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1. In the present note let f(t) satisfy the following conditions

fit + 1) = fit), ί At) dt = 0 and (f(t) dt< + ™,

and let {nk} be a lacunary sequence of positive integers, that is,

(1. 1) nk+ι/nk > q > 1 .

Then the sequence of functions {f(nkt)}9 although themselves not independent,

exhibits the properties of independent random variables (c. f. [ 2 ]). In [ 1 ]

S.Izumi proved that under certain smoothness condition of f(t), {f(2H)} obeys

the law of the iterated logarithm. Further M. Weiss proved that this law holds

for lacunary trigonometric series.

THEOREM of WEISS ([ 4 ]). Let {nk} satisfy (1. 1) and {ak} be an arbitrary

sequence of real numbers for which

BN= (—J2ak) - ^ + ° ° and aN = o(*/B2

N/ log log BN\ as 2V—> + oo.

Then we have, for almost all t,

Σ «»«» tomlt + cck) = 1.
λ ; = l

However, there exist a sequence [nk] satisfying (1. 1) and a trigonometric

polynomial f(t) such that {f(nkt)} does not obey the law of the iterated

logarithm. In [ 3 ] it is shown that if {nk} satisfies (1. 1) and f(t) is a function

of Lip a, 0 < a ^ 1, then there exists a constant C such that

N

lim ^ C, a. e. in ί.
' N log log N

The purpose of this note is to prove the following

THEOREM. Let f(t) be a function of Lip a, 0 < a ^ 1, and {nk} satisfy

(1. 2) nk+1/nk-> + oo, as k—> + oo.
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Then we have, for almost all t,

2. From now on let f{t) and {nk} satisfy the conditions of the theorem.

Further, without loss of generality we may assume that the Fourier series of

f(t) contains cosine terms only and

(2. 1) nk+1/nk > 3, for k Ξ> 1.

These assumptions are introduced solely for the purpose of shortening the

formulas. Let us put

(2. 2) f{t) — Σ ^ c o s 27rkt a n d SAt) = Σ akcos 2τrkt.
k=l k=\

Since f(t) is a function of Lip <x, we have for some constant A

(2. 3) |/(ί) - SN(t) \<AN- log N,

(2. 3') Σ « I < AW-2α,

(2.3") \f(t)\<A and \SN(t)\<A.

LEMMA 1. If a positive number λ satisfies the condition

(2. 4) λ v

/M<logM,

then there exists an integer Mo, not depending on N, such that

Γ exp j λ Σ f^kt) \dt<2 exp (2(λ | |/ | | ) 2Mj, for M> MQ.

PROOF. We define m, L and Ut(t) as follows

(2. 5') m(2L + 2) ^ M< m(2L + 4),

and

(2. 5") C7|(0 = t SMua(nN+kt).

Then we can easily see that

U l
\ 1/2

*) We putH/l
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N+M

Σ
k=jsr+ι

f{nkt) -

Anj) +λ Σ

+ logM1/α) - O (M-1/3log M) -

Hence if M> Mo for some Mo, it is seen that

as M—* + oo.

(2. 6) f exp I λ Σ, Ankt) j dt < y/~2 f exp j λ Σ U,(t) \ dt
Jo \ k=iv+i J J o [ i^o J

U
l I L X 1/2 l I L \ 1/2

exp 2λ Σ Unit) \dt J M exp 2λ Σ tf«+i(O [ΛJ

From (2. 3") and (2. 4) we obtain

λ Max|C72i(ί)| < λAm =.O(M"1/3log M) = o(l),Un(t) 13 < X3Asm3L = O (M-1/6log3M) = o(l), as

By the above relations and the inequality e2 ̂  (1 + z + z2/2)e]z]* for | z | < ̂  ,

we have, for M> Mo,
T. \ L

2 I T fi -4- 9Λ ΓΓ ίf\ _4- 9Λ 2Γ Γ2 ί+W

+ l)wι

α r« s cos 2π(nk+Ns - nj+Nr)t,

(2. 7) exp j 2λ

Let us put

(2. 8)

and

(2. 8') VL(t) = 2λC7l(ί) + λ2 j 2f/f(O -

where Σ denotes the summation over all (r, 5) which belong to

(r,s)

Λ/cc

(2. 8") {(r, 5) I nk+Ns - nj+Nr\ ^ wiϊlι+ΛΓ, 0 < 5, r ̂  M1/α}.

Then Vi(ί) is a sum of cosine terms whose frequencies are in the interval
[nim+π + 1, 2Mι/an{M)mΛN\. By (2.1) and (2.5) we can find an integer Mo such
that M> Mo implies

om(2t-2j-l)

> ? *
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Hence if uL £ [nlm+Jr + 1, 2MVan{ι+ι)m+N\ and 1 ^ lx < l2 < . . . < ls < Z, then
we have

2 UHj > UU — Σ U2j > n2lm + N — 2
= l j=l

+N ( 1 - Σ 3 ' " ' ) > 2"1 n*m+N > 0, for M > Mo.> n2lm+

If Uι& are integers, then the above relation implies
1 S

ί cos 2τr uut Π cos 2τr w2i/ dt = 0, for M > Mo.

Therefore, we have

(2. 9) f1 Vn(t) Π y«
7o j=i

= 0, for M > Mo.

