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Abstract

The Muttalib-Borodin biorthogonal ensemble is a probability density function for n particles on
the positive real line that depends on a parameter 6 and an external field V. For § = % we find
the large n behavior of the associated correlation kernel with only few restrictions on V. The idea
is to relate the ensemble to a type II multiple orthogonal polynomial ensemble that can in turn
be related to a 3 x 3 Riemann-Hilbert problem which we then solve with the Deift-Zhou steepest
descent method. The main ingredient is the construction of the local parametrix at the origin, with
the help of Meijer G-functions, and its matching condition with a global parametrix. We will present
a new iterative technique to obtain the matching condition, which we expect to be applicable in more

general situations as well.

1 Introduction and statement of results

1.1 The Muttalib-Borodin ensemble

The Muttalib-Borodin biorthogonal ensemble with parameter 8 > 0 and weight function w is the following
probability density function for the position of n particles on the positive half line [0, c0)

7 [ —a)l - o) TL iy (1)

"<k
We will consider an n-dependent weight function
w(z) = 2% "V @ (1.2)

with o > —1 and an external field V' that has enough increase at infinity.

The model is named after Muttalib [36], who introduced it as a simplified model for disordered con-
ductors in the metallic regime and Borodin [10], who obtained profound mathematical results for specific
weights, in particular for Laguerre and Jacobi weights. Due to its relation to eigenvalue distributions of
random matrix models [12, 25, 31] the model has attracted considerable attention in recent years.

In the large n limit the particles have an almost sure limiting empirical measure p* which minimizes
a corresponding equilibrium problem [9, 11, 21]. The equilibrium problem was studied in detail in [13].
In [27] it was pointed out that there is an equivalent vector equilibrium problem for vectors of ¢ +r — 1
measures, when 6 = 4 with ¢,7 € N and ¢ <.

The Muttalib-Borodin ensemble is a determinantal point process (in fact a biorthogonal ensemble

[10]) and as such it has a corresponding correlation kernel K “;S The kernel is given by

Ky (z,y) = w(y) ipj(w)qg'(ye) (1.3)
7=0



where pj, g; are polynomials of degree j satisfying for j,k =0,1,...,n — 1,

/O " i (@)ak(a®w(a)de = 5, (1.4)

see [36]. Such polynomials exist uniquely (up to multiplicative constants) under certain conditions, as
was shown in [13].
Borodin [10] computed the hard edge scaling limit for the Laguerre case, namely if V(x) = z, then

. 1 a,f X y (a,@
e Kvin <n1+1/9’ n1+1/9) =K@ (z,y) (1.5)

with limiting kernel

1
K0 (x,y) = 0y° / Jasr 3 (u) Jas1,0 (uy)”) u®du (16)
0
where
o~ (—a)
Jap(T) = ) —=——.
(@) jgoj!F(a+bj)

is Wright’s generalization of the Bessel function. For § = 1, the limit (1.5) reduces to the well-known
Bessel kernel in the theory of random matrices.

Several other expressions are known for the kernel (1.6). For example, Zhang [41, Theorem 1.2] gives
a double contour integral, and if 6 or 1/6 is an integer, then (1.5) can be expressed in terms of Meijer
G-functions [31]. These so-called Meijer G-kernels appear in singular value distributions for products of
random matrices [2, 3] and in their hard edge scaling limit [4, 5, 23, 25, 26, 32]. See [1] for a survey paper.
The bulk and soft edge scaling limits for singular values of Ginibre random matrices are the usual sine
and Airy kernels [33], and these classical limits were also established for the Muttalib-Borodin model in
the Laguerre case [41].

It is natural to expect that the limit (1.5) is not restricted to the case V(z) = x, but holds for much
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more general external fields. In this paper we consider § = 5 and we show that the hard edge scaling

limit (1.5) indeed holds for a large class of external fields V.

1.2 Statement of main result

The main assumption on the external field V' concerns the behavior of an equilibrium measure, that we
describe first. We use

160 = [[1os = —du@nty). 1) = [ [ 1oy ——duta)avty)

|z — |z — vy

to denote the logarithmic energy of the measure u, and the mutual energy of two measures u and v,
respectively. We also write

Io(p) = | [ 108 g dute)dnty)

The equilibrium problem that is relevant for (1.1) with weight (1.2) is the following. Minimize

Frolh) = 3100 + 3o + [ V()du(z) (1.7)

among all probability measures p on [0, 00). We assume that V' is continuous and

. V()
lim = +o0.
T—+00 log x

Then existence and uniqueness of the minimizer can be shown with usual methods from logarithmic
potential theory [15, 38] as the functional Iy, is lower semi-continuous and strictly convex on the set of



all probability measures with finite logarithmic energy. The minimizer uj;, is called the #-equilibrium
measure in the presence of the external field V. If V' and 6 are clear from the context then we simply
say equilibrium measure.

It is known that the equilibrium measure has a compact support and it is characterized by the
Euler-Lagrange variational conditions, see e.g. [13],

=V(x)+4, x€supp(p),

<V(z)+4{, z€]0,00), (18)

/ log [ — sl o(s) + / log [2° — 5°|dpsl o(s) {

for some ¢ € R. The equilibrium problem can be analyzed exactly in case V(z) = z, see [13, section 4.5.1]
where this was done for # > 1 and in particular § = 2, and see Proposition 2.5 below for 8 = % The
equilibrium measure has a support [0, ¢] for some ¢ > 0 with a density that has a square root behavior
at ¢ and behaves like s~/ 149 a5 s — 0+.

This is a generic behavior in a wider class of external fields, as was shown by Claeys and Romano [13,
Theorem 1.8], see also Proposition 2.5 below, and our results apply to external fields that are one-cut

f-regular in the following sense.

Definition 1.1. We call the external field V' one-cut 6-regular if the 6 equilibrium measure puj,, in
external field V' is supported on one interval [0, g] for some ¢ > 0 with a density that is positive on (0, q)
and satisfies

o) _ Jeows™ 1 (1+o(1)), as s — 0+, (1.9)
ds \envla- 92 (1 +oL), ass— g, -

with positive constants cg v, c1,v > 0, and, in addition, the inequality in (1.8) is strict for = > g¢.

The conditions of Definition 1.1 hold generically for external fields V' that do not push the equilibrium
measure away from 0. See Proposition 2.4 below for a sufficient condition on V in case 6 = % For
V(z) = x we are able to determine the density of uj, , explicitly in Proposition 2.5. From this formula

2
the conditions (1.9) can be verified directly.

The main result of our paper is the following theorem.

Theorem 1.2. Let o > —1, 0 = %, and let V : [0,00) — R be a one-cut O-reqular external field in the

sense of Definition 1.1, which is real analytic on [0,00). Then for x,y € (0,00) we have

. 1 o1 T Y 1
1 - Ko (= 7 ) —K®3) 1.10
i (cyn)3 Vom ((cvn)?” (cvn)3) #(zy) ( )

uniformly on compact subsets of (0,00), where cy = %Co,v, and co,v > 0 is the constant from (1.9).

a L
In the bulk and at the soft edge we find the usual sine and Airy kernels as the scaling limits of Ky,
as n — 0o, but we do not give the details for that.

Remark 1.3. The one-cut assumption is not essential, but is included for convenience only. Theorem
1.2 remains valid if the equilbrium measure is supported on several intervals, provided that one of
the intervals is of the form [0, ¢] and the density of the equilibrium measure has the behavior (1.9) as
s — 0+. Similarly, we may relax the regularity assumption. Theorem 1.2 also holds if the density of
the equilibrium measure vanishes somewhere in the interior of its support, or if there is a higher order
vanishing at a non-zero endpoint of the support, or if the inequality (1.8) is an equality at a finite number
of points outside of the support. These singular cases are also present in the classical case # = 1 that is
connected with orthogonal polynomials and 2 x 2 matrix valued RH problems [16]. Each of these singular
cases can be treated by means of special local parametrices, and this would work in a similar way in our
situation.

In section 2 we discuss the main ingredients for the proof of Theorem 1.2. These include the equi-
librium measure and the interpretation of the biorthogonality property (1.4) as multiple orthogonality
in case # = 1/r with an integer r € N. The multiple orthogonality leads to a Riemann-Hilbert (RH)



problem [40] of size (r + 1) x (r + 1). To analyze the large n limit we are going to apply the Deift-Zhou
steepest descent method [18] that was first applied to orthogonal polynomials in the influential papers
[16, 17]. The Meijer G-functions appear in the construction of a local parametrix at 0. The model RH
problem for Meijer G-functions is discussed in section 3.

The steepest descent analysis is in sections 4-6. The main technical difficulty is the matching of the
local parametrix with the global parametrix. We deal with this issue in section 5. The matching is a
serious problem for larger size RH problems as has been observed in other situations [6, 19, 20, 29]. As
in [6] we develop an iterative technique to improve the matching step by step. The proof of Theorem 1.2
is in the final section 6.

Remark 1.4. We conjecture that Theorem 1.2 holds for any 6 > 0, with the exponent 3 replaced by
14 1/6 as in (1.5). Namely, for real analytic one-cut #-regular external fields V' we expect that there is
a constant ¢y > 0 such that

. 1 .0 x Yy _ e (a,0)
nll_{l;lo (Cvn)l+1/0 Vin ((Cvn)1+1/9’ (Cvn)1+1/9> =K (x,y) (111)

It seems likely that the techniques of this paper extend to the case § = 1/r with r € N, r > 3. As
already mentioned, this case leads to a RH problem of size (r + 1) x (r + 1). The main ingredients that
we are going to use (see next section) are available for any integer r. The challenge will be to establish
the matching condition which becomes technically more involved.

The case 6 = 2 is related to § = 1/2 by a change of variables. Putting z; = y;/Q forj=1,...,nin
(1.1) with 6 = 2 gives a Muttalib-Borodin ensemble with § = 1/2 and external field V(y/z). Theorem 1.2
applies provided that x — V(y/z) is real analytic on [0,00). This in turn means that (1.11) with § = 2
holds provided that V is real analytic and even (and one-cut f-regular). The extension to arbitrary real
analytic external fields remains open.

We use the assumption that V is real analytic at 0 in the proof of Lemma 5.3, and in particular for
the identity (5.25).

Throughout the paper we use the principal branches of fractional powers, i.e., with a branch cut on
the negative real axis and positive on the positive real axis.
2 Preliminaries
We discuss the main ingredients for the proof of Theorem 1.2.

2.1 Multiple orthogonal polynomials

The first step in the proof is the observation that the polynomials p; that appear in the kernel (1.3) and
that satisfy the biorthogonality (1.4) can be viewed as multiple orthogonal polynomials in case 8 = 1/r
and r is an integer. Without loss of generality we can take these polynomials to be monic. Thus p,, is a
polynomial of degree n that is characterized by the property that

/ po(x) 2w (x)de = 0, k=0,1,...,n—1. (2.1)
0

Lemma 2.1. Suppose 8 = 1/r with r an integer. Then p,, is the unique monic polynomial of degree n
that satisfies

oo
/pn(x)kai(m)dxzo, t=1,...,m7, k:O,...,L"T_iJ, (2.2)
0

where w;(x) = 0" Vow(x) fori=1,...,r.

Proof. If i,k are as in (2.2) then rk +i— 1 <n — 1, and thus by (2.1) we have

/ pu(@)ae ™V w(@)de = 0
0

which reduces to (2.2) in view of the definition of w;(x).
Thus (2.1) implies (2.2) and it is easy to see that the converse holds as well. O



The relations (2.2) are multiple orthogonality conditions with respect to weight functions w, we,
.., wy, and with the multi-index (ny,...,n,) where n; = [2=*] + 1 for i = 1,...,7. While (2.2) is a

T

simple reformulation of (1.4) it has the advantage of leading to a RH problem.

2.2 Riemann-Hilbert problem

We state the RH problem for the case r = 2. In this case the RH problem has size 3 x 3. For general r
the size is (r + 1) x (r + 1), see [40].

Riemann-Hilbert Problem 2.2.
RH-Y1 Y : C\ [0,00) — C3*3 is analytic.

RH-Y2 Y has boundary values for = € (0, 00), denoted by Y, (z) (from the upper half plane) and Y_ (z)
(from the lower half plane), and

1 w
Vi)=Y (z) [0 1 o |, z>o0 (2.3)
0 1
RH-Y3 As |z| = o

1 z 0 0
Y(z) = (H+ 0 <)> 0 z 5] 0 |. (2.4)
z 0 0 2~ 13]

RH-Y4 Asz— 0

1 ha(z) haii(?) |z|*,  ifa<O,
V(2)=0 |1 hal(2) hay1(2) ] with he(2) = {loglz|, ifa=0, (2.5)
1 ha(2) hay1(2) 1, if a > 0.

The O condition in (2.4) and (2.5) is to be taken entry-wise.

The RH problem is the analogue of the Fokas-Its-Kitaev RH problem [22] for orthogonal polynomials.
The condition RH-Y4 is an endpoint condition that is analogous to the endpoint condition in [30].
There is a unique solution of the RH problem (since the polynomial p,, uniquely exists [13]) and

Yll(Z) = pn(z), Ylg(z) = QLm AOO ]%U}Z(m)dx, Y13(Z) = 2im /OOC W(ﬂﬁ,

are the entries in the first row of the solution Y. The other two rows are built in the same way out of
suitable polynomials of lower degree. Indeed, Y5; and Y3; are two polynomials of degree < n — 1, that
are expressible in terms of the biorthogonal polynomials p,,_1 and p,_2 of degrees n — 1 and n — 2, and
for j = 2,3,

Viale) = 5 /Ooowdx Yis(2) = — /Oooyﬂ(f)fﬂw@)dx_

21 r—z ’ 21 T—z

Lemma 2.3. The correlation kernel (1.3) with @ = % is expressed in terms of the solution of the RH
problem for'Y as follows

1
ok 1 1 B
Ky (@,y) = il —y) (0 wy) yzw(y))Y; Yy)Y, (z) 8
Be—nV(y) L ) 1 1
- %,y) 0y y1) Y (u)YVe(2) 8 , B=a+tq, (2.6)

for xz,y > 0.



Proof. The first identity is due to [7]. See also [14] for the extension to r > 3. The second identity in
(2.6) follows from the form (1.2) of the weight function w(y). O

The first identity in (2.6) is a Christoffel-Darboux formula that expresses the kernel in terms of a
finite number of biorthogonal polynomials. See also [13] for a Christoffel-Darboux formula for general
rational values of 6. For asymptotic analysis the expression (2.6) in terms of the RH problem is very
convenient.

2.3 Vector equilibrium problem

The Deift-Zhou method of steepest descent consists of a number of explicit transformations of the RH
problem. One of the transformations depends on the #-equilibrium measure Wyv,e that minimizes the
energy functional (1.7).

