. mathematics

Article

The Longest (s, t)-Path Problem on O-Shaped Supergrid Graphs

Fatemeh Keshavarz-Kohjerdi !

check for
updates

Citation: Keshavarz-Kohjerdi, F.;
Hung, R.-W. The Longest (s, t)-Path
Problem on O-Shaped Supergrid
Graphs. Mathematics 2023, 11, 2712.
https:/ /doi.org/10.3390/
math11122712

Academic Editor: Frank Werner

Received: 6 May 2023
Revised: 6 June 2023
Accepted: 12 June 2023
Published: 15 June 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Ruo-Wei Hung 2*

Department of Mathematics and Computer Science, Shahed University, Tehran 3319118651, Iran;

f keshavarz@shahed.ac.ir

Department of Computer Science and Information Engineering, Chaoyang University of Technology,
Waufeng, Taichung 413310, Taiwan

*  Correspondence: rwhung@cyut.edu.tw; Tel.: +886-4-2332-3000 (ext. 7758)

Abstract: The longest (s, t)-path problem on supergrid graphs is known to be NP-complete. However,
the complexity of this problem on supergrid graphs with or without holes is still unknown.In the
past, we presented linear-time algorithms for solving the longest (s, t)-path problem on L-shaped and
C-shaped supergrid graphs, which form subclasses of supergrid graphs without holes. In this paper,
we will determine the complexity of the longest (s, t)-path problem on O-shaped supergrid graphs,
which form a subclass of supergrid graphs with holes. These graphs are rectangular supergrid graphs
with rectangular holes. It is worth noting that O-shaped supergrid graphs contain L-shaped and
C-shaped supergrid graphs as subgraphs, but there is no inclusion relationship between them. We
will propose a linear-time algorithm to solve the longest (s, t)-path problem on O-shaped supergrid
graphs. The longest (s, t)-paths of O-shaped supergrid graphs have applications in calculating the
minimum trace when printing hollow objects using computer embroidery machines and 3D printers.
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computerized embroidery machines; 3D printers

MSC: 05C38; 05C40; 05C85; 05C90; 68R10

1. Introduction

All graphs considered in this paper are undirected and simple. Let G be a graph. We
denote the vertex set and the edge set of G by V(G) and E(G), respectively. A Hamiltonian
path (resp., cycle) on graph G is a simple path (resp., cycle) that visits every vertex of
G exactly once. The Hamiltonian path (cycle) problem involves determining whether a
graph has a Hamiltonian path (cycle). A Hamiltonian (s, t)-path is a Hamiltonian path in a
graph that starts from vertex s and ends at vertex ¢. A graph is Hamiltonian-connected if
it contains a Hamiltonian (s, t)-path for every two distinct vertices s, t in the graph. The
longest (s, t)-path in a graph is the path from s to t that visits the most vertices. The
longest (s, t)-path problem on a graph involves determining whether the graph contains a
Hamiltonian (s, t)-path and finding the longest (s, t)-path if it is not. The above problems
are NP-complete for general graphs [1,2], as well as for various special graph classes,
including undirected path graphs [3], circle graphs [4], split graphs [5], triangular grid
graphs [6], supergrid graphs [7], bipartite graphs [8], grid graphs [9], and so on. Next,
we will discuss the conditions under which a Hamiltonian (s, t)-path does not exist. Let
G be a connected graph and V; C V(G). We say that V; is a vertex cut if removing V;
from G results in a disconnected graph. Moreover, a vertex v € V(G) is called a cut vertex
if removing v from G makes it disconnected [10]. Let us consider that s is a cut vertex
of G. Then, removing s from G results in some disjoint connected components. Since a
Hamiltonian path from s to ¢ must pass through all vertices of G exactly once and the path
from s to other components must pass through s at least twice, a Hamiltonian (s, t)-path
does not exist. The same holds true for t. In addition, a Hamiltonian (s, t)-path does not
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exist when {s, t} is a vertex cut of G using similar arguments. Thus, if s or ¢ is a cut vertex
of G or if {s,t} is a vertex cut of G, then graph G contains no Hamiltonian (s, t)-path.

Supergrid graphs are proposed to solve the calculation of stitch paths on computer
embroidery machines [7]. If we input a colored picture, computer image software first
processes it into blocks of different colors; then, the stitch algorithm calculates each stitch
path in every block and transfers it to the computerized embroidery machine for embroidery
work. Figure 1 shows the operation flow of a computerized embroidery machine. The
supergrid graph is mainly used in the calculation of the stitch path. Considering the
operation of computer embroidery machines, each needle point is an integer coordinate,
and its moving direction includes its eight directions: up, down, left, right, upper-left,
upper-right, upper-left, and lower-left. We can express each needle point as a lattice, as
shown in Figure 2a, and the eight adjacent lattices are the next possible positions where
the needle point may move to, so we can represent the lattice as a vertex of the graph, and
there are edge adjacencies among them. Figure 2b is a graph representation of Figure 2a.
Then, the block generated by each image software is a supergrid graph. The supergrid
graph is then defined as follows: each vertex v with integer coordinates is represented as
(vx,vy), where v, and v, are the x- and y-coordinates of v, respectively. In the graphical
representations in this paper, we use (1,1) as the coordinates of the uppermost left vertex
of a supergrid graph. For two vertices 1 and v of a supergrid graph, (u,v) is an edge if and
only if |uy —vy| < 1and |uy — v,| < 1. In other words, u is one of the following vertices:
(vx, 0y = 1), (vx, 0y + 1), (vx — Lo, = 1), (vx = 1,0y), (vx — 1,0y + 1), (vx + 1,0, — 1),
(vx +1,vy), or (vx + 1,0y + 1). Supergrid graphs include grid graphs and triangular grid
graphs as subgraphs. Although they have an identical set of vertices, their edge sets are
entirely distinct. Therefore, these graph classes do not belong to each other; that is, a
supergrid graph is not necessary a grid graph or a triangular grid graph, and vice versa.
Clearly, grid graphs are bipartite and planar [9], but triangular grid and supergrid graphs
are not always bipartite or planar.

Image Processing
Software

Stitching Trace

—) Algorithm

Output different Output the
blocks of colors stitching trace
of each
I colour block :
nput Computerized
colour image sewing machine

Figure 1. The primary elements and operational sequence of a computerized embroidery procedure.

(1, |2, 1)|(3, 1)

(1,2)[(2, 2)|(3,2)

(a) (b)

Figure 2. (a) A collection of lattices and (b) the associated supergrid graph of (a), in which each lattice
is represented as a vertex with integer coordinates.

