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THE LOGIC OF OBJECTIVE KNOWLEDGE AND RATIONAL BELIEF

Finns Vmrbraak

egartrnent of'1?hilosophy lUrniVe -sit

, Heidelberglaan 2, 35,84-CS=Utrecht; The Netherlands

Abstract In this paper, we study the logical relations between different notions of

knowledge:=an dabelief by means of ge4,p.rtth-zati-ong.-.o,--the-;Us

logic,, We!argue. hati1he,obtained.generailized; Kripke models might be useful for. carefully

`distinguishing the many different notions .knowledgefand belief We. identify the (highly

idealized) notions of objective knowledge and,ra onial (introspective) belief, which correspond

with fairly standard notions of knowledge and. =belief,_ ,ahd propose a ;system O KRIB.. for

combining both notions =which differs essentially from some other such proposals found in. the.

literature. We also,. nc tioprs off; knowledge and ;belief, and study,

relate to objective knowledge and rational belief.

Recen°tly,-there has been a conside able increase in the amount of `theo"ry ` l ''°logic of
knowledge `and belief (or "e-pistemic logic), mainly through the irnpuise` s of researchers in= the

field of Artificial Intelligence and Computer Science.'One of the main rtopicsof-discussion }is=the

problem of logical omniscience, which consists, roughly speaking, of the fact that according to

the traditional (possible world) semantics an agent knows/believes the logical consequences

(including all tautologies) of anything he knowsibelieves. This property does not seem to be

appropriate for resource-bounded agents, which have only limited lreasonirig powers.

On account of this problem of logical omniscience various authors have made a

°dist nctionn tweenu(logically=.clrtsed)-implicit.and-->(not..nedessanly"lagically closed) explicit

knowledge/belief ,In.the recent work on epistemic, logic rnuc is .paid to the study of

of Utrecht

Kripke models for epistemic

1. Introduction

1



different notions of explicit knowledge/belief and their relationship to implicit knowledge/belief.

(See Halpern (1986) and Fagin & Halpern (1988,).)

In this paper, the central topic is not the problem of logical omniscience but rather the

relation between knowledge and belief. (The problem of logical omniscience will be treated in a

sequel of this-'paper.)-',ltk oughuthis' elation.has already ehfstudied`bh} philosophical logicians

and by researchers in Al, we feel there are still a number of unclarified issues here. Since there

are a number of different notions of kriowledgesand belief, an adequate study of the relation

between knowledge and belief shout'd first make clear of which notions the relation is studied.

Therefore the notions whose i this paper rs:t:treated separately. We

concentrate on rather idealized notions of knowledge and belief which we call objective

knowledge and rational belief, respectively. However, some other notions of knowledge and

belief will also be considered. (All of these notions will be closed under logical consequence,

though.)

'ire essentially-rise a'possible='Worlds semantics; possible: vorlds;are'assumec

to be complete and donsislent. (In the already endonetisequel=of th spaper,} r allow partial

panel "ii `pr ier to -beliefs which are nat<< or

logically -closed.) `S rrmilar -have bee-n.-,discussed: by:-several authors:

`"However; our these: earlier ones. of the -analysis,

=but "afso` h the way the is an.i --i ve of the agent's

3 nforrriati6 and=ei efk"states are., xplicrtly--represented in omodei5 intimately related to. the

traditional Kripke models.

The remainder of this paper is organized as follows: In section 2 we define (generalized)

functional Kripke models, sketch. the relation between these models and traditional Kripke

models, and give some arguments for preferring (generalized) functional Kripke models. The

semantics of objective knowledge and rational belief are given in sections 3 and tspectively.

In section 5 we combine both notions. Section 6 contains a comparison with some other

;opinions a iou the of knowledge and and a discussion of some alternative

notions, of _knowledge,.and in section 7 we discuss alternative (more or, less probabilistic)

notions of ,belief. We.endrw,ith a conclusion.

2. Functional.

Our basic langua .L inbuilt ug.from aset ._of pro osi iora letters (p, q, r, ..) and the logical

-'constants and A We further use the constants v, ta and = which;;are defined as usual.

are

sketch

4,

2



Let for all i E (1,2,...,n) [i] be a modal operator. Then L{1)[2)..[n) is the smallest extension of L

such that if 1<iGn and ,yr e Lj [2): tn), hpn cp A Nr, -%cp,and,[f] A11, "r.

EFINITION 1 F

(i)' A frame for ](2)..[nl:is a t ple F = < ,R[1i,R[21 ,W [n] , where I .[i] WxW.