When 6 = 1/r with r an integer, the 6-equilibrium measure can also be characterized as the first
component of the minimizer of a vector equilibrium problem [27] and this will be important for us. We
state it here for the case r = 2. In case r = 2, the vector equilibrium problem asks to minimize the
energy functional

100 = 1) + 10) + [ Via)d(a) (2.7)

among all pairs of measures (u,v) such that
e 4 is a probability measure on [0, c0),
e v is a measure on (—oo, 0] of total mass 1/2.

For general 6 = 1/r the vector equilibrium problem has r measures.
It is shown in [27] that there is a unique minimizer (u*,v*) and the first component p* coincides
with the minimizer pu, , of the f-energy functional (1.7) with ¢ = % In addition, the measure v* has
’2

full support supp(v*) = (—o0, 0], and the variational conditions

2/10g |z — sldu*(s) — /log |z — s|dv*(s) {< Kg; 1? z i T;poi()ﬂ*)’ (2.8)
2/log |z — sldv™(s) — /log |z — sldu*(s) =0, x € (—00,0], (2.9)

are satisfied, with a constant ¢ that is possibly different from the one appearing in (1.8). The identity
(2.9) expresses that 2v* is the balayage of p* onto the negative real axis.

We use the two measures from the vector equilibrium problem in the steepest descent analysis that
will follow. We also use the vector equilibrium problem in the proof of the following sufficient condition
for an external field to be one-cut regular.

Proposition 2.4. Suppose V is twice differentiable on [0,00) such that xV'(x) is increasing for x > 0.

Then V is one-cut %—regular in the sense of Definition 1.1.

Proof. Because of (2.7) we have that y* = uj, , is the minimizer of the energy functional I(u) + [ Vdpu
)
with the modified potential

V(z) = V() + / log(x — 8)dv*(s).

For every s < 0, we have that = — is increasing on [0, 00). Since v* is supported on (—o0, 0], it then

r—S

easily follows from this and the assumption of the proposition that x + 2V'(z) = 2V’ (z) + [ —L—dv*(s)
is strictly increasing for z € [0,00). It then follows by well-known results on equilibrium measures in
external fields that supp(u*) = [0, ¢] is an interval containing 0, see e.g. [38, Theorem IV.1.10 (c)].
Knowing that the support is an interval we can use [13, Theorem 1.11 and formula (1.28)] to conclude
that the density of p* is positive on (0,¢) and has the required endpoint behavior (1.9). Actually, the

result in [13] is stated for § > 1, but it also applies to 0 < 6 < 1.



It remains to show that the inequality (1.8) is strict for > ¢. From (2.8) we have

V(z)+4€— 2/log(x —8)du*(s) >0, z>q

with equality for £ = ¢. Then the derivative is non-negative at x = ¢, which implies

V' (z) — 2/ i du*(s) >0 (2.10)
T —s

for z = q. The function in the left-hand side of (2.10) is strictly increasing for > ¢q. To see this we use
that zV’(x) is strictly increasing and the fact that x — —*—, x > ¢, is decreasing for every s € [0,q]. It
follows that strict inequality holds in (2.10) for x > ¢, which in turn leads to the property that (1.8) is
strict for x > ¢. This concludes the proof of the proposition. O

For V(z) = x we can calculate the equilibrium measure explicitly. For this V' the #-equilibrium
measure with § = 2 was computed in [34]. See also [24] for similar calculations.

Proposition 2.5. When V(z) =z and § = %, the equilibrium measure of the Muttalib-Borodin ensemble
is supported on [0, %7] with density

. 1/3 1/3
duv’%(s)— V3 1—§+§+\/1—§ + —1+§—g+ 1—§
ds  4ms2/3 3 27 27 3 27 27

16v2
81w °

In particular, (1.9) holds with constants q = %7, coy = % and ¢y =
Proof. By Proposition 2.4 we have supp(p*) = [0, ¢] for some ¢ > 0. By differentiating the identities in
du* dv*
(2.8)-(2.9) we see that the functions Fi(z) = / w(s) and Fy(z) = / vi(s) satisfy
z—5

zZ— S8

Py i (z) + Fi - (z) — Fa(2)

s

oy (z) + Fo - (z) — Fi(w)

s

V/(x) =1, z€(0,9),

0, x € (—00,0). (2.12)

Let % be the compact three sheeted Riemann surface with sheets g = C \ [0, ¢}, R = C\ (—o0, ¢] and
Ry = C\ (—00,0] with sheet structure as in Figure 1. Then it follows from (2.12) that ¥ defined by

\IJo(Z)Zl—Fl(Z), ifzef)%m
V() = Uy (2) = Fi(2) - Falz), ifz € Ry, (2.13)
\IIQ(Z)—FQ(Z), ifzeiﬂg,

is meromorphic on fR. We note the asymptotic behaviors

1 1

To(z)=1-— 2 +0(z72), Uy (z) 5 +O(z73/%), Uy(z) = 1 + 02737, (2.14)

2z
as z — 0o0. Thus ¥ has a double zero at the point at infinity that is common to sheets i1 and R,. From
Proposition 2.4 we know that x* has a density that behaves like cys~2/% as s — 0+, see (1.9). Then it
can be shown that Fy(z) ~ —cz72/3 as 2 = 0 with ¢ = 2—\/%007‘/7 which means that ¥ has a double pole
at z =0, as z = 0 is a double branch point of the Riemann surface. There are no other poles and zeros
of .

From (2.14) we obtain

Wo(2) + Uy (2) + Uy(z) =14+ O(z7%/?),

Wo(2)W1(z) + Wo(2)P2(2) + V1 (2)P2(2) = % +0(z7?)
1

Wo(2)W1(2)Wa(2) = e

+0(273)



o
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Figure 1: The Riemann surface 3R used in the proof of Proposition 2.5. The three sheets are defined by
Ro =C\ [0,q],:/ = C\ (=00, ¢] and Ry = C\ (—o0,0]. The sheets are connected in the usual crosswise
manner.

as z — 0o. The three above functions are meromorphic in the full complex plane with a possible pole at
z = 0 only. Because ¥;(z) = O(27%/3) as z — 0 for every j = 1,2,3, it follows that all O terms vanish
identically. Thus

: 11
_ 3 _ 2

| (C=¥(2) =¢" ¢ +;C—@

j=1
and

1

2203 — 220 4 2¢ — 1= 0 (2.15)

is the algebraic equation satisfied by V.
The discriminant of (2.15) is 24821;627 and it follows that there is a branch point at z = %. For real

z > %7 there are three real solutions of (2.15), and for real z € (0, %7) there is one real solution (namely

¢ = ¥s(z)) and two complex conjugate non-real solutions ¢ = ¥;(z), j =0, 1.
The density of p* satisfies
du* 1

1
=——ImF; 4(s) = =ImTy 4 (s) (2.16)
ds ™ s

because of (2.13) and the Stieltjes inversion formula. Thus p* is supported on [0, %7] With Cardano’s
method for solving a cubic equation we find the solutions of (2.15) for z = s € (0,%). Wy(s) is the
unique solution with positive imaginary part and the calculations result in the formula (2.11). O

2.4 Meijer G-functions

The final main ingredient concerns the Meijer G-functions, that will be used in the construction of a
local parametrix at 0. In [32] the limiting kernel K(*2)(z,y) from our main result Theorem 1.2 was
expressed in terms of Meijer G-functions, see also Theorem 2.8 below.

The appearance of Meijer G-functions, or equivalently, generalized hypergeometric functions, can also
be expected from the recent paper [39] on multiple Laguerre polynomials. In case w(z) = 2%~ "% the
multiple orthogonal polynomials from (2.2) are such multiple Laguerre polynomials, and it was shown in
[39, Theorem 3] that in a suitable scaling regime these polynomials tend to a generalized hypergeometric
function

- > 1 (—2)F
F -z | =
Or<1—|—a1,...,1—|—ar > ];)(1+a1)k~--(l+ar)k k!
where o; = o+ % for j =1,...,r. This is the so-called Mehler-Heine asymptotics and it captures the

behavior of the polynomials near the origin. The case r = 2 is relevant for the present paper and then
we obtain

Po(2) := oF? ( I ;—Z) (2.17)



which is a solution of the third order differential equation (we use ¥ = zd—dz as in [37], for example),

d
I +a)d+a+L)o+2¢=0, U=z (2.18)
In case 2a € Z, other solutions of (2.18) are z~ %y F3 <1 B 3 —z), and z"’"%OFg ( 1 B 1 ;—z).
- Q3 2 "3

Together with ¢g they are a basis of all solutions as they come from applying the Frobenius method to
(2.18). In case 2cx € Z (the resonant case), this method produces series solutions with additional log
terms. The Frobenius method provides a basis that is suitable for the study of solutions near z = 0.
We could have worked with the above ¢F, hypergeometric functions. However, we prefer to use
instead a representation of solutions of (2.18) in terms of Meijer G-functions, since this representation
is more convenient to describe the behavior of solutions as z — co.
The general Meijer G-function is defined by the following contour integral:

I'(b;+s I'l—a; —s
o (vl = Mo P00 v (2.19)
) 1,...7 q 27T’L H] m+1 ]_8) j=n+1 F(a]+5)

where T" denotes the gamma function and empty products in (2.19) should be interpreted as 1, as usual.
The numbers m,n,p, and ¢ are integers with 0 < m < g and 0 < n < p. See [35, section 5.2] for
conditions on the parameters ay,...,a, and by, ..., by and the contour L.

By [37, formula 16.18.1] and (2.17) we have

_T(1+a)l(3+a) I(s) .
a 2mi } /L Fl+a-s'(3+a-— S)Z ds (2:20)

with a Hankel contour L that encircles the negative real axis. Another solution of (2.18), see [37, formula
16.21.1], is

3,0 -
G

0,3 1
S\0,—a, —a— 1

1
z) =5 /L L(s)I'(s —a)l(s —a — 1)z "%ds, (2.21)
where now L encircles the interval (—oo maX(O o+ 3)] in the complex s-plane (or alternatively it could
be a vertical line Res = ¢ > maX(O o+ 1) in the complex s-plane).

This solution behaves like 6_323 as z — oo with —4n < arg z < 4m. In particular, it is the recessive

solution of (2.18) in —7 < argz < w. More precise asymptotics are given in (3.3) below. Analytic
continuations of (2.21) to other Riemann sheets provide other solutions.
Besides ¢ we will use the following four solutions of (2.18), each defined in the sector —7 < argz < 7.

@@)=W%WG%<O_Q:Q_1z¥”) (2.22)

’ ’ D)

¢2(2) = —ie "Gy <0 o —a 1 262”>, (2.23)
) b 2

93(2) = Goy <07 oo 1 Z) (2.24)

¢4(2) = ¢1(2) + ¢2(2). (2.25)

Here the notation ze?™ means that we have analytically continued ¢3 along a counterclockwise loop

around the origin. Likewise, the notation ze 2™ means that we have analytically continued ¢3 along
a clockwise loop around the origin. Indeed, these expressions are also given by (2.21) by picking the
argument of z appropriately.

Lemma 2.6. We have
472
F(14+a)l(2+a)

¢4(Z) = — ¢0(2) (2.26)



Proof. We use the reflection formula I'(2)I'(1 — z) = =Z— to write the combination of gamma functions

sin 7z
appearing in (2.20) as
sin7(s — o) sinw(s —a — 3)
2

I'(s)
F(l+a-s)I(3+a—s)

=T(s)(s—a)l(s —a—13) -

1 Ti(s— —2mi(s—
=T = )l —a = §) 5 (i) 4 ¢m2mite-d)

Using this in (2.20) and comparing with (2.21), (2.22), (2.23), we see that (2.20) is equal to — 25 (¢1(2) +
¢2(z)). Then (2.26) follows by (2.17), (2.25), and (2.20). O
We collect the solutions into a matrix valued function that is piecewise analytic in the complex plane.

Definition 2.7. We define (where ¢ = 2L as in (2.18))

$1(2)  a2(2)  ¢s(2)

Vp1(z)  Vha(z) Ves(z) [, 0<arg(z) <7,
192(;51 (Z) 192¢2(Z) 192¢)3(Z)

$4(2) ¢2(2) $3(2)

Vpa(z)  I2(z) I¢3(2) |, 5 <arg(z) <,
)= Ppa(z) Pga(z) 9?¢3(2)
R A R (227
Vpa(z)  —O0¢i(z) Vos(2) |, —F <arg(z) <0,

Pa(z) —92¢1(2) 92¢3(2)

¢a(z)  —¢1(2)  ¢3(2)

Vpa(z)  —O¢1(2)  Oos(z) |, —7 <arg(z) < —3.
2ou(z) —9201(2) 92¢3(2)

The definition is such that ®, satisfies a convenient RH problem that will be discussed in the next
section.

We conclude this preliminary section by announcing the following main result. It expresses the
limiting kernel K(*2), see (1.6) and (1.10), in terms of ®, and its inverse matrix ® 1.

Theorem 2.8. We have for x,y > 0,

1
ol 1 _
K( ,2>(w,y):m(_1 1 0) oY (y)Par(2) 1], (2.28)
0

We prove Theorem 2.8 in the next section.

Theorem 1.2 follows from a steepest descent analysis of the RH problem for Y, where ®,, is used to
construct a local parametrix near 0. In the appropriate scaling the expression (2.6) for the correlation
kernel tends to the kernel (2.28) as given in terms of ®,,.

3 RH problem for ¢, and proof of Theorem 2.8

We discuss the RH problem satisfied by ®,,.

3.1 Jump conditions

The definition (2.27) is such that ®,, has the following jumps along each of the contours in ¥4 = RUIR,

10



A
Y

Figure 2: The directions of the contour ¥ = RU4R used in Lemma 3.1 and in the model RH problem.

Lemma 3.1. ®,, is analytic in each of the four quadrants with constant jumps (all contours are oriented
away from the origin, see Figure 2)

0 10
-1 0 0f, z € RY,
0 0 1
100
Do (2)=Pa_(z)x{ |1 1 0], z € iR¥, (3.1)
00 1
1 0 0
0 0 je2mic zeR™
0 —ie2mie @

Proof. We only have to verify the jump conditions for the first row, since the jump matrices are constant
along each of the four contours. Indeed, once we have the jump conditions for the first row, the conditions
for the other rows will follow by simple differentiation and multiplying by z.

The jumps on RT and on iR* follow immediately from the definition (2.27) combined with (2.25).
To check the jump on R™, we note that ¢4 is entire because by (2.26) and (2.17) it is a multiple of the
oF> hypergeometric function, which is entire. Thus ¢4 + = ¢4, on R™. The identities ¢, 1 = 62”B¢3,_
and ¢34 = e*™P ¢y _ are almost immediate from (2.22)—(2.25). For example if 2 = —z with # > 0, then
by (2.22) and (2.24)

P1,4(2) = b1+ (we™™) = 7P Gy (ve™) = 2P _(2).

