  a .d . values increased  b y  

12 % , i.e. g rea ter th a n  th e  G oldsohm idt a tom ic  d iam eters.

(b) The un iv a len t elem ents lith iu m , copper an d  silver w hen in  solid so lu tion  in  

alum inium  give a .a .d . values sm aller th a n  those  fo r solid solu tions in  u n iv a le n t 

elem ents, an d  sm aller th a n  th e  a .d . values; th is  effect is p a rticu la rly  m ark ed  fo r 

lith ium .

Ta b l e  2

10 H. J. Axon and W. H um e-Rothery

solutes

solvent
r

Li Mg Al Si Cu Zn Ga Ge Ag Cd . In Sn
copper — — 2-71 2*59 — 2-70 2-75 2-78 2-95 3-10 3-20 3-26
silver — 2-94 to 

2*95
2-97 — 2-63 2-75 2-83 2-90 — 3-03 3-10 3-18

gold — 2-80 2*63 2-74 2-83 2-93 _ 3-00 3-07 3-14
magnesium a =  3*ll 2*81 — — — 2-83 — . 2-64 3-00 3-08 3-13

d =  3*00 — 2-85 — . — — — 2-53 — 3-16

aluminium 2-82 3*15 or 

304
— 2-73 2*51 2-85 — 2-96 or 

2-98*
2-86 — — —

interatomic 

distances 

in element

303 3-19 2*86 2-35 2-55 a = 2-66

<2=2-90
— 2-44 2-88 . — — —

co-ordination 

number in
8 12 12 4 12 6 — 4 12 — -  ' — —

element

Table 2 shows a .a .d , values for solid solutions of

Al, Si, Zn, Ge, Ag, Ga, Cd, In and Sn in copper,

Mg, Al, Cu, Zn, Ge, Ga, Cd, In and Sn in silver,
Al, Cu, Zn, Ge, Ga, Cd, In and Sn in gold,

Li, Al, Ag, Ga, In and Sn in magnesium,

Li, Mg, Si, Cu, Zn, Ge and Ag in aluminium,

together with values for the interatomic distances in elemental crystals o f Li, Mg, Al, Si, Cu, Zn, Ge and Ag.

The tw o estim ates for th e a .a .b . value o f Ge in  A l arise from  th e curvature o f  th e  la ttice  sp acin g / 

com position curve in  a m anner sim ilar to  th a t a lready d iscussed  for th e  so lu tion  o f  Mg in  A l.
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(c) T h e  d iv a le n t e lem en ts  m ag n esiu m  a n d  zinc w h en  d isso lv ed  in  a lu m in iu m  g ive  

a .a .d . v a lu es  w h ich  a re  s lig h tly  la rg e r  th a n  th o se  fo r so lid  so lu tio n s  in  u n iv a le n t 

e lem en ts . T h e  a .a .d . v a lu es  fro m  so lu tio n s  in  a lu m in iu m  a re  sm alle r th a n  th e  

d is ta n c e s  o f  a p p ro a c h  in  th e  c ry s ta ls  o f  z inc  ( =  2*907 k X ) a n d  m a g n es iu m  

(d — 3*20k X ) in  th e  d ire c tio n  o f  th e  m a in  b .z . o v e rlap s. T h e  a .a .d . v a lu e  o f  z in c

from  so lu tio n  in  a lu m in iu m  (2*85 k X ) is la rg e r  th a n  th e  a d is ta n c e  o f  a p p ro a c h  in  

th e  c ry s ta l o f  z in c  (2*66 l 'X ); a n d  th is  p o in t is d iscussed  la te r .

(6) Vegard’s law

A ccord ing  to  V e g a rd ’s law  (1928) th e  la t t ic e  sp ac in g /c o m p o sitio n  c u rv e  fo r a  

so lv e n t a n d  so lu te  o f  th e  sam e c ry s ta l s t ru c tu re  is a  s tr a ig h t  lin e  jo in in g  th e  v a lu es  

fo r th e  tw o  p u re  m e ta ls , a n d  a  s im ila r re la tio n  w ith  a  co rre c tio n  fo r effects o f  co 

o rd in a tio n  n u m b e r ex is ts  fo r th e  a .d . v a lu es  w hen  th e  tw o  m e ta ls  h a v e  d iffe ren t 

s tru c tu re s . T h is  law  w as o rig in a lly  (1921) a d v a n c e d  fo r s a lts  in  w h ich  o p p o s ite ly  

ch arg ed  ions a re  d ra w n  to g e th e r  b y  C oulom b fo rces u n t i l  th e ir  e le c tro n  c louds 

o v e rlap  a n d  p ro d u ce  in te n se  rep u ls iv e  forces w h ich  b a la n c e  th e  a t t r a c t io n .  I t  w as 

la te r  (1928) e x te n d e d  to  m e ta ls , a n d  a lth o u g h  i t  is now  reco g n ized  t h a t  m a n y  

e x ce p tio n is ts  ex is t, th e re  is s till a  g en era l te n d e n c y  (cf. H u a n g  1947) to  re g a rd  

V e g a rd ’s law  as a  v a lid  a p p ro x im a tio n . I t  a p p e a rs  to  u s  t h a t  th is  v iew  is in c o rre c t, 

a n d  th a t  in  a  m e ta l w here  th e  a t t r a c t iv e  fo rces a re  d u e  to  th e  e le c tro n  gas, i t  is o n ly  

in  e x cep tio n a l c ircu m stan ces  t h a t  w e sh a ll e x p e c t V e g a rd ’s law  to  ho ld . W e m a y  

i l lu s tra te  th e  p rin c ip les  in v o lv ed  b y  considering  th e  so lid  so lu tio n  o f  l i th iu m  in  

a lu m in iu m . L ith iu m  its e lf  c ry s ta llizes  in  th e  b o d y -c e n tre d  cub ic  s tru c tu re  w ith  

a =  3*50k X , a n d  a .d . =  3*03 k X . T he  L i+ ion  is v e ry  sm all c o m p ared  w ith  th e  

c losest d is ta n ce  o f  a p p ro a c h  b e tw ee n  tw o  lith iu m  a to m s, so t h a t  th e  io ns p la y  a  

neg lig ib le  p a r t  in  d e te rm in in g  th e  in te ra to m ic  d is tan ces. T h e  v o lu m e  p e r  v a le n c y  

e lec tron , fo r w h ich  we m a y  use  th e  sym bo l!^ ,*  is 21*5 (k X )3, so t h a t  th e  e lec tro n  g as  

o f th e  v a len c y  e lec tro n s is v e ry  d ilu te . T h e  d e ta ile d  c a lcu la tio n s  o f  B a rd e e n  (1938) 

show  t h a t  th e  e lec tro n  d e n s ity  o f  th e  v a len c y  e lec tro n s  is re a so n a b ly  c o n s ta n t  o v e r 

a  larg e  fra c tio n  o f th e  to ta l  vo lum e, a n d  t h a t  i t  is o n ly  n e a r  to  th e  ions t h a t  th e  n odes, 

e tc ., o f th e  w ave  fu n c tio n  p ro d u ce  m a rk e d  v a r ia tio n s  in  th e  v a le n c y  e lec tro n  d e n 

s ity . T h e  m e ta l h as  a  h ig h  co m p ress ib ility  ( = 8*9 x 1012 d y n e s /c m .2) w h ich  is

due  m a in ly  to  th e  v a len cy  e lec trons, a n d  o n ly  a ffected  v e ry  s lig h tly  b y  th e  e x tre m e ly  

sm all ion ic  overlap . W e m a y  th e re fo re  re g a rd  th e  c ry s ta l o f  m e ta llic  l i th iu m  as 

consis ting  o f sm all L i+ ions sw im m ing  in  a  v e ry  d ilu te  v a len c y  e lec tro n  gas, w h ich  is 

responsib le  b o th  fo r th e  a t t r a c t io n  ho ld ing  th e  s tru c tu re  to g e th e r , a n d  fo r th e  

repu ls ion  w hich  gives rise  to  th e  re s is tan ce  to  com pression . A s th e  a t t r a c t iv e  forces 

a re  due  to  th e  e lec tron  gas as a  w hole  we c a n n o t th in k  o f  d ire c te d  forces b e tw ee n  

a d ja c e n t a to m s, b u t  we m a y  p e rh a p s  re p re se n t th e  re la tio n s  in v o lv ed  b y  a  m odel 

such  as th a t  o f  figure 4. I n  th is  figure th e  d iffe ren t a to m s  a re  re p re se n te d  b y  sq u a res

* For ab b reviation  w e sh a ll om it th e  u n its (k X )3 in  referring to  th e  Ve v a lu es  o f  d ifferent 

elem ents.