(ii) A model for L[1][2]..[n] is a tuple M = <WO,W,R{t);R[2),.-:,R[.na, >, where,: vQ E dd, F

<W,R[1],R[2],...,R[n]> is a frame for L[1][2]..[n] and = : WXL[1][2]..[n) -- 2 such that

(w,.)".satisfios"the standard propos tiortalclauses and ,(w= ] p) , [ lW'

w ;(w',tp) 1): We say that M is bald on F and wo is called M's designated world

(iii)- A.fi nctional frame for L[1][2], [nl 1s tuple F = <W,6[1),a[2) ...,9[ ],where 6[IJ : W -
W.

(iv) A functio l model for L[1)[2]. (n)ail a tuple M = w0;W,(Y[1],1a[2], ..,,cs[n]; ,>, where wp

e W, F safuncnortal frame for L[1][ 1 [n) and

:2 such ,that "" w, )rtsatisfies the standard ropsit¢iopal clauses and (w,[i]cp) 1-

E 6[,1)(w) ,_ 1.. ,We say that M is based on. F ,and wp, is called M's

designated world.

We often write w = p for (w cp) =; ] . If M is a (functional) model with valuation function and

designated world wq; hen.lVd cp iff ?vh p. If F is- (functional) frame, for every

(functional) npke model 1V :;based on F MP! y. Notice that with eyery-fme, we may associate

e by defining o[-I1{w) =,f w' I wR[;lw) and with every functional

frame we.,,may associate an equivalent ame;by defining wl:.[iLw' iff.w q[1](w). In fact, we

have at 1- 1;corresporideneei. et
yeen

frames/models and functional frames/model Furthermore,

the best known simple properties of the, accessibilityrelations, fa traditional.Kripke, frame

correspond with simple properties of heafu-n:ons in the functional frame associated: with the

traditional rigkeiframe

PROPOSITION 2.2 Let R C-- WxW and let a : W

{i) R is reflexive iff Vw E W 6(w).

(ii) R intransitive )ff b w,w , W w. Ez a(w 6(w) c- a(

(iii):- R .is: euclide=an. ff e aW

iv).is :transitive and euclidean if 'w,eu' E (w') (w)

Proof. Trivial.

The reason for introducing functional Kripke models is that they form a bridge between the

traditional Kripke models and the general kind of models we propose for epistemic logic:

E

c
=

= 1 a `dw'

=* =

a

= <W,CF[1],6[2],...,6[n]> =

--> = r*

V W' =

--

a

-3 p W be given by cr(w) = { w' I wRw').

E =*

dw,w',w" (W',w" E 6(W) =* W" E 6(W')).

E W (w =: = 6(w')).

3



DEFINITION 2.3 , A genre al "z=ed functional model foi is: a t=iple l%t

where wo E W, E[i] is a non-

empty set, a[i] : W --> E[il, F[i] is a set of functions with domain E[i], and : WXL[ :][2j'.:[nl

2 such that (w,) :sansf es thestandatd propositional 'clauses nd (Wv [i]`o) functionally

depends on rV)' [ p) 0[7, w, and (a ubaet l of SF[1].

Z[i] denotes a set of epistemic states,- a[i] associates with'every world anaelement of, rj and for

every epistemic state S E E[l] and f F[l f(S) denotes art aspect of -tlierepistemic =state S.

Elements of E[ l are called information extracting functions or:piojectitn=functions; `since they

extract information out of an epistemic state by "projecting" the epistemic state onto someaspeet'iof An example of a projection function is thefunct ©n:I[ II g% d'°giver '=by 11511-

W,,(L- W I w "is possible according to="S") . Another` example is. the function ° such'ihat II(S)

yields a° probabiirty rneasu e 6n v IISII giving the probabilities which accord-Lig to S have to be

assigned°to the (sets ofd possible worlds. Td=general we will only exhibit; those projection

functions which are mentioned in the valuation clauses of the modalitie- s'or-whichiare°used to

single out a particular class of generalized functional models.

Generalized functional models °gerteralize=° functional" models in tWo respects: (1

epistemic states 'occuras atomic entities in thewgeneralized maelshey .no longer (indirectly)

represented' by means :of sets of possible worlds °and (2) in the gehealize' models modal

operators may-have nonstandard= valuation clauses.1eveti<less, " classof generalized

functional models will ofieri,`tiirnout` to be equivalent to a class'o't functional models which

corresporidYw t -,traditional'I rtpke, models; so one can often invoke well-known results and

method's to obtain soundness and` completeness- results.

