THE LATTICE THEORY OF POST ALGEBRAS

BY
GEORGE EPSTEIN

1. Introduction. The algebra corresponding to the #z-valued logic de-
scribed by E. L. Post [7] in 1921 was first developed by P. C. Rosenbloom
[9] in 1942. Rosenbloom’s axioms are based on a minimum of undefined
operations and are therefore quite complicated. This complexity also hinders
his development of the theory. In this paper, a set of axioms for Post algebras
is presented which makes use of a greater number of operations, as well as
certain constants. These operations Cy, - - -, Cu_1 are generalized comple-
mentation operators, where # is the order of the Post algebra. The axioms,
given in terms of these operators, are very simple. In addition, the simplicity
of the operations makes a large part of the theory much more transparent.
Another striking feature of the development is the role played by the under-
lying Boolean algebra of the Post algebra. The existence of this Boolean alge-
bra has been known for a long time, but this fact has not been as fully ex-
ploited as in this approach. It will be shown, for example, that the repre-
sentation theory for Post algebras follows immediately from the correspond-
ing theory for Boolean algebras. No further use of the Axiom of Choice is
needed. In addition many properties of a Post algebra, such as completeness,
infinite distributivity, and the atomistic property, are fully mirrored by the
corresponding properties for the underlying Boolean algebra.

The notation is explained in §2. §3 presents the axioms, and various theo-
rems and remarks concerning the arithmetic and structure of the algebra.
§4 discusses Post functions and their reduction to a given form. Examples are
given in §5. The representation theory is described in §6, and §7 discusses
completeness properties of infinite Post algebras.

2. Notation. The usual lattice notation is employed. The supremum of
x and y is denoted by x\/¥, and the infimum of x and ¥ is denoted by x Ay,
or more briefly, by xy. The symbols Vx; and Ax; denote, respectively, the
supremum and infimum of the x; over a specified index set. The symbols
Vi, x; and Ay, x; emphasize that the supremum or infimum is taken in the
lattice L. If x has a complement, it is denoted by {x}‘ or, if convenient, by #.

3. Formulation. Let »# be a fixed integer satisfying n=2. Let L be a dis-
tributive lattice with zero 0 and unit #, and satisfying the following condi-
tions:

AxioMm 1. For every element x €L there exist z elements Co(x), Ci(x), - - -,
Cn._1(x) which are pairwise disjoint and whose supremum is #; that is,
Ci(x)C;(x) =0 for 17 and Viod Ci(x) =u.
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AxioM 2. There exist n# fixed elements of L, denoted O=ey, €1, + + * , €n-g,
¢,—1=u with the properties:

2a. The elements form a chain, with e; 1 <e; for 1<:<n-—1.

2b. If x&L and xe; =0, then x=0.

2¢. If x&€L and, for some 7, x\/e;-1 =e;, then x=e;.

AxioM 3. For every x €L, x=ViZg e;Ci(x); that is,

x = e;C1(x) V eCalx) V + » « V n—2Cn2(x) V Coci(x).

It will be shown in §6 that L is a Post algebra and, conversely, every Post
algebra is such a lattice. The remaining work in this section is an exposition
of fundamental consequences.

LeEMMA 1. If x €L and xe;=0 for some ¢ in therange 1 L1 <n—1, then x =0.

Proof. If xe;=0, then (xe;)e1=0. Hence xe;=0 by Axiom 2a and x=0
by Axiom 2b.

LEMMA 2, If x &L and if x\/e;=e¢; for some 1 and j, with 1 <j, then x =e;.

Proof. If x\/e;=¢;, then x\Ve;\Ve;1=¢;\e;1, and x\VVe;_1=¢; by Axiom
2a. Hence x=¢; by Axiom 2c.

It is well known that the complemented elements of a distributive lattice
form a sublattice which is a Boolean algebra. This leads to the following
definition.

DEerFINITION 1. Let B be the Boolean algebra of complemented elements
of L.

THEOREM 1. If x €L, then xEB if and only if x = C;(y) for some i and some
yeL.

Proof. If x=C;(y), then £=V;.; C;j(y) by Axiom 1. On the other hand,
suppose x has a complement # Then x=<e,_;\/C,_1(x) from Axiom 3, so
en NV EN Cpa(x)=u. Hence #\/C,_i(x)=u, by Lemma 2, and therefore
% = Cpa(x). Since x = Cp(x) by Axiom 3, it follows that x = C,_1(x).

LEMMA 3. If b& B and be;=be; for some i and j with 1<j, then b=0.
Proof. Using Axiom 2a, ¢;=¢;5\/e;b=¢;b\/eb<e;b\/e;<e;, so that be;\/e;
=¢;. Hence be;=e¢; by Lemma 2. Thus be;=b(be;) =0, and, by Lemma 1, 5=0.

THEOREM 2. (UNIQUENESS THEOREM). The Ci(x) are umique. That is,
for any given xEL, there is only one sequence of elements Co(x), Ci(x), « - -,
Cn1(x) satisfying Axiom 1 and Axiom 3.

