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THE LIFT DISTBIBUTION OF WINGS V I T H  E N D  PLATES* 

By If. Mangler 

s u ME11519 Y 

T h i s  r e p o r t  d e s c r i b e s  the  l i f t  d i s t r i b u t i o n  o n  wings  
w i t h  end p l a t e s  f o r  t h e  c a s e  of  minimum i n d u c e d  d r a g  ( i n -  
d u c e d  donnivash c o n s t a n t  o v e r  t h e  s p a n ) .  The moments on 
t h e  end p l a t e s  a r e  a l s o  d e t e r m i n e d .  

I t  i s  f o u n d  t h a t  moving an  e n d  p l a t e  of  c e r t a i n  
l e n g t h  uy f r o m  t h e  s y m m e t r i c a l  p o s i t i o n ,  i s  f o l l o w e d  by a 
s l i g h t  i n c r e a s e  of  t h e  t o t a l  l i f t .  As a marked i n c r e a s e  
i n  t h e  moments of  t h e  e n d  p l a t e  a b o u t  i t s  a t t a c h m e n t  a l so  
r e s u l t s ,  t h e  s y m m e t r i c a l  end  p l a t e s  a r e  m o s t  a d v a n t a g e o u s  
i f  a h i g h e r  c i r c u l a t i o n  on the  wing  o n l y  i s  c o n t e m p l a t e d .  
Bu t ,  i f  t h e  end  p l a t e s . a r e  t o  s e r v e  f o r  p r o d u c i n g  h o r i -  
z o n t a l  c o n t r o l  f o r c e s ,  a pronounced  u n s y m m e t r i c a l  a r r a n g e -  
ment n i l 1  be  p r e f e r r e d .  

The magn i tude  o f  t h e  e n s u i n g  s i d e  f o r c e  f o r  e n d  p l a t e s  
o f  a n y  l e n g t h  a n d  p o s i t i o n  i s  i l l u s t r a t e d  i n  f i g u r e  13. 
The r a t i o  o f  c o e f f i c i e n t - s  o f  s i d e  f o r c e  and  o f  l i f t  c a n  be 
i n t e r p o l a t e d  f rom f i g u r e  1 4 .  Fo r  t h e  a p p l i c a t i o n  o f  t h e  
s i d e  f o r c e ,  a n  e m p i r i c a l  formula ( 2 2 )  i s  g i v e n .  

The m r i t e r  w i s h e s  t o  e x p r e s s  h i s  a p p r e c i a t i o n  t o  Miss 
1. L o t z ,  f o r  t h e  many s u g g e s t i o n s  i n  t h e  p r e p a r a t i o n  o f  
t h e  s t u d y .  

N O  TAT I ON 

b, wing s p a n .  

h, h e i g h t  o f  end p l a t e .  

k , ,  r a t i o  of h e i g h t  of  t h e  u p p e r  p a r t  o f  t h e  end  p l a t e  t o  
s e m i  sp a n .  

-----_-____________c_______I____-------------------------- 

*"Die  A u f t r i e b s v e r t e i l u n g  am Tragf1;gcl m i t  E n d s c h e i b e n .  " 
L u f t f a h r t f o r s c h u n g ,  v o l e  1 4 ,  no. 11, November 20, 1 9 3 7 ,  
A *  DD. 5 6 4 - 5 6 9 ,  
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k,, r a t i o  o f  h e i K h t  o f  t h e  lower p a r t  of  t h e  end  p l a t e  
t o  b /2 .  

k = --, k0 r a t i o  of  h e i g h t  o f  u n p e r  t o  h e i g h t  of  l omcr  p a r t  

p l a t e s ) .  
k~ of t h e  end p l a t e  (k = 1 f u r  s y m m e t r i c a l  end 

h ko f IC, - - - -------- 3 , r a t i o  o f  h e i g h t  o f  end  ? l a t e  t o  s p a n .  b L. 

b [, c o o r d i n a t e  ( r e f e r r e d  t o  = 1) a l o n g  t h e  s p a n .  

V, c o o r d i n a t e  ( r e f e r r e d  t o  - = 1) a l o n g  t h e  end  p l a t e .  b 
2 

- 

= + i q ,  c o o r d i n a . t e s  i n  a p l a n e  t h r o u g h  t h e  v o r t e x  sur- 
f a c e  shed  by t h e  w i n g  ( r e f e r r e d  t o  b / 2 . =  1). 

r , c i r c u l a t i o n .  

A ,  l i f t .  

c,, l i f t  c o e f f i c i e n t .  

T i y  i n d u c e d  d r a g .  

cwi ,  d r a g  c o e f f i c i e n t .  

m i ,  r r t e  o f  damnwash i n d u c e d  by t h e  v o r t i c e s  l e a v i n s  t h e  
" l r $ y .  

2 T J i  = !'I r a t e  o f  clownwash inciuced by t h e  v o r t i c e s  a t  g r e a t  
c:.ist,ziice 'pehind t h e  wing.  

V, a i r  s T e e d .  

p ,  3 i T  d e n s i t y .  

P a  
2 

q = - V , d p a r n i c  p r e s s u r e .  

F = b t ,  n i n g  a r e a .  

S o  (or S U I ,  s i d e  f o r c e  on u p p e r  ( o r  l o n e r )  p a r t  o f  t h e  
e n d  p l a t e .  
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EOTATIOIJ (Con t , 

Fo  ( o r  P u ) ,  

c ( o r  c ) ,  s i d e  f o r c e  c o e f f i c i e n t  r e f e r r e d  t o  Fo ( o r  
SO %l 

a r e a  of  u p p e r  ( o r  l o v e r )  p a r t  o f  e n d  p l a t e .  