The Hamilton path problem on supergrid graphs is known to be NP-complete [7];
hence, the longest (s, t)-path problem is also NP-complete for supergrid graphs. However,
these two problems for supergrid graphs with or without holes are still open. This paper
proposes a linear-time algorithm to solve the longest (s, t)-path problem on O-shaped su-
pergrid graphs, which are a subclass of hollow supergrid graphs. A preliminary version of
this paper has appeared in [11], and a preprint version of the paper has been posted on the
arXiv system [12], an open platform for scholarly research exchange. The related research
works are introduced as follows: Recently, Hamiltonian path (cycle) and Hamiltonian-
connected problems for grid, triangular grid, and supergrid graphs have received much
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attention. Itai et al. [9] showed that Hamiltonian path and cycle problems for grid graphs
are NP-complete and gave necessary and sufficient conditions for rectangular grid graphs
to be Hamiltonian-connected. Zamfirescu et al. [13] provided sufficient conditions for
a grid graph to have a Hamiltonian cycle and showed that all grid graphs of positive
width have Hamiltonian line graphs. Chen et al. [14] improved the Hamiltonian path
algorithm for rectangular grid graphs and presented a parallel algorithm for the Hamil-
tonian path problem with two given end vertices. Lenhart and Umans [15] showed that
the Hamiltonian cycle problem on solid grid graphs can be solved in polynomial time. In
addition to grid graphs, researchers have studied Hamiltonian cycle and path problems on
triangular and hexagonal grid graphs, as well as alphabet grid graphs. Keshavarz-Kohjerdi
and Bagheri [16] presented a linear-time algorithm for computing the longest (s, t)-paths
in L-shaped grid graphs. Recently, Nishat et al. [17] designed a linear-time algorithm
to reconfigure any 1-complex s, t Hamiltonian path to a canonical Hamiltonian path in
rectangular grids. Supergrid graphs, a more complex type of graph, have also been studied.
Hung et al. [7] proved that Hamiltonian cycle and path problems on supergrid graphs are
NP-complete, while showing that every rectangular supergrid graph is Hamiltonian. In
subsequent studies, researchers explored the complexities of Hamiltonian problems for
special subclasses of supergrid graphs, such as linear-convex [18] and rectangular supergrid
graphs [19]. In [20,21], we presented linear-time algorithms for solving the longest (s, t)-
path problem on L-shaped and C-shaped supergrid graphs, which form two subclasses of
supergrid graphs without holes. In this paper, we study the Hamiltonian and longest (s, t)-
path problems for O-shaped supergrid graphs, which are rectangular supergrid graphs
with rectangular holes. We prove that O-shaped supergrid graphs are always Hamiltonian
and Hamiltonian-connected except for a few conditions and present a linear-time algorithm
to compute the longest (s, t)-path under these exceptional conditions. This study can be
regarded as the first attempt to solve the Hamiltonian and longest (s, t)-path problems on
supergrid graphs with holes.

The Hamiltonian connectivity of O-shaped supergrid graphs can also be applied to
compute the minimum trace of 3D printers as follows [11]: Let us consider a 3D printer with
a hollow object (O-type object) being printed. The software produces a series of thin layers,
designs a path for each layer, combines these paths of produced layers, and transmits
the above paths to the 3D printer. Because 3D printing is performed layer by layer (see
Figure 3a), each layer can be considered as an O-shaped supergrid graph. Let us suppose
that there are k layers under the above 3D printing. If the Hamiltonian connectivity of
O-shaped supergrid graphs holds true, then we can find a Hamiltonian (s;, t;)-path of an
O-shaped supergrid graph O;, where O;, 1 < i < k, represents a layer under 3D printing.
Thus, we can design an optimal trace for the above 3D printing, where ¢; is adjacent to
si41 for 1 <i < k — 1. In this application, we restrict the 3D printer nozzle to be located at
integer coordinates. As an example, Figure 3a shows the five layers, O;-0s, of a 3D print
for an O-type object, and Figure 3b depicts the Hamiltonian (s;, t;)-paths of O; for 1 < i < 5;
the result of this 3D printing is shown in Figure 3c.

The following is the organization of the paper: Section 2 introduces notations, obser-
vations, and previously established results, along with verification of the Hamiltonicity
of O-shaped supergrid graphs. In Section 3, conditions are discovered that prohibit the
existence of Hamiltonian (s, f)-paths in O-shaped supergrid graphs. Section 4 presents
that O-shaped supergrid graphs are Hamiltonian-connected except for the conditions
mentioned in Section 3. An algorithm for computing the longest (s, t)-paths of O-shaped
supergrid graphs in linear time is described in Section 5. Finally, conclusions are provided
in Section 6.
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Figure 3. (a) The five layers (O1-Os) of a 3D printing model for an O-type object, (b) the computation

of the Hamiltonian (s;, f;)-path for each layer O; shown in (a), and (c) the final result after completing
the 5-layered 3D printing process.

2. Notations and Background Results

This section introduces several terms and symbols, along with the presentation of some
prior observations and established results related to the Hamiltonicity and Hamiltonian
connectivity of rectangular supergrid graphs. For any graph-theoretic terminology that is
not defined in this paper, please refer to [10].

Let G be a finite, undirected, and simple graph. Let S C V(G) and u,v € V(G). The
subgraph of G induced by S is denoted by G[S], while the subgraph induced by V(G) — S
is denoted by G — S. We use G — v to represent G — {v} in general. If (u,v) € E(G), we say
that u is adjacent to v and that u and v are incident to edge (u, v). We use u ~ v to indicate
that u and v are adjacent and u ~ v to indicate that they are not adjacent. An edge (1, v) is
adjoined by a vertex w if w ~ 1 and w ~ v. Two edges, e; = (u31,v1) and ey = (up, v3), are
said to be parallel and are denoted by e; =~ e, if u; ~ 1 and v; ~ v;. A vertex adjacent to
vertex v is called a neighbor of v. The set of neighbors of v in G is denoted by Ng(v), and
the set of neighbors along with v itself is denoted by Ng[v] = Ng(v) U {v}. The degree
of vertex v in G, denoted by degg(v), is the number of vertices adjacent to v. A path P
of length [P| in G, denoted by v1 — v — -++ — vjp|_; —> v|p|, is an ordered sequence
of vertices (01,02, -+, v|p|_1,7|p|), such that (v;,v;11) € E(G) for 1 < i < |P|, and all
vertices except vy, U|p| in the sequence are distinct. The first and last vertices visited by P
are denoted by start(P) and end(P), respectively. We use v; € P to indicate that P visits
vertex v;, and (v;,v;11) € P to represent that P visits edge (v;, v;11). A path from v to vy is
denoted by (v1, v )-path. Additionally, we use P to refer to the set of vertices visited by path
P if it is clear from the context. A cycle is a path C with |V(C)| > 3 and start(C) = end(C).
Two paths (or cycles), P; and P,, in graph G are vertex disjoint if V(P;) NV (P;) = @. If
end(Py) ~ start(P,), then two vertex-disjoint paths P; and P, can be concatenated into a
path, which is denoted by P; = P,.

A two-dimensional supergrid, denoted by S%, is an infinite graph with vertices corre-
sponding to all points (vertices) in the plane with integer coordinates. Two vertices in S
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are adjacent if and only if the difference between their x- or y-coordinates is, at most, 1.
A supergrid graph is a finite vertex-induced subgraph of 5. Each vertex v in a supergrid
graph can be represented as (vx,vy), where v, and v, are the x- and y-coordinates of
v, respectively. The set of possible adjacent vertices of a vertex v = (v, vy) in a super-
grid graph includes (vy, vy, — 1), (vx, vy +1), (vx — 1,0y — 1), (vx — 1,0y), (vx — 1,0, + 1),
(vx +1,0y — 1), (vx +1,vy), and (vx + 1,0, + 1). An edge (u,v) is called horizontal (resp.,
vertical) if u, = vy (resp., uxy = vy), and it is said to be crossed if it is neither horizontal nor
vertical. Next, we define some special supergrid graphs studied in the paper, as follows.

Definition 1. Graph R(m, n) is a supergrid graph with vertex set V(R(m, n)) consisting of all
vertices of the form v = (vy,vy), with 1 < vy <mand 1 < v, < n. A supergrid graph is called a
rectangular supergrid graph if it is isomorphic to R(m, n) for some positive integers m and n. When
R(m,n) is considered, it is called an n-rectangle.