This shows that the jump conditions (3.1) on R~ are indeed satisfied. O

3.2 Behavior as z — 0

Lemma 3.2. As z — 0 we have the behavior

hoa-1(2) h_o 1(2) h_n 1(2)
O hfoﬁ%(z) hﬂk%(z) hﬂk%(z) ,  for Rez >0,
_ hoa-1(2) h_g_1(2) h_n 1(2)
D,(2) = LB _%(z) - _%(z) (3.2)
Ol hoy1(z) hog1(2)], for Rez <0,
Loy (2) by ()

where h_,_1 is as in (2.5).

Proof. Because of (2.26) and (2.17) the solution ¢4 is entire and thus bounded at 0. By the definition
(2.27) the function ¢4 appears in the first column of ®,, in the left half-plane. This accounts for the O(1)
terms in (3.2) as z — 0 with Rez < 0.

11



The remaining terms come from the behavior of the functions ¢;, j = 1,2,3 as z — 0. These are
solutions of the linear differential equation (2.18), which can be solved by the method of Frobenius. The
indicial equation has roots 0, —a and —a — % If a > —% then all solutions behave as O(z_“_%) as
z — 0. Also ¥¢; and 92¢; have the same behavior and (3.2) follows.

Similar considerations give (3.2) in case & = —1, in which case there is a generic O(log z) behavior

asz—=0,or —l<a< f%, in which case solutions remain bounded as z — 0. O

Remark 3.3. The behavior (3.2) suffices for the purposes of this paper. However it is possible to obtain
more precise information on the behavior near 0 by means of connection matrices C}, j = 1,2, 3,4, that
are such that

1
1 27 z7972
1
Pa(2)C; =011 2 %2
1
1 z7* 27972
as z — 0 in the jth quadrant. For « = 0 or a = f% there are additional log terms in either the second

or the third columns.

3.3 Behavior as z — >

The behavior of ®,(z) as z — oo will be deduced from the known asymptotic behavior of Meijer G-
functions given in [35, Theorem 5, page 179]. It gives us

3,0 -
G
0,3 1
0,—a,—a—3

2 1 > E
2) ~ 23 [ 1+ Mpz"3 |, —4r < argz < 4w 3.3
)~ ( > ) g (33)

as z — oo with explicit constants (with 8 = a + 1 as in (2.6))

2 1 2 1
-z -z -, 34
y=gatg=36+3 (3-4)
1 1 1
My ==a?+ Za— — 3.5
LT3N Y T 3 (3:5)
1 1 17 1 25
My=—o'+ —a® - —ao? - — — 3.6
2T Y TEY T 216" T 5™ T 250 (36)
and other M} can be calculated, if necessary.
Lemma 3.4. Let = a+ % and w = €*™/3. Then we have as z — o0,
e—3wzl/3 0 0
0 e—3wz!/? 0 ., Im(z) >0,
2 _28 0 0 6_3z1/3
To®o(2) = =275 (I4+ Apz ' + O(272)) Lo(2)x -
()= 5% ( ) Lal)xq ) gean .
0 e—3ws'/? 0 , Im(z) <0,
0 0 e
where
W ow 1 25" 0 0
) 1 1 1 0 e 5 . Im(z) >0,
#3500 2 1)\ o 0
w w
La(z) = 0 1 0 X 9 2mif (38)
0 0 2% w —w* 1 3 0_ 0
1 -1 1 0 %% 0|, Im(z)<0
wr o—w 1 0 0 1

12



A, is a certain constant matriz and

1 0 0
To=|t: -1 0 (3.9)
ty t3 1

is a lower triangular matrix with entries
ti=—y—M, to=7y(y—3)+M (M +v—32)— My, tg=2y—3+M (3.10)
where v, My and My are given in (3.4), (3.5), (3.6).

Proof. Let us focus on the last column of ®,, see (2.24) and (2.27), with —7 < argz < w. Then by
(2.24) and (3.3) we have

2w i 1 2
_ 27 —v,—3z3 -3 -2 -1
b3(z) = 5o (1 + Mz + Mye~3 + 0z )) (3.11)
The expansion (3.3) can be differentiated termwise and we find
2 1

~V3(2) = %z*ve% (=% + O +9) + (M + (+ H)d0) =7F +0GTH)) (3.12)
92 _2m sk (2 1y 1 1 2 _1

¢3(z)—ﬁz e (z3 + (My+2y—3) 25 + (Mo 4+ (274 3)Mi+7%) + Oz s)). (3.13)

If we choose constants t1, ta, t3 as in (3.10) then we get from (3.11), (3.12), (3.13),

t1gs(z) — Vd3(z) = %z_'ye_gzé (z% + O(z_%)> , (3.14)
tos(2) + t3003(2) + 923 (2) = %z—ve—h% (z + O(Z—%)) . (3.15)
With the matrix T, from (3.9) we write (3.11), (3.14) and (3.15) as
3(2) o N C RO
T, | 9s(2) | = Tz*wae*m 1+0(z"%) |,
923 (z) 3 25 +0(75)

which may also be written as

0 0 )
Toda(z) [ 0] = 22943 (14 OGY) La(2) [0 ] o3 (3.16)
1 V3 1

by the definitions (3.8) of L, and (2.27) of ®,. This is the equality (3.7) for the third column with
[+ Anz~t + O(272) replaced by I+ O(271). The equality of the other two columns follows in a similar
manner, and with the same matrix T, although the details are a bit more involved. We apply (3.3) with
ze?™ and ze~?™ instead of z, and this leads to the various factors of w and w? in (3.7) and (3.8). The
result is that (3.7) holds with T+ O(z71) instead of [+ A,z71 + O(272).

To obtain the sharper order estimate, we consider

e’ 0 0
0 e—3w?at/? 0 , Im(z) >0,
~ 27 2 0 0 e—3%/"
al(z) = —=27 3 Ly(2) x 3.17
O NCEE D @)
0 e—dwz'/? 0 , Im(z) <0,
0 0 e
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and we verify that Za has the same jumps as ®, has on R*. The details of this calculation are similar
to what we will do in the the proof of Lemma 5.10(a) below. This lemma is about a slightly different
function, F,(z), but the arguments are essentially the same. It follows that

Ro =Ta®o L' =14 0(z71) (3.18)

has no jumps on R*, and therefore is analytic in C \ iR.
Note that L, is analytic across the imaginary axis, while ®, has the jump (3.1) there. For R, we
then have the jump matrix

100 »
Ry (2)Rai(2) = La(z) [1 1 0 (La(z)> , zeciR,
00 1
which by (3.17) is equal to
1 0 0
Ry (2)Rai(2) = La(2) | 23— 1 0| L7'(2), =€ iR,
0 0 1
1 0 0
=Lo(2) [ e 2211 1 0| L7Y(2).
0 0 1

The entries of L, (2) and L;'(z) are O(2'/3) as z — oo, as can be seen from (3.8). Hence there is a
constant ¢ > 0 such that Ry 1 (2) = Ra,—(2) (H + O(efc‘z‘w)) as z — oo along the imaginary axis.

It follows from this and (3.18) that the O term in (3.18) can be written as an asymptotic series
in powers of 27! as z — oo. In particular we find that there is a constant matrix A, such that
Rao(2) =1+ Ayz~t + O(272) and the lemma follows. O

3.4 RH problem for ¢,
We combine the above to conclude that ¢ satisfies the following RH problem.

Riemann-Hilbert Problem 3.5.

RH-®1 &, is analytic in each of the four quadrants.
RH-®2 &, has the constant jumps (3.1) on £ = RUR.
RH-®3 &, has the asymptotic behavior (3.7) as z — oco.
RH-®4 &, has the behavior (3.2) as z — 0.

With standard RH arguments it can be shown that the solution to the RH problem is unique (and
thus is given by (2.27)), and that

det @ (2) = — (\2/7%)3 2728

where = a + i as before.

Remark 3.6. In their analysis of coupled random matrices in a p-chain, Bertola and Bothner [6] also
construct a model RH problem for Meijer G-functions. It is called Bare Meijer G-parametrix in [6,
section 4.2.1]. For p = 2 the RH problem as well as its solution in terms of Mellin-Barnes type integrals
shows great similarity with RH problem 3.5, although there does not seem to be a direct way to connect
the two RH problems.

14



3.5 The inverse of &,
The inverse of @, also appears in the formula for the limiting kernel K(*2)(z,) in Theorem 2.8. The

inverse contains the Meijer G-functions Gg’_yg?( z) We define, for —7 < arg(z) < 7,

1
0,0, + 3

1) =G5 0ms 1

2

,ze_m)7 (3.19)

ze™ ) (3.20)
27rza 3,0 —7 . 2mic v 3,0 -

Ps3(z) = Gy ( ze ) +ie" ™Gy (07067(1 !

727rw¢ . —2mia v 3,0 - 3mi
G <O oot L ze" ) —ie Gy <0,o¢,a+% ze >, (3.22)
Va(z) = P2(z) — P1(2). (3.23)

The functions v; are solutions of the third order differential equation (2.18), but with « replaced by
—a— %, and z replaced by —z, i.e.,

Po(z) = G033?<0a_ 1

ze—3”), (3.21)

I — )9 —a— 3)p —2p =0. (3.24)

This differential equation has Frobenius indices 0, and o + % When 2a ¢ Z, (3.24) has a basis of
solutions around z = 0 formed by the functions

F - : o F L d zo+3,F B ) 3.25
02(10172 a,z>7202(1+a’§,z> and z 02( +Oé,%’> (3.25)

In particular, there are (real) constants ¢y, ca, cg such that for —m < arg(z) <

_ - . —i - . ; —mio ot - .
P1(z) = ¢ oFy Z | Heoe” T2y 212 | —c3ie” T 2T 2 Fy z].
() <1—Oé,§)—0[7> 1—'—0&,%7 %-'—Oé,%’

By analytically continuing this expression along circles we can write the other v; in terms of the Frobenius
basis. Note that, regardless of whether we use (3.21) or (3.22), the Frobenius basis (3.25) yields that

P3(2) = 2co sin(ma) 2% Fy < o ;Z) — 25 cos(ma) 2T Fy (1 S ;z> ) (3.26)
1+a,3 ztong

showing that the two definitions (3.21) and (3.22) are indeed the same. By continuity, the equality also
holds true if 2a € Z.

Definition 3.7. We define, with 9 = zd% as before,

2P1(2)  9%ha(z)  9%3(2)

Yp1(z)  Hpa(z)  Is(z) |, 0 <arg(z) < 7,
vi(z)  Pa(z)  ¥s(z)

2hy(2)  92Pa(z)  9%9P3(2)

Yp1(2)  Pa(z)  Is(z) |, 5 <arg(z) <m,
)= V1(2) Ya(2) V3(2)
Y=Y la) i) sl (321
Dpa(2)  —0¢Pi(z)  Ds(e) |, —F <arg(z) <0,

Pa(2) —1(2) ¥3(2)

Pho(2)  92a(z) 9*3(2)

Yha(z)  IPa(z)  Is(z) |, - < arg(z) < — 3.
Pa(2)  Yalz)  s(2)
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The main property of ¥, is contained in

Lemma 3.8. We have

1 0o o\ '

2,0 = —4r® [ -2a-% -1 0 (3.28)
ala+3) 2a+1 1

Proof. 1t is clear that ¥, is analytic in each of the four quadrants with jumps

0 1 0

-1 01, z € RT,

0 0 1

1 -1 0

U, (2)=",_(2)x |0 1 0], z € iR, (3.29)

0 0 1

1 0 0

0 0 —je~2mia | -z cR™.

0 je2mie 0

Indeed, the jumps on RT and iR* are immediate from (3.27). To verify the jump on R~ we have to
check that on R™

Yoy =1, thag =ie TNy, ahy = —ie T My .

These identities are indeed satisfied because of the definitions (3.19)-(3.23). We use that z_ = 2z, e?™
for z € R, since the negative real axis is oriented from right to left.

The jump matrices in (3.29) are the inverse transposes of those in (3.1). It follows that ®,¥7 is
analytic across all contours, and so is analytic in C\ {0}. The isolated singularity at 0 is at most a pole,
since all functions involved in ®, and ¥, have a power law behavior near 0.

The functions v; are solutions of (3.24) which has Frobenius indices 0, a and o + % at 0. As such
they are linear combinations of the functions (3.25) when 2o € Z. If o < 0 then all solutions are O(z%)
as z — 0, and it follows from (3.27) that W,(z) = O(z%). By (3.2) one has ®,(z) = O(z~*"2) for
—3 <a<0or &, =0(1) for a < —3. Thus

Bo(2)0T(2) = O (zminw’-%)) if 0 € (—1,0)\ {-1}. (3.30)
For a = f% or a = 0 there is an additional log term in the O term in (3.30). Since oo > —1, we see from
(3.30) that the isolated singularity is removable in case a < 0.
For o > 0 we have to be a little more careful. Now all solutions are bounded at 0, but we use that
13 and 14 are solutions of (3.24) which are O(z®) as z — 0. This fact can be checked by writing the
solutions out in the Frobenius basis around z = 0. We already did this for 13 in (3.26) and the situation
for )4 is analogous. Then it follows from (3.27) that

1 z% 2
Ua(z) =01 2> 2z¢ (3.31)
1 z¢ 2z

as z — 0 with Rez < 0. Thus

Ca—l -1 1 1 1
1 =z 2 zT72 1 1 1 272 zT2 zT2

1 1 1 1 1

D ()UT(2) =01 27272 z o2 |O|2% 2% 22| =0|z2 272 z =
1 1 1 1 1

1 z7@73 Zmo—3 A 272 273 73

as z — 0 with Re z < 0. The singularity of ®,¥7 at 0 is at most a pole, and thus it must be removable,
since if it were a pole the absolute value of some entry would be > % for some C' > 0 and all z close

enough to 0. We conclude that ®,¥7 is entire.
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Next we investigate the behavior as z — co. The asymptotic behavior of ®,, is given in (3.7). With

similar arguments we find the behavior of ¥,. We use (3.3), (3.4), (3.5), (3.6) with « replaced by —a — %

and find

3,0 - 2T a3 5 2~k
0,3 (07 a,a+ % Z) ﬁe z I+ ZMkZ s, 4T < argz < 4w (3.32)
k=1
with
- 2 1 1
=gt =30ty (3.33)
~ 1 1 1
M, = go® + ¢ 34
1 3a + 6a 3’ (3.34)
- 1 1
M2 = 7044 5 3 iaQ — ia + (335)

8¢ T51Y 216 108" " 2592

P3(z) = —%z—%?’z% (1 — Myz75 + Myz % + O(z—l)) 7 (3.36)
2 . 1 1 ~ ~ ~ 1 2
D3 (2) = —77%2%3% (25 — (M +7) + (M + (A +7)00)z75 + 0(27)) : (3.37)
2 ~ i 2 ~ 1 ~ 1
92h3(z) = —%z*vem (43 + (=23 + § = B)zb + (W + (§ + 29)M1 +3%) + O(7H)).