Lattice spacings of solid solutions of elements in aluminium  11
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held to g e th e r b y  v e ry  w eak  springs,*  Va rep re se n tin g  th e  w eak  a t t r a c t io n  o f  th e  

d ilu te  va lency  e lec tron  gas, a n d  he ld  a p a r t  b y  th e  v e ry  w eak  sp rin gs re p re se n tin g  

th e  repu ls io n  due  to  th e  v a len cy  e lec tro n  gas. T h e  m u ch  s tro n g e r sp rings Ir re p re se n t 

th e  repu ls io n  o f th e  e lec tron  clouds o f th e  ions w hich  is n o t  y e t  effective b ecause  o f  

th e  large in te ra to m ic  d is tances. T he  in te ra to m ic  d is ta n ce  3*03 k X  in  lith iu m  refers  

to  a  b o d y -cen tred  cubic  s tru c tu re , b u t  th e  g en era l c o n d itio n  o f affa irs w o u ld  be  

th e  sam e in  a  h y p o th e tic a l face -cen tred  cub ic  s tru c tu re , fo r w h ich  G o ld sch m id t’s 

co -o rd in a tion  fac to rs  w ould  g ive a n  in te ra to m ic  d is ta n ce  o f  3 T 2  k X .

1 2  H . J . A xon and W . H um e-R othery

Va

F ig u r e  4

In  th e  face-cen tred  cub ic  s tru c tu re  o f  a lu m in iu m  a .d . =  2-86 k X  a n d  th e  a to m s  

are  closer to g e th e r  th a n  in  lith iu m . T h e re  a re  now  th re e  v a len c y  e lec tro n s  p e r  a to m , 

a n d  Ve — 5-51, so t h a t  th e  v a len cy  e lec tro n  gas is on  th e  av erag e  a b o u t fo u r tim e s  as 

c o n ce n tra te d  in  a lu m in iu m  as in  lith iu m . T h is  c o n c e n tra te d  e lec tro n  gas  is also  less 

u n ifo rm ly  d is tr ib u te d  th a n  th e  d ilu te  e lec tro n  gas in  lith iu m  o r sod iu m . A s w e 

p roceed  along  th e  series N a -> M g ->  Al, th e  Ve v a lues  becom e p rog ressive ly  sm aller, 

a n d  th e  v a len cy  e lec tro n  d en sities  p rog ressively  g re a te r , a n d  a t  th e  sam e tim e  th e  

v a len cy  e lec trons te n d  to  be m ore  c o n c e n tra te d  n e a r  to  th e  ions. T he  m e ltin g -p o in t 

o f a lu m in iu m  (659° C) is m u c h  h ig h er th a n  t h a t  o f lith iu m  (152° C), w h ils t i ts  co m 

p ressib ility  is m u ch  low er ( K  = 1*37 x !0 12 d y n e s/c m .2). T h e  a t t r a c t iv e  a

forces a re  th u s  m u ch  s tro n g e r in  a lu m in iu m , a n d  a re  d u e  m a in ly  to  th e  v a len c y  

e lectrons, fo r th e  A l+++ ionic  ra d ii a re  sm alle r th a n  th e  d is tan ces  b e tw een  th e  a to m s  

in  m e ta llic  a lu m in iu m , a lth o u g h  th e  ionic  o v erlap  is g re a te r  th a n  in  a n  a lk a li m e ta l. 

W e m a y  th e re fo re  re p re se n t th e  co n d itio n  o f  affa irs in  a lu m in iu m  b y  a  d ia g ra m  su ch  

as t h a t  o f figure 5, w here  th e  v a len c y  a t t r a c t iv e  sp rin gs Va a n d  rep u ls iv e  sp rings Vr

* T he springs w ill be non-linear an d  w ill n o t  ob ey  H o o k e’s  law .
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a re  m u c h  s tro n g e r th a n  th e  co rresp o n d in g  sp rin g s  in  figure 4 fo r li th iu m , a n d  th e  

ion ic  rep u ls io n  sp rings a re  m ore  n e a r ly  to u c h in g .

W e can  now  re a d ily  u n d e rs ta n d  w h y  th e  a .a .d . o f l i th iu m  (2*82 k X ) w h en  d isso lved  

in  a lu m in iu m  is so m u c h  sm alle r th a n  th e  a .d . v a lu e  (3-03 k X ). F o r  th e  a .d . v a lu e  

o f  3-03 k X  re fers  to  th e  eq u ilib riu m  o f th e  v e ry  w eak  fo rces re p re se n te d  b y  th e  

w eak  sp rin gs o f figure  4, b u t  w h en  one o f  th e se  a to m s  is s u b s t i tu te d  fo r a n  

a lu m in iu m  a to m , th e  m u c h  s tro n g e r fo rces o f  th e  a lu m in iu m  la ttic e , re p re se n te d  

b y  th e  s tro n g e r sp rings o f  figure  5, w ill cause  a n  a lm o s t co m p le te  co llapse  o f  th e  

w eak  sp rin gs. I n  th is  connex ion  th e re  is a  difference b e tw ee n  th e  b e h a v io u r  o f 

a 1-d im ensio na l row , a n d  a  2- o r 3-d im ensiona l la ttic e . I n  a  1-d im en sio n a l ro w , 

a  single  a to m  cou ld  e x e r t i ts  ow n in fluence, b u t  in  2- o r 3 -d im en sio n a l la t t ic e s  a  

d is to r tio n  ro u n d  one a to m  affects  th e  in te ra to m ic  d is ta n c e s  b e tw ee n  o th e r  a to m s . 

W e can  th e re fo re  u n d e rs ta n d  w h y  th e  a .a .d . (2 -82k X ) o f  l i th iu m  w h en  d isso lv ed  

in  a lu m in iu m  is n e a r ly  th e  sam e as th e  a .d . o f a lu m in iu m  its e lf  (2 - 8 6 k X ), a n d  

since  th e  io n  o f  l ith iu m  is sm alle r th a n  th e  io n  o f  a lu m in iu m  w e c a n  p e rh a p s  

also  u n d e rs ta n d  w h y  th e  a .a .d . o f lith iu m  in  a lu m in iu m  is s lig h tly  sm a lle r th a n  

2*86 k X . Va

Lattice spacings of solid solutions of elements in aluminium  13

F i g u r e  5

I f  th e  above  line  o f a rg u m e n t be accep ted , i t  w ill b e  rea lized  t h a t  i t  is o n ly  in  

ex cep tio n a l cases th a t  th e  so-called  V e g a rd ’s law  can  be e x p e c te d  to  h o ld  fo r m e ta ls . 