F U )  

M o  ( o r  I & ) ,  moment e x e r t e d  by So ( o r  Su) a b o u t  t h e  
p o i n t  o f  a t t a c h m e n t  of  t h e  p l a t e .  

I . . IMTBODUC TION 

V i n g s  w i t h  e n d  p l a t e s  ( f i g .  1) a r e  u s e d  o n  s a i l p l a n e s  
. a n d  l a t e l y ,  a l s o ,  on t h e  t a i l s  o f  a i r p l a n e s .  

The o b j e c t  of t h e  ? r e s e n t  r e p o r t  i s  t o  a s c e r t a i n  t h e  
r e l a t i o n s h i p  o f  t h e  c i r c u l a t i o n  d i s t r i b u t i o n  o v e r  t h e  
wing  a n d  of  t h e  l i f t  t o  t h e  h e i g h t  a n d  p o s i t i o n  o f  t h e  e n d  
F l a t o .  The s i d e  f o r c e s  and moments on t h e  end  p l a t e s  mere 
also d e t e r m i n e d .  

The investigation'hereinafter t r e a t s  t h e  c a s e  o f  min- 
i m u m  i n d u c e d  d r a g ,  i . e . ,  t h e  c a s e  v h e r e  t h e  r a t e  o f  domn- 
wash  V i  i n d u c e d  a t  t h e  wing by t h e  s h e d d i n g  v o r t i c e s  i s  
c o n s t a n t  o v e r  t h e  s p a n ,  and  where t h e  s h e d d i n g  v o r t e x  sur-. 
f a c e  moves domnvard a t  a c o n s t a n t  r a t e  2wi = w l i k e  a 
s o l i d  b0~i.y ( r e f e r e n c e s  1 a n d  2 ) .  

The c a s e  o f  s y m m e t r i c a l  end  p l a t e s  (k = 1) was 
t r e a t e d  > , c c o r d i n g  t o  F, ITagel ( r e f e r e n c e  3 ) .  F o r  small, 
o n e - s i d e d  e n d  p l a t e s  (k = m). I a l s o  h a d  a c c e s s  t o  t h e  
u n p u b l i s h e d  c a l c u l a t i o n s  by F. Keune. 

11. LIFT A N D  UOMEWTS 

Assume a p l a n e  p l a c e d  at r i g h t  a n g l e s  t o  t h e  s t r e a m  
d i r e c t i o n  t h r o u g h  t h e  shedd ing  v o r t e x  s u r f a c e  a t  a g r e a t  
d i s t a n c e  b e h i n d  t h e  w i n g .  P r o v i d e d  t h a t  t h e  donnward ve- 
l o c i t y  o f  t i le  v o r t e x  s u r f a c e  ( r l h i c h  h a s  t h e  v a l u e  o f  w = 
2 W - i  if '.vi i s  t h e  dovnwsrd v e l o c i t y  c r e a t e d  by t h e  vo r -  
t i c e s  nt t h c  w i n g )  i s  sma l l -  t h a t  is, no r o l l i n g  u p  of  t h e  
v o r t e x  s n r f a c o  txkes  p l a c e  - t h i s  s e c t i o n  h a s  t h e  f o r m  i n -  
d i c z t e i t  i n  f i g u r e  2 .  Our problem c a n  t h e n  be s o l v e d  if 17.7~ 
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t r e a t  t h e  g l s n e  p rob lem o f  t h e  f l o m  c r o u n d  t h e  s e c t i o n  o f  
f i g u r e  2 ,  t h r o u g h  t h e  v o r t e x  1.3vycr. To make t h e  p r o b l e n  
s t c c d y ,  i t  m z y  be nssumeC thrl,t; t h e  s e c t i o n  n h i c h  i s  a t  
r c s t  i s  :’.nFroached f r o n  b c l o v  at t h c  c o n s t a n t  s p e e d  m = 
219.  

I f  t h e  complex ~ o t e n t i a l  [I] = 0 +- i$ o f  t h i s  f l o w  - 
i s  knonil, t h e  c k r c u l a t i o n  s t r e n g t h  2 , t  a p o i n t  [ o f  t h e  
1Vil ie  or !?oint  Tl o f  t h e  end p l a t e  ( f i g .  l ) ,  i s  e q u a l  t o  
- t h e  ju::i:3 s u f f e r e d  by t h e  y o t c n t i a l  - nhen c h a n g i n g  a t  p o i l i t  
E ,  c o r r e s p o n d i n g  t o  p o i n t  [ o r  p o i n t  1 + iq, corre-.  
npondilig t o  v ,  r e s p e c t i v e l y ,  from one  s i d e  o f  t h e  v o r t e x  
layer t o  t h e  o t h e r  ( f i g s .  1 a n d  2 ) .  T.he s e c t i o n  b e i n g  a 
s t r e a n l i n e  (reference 4 ) ,  $ i s  c o n s t a n t .  

- 

t:’.lcrc Q1 and  $2 a r e  t h e  p o t e n t i a l  ve . lues  f o r  p o i n t  
[ o r  1 + i q ) .  