Proof. Suppose there is another such sequence, say C{ (x), Cf (x), - - -,
Cla(x). By Axiom 3, Vil exCi(x) = Vizi eCi (x). Thus if 2 # j, then
Cix)Cf (x)Vids e&xCi(x) = Ci(x)C/ (x)Vizy exCi (x), and, by Axiom 1,
€;Ci(x)C} (x) =e;Ci(x)C} (x). Since Ci(x)C}(x)EB, Lemma 3 shows that
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Ci(x)C} (x) =0. The result now follows from Axiom 1, for using the fact that
u=Vi_y Ci(x), for every j, C (x) =C/ (x) Vi-s Ci(x), and C/ (x) =C/ (x)C;(x).
Likewise u = V-3 C{ (x), so that C;(x) = C;(x) Vi—s C{ (x) = C;(x)C/ (x). There-
fore Cj(x) =C/ (x) for each j, and the proof is complete.

THEOREM 3. For each © in the range 0=1=n—1,
Ca-1(Ci(x)) = Ci(x),

Ci(Ci(x)) = 0, for0 <j<n-—1,
and
Co(Ci(®) = V Cu(x) = {Ci(x)}~.
i
Proof. For given 7, the n elements Vi.; Ci(x), 0,0, - - -, 0, Ci(x) are pair-

wise disjoint and their supremum is #, so that Axiom 1 is satisfied. Axiom 3
is satisfied since Ci(x) =e0V - - - Ve,s0\/ Ci(x). Hence the result follows by
the uniqueness theorem.

COROLLARY. If b& B, then Co(b) =58, C;(b) =0 for 0<j<n—1, and C,1(b)
=b.

Proof. This follows from Theorem 1.

THEOREM 4. If 1], then C;(e;) =0, and Cile;)=u. The elemenis e;, ©
=0, 1, - - -, n—1 are distinct and unique.

Proof. The first part of the theorem is again an immediate consequence of
the uniqueness theorem. If 7#j and e;=e¢;, then C;(e;) =u and Ci(e;) = C;(e;)
=y, contradicting Axiom 1. If there is another sequence of elements
0, e, -, el s u satisfying Axiom 2 and Axiom 3, then for every x&L
x= Vil el Ci(x), so that for x=¢;, =1, 2, . - -, n—2, e;=¢!. Thus the ele-
ments e;, 1=0, 1, - - -, #—1 are both unique and distinct.

THEOREM 5. The lattice L 1s pseudo-complemented; that is, if x &L, there
exists x*C L such that xy=0 if and only if y=<x*.

Proof. It is clear that x* = Cy(x), for by Axiom 3 and Axiom 1 xCy(x) =0,
and xy=0 if y=Co{x). Conversely, if xy=0, then e.Ci(x)y=0 for each &,
since ¥ViZi eCi(x) =0. Hence Ci(x)y=0 for each k=1 by Lemma 1. Thus
yVizl Cu(x) =3{ Co(x) } ~=0, and y < Co(x).

THEOREM 6. If b;EB and x = V=] e:bs, then x=V{Z] e.(Vi={ b)), and

n—1 n—1
Co(x)=/\l'7,-, C.(x)=b. A B,‘ fori=1,---,n—2,
J=1 J=it+1

and Cpa(x) =bp-1.
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Proof. If x =V} ] ¢;b;, then

n—1 7 n—1 n—1
x = V( e.-)b,-= Ve;(Vb,-).
Jml \ fml t=1 J=i

n—2 n—1 n—1
V(b{(A6j>>Vbn_1=Vb;' forO<k<n-—1.

Atk F=t+1 =k

It is clear that

For brevity, let ¢;=b,(A}"}; §,), 0<i<n—1, and set ¢,1=bn—1. Then

n—1 n—1 n—1 n—1 n—1 7 n—1
x = Ve,-( Vb,-) = Ve.-( ch) = ch( Ve,-) = V ejc;.
o ) o ) i )

fe=x1 j=i el LT Jm=1 j=1

Since the # elements Az}l b;, c1, - - -, €. are pairwise disjoint and their
supremum is %, the uniqueness theorem yields the final result.

The following definition and consequent theorems are preliminary to the
work of §7. They are also used to give simple proofs of Theorem 10 and
Theorem 12,

DerINITION 2. Let Dy(x) = V! Ci(x), ¢=1, 2, - - - , n—1,

Clearly D.(x) 2D;(x) €B for all x€L and all 7 and j in the range 1 2157
<#n—1. Axiom 3 and Theorem 6 show that x=V [_le;D;(x). The following
theorem is another consequence of Theorem 6.

THEOREM 7. If b;=b;EB for all ¢ and j in the range 1 1 <j=<n~1, then
b;=D(x), where x=V}_} e;b;.

Proof. Using Theorem 6, Dyi(x) = V-3 Ci(x) =V}2} b;=bs.

THEOREM 8. For each i=1, 2, - - -, n—1 and for every x<L and yEL,
D(x\Vy)=Di(x)\V D(y).

