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Abstract

We study the approximation problem of Ef(Xr) by Ef(X7}), where (X;) is
the solution of a stochastic differential equation, (X}*) is defined by the Euler dis-
cretization scheme with step %, and f is a given function. For smooth f’s, Talay
and Tubaro have shown that the error E f(X7)— f(X7.) can be expanded in powers
of %, which permits to construct Romberg extrapolation procedures to accelerate
the convergence rate. Here, we prove that the expansion exists also when f is only
supposed measurable and bounded, under an additional nondegeneracy condition
of Hormander type for the infinitesimal generator of (X;): to obtain this result, we
use the stochastic variations calculus.

In the second part of this work, we will consider the density of the law of X7
and compare it to the density of the law of Xrp.
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1. Introduction

Let (X;) be the process taking values in R?, solution to

where (W;) is a r-dimensional Brownian motion.

The problem of computing the expectation Ef(X;) on a time interval [0,7] by a
Monte—Carlo algorithm, (X;) being a diffusion process, arises from various motivations.
For example, in Random Mechanics, a random dynamical system with a white noise
being given, one wants to get the two first moments of the response of the system, or the
probability that the response reaches a certain level. In numerical analysis, this permits to
solve parabolic or elliptic Partial Differential Equations in situations where deterministic
algorithms become difficult to use or unefficient, especially when the dimension of the
state space is large, when the underlying differential operator is degenerate, or when the
objective is to compute the solution only at a few points. In economy, this permits to
compute option prices based upon a large panel of assets.

The algorithm consists in approximating the unknown process (X;) by an approxi-
mate process (depending on a parameter denoted by n) X;* which can be simulated on a
computer, and in simulating a large number M of independent trajectories of X}*, so that
FEf(X;) is approximated by:

| M
M=

The resulting error of the algorithm depends on the choice of the approximate process

and the two parameters M and n.

The effects of M can be described by the Central-Limit Theorem or large deviation
results; in practice, one estimates the maximum value of the variance of f(X;) for ¢ in
[0, T, and then chooses M according to the desired accuracy and the power of the available
computer. A sophisticated variance reduction technique has been developed and analysed
by Nigel Newton in [8]. Generally M must be large,and, as just mentioned, one chooses a
probabilistic technique because the problem is degenerate or high dimensional: therefore,
one takes advantages of simple procedures to approximate (X;).

A natural mean is to use a time discretization scheme of the stochastic differential
equation whose (X;) is the solution: T'/n represents the discretization step. For example,
the Euler scheme is defined by

n n n T n
X(p+1)T/n = XpT/n + b( pT/n)E + J(XpT/n>(W(P+1)T/n - WPT/W) : (12)

For quT <t < )T X[ is defined by

n

Xt = ApT/n + b( pT/n) (t - n) + U( pT/n)(Wt o WPT/TL) :
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The effects of n can be measured by the quantity:
[Ef(Xr) — Ef(X7)]. (1.3)

Milshtein [6] was the first to show that the schemes built for the quadratic mean con-
vergence, and L? estimates of the corresponding errors, are not relevant in that context,
since the objective is to approximate the law of (X}).

Talay ([12] and [13]) and, independently, Milshtein [7], have introduced the appropriate
methodology to analyse the error (1.3): it consists in writing this difference as a sum of
terms involving the solution of a parabolic PDE (this technique will be used also below).
These references provide schemes such that, under smoothness conditions on b, o, f:

Bf(Xr) - Bf(XPI < o a=12.

Several other schemes have then been proposed by Kloeden and Platen [4].

In Talay and Tubaro [14], a more precise result is proven : under the same conditions,
the errors corresponding to these schemes can be expanded in terms of powers of %, and
formulae for the coefficients of the expansion can be derived. In Protter and Talay [11],
the same result is shown for the Euler scheme applied to stochastic differential equations
driven by general (discontinuous) Levy processes.

Here, we will focus our analysis on the simplest scheme, the Euler scheme: as a
consequence of the existence of the expansion, linear combinations of results obtained
with this scheme and different step-sizes permit to reach any desired convergence rate
(Romberg extrapolation technique: see Talay and Tubaro [14]).