In the fcs iowin section, an example of the useof, non-standard valuation`clauses:will be

given. Our justification for the explicit representation of epistemic statesfin. the generalized

functional models is that it helps to systematize the study of the relations between various

epistemic mi dalities For" euanple,'the t"wo central°ntons in tlii papei - objeatiive knowledge

and rational belief - refer to different epistemic states, and a e therefore as'stronigly,related-as

some authors seem to think, whereas-some (atr( Jnglyrelatea) fotiot ofknbw1edge and belief

might be considered to refer to'differeh aspects of`the `sane episternie state. (Cf. sections 5 and

6.) In the generalized unotiottal!tirodels to be`t sefuliii study of

epistemic logic to a higher level of 'informal rigour' (in the sense of Kreisel).

=

= __>

=

: E[i] -)

{

are

4



Let Ka be the operator with the following
intuitive-meaning:

Kay: agent cx- objectively knows that i e. (p is the base.

given the informatidn availableto a.

n every 1world` that is possible)

Since we will restrict ourselves to the one agent case, we will usually omit the, subscri pts The

notion of ;objectrveknowledge applies agent which incapable of information;

wevdo not the to the (im)possibility of logic of -this

notion of objective knowledge will be denoted by OK. Closely following the above intuitive

explanation of the meaning of the operator K, we propose the following semantics for K:

DEFINITION 3.1 An information state model is a generalized functional model M =

<WO,W,EK,K,=>, where w=Kcp VV E W (x(w') = K(w) => w' =(p). Elements of EK are

called information states.

The class of information `state models is easily- seen to be :to>a ,class of functional

models which we call OK-models and which correspond with Kripke models for S5.

DEFINITION 3.2

() nOK<frame,is a functional frame F = <W, K> for LK such that

;, EJ 'w E K(w)

W W Er W .(w E K(w) K(w) = i(w ))

(ii) An OK-model is a functional model based on, an OK-frame.

PROPOSITION 3.3 Let qp c LK. The following are equivalent:

(i) t For every information state:model MM M=cp.

=OKP

(iii) =S5q .

Proof. Let M = <wpfiW,E;x,> an information state model Define c VdxW by wRw'

iff K(w) =_K(w'). Then M' = <w0,W,R,=> is an S5 Kripke model equivalent to M. On the

other haritl ° it i`ever =S5' Kripke model'M '=f,wp;W R i4> mile may associate -an,equivalent
` =rYrod l M>'= va0; l c, >` by (w) =wi - W:1AwR W)...Finally.=, if M t <w0; W,Ic,=> is

anOld--model, Then M'= <w0,W, 9W ic, > is ah equivalent information state:mode1.-

3. Objective knowledge

<:*

L dW

2. =>

(ii)

be R

= E
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Notice that. the notion of information state does not have to be specified jiv,

logic of K. The equivalence of information state models and OK-models of course does not

show that information states can be equated with sets of possible worlds, since the equivalence

depends for example on the fact that that the language LK does not admit one toexploit

probabilistic information ,hielmay be contained in the information states.

00 f c bjective knowledge as S 5 is aThe above method of identifying the logic

generalization of the method by which the logic of the knowledge of processors in a distributed

system is identified to be S5. Inlthe`latter case, one takes°the'tinformation state of a"pf'ocesso` 'to

be identical `to the internalsta"te' of the'proc'essor. Notree that although the introspection axioms

}

(Ky °I cp and- Kp K-1K ) are= alid"-in OK, we did not assume our agents-t&-havexsorne

land of privileged ac ra eifs t wai epr eg ces o o p eca n

4. Rational (introspective) belief

In this section we consider. the operator Ba with the following intuitive meaning

Bacp: agent a rationally believes (is rationally convinced) that cp, i.e. (p 'is valid in

every world that is considered possible by a.

Again we usually omit the subscript. NoticeLthafthe above n`ofion of'belief is a very strong one.

In fact, if Bay, then a will be inclined to express his belief bye"sayingIharhe knows that cp. If

an agent says that he (only) believes that (p, then in064st'1ikelya weaker notion of belief is used.

Some possible weaker notions are treated' irisectitin

Let P(w) be the rational belief state (of an agent a) in w and remember that for any

epistemic state S the set of wrldsxwhich`are possible $accordingto S is deno`ted`by IISII Ilence

II(3(w)II denotes the set of worlds which are, considered"-"pos ible(byg"a)° n W. Rational belief

states are assumed to satisfy the following two conditions:

CONSISTENCY: For every rational belief state S IISII # 0.

INIii6s ECTTON: Forevery ratiional`belief state S (w i' 11811 Row,

The from rationality of the agent: a rational

agent,wili~ ,not adhere to an $et of beliefs; but; yi1L.revise this set to consisten ode.

The introspection condition denVes.frofn.tl a surnpno sthat a calf nal agent is ulfy aware of

his own belief state. Hence in every world he considers to be a possible candidate of the actual

world he must have the same belief state. A rational agent is not infallible, hence we do not

to determine the

D z)

of their epistemic attitudes.

