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THE LOCAL ASYMPTOTIC NORMALITY OF A FAMILY
OF MEASURES GENERATED BY SOLUTIONS
OF STOCHASTIC DIFFERENTIAL EQUATIONS

WITH A SMALL FRACTIONAL BROWNIAN MOTION
UDC 519.21

T. ANDROSHCHUK

ABSTRACT. A formula for the likelihood ratio of measures generated by solutions of
a stochastic differential equation with a fractional Brownian motion is established in
the paper. We find sufficient conditions that the family of measures generated by
solutions of such an equation is locally asymptotically normal.

INTRODUCTION

We consider the stochastic differential equation
t
(1) Xt :I0+/ S(Q,U,Xu) du—|—€Bt, te [O,T‘]7
0

where 79 € R, £ € (0,1); S(0,t,2): R4 x [0,T] x R — R is a nonrandom function of drift;
6 € © C R? is an unknown parameter of the system; B; = B is a fractional Brownian
motion with the Hurst parameter H ¢ (%, 1).

Along with equation (IJ) we consider the deterministic equation

¢
(2) Ty = Tg +/ S(0,u, z,) du, t € 10,7,
0

whose solution is z = x().

Equation () describes the evolution of a dynamic system with a small noise being
a fractional Brownian motion. The problem of the statistical estimation is well studied
for systems with a small noise being a standard Brownian process (see [I]). In particu-
lar, the consistency and asymptotic normality of the maximum likelihood estimator of
the parameter 6 is proved under certain assumptions for systems with Brownian noise.
As shown in the monograph [2, Chapter II], several important properties of statistical
estimators follow from the local asymptotic normality of a system of measures gener-
ated by the random element Xéa). Thus the proof of the local asymptotic normality
is a necessary step to obtain results similar to the Kutoyants results [I] in the case of
a fractional Brownian motion. In this paper, we obtain some conditions under which
the family of probability measures {PG(E), 6 € ©} generated by solutions of equation ()
that correspond to different parameters 6 in the measurable space (C’ [0, 77, BT) is locally
asymptotically normal as ¢ — 0.
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2 T. ANDROSHCHUK

1. NOTATION, DEFINITIONS, AND CONDITIONS FOR THE EXISTENCE AND UNIQUENESS
OF A SOLUTION

For X € (0,1], denote by {C*[0, T}, [|*||o»} the space of Hélder functions f: [0,T] — R.
The parameter A determines the norm || f||,» defined by

|f(21) — f(x2)]
fller = max [f(z)|+ sup ——~——3".
| ”C* Cﬂe[O,T]‘ (2)] @1,22€[0,T] |£C1*x2‘)\
T1#£To

Set C*7[0,T] = Ny<, C*0,T]. In what follows we use the same symbol C for all
constants whose precise value is not important for our consideration.

Definition 1. A continuous Gaussian process with stationary increments and such that
(1) Bo=0;
(2) EB, =0 for all t > 0;
(3) EB,B; = (s + 2 — |t — s*"") for all 5, >0

is called a fractional Brownian motion B = B with Hurst parameter H € (0,1).

The trajectories of the process B¥ = (Bf!,t € [0,T]) belong with probability one to
the space C#~[0,T)]. Since the process B is not a semimartingale for H # %, one can
define the integral fOT f(t) dBy as the limit of integral sums neither in probability nor in

the mean square sense. The integral fOT f(t) dBy is constructed pathwise in [3] with the
help of fractional integro-differential calculus. It is shown in [3] that this integral exists
with probability one and coincides with the Stieltjes—Riemann type integral for

fwye | c*o,.

A>1—-H
Set
Co = %((H— 1/2)-H-(1 - H)-B(3/2— H,3/2— H)- B(H—1/2,3/2— H))~"/*,
(3) Cy, = B(3/2— H,3/2 — H) - C,,
where

1
B(z,y) = / w1 —u)? " du
0
is the Euler beta function. We also set
(4) 2(t,u) = Cou > H(t — )2 H w(t,u) = Cou®?H(t —u)/?7H,

It is shown in [4] that a Wiener process can be constructed from a fractional Brownian
motion and vice versa. The construction uses two steps. First, it is proved that

t
(5) M, = / +(t,u) dB,
0
is well defined as a pathwise integral with respect to the flow of o-algebras
(F2) = (F{Bu,u < t})

with the quadratic characteristics

t272H
My = 557
Then
t
(6) W, —/ w12 4,
0
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LOCAL ASYMPTOTIC NORMALITY 3

is a Wiener process with respect to the same flow (F).

