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ABSTRACT. In this paper we study asymptotics as p — oo of the Dirich-
let eigenvalue problem for the 1-homogeneous p-Laplacian, that is,
f%\Du|27pdiv (|DulP~2Du) = Mu, in Q,
u =0, on 0.

Here Q is a bounded starshaped domain in R™ and p > n. There ex-
ists a principal eigenvalue A1 ,(£2), which is positive, and has associ-
ated a non-negative nontrivial eigenfunction. Moreover, we show that
limp 00 A1,p(R) = A1,00(2), where A1,00(02) is the first eigenvalue corre-

sponding to the 1-homogeneous infinity Laplacian, that is, — (DQu Du ) .

| Du|
Du
[Du] = AU
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1. INTRODUCTION AND MAIN RESULTS

In this paper we analyze the eigenvalue problem corresponding to the
1-homogeneous p-Laplacian,

—ANy = du in Q
p ) b
(1.1) { u =0, on 012,
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where 2 C R" is a bounded domain, p > n and the 1-homogeneous p-
Laplacian is given by

1 1. _
Aévu D= ) |Dul*? - div(|DulP"2Du)

1 D D 1 -2
= — trace [<I+ (p— 2)u®2u> DQU} =—-Au+ — Aol
p | Dul p p
This operator appears naturally when one considers Tug-of-War games with
noise, see [15, 16, 18, 19, 20], where the Poisson problem is studied. More-
over, the sublinear problem associated to the 1-homogeneous p-Laplacian,
namely, the problem with right-hand side Au? for 0 < ¢ < 1, has been
studied in [17].

Our main goal here is to analyze the limit as p — oo for the eigenvalue
problem corresponding to the 1-homogeneous p-Laplacian (1.1).

FEigenvalue problems appear in several contexts in the theory of second
order elliptic partial differential equations. It is well-known that, for lin-
ear elliptic operators in divergence form, Lu = div(A(z)Du), the following
Dirichlet problem

u =0, on 0f),

has a first eigenvalue, that is, a nontrivial solution (u, A) with « non-negative
and nontrivial. More precisely, the first eigenvalue is given by

. Jo (A(z)Du(z)) - Du(z) dz
A= inf 5 ,
€Wy ()\{0} Jou? dx

{Lu—i—/\u:O, in €,

and the corresponding eigenfunctions are the minimizers of this functional.
However, this result is based on variational methods that are not adequate
for operators in non-divergence form.

In [3] the authors deal with this difficulty and prove that the number
M =sup{X € R:Jv(z) >0 Vz € Q such that (L + \)v <0},

turns out to be the smallest eigenvalue of L. In this direction, in [11] the
following eigenvalue problem is studied

—Asu(z) = Au(z), in Q,
(1.2) { u(z) =0, on 02,
where the operator
Du Du
1.3 Au= ( D*u—— ) - ——
- o= (Pipr) o

is known as the 1-homogeneous infinity Laplacian, see the survey [1]. In [11]
it is proved that the principal eigenvalue is given by

(1.4) A,00(Q) =sup{A € R: Jv € C(Q) such that v(z) >0 Vz € Q
and —Ayv > Av in the viscosity sense}.

Moreover, it is proved that Aj o (£2) > 0 and it is computed explicitly in the
case of a ball.
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For the problem under consideration here, in [4] and [5] the authors show
existence of a first eigenvalue with a positive eigenfunction (in fact, the
results contained there cover more general fully nonlinear operators). Let

(1.5) Xip(©) =sup{A e R: Jv € C(Q) such that v(z) > 0Vz € Q

and —Aév v > Av in the viscosity sense}.

In [4] and [5] it is proved that this number is the principal eigenvalue of
problem (1.1).

Theorem 1.1. ([4], [5]) There exists a first eigenvalue for (1.1), which is
given by (1.5). Moreover, this eigenvalue has associated a non-negative and
nontrivial eigenfunction.