7.

=>

a
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require w E HR()II, Some`other-conditionson rational belief states (concerning the relation

befweenrational belief states and information states) are treated fi the following section.

'Notice that wedonot equate arational agent's belief state S`wth !181 since 'w`e do not

want to excluderthe`possit ility thatIhe agent has e.g. beliefs concerning the relative likelihood

c subclasses of IISCI. , thelogic of rational introspective belief has the fo11owi ig°semant s:

DEFINITION 4.1 An belief state

<wO,W,EB,ii, =>, which satisfies

_model is a generalized functional model M

1. `dw E W IIR(w)II' 2

2. VW,W' E W (W E 11P(w)II = R(W) = R(w ))

3. w=Bcp <a Vw' E IIR(w)11 w' rp.

Elements of EB are called belief states.

Just as in the -,case of the information state models, the class of -beliefstate' models equivalent

to a class of functional fnodels wh ch correspond°with` verb` famil ar` ke models. These

functional models are called "SIB-models and they correspond With 16j ke models for KD45.

DEFINITION 4.2

() A- =frame is a functional frame F = <W, P> for LB such, that

1V

-ALLRIB-model,is akfunctional model based on aRIB-frame.

PROPOSITION 4.3 Let (p e LB. The following are equivalent:

(i) For every belief state model M M = p.

(ii) =RIB<P

(ill) =KD45(P

Proof. Similar to 3.3.

5. Combining knowledge and belief

The information objectively available to a rational introspective agent surely contains all

information about his own rational belief state,. Hence, if,, ,a world w' is possible given the

information available to an agent a in world w, then a's rational belief state in w' is identical to

that in w. Further, if a world w is a member of IISII, for some rational belief state of agent a,

#

case is

2. dW,W E W (W E R(W) =* R(W) = R(W'))

(ii)

7



,-then-.it is reasonable to assume that the set of worlds which are possible according to as

information state in w is a subset. of 1 1 S 1 1 . (A., world which is considered(!) to be objectively

possible from a world believed to be a possible candidate for the actual world should itself be

believed to -be, apossible candidate for the actual world) hence we arrive at the following

additional assumptions oRthe relation between information classes and rational belief classes:

OBJECTIVITY: W E IIK(w')il i3(w) _ i3(w').

BELIEVE&`SOINDNESS: w E Ilp(w')Ir ilK(w)II

Another interesting assumption is the following:

BELIEVED COMPLETENESS: W E II(3(w')II : IIK(w)ll.:D 11)3(w

This assumption might be appropriate for an agent who is very confident in 'tlie `sense that he

believes to.have fully, exploited the nformatigi available to him However, in general we will

not assume=.belie ed completeness. The semantics for ®lK&(O)R fB, the system in which

knowledge and (overconfident) rational introspective belief are combined, becomes:.

DEFINITION 5.1 An information & belief state model is a generalized functional. model M

_ ,that <wp,W.Kt; P:LK> 3is aa-4fonton state

model, <wp,W,EB,,WLB> is a belief state model, II.IIK :EKE= fPW, IIaI4B;- B -* pW, and

for all w,w' E W: W E IIK(w`)II (3(w) 3(w =aid w: E, Il i(w )lI IlK(w)Ii.; $ 11 3(w')II. An

information & overconfident belief. state model model which

additionally satisfies w E II(3(w')il 11K(w)11 = Ilii(w')ll.

DEFINITION 5.2

(i) An OK&RIB frame is a tuple F = <W,x,(3>,where

1. <W,x> is an OK-frame

2. <W,i> is a RIB-frame

3. Vw,w' E W (w E K(w') = i3(w) _ i3(w'))

4. Vw,w E W (w E i3(w') = K(w) C R(w')).

(ii) An OK&RIB-model is a functional model based on an OK&RIB-frame.

(iii) An OK&ORIB frame (model) is an OK&RIB-frame (model) which additionally

satisfies Vw,w' E W (w E (3(w') = K(w) '))

OK&(O)RIB-models are equivalent to information & (overconfident) belief state models and

dust as in the case of the OK- and the RIB-i iodels, the OK&(O)RIB-iiiodeis correspond to a

relatively easy characterizable class'of Kripke models.

=>

==> c

=>

=* = =*

=*

D

8



PROPOSITION 5.3 Let cp E'`LjB `Tht following are equivalent:

(i) For every information & belief state model M Mt(p.

(u) WOK&RIB(P

(iii) (p is valid in every model for LKB such that RK is an'equivalence`relation;' RB is serial,

transitive, and euclidean, and RBRK c B1 RKRB. (Since RK is reflexive, the inclusions

may be replaced by identities.)