The following assertion is a special case of the Nualart and Rascanu [5] result con-
taining sufficient conditions for the existence and uniqueness of a solution of a system of
stochastic differential equations with a fractional Brownian motion.

Proposition 1. Let a Borel function S: [0,T] x R — R be such that
for all N >0  there exists Ly >0 such that
7
@ |S(t,x) — S(t,y)| < Ly |z —y| forall |z|, |yl <N and allt € [0,T7;
(8) there exists M > 0 such that |S(t,x)] < M(1+ |z|) forallz € R andt € [0,T).

Then the equation
t
Xt:xo—l—/ S(u, Xy) du + By, t € 0,77,
0

has a unique solution X ; this solution belongs with probability one to the class CH=[0,T)].

As in the case of stochastic differential equations with a standard Wiener process, the
following result holds for the stochastic differential equations with a fractional Brownian
motion.

Proposition 2. Let § € © be fized and let a Borel function S(t,x) = S(0,t,x) satisfy
conditions [) and ). Moreover, assume that Ly in condition ([0 does not depend on
N, that is, Ly = L for some L and all N. If X; and z; are solutions of equations ()
and ([2)), respectively, then

(9) sup |X; — x| <eC sup |By,
te[0,T] te[0,T]
where C' = exp {LT}.
Proof. This is a corollary of the Gronwall lemma. ]

Following [2] we use the notion of the local asymptotic normality of a system of
measures. Let {X) U(®)} be a family of measurable spaces and let © C R? be an open

set. Let & = {X©) UE), Pe(ﬁ)7 0 € ©} be a collection of statistical experiments and X (¢)
be the corresponding observation. The derivative

()
()

of the absolutely continuous component of the measure Pe(j) with respect to the measure
P(,(f) at the observation X () is called the likelihood ratio.

Definition 2. A family {PG(E), 0 € O} is called locally asymptotically normal at a point
fp € ©® ase — 0 if
(e)

d 90+¢ u 1
7 - st (x(e)) = A 2
<00 (W) ) e(j) ( ) exp {u efo T 5 |u| Ve (u, 90)}

and L(A. g, | Pe(s)) — N(0,J) as e — 0 for all u € R? and some nonsingular d x d
matrix ¢. = ¢.(0y), where J is the unit d x d matrix and ¢ is such that

Ye(u,0p) — 0 in probability Pe(j) ase — 0

for all u € R%.
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4 T. ANDROSHCHUK

2. THE ABSOLUTE CONTINUITY OF MEASURES

Consider two equations
t
(10) Xt:I0+/ Si(u,Xu)du—l—EBt, t e [O,T], 1 =1,2.
0

Let X? be a solution of the equation involving S; and let Pyx:(dz) be the measure on
(C[0,T), Br) generated by the solution X%, i = 1,2. The likelihood ratio ;“;—ﬁ (X1) is
established in the following theorem.

Theorem 1. Let the functions S1,S2: [0,T] x R — R satisfy the following conditions:
(1) S; € CY([0,T) x R), i =1,2;
(2) there exists a constant M > 0 such that |S;(t,z)| < M(1+ |z|) for all z € R and
tel0,7),i=1,2.
Then each of equations [IQ) has a solution. Moreover, the solution of each equation is
unique and belongs almost surely to the class CH_[O,T]. In addition, Px1 ~ Px2 and

dPx2 1 1 1
11 X' = ~ Ly — —{(L
1D g ) eXp{g T gl >T}’
where

T
Ly = /O [(2 —2H) /21
X <C’1AS(O,x0) +/Ot u?f =3 /Ou w(u,v)d (AS (u,Xg))du>
(12) + 13/ /Otw(t,u)d(AS (u,X;))]th
/O ! [(2 —2H)tY/*H (ClAS(O, To) + /0 t w3 Ry (u) du)

+tH=3/2R, (t)] dW;

and
Rl(t):/tw(t v) 2AS(U Xl)—l—gAS(v X2) S (01,0, X)) dv
0 ) 8’1} ) v aCC ) v » Uy v
0
+eo-AS (U,X;)dBv}.