Then t h e  l i f t  becomes:  

- 1  
Vith th i s  

+ 1  

- 1  

o r ,  mctking I? d i m e n s i o n l e s s  w i t h  w - b .: 

2 

+ 1  

T k u s ,  me havc :  

The in4uced  a n g l e  o f  a t t a c k  ai becomes:  
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which  n i t h  
- 1  

g i v e s  t:ie d r a g  c o e f f i c i e n t  

5 

I n  t h i s  form t h e  f a c t o r  K = -- g i v e s  a t  once  t h e  
d e p a r t u r e  o f  t h e  d r a g  c o e f f i c i e n t  f r o m  t h a t  o f  t h e  e l l i p -  
t i c a l  wing.  For  e q u a l  l i f t  and dynamic  p r e s s u r e  a wing 
o f  s p a n  b n i t h  end  p l a t e s  h a s  t h e  same i n d u c e d  d r a g  as  
a w i n g  o f  --- span  w i t h o u t  end p l a t e s .  

2 5  

f i  
For  t h e  d e t e r m i n a t i o n  of t h e  s i d e  f o r c e s  a n d  moments 

a t  t h e  end ? l a t e ,  t h e  s e n s e  o f  r o t a t i o n  of t h e  bound. a n d  
f r e e  v o r t i c e s  i s  g i v e n  i n  f i g u r e  3. Seen  f r o m  a b o v e ,  t h e  
bound v o r t i c e s  o f  t h e  r i g h t - h a n d  end. g l a t e  t u r n  i n  t h e  ug- 
p e r  >ar t  i n  y o s i t i v e  d i r e c t i o n ;  i n  t h e  l o v e r  p a r t ,  i n  neg- 
a t i v e  d i r e c t i o n ;  s o  t h a t  t h e  a i r  s p e e d  V c a u s e s  a f o r c e  
p e r p e n d i c u l a r  t o  V a n d  t o  t h e  elid p l a t e .  I n  t h e  u p p e r  
p a r t  t h i s  f o r c e  i s  i n w a r d l y ,  i n  t h e  l o n e r  p a r t  o u t w a r d l y ,  
d i r e c t e d .  The f o r c e s  c r e a t e d  by t h e  r i g h t  and  l e f t  end  
p l a t e s  c a n c e l  e a c h  o t h e r ,  but  e x e r t  a moment a b o u t  t h e  
p o i n t  o f  a t t a c h m e n t  o f  t h e  end p l a t c c .  

F o r  t h e  s i d e  f o r c e  S o ,  i n  t h e  u p p e r  p a r t  o f  t h e  end  
p l a t e ,  n e  h a v e  : 

I )  kO 

0 rlvhere 

?7e w r i t e :  
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TLGl [IT) ( 7 )  J o  - ,  'b 
- 0 To  w 2  

and. f i n d  f r o m  e q u , > t i o n s  ( 2 )  and  ( 6 )  i n  c o n j u n c t i o n  c i t h  
e q u c t i o n  ( 4 ) ,  t h e  r a t i o  of '  s i d e  f o r c e  t o  l i f t  a t :  

nnd c o r r e s p o n d i n g l y  f o r  , t h e  l o w e r  p a r t :  

-u S - - - JU 
A 25 

( 9 )  

n h e r e  

a n d  

0 

The s i d e  f o r c e  c o e f f i c i e n t  c i s  i n t r o d u c e d  t h r o u g h  t h e  
'r e 1 a t  i o n  S O  

P 2  
s o  = c s o  - 2 V Fo 

n h e r e  Fo c lecotes  t h e  a r e a  of  t h e  u p p e r  p a r t  o f  t h e  end  
plat e.  

Assuming t h e  wing  t o  be r e c t a n g u l a r  (F = b t >  t v i t h  
e l l i g t i c a l  end  p l a t e s  

we f i n d :  

71 TT (F0 = 8 ko b t ;  I?, = - k, b t )  
8 

a n d  
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The moment Mo o f  t h e  s i d e  f o r c e  So,  i s  g i v e n  by 

0 
V i t h  e q u a t i o n s  ( 3 )  a n d  ( 5 )  t h e  moment a b o u t  t h e  upner 

p a r t  o f  t h e  e n d  n l a t e  becomes: 

M4 J *  ,L = ,D 
b 2J A -  
2 

a n d  a3out t h e  l o w e r  p a r t :  

if 1778 n u t :  

* 
J O  

a n d  

A h 2 5  
2 

0 

0 

b 
2 

m -  

F i n a l l y ,  e q u a t i o n s  (lo), ( 8 ) ,  and  (11) y i e l d  for %he l e v e r  
arm a t  t h e  u p p e r  nar t  o f  t h e  p l a t e ,  t h e  formu12, :  

a n d  a t  the lower ?a r t :  
* 

J.. 
U Tu = --- 

JU 
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I I I . TRANSFOSllATION 

The f lom p o t e n t i a l  67 ( 5 )  i n  t h e  ( e ,  T ) )  p l a n e  i s  
d e t e r m i n e d  by s o  t r a n s f o r n i n g  t h e  ( e ,  T ) )  p l a n e  t h r o u g h  
a n  a n a l y t i c a l  f u n c t i o n  f: = f ( z )  i n t o  t h e  z p l a n e  ( z  = 
x f i y )  t h a t  t h e  r i g h t  h a l f  p l a n e  ( e  > 0 )  i s  t r a n s -  
formed i n t o  t h e  u p p e r  z - h a l f  > l a n e  ( y  > 0 )  c?,t t h e  same 
t i n c  R S  t h e  r i g h t - h a n d  p a r t  o f  t h e  s e c t i o n  a.nd t h e  ina.gi’n- 
a r y  c - a x i s  c h a n g e s  i n t o  t h e  r e a l  z - a x i s  ( f i g .  4).  Then 
t h e  C2.o:~ P o t e n t i a l  C1J ( z )  an6  c o n s e q u c n t l y ,  a l s o ,  Ci] ( 5 )  
c a n  b e  r e a d i l y  e s t a b l i s h e d .  