For completeness of this paper and since some care has to be taken when
defining viscosity solutions to this operator, we provide a short proof of this
result. In the case of star-shaped domains we prove here (see Proposition 3.7)
that the existence of a nonnegative nontrivial eigenfunction characterizes the
first eigenvalue.

Next, we analyze the limit as p — oo and we obtain our main result:
Theorem 1.2. Assume that 2 is star-shaped, then it holds that
(16) phargo )‘LP(Q) = )\l,oo(Q)

where A\ o (2), given by (1.4), is the first eigenvalue for the infinity Lapla-
ctan.

Remark 1.3. We prove that the limit as p goes to infinity of the eigenvalue
problem for the 1-homogeneous p-Laplacian (1.1) is (1.2) in contrast to the
case of the variational p-Laplacian (see [13]),

—div (|DuP~2Du) = \|ul[P~2u,
where the limit problem is given by

min {|Du| — Au, —Asu} =0.

Concerning methods and ideas used in the proofs we just mention that the
equation under consideration is nonlinear and it is not in divergence form. In
addition, it is undefined when Du vanishes. Therefore we use the concept
of viscosity solutions, see [8], and we have to take care in the proof of a
comparison principle that allows us to compare super and subsolutions. We
also need a Harnack inequality to pass to the limit in certain approximating
problems. This Harnack inequality was proved in [6]. To deal with the limit
as p — oo we use the uniform estimates proved in [7].

The paper is organized as follows, in Section 2 we give some necessary
definitions and we show a Comparison Principle; in Section 3 we deal with
the problem for p < oo fixed, and we prove that (1.5) is the first eigenvalue
for (1.1); finally, in Section 4 we show the convergence of the eigenvalues as
p — oo given in (1.6).
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2. PRELIMINARIES

We devote this section to state precisely the notion of solution of problem
(1.1). Note that, if Du = 0 the operator %]Du|2_pdiv (|Du[P~2Du) is unde-
fined even if u is regular, and we need to deal with this fact. As mentioned
in the introduction, if u is smooth and Du # 0 we have

(p—2)

1
Asou(x) + ;Au(ar),

where A u is the 1—homogeneous infinity Laplacian given by (1.3).

1
(2.1) —|Duf*"Pdiv (|DulP~2Du) =
p

We observe that, in order to define the 1—homogeneous infinity Laplacian,
we have to give a meaning when £ = 0 to the following function,

F(§,X)—<X§>- i, £eR", X €Sy.
&l Il
By Sy we denote the set of symmetric matrices in R™*™ and by M(A) and
m(A) the largest and smallest eigenvalues of A € Sy, respectively, i.e.
M(A) = ‘m|a>§(Av7) mand m(A4) = ‘H|linl(An) .
nl= nl=

Taking into account (2.1), problem (1.1) can be rewritten as follows

(2.2) { —@Amuw) — Au(x) = Au(), in Q,

u(z) =0, on 09,

and we consider the following standard definitions of viscosity sub and su-
persolutions of (2.2) that use the upper and lower semicontinuous envelopes
(relaxations) of the operator (see [8, Section 9]).

Definition 2.1. Let Q C R™ be a bounded domain, p > 2 and A € R.
We say that an upper semicontinuous function u : Q — R is a viscosity
subsolution of (2.2) if, ulpn < 0 and, whenever xo € Q and ¥ € C?*(Q) are
such that u(xg) = P (xo) and u(x) < P(x), if © # xg, then

~2 Accpl0) — A (a0) < N(a), if Do) #0.
N (D2(ag)) ~ LAU(0) < Mileo). if Dib(an) = 0.

We say that a lower semicontinuous function u : Q@ — R is a viscosity
supersolution of (2.2) if, ulpg > 0 and, whenever zo € 2 and ¢ € C?(Q)
are such that u(zo) = p(xo) and u(z) > p(z), if © # xo, then

{ — 7B Ascip(ao) — JA(x0) > Ap(xo). if Dep(xo) # 0,

=2 (D2p(x0)) — LAp(x0) = Ap(xo),  if Diplao) = 0.