Proof. Since D;(x)=D;(x)&B and Di(y)=D;(y)EB for all 7 and j in
the range 1<i=<j<n—1, D,(x)\VVD;(y) 2 D;(x)\/D;(y) EB. Since

n—1 n—l1 n—1
xVy=VeDix) VYV eDi(y) =V eDix) \V Di(w),
gl =1 =1

%

the result follows from Theorem 7.

THEOREM 9. A mnecessary and sufficient condition that x v is that Dy(x)
= D.(y) for each =1, - - - , n—1.

Proof. If x<y, then x\/y=y and D;(x)\/D:(y) =D:(y) by Theorem 8;
that is, Dy(x) <D:(y) for each i=1, 2, ..., n—1. Conversely, if D;(x)
=D;(y) for eachi=1, 2, - - -, n—1, then
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n—1 n—1
x =V eDi(x) £ V e;Diy) = 9.
[ =]

TueoreM 10 (DuaLiTY THEOREM). The lattice L is dually isomorphic with
itself under the mapping B(x) = Vi=} e.-{D,._;(x) }=. If L' denotes the dual lat-
tice and C!, e! are the operators and elements of Axiom 1 and Axiom 2 for L',
while D} are the operators of Definition 2 for L', then

1) el = en-i-,

@) Cl (@) = {Coina@},
and

A3) D; (%) = Da_i().

Proof. Since {D,._;(x)}‘g {D,.n,-(x)}‘EB for all 7 and j in the range
1=7<j=n—1, Theorem 7 yields

@ Di(B(x)) = { Da—i(®)}~
This shows that
() BB(x)) = =,

and it follows from Theorem 9 that x <y if and only if 8(x) =8(y). Hence the
dual lattice L' is isomorphic with the lattice L, and in particular L’ is a dis-
tributive lattice satisfying Axioms 1, 2, and 3.

Since {Dn—i(x)}==Vizg™? Ci(x) and

n—1 n—i—1 n—2 n—j—1 n—2
\' 6.‘( \' C,(x)) = V C,(x)( \' e.-) =V C,-(x)e,._;_l

=1 Fe=0 J==0 fe=1 Jm=0
it follows that .
(6) B(x) = V eCriza().
fe=1

Hence e! =f(e;) =€n—i+ by Theorem 4, and (1) is proven. Then by the
uniqueness theorem C;(8(x)) = Cn_;_1(x). If bEB, then by the Corollary of
Theorem 3 C;(8(8)) =Cr_i1(d) =0 for 1<i=<n—2 and C,_1(B(b)) = Co(b) =3.
Thus (6) yields 8(b) =b. Note also that the set of complemented elements of
L’ is identical with the set B of complemented elements of L. Now B(Ci(x))
=C!(B(x)) by the isomorphism, so that C!(x)=8(C:(B(x)))={C:(B(x))}~
= {C,._.-_l(x)}‘ for ©=0, 1, - - -, n—1, and (2) is proven. Similarly, using
(4), D!(x)=B(D:Bx)))={D:iB(x))}~=Dni(x), and this completes the
proof.

Since B(xVy) =8(x)B(y) and B(xy) =B(x) \VB(y), it is now easy to obtain
the dual form of Axiom 3. In particular, x=8(8(x)) =8(Vi=} e;Cr_;_1(x)), so
that
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n—1

" ="‘/_\ Be) V BCrina@)) = A (enia V {Comtma®)});

fam]

that is, x={ Co(x) } “(aV{ Ci(x)} ) - - * (€aeV { Cacal) } ).

TaEOREM 11. For each 1=1, 2, - - -, n—1 and for every xEL and yL,
D(xy) =D;(x)D(y).

Proof. This is an easy consequence of Theorem 8 and the duality theorem.
Specifically, for each i=1, 2, - - -, n—~1, by Theorem 8, D,_;(8(x)\VB(¥))
=D, i(B(x))VDai(B(»)). That is, Du_i(B(xy)) =Dn_i(B(x))V Dazi(B(3)), so
that by (4) of Theorem 10, {D;(xy) }=={Di(x)}-V {D.—(y) }=, and so D;(xy)
=Di(x)D«(y).

THEOREM 12. The following identities are valid for each i=0,1, - + - ,n—1.

1) Cix V/ 5) = Cile) V C6) V Cilo) V Gt
@ Cias) = Cua) V Ci9) V Cl3) V Ci(a).

Proof. These identities are obtained easily through the use of the preced-
ing theorems. Specifically,

C{(zVy) = Di(xV y){D,-_H(x Vv y)}‘
= (Di(x) V Dio){ Disr1(® }~{ Dipa(0)} -
= Ci®){ Dirs(0}~ V Ci(»){ Dera(x)}~
= i) V o) V Cio) V o)
Similarly,
Ci(xy) = Di(xy){ Dira(xy)}~

= Di®) Di(»)({ Disa(®)}~ V { Dirs(3)})

= Cix) Di(y) V Ci(y) Di(x)

= Cix) V Co) V Cly) V G,

A more general form of this theorem is given by Theorem 25 in §7.