Here we set AS(t,x) = Sa(t,x) — S1(t,x), the constant Cy is defined in @), the function
w(t,u) is given by @), and the Wiener process Wy is constructed from By in the way
described in Section [l

Proof. Note that conditions () and (&) hold if conditions [I]) and 2]) are satisfied. Thus,
according to Proposition [Tl a solution of each of equations (I0) exists, is unique, and
belongs to the class CH~[0, 7] if M) and ) are satisfied.

For X = X, consider the stochastic process

(13) X, ::/0 z(t,u)qu:/O z(t,u)S(u,Xu)du—i—s/O 2(t,u) dB,,,

where the function z(t, u) is defined by @). The process X, is well defined for all ¢ € [0, T7,
since both terms on the right-hand side of (I3]) are well defined. Now we prove that the
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LOCAL ASYMPTOTIC NORMALITY 5

function
t t u
I(t):/ z(t,u)S(u,Xu)du:Cls(O,xO)t2’2H+/ z(t,u)/ dS(v, X,) du
0 0 0

is differentiable, where the constant C; is defined in (3]).
Fix \ € (%, H) Since condition [I)) holds, we have

s(v) == S(v,X,) € CH~[0,T] c C*0,T] P-as.
Similarly to [6] one can obtain the following result.

Lemma 1. Let H, 3, )\ € (%, 1) and let f,s: R — R be Hélder functions with exponents 3
and X, respectively. Then the function

J(t) = /tul/QH(t —u)t/2H (/Ou f(v) ds(v)) du

0
is represented as follows:

t
J(t) = t2’2H/ Sy du,
0
where .
5 = t2H73/ u3/27H(t _ u)l/Zfo(u) ds(u)
0

belongs to the class L1(0,T), that is,

T
/ [0,] du < 0.
0

We follow the method of [6] to prove Lemma 1. In doing so, we obtain the estimate

/ LU H ()12 () ds(u)

0

(14) < K(f,s)Ht*™ ",

where K(f,s) = Cr |l fllcs ||s]|cx- The latter estimate implies Lemma [l (see [6]).
Applying Lemma [I] to I(t), we get

t
I(t) =221 (C’lS(O,xo) +/ a(u) du) ,
0
where )
a(u) = u2H73/ w(u,v) dS(v, X,)
0
and w(t,u) = COU3/2_H(t _ u)l/Q—H.
Turning to the proof of equality (I3]) we use notation ({]) and write
t
Xt = / ’y(u) du + eM;,
0
where )
) = (2= 21 (150,000 + [ ao)an) + 02T atu)
0

Consider the process

- 1 ft B 1 ft t
X, = _/ uf124x, = _/ w124 (u) du+/ w12 am,.
€ Jo € Jo 0

Relation (@) implies that ):( is an Ito process with the differential
(15) dX; = 8(t, X) dt + dW,,
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6 T. ANDROSHCHUK

where

1 t u
6(t, X) = = [(2=2H)tY*H [ 018(0,z0) + | w272 | w(u,v)dS(v, X,) du

t
+ tH=3/2 / w(t,u) dS(u, Xu)} .
0
Note that the mapping
A: CT=[0,T] 5 X — X € V270, T,
defined as superposition of the mappings

t
X g [wix, e
0

~ = 1 t ~
X—>Xt:g/ w112 4X,, te0,7),
0

has the inverse (see [4]). The inverse mapping A~! is given by
= t =
(A*lx) - g/ W(t,u) dXo,
t 0

where

t
¢(t,’u,) _ C2u1/2—H/ UH_1/2(’U _ u)H—3/2 d’U,
u
Cy=(H-(2H —1)Y?B(H —1/2,2 — 2H)"'/2.
Substituting X = A~'X in ([I3) we obtain

aX, = 6, <A‘1):(> dt + dW;.

Since §;(A~!+) is a nonanticipating functional, we conclude that X is a diffusion type
process. According to Theorem 7.7 in [7], the measures P}:( and Py are equivalent if and

only if
T - T
(17) P{/ S(t,ATIX)2dt < oo} = P{/ 5(t, X)2dt < oo} =1,
0 0
T T
(18) P{/ S(t, A7) dt < oo} = P{/ §(t, B)?dt < oo} =1
0 0
The ratios %(W) and %(;{) are given by
X
dp)z_ _ T _ l T 9
(19) —= (W) =exp o(t, B) dW; o(t,B)=dt ¢,
dPw 0 2 Jo
dPy  z T e
(20) dP%(X) = exp{/ o(t, X) dWy + 5/ 5(t, X)? dt},
e 0 0
respectively.
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LOCAL ASYMPTOTIC NORMALITY 7

Now we prove that equality (7)) holds. Indeed,

2

T t u
S(O,x0)2—|—/ ti—2H </ uQH_g/ w(u,v) dS(v, Xy) du) dt
0 0

0
- /OT tZH—3</0tw(t,u) dS(u, Xu)>2dt]

T
/ 5(t, X)?dt < C
0

=C[L + I, + I5].