Our objective is to show the existence of the expansion under a much weaker hypothesis
on f than in [14]: we will suppose it measurable and bounded (the boundedness could
be relaxed); for example, f can be the indicatrix function of a domain: our result applies
when one wants to compute probabilities of the type P[|Xr| > K]. In counterpart,
we suppose a nondegeneracy condition which in particular ensures that, for any ¢ >
0 and any x € R? the law of the random variable X;(x) has a smooth density with
respect to the Lebesgue measure (essentially, this condition is the Hormander condition
for the infinitesimal generator of the process): that condition is less restrictive than the
uniform ellipticity of the generator, and therefore our result applies for dynamical systems
whose solution, representing a pair (position, velocity), cannot have a uniformly elliptic
generator.

The organization of the paper is the following : in the section 2, we recall some results
of the Malliavin calculus that we will use in the sequel, in particular an estimate due to
Kusuoka and Stroock on the derivatives of the density of X;(x); in the section 3, we state
and comment our main result; the section 4 is devoted to the proof, except two technical
lemmas which are proved in the section 5; in the section 6, we give some extensions of
the result.

In the second part of this work [2], we will consider the density of the law of X7t and
compare it to the density of the law of Xrp.



Notation. In all the paper, ¢ being a smooth function, the notation 9%p(t, z, ) means
that the multiindex « concerns the derivation with respect to the coordinates of x, the
variables ¢ and y being fixed.

When v = (7¥) is a matrix, 4 denotes the determinant of 7, and 7; denotes the j — th
column of 7.

When V is a vector, OV denotes the matrix (9;V;)%.

Finally, we will use the same notation K(-), ¢, Q, p, etc, for different functions and
postive real numbers, having the common property to be independent of 7" and of the
approximation parameter n: typically, they will only depend on L®-norms of a finite
number of partial derivatives of the coordinates of b and ¢ and on an integer L to be
defined below (see the hypothesis (HU)).

2. Some basic results of the Malliavin calculus

One can now find several expositions of the Malliavin calculus: see, for example,
Nualart [9] (we use the notation of this book) and Ikeda-Watanabe [3]; a short presentation
on the applications to the existence of a density for the law of a diffusion process can be
found in Pardoux [10].

We only introduce the material necessary to our computations.

We fix a filtered probability space (2, F, (F;), P), and a r-dimensional Brownian mo-
tion (W;) on that space.

For h(-) € L*(R,, R"), we denote by W (h) the quantity [ < h(t),dW, >

Let S be the space of “simple ” functionals of the Wiener process W, i.e. the sub-space
of L?(Q, F, IP) of random variables F which can be written under the form

for some n, polynomial function f(-) , h;(-) € L*(Ry, R").
For F € S, we denote by (D;F) the R"-dimensional process defined by

Dy

- W(hn))hi(t) -

The operator D is closable as an operator from LP(Q) to LP(; L?(0,T)), for any p > 1.
Its domain is denoted by ID'?, and we define the norm

1/p
|Fll1p = [EIFP + IDF |5 0000

The j-th component of D,F will be denoted by D} F.
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One also defines the k-th order derivative as the the random vector on [0, T]* x Q
whose coordinates are defined by

Jlsendk 7 o Ik Ji
DIt F = DIk DI'F

.....

and we denote by IDV? the completion of S with respect to the norm

1/p
[ Fllnp = |E|F]"+ Z E||D"F|[},

(0:1)%)
k=1

D> will denote the space N1 N;>1 D7
For F € S, one also defines the Ornstein-Uhlenbeck operator L by
W)W k) - Y - wn)

H n 7 8;131856] 1)y

2,j=1

W(hn)) < hi,h]’ >,

which is a closable operator. The domain of L includes ID>.

For F := (F',...,F™) € (D*)™, we denote by v the Malliavin covariance matrix
associated to F, i.e. the m X m-matrix defined by

Vg =< DF',DF’ > 21 .
Definition 2.1. We will say that the random vector F satisfies the nondegeneracy as-

sumption if the matriz v is a.s. invertible, and the inverse matriz 'y == 5" satisfies

Tl € () L(2)

p>1

Remark 2.2. The above condition can also be written (we recall that 4z denotes the
determinant of yp):

YF p>1

Our main ingredient is the following integration by parts formula (cf. the section V-9
in Ikeda-Wanabe [3]):