PROPOSITION 5.4 Let (p E LKB. The following, are equivalent:

i For every information & overconfident belief state model M

(ii) WOK&ORIB(p.

(iii) cp is valid in every model for LKB such that RK is an equivalence, relation, RB is serial,

transitive, and euclidean, RBRK c RB RKRB, and Vxyz (xRBY & xRBz = yRKz).

(The proofs of 5.3 and 5.4 are similar to that of 3.3)

LEMMA 5.5

(i) >Bcp;:BKcp,;corresponds to RBRK c.RB.

(ii) B9 D KB(p corresponds to RKRB ft-
(iii) -,Bcp B-1Kcp corresponds to Vxyz (xRgy & xRBz = VRKz).

Proof. (i) and (ii) are well-known. (iii) is proved in the standard way:

Consider a model M for LKB which satisfies Vxyz (xRgy & xRBz = xRKz) and assume wo

-,B9. Then there exists a w such that wORBw and Since wORBw' implies w'RKw,

we have

On the other hand, consider a frame F = <W RK,RB> for LKB which does not satisfy Vxyz

(xRgy & xRBz = yRKz). Then for some w,w',w" E W we have wRBw', wRBw" and

-1wRKw". Let M be a functional, model based on F such that w is M's designated world and
2.

(x,p) = I a x c- W\{w"}. Then M -,Bp D B

DEFINITION 5.6

(i) OK&RIB is the system in LKB given by the following rules and axioms:

Modus Ponens,' ecess tation for K' and B, all propositi al- tautologies in LKB,

Distribution. for. K end B, 4 (ocp [ ,cp) for K and -io(p) for K and B,

Kcp :D cp, Bcp -iB-,cp, B(p =) BKcp, Bcp KB9.

(ii) OK&ORIB = OK&.RIIB + M Bcp p,B-Kq.

PROPOSITION 5.7 (i) Vtp E LKB (F-OK&RIB(P b WOK&RIB()

(ii) V(P E LKB (F-OK&ORIB.tP a WOK&ORIBl>)

D

M=cp.

:D

C

z)

B, 5 ((p :)
=)
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LEMMA 5.8 The following are theorems of OK&RIB:

(1) KKcp. = Kpp

(ii) K-,K(p = - )

(iii) BBy=By

Ba

(vii) BKq = By

(iv) B-1Bpp = --,By (viii) (B- g z) B-1Ky) A (B-,Ky D -,By)

Proof. Only two cases are not completely trivial:

(vi) -,By D K-,Bpp follows from (v) and the S5-property i l K=

(viii) (B- p B-,Ky) follows from (vii) and Ky -,K-,pp;

(B-,Kpp' -1Bpp) follows from (vii) and Bip

PROPOSITION 5 $.

(i) OK&RIB has 12 distinct modalities, viz. , K, B, K-,, B-,, B-iK, and their negations.

The implications among them are pictured in figure 1, below.

(ii) OK&ORIB has 10 distinct modalities; viz:', K B, K===;, 8- °and=the"ir negations: The

implications among them are pictured in f gure-2 below.;

Proof. Immediate from lemma 5.7.

Proof. Immediate from Lemma 5.5 and other well-known results.

(v) KB9 = By

(vi) = -nBq

D applied to V = -nBcp.

=) :)

=) :D

-,K-, K --nB--- 1 04 -,B-,K'" B

-nK B-, -- op. B-,K- -,B

FIGURE 1. Modalities of OK&RIB.

-,K--i

K-, No -,K B__1

FIGURE 2. Modalities of OK&ORIB.

B

-,B
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6. `Knowledge which implies u' u a nbeliet

It is no surprise that 't K&RIE is not consistent with the ideas `about the r`el'atii n between

knowledge in Hintikka (1962)the notion -of objective knowledge and rational °belief

are rather different from the originally studied epistemic notions: However, objective

knowledge and rational belief do seem to correspond with the nowadays predominant notions

of knowledge and `belief. 1 everthele`ss;; OTK&IEIIB" differs in a number of respects friim -the,

system which was proposed in Kraus (i,98-6Y-arffli`an thoroughly studied from a

technical point of view in van der Hoek (1989). This system - let us call it KL - is more

extensive than OK&RI B, since it also treats the notions of common"'knowledge and'cmn on

belief. As far as pure knowledge propositions (i.e. propositions containing no other'-modal

operators than K) and pure. belief propositions are concerned, KL and OK&RIB agree.

However, the OK&RIB theorem Bcp BKcp is not derivable in KL, and adding it to°KL

would lead to the derivability of Btp Kcp.