For m,n > 2, a rectangular supergrid graph R(m, n) contains four boundaries, each
consisting of boundary edges. A path that visits all vertices and edges of a single boundary
in R(m,n) and that has a length equal to the number of visited vertices is called a boundary
path. A vertex v = (vy,vy) in R(m,n) is called the upper-left (resp., upper-right, down-left,
and down-right) corner, if for any vertex w = (wy, wy) € R(m,n), wy > vy, and w, > v,
(resp., wy < vy and wy, > vy, wy = vy and wy < vy, and wy < vy and wy, < vy). In this
paper, we assume that (1, 1) are the coordinates of the vertex in the upper-left corner in all
figures, unless explicitly stated otherwise.

Definition 2. Let us suppose that R(m, n) is a rectangular supergrid graph. We define L(m, n; k, 1)
as the supergrid graph obtained from R(m,n) by removing the subgraph R(k, 1) located in the upper-
right corner with coordinates (m,1). An L-shaped supergrid graph is a supergrid graph isomorphic
to L(m, n; k,1) (see Figure 4a).

Definition 3. Let R(m,n) be a rectangular supergrid graph. We define a C-shaped supergrid
graph C(m, n; k,1;¢,d) as a subgraph of R(m, n) obtained by removing the subgraph R(k, 1) located
at the vertex with coordinates (m, c + 1). Additionally, R(m,n) and R(k, 1) must have exactly one
border side in common, and we require that m > 2, n > 3, k,l,c,d > 1andn = c+d + 1 (see
Figure 4b).

Definition 4. Let us consider a rectangular supergrid graph R(m,n). An O-shaped supergrid
graph O(m,n;k,1;a,b,c,d) is obtained by removing subgraph R(k,1) from vertex (m —b,c + 1) of
R(m,n). Graphs R(m, n) and R(k,1) do not share any border side. Parameters m,n,k,1,a,b,c,d
satisfym,n > 3,k,1,a,b,c,d 21, m=a+b+kandn = c+d+ 1 (see Figure 4c).

m ’ m ’ m .
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o
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e et
. N N N

..........

(b)

Figure 4. The structures of three types of supergrid graphs: (a) L-shaped supergrid graph
L(m,n;k,1), (b) C-shaped supergrid graph C(m,n;k,1;c,d), and (c) O-shaped supergrid graph
O(m,n;k,1;a,b,c,d).

When proving our results, it is necessary to partition a supergrid graph G into k
disjoint parts, where k > 2. We define such an operation on G as follows.
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Definition 5. Let us consider a supergrid graph G. A separation operation on G is a partition
of G into k vertex-disjoint supergrid subgraphs G, Gy, - - -, Gy, i.e., V(G) = V(G1) UV (Gy) U
- UV(Gy) and V(G;)) N V(Gj) = @ fori # jand 1 < i,j < k, where k > 2. A separation is
referred to as vertical if it comprises a set of horizontal edges and as horizontal if it comprises a set of
vertical edges.

Let (G, s, t) be a supergrid graph G with two distinct specified vertices s and t. We
assume without loss of generality that s, < f, for the remainder of the paper, unless we
explicitly state otherwise. We denote a Hamiltonian path between s and t in G as HP(G, s, t).
If a Hamiltonian (s, t)-path exists in G, we say that HP(G, s, t) exists. In the following, we
present some previously established results.

Let R(m,n) be a rectangular supergrid graph with dimensions m > n > 2. Let us
consider a cycle C of R(m, n), and let H be a boundary of R(m, n), which is a subgraph of
R(m,n). We denote the restriction of C to H by Cy. If |C | = 1, i.e,, C|y is a boundary
path on H, C|y; is referred to as a flat face on H. If |Cy;| > 1 and C| contains at least one
boundary edge of H, then Cy is called a concave face on H. A Hamiltonian cycle of R(m,3)
is said to be canonical if it contains three flat faces on two shorter boundaries and one
longer boundary, and one concave face on the other boundary, where the shorter boundary
consists of three vertices. For n = 2 or n > 4, a Hamiltonian cycle of R(m, n) is referred to as
canonical if it contains three flat faces on three boundaries and one concave face on the other
boundary. The following lemma shows the result from [7] that verifies the Hamiltonicity of
rectangular supergrid graphs.

Lemma 1 (See [7]). The following statements are true for rectangular supergrid graph R(m, n),
wherem > n > 2:

(1) If n = 3, then R(m,3) has a Hamiltonian cycle that is canonical.

(2) If n =2 o0rn >4, R(m,n) contains four canonical Hamiltonian cycles, with each having a
concave face on a different boundary.

In Section 1 and in [19], we verified that if s or f is a cut vertex of R(m, n), or if {s, t} is
a vertex cut of R(m, n), then HP(R(m,n), s, t) does not exist. Thus, HP(R(m, n),s, t) does
not exist if the following condition is satisfied:

(F1) sortisa cutvertex of R(m,n), or {s,t} is a vertex cut of R(m, n) (see Figure 5a,b).

s t s
(2) (b)

Figure 5. Rectangular supergrid graphs in which there is no Hamiltonian (s, t)-path for (a) R(m, 1)
and (b) R(m,2), where solid lines indicate the longest path between s and .

We demonstrated in [20] that in addition to condition (F1) (shown in Figure 6a,b),
HP(L(m,n;k,1),s,t) does not exist when any of the following conditions are satisfied.

(F2) For an L-shaped supergrid graph G, there exists a vertex w € G, such that degg (w) =
1, w # s,and w # t (see Figure 6c).

(F3)y m—k=1,n—-1=2,1=1,k>2,and {s,t} = {(1,2),(2,3)} or {(1,3),(2,2)} (see
Figure 6d).
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Figure 6. L-shaped supergrid graph L(m, n;k,1) does not contain a Hamiltonian (s, t)-path when one
of the following conditions are satisfied: (a) s is a cut vertex; (b) {s, t} is a vertex cut; (c) there exists a
vertex w such that deg; (1) (W) =1L, w #s,andw # t;(d)m—k=1,n—-1=21=1k>2 and

{s,t} ={(1,2),(2,3)}.

In addition to conditions (F1) and (F2) depicted in Figure 7a—c, respectively, we
demonstrated in [21] that the existence of a Hamiltonian (s, t)-path in C(m, n;k,1;¢c,d) is
prohibited if (C(m,n;k,I;¢c,d),s, t) satisfies any of the following conditions.

(e) (f) () (h)
Figure 7. C-shaped supergrid graphs in which there is no Hamiltonian (s, t)-path, when one of the

following conditions are satisfied: (a) s is a cut vertex; (b) {s, ¢} is a vertex cut; (c) there exists a
vertex w such that degc(y, pix 1ca) (W) =1, w #s,andw # t;(d)ym=3,a=m—k =2,c=1,and
{s,t} ={(1,1),(2,2)}; (e-g) condition (F5) holds; (h) a = m —k = 1and s, t, > c+ 1L

(F4) m =3,a = m —k = 2, and either of the following: c =1, and {s,t} = {(1,1),(2,2)}
or{(1,2),(2,1)};ord =1,and {s,t} = {(1,n),(2,n—1)} or {(1,n —1),(2,n)} (see
Figure 7d).

(F5) n =3,k =c=d =1, and one the following;:

(1)a>2,s¢ =ty =m—1,and [sy — t;| = 2 (see Figure 7e);
(2 a=2,s¢=1,ty =2,and |sy — t,| = 2 (see Figure 7f);
(B)a>2,sy <m—1,and t = (m —1,2) (see Figure 7g).

(F6) a=m —k=1,and sy, t, < corsy,t, > c+I(see Figure 7h).
Theorem 1 (See [19-21]). A Hamiltonian (s,t)-path exists in a rectangular, L-shaped, or C-

shaped supergrid graph G with vertices s and t, if and only if (G, s, t) does not satisfy conditions
(F1)—(F6).
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The Hamiltonian (s, t)-path in R(m, n) that was constructed in [19] is known as the
canonical path. This path satisfies the property that it contains at least one boundary edge
from each boundary.