Finally, a continuous function u : Q — R is a viscosity solution of (2.2)
if it is both, a viscosity supersolution and a viscosity subsolution.

For the sake of clarity, we will keep in the sequel the notation used in the
above definitions. That is, we will denote by ¢ the test functions touching
the graph of u from below, and by 1 the test functions touching the graph
of u from above.
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Note that the contact condition in the above definition is local in the sense
that it is required to hold only in a neighborhood of xy. Hence, it is possible
to relax the strict inequality, we refer to [8] for more details about general
theory of viscosity solutions, and [10, 12] for viscosity solutions related to
the Infinity Laplacian and the p—Laplacian operators.

At this point we are ready to prove a comparison principle for problem
(2.2) inspired by the ideas in [11].

Proposition 2.2. Let p < X and v € C(Q) such that v > 0 in Q and
—A;,VU > M. Ifu € C(Q2) verifies —Alj)vu < pu andu <0 on 09, thenu <0
i .

Proof. Arguing by contradiction, suppose that there exists an interior point
at which u is strictly positive. Since u < 0 on 92 and v > 0 in ), this
(z)

implies that there exists xgp € Q where % attains a positive maximum.
Denote by €29 an open set containing zg, where u is positive. We consider
w(z) = log(u(x)) in Qp and g(x) = log(v(x)) in . It is not difficult to see
that

— D Dy — AN - LAw <y, inQq,

(p—1) 2 _ (p—2) 1 .
—521Dgl* = 7 Asg — ;A9 = A in €.

(2.3)

Note that g is also a positive maximum of w(x) — g(z) = log (“(mg ) Then,

v(z
using arguments in [11], we consider

, J
(24) %‘(%y) = w(x> - g(y) - Hj(l’,y), JE Na (9j($,y) = Z‘x - y‘47
and let (x;,y;) € Qo x Qo such that

Yi(zj,y;) = sup  Yi(z,y).
(m,y)GQo X0

Then we have that
Tj = xo, Yj — To, Jlzj —yj]4 — 0, asj— oo.

Thus we can assume that ¢;(z,y) attains a positive maximum at (x;,y;)
for j large. Applying the maximum principle for semicontinuous functions
we obtain that there exist symmetric matrices X;,Y; € Sy, such that

—=2,4+ —=2,—
(2.5) (n;, X5) € T w(xy), (m;,Y;5) €J” gly)),
being 1; = jlz; — y;*(x; — y;), and
X: 0 1 2
( 0 y; ) < D*0;(xj,y;) +3(D29j(xj7yj)> -

After some computations and denoting z; = x; —y;, the previous inequality
reads as follows

(2.6) <)é] _2/]‘ > < Gllz 420214 ( _II —II>
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Evaluating these quadratic forms at (£,¢) € R2V it leads to
(2.7) (X;8) - €< (Yj8)-¢  forall{ € R,

that is, ¥; — X is positive semidefinite. From (2.3) and (2.5) together with
(2.7), if x; # y; we can conclude that

-1 -2 ; ; 1
v« D =2 <Yn> 2 race(Y))
P p vl

—1 —2 » 1
< )\le|2 S =2 <Xjnj> B~ trace(X;) <
p p il ) nsl - p
which is a contradiction with the assumption A > pu.
If ; = y; then n; = z; = 0 and by (2.6) we get that X; <0 <Yj. Taking
into account (2.3) and (2.5), it implies that

(p—2) (p;Z)M(Xj) — ;trace(Xj) < s

getting again a contradiction. U

A< —

1
m(¥;) — trace(¥;) < -

In particular, for our purposes we have the following corollary. Recall
that A\ ,(€) is given by (1.5).

Corollary 2.3. Let 1 < A\ ,(Q) and u € C(Q) satisfying —Afovu < pu and
u <0 ondQ. Then u <0 in Q.

Moreover, we have also obtained that any real number A < Ay ,,(€2) cannot
be an eigenvalue.