As already°observed by Wolfgang Y °enzen (1978 p.80), Btp Bl (P -is-"' ly'r6as0ndble

in case Ba(p stands foi"i-6 is convinced thatcp'" and not in case Ba p=meanssortie hi g like'"a
presumes.that

ip Hence at first 'sight the-non-derivability of 1 cp=6BK(p in K1 might be

defended by arguing that KL does not intend to capture the notion of conviction. However,

since an agent may be cautious and only presume something if he is convinced of it,the. fact that

KL + (B z) BK) F- Bcp D K(p indicates that there is something wrong with KL. Another

indication is provided by the fact that BKcp D K(p is a theorem of KL. This principle contradicts

the intuition that you might. believe you kt ow; that cp, while in fact cp is not true. In a sense, the

principle is the sentence is not valid". The author of this

paper believes to know that V. Hence BKV, where the author is the agent of K and B. But then

the validity of BKip D K(p implies its invahdi

KIC, has Kip": _Bip ariong its axioms. Deleting {this axiom"(which°is not valid in

OK& gIBJ would xblock both the derivation of BKV in,IKIL and the derivaiioon =of` B ip D

K(p in 1KL - (B BK) However, one frequently seems toy use a notion of -knowledge' which

does imply belief. For example, in the philosophical literature knowledge is with

(justified) true belief. Such a notion of knowledge k+ is obviously' d'ifferent'frorii our notion of

objective knowledge and the ustrfication given in section 3 for taking S5 as the logic of K does

not apply to K+. In fact, if one assumes K+cp B(p, then 'the negative introspection principle

for K+ -,K K+-,K± n( tp a - )'3m Q longer seems acceptable, since it would make it possible to

derive BKtq K+cp;fronn4ti e principle B- D

Similar arguments are given in Lenzen (1978), where it is argued that the logic of

justified true belief is at least as strong as S4.2 (= S4 ±., o-,ocp :ocp) and at most as

strong as S4.4 (= S4 + (p D (p)). The latter system is claimed to be the logic of

& Lehmann

:D

D

D

presumes

D Kcp

z)

::>

z)

D

:)
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true belief. Indeed it is not difficult to check that 'if we define m 1*cp =,Bp, then

LK* (=RIB<p iff =S4.4p)

In LK$ we_can,defineanother, notion of knowledge which implies belief: K'cpt= Kcp n

Below we show, that the logic of this notion of rationally believed objective knowledge

h(WK) lies between S4.3 and

gDEFINITION 6.1 A ROK-model, is a Kripke, model for LK, s.t. RK' = RtuR2, Rt is an

equivalence relation, sepal; transitive and euclidean and R1R2 = R2 = R2R1.

A relation R is called semi-euclidean iff Vxyz ((xRy n xRz

(i) If R = R1 u R2, where R1 is an equivalence relation and R2 is serial, transitive,

euclidean and R1 R2 R2 = R-2R 1, then- R transitive,: and semi euclidean.

(it) 4 Ii R is reflexive, transitive, and yen i-euclidean, then there exists 9,1 and R2 such that R

RI,U R2,, R1 is an equivalence, relation and R2 is serial, transitive and euclidean, and R1R2 =

R R2R

Proof.' (i) (ii) I7efind'xRly'iff x=y v (xRy A'- 3z(XRzn-zRy )'& xR2Y iff b'z(xRz"-4

zRy). Theft R1 and R2 satisfy the requirements of (ii).

LEMMA- 6.4 The transitive, semi-euclidean l ripke frames .characterised by the set

S = toy t) ooep, ((P ,A ;ocp n;a(tp. v (cp D o(p))) spy

Proof. It is easily checked that every formula of S is valid in every

frame On the other hand, F = rW,R> be a transitive frame for (It is well known that

there is a counter pdel ag rtst Qp _oop based on any. non-transitive frame) Assume that R

is nox_semi-euclidean. Thin there exist w, ,w cW such that wRw',

Tw"Rw. Let M,7--, 4w,)l,R,, be a functional model such that (x,p) = 1 iff x = w or xRw or

77xRwit Then M_(p A -Qp o(p v (p p))) ) 0--,D

tp E LK'. The are£

K'p , K'((p v K(p K'-(p))) ? K'-iK'

For every reflexive, transitive, semi- euclideanKripke model M for Lk M = p.

from 6.3 and 6.4.

=1

LB

DEFINITION 6.2 - (yRz v

zRx)).

LEMMA 6.3

=

=

=

D

D

or x # w". n D

PROPOSITION 6.5 Let

=ROK<P-

=KT45'tP, where (5') = ((p n :D



PROPOSITION 6.6 KT45' is (i) a proper extension of S4.3 (= S4 + D yr) v (ox!