4. Post functions. The reduction of a Post function to a given form may
well be a ponderous chore. It should be noted that the work of this section on
canonical expansions and simplifications of Post functions is of an extremely
facile nature.

DEeriniTION 3. A Post function of m variables is a function which can be
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obtained from the constant functions E;(x1, - - -, ») =¢; and identity func-
tions I;(x1, *+ *+ -, %m) =%; by a finite number of the operations \/, A, Co,
Cly MR Cn——l-

THEOREM 13. If f is a Post function of m variables xy, - -+, Xm, then

f(xl) ] xm) = \ f(eip R eim)Cil(xl) Tt Cim<xm)-
O0gi;8n—1

Proof. There are n™ terms of the form C; (x:)Cy(xs) - - - Ci, (¥n), and
these are called the fundaments of the m variables. It follows from Axiom 1
that

(1) distinct fundaments are disjoint, and

(2) the supremum of all the fundaments is «; in fact, the infimum of two
distinct fundaments must include an infimum of the form C;(x;)Ci(x;) =0,
where 17k for some j, and

V. Culx) - Ci(xm) = /"( ( n\—/1 C,-,.(x,-)) = K (u) = u.

0s4;5n~1 j=1 \ ;=0 i=1

It follows from (2) that the theorem is true for the constant functions
E;, and using Axiom 3, for the identity functions I;. It is clear that if f and ¢
satisfy the theorem, then f\/g satisfies the theorem. Using (1), it is also clear
that fg satisfies the theorem.

Now suppose f is a Post function satisfying the theorem. Each of the terms
f(es, + + +, €;,) is equal to one of the e¢;, 0=<j<n—1, by Axiom 2a and Theo-
rem 4. Therefore

n—1

f(xl: R xm) =V eka,

k=0

where Tw=VC;(x1) -« + C;, (%m), the supremum being extended over all

(41, * - -, tm) for which f(e;,, + - -, e;,,) =€ Using (1) and (2), the uniqueness
theorem shows that Cip(f(x1, - - -, xm)) =T%. But
v Ck(f(el'n Tty eim))cix(xl) te Cim(xM) = T},
Osé;5n—~1
by Theorem 4. Hence Ci(f(x1, - + + , x)) satisfies the theorem. This completes
the proof.

THEOREM 14. If f is a Post function of m variables, then

f(xl, MY xm) = A (f(eiv tt eim) Vv {Cix(xl)}_ VeV {Ci'm(xm)}_)-

0gt;5n—1

Proof. The statement follows from the preceding theorem and the duality
theorem.

The n™ terms of the form {C,-,(xl)}'v <. \/{C,-m(x,,.)}‘ are called the
dual fundaments. The infimum of all the dual fundaments is 0, and the
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supremum of two distinct dual fundaments is #—these properties following
from the duality theorem applied to (1) and (2) of Theorem 13.

The canonical forms provide a starting point for the simplification of
Post functions. The simplification of such functions is greatly aided by con-
temporary work on the analogous problem in Boolean algebra. In particular,
methods described by W. V. Quine [8], the Harvard Computation Labora-
tory [2], M. Karnaugh [4], and R. H. Urbano and R. K. Mueller [11] can
all be easily modified to apply to the more general case of simplification of the
lattice theoretic Post functions defined above.

The simplification and manipulation of these functions is further eased
by the fact that the fundaments and dual fundaments are composed of ele-
ments belonging to the Boolean algebra B. Such elements are therefore sub-
ject to familiar identities. As a specific illustration, consider the case # =3 and
the simplifications of the function

f(x, 3) = Co(x) V C1(x)Ce(3) V Cao(x)Ca(y) V erCa(y)
= Co(®) V {Co(®)}~C2(9) V eiC1(y)
= Co(x) V C2(3) V exCi(y)
= Co(x) V .

Let f be a function in canonical form, such as f= Vi-s e;Ci(f), where each
Ci(f) is expressed as a supremum of fundaments. It is possible, then, to
simplify f by inspection. More systematically, each C;(f) can be simplified by
the modified form of one of the methods mentioned above. The resulting
form for f then provides a simplification in terms of the variables ¢; and
Ci(x;), i=0,-++, n—1 and j=1, ..., m. If a simplification is required
which allows presence of the variables x;, =1, - -+ -, m, then this form must
be further manipulated, with Axiom 3, to provide a final simplification.

The exact modifications required for each of the above methods are obvi-
ous, and need not be elaborated here. The Boolean fundaments are replaced
with the fundaments defined herein, and the work in general is effected to
the base # instead of the base 2.

In Boolean algebra the above methods achieve varying degrees of suc-
cess, and their relative merits in Post algebra are approximately the same.
The “visual recognition” advantage of Karnaugh'’s map method is empha-
sized if the final form is to be expressed utilizing the variables x1, « + -, %p.
The topological method such as outlined by Urbano and Mueller has aroused
some recent interest [10]. The figure in the following section illustrates the
cube associated with simplifications of Post functions in three variables.