So fa r  as w e h av e  been  ab le  to  d iscover, th e  sy s tem  ca lc iu m -stro n tiu m  is th e  on ly  

alloy  sy stem  in  w hich  a  lin ea r re la tio n  ho ld s b e tw een  th e  la t t ic e  spac ing  a n d  a to m ic  

p e rcen tag es  o f th e  tw o  m eta ls . I t  is p e rh a p s  sig n ifican t t h a t  in  th is  case th e  Ve v a lu e  

fo r s tro n tiu m  is la rg e r th a n  th a t  fo r calcium , w h ils t i ts  ion ic  ra d iu s  is a lso  la rger. 

W h en  s tro n tiu m  is d isso lved  in  calc iu m  we e x p e c t th e  v a len c y  e lec tro n  effect to  

p ro d u ce  a  sm alle r a .a .d . fo r th e  sam e reaso n  as t h a t  d esc ribed  ab o v e  fo r l ith iu m  in  

a lu m in iu m , b u t  th e  la rg e r ion  o f  s tro n tiu m  m a y  p ro d u ce  a  c o u n te rb a la n c in g  

expansio n .
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(c) Factors controlling the apparent atomic diameters 

T he e x a c t a .a .d . va lu es  o f one m e ta l in  d iffe ren t so lv en ts  w ill c lea rly  d e p e n d  on  

th e  e x ac t d e ta ils  o f th e  a to m ic  fields a n d  c a n n o t be  p re d ic ted , b u t  w e s u g g e s t 'th a t  

a  general in te rp re ta tio n  m a y  be o b ta in e d  b y  consid ering  th e  follow ing co n tro llin g  

fac to rs.

14 H . J . A xon  and W . H um e-R othery

(1) The Ve effect

In  th e  above  d esc rip tio n  w e h a v e  seen  w h y  th e  a .a .d . o f lith iu m  w h en  d isso lved  

in  a lum in ium  is so m u ch  sm alle r th a n  th e  a .d . fo r m e ta llic  lith iu m . I n  th is  case th e  

Ve va lu es fo r lith iu m  a n d  a lu m in iu m  a re  21-7 a n d  5-5 re sp ec tiv e ly . T h e  Ve v a lu es  fo r 

th e  rem ain ing  e lem en ts  a re  g iven  in  ta b le  3, a n d  w e su g g est t h a t  a s  a  f irs t a p p ro x im a 

tio n  these  m a y  be u sed  to  in d ic a te  th e  d ire c tio n  o f effects an a lo g o u s  to  th o se  d esc rib ed  

fo r lith iu m  a n d  a lu m in iu m . T h a t  is to  say , i f  th e  Ve v a lu e  o f  th e  so lu te  is g re a te r  th a n  

th a t  o f th e  so lven t, we e x p e c t.th e  a .a .d . to  be  m a d e  sm alle r, a n d , converse ly , i f  th e  

Ve o f th e  so lv en t is la rg e r th a n  t h a t  o f  th e  so lu te  we e x p e c t th e  a .a .d . to  be  m a d e  

la rger. T h is s im ple  effect miay th e n  be  ob scu red  b y  th e  com p lica tin g  fa c to rs  d esc rib ed  

below.

T a b l e  3

Ve for co-ord ination Ve for co-ord in ation

elem en t n o . 12 elem en t n o . 12

Li 21-7 Ga c. 6 -7

Cu 11-7 In c. 8 -9

A g, A u 17-0 Si 3-2

M g 11-6 Ge 3-6

Zn 6-7 Sn 5 ’6 grey  tin

Cd 9-0 5-5 w h ite  t in

A1 5-51

(2) The effect of ionic radius

W e suggest t h a t  i f  th e  ion ic  ra d iu s  o f  th e  so lu te  is la rg e r th a n  t h a t  o f  th e  so lv en t, 

th e  effect is to  in crease  th e  a .a .d . o f th e  fo rm er, a n d , converse ly , i f  th e  io n ic  ra d iu s  

o f  th e  so lu te  is th e  sm alle r, i ts  a .a .d . te n d s  to  be  sm alle r. T h is  effect is, how ever, 

on ly  m a rk e d  if  a  re la tiv e ly  la rge  ion  is be ing  fo rced  in to  a  s tru c tu re  in  w h ich  i ts  

e lec tron  clo ud  beg in s to  o v e rlap  th e  e lec tro n  c loud  o f th e  ions o f  th e  so lv en t, e.g. w h en  

silver is d isso lv ed  in  copper. F ig u re  6 show s th e  u n iv a le n t ion ic  ra d ii  o f  th e  e lem en ts  

concerned , a n d  th e se  m a y  be  ta k e n  (H u m e -R o th e ry  & R a y n o r  1940) as th e  le a s t 

u n sa tis fa c to ry  va lues  i f  th e  ‘ size ’ o f  a n  ion  is to  be re p re se n te d  b y  a  single  n u m b e r ; 

th e y  m u s t n o t, o f  course, be ta k e n  to  in d ic a te  a  sh a rp  b o u n d a ry  su rface  to  th e  ion . 

T h u s  in  m e ta llic  copper, th e  e lec tro n  clouds o f  th e  ions o v e rla p  a p p re c ia b ly , a n d  

a re  responsib le  fo r th e  low  com pressib ility , a lth o u g h  th e  u n iv a le n t ra d iu s  o f  th e  

C u+ ion  is on ly  0-96 k X  as co m p ared  w ith  a  h a lf  d is ta n ce  o f  a p p ro a c h  o f  1*27 k X . 

I t  h a s  also been  em p h asized  (H u m e -R o th e ry  & R a y n o r  1938) t h a t  in  th e  e lem en ts  

follow ing a n  a lk a li m e ta l (e.g. N a -> M g ->  A l-> S i) th e  e lec tro n  clo uds o f  th e  ions 

sh rin k  less ra p id ly  th a n  th e  in te ra to m ic  d is tan ces, so t h a t  th e  c ry s ta l s tru c tu re s
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becom e less ‘o p en  ’ w ith  in c reas in g  v a len cy , w h ereas  in  th e  e lem en ts  fo llow ing  co p p er, 

s ilve r a n d  go ld  (e.g. Cu -> Z n  G a -> Ge) th e  ion  sh rin k s  th e  m o re  ra p id ly  a n d  th e  

s tru c tu re s  becom e in c reas in g ly  m o re  open .

Lattice spacingsof solid solutions of elements in aluminium 15

CuGe 
ZnAs Rb Cct Sb CsLi Na A1 K

a to m ic  n u m b er o f  e lem en t

F ig u k e  6 . A tom ic  an d  ionic radii o f  th e  e lem en ts. (R ep rod u ced  from  Phil. 1938, 2 6 ,

136.) •  i  (in teratom ic d istan ce  in th e  crysta l o f  th e  e lem en t). ® Z achariasen  u n iv a len t ion ic  

radii. O P au lin g  u n iv a len t ion ic radii, x  G oldschm idt em pirica l ion ic  rad ii.