P ,(p)) and. (ii) a proper :subsystem of S4.4.

Proof. (i) If R is semi euclidean and transitive, then R is connected, i.e. (xRy & xRz) = (yRz

or zRy). S4.3 is sound and complete with respect to reflexive transitive connected. Kripke

models. Hence KT45' is an extension of S4.3. The following S4.3 countermodel against

(5) shows that the inclusion is proper: M = <w0,W,R,I>, with W {w0,wl,w2), R =

WXW\{(wl,wO),(w2,wO),(w2,wl)), I : WxPL -4 2 is given by I((wo,p) = I(w2,p) = 1 and the

value of I is 0 in all other cases.

(ii) KT45' is a subsystem of S4.4, since every S4.4 Kripke model is a reflexive transitive

semi-euclidean Kripke model. The following KT45' countermodel against the characteristic

S4.4 axiom cp (-,K'-,K'(p K'cp) shows that ,the inclusion is proper: M' = <wo,W,R',I>,

with R' = WxW\{ (w2,w0),(w2,w1).), and, W and I as in M of (i).

PROPOSITION 6.7 ROK has ten distinct modalities, viz K'-,K'--,, and

their negations, with implications among them as pictured below.

Proof. That there are no more modalities follows from X'cP = K'K'cp e and

K'-,K'-,cp. Most of the implications in figure 3 follow from T cp (p).

K'---,K'--,(p follows from T and (5). Finally, one can easily construct models showing that the

implications pictured in figure 3 are proper.

-,K'-,K' ,

FIGURE 3. Modalities of ROK.

(ii) CRIB-,K*-nK*q - By

Proof. (i) In OK&RIB we have -,By K'-,By (by 5.8(vi) and negative introspection for B)

and K'-Bpp D K'-iK'pp. Hence -,By D K'-,K'tp. On the other hand,, we have By

(B z BK) and positive introspection for B) and K'-1K'pp =,BK'p (by applying K'-,y< D

B--,y and B--,V z By to AV = K'(p). Hence K'-,K'cp D -,Bcp. (ii) Similar.

:D

=

D :D

K',,K'-,,K'KK',

(_ =)

-,K'

K'-,K'

LEMMA 6.8

(1) WOK&RIB_K'_K'y = By

D

:D

z)
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Wolfgang Lenzen suggested that for every reasonable notion of knowledge K and-belief B the

equivalence By -,K-,Kcp should hold. Additionally assuming Kcp D cp and Kcp D KKcp he

arrived at his already mentioned conclusion that the logic of knowledge is at least as strong as

7. Weak notions of belief

The notion of rational introspective belief of section 4 is a very strong notion of belief In this

section we will consider some weaker versions of belief which can still be considered rational

and introspective. We take serious the remark in section 4 that in general a rational belief state S

should not be equated with 11511 and we'-consider som-e'modalities which refer to the (relative)

likelihood of subclasses of IISIL

Consider,i? with the following intuitive meaning

Pace: agentoc presumes cp, i.e. cp is true in every possiblet world `which a considers to be not

too unlikely.

The rationale behind presuming is that often some situations which are strictly speaking not

excluded by the evidehce`'are so unlikely that they are neglected. functional

model semantics of RICP, the-1o&ic of rational (introspective) presumed belief, is

given by adding the following c7iaracteristic clause to the belief state models

w=Pq a Yw' a n(t(w)) w'= , where n : EB - pW s.t. (0 # n(t(w)) c Nt(w)ll)

Here n(t(w)) denotes the set of worlds-which, are not neglected. The requirement n(t3(w)) # 0

ensures that the presumed belief is consistent. If one drops this requirement, one obtains the

semantics of RIP, the logic of (introspective) presumed belief. One easily obtains afunc.fional

model semantics for RI(C)P, which is equivalent to its generalised functional model semantics:

DEFINITION 7.1

(i) A RIP, frame is a functional frame F <W,i;n> for LBp such that

1. Vw n(w) c t(w)

2. Vw,w'l E . W

S4.2.

=

OW) =* n(w) = n(w'))
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(ii) A Iltfl -model is a°fhncnoriai model based on a`If -frai l

(iii) A RICP-model/frame is an RIP-model/frame with the additional assumption that 7c(w) #

PRoPOSrrloN-7.2 Vp E Lo (=RIB(P[d :_B] Ricpp[©:=P

Proof. Consider a RIB-frame F = <W,(3>. Then F'-- <W,P,P> is the

valid pure P-formulas in F' correspond with the valid pure B-formulas in F. On the other hand,

if F= <W,(3,n> is RICP-frame, then F'= <W, is, a Rff B-frame such that the valid pure B-

formulas in F correspond with the valid, pure formulas in F.