(3.38)

These calculations come from applying (3.32) to the second term in either (3.21) or (3.22), since this
term is dominant in the full range —7 < arg z < 7.
Then with numbers analogous to (3.10)

t1 =4+ M, t}:&(’y—%)—&—]\%(]\% +§—%)—M27 532%—%-*-]\;[17 (3.39)
and
) 1 &3 1
T,=10 1 # (3.40)
0 0 1
we have
2 1 2
_ [(s(2) o s gt [ +O<Z,;)
T, | 9vs(2) :fﬁzae 1+ 0(273)
V3(2) 275 + 027 3)

63w21/3 0 0
0 eBuw?s/? 0 , Im(z) >0,
. or 28 i - 0 0o e
TaWa(z) = =2 [+0GE) Lal@) % § ) gpan . (3.41)
0 3wz’ 0 , Im(z) <0,
0 0 3
with
w w? 1 e_M 0 0
o o 1 1 1 0 %% 0|, Im(z)>0,
Z3 2
- 1 0 0 1
La(z)=|0 1 0 |x< ¥, © i (3.42)
0 0 2% w —w 1 e s 0_ 0
_2miB
1 -1 1 0 e 3 0], Im(»)<0
w —w? 1 0 0 1




For z — oo we then have from (3.7) and (3.41),

Igéa@0W5c5T3¥=I;¢a@>(Tawatd)T

2T 2 1 T T
:_<WJ @+O@W»LJ@L()@+O( g (3.43)
By multiplying (3.8) and (3.42) we get
Lo(2)LE(2) = 3L (3.44)

Thus (3.43) remains bounded as z — oo. Since ®,(2)¥L(2) is entire, (3.43) is a constant matrix by
Liouville’s theorem, and using (3.44) we conclude

To®o(2)UL ()TT = 471 (3.45)

for all z € C. A final computation (that we checked with Maple), based on (3.9), (3.40), and (3.10),
(3.39) shows that

i 1 0 0\ /1 0 0 1 0 0
T'T, =t 1 0] (ts —1 0 = -20-1 1 0
1?2 El 1 to t3 1 a(a + %) 200 + % 1

which by (3.45) leads to the identity in (3.28). 0

3.6 Proof of Theorem 2.8

Proof. We are going to use [32, Proposition 5.4] with parameters M = 2 and vy = 0,11 = «, and
Vo =+ % In the paper [32] the parameters v; are supposed to be integers, but this fact does not play
a role in the proof of the formula (5.13) of [32], and we can use it in our situation. The result is that

2 2— ]
wl -1 i
K2 (z,y) = o > ) aivj (5 f(x)) (9,9(y)) (3.46)
Yy 7=0 z:O
with ag = a(a + %), a; = —2a — %, as =1, and

2,0 -
x)7 g(y):GO’g (ava—i_;ao‘y).

Thus

1 . 1 0 0 f(
KD (,y) = —— (R29() Yy9() 9@) [-20-1 1 0] | -tuf(2) (3.47)
r-y ale+3d) —2a-1 1) \ 92f(a)

By (2.20), (2.26), and (2.25) we have f(z) = — =3 (¢1(x) + ¢2(x)). Also, by [35, page 151] we have

. ~2,0 - _ (3,0 - i\ _ 30
2miGys <a,a+§,0 z) =Gos <0 oot L ze ) Gy

)

(0 N ;Jr 1| ze” ) (3.48)

so that g(y) = 7 (¥1(y) — ¥2(y)) by (3.19) and (3.20). Thus in view of (2.27) and (3.27),
f(z) 1 1 939(y) 1 1
ggﬁg =2 %a+(2) (1) and y?(?) =5 Va, (¥) —01
with z,y > 0. Thus (3.47) gives us
) 1 . 1 ) 0 0 1
K2 (2, y) = mile ) (1 -1 O) e \I!a+( ) O—é(Zaa—:; 2a—i% (i D, +(2) (1) (3.49)
In view of (3.28) we arrive at (2.28). O
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4 Transformations of the Riemann-Hilbert problem

In sections 4-6 we apply the Deift-Zhou steepest descent method [18] to the RH problem 2.2 for Y. The
method consists of a sequence of explict transformations Y +— X — T +— S +— R.
4.1 First transformation Y — X

We start with a preliminary transformation that simplifies the jump condition in the RH problem on the
positive real axis. It also introduces a jump on the negative real axis.

Definition 4.1. If n is even then

1 0 0 1 0 0 1 0 0 1 0 0
X()={0 1 0|Y() [0 2t o0 0 % % |[o 1 o, (4.1)
. _1 1 1
0 0 =2 0 0 AR 0 ﬁ —ﬁ 0 0
with z € C\ R, while if n is odd then
100\ /100 1 00\/1 0 0\ /1L 0 0 100
X(z)={0 1 0|0 0 1]y |{o o0 1]{o =% 0o)[|0 55 ][0 10
00 i/\0o 10 o1 0/\o o z/\0o & -F)\oo i
(4.2)

The RH problem for X follows from the definitions (4.1)-(4.2) and the RH problem 2.2 for Y. While
there is a different definition for X in the cases n even and n odd, the RH problem for X sees the two
cases only in the jump (4.5) on the negative real axis. We recall

B:aJri. (4.3)

Riemann-Hilbert Problem 4.2.
RH-X1 X : C\R — C**3 is analytic.
RH-X2 X has boundary values for z € (—o0,0) U (0, 00), denoted by X4 (z) and X_(x), and

1 V2zPe V(@)
Xi(x)=X_(x) |0 1 0], x>0, (4.4)
0 0 1
1 0 0
Xi(z)=X_(2) |0 0 (—=1)nt ], x <0, (4.5)
0 (-1 0
RH-X3 As |z| = o
1 1 0 0 1 0 0 o 0 0
X(z):(IH—O()) 0 zi 0 0 % 7 0 273 0 (4.6)
z -1 i 1 _n
0 0 271 0 ﬁ % 0 0 AR
RH-X4 As z— 0
1 zfiha_i_%(z) zfiha_k%(z)
X(2)=0|1 275hey1(2) 27 0hg,1(2) (4.7)
1 z*%haJr%(z) z*iha+%(z)

While the RH problem 4.2 follows in principle by straightforward calculations, it may be good to
point out a few of the features leading to it.
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First we may define Y =Y in case n is even and

i 100 10 0\ /1 0 0
Y(z)=(0 0 1|Y() [0 0 1|0 2=%2 0 (4.8)
01 0 010/ \0o o 2

in case n is odd. Then Y satisfies of course the RH problem for Y in case n is even. For odd n, the RH
problem is very close to that of Y. Namely the jump on the positive real axis remains the same with the
1 w@) z2w()

jump matrix | 0 1 0 as before. For odd n, there is an additional jump on the negative
0 0 1
real axis, but if we write the jump as
1 0 0
Y,=Y_(0 (<) 0o |,
0 0 (=)™

then it applies to both cases n even and n odd. ~
In case n is odd we obtain the asymptotic behavior of Y from (2.4) and (4.8). It gives us

1 0 0 zZ" 0 0 1 0 0 1 0 0
Y(z)=O+0EhH) (o 0o 1)]lo == o0 00 1|][o =% o
010 0 0 "/ \0 10/ \o 0 =23
z" 0 0
={I+0(z"") 0 272 0 (4.9)
0 0 273

and this is exactly the same as the asymptotic behavior (2.4) for n even.
The behavior near 0 follows from (2.5) and (4.8). In case n is odd it is

1 z‘1/2h0+% 22ho(2)
Y(z)=0|1 z_l/zhaJr% 22h,(2) | . (4.10)
1 z‘l/zhwr% 212k, (2)

From (4.1)-(4.2) and (4.8) we have that in both case n even and n odd,

10 0\ 1 0 0 L 0 0 100
X(z)=10 1 0]Y()|0 23 0 0 % & 01 0 (4.11)
0 0 i 00270%—% 0 0 i

To come from (4.11) to the RH problem 4.2 requires some more calculations but these are more
routine. We only note that for the asymptotic behavior near 0, we use either (2.5) or (4.10) in (4.11)
and (4.7) follows in both cases since

1

zzha(z):(’)(z_iha+%(z)> as z — 0,
as can be checked from the definition of h, in (2.5).

4.2 Second transformation X — T

The solution to the vector equilibrium problem [27], provides us with two measures p* and v* satisfying
the variational conditions (2.8) and (2.9). Here p* = puj,, is the 6 = 1-equilibrium measure in the
’2

external field V', which has a compact support

supp(p”*) = Ay, Ay =(0,q) (4.12)
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by our assumption on the external field V' in Theorem 1.2. The measure v* has support

supp(v*) = Ay, Ag = (—00,0). (4.13)
Writing
Ul"* — 1 d * Ul/* — 1 d *
()= [log =i (). U (2) = [log ' (s),
for the logarithmic potentials, we obtain from (2.8) and (2.9),
. x =/
W — UV +V on (0,4},
> —{ on (g,00), (4.14)

20 = UM on (—o0,0].

The strict inequality on (g, 00) comes from the one cut f-regular assumption in Theorem 1.2, see Def-
inition 1.1. Indeed the strict inequality that is assumed in (2.9) for > ¢, translates into the strict
inequality in (4.14) for the minimizer of the vector equilibrium problem.

We define two g-functions by

q1(z) = /Oq log (z — s) du*(s), z € C\ (—o0,q], (4.15)
0
g2(2) = /_ log (z — s) dv*(s), z€C\ (—00,0], (4.16)

with principal branches of the logarithm. From the conditions (4.14) and definitions (4.15)-(4.16) it
follows that for > 0

91+ (7) — g1-(z) = 2mip*([z, 00)),

- 417
g1-(2) + g1+ (2) = ga(2) = V() {<§ Zn E(‘)J’(i];) (#an)

and for £ < 0

g1+ (x) — g1- () = 2mi,
92+ (@) — g2 () = 2miv™([z, 0]), (4.18)
—g1- () + g2— () + g2y (x) = mi.

As before, the plus (minus) sign indicates that we use the limiting values from the upper (lower) half-
plane.

Proposition 4.3. For the behavior as z — oo we have
g1(z) =logz — % +0(27?) (4.19)

1 mi m
gg(z)zilogz—i— \/% —2—214—(’)(2_%), (4.20)

where
q q
my = / sdu*(s) and my = / Vsdu*(s). (4.21)
0 0
Proof. The expansion (4.19) is immediate from (4.15), since p* is a probability measure with compact
support. The first term of the expansion (4.20) for go comes from the fact that v has total mass 1/2.

The full expansion can be obtained from the proofs of Propositions 3.1 and 3.2 in [27]. Namely, in the
proof of Proposition 3.2 we find the relation

vt = /0'1 vedp* (), (4.22)
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where vy for ¢ > 0 is the minimizer of the energy functional I(v) + [log|s — t|dv(s) among measures on

(—00,0] with total mass . The proof of [27, Proposition 3.1] yields

/_Ooo log(z — s)dvi(s) = log(z — t) — log (z% - \/Z) = log (z% + \/f) .
We therefore obtain from (4.16) and the above
g2(z) = /Oq (/_OOO log(z — s)dut(s)> du*(t) = /Oq log (z% + \/i) du*(t). (4.23)

From the alternative expression (4.23) for g, we find as z — oo

1 a t
g2(z) =log 22 —l—/ log (1 + {) du*(t)
22

0
1 TIVE Ot 5
] vi_o*© (") du* (1),
2ogz+/0 (zé 22+(’)22>u()
which indeed yields the required expansion (4.20) as z — oo. O

The g functions are used in the transformation X — T.

Definition 4.4. T is defined by

1 0 0 e—ng1(2) 0 0
T(z)=10 1 z‘nm% LilX(z) 0 e (91(2)=g2(2)) 0 L, (4.24)
0 0 1 0 0 6”92(2)
where
V2eEt 0 0
L= 0 e 0 (4.25)

0 0 e 3

In the RH problem for T it will be convenient to use a function that we call . To define it, we
recall the assumption that V is real analytic on [0,00). Thus V has an analytic continuation to an open
neighborhood Oy of [0,00) in the complex plane. Then

p(2) = —g1(2) + 392(2) + 3 (V(2) + 0), (4.26)
is defined and analytic for z € Oy \ (=00, ¢]. By (4.17) and (4.26),

o+ (z) = Frip*([z,00)) = £mip* ([0, x]) F mi, z €10,q]. (4.27)
From the variational inequality in (4.17) it follows that

p(x) >0 for real =z > q. (4.28)

Then T satisfies the following RH problem.

Riemann-Hilbert Problem 4.5.
RH-T1 T :C\ R — C3*3 is analytic.
RH-T2 T has boundary values for x € Ay U Ay U (g, 00) and

e2ne () B 0

T (z) =T_(z) 0 e2ne-( 0|, z €A =(0,q), (4.29)

0 0 1

1 aPe2ne(@) g

Ti(x)=T_(z) |0 1 0], x € (g,00), (4.30)
0 0 1
10 0

Ti(z)=T_-(z) {0 0 —1], x € Ay = (—00,0). (4.31)
01 0

22



RH-T3 As z —

1 1 0 0 1 0 O
T(z):<ﬂ+(9(z)> 0 28 0 0 % % (4.32)
00 1) \0 5 =
RH-T4 As z =0
1 z_iha+%(z) z_%haJr%(z)
T(z)y=011 z_ihtw%(z) z_%haJr%(z) (4.33)
1 z_ihw_%(z) Z_%ha—i-% z)

The behavior (4.33) arises from (4.7) since g; and g2 remain bounded near z. The jump in (4.29)
follows from the variational conditions (4.17)-(4.18) and (4.27). For « < 0, we have from (4.24) and (4.5)

6”91,—(1’) 0 0
T-Yx)Ty (z) = L1 0 e~ (91— (2)—g2.— () 0
0 0 e—ng2,— ()
1 0 0 e~ 91+ (@) 0 0
x [0 0 —(=1)" 0 en(g1,+(z)—g2,+(x)) 0 L (4.34)
0 (-1)" 0 0 0 eno2.+(x)

The matrices L~! and L commute with all other factors and thus cancel out because of the special
diagonal form (4.25) of L. Then (4.31) follows since by (4.18)

g +(@)—g1,-(2)) — 1  gpd (91— (@) 42,1+ (@) +g2,-(v)) — (=1)"

for z < 0.
Because of (4.28) the jump matrix in (4.30) tends to the identity matrix as n — oo.
The distinction between the cases n even and n odd has disappeared in the RH problem for 7.

4.3 Third transformation 7 — S: opening of lenses

In the next transformation T — S we open a lense around A; = (0,q) as in Figure 3. The lense is
contained in the neighborhood Oy around [0, 0c0) where V is analytic. We denote the upper and lower
lips of the lense by A and Aj, respectively, with orientation from 0 to g. The lips start from 0 in a
vertical direction. However, they do not necessarily follow the imaginary axis exactly, contrary to how it
is shown in the figure. Later we will construct a conformal map f in a neighborhood of 0 with f(0) = 0.
The lips of the lense near 0 should be such that they are mapped by f to the imaginary axis.