Lemma 2 (See [19]). If R(m, n) is a rectangular supergrid graph, such that m,n > 1, and s and
t are two distinct vertices of R(m,n), and if condition (F1) is not satisfied, then there exists a
canonical Hamiltonian (s, t)-path in R(m, n), meaning that HP(R(m, n),s, t) exists.

Assuming that (R(m, n), s, t) does not satisfy condition (F1), we define three vertices
w=(1,1),z=(2,1),and f = (3,1) of R(m,n) withm > 3 and n > 2. In [20], it was
demonstrated that a Hamiltonian (s, t)-path Q exists in R(m, n) with (z, f) € Q if the
following condition (F7) is satisfied; otherwise, (w,z) € Q.

(F7) n = 2 and {s,t} € {{w,z},{(1,1),(2,2)},{(2,1),(1,2)}}, or n > 3 and {s,t} =
{w,z}.

The following lemma summarizes the previous results.

Lemma 3 (See [20]). Suppose that R(m,n) is a rectangular supergrid graph with m > 3 and
n > 2, and let s and t be two distinct vertices in R(m, n). In addition, let w = (1,1),z = (2,1),
and f = (3,1). If (R(m,n),s,t) does not satisfy condition (F1), then there exists a canonical
Hamiltonian (s, t)-path Q in R(m,n) such that (z, f) € Q if (R(m,n),s,t) satisfies condition
(F7), and (w,z) € Q otherwise.

In [21], we derived the following lemma for a three-rectangle R(m, 3).

Lemma 4 (See [21]). Let s and t be two distinct vertices of R(m,3), and let zy = (m,1),
zp = (m,2), and z3 = (m,3) be three other vertices of R(m,3). Let us suppose that {s,t} N
{z1,22,23} = @. Then, there exists a Hamiltonian (s, t)-path of R(m, 3) that contains both edges
e12 = (z1,22) and ex3 = (22, 23).

The Hamiltonicities of L-shaped and C-shaped supergrid graphs were verified in [20,21]
as follows.

Theorem 2 (See [20,21]). Let us consider L(m,n;k,1) (resp., C(m,n;k,1;c,d)) as an L-shaped
(resp., C-shaped) supergrid graph. It contains a Hamiltonian cycle if and only if it does not satisfy
condition (E8) (resp., (F9)), which is defined as follows:

(F8) There exists a vertex w in L(m, n;k, 1) such that degy (1) (w) = 1.

(F9) a(= m —k) = 1, or there exists a vertex w € V(C(m,n;k,1;c,d)) satisfying
degc(mnsk lic.d) (W) = 1.
The following propositions, which relate cycles, paths, and vertices, were presented
in [7,18,19] and will be used in the proofs of our results.

Proposition 1 (See [7,18,19]). Let C1 and Cy be two cycles in a graph G that do not share any
vertices; let C1 and Py be a cycle and a path in G, such that V(C1) NV (Py) = Q; and let x be a
vertex in G — V(Cy) or G — V(Py). The following statements hold true:

(1) If there exist two edges e; € Cy and ey € Cy such that ey = ey, then Cy and Cy can be combined
into a cycle of G (see Figure 8a).

(2) If there exist two edges e; € Cy and ey € Py such that ey = ey, then Cy and Py can be combined
into a path of G (see Figure 8b).

(3) If vertex x adjoins an edge (u1,v1) of Cq (or Py), then Cq (or Py) and x can be combined into a
cycle (or path) of G (see Figure 8c).

(4) If there exists an edge (u1,v1) € Cq such that uq ~ start(Py) and vy ~ end(Py), then Cy and
Py can be combined into a cycle C of G (see Figure 8d).
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Figure 8. Schematic diagrams of (a) Statement (1), (b) Statement (2), (c) Statement (3), and (d)
Statement (4) of Proposition 1, where the cycles or paths are denoted by bold dashed lines, and the
symbol ® is used to signify the removal of an edge during their construction.

We demonstrated in [19-21] that the problem of finding the longest (s, t)-path in
R(m,n), L(m,n;k,1),and C(m,n;k,1;c,d) can be resolved in linear time.

Theorem 3. According to [19-21], an (s, t)-path of maximum length can be calculated in O(mn)
linear time for a rectangular supergrid graph R(m, n) with mn > 2, an L-shaped supergrid graph
L(m,n;k,1), or a C-shaped supergrid graph C(m,n; k,1;c,d), given two distinct vertices s and t
within the graph.

The focus of this paper is to examine the O-shaped supergrid graph denoted by
O(m,n;k,1;a,b,c,d), which has the structure illustrated in Figure 4c. Due to its symmetry,
we limit our analysis to the following three cases, excluding the isomorphic ones:

1. a=b=c=d=1;
2. az=2andc=1;
3. ab,c,d>=2.

The above case that @ > 2 and ¢ = 1 can be further divided into four subcases:
b=d=1,b=1andd >2,b>2andd =1,and b,d > 2. These subcases are illustrated in
Figure 9. Depending on the positions of s and t in O(m, n;k,1;a,b, c,d), we can consider the
following cases for the aforementioned three cases: sy, fy < a;sy <aand ty > a+1;and
Sy, ty =2 a+1.

OO0 0900 00—

ill

(a)

Figure 9. The subcases fora > 2andc=1:(a)b=d=1,(b)b=1andd > 2,(c)b >2andd =1,
and (d) b,d > 2.

We first verify the Hamiltonicity of O-shaped supergrid graphs with the following
theorem.

Theorem 4. For any O-shaped supergrid graph O(m, n; k,1;a,b,c,d), there exists a Hamiltonian
cycle contained within it.

Proof. To obtain two disjoint supergrid subgraphs Ry = R(a,n) and R, = C(m —a,n;
k,1;c,d) from O(m,n;k,1;a,b,c,d), we first make one vertical separation, as shown in
Figure 10a. Let p = (4,1) and q = (a,n) be two vertices of Ry, and letr; = (¢ +1,1) and
ry = (a+1,n) be two vertices of Ry, as depicted in Figure 10b. Note that p ~ r{ and q ~ r».
Since (Ry, p, q) does not satisfy condition (F1), (Ry, p,q) contains a Hamiltonian (p, g)-path
Pj according to Lemma 2. Similarly, (Rp,r,71) contains a Hamiltonian (r;, r1)-path P,
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according to Theorem 1, as it does not satisfy conditions (F1)—(F2) and (F4)-(F6). Then,
P = Py = P, forms a Hamiltonian (p, rq)-path of O(m,n;k,1;a,b,c,d). Since start(P) ~
end(P), P is a Hamiltonian cycle of O(m, n;k,1;a,b,c,d). The constructed Hamiltonian cycle
is depicted in Figure 10b. [

a i b I
—>| —>
| AR
o o3 O o o
C
o S SO )
o—o oo
o0 oo
o9 o0
| |
R, R, LRI
1
o ol o0
o0 o0
. D OG-
o ole o o o o0 |d
ool o e o e 0 e &0
I qlr,
(a) (b)

Figure 10. (a) One vertical separation on O(m,n;k,1;a,b,¢c,d) to obtain Ry and Ry, and (b) the
constructed Hamiltonian cycle of O(m, n;k,1;a,b, ¢, d), with solid bold lines indicating the cycle.

We can see from the above construction that if 2 = 1, then the constructed Hamiltonian
cycle HC of O(m, n;k,1; a,b,c,d) satisfies HCg, being a flat face.