The d e s i r e d  t r a n s f o r m a t i o n  c o u l d  be e a s i l y  e x p r e s s e d  
m i t 11 t h e  S ch172r z- Chr i s t o  f f e 1 t r a n  s f o rma t i on f o rmul a ,  tv h i ch 
w o u l d  q i v c  2.n e l l i p t i c a l  i n t e g r a l  n h o s e  p a r a m e t e r s  - t h e  
n o i n t s  o f  t h e  z-pla1:e f o r  thc! c o r n e r s  o f  t h e  l - p l a n e ,  
c o u l d  h?.ve t o  be  d c t e r m i n c d  t h r o u g h  t h e  G e o m e t r i c a l  quan- 
t i t i e s  o f  t h e  C-Flanc. B u t  as t h i s  n o u l d  e n t c i l  t h e  so -  
l u t i o n  0 2  a sys t em o f  f i v e  t r a n s c e n d e n t  e q u a t i o n s  n i t h  
f i v e  unlcnonn q u a n t i t i e s ,  a, d i f y e r e n t  n a y ,  an  a p p r o x i m c t e  
method,  i s  p r e f e r a b l e .  The d e s i r e d  t r a n s f o r m a t i o n  i s  
b n i l t  up i n  t h r e e  s t a g e s :  

T:?c h a l f  n l m e  > 0, t o  wh ich  we can  c o n f i n e  our- 
s e l v e s  for r c z s o n s  of s y ~ n m e t r y ,  g o e s  i n t o  t h e  z t - p l a n e  
( f ig : : .  5 a n d  6 ) .  

I The s t r a i g h t  p i e c e s  BC and ED become t h e  p n r c b o l -  
i c  c r c n  a t C r  and  E t D t .  I t  i s  p e r m i s s i b l e  t o  assume 
th.r,t t h c  r z , t i o  k o f  t h e  d i s t a n c e s  BC a n d  ED i s  2 1 : k =  

50 ?’ - 1. I n  g d d i t i o n ,  s i n c e  m e  & r e a t  o n l y  t h e  c a s e s  mherc 
kU 
k, G 1 ( i . e . ,  t h e  u p p e r  cnd  p l a t e  p i e c e  i s  less t h a n  half 
t h e  s p z s ) ,  t h e  p a r a b o l i c  a r c  Ct3fEtD’ may be s u b s t i t u t e d  
bjr a c i r c l e .  

~ 

T h i s  c i r c l e  i s  t o  bc, S O  c h o s e n  t h a t  i t s  c e n t e r  l i e s  on 
t h c  r e n l  a x i s  and  n a e s e s  t h r o u g h  3’ a n d  C t .  I t s  fqUct- 
t i o n  r ends :  

a x t 2  - 2 a x t  + y ’  = 1 -. 2a  
2 

w h e r e b y  t h e  c o n t e r  l i e s  a t  t h e  _uo in t  a = - (1 + 9 k o  1. , 
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I t  7 , l s o  i n t e r s e c t s  t h e  r e c l  a x i s  i n  t h e  p o i n t  G' = L r  = - ( 3  + ko 2 ( f i g .  6). 

I?on e v e r y  p o i n t  o f  t h e  n z r a b o l a  i s  p r o j e c t e d  p a r a l l e l  
t o  a x i s  yt on t h c  c i r c l e .  (Any o t h e r  p r o j e c t i o n  n o u l d  
s e r v e  c s  nell; 17e c h o s e  t h e  m o s t  c o n v e n i e n t  o n e . )  T h i s  
menns t h s t  t h e  i n v e s t i g a t i o n  t c n d s  t o w a r d  end  p l a t e s  w i t h  
s m , o . l l  o u t n s r d  c u r v a t u r e  r a t h e r  t h a n  f l a t  o n e s .  T h i s  curva- 
t u r e ,  n h i c h  depends  on h/b, i s  n e g l i g i b l y  small i n  our 
c a s e  

Po i l l  t D r  = 41 - ku') - 21 ku 

A l i n e a r  t r a n s f o r m a t i o n  t r p , i . s f o r n s  t h e  p o i n t  L t  i n t o  
p o i n t  0 3 ;  L 1  clle c i r c l e  t h c r c f o r c  bccomcs a s t r a i g h t  line. 
T o i n t  Ht = OD b c c o n c s  Faint HI1 = 4 + k o 2 ,  a n d  t h e  end  
p o i n t s  C *  nnd D t  bccornc the p o i n t s  

2 ,/ 1 + ;? 1 ( k o 2  - G2) 

The t r e a t m e n t  t hus  r e d u c e s  t o  t h e  f l o w  o f  a s o u r c e  
a n d  s i n k  at p o i n t  HI1 ;Lbout t h e  s u r f a c e s ,  i l l u s t r a t e d  i n  
f i g u r e  7 .  Up t o  t c r m s  o f  h i g h e r  o r d e r  a n d  a real f a c t o r ,  
t h e  g o t e n t i n 1  i n  t he  v i c i n i t y  o f  p o i n t  3" = ;lett h a s  t h e  

f 0 r m  -------- 1 . T h i s  i s  c a s i l g  t r e a t e d  w i t h  t h e  Schna rz -  