Definition 4.6. S is defined by

L 00 for z in the upper
S(z) =T(z) | —z=Fe2#® 1 0 bp (4.35)
part of the lense,
0 0 1
1 0 0 .
S(2) = T(2) [ Pezne> 1 0], for z in the lower (4.36)
part of the lense,
0 0 1
S(z) =T(2), elsewhere. (4.37)

The corresponding RH problem is
Riemann-Hilbert Problem 4.7.

RH-S1 S:C\ Xg — C3*3 is analytic (see Figure 3 for the contour Xg).
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Figure 3: Contour Xg = RU Ali for the RH problem for S. The lense around A; is contained in the
domain Oy where V is analytic.

RH-S2 On Xg we have the jumps

0 a7 0
S (x)y=8_(z)| -2 0 0], x € Ay, (4.38)
0 0 1
1 0 0
Si(2)=8_(2) |z Pe2(® 1 0], z€ AT UAT, (4.39)
0 0 1
1 zPe2nel@)
Si(x)=5S_(z) [0 1 0], x € (g,00), (4.40)
0 0 1
1 0 0
Si(x)=S_(z)[o o —-1], xr € Ay, (4.41)
01 0
RH-S3 As |z| = o0
1 1 0 0 1 0 0
S(z) = <]1+ o (>> 0 25 0 0 % & (4.42)
N0 0 i) \0 55
RH-S4 As z — 0
el 1 1
Z,a iha+%(z) Z,iha+%(2) Z,ih(ﬂ_%@) o
S(z)=0 fho‘+% (2) =z jhaJr% (2) = zlthaJr%(z) for z inside the lense, (4.43)
z= Ehoz+%(z) Z_ZhaJr%(Z) Z_ZhaJr%(Z)
1 1
1 Z,iha+%(2) Z,iha+%(2) .
S(z)=0|1 =z zlthoH_%(z) z jha+%(2) for z outside the lense. (4.44)
1 273hg 1(2) 27 3ha 1 (2)

The asymptotic behavior (4.43) for z — 0 inside the lens, comes from (4.33) combined with the factor
z~P that we have in the definitions (4.35)-(4.36). Note that ¢ remains bounded as z — 0.
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From the Cauchy-Riemann equations and (4.27) one can show that the real part of ¢(z) is strictly
negative for z inside the lense with Rez € (0, q) provided we take the lense close enough to [0,¢]. In
section 5 we will do a closer analysis of ¢ and related functions near 0. As a consequence of the assumed
one-cut f-regularity we have (5.30) and together with (5.13), (5.34) it implies that

—7i + 37rico7vz% + O (z%) , for z in the upper part of the lense,
o(z) = ) i (4.45)
i — 3micyyz3 + O (25) , for z in the lower part of the lense,

as z — 0. Thus for z close to the origin,
Re p(z) ~ —3mco,v sin (3] arg(2)]) |z\% (4.46)

which is negative when z is not on the positive real line. In particular, Re ¢(z) < 0 for z on the parts of
A that are close to 0.

By taking a smaller lense if necessary, we conclude that Re p(z) < 0 on the lips of the lense. Thus
the jump matrices on AT and on (g,00) (this is due to (4.28)) in the RH problem for S tend to the
identity matrix as n — oo.

4.4 Global parametrix

We expect that S is close to the solution of the following RH problem, at least away from the end points
0 and ¢:

AQ A1

Y
A

Figure 4: Contour Xy = (—00, ¢] for the RH problem for N.

Riemann-Hilbert Problem 4.8.
RH-N1 N :C)\ (—o0,q] — C3*3 is analytic.
RH-N2 On XYy (see Figure 4) we have the jumps

0 2f 0
Ny(z)=N_(z)|-2=? 0 0, for x € (0, q), (4.47)
0 0 1
1 0 0
Ni(x)=N_(z)|0 0 —-1], for 2 < 0. (4.48)
01 0
RH-N3 As z —
1 0 0 1 0 0
1 1 1 i
N(z) = <H+0 <Z>> 0 zi 0 0 % »|- (4.49)
1 i
0 0 z 4 0 ﬁ E

In [29, section 4] a global parametrix N,, is constructed that is analytic in C\ (—o0, ¢] with jumps

0 z¢ 0

No4(x)=Ngy_(z)| =2~ 0 0|, z€(0,9q),
0 0 1
1 0 0

Nea(@)=No @) [0 0~ ], w<o,
0 |z|* 0
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and asymptotic behavior

1 1 0 0 1 0 0 1 0 0
Na(z)—<ﬂ+0<>> 0 zi 0 0 % 7|0 22 0 as z — oo.
‘ 00 zi)\0 &= L)/ \o o zo2
z V2 V2
It is straightforward to check that
1 0 0
N(z) = Nog(2) [0 27% 0 (4.50)
0 0 2

satisfies the conditions in the RH problem 4.8.
From (4.50) and formulas (4.3) and (4.4) in [29] we also find the following behaviors near z = 0 and
z=q.

RH-N4
z% 0 0 2’7% Zﬁé 27%
Ni)| 0 25 0 =0 |25 273 273 as z — 0, (4.51)
0 0 z*% z*% z*% z*%
(z—q)‘f (z—q)‘% 1
Niz=0(z—-¢)" 1 (z—¢)"71 1 as z — q.
(z—q)7% (z-¢)7% 1

4.5 Local parametrix at the soft edge

We consider an open disk D(q,7,) around ¢ with some small radius r4 > 0, so that D(g,r,) is contained
in the region Oy where V is analytic. The local parametrix problem around g is of the form:

Riemann-Hilbert Problem 4.9.

RH-Q1 Q is analytic on D(gq,7q) \ (A1 UA1+ UA;_ U [g,00)).

RH-Q2 @ has the same jumps as S has on (A UA 4 UA_ Ulg,00)) N D(gq,7q).
RH-Q3 @ has the same behavior as z — ¢ as .S has on D(q, 7).

RH-Q4 ( matches with N on the boundary:

Q(INTI2)=T+0(n"') asn — oo, (4.52)
uniformly for z € 9D(q, ry).

The construction of @ can be done by a standard procedure using Airy functions [15, 16, 17]. See
[28] for a similar construction in a 3 x 3 matrix valued context. We omit the details.

5 Local parametrix at the hard edge 0

Our main task will be the construction of the local parametrix P around the origin with the help of
Meijer G-functions. Usually such a local parametrix is constructed in a (possibly shrinking) disk with
a matching condition on the boundary of the disk. We deviate from this by constructing the local
parametrix on two concentric disks, which leads to a matching condition on two circles. We introduce a
new iterative technique to improve the matching.
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Figure 5: The contours for the local parametrix P.

5.1 Statement of the RH problem for P

We consider two concentric disks with radii r, and R which are centered at the origin, see Figure 5. For
our purposes we will take

Th =N

Njw

(5.1)

and R is fixed, but small enough so that the boundary of the disk D(0, R) is contained in the region Oy
where V' is analytic, and such that the boundary of the disk meets the lips of the lens in the (almost)
vertical parts of Ali, see Figure 3. We also want R < ¢g. For large enough n we of course have r, < R
and this is what we assume without further notice. We use

AQO;r,,R)={2z€C|r, <|z| <R} (5.2)

to denote the annular region bounded by the two circles of radius r,, and R. Our aim is to construct a
local parametrix P in the neighborhood D(0, R) of 0 that also has a jump on the circle |z| = r,,.

Riemann-Hilbert Problem 5.1.
RH-P1 P:D(0,R)\ (0D(0,r,) UXg) — C3*3 is analytic.

RH-P2a P has the same jumps as S has on ¥g N D(0,7,), see RH-S2 in the RH problem 4.7 for S.
That is, we have

0 2% 0
P (zx)=P_ ()| -2 0 0], x €A1 ND0,r,), (5.3)
0 0 1
1 0 0
P.(2)=P_(2) [ 28?1 0], z€ (AT UAT)ND(0,7,), (5.4)
0 0 1
10 0
P, (z)=P_(z)[{0 0O -1}, x € AyND(0,r,), (5.5)
01 0

where all contours are oriented as in Figure 5.

RH-P2b P has the same jumps as N has on Xy N A(0;r,, R), see RH-N2 in the RH problem 4.8 for
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N, and no jump on (A} UAT)N A(0;7,, R). That is, we have

0 a7 0
P (x)=P_ ()| -2 0 0], x € Ay NA0;7,, R), (5.6)
0 0 1
1 0 0
Pi(x)=P_(x) |0 0O —-1], x € Ay NA(0;7,, R), (5.7)
01 0
P (2) = P_(2), z e AT N A(0; 7, R). (5.8)
RH-P3 As z — 0, P has the same behavior as S has, see RH-S4 in the RH problem for S. That is,
we have
Zﬁai%hu+%(z) Zﬁiha—‘—%(z) Zﬁ%hoc—i—%(z)
P(z)=0 z*a*%hwr%(z) z*iha+%(z) z’%ha+%(z) for z to the right of AT N D(0, R),
z_a_%hwr% z) z_iha+%(z) z_%haJr%(z)
(5.9)
1 z’%ha_i_%(z) zfiha_,_%(z)
P(2)=0 |1 275h,1(2) 275Ny (2) for z to the left of AF N D(0, R).
1 z_%haJr%(z) z_ihwr%(z)
(5.10)
RH-P4 (Matching condition) We have
P (2)P='(2) =1+ 0O(n™") asn— oo, uniformly for z € 9D (0,r,), (5.11)
P)N"'(z)=14+0(n"") asn— oo, uniformly for z € 9D (0, R) . (5.12)

5.2 Ansatz for P

We will look for P in a form that contains the matrix valued function ®, defined in (2.27) and that is

built out of Meijer G-functions. It has the piecewise constant jumps given in (3.1). We will combine it

with certain functions p; and s to make sure that P has the correct jumps from (5.3)-(5.8). Of course,

we also have to take care of the behavior (5.9)-(5.10) as z — 0 and the matching condition (5.11)-(5.12).
Recall that ¢ is given in (4.26). We are going to use the slightly modified version

mi, if z € Oy, Im(z) > 0,
) . 5.13
Al = e {—m', if z € Oy, Im(z) < 0. o
We also introduce
—T i Im(z) > 0
RPN 7 5.14
#2(9) = ~92() + 1012 { if Im(2) <0, o

where g1 and gy are the functions from (4.15), (4.16). The ¢ and @9 functions appear in the following
diagonal matrix

e3 (2¢01(2)+92(2)) 0 0
Do(z) = 0 e (w2(2)—91(2)) 0 . (5.15)
0 0 e~ 5 (@1(2)+202(2))

We will look for P in the following form.
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Definition 5.2. Suppose f is a conformal map and F;,, and E,,; are non-singular analytic matrix-valued
functions on D(0,7,) and A(0;r,, R) respectively. Then we define

1 0 O

P(2) = Ein(2)®4(nPf(2))Di(2) [0 25 0 |, for z € D(0,r,), (5.16)
0 0 2°

P(2) = Eou(2)N(2), for z € A(0;ry, R), (5.17)

where Dy is given by (5.15).

Lemma 5.3. Suppose that f is a conformal map in D(0, R) that maps the positive (negative) real line
inside D(0, R) to part of the positive (negative) real line. Suppose also that the lense is opened such
that AT N D(0, R) is mapped to the positive imaginary axis and AT N D(0, R) is mapped to the negative
imaginary azis. Then for any analytic non-singular 3 x 3 matriz valued functions E;;, and Foy the
function P(z) defined in (5.16) and (5.17) satisfies the conditions RH-P1, RH-P2a, RH-P2b, and
RH-P3 of the RH problem for P.

Proof. The analyticity condition RH-P1 is clearly satisfied. The condition RH-P2b is also immediate
since the jumps in (5.6)-(5.8) are satisfied by N, and they do not change if we multiply by an analytic
prefactor Ey,; as in (5.17). For RH-P3 we note that by the definition of h, in (2.5) we check that
h_gq-1(2)= z_“_%haJr%(z). Then we use (3.2) and (5.16) where we note that ¢;1(z) and ps2(z) remain
bounded as z — 0. Also E,,:(z) is bounded as z — 0 and the conditions (5.9) and (5.10) of RH-P3
follow. What remains is to prove RH-P2a.

We first check the jumps on the imaginary axis. The functions z — 2°, ¢ and ¢y are analytic on
the imaginary axis. Then by (3.1) and (5.16), we have for z € A1+ N D(0,r,),

1 0 0 1 00 1 0 0
Pl (2)Pi(z)=(0 2% 0 | Dy"(2) (1 1 0]Dy(z) 0 2% 0
0 0 z7% 0 0 1 0 0 28
1 0 0
= |z P22 1 0. (5.18)
0 1

Because of (5.13) we may replace 1 by ¢ in (5.18), since n is an integer. Thus (5.4) holds.

When checking the jumps on the real line, we have to take into account the fact that ¢ and @9 have
jumps there. Also z — 27 is defined as the principal branch and so it has a jump on the negative real
axis (unless § is an integer). For x € Ay, we find by (4.27) that

¢1,4(x) = £mip” ([0, 2]) = £mi(1 — p*([z, 00)) (5.19)
and therefore
p1,-(2) = —p14(2), TE€AL (5.20)

From (5.14) and (4.17), we find (since go is analytic across Aq)

£2.+(2) — 92, (2) = 5 (01,4 (x) ~ g1, () — i = mipe* ([, 00)) — i
which by (5.19) leads to
w2,—(z) = p1,4(x) + @2 +(2), x € A. (5.21)

The two jump relations (5.20) and (5.21) are used in the calculation of the jump of P across A;.
By (3.1) and (5.16), we have for x € Ay N D(0,1,),

1 0 0 0 10 1 0 0
P HNa)Py(z)= [0 =% 0 | (Dg™)_(2) (-1 0 0| (Dg) (=)0 2 0 |. (522
0 0 aF 0 0 1 0 0 2°
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If we do the multiplication we find three non-zero entries with an exponential factor containing certain
linear combinations of ¢ 4 (z) and @2 4 (). Because of (5.20) and (5.21) all three linear combinations
turn out to vanish identically for z € A;. The factors 2 and 7% end up in the 12- and 21-entries,
respectively, and the jump condition (5.3) follows.