Proposition 2.3. Let F € (ID*)™ satisfy the nondegeneracy condition 2.1, let g be a
smooth function with polynomial growth, and let G in D*>. Let {Hg} be the family of
random variables depending on multiindices B of length strictly larger than 1 and with

coordinates 3; € {1,...,m}, recursively defined in the following way:
H;(F,G) = Hy(F,G)
= —Z{G < DU, DF7 >y 1% < DG, DFY > ) +1% - G- LF7}
j=1
(FuG) = H(ﬁl ~~~~~ (FvG)
= Hﬂk(F’ H(ﬁl 77777 kal)(F’ G)). (2.1)



Then, for any multiindez «,

E[(0ag)(F)G] = Elg(F)Ha(F, G)] . (2.2)
We can get the following estimate:

Proposition 2.4. For anyp > 1 and any multiindex (3, there ezist a constant C(p, 3) > 0
and integers k(p, 3), m(p,3), m'(p,3), N(p, ), N'(p,3), such that, for any measurable
set A C Q and any F,G as above, one has

E[|Hs(F,G)” Lal» < Cp,B8) ITr Lallews) 1GINws)mes 1FlN@sm s - (2:3)

Proof. We apply the Meyer inequality on || LF||, (see the theorem 8.4 of the chapter 5
in Ikeda-Watanabe [3], with £ = 2, taking into account the definition 8.2 in the same
chapter):

LN, < ClIlF 2y,

and the equality » :
DI = — Z I DA

k.l

the result readily follows from the definition (2.1). W

We now state another classical result, which concerns the solutions of stochastic dif-
ferential equations considered as functionals of the driving Wiener process. [A, A’] will
denote the Lie brackett of two vector fields A and A’.

Definition 2.5. Let us denote by Ay, A1, ..., A, the vector fields defined by
Aj(z) = Y o), j=1,...,r.

For a multiindex o = (av, ..., ax) € {0,1,...7}*, define the vector fields A¢ (1 <i<r)
by induction: AY = A; and, for 0 < j <r, A9 =47 A2].

The Hormander condition is said to hold at the point x if the vector space spanned by
all the vector fields AY, 1 <i <r and o multiindex, at the point x, is R®.

Theorem 2.6. Assume that the coefficients b and o are infinitely differentiable, with
bounded derivatives of order strictly larger than 1. Then, for all x, all t > 0 and © =
1,....d, X}(x) belongs to D>°.



Besides, suppose that the Hormander condition holds at some point x. Let v;(x) denote
the Malliavin covariance matrixz corresponding to Xi(x), and I'y(z) its inverse.

Then, for any t > 0, one has

ITe@)ll € () 27(9)

p=>1

and the random vector X,(x) has an infinitely differentiable density pi(x,-).

Actually, Kusuoka and Stroock [5] give an exponential bound for p;(x,-) in terms of
the following quadratic forms:

Ve =Y ¥ <Atz >t
i=1 |a|<L-1
Set
Vi(x) =1A inf Vi(z,n). (2.4)

llnll=1
The exponential bounds require some smoothness conditions on b and o, and are valid for
r in the set {x € R?: Vi (x) > 0}; as we will apply this estimate for z = X, we assume

(URH) Cp :=inf,cga Vi(z) > 0 for some integer L.

(C) The functions b and o are C*> functions, whose derivatives of any order are bounded
(but b and o are not supposed bounded themselves).

Under the conditions (C) and (UH), and a corresponding L being fixed (the smallest
one, for example), the corollary 3.25 in Kusuoka and Stroock asserts: for any integers m, k
and any multiindices o and 3 such that 2m+ |a|+|5] < k, there exist an integer M (k, L),
a non decreasing function K(7') and real numbers C, ¢, Q) depending on L,T,m, k,a,
and on the bounds associated to the coefficients of the stochastic differential equation and
their derivatives up to the order M (k, L), such that the following inequality holds!:

K(T)(1+ 2] ®) —cttzairo?

oo’ < 11+ o) VO<t<T. 2.5
R TV P | - 2

The same theorem provides the following estimate for I';(z): for any p > 1, for some

constants C, o one has
1+ [|l[|"

ITe(@)llp < K(t)—37

(2.6)