C h r i s t o f f e l  f o r m u l a .  
J z "  a I t  

3d  stage: Tho o u t s i d e  o f  p o l y g o n  A "  B" C" D "  E" F" 
G I I  H I t  L I t  i s  t r a n i f o r n e d  i n t o  t h c  u p p e r  z-half ? l a n e  
(y > 0 )  ( f i g .  8 ) .  Thc e f f c c t  o f  t h e  a p p r o x i m a t e  method 
i s  t h a t  t h e  po lygon  nof; c o n t a i n s  o n l y  two  a n g l e s  o f  mngni- 
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t u d c  ~ / 2 ,  and  t h r e e  a n g l e s  o f  magn i tude  2n. The i n t e -  
g r a l  f o l l o r r i g g  t h e  a p g l i c a t i o n  of t h c  S c h n a r z - C h r i s t o f f e l  
fornula t h c r c f o r c  l e n d s  i t s e l f  t o  e v a l u a t i o n  n i t h o u t  e l -  
l i p t i c a l  i n t e g r a l s  : 

w 1  de i lo t c s  CL s c a l e  f a c t o r  s o  chosen  t h a t  p o i n t  z "  = 1 
c o r r e s p o n d s  t o  p o i n t  a,.  Oaing t o  t h e  c o n d i t i o n  t h a t  t h e  
i n t e g r a l  should be r e a l  f o r  real z > a5 = 0 ( f i g .  8 1 ,  

and t h e  f u r t h e r  c o n d i t i o n  t h a t  t h e  i n t e g r a l  f rom a1 t o  
a4 must be z e r o ,  i t  can  even  be expres sed .  by c,n a l g e b r a i c  
f u n  c t ion  : 

Here : 

The p r e f i x  of  t h e  s q u a r e  r o o t  i s  t o  be s o  c h o s e n  t h a t  
t h e  uu-pcr h a l f  p l a n e  ( p  > 0 )  i s  t r a n s f o r m e d  i n t o  t h e  
z " -? l ane ;  real z a n d  z g n l  Fare t o  c a r r y  t h c  n e g z t i v e  
p r e f i x ,  z > = z4 t h e  p o s i t i v e  s i g n ,  w h i l e  f o r  c 1  r z 6 a4: 
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FroE t h e s e  e q u a t i o n s  a1 a n d  a4 can  be com.nuted. 

a3, a6 h 2 s  t h e  d e s i r e d  c h a r a c t e r i s t i c s ,  . n a m e l y ,  t h a t  
A f u r t h n r  d e d u c t i o n  i s  t h a t  t he  f u n c t i o n  ( 1 8 )  i n  t h e  p o i n t s  

--- a z t t  becomes z e r o  a t  t h e s e  g o i n t s .  F o r  t h i s  r e a s o n ,  t h e r e  d z  
i s  no l i n e a r  t c r m  a t  t h c s e  u o i n t s  i n  t he  power s e r i e s  de- 
VeloFnci l t  f o r  z t l ;  (211 - ai!!) i s  p r o g o r t i o n a l  t o  ( 2 -  ai) . 
( a i t t  is t h e  image p o i n t  o f  a i ;  i = 2 ,  3 ,  6 . )  

A s  t h e  F o s i t i o n  of  p o i n t s  C I t ,  D t t ,  2nd Ht l  i s  d e f i r , e d  
by t h e  p o s i t i o n  o f  C ,  D ,  and H Ln t h e  [ - p l a n e ,  t h c  s t i l l  
f r e e  p a r a m e t e r s  a2, a3, a n d  a. n u s t  be s o  chosen  t h a t  
p o i n t  C" c o r r e s p o n d s  t o  p o i n t  a2, p o i n t  D" t o  p o i n t  
a3, c ? n d - p o i n t  HI' t o  p o i n t  a6 = 1. For  a2 and  a3 
( w h i c h  c l o n e  o c c u r  i n  t h e  f i r s t  t n o  c o n d i t i o n s ) ,  ne c a n  
r e s t r i c t  o u r s e l v e s  t o  t h e  r ange  o f  

The c a s e  o f  t h e  ;;rir,g n i t h o u t  e n d  p l a t e s  ( e l l i p t i c a l  
l i f t  d i s t r i b u t i o n )  i s  o b t a i n e d  c h e n  p u t t i n g  

a, = a2 = a3 = a4 = - a6 = - 1 (ko = . k u  = 0 )  

n h i l e  a2 a3 = a1 a4 = 2c62 = 1 g i v e s  t h e  r r ings  w i t h  sym- 
n e t r i c a l  e n d  p l a t e s  
( r e f e r e n c e  3 )  by a d i f f e r e n t  method. 

(ko = k,) as computed by 2 .  Nagel  

IV, THE POTENTIAL 

S i n c e  o u r  a i m  i n  t h e  [ -p lane  a t  a g r e a t  d i s t a n c e  f r o m  
t h e  s e c t i o n  i s  a f l o n  p a r a l l e l  t o  t h e  'Q-axis c i t h  a s p e e d  
1 -  ( f i g .  5 1 ,  t h e  deve lopment  
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i s  v i i i t l  f o r  t h e  p o t e n t i n 1  C l ~ ( c )  i n  t h e  v i c i n i t y  of  
[ = 43. 

t h n t  i s ,  
(171, and  ( 1 8 )  i n  t h e  f o l l o w i n g  fo rm:  

M 

The t r a n s f o r c d  f u n c t i o n  i n  t h e  v i c i n i t y  o f  5 = 43, 

z = a6 can  be  r e p r e s e n t e d  f r o m  e q u a t i o n s  (161, 

(1 -t- ... ) =  i (1 + . D 0 . )  ( 2 0 )  -__-- M ( = i __-__ 
z -. a6 z - 1  

Here 

Then t h e  F o t e n t i a l  C17](~) h a s ,  a c c o r d i n g  t o  e q u a t i o n s  
(19) and ( 2 0 ) ,  t h e  v a l u e :  . 