Something similar happens on Ay. From (5.14) and (4.15), (4.16) we deduce

P2+ (x) = Friv*([z,0]), =z €Ay, (5.23)
and therefore

P2, () = —p24(x), @€ Ay, (5.24)
Also from (4.18), (4.26), (5.13), and the fact that V is analytic in Oy, we get for z € A2 N Oy,

P14(@) = 91,-(2) = —g1,4+(2) + g1,— () — 5(92,+(2) — g2, (2)) + 2mi = miv*([z,0]),
which by (5.23) leads to

01, (z) = 1.4 (x) + @2 +(2), z € Ay N Oy. (5.25)

By (3.1) and (5.16), we then have for x € Ay N D(0,7,),

P='(2) Py (2)

1 0 0 1 0 0o\ " 1 0 0
=(0 2= 0o | (D;™)_(2) [0 0 ¥ (DR, () (0 2] 0 |. (5.26)
0 0 af 0 —ie?mo 0 0 0 o

Note that the inverse of the jump matrix in (3.1) appears in (5.26), since the orientation on the negative
real axis is from left to right, while in (3.1) it is from right to left.

Multiplying the matrices in (5.26) we get a jump matrix with three non-zero entries. Each entry has
an exponential factor containing a linear combination of 1 +(x) and @2 +(x). Each of these three linear
combinations vanishes because of the identities (5.25) and (5.24). What we are left with from (5.26)
then is

1 0 0
Pl (@)Py(z)= |0 0 ie 2miogp Pl )z e AanOy. (5.27)
0 —ie?miox =Pyl 0

Finally, we also use that 2~ = |z|=%¢™# and 2 = |z|fe™, so that 2~ 2] = €™ = €™ for z € A,
where we recall 8 = a + 1, see (4.3). Then (5.27) reduces to (5.4), as claimed. O

In view of Lemma 5.3 our remaining task is to construct a specific conformal map f and analytic
prefactors E;, and E,,; such that the matching condition RH-P4 is satisfied as well.

5.3 The conformal map f

Remember that V' can be analytically continued to an open neighborhood Oy of [0,00), and that
D(O7 R) C Oy.

We let OY, be such that D(0, R) C 0% C Oy and OY, is slighly larger than D(0, R). We make sure
that Rez < ¢ for z € OY.. On OY, \ R we define the auxiliary functions

fi(2) = —2h —w?p1(2) + pa(2), for z € 0%, Im(z) >0 (5.28)
—wp1(2) + 2(2),  for 2 € 0%, Im(z) <0
2 - + ;A c0Y, 1 >0,

fale) = —ot x | W) Fala), forz€ Oy, dm(z) (5.20)
w?p1(2) + pa2(2), for z € O}, Im(z) <0

30



Proposition 5.4. The functions fi and fa have analytic continuation to O, and
f1(0) = 3v3mcoy > 0. (5.30)

Proof. 1t follows from (5.20), (5.23), (5.25) and (5.21) that f; and f have no jumps on OY NR. For
example for € Ay N OY, we have

= —e¥ || (~w(p14 (@) + por(2)) + 2 (2))
= —e¥ [z| 75 (~wpr4 (@) — (1 +w)p2i ()
= —e ¥ |z|73 (w14 (2) + g2 () = fri (@), (5.31)

where we have used (5.25) in the second line and (5.23) in the third line. We conclude that f; and f>
have a Laurent series around z = 0. In the upper half plane we have

23 f1(2) + 222 fa(2) = —p1(2) — 202(2) (5.32)
W2 P f1(2) + w2 fol2) = 2(2) — p1(2)- (5.33)

It follows that (where we use 1+ 2w = iv/3 and 1 + 2w? = —i/3),
V323 f1(2) —iV32Y 3 fo(2) = 3p1(2),  Tmz>0. (5.34)

Thus using the behavior (1.9) of the density of the equilibrium measure p* we have
V3iz 3 fi(x) — V3ix?/3 fo(x) = 314 () = 3mip* ([0, 2]) ~ Imicy yat/3 as z ] 0. (5.35)

This is only possible if f; and fo do not have negative powers in their respective Laurent series. We
conclude that f; and fa can be analytically continued to OY,.
The value (5.30) follows from (5.35). O

Inverting the relations (5.28), (5.29), we see that for z € OY,, Im 2z > 0,

201(2) + p2(2) = wz' B fi(2) + W23 fo(2),
p2(2) — p1(2) = WP f1(z) + w23 fo(2), (5.36)
—p1(2) — 202(2) = 2" 2 f1(2) + 2% fu(2),

A similar relation, with w and w? interchanged, holds for Im z < 0. Observe that the combinations (5.36)
appear in the diagonal matrix Dy, see (5.15).

Our choice of conformal map is dictated by the desire that D;(n?f(2)) should cancel with D} (z) in
(5.16) as much as possible, where

673wz1/3 0 0
0 —3w?2!/? 0 ,  for Imz >0,
0 0 e3'"
Dl(z) = 6730‘)221/3 0 0 (5.37)
0 e—wz!/ 0 , for Imz <0,
0 0 e—321/*

is the exponential part of the asymptotic formula for ®,,. Ideally, we would have D (n?f(2))Dg(z) =1,
but this is not possible.

Definition 5.5. Let f; be given by (5.28). We define for z € OY,,

£(2) = g5 =F3(2)
_ 8 y (w2<p1(z) — <p2(z))3, Imz >0, (5.38)
729 (wer(z) — @2(2))3 , Imz<0.
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The second equality in (5.38) follows from (5.28).

Proposition 5.6. f is a conformal map near 0 that maps positive and negative numbers to positive and
negative numbers, respectively.

Proof. From (5.38) and (5.30) we learn that f'(0) = =5 f1(0)® = 3\fco v > 0. Thus f is conformal in
some small enough neighbourhood of 0. Now let & be a real number in this open neighbourhood, then

@) = o (w1 @)~ 92:@)) = oz (w1 () — 2 (@)° = F (@), (539)

Here we have used that @14 () = ¢1_(x) and poi (z) = wa_(z), which follows from the definitions (5.13),
(5.14) and the fact that g1+ (z) = g1—(z) and g2+ (z) = ga— (), which is immediate from the definitions of
the g-functions. It follows that real numbers are mapped to real numbers. Since f(0) =0 and f/(0) > 0
it then follows that positive numbers are mapped to positive numbers, and negative numbers are mapped
to negative numbers. O

Remark 5.7. From now on we adjust the construction so that the conditions regarding the conformal
map in Lemma 5.3 are satisfied. That is, we let f be as in (5.38), and if necessary we decrease R so that
f is a conformal map in D(0, R). We open the lense so that f maps

f(AF N D(0,R)) C iR*.

Proposition 5.8. The conformal map f is such that D1(f(z))Do(z) = Da(2), 2z € O, with

e3w?2?  fa(2) 0 0
0 e5wz??f2(2) 0 ,  for Imz >0,
0 0 e32% 2 f2(2)
Dy(z) = PR 0 0 (5.40)
0 e3w* 22 f2(2) 0 . for Imz <0,
0 0 32 f2(2)
Proof. We combine (5.36) with the definitions (5.15), (5.37), and (5.38). O

Observe that for |z| = 7, = n~3/2 the diagonal entries of D} (z) remain bounded and bounded away

from 0 as n — oo, since fs is analytic by Proposition 5.4.

5.4 First step towards the matching
From the asymptotic behavior of ®,, in (3.7) and Proposition 5.8 we obtain

21 28

Bl FNDG () = 25 (0212) ¥ (14 540 (i ) L FIDEG) 61

with a constant matrix A,. In the first step towards the matching condition, we forget about the terms

ngifzz) and O (nﬁf 2)2) and in view of (5.16)-(5.17), we aim to find E(l) and Egu)t such that
) 2 ( 1 0 0 )
ED T 2L (03 £(2) ¥ La®f(2)D5(2) [0 28 0 | = B NG),  |ol=rmr (5.42)

\[ 0 0 28

To that end we introduce the following definitions.
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Definition 5.9. We define

Fo(z) = La(n®f(2)) D3 (2), (5.43)
400
E 2)=NE) | 0o 2% 0 | F'(2)Ta, (5.44)
0 0 2%
E)(2) = 7\/5712’3 (f(;)) N Ey(2), (5.45)
ENGz) =1 (5.46)

With these definitions (5.42) holds. In (5.45) we separated the scalar factors from the matrix valued

factors which are in E,,. We need that El(i) is analytic in a neighborhood of 0, which in view of (5.45)
means that we have to show that F,, is analytic.

28
3

z 0 0
Lemma 5.10. (o) N(z2) | 0 275 0 |, La(2) and F.(2) all satisfy the same jump conditions
0 0 =3
near z = 0. Namely, all three matriz valued functions are analytic in OY, \ R, with jump matriz

0 10 st 0 0

-1 0 0] forz>0, and 0 0 —e= 5 | forz <.

0 0 1 —2nif

0 e "3 0

(b) In addition, all three matriz valued functions are O(z~1/3) as z — 0.

(¢) En(z) is an invertible and analytic matriz valued function in a neighborhood of z = 0.

Proof. (a) Using RH-N2 we obtain for z € (0, q),

28 -1 28
z® 0 0 xz} 0
_8 - _s
0 225 0 | NZ'@Ni@) | 0o 2% 0
_s _s
0 0 x_ 3 0 x,?
= 0 0 0 2% 0\ (z¥ 0 0 0 10
= 0 2% o|[l-2® 0 ol o 25 o |=[-10 0], (547
0 0 x5 0 0 1 0 0 -5 0 0 1
and for x < 0 we get
28 -1 28
z? 00 & 00
B — _B
0 23 NZH@)Ne(@) [ o 2.7 0
_B _B
0 0 x_ 3 0 0 .
|x\*%62?ﬁ 0 0 1 0 O |x|%e# 0 0
- 0 |z 5 e 0 00 -1 0 ||~ 5 e 75 0o
0 0 |x|§ewgﬁ 01 0 0 0 |x\_§e_ﬂ§ﬁ
4mif
e s 0 0
=1 o 0  —e 5. (548
27if3
0 e "3 0
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Next we notice using (3.8) that for x > 0

i 1 — i
6_27[3 0‘ 0 w o —w? 1 ! Wwow 1 25" 0 _ 0
L' (2)Laq(z) = 0 cEH 0 1 -1 1 1 1 1 0 -z
0 0 1 w2 —w 1 w w? 1 0 0 1
271if 2mif
e s 0_ 0 0 1 0 e 3 0‘ 0 0 1 0
= o %" -1.0 0 0 % ol=|-10 0], (549
0 0 1 0 01 0 0 1 0 0 1
and for z < 0 we obtain
Lot () Loy (x) =
i -1 — i
00 wo—w? 1\ [ 0 0\ (WP w 1\ (5T 0 0
0 eF° 0 1 -1 1 0 1 0 11 1 0 e 5
0 0 1 2 —w 1 0 0 w w w? 1 0 0 1
e 0 0\ /10 0\ /5 0 0 o 0
= 0 e_y 0 0 0 -1 0 e_y 0] = 0 0 . —e_%;g
o 0o AT 0/ 0 0 e 0
(5.50)

Since f is a conformal map that maps the positive (negative) real line near 0 to the positive (negative)
real line near 0, we find that L, (n3f(z)) has the same jump matrices (5.49)-(5.50) as L, (z). Then by
the definition (5.43) of F,,, we obtain for z € O, N R,

0 1 0
Fol(x)F, ()= (Dy")_(x) | -1 0 0] (Dy), (x), >0, (5.51)
0 01
s 0 0
F L (2)Fos(z) = (Dy")_(x) [ 0 0 —e 5 [(D3), (x), w<0 (5.52)
0 e 5" 0
The definition (5.40) of Dy is such that (where we recall f; is analytic in a neighborhood of 0)
010 010
Dyi(z)=[1 0 0|Ds_(@)[1 0 0f, z>0,
0 01 0 01
1 00 1 00
Dy4(z)=10 0 1|Dy_(x){0 0 1], x < 0.
0 1 0 010

Combining this with (5.51)-(5.52) and using the fact that Dy is a diagonal matrix, we obtain that F,
has the correct jumps as claimed in part (a).

(b) Part (b) is a direct consequence of RH-N4, (3.8) and (5.38).

(c) It follows from (a) and the definition (5.44) that E,, has the identity jump on OY, N (R\ {0}) and
therefore [, is analytic in O, \ {0}. By (b) it is O(272/3) as z — 0 and we conclude that the singularity
at z = 0 is removable, and thus F,, is analytic in O?,. Furthermore, since all the factors in the definition
on FE,, are invertible, F,, itself is also invertible. O

As in (5.16)-(5.17) we now make the first attempt in defining P.
Definition 5.11. We define

1 0 0
W ES @)@ f(2)DE(=) [0 2# 0|, forze D(0,r,)
PY(z) = 0 0 B (5.53)
ES(2)N(2) = N(2), for z € A(0;7a, R),
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with £ (2) and E.})

out(2) as in (5.45)-(5.46).
In what follows we will give dD(0,r,,) a positive orientation.

Corollary 5.12. For |z| =1y,

(1)
PO P () =1+ An i ?) + Eo(2)0(n ) E; (2) (5.54)
where
(D(z) = ! Tt —1(2). .
An ( ) f/(O)En( )Ta AOtTaEn ( ) (5 55)

Proof. Let |z| = 7,. Then we have
(5.41) and using (5.43) gives us

Gf(z)Z =0O(n3) and ng}(z) 02 (o)z +O(n~3). Plugging this into

B FNDF(2) = 2% (02(2) (Hﬂ%w(ng))ma, (5.56)

Now using (5.44) and (5.56) we get

1 0 0
Do (n’f(2))D5(2) [0 27 0 | N7H(z)
0 0 2°
il n’f(2) B A n=3 (2
A () (o) nere

Finally, from this and (5.53), (5.45), (5.46), and (5.44) we arrive at

7 (n3f(z -7 o
PO PY(2)7 ! = Ei(,lL)(z)Tgl% ( J;( )) (11 + 713;3(0)2' +0 (n-3)> ToE7 ' (2)
Aq

APz -3\ 1
4 B0 (00 B

n

where we have used (5.55) in the last line. O

Unfortunately, (5.54) is not I + ”small” since both E,(2) and E,(z) are O(n) as n — oo with
|z| = ry, as we prove in the next subsection. Then it follows from (5.55) that Agll)(z) = O(n?) and thus
A (2)

n3z

= O(n'?) as n — oo with |z| =71, =n"2

5.5 Estimates on F,

The following result will turn out to be key to obtain the matching.

Lemma 5.13. We have E,(z) = O(n) and E;*(z) = O(n) as n — oo, uniformly for = € D(0,1,).
Furthermore, we have

BV (21)Bp(z) =1+ O (n%(zl - zg)) (5.57)

as n — 0o, uniformly for z1,ze € D(0,1y,).
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Proof. We write (5.44) with F,, given in (5.43) as

nz 0 0 nz 0 0
En(2) =Ma(z) | 0 1 0 | La(®22)Dy(2) L7 02 f(z) | 0 1 0 | T, (5.58)
0 0 n2 0 0 n2
with
20 0
My(z)=N()| 0 25 0 |L3(2).
0 0 z%
To obtain (5.58) we also used the identities
n"z 0 0 nz 0 0
La22)=( 0 1 0 |La(2), La(@®?f(z))=| 0 1 0 |Lo(nf(2))
0 0 n2 0 0 n2

that follow from the definition (3.8) of L.