Remark 2.7. The rate of degeneracy of pi(x,y) as t — 0 is controlled by that of I'y(x);
(2.6) gives an upper bound of order 1/t%%; the lower bound 1/t~ is proved in the theorem
5.1 in Bally [1]. ®

!The constant 7o of the statement of Kusuoka and Stroock is equal to 1 under (C).
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3. Owur main result

We denote by £ the second-order differential operator

L= ZbZ 8 + = 9 Z oo”* Z] .I')az] . (31)

i,7=1

Consider a measurable bounded function f and u(t,x) := E f(X7_(z)) which solves:

du _
uT,-) = fG)
Denote by a the matrix oco*. Let WU(t,x) be defined by
1 &, L d
U(t,z) = 5 > (@) (x)0u(t, x) 5 Z x)0;pu(t, x)
ij=1 Jk=1

+1 Zd: a” (z)a* (2)Ou(t, ) + 18—2u(zf x)
8,57 VST e

3 5@ Loutt o) + E 3 @) Logutt.e) (3.3)
P ot 2,52 ot '

Theorem 3.1. Let f be a measurable and bounded function. Under the hypotheses (UH)
and (C), the Euler scheme error satisfies
n Ci(T,x Q.(f, T,z
Ef(Xr(x)) ~ Bf(Xj(a) = - @l L0 (3.4

n n?
the terms Cy(T,x) = [} EV(s, X,(2))ds and Q,(f, T, ) have the following property:
there ezists an integer m, a non decreasing function K(T) depending on the coordinates

of a and b and on their derivatives up to the order m, and positive real numbers q, Q) such
that

|CH(T, )| + supn|Qu(f, T, x)| < K(T )”fHOOM_

The expansion (3.4) was first obtained by Talay and Tubaro in [14]. No nondegeneracy
assumption of Hormander type was necessary, but in counterpart the function f(-) was
supposed smooth enough; in that context, one obtains a bound of type

CH(T, )| + supn|Qu(f. T,2)| < K(T) > 105l -

|| <6

Besides, when f is smooth, the analysis shows that the simulation of Brownian paths is
unnecessary to get the existence of the expansion: the algorithm may involve appropriate
discrete lawed random variables as well (see [14]). In our context, this property does not
remain true. This has no practical incidence: the simulation of the increments of the
Wiener process can efficiently be performed.



4. Proof of Theorem 3.1

The proof of the preceding theorem is based upon the two following technical lemmas,
which are interesting by themselves. Their statements suppose that the hypotheses of the
theorem 3.1 hold.

Lemma 4.1. Let the function u be defined by (3.2). Then, for any multiindezr o and
for any smooth function with polynomial growth g, there exist a non decreasing function
K(T) and positive constants q,Q, uniform with respect to n and T, such that

WeN.T] . ElXi)dat X)) < KO )

and

1+ va||

vee [T —] L Bl @)t X)) < KT ke (+2)

n

Lemma 4.2. Lety et A be multiindices, let g and g, be smooth functions with polynomial
growth. Set

90(97 ) = g’y(')a'yPTfo(') .
There exist a non decreasing function K(T) and positive constants q,Q, uniform with
respect to n and T, such that

Vo € {O,T—T} CWte {o,e—T

n n
1+ HxH

)

] E [g(Xf(:c))EAPa_tsO(Q, -)(Z)Bz=xz1<x>}

K(D)| flloe—=— (4.3)

Lemma 4.3. For some integer q and some non decreasing function K(T'), one has that

K(T)

|Ef(X7(x)) = E(Prmf)(X7_gpm(@))| < 1 lloo (1 + [|]|9) - (4.4)

For a while, we admit the lemmas 4.1,4.2,4.3 which will be proven in the section 5.

We start with an easy other lemma.

Lemma 4.4. It holds that

EF(Xj(a) - Ef (%) = 15 3 % (M i) + SR (09

where
R,y = Ef(X7(x)) = E(Prpnf)(X7_r/(2)),



and for k <n —1, R} can be explicited under a sum of terms, each of them being of the
form

15 xn (k+1)T/n 8 Xn
[Spa( kT/n »/kT/n /kT/n /IcT/n a ) U(Sg, ( ))
' (k+1)T/n 5
Xkr/m / / / s , Xy ) )dszdsad 4.6
9004( KT/ ) KT/n KT/ JKT/n (pa 3) U(Sg 3)) 530AS52051 ( )

where |a| < 6, and the ©F,’s, ¢ s, gpz ’s are products of functions which are partial deriva-
tives up to the order 3 of the a”’s and b'’s.