(3) The effects of Brillouin zone overlaps

I t  has  been  show n b y  Jo n e s  (1934) t h a t  th e  effect o f  a  b .z . o v e rla p  is to  p ro d u c e  

a n  ex p an sio n  o f th e  c ry s ta l in  th e  d ire c tio n  concerned . H u m e -R o th e ry  & R a y n o r  

(1940) a n d  R a y n o r  (1942) h av e  show n th a t  w hen  3- a n d  4 -v a le n t e lem en ts  a re  d is 

so lv ed  in  m agnesium , th e  la ttic e  sp ac in g /co m p o sitio n  cu rv es fo r th e  a -sp ac in g s  a re  

sm o o th , w h ils t th o se  fo r th e  c-spacings show  a  k in k  in  th e  d ire c tio n  o f  a n  e x p an s io n  

a f te r  a  sm all p e rcen tag e  o f  so lu te  (see figure 7). T h is  w as ta k e n  to  im p ly  t h a t  in  p u re  

m ag n esiu m  a  b .z . o v erlap  h a d  a lre a d y  o ccu rred  in  th e  a d ire c tio n , b u t  n o t  in  th e  

c d irec tio n , a lth o u g h  th e  la t te r  o v erlap  o ccu rred  a f te r  a  v e ry  s lig h t in c rease  in  th e  

e lec tro n  co n ce n tra tio n . H u m e -R o th e ry  & R a y n o r  su g g ested  t h a t  th e  a .d . in  

a lu m in iu m  (2-86 k X ) w as g re a te r  th a n  its  a .a .d . w hen  d isso lved  in  co p p er (2-71 k X ) 

a n d  silver o r go ld  (2 -79-2 -80k X ), because  no  b .z . o v e rla p  w as con cern ed  in  th e  

u n iv a le n t so lu te s. F ro m  ta b le  2 i t  is c lear t h a t  th e  p o s itio n  is n o t  re a lly  so s im ple : 

th u s  th e  a .a .d . v a lu e  fo r in d iu m  d isso lv ed  in  m ag n esiu m  (3-08 k X ) is a lm o s t th e  sam e 

as th e  va lues  (3-07, 3-11 k X ) fo r so lu tions in  go ld  a n d  silver,*  w h ils t th e  a .a .d . 

v a lu e  fo r ga lliu m  d isso lv ed  in  m agnesium  (2-83 k X ) is sm alle r th a n  th o se  (2-835, 

2-838k X ) fo r so lu tions in  s ilver a n d  gold. I t  is, o f  course, c lea r t h a t  w ith  a  la t t ic e  

spac ing /com position  cu rve  such  as t h a t  o f figure 7, e x tra p o la tio n  o f  th e  cu rv e  

im m ed ia te ly  a f te r  th e  o v erlap  w ill g ive a  h igher a .a .d . fo r th e  e lem en t o f  h ig h e r

* T he solid  so lu tion  o f  in d iu m  in  copper is a ffected  b y  th e  overlap p in g  o f  th e  ion s as  

described below .
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valency  th a n  th e  a .a .d . o b ta in e d  b y  e x tra p o la tio n  o f  th e  c u rv e  im m e d ia te ly  befo re  

th e  overlap , a n d  sim ila rly  e x tra p o la tio n  o f  a  c u rv e  a f te r  a n  o v e rla p  w ill g ive  a  low er 

a .a .d . va lu e  fo r th e  e lem en t o f  low er va lency . I f  we consid er a  c o n tin u a lly  in c reas in g  

e lectron  c o n cen tra tio n , i t  seem s p ro b a b le  t h a t  th e  e x p an s io n  p ro d u c e d  b y  each  

successive b .z . overlap  w ill rem a in  a t  h ig h e r e lec tro n  c o n ce n tra tio n s , b u t  th e  effects 

o f sh a rp  p eaks a n d  va lleys in  th e  N{E)  cu rve  on  th e  la ttic e  spac ings c a n n o t be 

p red ic ted  w ith o u t fu r th e r  d e ta ils . W e m a y  th e re fo re  e x p e c t a  g en era l te n d e n c y  fo r 

a  b .z . overlap  to  p ro d u ce  a n  expansion , a n d  fo r in c reas in g  a n d  decreasin g  e lec tro n  

co n cen tra tio n  im m ed ia te ly  a f te r  a n  o v erlap  to  p ro d u ce  la rge  a n d  sm all a .a .d . v a lu es  

respectively , b u t  th e  re su lts  a re  m ore  co m p lica ted  th a n  th o se  im ag in ed  p rev io u sly .

1 6  H . J . A xon and W . H um e-R othery

X 5-200,

so lu te , a to m ic  %  

F i g u r e  7

W hen  we consid er th e  la ttic e  sp ac in g /co m p o sitio n  cu rves fo r 3- a n d  4 -v a le n t 

so lu tes in  m agnesiu m , e x tra p o la tio n  o f th e  a -sp ac in g  cu rve , a n d  o f  th e  c -spac in g  

cu rve  after the kink, w ill give us a a n d  c v a lu es  fo r a  h y p o th e tic a l s t ru c tu re  w ith  b .z . 

overlaps in  b o th  a a n d  c d irec tio n s, a n d  th e  co rresp o n d in g  a .a .d . v a lu es  can  be  

ca lcu la ted  fo r th e  a a n d  d d is tan ces  o f a p p ro a ch . T h e  c-spacing  c u rv e  befo re  th e  k in k  

is to o  sh o r t fo r e x tra p o la tio n . I n  c o n tra s t  to  th is  i f  w e consider th e  co rresp o n d in g  

curves fo r a  univalent m e ta l d isso lv ed  in  m agnesium , e x tra p o la t io n  w ill g ive  us  

a a n d  c va lues  fo r a  s tru c tu re  w ith  n o  o v erlap  in  th e  c d irec tio n .

I n  th e  earlie r p a p e rs  o f  H u m e -R o th e ry  & R a y n o r  i t  w as a ssu m e d  t h a t  th e  co n 

d itio n  o f  affairs in  a lu m in iu m  w as one  follow ing a f te r  th e  (200) b .z . o v e rlap  o f  th e  

face-cen tred  cub ic  s tru c tu re , since  th is  w as w h a t w as in d ic a te d  b y  th e  s im ple  b .z .
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th e o ry  o f  M o tt & J o n e s  (1937). I t  h a s  la te ly  b een  show n b y  M aty as*  th a t  th e  

sy m m e try  o f th e  8 a n d  p  s ta te s  re su lts  in  a n  N{E) cu rv e  o f  th e  ty p e  show n  in  figure  8 

in  w hich , a lth o u g h  th e  firs t zone is v e ry  n e a r ly  filled, th e  (200) o v e rla p  h as  n o t  ta k e n  

p lace . T he  u n o ccu p ied  s ta te s  in  th e  firs t zone  lie in  th in  slab s p a ra lle l to  th e  (200) 

faces o f th e  zone. T h is  c o n d itio n  o f affa irs is q u ite  d iffe ren t from  t h a t  o f th e  s im ple  

th e o ry  o f e lec tro n s in  th e  fa c e -c e n tre d  cub ic  s tru c tu re , a cco rd in g  to  w h ich  th e  

occup ied  s ta te s  w ou ld  h a v e  rea ch e d  to , a n d  sp re a d  o u t from , th e  c en tre s  o f  th e  (200) 

faces.

Lattice spacings of solid solutions of elements in aluminium  1 <

— firs t  zone

/  second  zone in 
■/ (111) d irec tio n

free  e lec trons

seco n d  
zone in 
200

d irec tio n

E  in  eV

F ig u r e  8

T he  new  N(E)  cu rv e  is o f v e ry  g re a t in te re s t, a n d  offers one e x p la n a tio n  o f  th e  

sca rc ity  o f  e lem en ts  w hich  fo rm  w ide solid so lu tions in  a lu m in iu m . F o r  w ith  

e lem en ts  o f b o th  h ig her a n d  low er valenc ies, th e  fo rm a tio n  o f  a n  ap p rec iab le  solid

so lu tion  w ould a lte r  th e  e lec tron  c o n ce n tra tio n  so t h a t  th e  la t te r  co rresp o n d ed  to
%

* W e have to  th an k  D r M atyas for a llow ing u s to  use th ese  resu lts.