3. Forbidden Conditions for Hamiltonian Connectivity in O-Shaped Supergrid Graphs

This section aims to identify all cases where O-shaped supergrid graphs do not contain
a Hamiltonian (s, t)-path. Although there are no cut vertices in these graphs, there are
vertex cuts. Therefore, we have a forbidden condition, referred to as condition (F1), for the
non-existence of HP(O(m,n;k,1;a,b,c,d),s,t) (see Figure 11a,b).

In the following, we explore the other forbidden conditions for the non-existence of a
Hamiltonian (s, t)-path in O-shaped supergrid graphs. We examine the sizes of parameters
a,b, c,and d, and list the forbidden conditions as follows.

a b s
>l L 5] O~ @-—-0—-@--0
{ F N u t v
90000 ¢C 00000 ué ° Q- WD~ @--O0-—-0—-Q——-@--0
—»
9 k ° -5 [ Y3 o} e} -0 o---0
N
so | g o) o0 o O-—--8---0—-&—-QV te ° o--B Q-0
Q ] 08— P Q ®t VQ o] [} OS QR -~
O —o-—-0-@ Ozd OO0 o] o] UO—-@-0 @ o O —-0—-@-——0C (o] O O O & o} ° o]
(a) (b) (c) (d) (e)

Figure 11. HP(O(m,n;k,1;a,b,c,d), s, t) does not exist when (a,b) {s, t} is a vertex cut; (c,d)a = b =
c=d=1;and (e)c=1,a,b,d >2,and k > 5.

(F10)Whena =b =c=d =1ands # t, {s,t} is not a vertex cut, and one of the following
cases occurs:
1)s € {(1,1),(1,n)}, sx # ty,and s, # t, (see Figure 11c);
()1 >3,s0orte{(1,1),(1,n)},sx = ty,and |sy — t,| > 2 (see Figure 11d).

(FI1)When ¢ = 1,a,b,d > 2,k > 5,and s 4 ¢, {s,t} is not a vertex cut, and a + 3 <
sx(or ty) < a-+k — 2 (see Figure 11e).

(F12)c=d =1,a,b > 2, k > 3, and one of the following cases occurs:
(1) sy < aand ty > a + 3 (see Figure 12a);
@a+1<sy<a+k—2andty > a+k+1 (see Figure 12b).

(F13)b =c=1,a > 2,5 % t, and one of the following cases occurs:
(1) sy, txy Za+1;t = (m,1);d =1,0rd > 2and sy, t, < c +[; and one of the following
occurs:
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(1.1) k > 3,sy =1, and sy < m — 3 (see Figure 12¢,d);

(1.2) sy = nand sy < m — 1 (see Figure 13a);

(1.3)I = 3, sx = ty, and sy > 4 (see Figure 13b,c);
Qd=2tyz2a+1Lty<c+lsy<aorsy >a+lands, > c+1+1;and one of
the following occurs:

@1Dk=>23,ty=1,anda+3 < — 1 (see Figure 13d);

(22)1>23,ty=m,and 2 < ty < l — 1 (see Figure 13e);

(23)k,1 > 3and t = (m, 1) (see Figure 13f);

B)d="1sy <aty>za+l;and2 <ty < c+l,ork > 3and ty > a+3 (see

Figure 13g,h).
b
e , e
Q9000 00l C Qﬂ&——o——cﬁqﬁf‘&ﬁ}‘) Q;;;‘t——o——o——{r——?t
s e R
> Xl X X1 e i
SEA oo B v 5 KA b
L 8 L 1o —» L kS
PXEN u yar e IX NS u yar < XN u s
&e-to-e—o -6 0fd &e-o—e-o e 0fd &e-vo-e-oe
(a) (b) (c) (d)

Figure 12. For O-shaped supergrid graphs with 2 > 2 and c = 1, the forbidden conditions for the
existence of a Hamiltonian (s, t)-path are as follows: (a) whend =1,b > 2,5y <a,and ty > a+3;
(bywhend =1,b>2,a+1<sy <a+k—2,andty >2a+k+1;and (c,d)whenb =1,sy,ty > a+1,
t=(m1),k>3and sy <m—3.

Q——} ~0-—0-—0——@ QU Q-9 0--0-0—@ -0
s +
or ds :
I ?

o e 1
o000 G——avzd &bt oo d"‘id
(2) (h)

Figure 13. O-shaped supergrid graphs with a > 2 and ¢ = b = 1, in which there is no Hamiltonian
(s, t)-path, where (a) case (1.2) of condition (F13) is satisfied, (b,c) case (1.3) of condition (F13) is
satisfied, (d—f) case (2) of condition (F13) is satisfied, and (g,h) case (3) of condition (F13) is satisfied.

The following lemma presents the necessary condition for the existence of a Hamilto-
nian (s, t)-path in O-shaped supergrid graph O(m, n;k,1;a,b,c,d).

Lemma 5. If HP(O(m,n;k,1;a,b,c,d),s,t) exists, then (O(m,n;k,1;a,b,c,d),s,t) must not
satisfy conditions (F1) and (F10)—(F13).

Proof. If (O(m,n;k,1;a,b,c,d),s,t) satisfies any of conditions (F1) or (F10)—(F13), we can
show that HP(O(m,n;k,1;a,b,c,d),s, t) does not exist as follows: For condition (F1), the
lemma clearly holds true, as shown in Figure 11a,b. For conditions (F10)-(F13), we can
refer to Figures 11c—e, 12, and 13. Let v and u be two vertices depicted in these figures. It
is clear that no Hamiltonian (s, t)-path in O(m, n;k,1;a,b, c,d) can contain both vertices u
and v. O
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All possible cases for the forbidden conditions for the existence of a Hamiltonian
(s,t)-path in O(m,n;k,1;a,b,c,d) are considered in this section. In the next section, we
prove thatif (O(m,n;k,1;a,b,c,d),s, t) does not satisfy conditions (F1) and (F10)—(F13), then
O(m,n;k,1;a,b,c,d) contains a Hamiltonian (s, t)-path.

4. The Hamiltonian Connectivity of O-Shaped Supergrid Graphs

This section aims to demonstrate the existence of a Hamiltonian (s, t)-path in O(m, n;
k,1;a,b,c,d) when (O(m,n;k,1;a,b,c,d),s,t) does not satisfy conditions (F1) and (F10)—
(F13). The following three lemmas consider the following three cases individually: sy, tx <
a;8y <aand ty > a+1;and sy, ty > a+ 1.

Lemma 6. Let us assume that O(m, n;k,1;a,b,c,d) is an O-shaped supergrid and that s and t are
two distinct vertices in the graph. If sy, t, < a and (O(m,n;k,1;a,b,c,d),s,t) does not satisfy
conditions (F1) and (F10), then it follows that O(m,n; k,1;a,b, c,d) has a Hamiltonian (s, t)-path.

Proof. Due to symmetry, we only need to examine threecases:a =b=c=d=1a2>2
and c = 1;and a,b,c,d > 2. The cases that are isomorphic, as shown in Section 2, are not
considered. Then, there are the following three cases.