Corollary 2.4. Let u € C(Q) a non-negative viscosity solution of
—Aévu(as) = \u(z), in €,
u(z) =0, on 092,

with A < A1p(R2). Then uw = 0. In particular, X is not an eigenvalue.

If we show that A;,(£2) is indeed an eigenvalue, then Corollary 2.4 will
lead to our characterization for the first eigenvalue.

We will use the following result, see [6], Theorem 4.3 (see also Theorem
4.8).

Lemma 2.5. (Harnack inequality) Let u be a solution of the 1—homogeneous
p—Laplacian, if xog € Q and 0 < r < R < dist(xg,0N2), then there exists a
constant C such that

sup  u(y) <C inf u(y).
yEB(xo,T) yEB(zo,r)

Now we need to establish a comparison result for a related problem. We
use the ideas in [11].

Theorem 2.6. Let A < A1 ,(2), and let u and v be a viscosity subsolution
and a supersolution, respectively, of the equation

—A) d(x) = Ap(x) + f (),
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where f € C(2). Suppose that either
f(z) >0, VreQ

or
f(x) >0, VreQand X >0.

Then, if both v > u and v > 0 on 9S), we have v > u in €.

Proof. Arguing by contradiction, we assume that {z € Q : u(z) > v(z)} # 0.
Applying Proposition 2.2 to —v we deduce that v is non-negative. In fact
v > 0in Q, if A > 0, thanks to the Harnack inequality (see Lemma 2.5). In
the case A < 0, just notice that the trivial function is a test function (from
below) at the points where v vanishes and then use the assumption f(x) > 0
for all x € 2. We consider z € () as a point verifying

(2.8) 1< u(:iu) = sup u(aj)

v(T) g ()

Let us assume that u > v > 1 in some neighborhood Q of & (otherwise we
can rescale f). As in Proposition 2.2, a simple computation shows that the
functions w(z) = log(u(z)) and g(z) = log(v(zx)), are a subsolution and a
supersolution, respectively, of

=Y e =2 o) — FAG(r) - A\ — Fr)e—0) —
(2.9) ) [D¢()| " Acc(2) pA¢() A= flz) 0

in the subdomain €. Now we apply the maximum principle for semicontin-
uous functions as in (2.4). If x; # y;, it follows from X; <Y; and the fact
that w and ¢ are a subsolution and a supersolution of (2.9) that

-1 _ ‘ T
A e < SOy B2 (v ) ey
p il p

P 7]
-1 -2 j j 1

< =D, e -2 <ij) i L race(X;)
P p il /) Insl

< A+ f(;vj)e_w(zj).
On the other hand, if ; = y;, then 1; = 0 and we obtain

A+ fly;)e o) < —(p;2)m(Yj) — ;trace(Yj)

-2 1
<0< _ )M(Xj) — —trace(X;) < A+ f(z;)e @),
p p

Hence, in both cases we conclude that A + f(y;)e™9Wi) < X\ + f(x;)e ()
for each j. Then, if f(Z) > 0, we let j — oo to obtain a contradiction with
(2.8).

If f > 0, in order to obtain a strict inequality, we perturb g, so that it
becomes a strict supersolution. More precisely, we consider G(z) := h(g(z))
for

h(t) = élog(l +AE*-1), a>1, A>1

In [13], the following properties for h can be found. We have that A/(t) > 1
and h/(t) — K (t)2 — h"(t) > 0 for all t > 0. Moreover, 0 < h(t) —t < 4=1
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for t > 0 and thus h(t) — ¢ uniformly if A — 17. Taking into account these
properties, we can deduce that GG verifies

-1 -2 1
_ Mmq? _ MAOOG* ZAG
p p p

_ p—1 _
> h'(g) [A+ fe™?] + w\Dglz [1'(9) = W'(9)? = W"(9)] > A+ fe™©.
In the last inequality we have used that h'(¢) > 1 and h(¢) > ¢ for all ¢ > 0.
Since h is smooth and increasing, we obtain that G is a strict supersolution
as we wanted, namely

-1
_M‘Dgﬂ_
p

(p ; Q)AOOG - ;AG > A+ f(x)e 9@,

in the viscosity sense. By choosing A > 1 close enough to one, we have that
also w — G achieves its positive maximum at certain £ € 2. We argue as
before, but applying the maximum principle for semicontinuous functions to

\I](JI,y) = w(:c) - G(y) - Hj(:v,y), J € N.