5. Examples. If p is a fixed prime, let R be a p-ring with unit. The ring
R is a commutative ring of characteristic p such that x?=x for every xCR.
A ring theoretic function f(x, ) in R is determined by the p? values of f(z, ),
where¢=0,1,::+,p—1andj=0,1, - -, p—1. Let M(x, y) and m(x, y) be
those ring theoretic functions for which M(¢, j)=max(4, 7) and m(s, j)
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=min(s, j), where 1=0, 1, .-, p—1 and =0, 1, .- -, p—1. Thus, for
example, in the case p=3,

Mz, y)=ax+y+2>y+2-2-y+ 2292+ 2-9?
m(x, y) = 2-a*y + 2y + 2-a%-9* + 2-2-97

where the operations involved are the ring operations of addition and multi-
plication.

It is now a straightforward task to show that if #=p, then R forms a
lattice L, where x\Vy = M(x, ¥), xy =m(x, ¥), e;=1 and Ci(x) = [ [jp_: (x+7),
1=0,1, - . -, p—1, the lattice theoretic functions on the left being given in
terms of the ring theoretic functions on the right.

Another important example is that of a lattice of n-valued functions

which assume the values 0, 1, - - - , —1 on a set S, ordered in the usual way,
and containing the # constant functions e; of value ¢ and for each f the =
functions Ci(f), =0, - - -, n—1, where C;(f) is that function which has the

value n—1 on those points of S where f has the value 7, and the value 0 on
the other points of S. It is easily verified that Axioms 1, 2, and 3 are satisfied.

The figure on the following page is a Hasse diagram of the free 3-ring with
one generator. The points are identified according to the ordering noted
above. It is clear that this is also the lattice of all 3-valued functions on a
three point set. The eight darkened points in the diagram are the points of B.

6. Representation theory. The work of this section shows, among other
things, that the lattice L is equivalent to a Post algebra of order n. This
equivalence can of course be proved by tedious calculations which do not
make use of the representation theorems.

DEFINITION 4. If B is represented as a Boolean algebra of subsets of a set
S, where the image of bC B is given by A(b) C.S, then an #-valued B-measurable
function on S is an z-valued function on S with the property that for each
1=0,1, - - -, n—1 there exists ;B such that f~1(z) =X(5;).

THEOREM 15. If B is represented as a Boolean algebra of a certain class of
subsets of a set S, then L is isomorphic with the set of all n-valued B-measurable
Sfunctions on S.

Proof. If the image of b& B is given by AM(b)CS, then for xE L, let x cor-
respond to the function f such that f=14 on A(Ci(x)) for each ¢=0,1, - - -,
n—1. This correspondence is one-to-one, for if x>y, then Ci(x)#Ci(y) for
some %, and A(C;(x)) =N (C:i(y)).

Now let f be the function corresponding to x& L and let g be the function
corresponding to y& L. Suppose 157 and PENCi(x)), PENC;(¥)). Then
PEN(C;(y)Ci(x)), and therefore PEN(C;(x\/y)) by Theorem 12. Hence x\/y
corresponds to f\/g=max(f(P), g(P)) for each PES.

Finally, the correspondence is onto the set of all n-valued B-measurable
functions on S. For let f be such a function. Then there exists ;& B such that
A(B,) =f1(3) for each ¢=0, 1, - - -, #—1. Since A(d;)\(b;) = &, the empty
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>

0
set, for 437, and Ui g A(b;) =S, b:b;j=0 for i%j and Vi }b;=u. Let
x=V{Z] e;b;€L. By the uniqueness theorem C;(x) =b, for i=0,1, - - - ,n—1,

so that f is the function corresponding to x.

THEOREM 16. The lattice L is isomorphic with the set of all continuous n-
valued functions on a totally disconnected compact Hausdorff space.

Proof. This follows from the preceding theorem. It is known that B can
be represented as the algebra of open and closed sets in its representation
space, and in this case the n-valued B-measurable functions are exactly the
continuous #-valued functions.

In particular, ¢; corresponds to the constant function of value 7, 4
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=0,1, ..+, n—1, and, if x corresponds to f, then C;(x) corresponds to the
function C;(f) which has the value #—1 on those points of .S for which f=z1,
and has the value 0 on the other points of S. This, together with the latter
example of the preceding section, leads to the following theorem:.

THEOREM 17. The lattice L is a Post algebra of order n, and any Post algebra
of order n is such a lattice.

Proof. P. C. Rosenbloom [9] based his axiom system for Post algebras
on the operation of “prime,” which is defined for #-valued functions on a set
S as follows. If f is such a function, then f¢? is that function which, if f has
the value 7 at PES, has the value 741 at P if 1=0,1, - - - , #—2, and has
the value 0 if f has the value n—1 at P.

The lattice of functions described in the example of the preceding section
is clearly closed under the operation of prime, since

fO=aC(DVeaCi(HV -+ Veailus(HV Caa ().