Case 1: a = b = ¢ = d = 1. We first make a vertical separation on O(m, n;k,1;a,b,c,d)
to obtain two disjoint supergrid subgraphs Ry = R(my,n) and Ry = C(m —mq,n;k,1;¢c,d),
where m1 = a (see Figure 14a). Then, we consider s ~ t, or s # f together with either
I < 2,0rl > 3 and either s, t, < 3 or sy, t, > n—2. Let the following hold: s % ¢;
I > 3; and eithers,t ¢ {(1,1),(1,n)},orsort € {(1,1),(1,n)} and |sy — t,| > 2. Then,
(O(m,n;k,1;a,b,c,d),s, t) satisfies condition (F1) or (F10). Without loss of generality, we
assume that t, < s,, and for the case s % t, we assume that t = (1,1). We partition
R; horizontally into two subgraphs Rq; and Ry, where Ry; = R(mq,n1) and Ryp =
R(my,n—ny),and ny = t, ifs ~ t; otherwise, ny = t, +1 (see Figure 14b,c). Letqg € V(Ry1),
p € V(Ryz),and w,z € V(Ry) suchthat p ~w, g ~ z,z = (my +1,1), w = (my +1,n),
p = (my,n), and g = (my,1) if s ~ t; otherwise, g = (my,2). We consider (Rp, w,z).
Since zy = wy = m; +1 =a+1,z, = 1, and wy, = n, it is clear that (R, w, z) does not
satisfy conditions (F1)-(F2) and (F4)-(F6). We then consider (Ry1,4,t) and (Rip,s,p). If
either of these subgraphs satisfies condition (F1), then (O(m, n;k,1;a,b,c,d), s, t) satisfies
condition (F10), which is a contradiction. Therefore, neither (R11, ¢, t) nor (Ryp, s, p) satisfies
condition (F1). As (Ri2,s,p), (R11,4,t), and (Rp, w, z) fail to satisfy conditions (F1)—(F2)
and (F4)-(F6), Theorem 1 implies the existence of Hamiltonian paths P;, P,, and P5 in
R1z, Ry, and Ryj, respectively, with endpoints (s, p), (w,z), and (g, t) (refer to Figure 14d).
Concatenating these paths as P = P; = P, = P; results in a Hamiltonian (s, t)-path in
O(m,n;k,1;a,b,c,d), as shown in Figure 14e.

Case 2: a > 2 and ¢ = 1. We can divide this into two subcases based on the size of a:

Case 2.1: a = 2. For this subcase, we begin by conducting a vertical separation on
O(m,n;k,1;a,b,c,d). This results in two separate supergrid subgraphs, Ry = R(my,n) and
Ry = C(m —my,n;k,1;¢c,d), where m; = a (refer to Figure 15a). Depending on whether or
nots, t € {(my,1), (my,n)}, we consider the following subcases.
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Figure 14. (a) A vertical separation on O(m, n;k,1;a,b,c,d) is performed with the constraints that
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sx,ty <a,anda =b = c = d = 1; (b,c) a horizontal separation is performed on R, where (b) assumes
that s and t are adjacent and (c) assumes that s and ¢ are non-adjacent; (d) Hamiltonian paths are con-
structed for Riy, Rip, and Rp; and (e) a Hamiltonian (s, t)-path is constructed in O(m, n;k,1;a,b,¢,d),
with bold lines representing the constructed path.
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Figure 15. (a) A vertical separation on O(m, n;k,1;a,b,c,d), where sy, ty < a,a =2,and ¢ = 1, is
performed to obtain Ry and Ry. (b-d,f) Vertical and horizontal separations on R; are performed.
(e) A horizontal separation on R is performed. Note that bold lines represent the constructed
Hamiltonian path.

Case2.1.1:sort € {(my,1), (my,n)}. We can assume, without loss of generality, that
t € {(mq,1),(mqy,n)}. Then, t = (mq,1) or t = (mq,n) as the following two subcases.

Case 2.1.1.1: t = (my,1). In this subcase, we first perform both vertical and horizontal
separations on Ry, which results in two separated supergrid subgraphs, R11 and Rip, with
Ry = R(1,ty) and Ryp = L(my,n;1,t,) (refer to Figure 15b,c). We then choose g € V(Ry1),
p € V(Ryp),and w,z € V(Ry) suchthatp ~ w, g ~z,z = (my +1,1), w = (m + 1,n),
g = (my,1) =t,and p = (myq,n) if s # (my,n); otherwise, p = (my,n —1). We then
consider (Ry,w,z) and (Ryy, s, p) and show that they do not satisfy certain conditions
necessary for the existence of a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d). Specifically,
(Ry, w, z) violates conditions (F1)—(F2) and (F4)—(F6), since zy = wy = my+1 =a+1,
zy = 1,and wy = n. On the other hand, (R1y, s, p) violates conditions (F1), (F2), and (F3),
due to the relationship between s and p. Despite these complications, we can construct a
Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) by following an approach similar to that in
Case 1. Figure 15b,c depict the Hamiltonian (s, t)-paths constructed in this subcase.

Case 2.1.1.2: t = (mq,n). In the case of d = 1, we can construct a Hamiltonian
(s,t)-path of O(m,n;k,1;a,b,c,d) using symmetry, similarly to Case 2.1.1.1. Specifically,
we set Ry1 = R(1,1), Rip = L(my,m;1,1), g = (my,n), p = (my,1), w = (m +1,1),
and z = (mq + 1,n) (refer to Figure 15d). In the case of d > 2, we perform vertical and
horizontal separations on R; to obtain two disjoint supergrid subgraphs, Ri; and Rjy,
where Ry; = R(1,1) and Ryp = L(n,my;1,1) (see Figure 15d). We then choose g € V(R11),
p € V(Ryz),and w,z € V(Ry) suchthat p ~ w, g ~ z,z = (my +1,n), w = (m +1,1),
g = (my,n) =t and p = (my,1) if s # (my,1); otherwise, p = (my,2). We can then
construct a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) using an approach similar to that
in Case 1. An example of the Hamiltonian (s, t)-path constructed in this subcase is shown
in Figure 15d.

Case2.1.2:s,t & {(m,1),(mq,n)}. Assuming t, < s, without loss of generality, there
are two cases to consider. First, let us consider s, # t,. In this case, a Hamiltonian (s, f)-path
of O(m,n;k,1;a,b,c,d) can be constructed similarly to Case 1, where n; = ty (see Figure 15e).
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Next, let us consider s, = t;,. Then, a Hamiltonian (s,t)-path of O(m,n;k,1;a,b,c,d)
can be constructed similarly to Case 2.1.1.1, where Ry, = L(my,n —n; +1;1,1), Ry; =
L(my,n1;1,1), and ny = sy (see Figure 15f). Figure 15e,f depict the Hamiltonian (s, t)-paths
of O(m,n;k,1;a,b,c,d) constructed in this subcase.

Case 2.2: a > 3. To obtain two separated supergrid subgraphs R; = R(my,n) and
Ry = O(m —my,n;k,1;1,b,¢,d), we perform a vertical separation on O(m, n;k,1;a,b,c,d).
The value of m; is determined as a — 1, as shown in Figure 16a. The resulting subcases
depend on the locations of s and ¢ and can be categorized as the following three subcases.

R,i R, R,i R, R, i R, i R
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Figure 16. (a) A vertical separation on O(m, n;k,1;a,b,c,d), where sy, t, < aand a > 3; (b) a
Hamiltonian (s, t)-path in Ry and a Hamiltonian cycle in Rp; (¢) a Hamiltonian (s, t)-path in
O(m,n;k,1;a,b,c,d), where {s,t} is not a vertex cut of Ry1; (d,e) horizontal separation on R; and
Hamiltonian (s, t)-paths of O(m, n;k,1;a,b,c,d), where {s, t} is a vertex cut of Ry; and where in (b—e),
s and f are in Ry, the constructed Hamiltonian (s, t)-path is indicated by bold lines, and ® denotes
the destruction of an edge during the construction of the Hamiltonian path.

Case 2.2.1: s,t € R;. Based on the value of m; and the relationship between s, and t,,
we can divide it into the following two subcases.