Again we obtain in both cases (z; = y; and z; # y;) that )x—{—f(yj)e_g(yj) <
A+ f(xj)e_w(xj) for each j, which leads to a contradiction upon letting
j — 00, so the result follows. O

As a consequence we get the following result.

Corollary 2.7. Let A < A\ ,(Q) and assume that f : Q@ — R and g : Q0 — R
are continuous functions such that g is positive and either f is positive in )
or f is non-negative in ) and A > 0. Then the Dirichlet problem

{ —AYo(x) = Ap(x) + f(x), in Q,
o(z) = g(z), on 08,

has at most one solution.

3. THE PRINCIPAL EIGENVALUE FOR FIXED p

In this section, our purpose is to show that the principal eigenvalue of
(1.1) is given by (1.5). Note that constant functions verify —AI])V v =0, thus
A1,p(92) is well-defined and non-negative. Moreover, if €y C 3 then

Al,p(QZ) < Al,p(Ql)-

This fact will allow us to estimate A; ,(£2) for a general domain Q by the
principal eigenvalue in a ball.

3.1. The principal eigenvalue in a ball. Consider Q2 = Br = Bg(0) and
let us look for radial solutions of problem (2.2). A simple calculation shows
that for radial functions g = g(r) problem (2.2) reads as follows

(3.1) —(p;l) g'(r) - (n; 1) g/ff") = \,(Br)g(r),  inl0,R),

g(R)=0,  ¢'(0)=0.
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Lemma 3.1. If Q = Bpg the principal eigenvalue defined in (1.5) is given
by

(p—1) (t)?
3.2 M p(Br) = —
( ) 17117( R) p R ?
where tg is the first zero of the Bessel function solving
d*u du p—n 2
3 s +t— + (P — 1P )u= 2=
(3.3) dt2+ dt+( viu=0, v b1
Proof. Equation (3.1) is equivalent to
” n—1\g¢'(r) [ »p
(3.4) ')~ (0=7) 57 = (5 e Br) o).

Hence, we obtain (3.3) by means of the following change of variables

t —Q
I :(\f> v _
c n—p p
f =——— de= A1p(82).
) or « 2(N_l)<0an c P 1,p(2)

v
=525

Let us denote
Then, by (1.5) it holds that A1 ,(Br) > p(R). In order to prove the equality,
let us assume for the sake of contradiction that Ai ,(Br) > u(R). Since p

is non-increasing in R, we can take 0 < p < R such that A\; ,(Bgr) > u(p) >
u(R) and let

xr =

_ L gl=l), iffz[ <p,
w(z) = { 0, if |z| > p,

with g, verifying
" n—1y\ ¢'(r) .
')~ (0=7) 7 =nlo) ) in B,
Note that —Aévfw < pu(p)win Br and w < 0 on 0Bg. Then, the comparison
principle (Corollary 2.3) implies that w < 0 in Bpg, a contradiction. O

Remark 3.2. Notice that taking limits as p — oo in (3.4) we can see that
Jim A1 p(BR) = Moo (Br).

This convergence also holds for the case of a general star-shaped domain,
see Section 4 for the details.