Vol. 193. A. 2
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a  low er position  on th e  N{E)  cu rve , and. hence to  a  s tru c tu re  w hich  b

less s tab le  com pared  w ith  o th e r  possible  s tru c tu re s  w hose N(E)  cu rv es re m a in e d  

high. A c tu a lly  th e  va rio u s  eq u ilib riu m  d iag ram s suggest t h a t  a t  low  te m p e ra tu re s  

no e lem en t fo rm s a n  ap p rec iab le  so lid  so lu tio n  in  a lu m in iu m , w h ils t a t  h ig h  te m 

p e ra tu re s  zinc is th e  on ly  e lem en t w hose so lu b ility  exceeds 20 a to m ic  % . T h e  

com ple te  absence o f  a n y  so lid  so lu tio n s  a t  low  te m p e ra tu re s  is n o t  e x p la in e d  b y  

th e  above N(E) cu rve , since  w ith  a  s lig h t so lid  so lu tio n  th e  e lec tro n  c o n c e n tra

w ould  s till co rrespond  to  a  re la tiv e ly  h ig h  p o s itio n  on  th e  N(E)  cu rv e . T h e re  is 

also no  obvious reaso n  w hy  th e  t r iv a le n t  e lem en ts  ga llium  an d  in d iu m  do n o t  fo rm  

w ide solid so lu tions in  a lu m in iu m , a n d  th e  e x p la n a tio n  o f  th is  m u s t p re su m a b ly  

lie in  th e  d e ta ils  o f th e  a to m ic  fields, as  d is tin c t from  sim ple  e lec tro n  c o n c e n tra tio n  

effects.

T he N(E) cu rve  o f  M aty as  show s th a t  in  p u re  a lu m in iu m  th e re  w ill be  s lig h tly

m ore  th a n  one e lec tro n  p e r a to m  in  th e  s ta te s  o f  th e  second  zone, a n d  th e  F e rm i 

su rface  w ill lie w ell b ey o n d  th e  p o in t  a t  w h ich  th e  (111) o v erlap  beg in s. So fa r  as 

b .z . effects a re  concerned , we sh a ll th e re fo re  e x p e c t th e  a lu m in iu m  la tt ic e  to  be  

e x p an d e d  b y  th e  (111) overlap ,*  b u t  in  a lu m in iu m -rich  a lloys w e sh a ll n o t  be  in  th e  

reg ion  o f  e lec tro n  c o n c e n tra tio n  im m e d ia te ly  follow ing a n  overlap .

(4) The effect of the electrochemical factor

I t  h as  a lre ad y  (H u m e -R o th e ry  1946) been  su g g ested  th a t  w h en  th e  so lv e n t a n d  

so lu te  differ m a rk e d ly  in  th e  e lec trochem ica l series th e  effect is to  in tro d u c e  forces 

o f  a  p a r t ly  ion ic  n a tu re , a n d  we m a y  e x p ec t th is  to  p ro d u ce  a  c o n tra c tio n  o f  th e  

la ttic e  w hich  w ill m a k e  th e  a .a .d . sm alle r.

(d) Detailed examination of the apparent atomic diameters in different solvents

I f  th e  p reced ing  a rg u m e n ts  a re  a c c e p ted  w e m a y  e x p e c t th e  a .a .d . v a lu es  to  be 

d e te rm in e d  b y  th e  in te rp la y  o f  (1) th e  Veeffect, (2) t

e lec trochem ical fa c to r  a n d  (4) b .z . effects. T hese  d iffe ren t fa c to rs  m a y  e ith e r  re in fo rce  

o r oppose one a n o th e r , so t h a t  th e  w ho le  p ro b lem  is v e ry  c o m p lica ted . N o  su g g estio n  

is m ad e  th a t  th e  d e ta ils  can  be  p re d ic ted , b u t  th e  follow ing te n ta t iv e  in te rp re ta t io n  

o f  th e  figures in  ta b le  2 is offered  as in d ic a tin g  t h a t  som e o f th e  p rin c ip les  h a v e  b een  

co rrec tly  id en tified . F o r  conven ience we m a y  d iv id e  th e  d a ta  u n d e r  th e  fo llow ing 

su b -h ead in g s.

Solid solutions in which the Ve effect tends to produce a small a .a .d . value

O f th e  sy stem s concerned  in  ta b le  4, th e  g en era l te n d e n c y  is c lea rly  fo r th e  a .a .d . 

to  be sm aller th a n  th e  a .d . A n e x ce p tio n  is p re se n te d  b y  th e  so lid  so lu tio n  o f  s ilver 

in  copper, a n d  th is  is th e  on ly  case in  w h ich  th e  fo rm a tio n  o f  th e  so lid  so lu tio n  

invo lv es th e  fo rcing  o f  a  la rg e r ion  in to  a  s tru c tu re  w h ich  is a lre a d y  o f  th e  fu ll ty p e . 

T h is is th e re fo re  th e  sy s te m  in  w h ich  th e  effect o f  a  la rg e r ion ic  ra d iu s  in  p ro d u c in g  

a n  ex p an sio n  is like ly  to  be  th e  g re a te s t, a n d  we can  u n d e rs ta n d  w h y  th e  a .a .d . 

is 0*07 k X  g re a te r  th a n  th e  a .d .

* H u m e-R oth ery  & R ayn or  argued  on  th e  assu m p tion  o f  b o th  (111) an d  (200) overlap s.

18 H . J . A xon and W . H um e-R othery
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F o r th e  solid so lu tio n  o f  lith iu m  in  m ag n esiu m  th e  a .a .d . v a lu es  a re  =  3 1 1 , 

a n d  d =  3-00 k X , as c o m p ared  w ith  a n  a .d . v a lu e  3*03 k X . T h is  la s t v a lu e  re fe rs  to  

a  co -o rd in a tio n  n u m b e r o f  8, a n d  if  w e use th e  G o ld sch m id t c o rrec tio n  fa c to r  fo r 

change o f c o -o rd in a tio n  no . 12->  8, th e  v a lu e  fo r a  h y p o th e tic a l  fa c e -c e n tre d  cub ic  

m odifica tion  o f l ith iu m  w o u ld  be 3-13 k X . T h e  a .a .d . v a lu es  fo r li th iu m  d isso lv ed  

in  m agnesiu m  a re  th u s  sm alle r th a n  th e  a .d . v a lu e  w h en  c o rre c ted  fo r c o -o rd in a tio n  

n u m b er. T he  m ag n es iu m -lith iu m  d a ta  a re  fro m  w o rk  b y  H o fm a n n  (1936), a n d  th e  

e x p e r im en ta l e rro rs  p ro b a b ly  g ive  to o  la rge*  a .a .d . v a lu es , so t h a t  th e  a c tu a l  

difference b e tw een  th e  a .a .d . a n d  co rre c ted  a .d . v a lu es  m a y  be  g re a te r  th a n  t h a t  

given.
T a b l e  4

Lattice spacings of solid solutions of elements in aluminium  19

so lu te so lv en t effect o f

and Ve an d  Ve ionic radius A .A .D . A .D .