Case 2.2.1.1: Either my > 3, or m; = 2 and one of the following: s, # t,, s, = t, =1, or
sy = ty = n. In this subcase, {s, t} is not a vertex cut of R (refer to Figure 16b). We consider
(Ry,s,t) and check that it does not easily satisfy condition (F1). Therefore, according to
Lemmas 34, there exists a Hamiltonian (s, f)-path P; in R in which one edge e; faces R;.
Applying Theorem 4, R, contains a Hamiltonian cycle HC, such that one flat face faces
Rj. Then, there exist two edges ey € P; and e € HC; such that e; = e, (as shown in
Figure 16b). According to Statement (2) of Proposition 1, P; and HC; can be combined into
a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d). The construction of such a Hamiltonian
path is depicted in Figure 16c.

Case2.2.1.2: m; = 2and 2 < sy = t, < n— 1. Inthis subcase, {s, t} is a vertex cut of R;.
We then separate Ry horizontally into two disjoint supergrid subgraphs Ry; = R(my,n1)
and Ryp = R(my,n —ny), where ny = s, ifsy # n—1,and ny = s, —1ifsy = n—1
(see Figure 16d,e). If n; = s;, then s and ¢ belong to Ryy; otherwise, they belong to Ry,.
Without loss of generality, let us assume that s and t are both in Ryy. Since s, = t, = ny,
(R11, s, t) does not satisfy condition (F1). By Lemmas 3 and 4, Ry contains a Hamiltonian
(s,t)-path Pj; in which one edge eq; is facing R,. By Lemma 1 and Theorem 4, Ry, and
Rj each contain a Hamiltonian cycle, HCq; and HC;, respectively. Hence, there exist four
edges, i.e, e1, e € HCy, 11 € Pj1, and e € HCyp, such that e; = e11 and e; = eg, as
illustrated in Figure 16d. By Statements (1) and (2) of Proposition 1, P;;, HCyp, and HCy
can be combined into a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d). The construction of
such a Hamiltonian path is depicted in Figure 16d. For the case where s and t belong to
Ry, a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) can be constructed in the same way,
as shown in Figure 16e.

Case 2.2.2: 5,t € Ry. Since sy and t, are both less than or equal to 4, we know that
sy = ty = a (refer to Figures 16a and 17a). Without loss of generality, let t, < s,. We perform
a vertical separation and a horizontal separation on R; to create three disjoint supergrid
subgraphs Ry; = R(l, ty), Ry = R(l,n — i’y), and Ry = C(m —mq — 1,n;k, Z;C,d). Let
Ra = Ry{URyp. Then, Ry = L(a,n;1,t,) (see Figure 17a). A Hamiltonian (s, t)-path
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of O(m,n;k,1;a,b,c,d) can be constructed similarly to Case 2.1.1.1, where p € V(Ra),
g € V(Ry1),and w,z € V(Ryp3) (see Figure 17a—c).
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Figure 17. A Hamiltonian (s, t)-path of O(m, n;k,1;a,b,¢c,d), wherea > 3and ¢ = 1, for (a—c) s, € Rp;
and (d) s € Ry and t € Ry.

Case2.2.3: s € Ry and t € Ry. A Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) can be
constructed similarly to Case 2.2.2. Refer to Figure 17d for the construction of the path.

Case 3: a,b,c,d > 2. To construct a Hamiltonian (s, t)-path of O(m,n;k,1;a,b,c,d)
when a = 2, we can use the same approach as in Case 2.1. Similarly, for a > 3, we can
construct a Hamiltonian (s, f)-path of O(m, n;k,1;a,b,c,d) using the same method as in
Case22. O

Lemma 7. Let us assume that O(m,n;k,1;a,b,c,d) is an O-shaped supergrid and that s and t
are two distinct vertices in the graph. If sy < a, ty > a+ 1, and (O(m,n;k,1;a,b,c,d),s,t)
does not satisfy conditions (F1) and (F10)—(F13), then there exists a Hamiltonian (s, t)-path in
O(m,n;k,1;a,b,c,d).

Proof. Let us consider thata = b = c = d = 1. In this case, t, = s,; 5 € {(1,1),(1,n)};
and either ty < a+2,ork =2andt € {(m,1),(m,n)}. Let the following hold: k > 3;
ty > a+3; and either s € {(1,1),(1,n)} and t, # sy, ors & {(1,1),(1,n)}. Then,
(O(m,n;k,1;a,b,c,d),s,t) satisfies condition (F1) or (F10). So, s, = t, = lors, =t, = n,
and it can be considered equivalent to Case 1 in Lemma 6. Thus, we assume thata > 2
for the following cases. Additionally, for the case where b = ¢ = d = 1, we can assume
without loss of generality that s, t, < ¢ +[. We now consider the following cases.

Case1: ¢ = 1. Inthis case, 2 > 2 and ¢ = 1. There are four subcases, each with different
sizes of b, ¢, and d (refer to Figure 9). Depending on the placement of ¢, we examine the
following subcases.

Case 1.1: a+1 < ty < a+kandt, = 1. In this subcase, either t; <a+2,0rb,d > 2
and ty > a+k — 1. Let the following hold: b =1ord =1,k > 3,and ty > a+3;0rb,d > 2,
k>5anda+3 <ty < a+k—2. Then, (O(m,n;k,1;a,b,¢,d),s,t) satisfies (F11)-(F13).
Note that the former (b = 1ord =1, k > 3, and t, > a + 3) satisfy condition (F12) or (F13),
and the latter (b,d > 2,k > 5, and a 4+ 3 < t, < a+ k — 2) satisfy condition (F11). Next, we
can consider the subsequent subcases.

Case 1.1.1: ty = a + 1. First, we make a vertical separation on O(m, n;k,1;a,b,c,d)
and obtain two separated supergrid subgraphs: Ry = R(m1,n) and Ry = C(m — my, n;k,1;
c,d), where m; = a (refer to Figure 18a,b). We select p € V(R;) and g € V(Ry) such that
p~q,q=(m+1n),and p = (my,n)if s # (my,n); otherwise, p = (my,n — 1). Next,
we consider (Rp,q,t). Ast, = 1and g, = n, it is evident that (R, q,t) does not satisfy
conditions (F1), (F2), and (F4)—(F6). We also examine (Ry, s, p), where condition (F1) holds
if my = 2and s, = p, = n — 1. However, this contradicts the fact that p = (1, 1) when
s # (my,n). Therefore, (Ry,s,p) does not satisfy condition (F1). Because (Ry,s,p) and
(Ry, g, t) fail to satisfy conditions (F1), (F2), and (F4)—(F6), according to Theorem 1, there
must exist a Hamiltonian (s, p)-path P; and a Hamiltonian (g, f)-path P, of Ry and Ry,
respectively (as shown in Figure 18¢). Finally, P = P; = P, yields a Hamiltonian (s, t)-path
of O(m,n;k,1;a,b,c,d), which is depicted in Figure 18d.
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Figure 18. (a,b) A vertical separation on O(m, n;k,1;a,b,c,d) fora >2,c=1,andt = (a+1,1);(c) a
Hamiltonian (s, p)-path in Ry and a Hamiltonian (g, f)-path in R; for (a); (d) a Hamiltonian (s, t)-path
in O(m,n;k,1;a,b,c,d) for (a); and (e) a vertical separation on O(m, n;k,1;a,b,c,d) and a Hamiltonian
(s,t)-pathin O(m,n;k,1;a,b,¢c,d) fora > 2,c =1,and t = (a+ 2,1), where bold lines indicate the
constructed Hamiltonian path.