Using estimate (I4]), we get
t u
/ uZH_S/ w(u,v) dS(v, X,) du < Co K(1,S(-, X.))t" P-a.s.,
0 0
¢
/ w(t,u)dS(u, X,) < CoK (1, S(-, X.))Ht* ™1 P-a.s.
0

It follows from the above inequalities that Ir < oo and I3 < co. Equality ([I8) can be
proved in a similar way.
Now we come back to solutions X! and X? of equations ([[0). Let &;(¢, X) be defined

by equality (I6) for S = S;, i = 1,2. Write equalities (I9) and 20) for X! and X?
instead of X and then use them to get

P, ;-
7 (X)

_ exp{/OT (52 (£, X7) — 6, (£ X")) dX} — ;/OT (62 (1.X7)7 — 6 (1. X)) dt}

by the chain differentiation rule. Substituting the differential of the process X! to the
latter relation we obtain

P, ;=
a7, (X)

@m{AT@MLXUJNLXHNMQ;ATwﬂuXwéthUfﬁ}~

Note that

T (xr) = TR ) = 40 )
dP):(l d(A_lpxl) dpxl ’
since the mappings A and A~! are measurable. Thus

dPy2 |,
P X))

1

_ exp{/OT (8 (1. X") — 60 (1. X)) W — /OT (6 (1. X") — 61(t,X1))2dt}.

Now relations ([II) and ([I2) follow by substituting d;(¢, X) defined by (I6) into the
latter equality. Equality (I2]) is obtained by applying the chain differentiation rule for a
superposition of a smooth function and a Hélder function (see [3]). O
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8 T. ANDROSHCHUK

3. LOCAL ASYMPTOTIC NORMALITY OF A SYSTEM OF MEASURES
GENERATED BY SOLUTIONS OF AN EQUATION

Theorems Pl and [] below contain sufficient conditions that a system of probability
measures {PQ(E)7 RS @} generated by solutions of equation (] is locally asymptotically
normal as ¢ — 0. Theorem [2 is an analog of Theorem 2.1 in [I] where the case of a
Wiener process is considered. Like Theorem 2.1 of [I], conditions of Theorem [2] are given
in terms of the process X. Note however that conditions of this type are not easy to
check. Theorem [ contains sufficient conditions for the local asymptotic normality posed
on the function S; thus we avoid the process X in the corresponding assumption.

Let © C R? be an open set, PG(E) be a measure in the measurable space

(C0,T), Br)
that corresponds to the solution of equation ().

Theorem 2. Let, for every 8 € O, the following conditions be satisfied:
1) S(8,-,-) € CY([0,T] x R).
2) There exists M(0) > 0 such that |S(0,t,z)| < M(0)(1 + |z|) for all z € R and
te[0,T].
3) The derivative 2.5(0,0, ) exists.
4) There exist d-dimensional functions q,7: © x [0,T] — R? such that the limits

. |[11 /0o 0
&lli% g <6t5(9+5Y,t,Xt) — &S(e,t,Xt)>
(21)
L2 ([0,T],|In(?)[V1)
. ||1 /0 0
| (S s+ <v.0. %) - 25000,
(22)
— (Y,r(0,1)) ~0
Lz ([0,T],In(t)[v1)

exist in probability Pe(a) for allY € RY, where the norm in Ly ([0,T], ¢(t)) is
defined by

T
s = | 1060 dr
5) The limit

(23) lim

e—0

=0

0 0
%S(e + EY? taXt) - %S(evtaXt) o

exists in probability PQ(E) for some A\ € (%, H) and all Y € R?.
6) The matriz

T
I(0,2) = / Q0,t,2(0)) x Q(O,t,z(0))T dt
0
1s positive definite, where
Q0,t,2) = (2 — 2H)tY/*H

X (01%5(97 0, o) +/OtuQH—3/Ouw(u, v)(q(0,v) +7(0,v)S(0,v,z,)) dv du)

+H=3/2 /0 w(t, u)(q(8,u) + (6, w)S (6, u,z,)) du.
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LOCAL ASYMPTOTIC NORMALITY 9

Then the family of measures {PQ(E), 0 € ©} is locally asymptotically normal in © ase — 0
and the normalizing matrix is

¢=(0) = el(0,2)" /2.
Proof. Put

(24)
65?) (927 ta I)

1 t ]
= g |:(2 — 2H)t1/27H <015(92, O, xo) + / u2H73R2(u) du) + tHS/ZRQ(t):| y
0

“2 1’: - w 15,11 v 92,1],1‘1; ax 62,1],1‘1; 17'U7J;'»U av

0
+ 6%8(92,1),331}) dBU}.