L i 21-7 A1 5-5 con tract 2-825 3-03

Li 21-7 M g 11-6 con tract a  =  3-11 

d —  3-00

3-03

Cu 11-7 A1 5-5 exp an d 2-51 2-55

A g 1 7 0 A1 5-5 exp an d 2-86 2-88

A g 17-0 Mg 11-6 exp an d a —  2-64 

d =  2-53

2-88

A g 17-0 Cu 11-7 large e x p a n s io n : 

ionic  overlap

2-95 2-88

Mg 11-6 A1 5-5 exp an d 3-04 or 3-15 a  =  3-19  

d =  3-20

Zn 6-7 A1 5-5 expand 2-85 a — 2-66  

d —  2-91

F o r th e  solid so lu tion  o f zinc in  a lu m in iu m  th e  Ve v a lu e  o f th e  so lv e n t is o n ly  s lig h tly  

less th a n  th a t  o f th e  so lu te , so t h a t  we e x p ec t th e  Ve effect to  be sm all. T h e  effect o f 

th e  ionic ra d iu s  w ill also be sm all b u t  te n d s  to  p ro d u ce  a n  ex p an sio n . T h e  a .a .d . 

v a lu e  o f 2 -85kX  lies b e tw een  th e  tw o  se ts  o f in te ra to m ic  d is ta n ce  in  zinc, b u t  th e  

c ry s ta l s tru c tu re  o f th e  la t te r  is so a b n o rm a l th a t  d e ta ile d  com parison  is h a rd ly  

ju s tif ie d .f

Solid solutions of copper, zinc, cadmium, gallium, indium, germanium and tin in 

silver, copper and gold, and of copper in in these systems the Ve effect

tends to produce a large a .a .d .

T he  d a ta  fo r th ese  sy stem s are  show n in  ta b le  5. F o r  th e  so lid  so lu tio n s o f zinc, 

gallium  a n d  g erm an ium  in  copper, s ilver o r gold, th e  Ve effect leads us to  e x p e c t a 

la rge  a .a .d ., th e  e xpansion  becom ing  g re a te r  w ith  in creasing  v a len cy . W e can  th e re -

* T he lith iu m  used  con ta in ed  sod ium  and  p otassiu m , w hich  m a y  cause an exp an sion  o f  th e  

m agnesium  la ttice . F urther, an y  ox id a tion  o f th e  specim ens w ou ld  ten d  to  g iv e  to o  large a  

la ttice  spacin g, and  no precautions aga in st th is  source o f error are described.

•f* In  zinc th e m ain  b .z . overlap is in  th e  c d irection , an d  there is a second  and  sm aller  

overlap in th e basal p lane. The m ain  overlap exp an d s th e  crysta l in  th e d irection  o f th e  c-axis, 

and  th e  elastic  con stan ts are such th a t th is  sp ecim en  ten d s to  con tract th e  d istan ces in th e  

basal p lane, b y  an effect analogous to  th a t o f  th e  P oisson  ratio . T he va lu e a =  2*66 k X  is th u s  

probably sm aller th an  if  no b .z . overlaps had occurred.
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20

fore u n d e rs ta n d  w hy  th e  a .a .d . va lues  fo r a  series su ch  as (C u->  Z n ->  G a -> Ge) w hen  

disso lved  in  copper, s ilver o r go ld  increases w ith  th e  v a len cy . S ince th e  Ve o f  co p p er 

(11*7) is sm alle r th a n  t h a t  o f s ilver a n d  go ld  (17-0), th e  Ve effect w ill te n d  to  p ro d u ce  

a  g re a te r  expansion  fo r solid so lu tions in  th e  la t te r  m e ta ls , a n d  as w ill be seen  from  

ta b le  5 th e  a .a .d . values o f  zinc, ga llium  a n d  g e rm a n iu m  fro m  solid  so lu tio n s  in  

silver a n d  gold  a re  u n ifo rm ly  g re a te r  th a n  th o se  from  so lid  so lu tio n s in  copper, so 

th a t  th e  general in te rp re ta tio n  is confirm ed. T he  sam e e x p la n a tio n  m a y  be  offered 

fo r th e  fa c t th a t  w hen  copper is d isso lv ed  in  silver, th e  a .a .d . o f cop p er (2-64k X ) 

is g re a te r  th a n  th e  a .d . in  copper its e lf  (2*55 k X ).

H . J. A xon  and W . H u m e-R oth ery

T a b l e  5

so lu te  

and Ve
so lv en t  

an d  Ve
effect o f  

ionic radius A .A .D . A .D .

Cu 11-7 A g  17-0 con tract 2-64 2-55
Cu 11-7 A u 17-0 con tract 2-63 2-55
Zn 6-7 Cu 11-7 con tract 2-70 a =  2-66

Zn 6-7 A g  17-0 con tract 2-75

d =  2-97  

a =  2-66

Zn 6-7 A u 17-0 con tract 2*74

d = 2-97  

a  =  2-66

Ga c. 6 Cu 11-7 con tract 2-75 '

d  =  2-97

ab n orm al s tru c 
Ga c. 6 A g  17-0 con tract 2-835 tu res w ith  d is 
Ga c. 6 A u  17-0 con tract 2-84 ta n ces  from  2-44
Ga c. 6 M g 11-7 v ery  s ligh t 2-83 , to  2-79 k X

Ge 3-6 Cu 11-7 con tract 2-78 2-44
Ge 3-6 A g 11-7 con tract 2-90 2-44
Ge 3-6 A u  11-7 con tract 2-93 2-44

Cd 9-0 Cu 11-7 large exp an sion : 3-10 a  = 2 -9 7

Cd 9-0 A g  17-0

ionic overlap  

con tract 3-04

d - 3-29 

a =  2-97

Cd 9-0 A u  17-0 con tract 3-00

d =  3-29 

a  =  2-97

In  c. 8 Cu 11-7 exp an d : ionic 3-21

d =  3-29  

3-241

In  8 A g 17-0

overlap

con tract 3-11

3 -3 7 /  

see p . 21
In  8 A u 17-0 con tract 3-07 see  p . 21
In  8 M g 11-6 exp an d a — 3-08

Sn 5-5 Cu 11*7 exp an d : ion ic

d =  3-16 

3-27 2-80 grey

Sn 5-5 A g 17-0 con tract 3-18
3 -0 2 \ v,-+

3 -1 8 / W hlte
Sn 5-5 A u  17-0 con tract 3-14

C om parison  w ith  th e  in te ra to m ic  d is tan ces  in  c ry s ta ls  o f  zinc, ga llium  a n d  

g erm an iu m  is n o t so sim ple. T he  a .a .d . va lues o f  z inc w hen  d isso lv ed  in  copper, 

s ilver a n d  gold  a re  sm aller th a n  th e  d is ta n ce  o f  a p p ro a c h  2-97 k X  in  th e  c ry s ta l
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o f  zinc, a n d  th is  c an  be  u n d e rs to o d  b ecause  th e  la t te r  in v o lv es  th e  m a in  b .z . o v e rla p . 

T he  va lu e  a =  2-66 k X  fo r th e  clo sest d is ta n c e  o f  a p p ro a c h  in  th e  b a sa l p la n e  is 

affected  b y  th e  cu rio us e las tic  p ro p e rtie s  o f  th e  z inc  c ry s ta l, a n d  can  h a rd ly  be  

c o m p ared  d ire c tly  w ith  a n y  o f  th e  o th e r  v a lues .*

In  th e  co m p lica ted  c ry s ta l s t ru c tu re  o f  g a llium , th e  d is ta n c e s  o f  a p p ro a c h  v a ry  

from  2*44 to  2-79 k X , a n d  th e  Ve effect h as  p ro d u c e d  th e  e x p e c te d  re la tiv e ly  la rg e  

a .a .d . va lues. In  g e rm an iu m , th e  c ry s ta l s t ru c tu re  is o f  th e  d ia m o n d  ty p e  w ith  

a .d . 2-44 k X . T he  a .a .d . v a lu es  fo r g e rm a n iu m  w hen  d isso lv ed  in  copper, s ilv e r a n d  

go ld  v a ry  from  2-78 to  2 -93k X , a n d  a re  th u s  la rg e r th a n  th e  a .d . b y  m o re  th a n  th e  

12 % , w hich  G o ld sch m id t p o s tu la te d  on  th e  effect o f  a  ch an g e  in  c o -o rd in a tio n  

n u m b e r 1 2 -* 4 . T he  Ve p rin c ip le  is th u s  s tr ik in g ly  confirm ed , p a r t ic u la r ly  w h en  i t  is 

rem em b ered  th a t  th e  a .a .d . v a lu es  fro m  so lu tio n s  in  u n iv a le n t so lv en ts  a re  n o t  

affected  b y  b .z . overlaps, w hereas  th e  a .d . v a lu e  o f  2*44k X  fo r g e rm a n iu m  in c lu d es  

th e  effect o f b .z . overlap p in g .