Proof. We follow [14], just changing the presentation.
For a fixed z in RY, we define the differential operator £, by
d 1
L.g() =Y 0'(2)dig(-) + 3 > a?(2)d9(-) -
i=1 ij=1
We note that, for z = X' /n(x), L, is the infinitesimal generator of the diffusion process
(Xp(2), B <t < DT
Asu(t,) = Pr_yf(-) = Ef(Xr-(:)), one has

Ef(X7(2)) — BEf(Xr(r)) = Bu(T, Xp(2)) —u(0,2) = > o

k<n—1

o= B o (I K@) <o (@) A

The It6 formula implies

with

(k+1)T

op = E/kT ’ (atu(tath(x)) + Lou(t, X['(x)) B~ Xir/m(® )) a,

n

from which, using (3.2), one gets

(k+1)T

o =FE / U (S Lult, X7 @) + Lot X](2))Baexy,, ) dE

Denote

IE(0) = Lot X0 0By 0 — Lot (L X (o)) B0

/n
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and

) M, .
Jk (t) = ,CZU <n, XkT/n(‘r)> Bz:X;:T/n(;r) - Lu(t7Xt (%))

~ Lu (’f,ng/n(x)> — Lu(t, X*(z)) .

We have:

(k+1)T

5;;:E/£

n

(I (2) + Jg (8)dt .

We now consider I}(t) and J}'(t) as smooth functions of the process (X;*) and recursively
apply the It6 formula, using the fact that the function u solves (3.2), so that Lu solves a
similar PDE. B

We can deduce the following corollary (note that this upper bound in terms of || f||
was stated nowhere else in the literature before, even for smooth functions f (to our
knowledge); but we do not focus on it, since our objective is a stronger statement):

Corollary 4.5. There exist a non decreasing function K(T') and constants q, Q) such that:

Ef (X)) — Bf(Xr(a)] < Mo (g jpe) !

. = (4.8)

Proof. We apply the lemma 4.3, and for £ < n—1, we apply the estimates of the lemma 4.1
to ‘Ii(k%,X,?T/n(:v)) and R}. W

Before ending our proof, we make an easy remark.

We recall that 0%p(t, z, y) means that the multiindex a concerns the derivation with
respect to the coordinates of z, the variables ¢ and y being fixed. As u(t,z) = Pr_.f(z),
one has

orult,x) = [ Opr—ilw.y) f(y)dy
Now we use the estimate (2.5) and get, for some k > |a] > 1:

K(T —1)
(T =)

1
L+ lly — [

|0apr—1(, )| < (14 [l2]19)

so that
| f] oo

|Oqu(t, )| < K(T) (T — )

(1 + [l19) - (4.9)

Now we are in position to prove (3.4).
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The expansion (4.5) can be rewritten under the following form:

EF(Xj(0) ~ EfC0r0) = 153 B0 (5 X (o))

2 SB[ (S X)) - (5 X))
+§:RZ. (4.10)

For any k such that £ < 1 we apply the inequalities (4.8) (with W(kT/n, -) instead of

f(+)) and (4.9) (to upper bound ||V (kT /n, )| c):

kT kT K(T)
B9 (L X 0)) - 29 (M X)) < S+ 109
For & > % one applies the expansion (4.5), substituting the function f,x(x) :=

\IJ(%T, -)nto (). Set upi(t,x) == Pyrjn—tfnr(z) and denote by W, (t,-) the function
defined in (3.3) with u,; instead of w; then one has that

kT kT T2 k=2 iT . st S
EY ( n rrn (T )) - EVY < , Xirjn (@ )) =2 ZE\I'nk ( n jT/n($)> + Z;)Rj’k7
=

where the R?’k’s are sums of terms of type (4.6) with u,; instead of u. We apply the
lemma 4.2 to upper bound the right hand-side.