For r e a l  z ,  $ = 0 ,  i . e . ,  a d o u b l e t  w i t h  t h e  r e a l  
a x i s  2,s 2" s t r e a m l i n e .  T h i s  r e s u l t  i s  a n t i c i p a t e d  ( f i g s .  
5 t o  8 ) .  K O  f u r t h e r  t e r m s  o c c u r  i n  t h e  deve lopmen t  O f  

C I I l ( z ) *  
S ince  e q u a t i o n s  ( 1 6 ) ,  ( 1 7 ) ,  a n d  ( 1 8 )  a f f o r d e d  no Sin-  

p l e  e x p r c s s i o n  f o r  z a s  f u n c t i o n  o f  ( ,  s e v e r a l  mathe- 
r n z t i c n l  exzmples  m e r e  computed.  F i r s t  t h e  p a r a m e t e r s  ai 
w e r e  d -e t e rn ined .  Then t h e  c o r r e l a t e d  image p o i n t s  [ i n  
t h e  c -  glanc were computed f o r  z v a l u e s  f r o m  t h e  i n t e r -  
v a l  a. 5 z 2 a45 ( p o i n t  z,'45 c o r r e s p o n d s  t o  p o i n t  F) 

i 
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I 

. .  

n i t h  t h e  a i d  of  e q u a t i o n s  ( 1 6 ) ,  (l7), and ( 1 8 ) .  The p e r -  
t i n e n t  p o t e n t i n 1  C ( 7 ( z )  = ( ~ ( 2 )  mas o b t a i n e d  f r o m  cqus- 
t i o n  ( 2 0 ) ,  a f t e r  a h i c h  t h e  c i r c u l a t i o n  r(F) a n d  rm),  
r e s p e c t i v e l y ,  f o l l o n s  f rom e q u a t i o n  ( I ) .  

iJote.-  Tho c i r c u l a t i . o n  on n i n g s  n i t h  p l a t e s  ( t a i l  
s u r f a c e s )  o f  t h e  form o f  f i g u r e  9 c a n  be c o a p u t e d  i n  ex- 
a c t l y  t h e  same manner .  The n u c l e r i c n l  r e s u l t s  a r e  t o  be 
p u b l i s h e d  a t  a f u t u r e  dc?te.  

V 0 NUIJER I CAL RE SUL T S 

T i p y e  10 i l l u s t r a t e s  v a r i o u s  c i r c u l a t i o n  d i s t r i b u -  
t i o n s  r ( [ )  o v e r  t h e  n i n g  and r (q)  o v e r  t h e  e n d  p l a t e  
a s  obtz . ined  n i t h  e q u a t i o n  (1). It d i s c l o s e s  t h a t  r (T>  
i s  s u b s t a n t i z l l y  d e p e n d e n t  on t h e  h e i g h t  of  t h e  end  p l a t e s ;  
i.e., 011 t h e  ra t io  h / b ,  a n d  t h a t  s h i f t i n g  t h e  p o i n t  o f  
n t t ' c chmen t  o f  t h e  end p l a t e  h a s  no m a t e r i a l  e f f e c t  on t h e  
t o t a l  c i r c u l a t i o n .  But n e a r  t o  t h e  end p l a t e  i t s e l f ,  
r ( f )  i s  t e p e n d e n t  upon t h e  t;rpe o f  t h e  p l a t e  a t t a c h m e n t .  
Accord i i ig  t o  e q u a t i o n  ( l ) ,  r i s  t h e  d i f f e r e n c e  o f  t n o  
p o t e n t i a l s .  They c l n a y s  p r o c e e d  at t h e  aing t i p  n i t h  ver- 
t i c a l  t m g e n t ,  if t h e  end  p l a t e  d o e s  n o t  p r o t r u d e  on t h e  
p c r t i c u l c r  s i d e  o f  t h e  n i n g ;  o t h e r w i s e ,  t h e  t c n g o n t  i s  
h o r i z o n t c J .  I n  t h e  f i r s t  c s s e  t h e  flow v e l o c i t y  f r o m  p r o s -  
su rc  t o n a r d  s u c t i o n  s i d e  i s  i n f i n i t e  a t  t h e  p l a t e  n t t a c h -  
ment  p o i n t ;  i n  t h e  s e c o n d  c a s c ,  i t  i s  z e r o ,  Thus, f o r  a n  
e n 6  p l c t e  at one t i p  k, = 01, r(E) - h a s  a t  
p o i n t  f = 1 a v e r t i c a l  t a n g e n t ;  o t h c r n i s o ,  t h e  t a n g e n t  
i s  h o r i z o n  t a l .  