F o r  th e  solid so lu tions o f  s ilver, cad m iu m , in d iu m  a n d  t in  in  copper, s ilve r a n d  

gold, th e  effect o f  ion ic  ra d iu s  is now  d ifferen t. T h e  ions o f  cad m iu m , in d iu m  a n d  t in  

a re  sm alle r th a n  th o se  o f  s ilver a n d  gold, ju s t  as  th e  ions o f  zinc, g a lliu m  a n d  g e r 

m an iu m  are  sm aller th a n  th o se  o f  copper. T h e  ions o f  cad m iu m , in d iu m  a n d  t in  a re , 

how ever, la rg e r th a n , o r a t  le a s t equal*  to , th e  ions o f  copper, so t h a t  th e  fo rm a tio n  

o f a  solid so lu tion  in  copper re su lts  in  th e  in se rtio n  o f a  la rg e r ion in to  a n  a lre a d y  fu ll 

s tru c tu re , a n d  we suggest t h a t  i t  is fo r th is  reaso n  t h a t  th e  a .a .d . v a lu es  o f  cad m iu m , 

in d iu m  a n d  tin , w hen  d isso lv ed  in  copper, a re  la rg e r th a n  w hen  d isso lved  in  s ilv e r 

o r gold ; th e  effect is th e  sam e as th a t  fo r s ilver w hen  d isso lv ed  in  co p p er (see p . 18). 

I f  th is  in te rp re ta tio n  is co rrec t, th e  sy s tem  silv e r-co p p er is o f  in te re s t  in  t h a t  th e  

larg e  a .a .d . v a lu e  o f copper in  s ilver is th e  re su lt o f  th e  Ve effect, w h ils t th e  la rge  

a .a .d . value  o f s ilver in  cop p er is due  to  th e  effect o f  ionic rad iu s .

T he  re la tio n s  be tw een  th e  a .a .d . v a lues fo r cad m iu m  in  th e  u n iv a le n t so lv en ts , 

a n d  th e  a .d . values in  m e ta llic  cad m iu m  a re  ana logous to  th o se  d esc rib ed  a b o v e  

fo r zinc. In  th e  case o f  in d iu m , th e  a .d . v a lues (dx =  3*24, d2 — 3 -37k X ) in  th e  

e lem en t a re  s lig h tly  g re a te r  th a n  th e  a .a .d . va lues in  th e  u n iv a le n t so lv en ts , a n d  fo r 

so lu tion  in  d iv a le n t m agnesiu m . A ccord ing  to  R a y n o r  (1940a) th is  is d u e  to  th e  

ex istence  o f incom ple te  io n iza tio n  in  th e  e lem en t. I t  w as n o t, how ever, c lear w h y  

th e  a .a .d . valu es o f in d iu m  from  so lu tions in  u n iv a le n t s ilver a n d  go ld  (3-11 a n d  

3-07 k X ) w ere as la rge  as th e  a .a .d . v a lu e  ( 3-08, d =  3-16) fo r so lu tio n  in  m a g 

nesium , fo r th e  la t te r  re fe rs  to  a  p o s itio n  sh o r tly  a f te r  a  b .z . overlap , w h ereas  th e  

fo rm er does n o t. T he  d a ta  in  ta b le  5 show  th a t  th e  Ve effect is g re a te r  fo r th e  so lu tio n s  

in  silver a n d  gold, a n d  so th e  larg e  a .a .d . va lues a re  ex p la in ed . T h e  sam e e x p la n a tio n  

acco u n ts  fo r th e  fa c t th a t  th e  a .a .d . v a lu e  o f ga lliu m  d isso lv ed  in  s ilver o r go ld  is as 

la rge  as th e  a .a .d . valu es for th e  so lu tion  in  m agnesium . B u t  w hen  ga llium  is d is 

so lved  in copper (P̂  11-7) th e  so lv en t has a lm o st e x a c tly  th e  sam e Ve as m agnesium

* See footn ote  on p. 19.

t  The so lid  solu b ilities o f  in d ium  an d  tin  in copper in d icate  th a t  th e  e ffect o f  th e  ion ic  

overlap is considerable (see H u m e-R oth ery  1946).

Lattice spacings of solid solutions of elements in aluminium  21
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{Ve 11-6), a n d  consequen tly  th e  Ve effects a re  th e  sam e, a n d  th e  a .a .d . fo r th e  so lu tio n  

in  m agnesium  (2-8 3 k X ) is la rg e r th a n  t h a t  fo r th e  so lu tio n  in  cop p er (2-7 5 k X ) 

because o f th e  effect o f th e  b .z . overlap  in  m agnesiu m .*

W hen  tin  is disso lved in  copper, s ilver o r go ld  th e  Ve effect in d ic a te s  a n  ex p an sio n , 

an d  th e  la rg er a .a .d . in  copper is th e  re su lt o f th e  ionic  ra d iu s  o f  t in  b e in g  o f  th e  sam e 

o rd er as th a t  o f copper, b u t sm aller th a n  th o se  o f  s ilver a n d  gold. T h e  a .a .d . v a lu es  

fo r th e  so lu tion  in  silver a n d  gold  a re  co n sid erab ly  g re a te r  th a n  th e  a .d . (2*80k X ) 

in  g rey  tin , a n d  s lig h tly  g re a te r  th a n  th is  v a lu e  co rre c ted  fo r th e  G o ld sch m id t

22 H . J . A xon and W. H u m e-R oth ery

c o - o r d in a t io n  e f fe c t .

so lu te  

an d  Ve

so lv en t

and

T a b l e  6

effect o f  

ion ic radius A .A .D . A .D .

Mg 11*6 A g 17-0 con tract 2-94 a -  3-20

A1 5-5 Cu 11-7 con tract 2-71

d =  3*19 

2-86

A1 5-5 A g 17-0 con tract 2-79 2-81

A1 5-5 A u 17-0 con tract 2-80 2-86

A1 5-5 M g 11-6 con tract a =  2*81 2-86

Si 3-2 Cu 11*7 con tract

d =  2-85  

2-60 2-35

Si 3-2 A1 5-5 con tract 2-73 2-35

Ge 3-6 A1 5-5 ? 2-97 2-44

Solid solutions of magnesium, aluminium and silicon not 'previously discussed

T he d a ta  fo r th e se  sy stem s a re  show n in  ta b le  6, a n d  th e  follow ing in te rp re ta t io n  

m a y  be offered.