Combining this estimate with (4.11), we get (for a new function K(-) and new con-
stants):

T2 12 kT kT K(T)
S| (M ) - B9 (ST X)) | < DI+ ).
n—2
We proceed similarly to upper bound Z R}|, and we apply the lemma 4.3 to upper
k=0

bound ‘Rz_ll.
Finally, using It6’s formula and the estimate (4.1), we get

K(T)

< o1+ )

Iy E\If(kTXkT/n ) /E\Ist())ds

k<n 1

We note that (4.1) also ensures that [ F|¥ (s, X,(z)) |ds is finite.
That ends the proof of the theorem 3.1. B
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5. Proof of Lemmas 4.1, 4.2 and 4.3

We first state a technical lemma.

Lemma 5.1. Under the above hypotheses, for any p > 1 and 7 > 1, there exist an integer
Q and a non decreasing function K(t) such that

sup || X7 (@)l < K()(1 + %)

and

sup 1 X;(e) = X7 (o)l < 201+ ] ).

Proof. We just have to mimic the classical computations giving estimates for || X;(z)||;,.
For example, let us show how we can proceed for j = 1. Let n™(t) denote P where the

integer p is such that pT <t< p“ . We remark that, for t —6 > - DgX”( ) satisfies:

T

t
DEXY(w) = o(Xgun(@) + 30 [ 001 (X (2) DKo (),

1=1 /"0

t
n k
i /77"(9)+T/n Ob( X (5) () Dy X 5 (2) s -
Under (C), a classical use of Gronwall’s lemma permits to get

sup sup || X7 (@)l < K(T)(1+ [l]|9).

n>1 0<t<T

For other values of j and for the difference X;(z) — X/*(x), we proceed in the same way. R

5.1. Proof of Lemma 4.1.We only prove the part (4.2), the part (4.1) being
treated with the same arguments.

5.1.1. Small ¢. We first consider the case 0 < t < % As T —t > T/2, the inequal-
ity (4.9) yields (4.2).

5.1.2. Large t.Now, let us treat the situation % <t <T-— % The preceding
argument cannot be used, since for § — T' the measure pr_g(z, y)dy converges weakly to
the Dirac measure at point z.

The principle of the rest of the proof is the following: in order to get rid of the
derivatives of u(t,x), we will use Malliavin’s integration by parts formula with respect
to the functional X}*(z), which is expected non degenerated (with a high probability) for

13



t > T/2 because X'(x) approximates X;(x); estimates on the LP-norm of the inverse of
the Malliavin covariance matrix of X[*(z), I 2, can be directly obtained under a uniform
ellipticity condition but, under (UH) only, we are led to compare ||[I'}||, and ||I'||, (where
[y denotes the inverse of the Malliavin covariance matrix of X;(z)) and we will use a

localization argument:

e let y be the set of events where |3]" — 4| is larger than C%;; to prove that P()
is small, we will use two facts: first, (X/(x)) is a “good” approximation of (X(z));

second, the ||4; !||,’s are finite;

e on the complementary set of Qq, |3/

— 4| is small, which (roughly speaking) means

that the Malliavin covariance matrix of Xj*(x) behaves like that of X;(x) (see (2.6)),
which allows integrations by parts of type 2.2 with a good control of the LP-norms

of the variables H,,.

Let ¢ € Cp°(R) such that ¢(z) =1 for |z| <

for |z| € (4,5)

Set N
T? _ (P)/t A_’Yt)
i
One has
Elg(X () 0qu(t, X['(z))] = Elg(X
+ Elg(X
= A+B.
To upper bound |A|, we use (4.9):
A < k) Mg o).
(T —t)a
Since 1 — ¢(ry") = 0 for || < 1, one has
i 1 o .
Bl -oti| < P[> 3] =P e -4
. 1
S P _% S 1/4:| +P |:|7t
= Ptz Pl

L é(x) = 0 for |o] > 4

and 0 < ¢(z) < 1

() 0gult, X' (x)) (1 = o(r7))]
( (@) 0gult, X' (x))o(r7')]

Vi

4

R 1
= 4n1/4]

. 1

2In the sequel, 77 (resp. ;) will denote the Malliavin covariance matrix of X*(x) (resp. X;(x)); note
that, in order to simplify the notation, we systematically drop the dependancy on z except for X;* and

X, theirselves.
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Thus, for any p > 1, one has
BIL— ()] < n P Bl + (4n VB — 3
But (see the lemma 5.1): || X;(7) — X ()]1, < K(t)(1+ ||2]|2)n~'/2, so that

147 = Aelly < (L+ |2 ) K (t)n = .
On the other hand, under our nondegeneracy assumption, one has (see (2.6))

. 1+ ="
sup |9, < K(T)
%StST t lp TdL

As a consequence, for any p > 0 there exists an increasing function K (-) and an integer

() such that
n _ 1
B[l = ¢(r})] < K(T)(1+ ||z[|%)n p/4W ) (5.2)

from which and (5.1), remembering that for t <T — L (T —¢)~7 < Cn?, one gets

Al < [1f loon® MK (T) (1 + [l2]|9) (5.3)

TpdL :
To obtain the desired result, it remains to choose p = 4q.