Of cottrsef the; above proposition does, not ply, that there is no difference between B and P.

However, this difference will only show in contexts where these operators are combined with

each other or other operators. For example, it is easy to see that (with respect to the obvious

semantics) B(Pcp 9) and Pcp PKcp are invalid, whereas=B(B(p°- tp) and By i BKy are

valid.

Next consider the notion La with the,. following intuitivemeaning::.

atp, agent a finds it likely that q, i.e. (-is true in every world of some subclass of IIj3(w)ll.

which is considered to be likely by a.-

:This notion of likely belief should not.be confused :with the notion of likelihood (also denoted

by L) which is formalized the¢ system L gffHalpern Bz .abin,,(1987) L I. ,t ies .to. capture the

,-motion} of beings likely in a nonnumerical way.=T'he characteristic clause of the semantics of RIL,

the logic of rational introspective likely belief, is the following:

w =Lcp r-* BA E k((3(w)) Vw' E A w' = p, where k: EB -- p *(P *(II(3(w)II)).

(p *(X) denotes p (X)\{ 0 1.)

We have that =RILp i 4f implies that --RILLcp i Lyr, hence RIL is a classical modal logic (in

the sense of Segerberg (1971)). However, RIL is not normal and not even regular, since

.ne the, L(tp f t) : (Up LNf) nor [.cp n t yr) _ L(cp W is valid. Hence there is no standard

F>Kr--ipkemodel'semantics..or functional model semantics for REL. (There 1pes; of course, exist a

r neighbourhood -model`.sez antics for, RIDL,.) From the, assumption that only non-empty sets can

be considered; likely, it follows that L---,(p -,Lcp is valid As a consequence of the introspection

condition for rational belief states we further have L(-,)Lcp ,,,and

V5

0.

t=>

=) =) =)

in

=) D A

D

=



B(-,)Lcp (-,)L p. (Hence different powers of L do not denote different levels of likelihood, as

is the case in

A plausible reading of Lacy is 'V's subjective probability of cp is at least x", for some

particular x E (0,1]. An alternative semantics for this notion can be obtained by using the

projection function 11 which: assigns to everymbe1i .state (w) k ,(possibly generalized)

probability measure Pw defined on (a 6-algebra/field Fw of subsets of) ll (w)II. In that case one

may;: efine,for some x E (0,1]

Pw( w' e` I u or
w=L(p t- 3A E FW VW' E A (W` cp and I w(A') >x).

This semantics` cant easily be extended to>interpret aCricher`forthalism of rational subjective

probability '(RS IP)

wP'--Xtp z.

(P`-Xcp, PX( and P`X(p are defined analogously.)

In general, the relation between knowledge/belief and is a far from trivial matter.

(Consider for example the problem mentioned in Fagin & Halpern (1988) of assigning the

approprrate probability spaces.) of rational subjective belief, one lips a notion

of objective probability, and a 'subjectivized' notion of objective probability (the objective

probability given the objective information available to a particular agent), and then some more.

All`the more reason tolook foi instr uherits-which-allow=one to faithfully formalize the multitude

of (dif err-combinations of)'episte ri oriotions =The generalized functional models might be

'considered to be'sic11 instrurents although they probably have to be sharpened.-h, order to

really cut through.

8 Conclusion

'We introduced generalized functional models which' generaa1iize l£ripke' erode-Is=by explicitly

representing epistemic states. Those generalized models v- refused the

notions of objective knowledge and (introspective) -belief and to.determine the- logical

relation betlvoen the` two` Although -bjective knowledge and Belief to

correspond to fhe` predominantnof i6ri-s:-`6f ( -)know1 dge and (1 D45)belief, the system

=

LL.)

a

a Pw({w' E
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OK&RIB combining the two notions turned out to -,bequite different from the well-known

system (KL) of Kraus and Lehmann. We argued against KL by showing that negative

introspection for knowledge is incompatible with-the,principle that knowledge implies belief

(assuming beliefs to be consistent). Cofnbining'an, S5-notion of knowledge with an KD45-

notion of belief thus means dropping the knowledge-implies-belief-principle. Further,. we

briefly considered some notions of knowledge which imply belief and some. weak, notions of

rational belief, partially as an illustration. for the need of something like generalized functional,-,'-

m e. s° to keep track of the multitude of epistemic notions

Albert'Vissei substantially influenced my ideas on the subject 'of this paper and

Amsterdam Working Group on Nonmonotonic Reasoning kindly commented on an early

unpolished presentation of these ideas.
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