Conversely, a lattice of n-valued functions on a set .S which is closed under
the operation of prime must also include the constant functions e; and the

functions Ci(f), ¢=0, 1, - - -, n—1. This follows from the easily verified
formulas
n—1 (i+1)
e = < Vf(f)> for any ¥,
J=0
and

co-( v m)"

JER—i—1

where £ is defined inductively by fU+D = (ft) "),

Since P. C. Rosenbloom [9] and L. I. Wade [12] have shown that Rosen-
bloom’s axioms for Post algebras of order n describe lattices of n-valued
functions closed under prime, the stated equivalence then follows.

Hence results obtained so far are equally valid for Post algebras of order
n. Thus, in particular, Theorem 15 led to the representation of Post algebras
given by Theorem 16. The following theorem gives a further result along
these lines.

THEOREM 18. The lattice L is complete and atomistic if and only if L is
isomorphic with the set of all n-valued functions on a set S.

Proof. It is clear from Theorem 16 that the set E of elements less than or
equal to e, is isomorphic with B under the correspondence b—eb. If L is
complete and atomistic, then E is complete and atomistic, and hence is iso-
morphic with the class of all subsets of the set of all atoms of E. Hence B is
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isomorphic with the class of all subsets of a set .S, every n-valued function
on S is B-measurable, and the result follows by Theorem 15. The converse is
obvious.

In what follows, all prime ideals are nonzero and proper.

THEOREM 19. Every maximal chain of properly ascending prime ideals in
L consists of exactly n—1 prime ideals, and every prime ideal is a member of
exactly one such chain.

Proof. The proof of Kaplansky’s Theorem [3] shows that every prime
ideal of the representation space given by Theorem 16 is associated with
exactly one point of the representation space. That is, if S denotes now the
totally disconnected compact Hausdorff space, P is a prime ideal of L, and
fand g are continuous n-valued functions on S, then there exists exactly one
point p&.S with the property that if f is a member of P and if g<f in some
neighborhood N, of p, then g is also a member of P. However g=f at p if
and only if g=f in some neighborhood N,, for if g(p)=< and f(p)=j, let
N, =g"1(Z)Mf~1(j), and the converse is obvious. Hence every prime ideal is of
the form P,;= {f[f(p)§i—1}, where 1=1, 2, - - -, n—1 and p&ES. More-
over, if p and p, are different points of S, then there exists 8 & B with po X (D)
and pEX(b), where M(b) is the open and closed subset of S which is the image
of b. Therefore if b corresponds to the function f, then f(p)=un—1 and
f(p0) =0, since pEN(Cr1(b)) =A(b) and poEN(Co(b)) =N(8). Hence P, P,;

for p#poandanyi=1,2, - - -, m—1landj=1,2, - - -, n—1. This completes
the proof.
It follows from this argument that
{ez’} = N (Ppiry — Ppi), i=0,1,---,m—1,
pES

where P, stands for the empty set and P,, stands for the entire set of func-
tions in the representation space. For it is clear that e;E P,y —P,; for

each p&S,¢=0,1, - - -, n—1. Now, for any 7(p), suppose that
FE N (Poamr+n = Priwy) and g E N (Ppiioyen — Pricw) -
PES pES

Then, if f£g, there exists a prime ideal P which contains g but not f. By
Theorem 19 the prime ideal P is of the form P =P, for some &S and
some 7p=1, 2, - - -, n—1. This contradicts

J € Poyio+y = Pryiey  and g € Poytir+) — Pogiton-
Hence there is at most one element in Nyes (Poum+1) — Pricpy) for any i(p).
Thus, in particular, for the constant values of i(p), {ei} =MNpes (Ppeiy1y— Ppi)
for each ¢=0,1, - - -, n—1.
These remarks lead to the following characterization of finite Post alge-
bras of order #.
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THEOREM 20. Let Lp be a finite distributive lattice in which every maximal
chain of properly ascending prime ideals consists of exactly n—1 prime ideals,
and every prime tdeal is a member of exactly one such chain. Then Lp is a Post
algebra of order n.

Proof. Denote the chains of prime ideals by Py CPpC -+ + CPpu-n,
where p ranges over some index set S. Let P, denote the empty set & and
P, denote the entire set Lp. Then for every prime ideal P CLp there exists
one and only one p&.S and 7 such that P=P,,.

For any x&Lp and any p&S there exists 7(p, x) =1 such that

* & Ppuyry — Ppie

Hence xEN,es (Ppito,e34+1 — Paritp.ey)- Since such an intersection has at most
one point, by the remarks preceding this theorem,

{} = 0 (Poirny = Ppo).

PpES

If yELp and j(p, ¥) =7, so that {y} =,es (Poi+ny — Ppj), it is easy to see
that

(1) {2V} = N (Ppmaxtien — Prmaxiin)s
pES

and

(2) {zy} = N (Praministny — Ppmint.in)s
pES

since the element at the left is contained in each of the sets in the intersection
at the right.