()
According to Theorem [l the likelihood ratio P;;(f)y (X) is given by
P(E) T
Y (X) = exp / (59(9 +eYit, X) — 00,1, X)) AW,
P, 0
1 T 5(5) 5(5) 2
-5 ( (0 + v, t, X) — o} (H,t,X)) dt V.

If
(25) lim H (5@8’(9 Yt X) — 050, X)) — (Y, Q0.1 x))’ =L

in probability PG(E), then we complete the proof of Theorem Pl by following the lines of
that of Theorem 2.1 in [IJ.
Now we are going to prove (2H). First,

/T [(5§f> (0 + €Y, t, X) — 05 (0,t, X)) — (v,Q(0,, x))] ® it

0
T
gc/ 12 e () dt
0

+ /OT 12 </Ot w23 /Ouw(u,v) {(51(5,1}) + &(e,v)8(0,v,X,)) dv
+ 53(6,v)dBy}du>2dt
+ /OT 21 =3 (/Ot w(t, u)[(£1(e, u) + &, u)S(0, u, X)) du

2
+ &3(e,u) dBy du) dt] ,
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10 T. ANDROSHCHUK

where
1 0
50(8) E(S(9+€Y 0 l‘o) S(G,O,xo)) — ( 895(9 0 l‘o))
1/0 0
gl(gvt) g &S(a +€K t7Xt) - &S(07taXt) - (Y7 Q(aatvxt))7
1/0 0
&(e,t) = . $S(9+5Y,t,Xt) — 55(9,&&) —(Y,r(0,t,24)),
&s( t)—QS(H—i— YtX)—QS(QtX)
3(&, — oz EY,T, Ay oz s Uy At).
Then
T 9 7
/ (550 +2v.,X) = 5(0..X)) — (v.Q0.t.0))] dt < C&? + O3 1i(e)
0 k=2
where

2

T t u
Ig(e)z/o =20 (/0 u2H_3/0 w(u, )& (e, v) dvdu) dt,
2

T t u
Is(e) = sup S(G,t,Xt)2/ ti—2H (/ u2H*3/ w(u, v)&a(e, v) dvdu) dt,
0 0 0

te[0,T]
2

T t u
I4(€):/0 =20 (/0 uQH_B/O w(u, v)&3(e,v) dB, du) dt,

2

I5(e) = /OT t2H=3 (/Ot w(t, w)é (e, u) du) dt,
2

T ¢
Is(e) = sup S(H,t,Xt)2/ t2H=3 (/ w(t,u)&(a,u)du) dt,
t€[0,T] 0 0
2

I(e) = /OT t2H=3 </Otw(t,u)§3(5,u) dBu) dt.

It follows from condition 3) that &(¢)® — 0 as e — 0. Now we estimate I5(e):

ne = [ ([l [ i du)ih
:/ e 2H<// (1, 0)E (e, u - v)dvdu) dt
<C/ 2 QH//flgu v)? dv du dt
o[l [ Gt v

We need the following auxiliary result.

Lemma 2. Let ) > 0 and ¢ € Ly ([0,1], [In(u)|). Then

/01 /01 Y(u-v)dudo < /01 ¥(u) [In(w)| du.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LOCAL ASYMPTOTIC NORMALITY 11

Proof.