Then M, (z) is analytic by Lemma 5.10 and does not depend on n. Therefore it is certainly uniformly
bounded for z € D(0,ry,).

Each of the factors in L, (n%/22)D;™(2)L;(n?/? f(2)) remains bounded for |z| = r,, and since the
product is analytic (which follows from Lemma 5.10 and (5.43)), the product also remains bounded for
D(0,7,), uniformly in n, by the maximum modulus principle. So the only factors in (5.58) that grow
are the two diagonal matrices and they are O(n'/2?), which in total leads to E,(z) = O(n). Similarly
E;1(z) = O(n).

To prove (5.57), let us denote
L(2) == La(n®?2)Dy " (2) Ly (n®2 f(2)). (5.59)

We already observed that L£,, is an analytic function that is bounded by an m-independent constant on
D(0,7,). The uniform bound also works on D(0, 2r,,). Cauchy’s integral formula then gives us

Lo(22) — Lo(z) = 222 ﬁhm (E"(Z)dz —0 (n%(zl - ZQ)) (5.60)

2mi z—21)(z — 22)

uniformly for z1, 29 € D(0,7,). Combining this with £, 1(z1) = O(1), we get
L7121 En(22) = T+ £, (21)(Ln(22) = La(21)) =T+ O (nd (21 = 22)) (5.61)

uniformly for z1, 20 € D(0,7,).
We also have M, 1(21)My(22) = 1+ O(21 — 22) if 21,20 € D(0,7,,). Applying these estimates and
using (5.58) yields for z1, 29 € D(0,7,),

1 1
n-z2 0 0 n"2 0 0
E;l(zl)En(zg) = Ta_l O 1 0 ,Cnl(Zl) 0 1 O (I[ -|— O(Zl — Zg))
0 0 n? 0 0 n®
n:g 0 0 n: 0 0
x| 0 1 0 |Luz)| 0 1 o0 |T,
0 0 n3 0 0 n2
n"z 0 0 nz 0 0
=T;'1 0 1 0 )L e)T+0(M(z1 —2)))La(z2) | 0 1 0 | Ty
0 0 n® 0 0 n2
n"z 0 0 . n: 0 0
771 0 1 o0 (H+(’)(n5(21—22)>> 01 0 |T,
0 0 n? 0 0 n-3
:]I—i—(?(n%(zl—zg)).

as claimed in the lemma. O
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Note that (5.57) implies that for 21, z2 € D(0,7,) we have
B (1) En(z2) = O(n)
y

while for z; = ﬁ, 2 = G with fixed z,y > 0 we have

By (21)Ba(z2) =1+ 0 (n~ (@ - ).
We find from Lemma 5.13 the following estimates for the terms in (5.54).

AP (2)
n3z

= 0(n?) and E,(2)O(n=3)E;1(z) = O(nY)

n

Corollary 5.14. Uniformly for |z| = ry, we have
asn — oo.

5.6 Estimates on A,(ql)(z)

After the first step towards the matching condition we obtained Ez(rll) and Ef(nll)t and a corresponding P!
as in (5.45), (5.46) and (5.53), such that (5.54) holds for |z| = r,. To proceed we need estimates on
A%l)(z).

Proposition 5.15. Let k=1,2,3,....

(a) We have uniformly for z € D(0,ry,) that

(A;U(z))k = O(n?). (5.62)
(b) We have uniformly for z1, s, ...,z € D(0,7,,) that
AD(z) - AW (z) = O(n**1). (5.63)
When € indices j € {1,2,...,k — 1} are such that z; = zj41 then this is replaced by
AP (1) - AP () = O, (5.64)
(¢) We have uniformly for z1, 2, € D(0,7,) that
AW (2)E, (22) = O(n?) (5.65)
B, (21)A (22) = O(n?). (5.66)
Proof. To prove (a) we notice using definition (5.55) that
(A;U(z))k - ﬁEn(z)Ta_lAZTaE;l(z). (5.67)

The only n-dependent factors here are E,(z) and E,!(z) which are both O(n) for z € D(0,r,) by
Lemma 5.13, leading to an overall O(n?) behavior.
For (b) we first remark that by Lemma 5.13 we have for j =1,2,... k — 1 that

E;(2) Bn(2541) = O(n) (568)
uniformly on D(0,7,). This implies by (5.55) that

1
AP (z) - AW (7)) = WE,L(zl) [ 77 AaTu By (2) En(zj1) | Tt AaTo By (21)
j=1
= En(21)0(n* ) B, (z). (5.69)

The factors E,(z1) and E, 1(z;) are O(n) uniformly by Lemma 5.13 and this leads to the O(n¥*+1)
behavior.

A combination of this argument and the proof of part (a) gives the second statement of (b).

To prove (¢) we notice that

Ag)(zl)En(ZQ) = En(zl)Ta_lezToz (E»gl(zl)En(ZQ)) (570)

.
f'(0)
and this is indeed O(n?) by Lemma 5.13. A similar argument gives us (5.66). O
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5.7 Second step towards the matching
To improve the matching we now define

Definition 5.16.

AW () - AW
B () = (H_ B2 O B, 2 € D(0,r) (5.71)
) A(l)(O) -t
Bo(=) = (1- =52 2 € A(0;r0, R), (5.72)

and

AV () - AP 0) La
<H - 3 PO (2), ze D(0,r,),

. (5.73)
(1)
<H — Anl(())> PD(2), z € A(0;ry, R).

ndz
Note that El(i)(z) is analytic at z = 0.

(1) -1
For n large enough, the inverse (]I - %) in (5.72) does indeed exist. The reason for this is that

2
(%) = O(n™1) for |z| > r, by (5.62), and this implies that for sufficiently large n, Ag;io) does not
have an eigenvalue equal to 1.

Lemma 5.17. On 9D(0,r,) we have the jump
_ (2) (1) (1) (1)
@) @) gy A (2)  An (0)An (2)An”(0) 1
PP (2) (P, (2)) =1+ s +OMmY (5.74)
with
AV (0) (A£3>(z) - A£}>(0))
AP (2) = . (5.75)
The terms in (5.74) satisfy, for |z| = 1y,
AP (2) AL (045 ()45 (0) o
262 =0(1), and " 5.3 =0(n"32). (5.76)

Proof. On D(0,7,) we have by (5.54) and (5.73),

PR (P2)

(1) (1) (1) (1)

n3z n3z n3z

We first expand the product of the second and third factors on the right to obtain

PO (P2() = <]1 Al - A%”m))

n3z

(1) 4@ (1) (1)
1 A6 - a00) AP AL )
n3z n6z2

+ En(2)0On 3 E 1 (2) + O(ng)>

The O(n™2) term comes from

AP (0)

o =00TE), e =, (5.77)

En(2)0(n3)E,; 1 (2)

n
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where we used Lemma 5.13 and (5.66). When we multiply this with the remaining factor on the left we
get

—1

PR (POR) =

(1) (1) (1) (1) 2 (1) (1) (1) (1)
AV @AV ) (An (z) — A (0)) L (@Pe) - AP0 AV @A) |, (1)

I z
nb22 n3z ndz3 n
(5.78)
Here we again used (5.57) and (5.62) and (5.65) to obtain the O (1) behavior.

By (5.62) and (5.64) respectively we get % = O (%) and w =0 (n_%) and we
obtain (5.74). The estimates in (5.76) follow directly from (5.63). O
5.8 Third step towards the matching
In the next step we define
Definition 5.18.

A(z) _A(Q) 0
B (2) = (H e O} 2 € D(0,7a) (5.79)
3) AP0\ @)
E i (z)=1- . E, . (2), z € A(0; 7y, R), (5.80)
and
A® () 4@
<H _ A (2) _ O pei(2), 2 e D,
nbz
(3) () —
P (z) = A(z)(O) -1 (5-81)
I- :LGZ P(z)(z)v Z GA(O;TTMR)7
By (5.63) we have
2
AP0\ AP 04 (2) — AV (0) AP (0)(A (2) — AP (0)) 1
6 = 12,4 =0\ - (5.82)
nbz nl2z n
AP (0)
and we may use this to conclude that for n large enough, 5 does not have eigenvalue 1 for |z| > r,.
nbz

Therefore the inverse in (5.80) and (5.81) is well-defined.

Lemma 5.19. On 9D(0,r,) we have the jump

. 3,

PO (2) (PE?’)(Z)) =1+ A’;Lgi ) 4 om ) (5.83)
with

(AV) - AV 0) 40¢) (40 () - 4 )

AP (2) = - > : (5.84)

and for |z| = 1y,
3, )
A:Lsai ) _ o (n_§>. (5.85)
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Proof. By (5.74) and (5.81) we have

= (2 4@
PJ(rS)(Z) (P,S) (z)) — <]1 _An (2) — AF (O)>

nbz
(2) (1) (1) (1) (2)
) (H A0 | A0 AL | O(n1)> <H . An6<0>> (550
n-z n-z n-z

By counting the number of A% factors it follows from (5.63) and (5.75) that for |z| = 7y,

AP () AP (0)

nbz nbz

A O A (AN AVO) _ (-
n9z3 nbz (n )
AP (0)

nbz

=0 (n_l)

= O(1).
Hence the product of the middle and the right factors in (5.86) equals

N AP (2) - AP (0) N AP 04 () AP (0)

I
nSz n9z3

+0(n™).

To also incorporate the factor on the left, we again count the number of Ang ) factors and use (5.63) and
(5.75) to get

nbz

@)~ A0\ )
(An() 4 <o>> o

AP (z) — AP 0) AL (0)AD ()AL (0) s
- =0 (n 2)
nSz n9z3

We conclude that

AP ) AP (2) AP (0)

(3) @) 1
PO (2) (Pf (z)) =1 s +Om™). (5.87)
Note that by (5.84) and (5.64)
AP 0)ADV ()AL 0)  AP(z2) s
B n9z3 - n9z3 +0 (n 2) (5:88)

for |z| = r,. We use (5.88) in (5.87) and the result (5.83) follows. The estimate (5.85) follows from
(5.76) and (5.88). O

Note that A%g)(z) is analytic at z = 0.
We now have by (5.83) and (5.85) that uniformly on 9D(0, )

PO (PY() =14+ 0m )

as n — oo. This is a weaker form of the matching condition (5.11), with O(n~!) replaced by O(n~z).
The weaker form is not sufficient to prove the scaling limit of the correlation kernel. Therefore we make
another step.
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5.9 Final step towards the matching
The final step takes a by now familiar form.

Definition 5.20. We define

B (2) = (H - A;3><z)nng;3>(o)> B (2) (5.89)
() = (H - A;)(0’> E9,(2) (5.90)
and
<H Agf’)(z)n;ZAf’)(O)) PO, 2 DO
e <H — %) B PO (2), z € A(0;r, R), o

Again, we argue in similar fashion as before that the inverse is well-defined provided n is large enough.

Lemma 5.21. On dD(0,r,) we have the jump
-1
P (z) (P£4)(Z)) =1+ 0m™) (5.92)

Proof. By (5.83) and (5.91) the jump is given by

-1 3y A3 (1) (1) (1) (3)
PO (PO() = <11— AP () - A (0)) (11— A AL A0 ©0) (n1)> <11— AY (0)>

- ndz ndz3 ndz
A(3)(2) _ A(3)(0) A(3)(z) A(S)(O)
= ]I — n n I[ n -1 H - “ . .
< ndz + ndz +0(M™) ndz (5.93)
By counting the number of Ag} ) factors and applying (5.63) we obtain
AP (2) AP (0) L AP (0)
9 0, = o (n ) and 0, = @) (n 2) .

Hence the product of the middle and right factor in (5.93) equals

N AP (2) — AP (0)

I
n9z

+0(n™).

Again by counting the number of AV factors and applying (5.63) we obtain

(Aﬁz’”(z) — AP ) _om)

noz
and we arrive at (5.92). O

We are ready to fix the definitions of E;, and F,,;:.

out» out

Definition 5.22. We set E;,, = Ei(s) and F,,; = EW  where Ei(i) and E®) are as in (5.89) and (5.90).

Theorem 5.23. P, as defined in (5.16) and (5.17) with F;, = Eg‘;) and Byt = E(()i)t, satisfies the
matching condition. That is, we have

P,(2)P='(2) =T+ 0(n™") asn— oo, uniformly for z € 0D (0,ry,), (5.94)
P)N'(2)=1+0(n"") asn— oo, uniformly for z € 0D (0, R) . (5.95)
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Proof. The matching condition (5.94) on 9D(0,r,) was just proved in (5.92). To prove the matching
condition (5.95) on dD(0, R), we notice that P = P*) satisfies, by (5.91), (5.81), (5.73), (5.53)

P(z) = (H - Agf)(()))_ (11 - A%Q)(O)) _ (]1 - M) _ N(z),  z€8D(0,R). (5.96)

n9z nbz n3z

In (5.65) we already noted that A%l)(()) = O(n?) and therefore

Wy !
(]I—A” (0)> :H+(’)(n_1) as n — oo,

n3z

uniformly for |z| = R. From the definition (5.75) we see that AP contains terms with products of two
ALY factors which by (5.66) gives the estimate Ag)(z) = 0(n°/?) for |z| = r,. Since A is analytic, we
may then use the maximum modulus principle to conclude that also AP (0) = O(n/?) as n — oco. As a
result

(1-450) 1o

uniformly for |z| = R. From (5.84) we get that AP has terms with three AS) factors. We again use the

estimate (5.66) (now with k = 3). Then reasoning as before we obtain AP (0) = O(n") as n — oco. This
leads to

@)\ "
(11_ Au (0>> —1+0(n72)

n9z

uniformly for |z| = R. Inserting all the O estimates in (5.96)is, we obtain (5.95) and we are done. ~ [J

Remark 5.24. As already noted at the end of the introduction, the matching condition can be an
issue in larger size Riemann-Hilbert problems, and other constructions have been proposed before in
the literature. In [19, 20, 29] the matching condition was established by means of a modification of the
global parametrix. It also relied on the nilpotency of a term that appears in the jump matrix which is
analogous to our matrix AS).

An iterative method was designed by Bertola and Bothner [6] in a situation that is similar to ours.
At the initial step of the construction of the local parametrix also a “matching” of the form T+O(n'/?) is
obtained. Bertola and Bothner also modify the analytic prefactor step by step to improve the matching.
They use very detailed information on the O(n'/?) term which is also nilpotent.

It differs from our method since we do not use the nilpotency, but instead we have control on the
behavior of the powers of Ag) as n — 00, see (5.62). We also need technical estimates on the analytic
prefactor F, as in Lemma 5.13. Having these estimates our transformations proceed in a systematic
fashion where the estimates come from a rather straightforward counting procedure, namely we count
the number of A%l) factors as we go along. We also introduced the novel trick to construct a matching
condition on two circles.