On the other hand, if L is finite, then for any 2(p), Nyes (Potitm+ — Pritm)
# §. To prove this, note the following lemma.

LEMMA 4. If D17 Do, pleS and [)265, then (P,,l(;+1)—P,,1i)f\P,,2k?£,®' fOf
any t=0,1, .-, n—landany k=1,2, - - -, n.

Proof. If P, 1)~ Py i CL—Pyyu, then taking the complement of both
sides, Py CPyilU(L —Pyin), sO that

Pyiiry N Pk C Poyirny M (P \J (L — Ppyivn)) = Popyie

Hence P,,; D Pypyis1) OF Ppi D Py, contradicting the hypotheses of the theorem.

Now let S, be a set of cardinality m, where S,,CS. Since Lp is finite, S
itself is finite. Now for any i(p) =% and any Sm, Npes,, (Ppirn —Ppi) # . It
follows easily from Lemma 4 that this statement is true for m =2, so suppose
it is true for m=Fk. The set Syy1 has k41 distinct subsets of the form Sy,
Skt Sz, + + +, Sk, €ach of these being obtained by deleting a particular
pOiI’lt Of Sk+1. Let xjen,e,g,‘, (Pp(i-H) —Pp.') and let Wi = V,k,,tll (Ai;gm x,-). Then
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it is straightforward to verify that wi€N,es,,, (Pptisy — Ppi). Hence
Nyes (Ppiiimin = Ppim) # L for any i(p).
The theorem itself now follows, for it is easy to verify, using (1) and (2),
that Axioms 1, 2, and 3 are satisfied, where
{es} = 0 (Porny — Py,

PES

and
{Cim)} = n (L — Ppin—py) N N P,

€ Py(j 40— Ppj ¢ Py(j +D—Ppj
In the case where Lp is infinite, it need not be true that

N (Ppimr+ny — Poiw) # &

pES
for arbitrary i(p), where now S also is infinite. C. C. Chang and A. Horn
have proved a corresponding theorem for the case of an infinite lattice, the
additional assumption being a hypothesis which requires the existence of the
€, 'I:=0, 1, e, n—1,

7. Completeness properties. This section is devoted to certain results on

infinite Post algebras. The proofs are dependent, in large part, on the formu-
lation in §2.

THEOREM 21. If b;EB and either of the quantities
V b5, V ¥

Biiel Livel
exists, then the other exists and the two are equal.

Proof. If b= Vp;er b; exists let y&L and y2b; for all 7&I. Then C,_;(¥)
= Cn—1(b;) =b; for all ¢€I by Theorem 9 and the Corollary of Theorem 3.
Hence C,_;(y)2b, and y=C._1(y) =b.

Conversely, if 7= Vs b; exists, then likewise C,_1(r) = Co_1(b;) =b; for
all ¢&1. Hence C,(r) Zr. Since r = Coa(r), r=Cru(r) EB.

COROLLARY. If b;B and either of the quantities
A b, A b

Biiel Liiel
exists, then the other exists and the two are equal.
Proof. This follows from the duality theorem.

THEOREM 22. If x =V pier xsexists, wherex; S L for alli € I, then Vp,icr D;j(x.)
exists and D;(x) = Vpuer Di(x;) for each j=1, 2, - - -, n—1. Conversely, if
Vesier Dj(x:) extists for each j=1, 2, - - - , n—1, where x; L for all i<, then
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VLsier x4 extists and is equal to the element x which is determined by the formulas
Dy(x) = Vp,er Di(x:). The dual statements are also true.

Proof. If x =V, ier x; exists, then x 2 x; for all i€ 1, so that D;(x) = D;(x,)
for all ¢€TI and each j=1, 2, - - -, n—1, by Theorem 9. Secondly, suppose
that w=D;(x;) for some fixed j=1, 2, .-, n—1 and all 1&I. Let w
= Cp1(w)Ve;—a. Then it follows from Theorem 12, and from Theorem 3 and
Theorem 4, that C,(w') =C,_1(w), and also that C(w’') =0 for i=7, j+1,

-, n—2. Hence

n—1
D,-(w’) =YV C.-(w') = Cn_1(ZU).

=5

It is clear from Axiom 3 that, for each 1E 1, x;<e; 1\/ D;(x;). Since w= D;{(x;),
Coa(w) Z Coci(Dj(x:)) =Dj(x;) by Theorem 9 and Theorem 3. Hence x;
Ze; 1V Coa(w)=w" for all ¢&I. Thus x=w', and D;(x) £D;(w") = Cor(w)
Sw.

For the converse Vpiier Di(x;) 2 Vgiier Di(x;) EB for all  and % in the
range 1 £k <j<n-—1, so that

n—1
V Dilx;) = Di{x), where z=V ej( v D,~(x.-)>,
Biiel =1 Biiel

by Theorem 7. Hence D;(x) = D;(x;) for all i€l and eachj=1,2, - - - , n—1,
and by Theorem 9, x = x; for all i€ 1. If y =, for all i€ 1, then D;(y) = D;(x;)
for all €I and each j=1, 2, - .-, n—1, so that D,(y)=D;(x) for each
j=1,2,---,n—1, and by Theorem 9 again, y=x.