On the other hand if k>j> Im, then (2. 1) implies that the (r,s)-set in (2.8")
is contained in {(r, s) \snk+N/nj+N — r\ < 3"1, 1^5}. Therefore we have, by
(2. 3') and (2. 1),

ί

Therefore if we put

(2.10)

then we have

(2.10') Bt

= sup

^ Bm Max(;zA:_1/;2A:)
α,

k>lVL

Σ, Σ 3"y-*+1)

ίc = lm + 2 j = lm + l

for some constant B > 0.

Since m Σ Λ* = 2m| |/ | | 2 , we obtain from (2.8') and (2.10)

{1 + 2λ [7,(0 + 2λ2ί7?(ί)} ^ {1 + V,(0 + 2λ2w(ll/ll2

By (2. 7), (2. 9) and the above relation we have, for M> Mo,

f exp 2λ Σ,j

Jθ { 1=0

I L

<V2 f Π
JQ 1=0

Vit(t) + 2λ2m(ll/ll2 + Btι)}dt



ITERATED LOGARITHM FOR A GAP SEQUENCE 285

=«/~2 Π [1 + 2λ2m(ll/H2 + B2ί)} ̂  */2 exp j £ 2λ2m(ll/ll2 + Btι) } ,
1=0 [ i-0 j

and in the same way

f exp ( 2λ £ C72l+1(O } Λ < J2 exp ) £ 2λ2m(||/||2 + B2l+1) } .
Jo I 1=0 I I i=o j

From the above relations and (2. 6) we can see that for M > Mo

f exp j λ NJZ f(nki) \ dt < 2 exp j ] £ λ2m(ll/ll2 + ̂ ) | .

On the other hand (2. 5'), (1. 2) and (2.10') imply that if M>MQ for some

Mo, then

The last two relations prove the lemma.

3. LEMMA 2. If a positive number ψ(M) satisfies

(3. 1) ψ(M)<(2\\f\\ logM)2,

then for M>M0, Mo is the same as in Lemma 1, we have

ΊVΓΛ 1

PROOF. If we put λ = (2H/H)-1 ψh\M) M~ιl\ then λ satisfies the con-
dition (2. 4). Hence by Lemma 1 and Tchebyschev's inequality we have

sΞ 2exp - 2λ 1 =

LEMMA 3. We have, for almost all t

PROOF. If m > m 0 for some m0, then 2m > M o and Λ|r(2m) = 2(1 4- £)log m

*) We consider ί's within the interval [0,1].
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satisfies (3. 1) for any fixed £ > 0. Therefore we have, by Lemma 2,

Σ ^ 2II/H m ^ 2 ]Γm- ( 1 + ε ) < + oo.

Since £ is arbitrary, Borel-Cantelli's lemma completes the proof.

LEMMA 4 . We have, for almost all t,

PROOF. Let m be a positive integer such that

and, for any fixed £ > 0,

(3. 3) 2(m - I) + 2(1 + €) log m < (2 | | / | | log 2')2, m>l^ [m/2].

Further let X( (ί) be the positive part of the function

(3. 4) X,(ί) = Max Γ Σ f{nkt) ;Nz{r2ι + 2m, r = 0,1,. . ., 2"1"1 - 1}

Then we have, by (2. 3"),

Max ^ Σ x«
ί=tm/21,

(3. 5)

Putting

ψ(2ι) = 2(m - I) + 2(1 + £)logm, for m>l^ [m/2],

then (3. 2), (3. 3) and Lemma 2 imply, for any positive integer N,

(3. 6) t; ^ 2ίΓ ( / n- l )m- ( I + ε ).

Therefore if we put

then we

and

(3.7)

have, by (3. 4) and (3.

\Et\

Σ

6),

m - 1

Σ \E[\ < + CO.
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m-l

Further if t <= \J Et, then we have

m-l

£
i=[m/2]

Since (3. 2) implies

V"2£+1t(2 l'+1) < V 2 V1 + logm ) < 4 ' f or Z < m,

we have

m - l

Σ T) < 3 Λ/2m+1{l + ( 1 +
l=[ro/2]

From the last two relations and (3. 5) it is seen that

2m+N m-l

Max £ /(w,0 < Λ2tm/21 + 6II/H Λ/2 W + 1 {1 + (1 + £)logm], for t ?
i V Γ < 2" 1 *-2» + l I-ίm/2]

The above relation and (3. 7) complete the proof.

From Lemma 3 and Lemma 4 we have, for almost all t,

4. Since (3. 8) can be proved under the conditions (1. 2), (2. 3), (2. 3')
and (2. 3"), we can also prove that for any fixed M > 0 and almost all t

(4. 1) Hm j w g

Considering — {fit) — Sju(t)}, we have for almost all t

Σ

On the other hand from (1. 2) we can take No - N0(M) such that

nk+ι/Mnk > (M + Ϊ)/M, for £ ^ No.

Hence Σ SJjιkt) is a lacunary trigonometric series and it is easily seen that if
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am φ 0 for some m^kM, then this series satisfies the conditions of the theorem
of Weiss stated in §1. Therefore we obtain, for almost all t,

(4. 3) lim

From (4. 1), (4. 2) and (4. 3) we have, for almost all t,

(4. 4)

Since ||/(ί) - 5n<ί)ll ->0 as M-> + oo, (4. 4) proves the theorem.
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