We now treat B. We want to apply the proposition (2.3). As X;* may not satisfy the
nondegeneracy condition, we make a slight modification: we change the time interval for
(0,7 + €] with € > 0, and on [0,7 + €] we set

X;Le = th + EV[/YT_;’_6 .

Then X;" satisfies the nondegeneracy condition 2.1 for all € > 0 and all t € [0,T + €].

In order to simplify the notation, we continue to write X" instead of X™¢. In the
computations which follow, the Sobolev norms below are computed for the time interval
(0,7 + €]. It must be understood that, at the end, we make € tend to 0: the constants
which appear in these computations can be chosen uniform w.r.t. e.

The proposition (2.3) implies:
B = Elu(t, X{'(z)) H}]

where H" := H, (X" (), g(X[(x))p(r})). First, we observe that H” is a sum of terms,
each one being a product which includes a partial derivative of ¢ evaluated at point 7.
From the definition of ¢ it follows that HY = HZY Tpq9(|rf]). On |r?| < 5 one has
%’Ayt > Ap > %’Ayt and therefore

Hy = Hy Lgs,ssp

>34
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Consequently,
1B| < Cllflloc EIHY Dpgnsis,l-

We apply (2.3) and obtain, for some integers k, N, N':

Bl < Cllflle |T7 1

ez a0 X @) v [[9(XE (@)@ (i) || v ame
L+ 1+ "
< K@D flloo ITelle—az— = KD Flloo——3z—
As % <t < T we obtain
1+ [J=*
B < KDl

5.2. Proof of Lemma 4.2.For § < . the derivatives of the function ¢(6,-) can
be uniformly bounded in 6 (remember (4.9)); thus, to get (4.3) one can simply use the
lemma 4.1 with ¢(0, ) instead of f(-) and Py_;(6,-) instead of u(t,-) = Pr_¢f(+).

For 6 > % and 0 —t > %, one can note that

OPy_1p(0 /gy /f pr_o(y,y")dy Oxpo—i(2,y)dy ; (5.4)

an integration by parts w.r.t. y and the inequality (4.9) give the result.

Consider now the case where 6 > % and 0 —¢ < %; in that case, t > % and, in order to
get rid of the explosion of the upper bounds for the derivatives of (0, -), we are going to
use the law of X['(x): this argument is similar to what we have done for the lemma 4.1,
but here it is unsufficient because we must deal with 0,Pr_¢f instead of f. In any case,
we start as in the subsection 5.1.2:

E [g(X}(@)0xPr1p(0, ) (2)Beoxpmy] = B [(1= ¢(X](2))g(X](@)0r Po—sp (0, )(2) Bemxpio)|
+F [qﬁ(r?)g(Xf(x))aAPe—t@(@u ')(Z)Bzzxtn(z)]
= A+B. (5.5)

We upper bound |A| by using (5.4), (4.9) and (5.2): we obtain an estimate similar to
the right hand-side of (5.3).

Now consider B. First, we apply the proposition 2.3 again 3, and get

B = E[Pyrp(6,-)(X}'(2)) HY (1))

3As in the preceding proof, we should introduce X™¢. We omit this detail.
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We now use a probabilistic representation of Fp_4¢(0, -), based upon a process (X;) which
is a weak solution of (1.1) independent of (X;); we denote by (Q F, IP) the probability
space on which (Xt) is defined, and F the expectation under P. Applying the proposi-
tion 5.2 below, one gets:

Py_p(0,-) = E@(H,ffe—t(')) .
= Elgy(Xo-+())(0,u) (0, Xo-:(1))]
= 3 Blg,(Xo—i())0,{u(8, Xo—i(-))}QL(-)] -