3.2. The principal eigenvalue in a general domain. Our purpose now
is to prove that A ,(£2) defined in (1.5) is an eigenvalue. This result is
contained in [4] and [5] but we include here a short proof for completeness.
Thanks to the results for the radial case and the fact that 7 C €y implies
A p(1) > A1 p(Q2), we will be able to find bounds (uniformly in p) for the
principal eigenvalue A1 ,(§2). Define

R, =inf{r > 0:Q C B,(x) for some z}



10 P. J. MARTINEZ-APARICIO, M. PEREZ-LLANOS, AND J. D. ROSSI

and

R* =sup{r > 0: B,(z) C Q for some z}.
Then,
(3.5) Ap(BRr.) < A1p(Q) < Aip(Br-),

where Ai ,(Bpg,) and A\ p,(Bg-) are the radial principal eigenvalues given
by (3.2). We emphasize that these values do not depend on p for p large
enough.

Remark 3.3. From (3.5) we obtain that A\ ,(Q) > 0. In fact, from the
ABP-type estimate [7, Theorem 4.1], we easily obtain that

A1 p(Q) > <p;1> diam(Q) 2.

We state the main result of this section.

Theorem 3.4. Let Q C R" be a bounded domain. Then, there exists w €
C(Q) such that

—Aévw = A p(Q)w, in Q,
w > O, n Qa
w =0, on 0N).

We will need in the sequel the following C“-estimates that can be found
in [7, Section 5].

Lemma 3.5. Let 2 be a bounded domain, 2 <n < p < oo, and u a viscosity
solution of
—Aévu =f inQ
with f € C(). Then, for any x € Q we have that
juy) ~u(@)| . 2ullieoy

C . a
+ : _p diam(Q)!+er 1l 0

|y — ;L-|1_O‘P - diSt(.ﬁC, 89)1_0‘? Qap
for every y € Q, where o, = Zf_% and Cp = ;ﬁ'

Lemma 3.6. Let Q C R" be a bounded domain and 0 < A < A1 ,(Q). Then,
there exists w € C(Q) wiscosity solution of

—Aévwzl—i-)\w, mn €,
w > 0, mn €,
w =0, on 0N).

Proof. The proof follows by the Perron method (see [9, Section 2.4]). Since
Theorem 2.6 provides a comparison principle for this problem, we need to
construct a viscosity sub and supersolution, v and v. We begin by construct-
ing the supersolution. Note that thanks to (3.5) we can take 0 < A < A ,(Q)
such that there exists a positive continuous function u, verifying —AI]JV U > Au
in the viscosity sense in Q. Let g = mingecso u(x) > 0. For 0 < n < ng the
function u, = uw — 7, which is positive by the Maximum Principle, see [2],
verifies
—ANuy > Auy + M.
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Defining @ = 7;\—2, then 4 is a supersolution of —A}],Vv = v+ 1.

However, @ does not necessarily vanish on 0. In order to get a super-
solution of this equation with the right boundary data, we define for any
given z € 99 the function u,(z) = |x — 2|**, which verifies

~20[(2a—-1)(p—1) +n—1]
p

N 2(a—1
—Ajuy(z) = |z — 22D,

Now the choices

. p—n
p>n and a<m1n{1, 2(p—1)}
ensure that —2a[(2a — 1)(p — 1) +n — 1] > 0. Therefore, it follows that
—A]]jvuz(x) _ (_204[(204 -~ Dp-1)+n-1] _ B) Uz(x)2 + Bz — 2\2(0‘_1)-
p |z — 2|
Then, choosing [ appropriately, since a < 1 there exists p = p(A) > 0
such that —A;,V u, > Au, + 1 in B,(z) N Taking some constant verifying
C(p/2)1/2 > supq u we get that 4(z) < Cu,(z) outside Bp/g(z) N, thus

Ux) = Zle%fQ (min{CuZ(x), ﬁ(m)})

is the desired positive supersolution of —Ai)v v = Av + 1, vanishing on 0f).

We can take the function u = 0 as a subsolution of —Aév v =+ 1.
At this point, the existence of a solution follows from the Perron method.
Notice that v > 0. Otherwise, there would exist a point xg € 2 such that
v(zp) = 0 and, since v > 0, we could use 0 as a test function in the definition
of viscosity solution, a contradiction. U

Now we are ready to prove Theorem 3.4. The proof of is based in the
previous two results.