(ko = 0 o r  - 

Tr ( e q u a t i o n  5). t h a t  i s ,  
I n  "guro 11 t h e  v a l u e  K = - 25 

CW i 
t h e  r a t i o  ------- i s  shonn a g c i n s t  k, f o r  d i f f c r e n t  

v n l u e s  o f  h / b ,  The t o t a l  c i r c u l a t i o n  i s  s m a l l e s t  i n  t h e  
s y m m e t r i c 2 1  c a s e  
s h i f t i n g  o f  t h e  p o i n t  o f  a t t a c h m e n t  o f  t h e  end p l a t c  re- 
s u l t s  i n  no a p p r e c i a b l e  change of 
e d  f r o m  f i g u r e  IO). 

F 
C a 2  ;iZ 

(ko = k,, k = l), ( e q u a t i o n  41, b u t  

- 2J = - 1 (as a n t i c i p c t -  
7T K 

T!,c i , o i n t  o f  a p p l i c s t i o n  Qo o f  t h e  s i d e  f o r c e  S o  

at thc end- p l a t e  as  n e 1 1  as 7, w a s  d o t e r m i n e d  f rom equn- 



t i o n s  (14) a n ?  (15). I t  ~ ' ~ 3 s  found  t l i z t  no  was a p F r o x i -  

m a t c l y  :~ ro :>or t ionn l  t o  ko and  vu t o  k,. 

( 2 2 )  

The v a l u e  0 .4  i s  an  a v e r a g e  v a l u e  s t r i c t l y  a p p l i c a b l e  
t o  s y n n e t r i c x l  end  p l a t e s  (1: = 1) o n l y .  B u t  t h e  d i s c r e p -  
nncy  (0.33) f o r  a l l  o t h e r  v a l u e s ,  even  k = 03, i s  s o  
s m c l l ,  'c2:,q2t 0.40 a p p l i e s  t o  a l l  k v i l u e s .  

F i g u r e  13 s h o n s  t h e  S o / A  r a t i o  a g a i n s t  k, r - i t h  
k a n d  h / b  L?S p a r r m e t c r s .  The c o n n e c t i o n  be t r reen  S o / A  
a n d  k0 i s  t h e  same a s  f o r  S U / A  a n d  k u ,  i f  l / k  i s  
s u b s t i ' v u t e d  f o r  k i n  f i g u r e  13.  I n  ;;greement n i t h  t h e  
f z - c t  thF,t  v i n g s  a i t h  end  p l n t c s  a t  one t i p  have  a t o t a l  
c i r c u l p w J ( , i o n  g r e a t e r  t h i n  n i n g s  n i t h  symmet r i c31  end  p l a t e s ,  
t h e  s i d e  f o r c e  ( p c r  u n i t  o f  l e n g t h )  w i t h  end p l a t e s  a t  one 
t i p  e:icecds i h z t  of  t h o s e  c i t h  s y n n c t r i c z l  end p l a t e ? . .  
Even t h e  q u o t i e n t  S / A  ( f o r  equal kO) f o r  e n d  p l a t e s  a t  
one ti!) i s  g r e a t e r  t h a n  f o r  s y m m e t r i c z l  o n e s .  

T h c  u s e  of  u n s y m r n e t r i c d  end p l a t e s  t h e r e f o r e  a f f o r d s  
a n  i n c r e - s e  i n  c i r c u l a t i o n  on t h e  c i n g  ( a n d  c o n s e q u e n t l y ,  
a li€Ct i n c r e z s e  f o r  a c e r t a i n  a n g l e  o f  a t t a c k ) b u t  o n l y  et  
t h e  e s l > e i s e  of c o n s i d e r r " b 1 y  g r e z t e r  s i d e  f o r c e s  n t  t h e  end 
p l a t  e 

T o  i l l u s t r a t e :  For  = 0 . 3 ,  a s h i f t  o f  t h e  end  

pl;..te from s y m m e t r i c a l  t o  oi:e-sided a t t a c h m e n t ,  r e s u l t s  i n  
a Z-ucrcent  I n c r e a s e  i n  c i r c u l a t i o n ,  but t h e  s i d e  f o r c e  on  
t h e  np:>er ;,nrt of  t h e  epd ; p l n t e  i n c r e a s e s  a l m o s t  t h r e e  
t i n e s ,  t h e  7 , r m  a t  c h i c h  i t  a p p l i e s  t v i c e ,  r e s u l t i n g  i l l  L?. 
mo men t .".us r o x i  rn2- t e 1 y 5 0 0 p e r c e n t g r  e a t  e r . 

0 

TO s i n n l i f y  t h e  i n t e r p o l a t i o n ,  ne  have  y l o t t e d  i n  f i g -  
u r e  1 4 ,  t h o  r a t i o  c / c a  a g a i n s t  ko n i t h  k as  param- 

c t e r .  A s  ! * i t h  k,, b o t h  S o  a n d  F, a p p r o a c h  z e r o ;  t h e  
r a t i o  cso/c;I  i t s e l f  y i e l d s  f i n i t e  l i n i i t i n g  v a l u e s  f o r  

SO 

I 

k o  = 0. The r e l a t i o n  b e t n e e n  cs  / c a  a n d  IC, i s  t h e  same 

a s  bc.tl-feen c s o / c n  and k o ,  if k i s  r e p l a c e d  by l / k  

i n  f i g u r e  14 .  I t  u i l ? .  be seen  thp , t  c s o / c a  can  be a?prO:C- 

U 
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i n a t e l y  r e p r e s e n t e d  a s  l i n e a r  f u n c t i o n  o f  ko f o r  a l l  
v a l u e s  o f  k: c /ca  = A + B ko. The A and B con- 

s t a n t s ,  b e i n g  d e g e n d e n t  on k, c a n  be  d e f i n e d  f r o m  f i g -  
u r e  14. 