Thus,

o3
I

> E [H{()E [g,(Xo-1(2))0; {u(0, Xo-o(2))Q0 (2) } By
= Y EE[H}(1) [9/(Xo-1(2))0; {u(8, Xo-1(2)Q7 () } Be=xp)]

we fix @ and use the integration by parts formula (2.2) with F(w) = X}*(z,w): for some
random variable HY_ (6,t,x), one has:

B= ZEE (0, Xo1(2)) Bemxpm HY, (0,1, 7)]
We now conclude as at the end of the subsection 5.1.2. R

In the above proof, we have used the

Proposition 5.2. Let Xt( @) denote a version of class C* of the stochastic flow y —
Xi(y,@); let Yy(-, @) denote its Jacobian matriz and Z,(-,&) the inverse matriz of Y;(-, ).

For any multiindex vy, there exists processes (Qf ) such that: for any smooth real func-
tion F, for any y € R?,

(0, F)(X,(y = > QY ()0 {F o Xi(-,0)}(y) a.s. (5.6)

lol<[|

and QY (y) is a polynomial function of the coordinates of Zy(y,&).

Proof. We proceed by induction. For |y| = 1, we observe that
VF o Xy(-@) = Yi(-, @) x (VF)(Xi()) ;
it now remains to multiply the two sides of the equality by Zt(-, w).
Suppose that the relation (5.6) holds for |y| < k; as
V(0,F 0 Xy, @) = Yil(-,@) x (V,F)(Xi(")) ,
d

a multiplication of the two sides of that equality by Zt(y, @) an
that (5.6) also holds for |[y|=k+1. R

(5.6) (for || < k) imply
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5.3. Proof of Lemma 4.3. The proof of the lemma 4.1 cannot apply to treat
or_, (defined in (4.7)) because the last argument before (5.3) cannot be used. We still
localize by introducing ¢, but we do it at once: set

A" = |EB[(f(X3(x) = Prinf(Xp_gpn(@))) (L= o(r))]]
B* = |E[(f(X}(z)) — PT/nf(X%—T/n(x))) ¢(7"5L“/2)]|
= [E[(u(T, X7(z) = w(T = T/n, X7_7/,(2)))o(r2)]l -

Clearly (remember (5.2)):

K(T)
Tan?

A" <2\ fllee EI1 = ¢(r7y)| < 1 1loo (1 + [|[1) -

To treat the term B*, we proceed as in the proof of the lemma 4.4 to express d; as an
integration of I}'(t) and J}'(t), and we apply the arguments used in the subsection 5.1.2,
especially the integration by parts formula (2.2) with F' = X7*(z). 1

6. Extensions

In the theorem 3.1, the boundedness hypothesis on f can be relaxed: the preceding
technique can be improved to treat the case of functions f which are measurable and have
a polynomial growth, i.e such that

Ve, (@) < Cp(1+ [lz]|*)

for some Cf and ¢y; then in all the estimates of the proof, || f|l« must be replaced by
a constant C' depending on C; and ¢y; indeed, instead of upper bounding quantities of
type || (X7 (2))||Lr@) by ||fllos; one can use that F||X;*(x)||” can be upper bounded by
C(1+ ||z]|7), where the constants C' and ¢ are uniform in n.

One can also show the existence of an expansion up to any order: as in [14], instead of
bounding the I}'’s of the expansion (4.5), one can apply the technique used at the end of
the proof of the theorem 3.1 and make appear an integral of type 7712 JTEY, (s, X (x))ds
(for some appropriate function W;); this operation makes appear a new remaining term
for which one applies the lemmas 4.1 and 4.3.

Finally, the result can be extended to other schemes. The numerical benefit is less
clear, since they involve derivatives of the coefficients and therefore require a larger com-
putational effort than the Euler scheme (they also may lead to larger coefficients of % in
the expansion of the error).

18



7.

Conclusion

We have proved that the error corresponding to the approximation of Ff(Xr) by

Ef(X7}), X} being given by the Euler scheme, can be expanded in terms of * when f is
a bounded and measurable function, under an hypothesis of uniform hypoellipticity.

It now remains to give estimates on the convergence rate of the density of X7 to the

density of X7 (when they do exist). This will done in the second part of this work, in
preparation [2].
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