Proof of Theorem 3.4. Consider a sequence of numbers A\, 7 A ,(€2). By
Lemma 3.6 we can assure the existence of wy, a positive solution of —A:f)v Wi =
Arwi + 1 vanishing on 0f). First we show that supq wy is not bounded. If we
assume that it is bounded, by Lemma 3.5 we have that the sequence {wy}
is locally equicontinuous and hence convergent (up to a subsequence) to a
positive viscosity solution w of

—Agw = A p(Q)w+1, in Q,
w =0, on 0f).
The homogeneous boundary condition is obtained using uniform barriers of
the form  — Clz — z| with z € Q. Then, we define w. = w + ¢, a positive
function in 2 satisfying
—AZ],Vw6 =(1—eXip() + Aip(Qwe > pw,

for any 0 < p < A () + %;ﬁf)’ which contradicts the definition of

A1,p(€2) choosing € such that eA; ,(2) < 1.
1

Now, if we consider vy = Su;’;’@wk, it verifies —Aév v = AU + ETT. in

the viscosity sense. Since supg vr = 1 then, again by Lemma 3.5 it holds
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that vy converges (up to a subsequence) locally uniformly to some positive
nontrivial v (the positivity follows from the Harnack inequality in Lemma
2.5). Since supgwp — o0 as k — oo (up to a subsequence), the limit v
solves

—Aévv = A1 p(Q)v, in Q,

v =20, on 0f2,
by the same barrier argument as before. This function v is the desired
eigenfunction and the proof is complete. O

In the final result of this section we prove, for star-shaped domains, that
any positive eigenfunction necessarily corresponds to the first eigenvalue.

Proposition 3.7. Let Q C R™ be a bounded star-shaped domain with respect
to a point (that we may assume to be the origin), X > 0 and assume that
there exists ¢ € C(Q2) such that

—Ai,vgb =\, in €,
¢ > 0, in €,
¢ =0, on 0f2.

Then, necessarily, X = A1 ,(£2).
Proof. Since Corollary 2.4 implies A > Ay ,(2), we can assume for the sake
of contradiction that A > Ay ,(£2).

Now, let €1, = pf). Using that 2 is star-shaped with respect to the origin
we get (1 C €, for u > 1. For x € , consider the function

(z) = o(z/n)

which is a solution to

“ANp =y, i
P >0, in Q,
P >0, on 0f)

(note that the operator is homogeneous under dilations and also that we are
restricting ¢ to Q).

To obtain the desired contradiction, we only have to take p > 1 but close
to one in such a way that u =2\ > A1 ,(€). O

Remark 3.8. Note that a similar argument shows that A1 ,(£2) is continuous
with respect to Q for a star-shaped domain. In fact, if v <1 < p and Q a
domain verifying
v C Q CpQ,

it holds that

MiQAl,p(Q) < Al,p(Q) < Vﬁz)\l,p(Q)v
and obviously

,u_2)‘1,p(9) < Ap() < V_Q)‘l,p(Q)-
But then 5

Ap() = Ap(@)] < (72 = 7% (92),

which shows that A1 ,(Q2) is continuous with respect to the domain, whenever
Q is star-shaped.
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4. CONVERGENCE OF THE EIGENVALUES AS p— 0

We devote this section to analyze the behaviour of the first eigenvalue
and its corresponding eigenfunction as the exponent p goes to infinity.

Proposition 4.1. Let Q) be a bounded star-shaped domain and u, a viscosity
solution of

(4.1) { — A up(x) = M p(Q) up(2) in Q,

up(z) =0 on 09,
with A\ () defined in (1.5). Then,
lim )‘LP(Q) == )\1700((2),

p—o0

for M () the first eigenvalue of the 1-homogeneous infinity Laplacian,
gwen in (1.4). Moreover, there exists a subsequence uy, that converges
uniformly to some u > 0, a viscosity solution of

~ANu(z) = M oo (Q) u(z), in Q,
(4.2) { u(z) =0, 1 on 0.