The dual statements are equally valid. This follows from the duality theo-
rem, where it is shown that D} (x) =D,_;(x) for each j=1,2, . - -, n—1.

TuEOREM 23. The lattice L is complete if and only if B is complete.

Proof. If L is complete then B is complete by Theorem 21. If B is com-
plete then L is complete by Theorem 22.

The infinite distributive law yVier x:= Vier yx; is valid in any Boolean
algebra whenever Ver x; exists. This law is also valid in any complete pseudo-
complemented lattice. Hence, by Theorem §, this law (and its dual) is valid
in L whenever L is complete. That is, if the Post algebra L is complete, then
L is a topological lattice [1, p. 146]. However the next theorem shows that
this infinite distributivity law holds in any Post algebra L.

THEOREM 24. The infinite distributive law yVier x;= Vier yx: is valid in
any Post algebra L whenever x =N ;1 x; exists. The dual statement is also true.

Proof. By Theorem 22, for each j=1,2: + - -, n—1, Dy(x) = Vpyuer D;(xs).
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Thus
Di(y)Di(x) = Di(y) V Dj=) = V Di(y)Di(xs),

Bjicl Bjicl

since the law is valid in any Boolean algebra. Hence, by Theorem 11, D;(yx)
= Vp,ier Dj(yx;) for each j=1, - -, n—1, and yx= Vs yx; by Theorem
22. The duality theorem yields the dual result.

THEOREM 25. If x=V;cr x; exists, then the following generalized rules of
simplification, stated in recursive form, are valid.

Co1(z) = V Coa(®)).

s€l

1 n—1

) Cilz) = V( A {Cj(x)}")Ck(x;) fork=n—2n—3---,1,0.
s€l \j=k+1

Dually, if y=Aicr y: exists, then

Co(y) = v Co(ys).

el
@) "
Ciy) =V ( A {Cj(y)}‘)Ck(y.-), fork=1,2,---,n—2,n— 1.
el \ j=o

Proof. The first statement follows from Theorem 6 and Theorem 22.
Specifically, C,(x) =D,_(x), and for k<n—1,

Ci(x) = Di(0){ Dia(®) }~

=L Pe) { e}

= (;/I Dk(xi))( i/é\{ { Dk+1(x.-)}">.

Hence, by the infinite distributivity law,

Celx) = V (Dk(xi) A {Dk+1(x,-)}‘)

€7 i€l

Vv (c,,(x..) A {Dk+1(xi)}_>

\' Ck(x.'){ Dk+1(x)}_

€l

v (Ck(x,-) N {c,-(x)}—).

ier jek1
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The second statement follows by the duality theorem, where it is shown
that C/ (x) = { Ca-i1(x) } —. Applying this to (1) yields

{Ca}~ = A {Colya},

el

{Cn_k—l(y)}— = A < "\7 Cojr(y) V {Cn-k-—l(yi)}—>

i€ \j=k+1

fork=n-2,n-3,---,1,0,

Then (2) follows from this by taking complements.

THEOREM 26. The normal completion [1, p. 58] Lu of a Post algebra is also
a Post algebra. Furthermore By, the normal completion of B, is the Boolean
algebra of complemented elements of Ly.

Proof. The lattice L can be represented as the set of #-valued B-measura-
ble functions on the representation space of B; that is, the set of functions f
such that f~!(¢) for each 7=0,1, - - -, n—1 is an open and closed set. It is
well known that By is isomorphic with the algebra of regular open sets in the
representation space of B [1, p. 177]. Let Ly be the set of n-valued By-
measurable functions on the representation space of B; that is, the set of
functions f such that f~!(z) for each 1=0, 1, - - -, n—1 is a regular open set.
Then L CLy and, since By is complete, Ly is complete by Theorem 23.

Now for any x &Ly it will be shown that there exist x;&EL, 1E€1, such
that x = VLN;.-e[ x;. Then by the duality theorem it will follow that there exist
¥:E€L, 1&1, such that x =Ar,;er ¥;, and this will complete the proof that
Ly is the normal completion of L. If x& Ly, there exist C;(x) EBy, where
7=0,1, .-, n—1, with x=V}Z} ¢;Cj(x). Since By is the normal completion
of B, there exist x;EB such that Vp,ier xji = Cj(x)&By, for each
j=1,2, .., n—1. For each ¢ the quantities X(_1ys, * * * , %24, %14, Ao %js are
pairwise disjoint and their supremum is #. Hence, by the uniqueness theorem,
if x;=V]Z! e;xj;, then Cj(x;)=x;; for each j=1, 2, - -+, n—1 and all iC1.
Now each of the quantities Vg, .ier Dj(x;) exist for j=1,2,--., n—1, so
that Theorem 22 yields x =V _,;ier %:.
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