SO 

A c c o r d i n g  t o  t h e  f o r e g o i n g ,  i t  i s  a d v i s a b l e  f o r  
s t r u c t u r a l  r e a s o n s  t o  emFloy s y n n e t r i c a l  end  p l a t e s .  I f ,  
o f  c o u r s e ,  t h e  end p l a t e s  a r e  t o  s e r v e  as c o n t r o l s ,  t h e n  
g r e a t e r  h o r i z o n t a l  f o r c e s  a r e  d e s i r e d .  I n  t h i s  c a s e  ku 
n o u l d  be chosen  as  s n a l l  as  n o s s i b l e .  

R e z a r d i n g  f i g u r e s  11 and  13, i t  s h o u l d  be n o t e d  t h a t  
o n l y  t h e  shown p o i n t s  have  been c o n p u t e d ,  a f t e r  wh ich  t h e  
c u r v e s  k = c o n s t a n t  a n d  h/b = c o n s t a n t ,  n c r e  o b t a i n e d  
by  i n t c r p o l a t i o n .  T h i s  n e t h o d  i s  v e l 1  j u s t i f i e d  i n  v i e n  
o f  t h e  smoo thness  o f  t h e  c u r v e s .  

A c o n p a r i s o n  of t h e  t h e o r y  w i t h  measurements  by  0 .  
S c h r c n k  ( t o  be p u b l i s h e d  i n  t h e  n e a r  f u t u r e ) ,  on a c i n g  
r r i t h  ciid s l a t e  a t  one t i p  ( k  = m ;  ko = 0 . 0 9 2 ) ,  i s  seen+ 
i n  f i g u r e  15. The r e c o r d e d  ca a n d  c s  v a l u e s  a r e  p l o t - =  
t e d  n g a i n s t  a n g l e  o f  a t t a c k  a,; c s  vas o b t a i n e d  f r o m  
p r e c s u r e  r e c o r d s  ( c u r v e  D ) .  I t  n l s o  shows t h e  measu red  
v r ? l u e s  f o r  t h e  moment c o e f f i c i e n t  of  t h e  s i d e  f o r c e  

i f o  
c = -----_ a g a i n s t  a, n h e r e  Fo i s  t h e  h r e a  o f  t h e  mE q Fo h 
end  p l a t o  a n d -  Mo t h e  moment o f  t h e  s i d e  f o r c e  S o  a b o u t  
t h e  end- F l a t e .  

Thc t h e o r e t i c a l  c s  v d u e s  ( c u r v e  Th.) were  computed 
f r o m  t h c  mezsu red  ca v a l u e s  by means o f  t h e  r e l a t i o n  
cs/cz. = 0.446 f r o m  f i g u r e  14. The t h e o r e t i c a l  c u r v e  i s  
i n  v e r y  c l o s e  ag rccmen t  n i t h  t h e  e x p e r i m e n t d  c u r v e  - at 
l t ? r ? , S t ,  ? o r  ~ o s i t i v e  a. The t h e o r e t i c a l  moment c o e f f i c i e n t  
C 05’ t h e  s i d e  f o r c e  cnn be o b t a i n e d  f rom e q u a t i o n  ( 2 2 ) :  mE 

YrIhich, f o r  t h e  c a s e  i n  p o i n t ,  g i v e s :  

c = 0.4 x 0.446 ca ( c u r v e  Th. )  mx 
T h e s e  vnlucs n r e  a l s o  i n  v e r y  good a c c o r d  n i t h  t h e  v a l u e s  

( c u r v e  D) obt r . ined  from p r e s s u r e  r e c o r d s .  
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210 b e t t e r  ag reemen t  b e t n e e n  t h e o r y  and  e x p e r i m e n t  can  
b e  e x p e c t e d ,  p a r t i c u l a r l y  f o r  c, = 0 ,  b e c a u s e  t h e  r e l n -  
t i o n  fol l .oming f r o n  t h e  t h e o r y  of  i n f i n i t e l y  t h i n  
f l c t  ? l a t e  i s  n o t  f u l f i l l e d  f o r  ca = 0. T h i s  i s  p r o b z b l y  
due t o  thc fact t h a t  o:-ling t o  t h c  f i n i t e  t h i c k n e s s  of t h e  
p r o f i l e  a n d  o f  t h c  end  ? l a t e  and  t h e  p r o f i l e  camber ,  even  
a t  zero  t o t a l  l i f t ,  s u c t i o n  f o r c e s  o c c u r  a t  c e r t a i n  p o i i i t s  
which o c c a s i o n  an i n n a r d l y  d i r e c t e d .  f o r c e  a t  t h e  end  p l r t c .  

c s  = 0 

T r a n s l a t i o n  by  J, V a n i e r ,  
N a t i o n r d  Adv i so ry  C o m m i  t t e  e 
f o r  A e r o n z u t i c s .  
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Figure 4.- Conformal trane- 
formation of the 

on the 2 plane. 
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Figure 9.- Wing with I 1 <-#' upper plates. 
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Figure 10.- Circulation distribution over 
the wing and end plate with 
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Figure 11,- Induced drag of rings 
with end plates. 
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Bigure 12.- Point of application 

end plate dimensions. 
of side force against 

Figure 13.- Side  force against 
length and 

position of end plate. 

Figure 14.- Ratio ceo/c. 
again8 t height 

and poeition of end plate. 

Figure 15.- Theory compared 
with Schrenk's 

measurements. 
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