In addition, u € C%1(9).
Proof. Estimate (3.5) and the fact that u(R*) < C in the radial case imply

that there exists a subsequence still denoted by p such that
plggo A p(Q2) = A(Q).

for some A(€2). Our aim is to prove that A(2) = A; o (£2).

Let us consider the sequence u,, of first eigenfunctions corresponding to
the subsequence above and assume the normalization ||u,||cc = 1. Fix pg
such that n < pg. Then, for p > po, [7, Corollary 5.5] yields the following
estimate

(4.3)
p—n __Pog—"n
lagll e < diam(@) T 55) ] e
¢ P01 (Q crr=l(Q)

< diam(Q)* 0T - (25 diam(Q) % + 2 ) p(R").

Note that the right-hand side can be bounded independently of p, thus
Arzela-Ascoli Theorem yields the existence of a further subsequence con-
verging uniformly to some limit u € C(£2). We will still denote by wu, the
subsequence for which we have that u, — u uniformly and lim, . A1 ,(Q) =
A(Q).

In addition, we may assume that the limit « has a uniform modulus of
continuity, this fact follows from (4.3) taking p — oo.

Now we observe that (also from (4.3)) we get that the maximums of u,, are
located at some points x, that have a unform distance from the boundary.
Extracting a subsequence if necessary we may assume that z, — zo € {2 and
from the uniform convergence we get u(xzg) = 1. Now the uniform modulus
of continuity of u implies that u > 1/2 in a small ball around z( and hence
u is nontrivial.
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Now, we focus on checking that the limit u is a viscosity solution of (4.2).
Let 79 € 2 and a function ¢ € C?(2) such that u—¢ attains a local minimum
at zo. Up to replacing op(x) with p(x) — |z — zo|*, we can assume without
loss of generality the minimum to be strict.

Since u is the uniform limit of the subsequence w, and xg is a strict
minimum point, there exists a sequence of points x, — g as p — 00, such
that (u, — ¢)(zp) is a local minimum for each p in the sequence.

Let us suppose first that |Dy(xg)| > 0. Then, |Dy(z,)| > 0 for p large
enough and, since w, is a viscosity supersolution of (4.1), we have that,

_ L trace KI b (o) 2el) DQP(:EP)) DZ@(%)} = =07 ¢(wp)

p |Dep(p)[?
= A1p(9) up(zp).-

Letting p — oo we get

sy Dol Delan)
(Do) oo TBiatee)

If, on the contrary, we assume that Dy(z() = 0, we have to consider two
cases. Suppose first that there exists a subsequence, still indexed by p, such
that [Dy(xp)| > 0 for all p in the subsequence. Then, by Definition 2.1, we
can let p — oo to get

o Do(xp)  De(wp) \
it (D) [5G [Bagy) — ()

) = ~Acplwo) = ) u(xo).

= —Asp(z0) > A(Q) u(z).

If such a subsequence does not exist, according to Definition 2.1, we deduce
that

_]1) A(P(xp) - (]?;2) m(DZcp(xp)) > —Afgvgo(xp) > Ap(©) up(37p)~

for every p large enough. Taking p — oo, we get
~m(D?p(x0)) = ~Aniplrn) > A(Q) ula).

Hence u is a viscosity supersolution of (4.2). The proof of the fact that u
is a subsolution runs similarly. Moreover, u is the uniform limit of positive
functions, thus u > 0.

Since wu is not trivial, by the Harnack inequality for the infinity laplacian,
Lemma 5.1 in [11], we deduce that, indeed u > 0 in . Finally, we conclude
that u € C%1(Q) either letting py — oo or using that u is a solution of (4.2),
and hence the estimates in [7, Corollary 5.5] apply.

Therefore, it just remains to see that A(Q) = A »(€2). We notice that
A(2) > Ai,00(2). Otherwise Corollary 3.4 in [11] implies that the limit u is
non-positive, which is not true. Now, the same argument as in Proposition
3.7 but with p = oo implies that A = A\ »o(€2) and the proof is finished. O
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