1 g1 n—1
/ / Y(u-v)dudv = lim Z@D(k),u({(u,v):ogu,vgl,k§u~v<k+1}>,
0 0 ni}ook:o n n n

where p is the Lebesgue measure in R?. The measures of the above sets can be estimated
as follows:

,u({Ogu,vgl,k§u~v<k+1}>§p<{k§u§1,k§u~v<k+l}>
n n n n n
/1 <kz+1 k> du 1 ( <k>>
- — =—(—In(— .
k/n n n) u n n

/01 /Olw(u.v)dudvgn@;ogw <fl> . (m <fl>) /Olw(u) ln|du. O

We turn back to the estimation of Iz(e) and use Lemma

Thus

T 1
Ir(e) < C’/ t3_2H/ & (e, t-u)? |In(u)| dudt
0 0

_ c/oTt“H /Otgl(g,u)Q ‘m (%)‘ dudt

T
<C (/ #2211+ ln(f)Ddt) €N o171, meerv)

0
2
= Cl& (@)L, 0.2, m(yv1) -

Considering (2I]), we obtain Iz(¢) — 0 in probability PQ(E) as ¢ — 0.
Similarly we prove that the integral involved in the definition of I3(e) tends to zero;
that is, we prove that

T t u 2
(26) / ti—2H (/ u2H*3/ w(u, v)&a(e,v) dv du) dt — 0 in probability PQ(E).
0 0 0

Note that
for all § > 0, there exists N > 0 such that for all € € (0, 1),
27 e
(27) P9()< sup S(Q,t,Xt)2>N) <9,
te[0,T]

since S(0,t, ) is continuous, the distribution of B; does not depend on ¢, and since

sup |X;| <eCy sup |Bi| + Ca,
t€[0,T7] t€[0,T]

where
Oi:Oi(LND,M(G),T7S1.1p‘$t|), i:1527
and Ny > 0 is a fixed number. The latter result follows from inequality (8) of 8], since

conditions ([7) and (§) hold. The convergence I3(¢) — 0 in probability PQ(E) follows from
26), @17), and from the inequality

(28) Py (-0 > X) < PV (€> NVA) + Py (n® > VA/N)  forall A > 0,N >0,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



12 T. ANDROSHCHUK

where we set

52 sup S(e7tht)2a
t€[0,T]
2

T t u
n© :/ t12H (/ u2H’3/ w(u,v)éa(e,v) dv du> dt.
0 0 0

Now we estimate I4(¢). Fix A € (3, H) such that condition 5) holds. According

2
to (I4) we have

T t u 2
14(5)2/0 =20 (/0 u2H_3/0 w(u,v)ﬁg(a,v)dBvdu> dt

2

(29) B /OT a-2m ( /O o K (€(e), B) Hul' du) it

= C &) Erom 1Bl Erp -

)

The convergence I4(¢) — 0 in probability Pe(E follows from condition 5) and inequal-

ity [28).
The terms I, Ig, and I7 are estimated similarly to the terms I5, I3, and I4, respectively.
|

The following result contains conditions placed upon the function S(6,t,z) that yield
relations 4) and 5) of Theorem 2. Note that conditions 4) and 5) are expressed in terms
of the process X.

Theorem 3. Let a function S(0,t,x) be such that

1) for any 0 € © there exists L() > 0 such that

|S(9,t,$) - S(aatvy” < L(e) ‘l‘ - y|
forallz,y e R, t € [0,T];
2) the derivatives
0? 0?
S(6,t

o> b agag

exist and are continuous for all € ©, t € [0,T], and z € R;
3) for every compact set B C R and for every point 8y € ©, the functions

S(0,t,x)

0? 0?
——5(0,t d ——5(0,t
aogr° O t) and Gop 5017
are continuous in 0 at the point Oy uniformly in t and x belonging to the set

[0,T] x B;
4) ap,Bs € Li([0,0 + Y)) for all Y € R with |Y| = 6 for some § > 0, all 6 € O,
all compact sets B C R, and some A € (%,H), where

32
aB(g) = Sup ' S(@,t, ') ’
tefo,7] ||| 000 C1(B)
82
f) = su — S50,z .
35(0) = s | g5 |
Then assumptions 4) and 5) of Theorem Bl hold with
02 0?
(30) q(0,t) = 898t5(0,t,:ﬁt), r(6,t) = MS(@J,:C,:).
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LOCAL ASYMPTOTIC NORMALITY 13

Proof. Set

a5’(9 t,x).

fo,t,x) = 5

Now we prove that the limit

f (% +5Yat,X;) — f(0o,t, Xo) <Y aaef(@o,t ft))

exists in probability Pe(j) for all Y € R%.
Indeed, we obtain from the equality

=0
Lz ([0,T7,[In()[ V1)

lim

e—0

Y., 0
f(90—|—Y,t7x)—f(90,t,x):/0< 89f(90+sth)>d

that

[F0+ BN =IO (055,
: a0

/1 Yaf(HJrssYtX) af(@t:c) ds
0 89 Y66 ¢

<1 ([[[ | vt - 2 so.nxoas
H] F0.0.%0) — L f6.1.2,) D
00
< Y|20</1 sup 2f(9+ssY,ze,Xt) 0 — f(0,t, Xy)| ds
o tefo,7) |00 Rl
0 0
v s 0.6, = 510, 0.m) ).