We expect that the ideas behind our method may be more wider applicable. The first test case will
be the generalization of this work to the case 6 = % with r > 3.

6 Final transformation and proof of Theorem 1.2

6.1 Final transformation S — R

Having the global parametrix N, and the local parametrices P (in the neighborhood D(0, R) of 0) and
@ (in the neighborhood D(g,r4) of ¢) we define the final transformation as follows.
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N -

Figure 6: The contour Xp for R.

Definition 6.1. We define R as

S(IN"Uz), zeC\ (ZsUD(0,R)UD(,1,)),
R(z) = S(z)P~(2), ze€ D(0,R)\ (XsUdD(0,r,)), (6.1)
S(z)Q ' (2), =€ D(g,rg)\Zs.

Since the jumps of S and N agree on (—o0,0)U (0, ¢) we find that R is analytic across (—oo, —R) and
(R,q—rg). Also the jumps of S and @ agree inside D(q, r,) and so R is analytic in D(g,r,). Finally, the
jumps of S and P agree inside D(0,r,) and on (=R, 0) and (0, R). Therefore R has analytic continuation
to C\ (g U {0}) where

Yr =0D(0,r,) UOD(0,R) JUOD(q,rq) U (Ali \ (D(0,7,) UD(q,7q))) U [g + 7q,00) (6.2)
see Figure 6. We show that the isolated singularity at 0 is removable.

Lemma 6.2. The singularity of R at 0 is removable, and thus R has analytic continuation to C\ Xg.

Proof. We analyse the behavior of R(z) as z — 0 in the left half plane. We have from (3.28) and (5.16)

1 0 0 4 1 0 0
R(z) = S(2) (0 278 0 ) DO—"(z)\lfg(ni’>f(z))m (—Qa -1 -1 0) E;1(2) (6.3)
0 0 zF ala+3) 2a+1 1

We have from (4.44) that, as z — 0 with Rez < 0,

1 0 0 1 h g 1(2) h_g_1(z)
s {0 = 0 | =01 hay@) hay)],
-8
0 0 =z 1 h g 1(2) h_g_1(2)
since Z_B_ihaJr%(z) = h_q_1(2). Since D" (2) is a diagonal matrix which remains bounded as z — 0,
we also find
1 0 0 L h g 1(2) hogo1(2)
S()[0 2% 0 |Di"(2)=0|1 h_q 1(2) h_n1(2)], (6.4)
0 0 z7° 1 hogo1(2) hog_i1(2)
as z — 0 with Re z < 0. For ¥, we recall the behavior (3.31) which for general o > —1 is
ha(z) ha(z)  ha(2)
ry=0 2~ z z* (6.5)
ZOt ZOC Z(Jt
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as z — 0 with Rez < 0.
The remaining factors in (6.3) are either constant or analytic at z = 0 and therefore remain bounded
as z — 0. Then using (6.4) and (6.5) in (6.3) we get

2%, —-1l<a< —%,
R(2) = O (ha(2)) + O (:*h_y_y(2)) = { =~ log(2), a=-1,
z*%, o > —%,

as z — 0 with Rez < 0.

In all cases we have zR(z) — 0 as z — 0 with Rez < 0. This implies that R cannot have a pole at
z = 0. There cannot be an essential singularity either, and therefore the singularity at z = 0 is indeed
removable. O

As a result of the steepest descent analysis, and in particular the matching condition in Theorem
5.23 we now have.

Proposition 6.3. (a) Asn — co we have

Ri(z) = (]I +0 ( )) for z € 0D (0,R) UOD (0,7,) UOD(q,7q), (6.6)
Ri(2) = (H +0 (efclf)) for z € AT N A(0; 7, R), (6.7)
Ri(2) =R_(2) (I+ 0O (e~ ")), on remaining parts of Xp. (6.8)

where c1,co are certain positive constants. All O terms in (6.6)-(6.8) are uniform for z on the
indicated contours.

(b) We have
R(z) =140 <i) a5 1 = o (6.9)

uniformly for z € C\ Xg.
Proof. For z € dD(0,7,) we have by the definition (6.1) that

RZ}(2)R4(2) = (S(2)P-(2)) ' S(2)Py(2) = P=}(2) P4 (2)
since S has no jump on 0D(0,7,). Then (6.6) for z € 9D(0,r,) follows from (5.94). Similarly, (6.6) for
z € 0D(0, R) follows from (5.95) and for z € dD(q,r,) it follows from the matching condition (4.52) for

the local parametrix at gq.
For z € Xy outside the disks D(0, R) and D(q,r,) we have by (6.1)

R™N(2)R1(2) = N(2)S~(2)S1 ()N~ (2)

and S~1(2)S,(z) = I+ O(e"), which follows from the jumps in the RH problem for S, since Re ¢(z) <
—c < 0on (A UAT)\ (D(0,R) UD(q,1,)), while Re(x) > ¢ > 0 on (g + r4,00). Then the estimate
(6.8) also follows.

For (6.7) we have to be a little bit more careful. For z € ATNA(0;r,, Ry,) we have R(z) = S(z)P~'(z)
and Py (z) = P_(2) by (5.8). By the jump of S in (4.39), we get

R™H(2)R1(2) = P(2)S=(2)S1(2)P7'(2)

=T+ 2P p(z) P7(2).

O = O
o O O
o O O

On A¥ we have by (4.46) that Rep(z) < —c|z|'/3 for some constant ¢ > 0. Since |z| > n~% on the
annulus A(0;7,, R) we have [e?"¢(*)| < =2V for z € AT N A(0;7,, R). Then (6.7) follows since the
entries of P(z) and P~!(z) have at most a power law singularity as z — 0.

Part (b) follows from part (a) by standard arguments from Riemann-Hilbert theory. Compare for
example with the arguments in Appendix A from [8] that deal explicitly with a RH problem containing
a varying shrinking contour. O
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6.2 Rewriting of the correlation kernel

Before we take the scaling limit we follow the transformations Y +— X — T — S +— R to see their effect
on the correlation kernel for x, y near 0.

Lemma 6.4. For z,y € (0,7,), we have

Kg’f (z,y) = e3(V@-V®)

1
o= (1 L 0L W) E )R )R B (0)P0. 4 (n ) 1] @

Proof. We start with the formula (2.6) for the correlation kernel in terms of Y. The first two transfor-
mations Y +— X — T from Definitions 4.1 and 4.4 lead to

V2yPe V)

1
Kyl = 5or— (0 1 X7 0)X(@) 0

PV W) =91+ W)+a2(1)+0) gnr 1 (2) 0 1 0\ Tur (1)

The next transformation T +— S is the opening of lenses. For z,y € (0,¢) we use (4.35) to obtain

K‘a/f (z,y) = e VW =91+ W F2(y) =0+ W)+ onlor,+ (@) Fe+ (@)

. oo+ (@)
m (_en<p+(y) yPe—ne+ () 0) Sll(y)SJr(m) x—Begw(r) . (6.11)
The scalar prefactor simplifies because of (4.26) and we find
Kg:j (z,y) = 3V @) F02@) V(1) -02())
1 e~ e+ (@)
m (fenw(y) yPe—ne+ () ()) Szl(y)SJr(x) x*ﬁegw(m) . (6.12)

Now we take x,y € (0,7,). We write S = RP as in (6.1) and P is given by (5.16). Then

e~ e+ (@) e~ (@4 () =501+ ()= 32,4 (2))
Sy (x) |z Pener(@) | = R(m)Ein(x)q)aﬂL(n?’f(x)) e+ (@) =501 4 (@) +5 02,4 (2))
0 0
) 1
(1) 420 R () By (1) (P (@) 1] (6.28)
0

where we used (5.16) and the formula (5.15) for Dy for the first identity, and the fact that ¢4 (z) =
1,4 (z) — mi by (5.13) for the second identity in (6.13). In a similar way,

(_enw(y) yﬁe—w+(y) 0 Sll(y)
= (—remsnlers e W) (—1 1 0) @ (P f(y) EL ()R (y). (6.14)
We insert (6.13) and (6.14) into (6.11). Then (6.10) follows, since we also have
3V (@) + g2(2) + 51,4 (2) + Fpa,1(2) = 3V (2) + ¢
because of (2.17), (5.13), and (5.14). O
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6.3 Proof of Theorem 1.2
In view of (6.4) and (2.28) the strategy for the proof of Theorem 1.2 is now clear.

Proof of Theorem 1.2. We put z,, = ﬁ and y, = ﬁ with z,y > 0 fixed and cy is the constant

defined in Theorem 1.2. It follows from Proposition 5.4 that ¢3, = f/(0) and therefore ®, 4 (n?f(z,)) —
D, +(x) and Do 4 (03 f(yn)) = Pa,+(y) as n — oo, uniformly for x,y in compact subsets of (0, 00).
We need to show that

B (yn) R (yn) R(@n) Ein(x0) — T (6.15)

as n — 00, and then (1.10) follows indeed from (6.10) and (2.28). The proof of (6.15) (in a more precise
form) is in Lemma 6.7 below. To establish this lemma, we first need two other lemmas that we state
and prove separately. O

Y

Q — x — >
We assume x,, = (CTOu and y, = on®

Lemma 6.5. We have uniformly for x,y in compact subsets of [0, 00),

R (ya)R(zn) =1+ 0 (@ —y)n~?) (6.16)
as n — oQ.

Proof. Cauchy’s integral formula yields that

R(ra) — Rlyn) = - ]f_ <R<Z) 1 BG) - H) 0-

271 Z— Tnp Z— Yn

|z|=7n (

2mi z—2p) (2 — yn)

By (6.9) we have R(z) — 1 = O(n~!) and it follows by easy estimation that R(z,) — R(y,) =

O ((w —y)n~3 ) as n — co. As a result, since R~!(y,,) remains bounded,

RN yn)R(wn) = T+ B () (R(w0) = R(ya) =1+ 0 (@ = y)n~H).

and the constant implied in the O term is uniform for z and y in compact subsets of [0, 00). O

Lemma 6.6. We have uniformly for x,y in compact subsets of [0, 00),

By (9) Bin() =1+ 0 ((z —y)n?) (6.17)
as n — Q.

Proof. We note that by Definition 5.22 and (5.45), (5.71), (5.79), (5.89)

23

Ein(2) = gn% (f(;)> N (11 - B;3>(z)) (11 - B,<3>(z)) (11 - B;U(z)) Eo(2) (6.18)
with
BW(z) = A (z) — A (O), for k=1,2,3. (6.19)

n3kz

We are going to show that for every C' > 0 and for |z|,|s| < Cn~% we have as n — oo,

BN () AP (5)Ba(z) = O (n75) (6.20)
E, N (2)BY (s)En(2) = O (n‘g) ; (6.21)
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for k=1,2,3.

We start by noting that for z,s = O(n~2) one has by Lemma 5.13 that E,(2)E,(s) = O(1), and
then (6.20) with k& = 1 follows immediately from this and the definition (5.55) of A,

Note that by Cauchy’s formula
A (s) = A0 (0) ! By (2) AW (1) B 2)

En(z) = — ] dt 6.22
s (2) 270 Jjj=20n % t(t—s) (6-22)

E,'(2)

n

which we can estimate because of (6.20) with k = 1 to give

(1) (1)
AV (s) - A, (O)En(z) _oM _, (n,) (6.23)

5
S n-—2

B, (2)

n

5

whenever |z|,|s| < Cn~2. Then (6.21) with k& = 1 follows because of (6.19).
Then by (5.75), (6.19), and (6.20) with k = 1

BN (@) AD () En(2) = n* (B ()AL O E(2) (B7(2)BO (9)En())
—n® 0(1)-0 (n—%) —0 (nf

for |z, |s| < Cn~2, which proves (6.20) with k = 2.
From formula (5.84) for A we find in a similar way

B (AP (5)B(2) = —n° (B (2)BY (9)Ea(2) ) (7 ()AL () Bn(2)) (B (2)BY(9)Eu())
=n®.0 (n_%) -0(1)-0 (n_%> =0 (n°)
for |z, |s| < Cn~%. This proves (6.20) with k = 3.
Finally, (6.21) for k = 2,3 follows from (6.20) with £ = 2,3 in the same way as we obtained (6.21)

for k =1 with the identity (6.22) and the estimate (6.23).
Having (6.21) we go back to (6.18) which we rewrite and estimate for z = O(n=3) as

Ein(2) = V3, 2 (f(z)> * En(2) (11 — Egl(z)Bf)(z)En(z))

2T z

% (1= B (2)BO(2)En(2)) (1= B (2) BV (2) Bul2))

21 z

_ V3 2 (f(j)> 7 E(2) (11 + O(n*%)) .

21

_ V32 (J“(»Z)) ’ Ea2) (1+ 00 ) 1+0m™) (1+0m )

N
I

Since all factors are analytic and invertible we in fact have

E(z) = énzﬁ (f(z)) 7 E.(z) I+ Cn(2)), (6.24)

2 z
where C), is analytic and
Cn(z) = (’)(n_%)7 for z = O(n™?). (6.25)

We use (6.24) for z = z,, and z = y,,. Since f is analytic with f(0) = 0, f/(0) > 0, it is easy to check
that

xn yn

(fm)) ¥ (f(ym)? O () (6.26)
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as n — oo. In view of (5.57) we have E, 1 (y,)E,(z,) =1+ O ((x - y)n’%) and we obtain from this,
(6.24), (6.25), and (6.26)

3

B (yn) Bin(@n) = (T4 Ca(ya)) ™ (]I +0 ((a: — y)n—%» (L + Cp(zn))
= (T4 Ch(yn)) " [+ Cp(z)) + O ((x - y)n—%)

From the fact that C,(2) is analytic with C,,(z) = O (n*%) for z = O(n=3) it follows (with an argument
based on Cauchy’s formula), that

and (6.17) follows. -

Lemma 6.7. Asn — oo

Nl

Ei_nl (yn)Ril(yrnR(xn)Em(xn) =1+0 ((33 - y)nf ) (6.27)

uniformly for x,y in compact subsets of [0,00).

Proof. By (6.16) and (6.17) we have
By () R (9o) R@n) Bin(wn) = B () (T4 O((@ = y)n™2)) Ein(w,)
—1+0 ((x . y)nf%) + B2 (y)O ((x - y)n*%) Ein(zy). (6.28)
From (6.24) and (6.26) we obtain

B )0 (¢ = 9)n™)) Bun(wa) = (14 Cawa)) ™ B3 (92)0 (@ = y)n ™) Bu(e) (L4 Cu(ea)

= B, (5)0 ((@ = y)n ™) Bu(n) (6.29)
where in the second step we used (6.25). Finally recall that E,(z,) = O(n) and E, *(y,) = O(n) by
Lemma 5.13. Combining this with (6.28), (6.29), we find (6.27), and the lemma follows. O
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