W hen  m agnesium  ( Ve = 11-6) is d isso lv ed  in  s ilver (Ve — 17-0) th e  

a n  expansion , w hich  w ill be opposed  b y  th e  re la tiv e ly  s tro n g  e lec tro ch em ica l fa c to r , 

a n d  b y  th e  effect o f ion ic  rad iu s . T he  re su ltin g  a .a .d . re fers  to  a  so lid  so lu tio n  in  

w hich  th e re  is no  b .z . o verlap , a n d  w e can  u n d e rs ta n d  w h y  th e  re su ltin g  v a lu e  is 

sm aller th a n  th e  in te ra to m ic  d is ta n ce s  a = 3-20 k X , d 3 T 9 k X  in  p u re  m a g 

nesium .

W hen  a lum in ium  is d isso lved  in  copper, s ilver o r gold, th e  Ve effect in d ic a te s  a n  

ex p an sio n  w hich  is g re a te r  fo r th e  so lu tions in  silver a n d  gold. W e su g g est t h a t  i t  is 

fo r th is  reaso n  th a t  th e  a .a .d . va lues in  silver a n d  go ld  (2*79 a n d  2-80 k X ) a re  g re a te r  

th a n  th a t  fo r a lu m in iu m  in  copper (2-71 k X ). T he  ionic  ra d iu s  effect in d ic a te s  a n  

opposing  te n d e n c y  w hich  is g re a te r  fo r th e  so lu tio n s in  s ilver a n d  gold, b u t  since 

th is  is a  c o n tra c tio n  i t  is a  re la tiv e ly  sm all effect. A ll th e se  figures re fe r to  a .a .d . 

va lues  fo r a  u n iv a le n t so lv en t in  w hich  b .z . com plications a re  a b se n t, a n d  as p o in te d  

o u t b y  H u m e -R o th e ry  & R a y n o r  (1940), i t  is fo r th is  rea so n  t h a t  th e y  a re  sm alle r 

th a n  th e  a .d . of a lu m in iu m  itse lf  (2-86 k X ) in  w hich  a  b .z . o v erlap  h as  o c c u rre d .

* A s exp la in ed  ab ove th is  con d ition  o f  affairs does n o t a p p ly  to  so lu tio n s o f  in d iu m  in  

copper and m agnesium , because th e  so lu tion  in  copper in v o lv es  a  greater increased  ion ic  

overlap.
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W h en  a lu m in iu m  is d isso lv ed  in  m ag n esiu m , th e  Ve e ffect in d ic a te s  a n  ex p an s io n , 

a n d  th e  ionic  ra d iu s  effect a  s lig h t c o n tra c tio n . T h e  so lu tio n  o f  a lu m in iu m  in  m a g 

n esium  re su lts  in  a n  in c rease  in  th e  e lec tro n  c o n c e n tra tio n  s h o r tly  a f te r  a  b .z . 

overlap , a n d  w e c an  u n d e rs ta n d  w h y  th e  a .a .d . v a lu es  of a — 2-81, d =  2*85 a re  

g re a te r  th a n  th e  a .a .d . v a lu es  in  copper, s ilve r a n d  go ld . C o m p ariso n  w ith  th e  a .d . 

in  a lu m in iu m  itse lf  is c lea rly  n o t  sim ple , because  b o th  a lu m in iu m  a n d  m a g n es iu m  

in vo lve  b .z . overlaps.

F o r  th e  solid so lu tio n s o f  silicon in  co p p er a n d  a lu m in iu m  th e  Ve effect in d ic a te s  

a n  expansion , w hich  is opposed  b y  th e  re la tiv e ly  sm all effect o f  io n ic  ra d iu s . T h e  

a .a .d . o f silicon d isso lv ed  in  co p p er is free  fro m  b .z . o v e rla p  effects, a n d  i t  m a y  b e  

fo r th is  reaso n  t h a t  th e  v a lu e  (2 -60k X ) is sm alle r th a n  th e  c o rre sp o n d in g  v a lu e  

(2*73 k X ) fo r th e  so lu tio n  in  a lu m in iu m  w here  th e  so lv e n t h a s  a lre a d y  b e en  e x p a n d e d  

b y  one b .z . o verlap . B o th  th e se  v a lu es  a re  m u c h  g re a te r  th a n  th e  a .d . o f  silicon  

(2-35 k X ) w hich  re fers  to  a  c ry s ta l s t ru c tu re  o f  c o -o rd in a tio n  n u m b e r  4. I f  th is  is 

in c reased  to  allow  fo r th e  G o ld sch m id t change  in  c o -o rd in a tio n  n u m b e r , th e  re s u ltin g  

v a lu e  is 2-66 k X . T he  a .a .d . v a lu e  fo r th e  so lu tio n  in  a lu m in iu m  is g re a te r  th a n  th is , 

so th a t  a  v e ry  considerab le  ex p an sio n  h a s  occu rred . T h e  a .a .d . v a lu e  fro m  th e  

so lu tio n  in  copper is 0-06 k X  less th a n  th e  G o ld sch m id t v a lu e , a n d  th is  m a y  be  

because th e  v a lu e  2*35 k X  fo r e le m e n ta ry  silicon  is i ts e lf  e x p a n d e d  b y  a  b .z . 

overlap .*

W hen  g e rm an iu m  is d isso lv ed  in a lu m in iu m  th e  Ve effect p ro d u ces  a n  e x p an s io n , 

a n d  th e  a .a .d . (2-97 k X ) is g re a te r  th a n  th e  a .d . (2*44 k X ) a n d  g re a te r  th a n  th e  

la t te r  co rrec ted  b y  th e  G o ld sch m id t c o -o rd in a tio n  fa c to r . I n  th is  case, as  w ith  

silicon, b o th  a lu m in iu m  a n d  th e  a .d . o f  th e  so lu te  in v o lv e  b .z . o v erlap s, a n d  w e can  

u n d e rs ta n d  w h y  th e  a .a .d  . is la rge , a n d  w h y  i t  is la rg e r th a n  th e  c o rre sp o n d in g  v a lu es  

fo r solid so lu tions in  copper, s ilver a n d  go ld  w hich  w ere  d e a lt  w ith  above .

Lattice spacings of solid solutions of elements in aluminium  23

5. Co n c l u s io n

As em phasized  before, no claim  is m a d e  t h a t  th e  ex.act a .a .d . v a lu es  can  be p r e 

d ic ted , b u t  i t  does a p p e a r t h a t  th e  v a lues  from  th e  d iffe ren t so lid  so lu tio n s  g iven  in  

ta b le  2 can  be u n d e rs to o d  sa tis fa c to rily  b y  co n sid e ra tio n  o f th e  fo u r fa c to rs  o u tlin e d  

m  subsec tion  (c) above. I n  p a r tic u la r , th e  in fluence o f  w h a t w e h a v e  called  th e  Ve 

effect is v e ry  s trik in g , a n d  th e  sy stem s in  w hich  i t  is n o t  th e  co n tro llin g  fa c to r  a re  

c learly  those  in  w hich o v erlap p in g  ions, o r B rillou in  zone effects, a re  p re se n t.

T he  a u th o rs  m u s t express th e ir  th a n k s  to  P ro fesso r C. N . H inshe lw ood  fo r 

la b o ra to ry  accom m odation , a n d  m a n y  o th e r  fac ilitie s  w h ich  h a v e  g re a tly  e n 

couraged  th e  p re sen t research . O ne o f th e  a u th o rs  (W .H .-R .) acknow ledges h is 

g ra titu d e  to  th e  R o y a l S ocie ty  fo r e lec tion  to  a  W a rre n  R esearch  F e llow sh ip , a n d  

fo r a  g ra n t to w ard s  th e  expenses o f resea rch  w ork.

Since silicon  contains 4 va len cy  electrons per a tom  there m u st be a t lea st one b .z . overlap .
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