Condition 1) of Theorem 3 and Proposition 2] imply that

(31) sup | X — x| <eC(0) sup |By,
te[0,T] t€[0,T]

whence we derive that

_ 9 — f(0,t,z;)| — 0 in probability P(E)

0

o0

sup
t€[0,7T)

in view of condition 2). Furthermore, relation ([BIl) implies [27) and this together with
condition 3) proves that

! 0 0
sup 0+esY,t, X 0,t, X;)|ds
| s g 0= 25l (0.6,X)
0 - 0 . o (e)
= sup | f(0+¢esY t,Xy) — = f(0,t,X¢)| — 0 in probability P,
t€[0,T) 00

for some § € [0, 1]. Therefore relation (2I)) is proved.
Relation (22)) is proved in the same way.
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14 T. ANDROSHCHUK
Now we prove that condition 5) holds. Put

0 0
1(075) = Ha_xs(oo + 8Y,t7Xt) - %5(9072‘:’Xt)

! 0
/0 (EK MS(QO + ESK t, Xt)) ds

1
SE\Y\/
0

It is straightforward from the definition of the Hoélder norm that

cA

(3) |

(o2

0o +esY,t, Xy) ds.

(o2

5]
‘5‘9&%5(

HG("X')”C/\[O,T] < sup [|G(t, ')”cl(X[o,T]) : ”XHC)\[O,T] + sup
t€[0,T) zeX[0

s )

HG('vx)HC*[O,T] g
7)
where X[0,T] = {X,t € [0,T]}. Using this bound in ([32) we get

1 1
33) 16.6) < <[] ([ axtom(bo-+ 25 )ds: Kooy + [ ol +25v)ds ).
0 0
Relation ([27)) together with representation (D) for the process X; implies that
for all 6 > 0  there exists N5 >0 such that for all € € (0, 1),
(34) (&)
PQ (HX”CA[O’T] > N&) < 55

since X; is a sum of a smooth process

¢
xOJr/ S(0,s,Xs)ds
0
and eB;. Using relation (B3] and conditions (27)), (34), and assumption 4) of Theorem B
we get 1(0,e) — 0 in probability Pée) as e — 0. |

Example 1. Let S(6,t,2) = 6-t-2. Then the solution of the deterministic equation (2I)
is given by

xr = (zo — 1) + exp (gtz) , t € 0,T].

It is clear that the function S satisfies conditions 1)-3) of Theorem [2 in this case. It
is also obvious that assumptions of Theorem [ hold, whence conditions 4) and 5) of
Theorem [2 follow. The functions ¢(6,t) and r(6,t) defined by equalities ([B0) and the
function Q(0,t,z) = Q(6,t) defined in assumption 6) of Theorem [2] are such that

q(0,t) =z = (xg — 1) + exp <Z t2> 7 r(0,t) =t,
and

QO,t) = (2—2H)tY/*~H /t u?H =3 /uw(u, v) (14 6v?) (g — 1) + exp (6/20%)) dvdu
0 0

4 -3/ /Ot w(t,u) (1 + 0u?) ((zo — 1) + exp (6/2u?)) du,

respectively. Note that the function Q(0,¢,z) = Q(6,t) can be expressed explicitly in
terms of generalized hypergeometric functions.

Therefore all the assumptions of Theorem [2] hold, so that the family of probability
measures {PG(E), 6 € ©} generated by the solution of equation () with S(0,t,2) =6 -t -z
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is locally asymptotically normal in © as ¢ — 0. In this case, the normalizing factor is

$e(0) =< (/OT Q(@,t)?dt) o

4. CONCLUSION

A formula for the likelihood ratio of measures generated by solutions of a stochastic
differential equation with fractional Brownian motion is obtained in this paper. Sufficient
conditions that a family of probability measures {Pe(s), 6 € O} be locally asymptotically
normal as ¢ — 0 are given for the case where the measures are generated by solutions of
a stochastic differential equation that depends on a parameter 6 and involves fractional
Brownian noise.
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