Case 1.1.2: t, = a + 2. In this subcase, k > 2. A Hamiltonian (s, t)-path of O(m, n;k, I;
a,b,c,d) can be constructed, following a method similar to that in Case 1.1.1, where we
set Ry = C(mq,n;1,1;¢,d) and Ry = C(m — mq,m;k —1,1;¢,d), and set m; = a + 1 (refer to
Figure 18e). The resulting Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) is also shown in
Figure 18e.

Case 1.1.3: b,d > 2 and ty > a+k — 1. In this subcase, we have a +k > t, >
a+ k — 1. Therefore, either t = (a+k,1), ort = (a +k —1,1). Then, we have the following
two subcases.

Case 1.1.3.1: t = (a + k,1). In this subcase, we have that k > 3. We can construct a
Hamiltonian (s, t)-path for O(m, n;k,1;a,b,c,d) by making two vertical separations and
one horizontal separation on O(m, n;k,1;a,b, c,d) resulting in two disjoint subgraphs Ry =
C(n,m;1 +c,k;a,b) and R, = R(k,c), as shown in Figure 19a. We then select vertices
p € V(Ry) and g € V(Ry) suchthatp ~ q,9 = (a+1,1) and p = (a,1) if s # (a,1);
otherwise, p = (a,2). Next, we consider (Ry,s, p). Since 4, b,d > 2, we only need to show
that (Ry, s, p) fails to satisfy condition (F1). If s, = p, = 2, then condition (F1) holds, but
it contradicts p = (4,1) when s # (a,1). We then consider (Ry,¢,t). Sinceg = (a+1,1)
and t = (a +k, 1), itis clear that (R, q,t) does not satisfy condition (F1). Similarly to Case
1.1.1, we construct a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d). Figure 19a shows such
a constructed Hamiltonian (s, t)-path.
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Figure 19. (a) Two vertical separations and one horizontal separation on O(m, n;k,1;a,b,c,d) for
a,b,d >2,c=1,and t = (a+k,1); (b) a vertical separation on O(m, n;k,1;a,b,c,d) for a,b,d > 2,
c=1andt = (a+k—1,1); (c) a Hamiltonian (s, t)-path in Ry and a Hamiltonian cycle in R; for
(b); and (d) a Hamiltonian (s, t)-path in O(m, n;k,1;a,b, c,d) for (b), where bold lines represent the
constructed Hamiltonian path and ® indicates the destruction of an edge while constructing such a
Hamiltonian (s, f)-path.

Case 1.1.3.2: t = (a+k —1,1). In this subcase, we have k > 4. We then perform
a vertical separation on O(m,n;k,1;a,b,c,d) to obtain two supergrid subgraphs R; =
C(tx,m;ty —a,l;c,d) and Ry = C(m —ty,n;1,1;¢,d) that are disjoint (refer to Figure 19b).
We consider (Ry, s, t) and note that since a,d > 2, = (a+k —1,1), and sy < g, it does
not satisfy conditions (F1), (F2), and (F4)-(F6). Thus, according to Theorem 1, Ry has a
Hamiltonian (s, t)-path. We can construct a Hamiltonian (s, f)-path P; of R; using the
algorithm in [21], and we can ensure that one edge e; of P; faces Rp. Using Theorem 2, Ry
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contains a Hamiltonian cycle HC, that can be constructed so that one flat face of HC, faces
R (refer to Figure 19c¢). Thus, there are two edges ey € P; and e; € HC;, such thate; ~ e
(see Figure 19¢). Using Statement (2) of Proposition 1, P; and HC, can be combined into a
Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d). Figure 19d shows the construction of such
a Hamiltonian path.

Case 1.2: b = 1 and ty < ¢ + [. In this subcase, one of the following applies: k < 2 or
1<2,and t = (m,1);0rd >2andty >c+1—1 Ifeither] >3and2 <t, <c+1—-2,0r
ILk>3andt = (m,1), then (O(m,n;k,1;a,b,c,d),s,t) satisfies condition (F13). According
to the position of ¢, we consider the following three subcases.

Case 1.2.1: t = (m, 1). In this subcase, k < 2 or [ < 2. We can divide this subcase into
the following two subcases.

Case 1.2.1.1: k < 2. We can construct a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d)
using an approach similar to that in Case 1.1.1. When k = 1, we consider Ry = R(my,n),
Ry = C(m —myq,n;k,1;¢c,d), and my = a (see Figure 20a). When k = 2, we consider
Ri=C(a+1,m1,l;c,d)and Ry = C(m —a—1,n;1,1;c,d) (see Figure 20b). The Hamilto-
nian (s, t)-paths of O(m, n;k,1;a,b,c,d) constructed using these cases are also depicted in
Figure 20a,b.
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Figure 20. (a,b) A vertical separation on O(m, n;k,1;a,b,c,d) fora > 2, b =c=1,t = (m,1), and
k < 2; (c,d) vertical and horizontal separations on O(m, n;k,1;a,b,¢,d) fora >2,b=c=1,t = (m,1),
k > 3,and I < 2; (e) a Hamiltonian (s, t)-path in R; U R, and a Hamiltonian cycle in R3 for (c); and (f)
a Hamiltonian (s, t)-path in O(m, n;k,1;a,b,c,d) for (c).

Case 1.2.1.2: k > 3 and | < 2. To obtain three disjoint supergrid subgraphs R; =
R(a,n), Ry = L(m —a,ny;k,ny —c), and R3 = R(m —a,d) if | = 1 (otherwise, R3 =
L(m —a,n —ny;k,1 —ny +c)), where n; = ty +1 = 2 (see Figure 20c,d), we perform
vertical and horizontal separations on O(m, n;k,1;a,b,c,d). Then, we select p € V(R;)
and g € V(Ry), such thatp ~ g, g9 = (a+1,1) and p = (4,1) if s # (a,1); otherwise,
p = (a,2). We consider (Ry,s, p) first. If a = 2 and s, = p, = 2, then condition (F1) is
satisfied, which is a contradiction, since p = (a,1) when s # (a,1). Next, we consider
(Ry,q,t). Sinceb=c=1,qg= (a+1,1),and t = (m,1), it is easy to check that (R, g, )
does not satisfy conditions (F1), (F2), and (F3). Therefore, using Theorem 1, there exists a
Hamiltonian (s, p)-path P; of R; and a Hamiltonian (g, t)-path P, of R. We note that P; is
a canonical Hamiltonian path of R;. Then, we obtain a Hamiltonian (s, t)-path of Ry U R;
by combining P; and P>, which is depicted in Figure 20e. Using Lemma 1, R3 contains
a canonical Hamiltonian cycle HC3. We can place one flat face of HC3 to face R;. Then,
we can find two edges e; € P and e3 € HC3 such that e; = e3 (see Figure 20f). Using
Statement (2) of Proposition 1, we can combine P and HCj into a Hamiltonian (s, t)-path of
O(m,n;k,1;a,b,c,d). The construction of such a Hamiltonian path is shown in Figure 20f.

Case1.2.2: t = (m,c+1). To construct a Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d),
we follow an approach similar to that in Case 1.1.3.1, where two disjoint supergrid sub-
graphs Ry = L(m,n;k+b,c+1) and Ry = L(k + b,c + [;k, 1) are as shown in Figure 21a,b.
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Figure 21. (a—c) Vertical and horizontal separations on O(m, n;k,I;a,b,c,d) fora > 2,b =c =1, and
t = (myc+1)ort = (mc+1—1);(de)a vertical separation on O(m, n;k,1;a,b,c,d) fora,d > 2
and ¢ = 1; and (f) a vertical separation on O(m, n;k,1;a,b,c,d) fora > 2,¢ =1, sy =t, =1,and
a+1<sy, ty <a+k.

Case 1.2.3: t = (m,c+1—1). In this subcase, | > 2. A Hamiltonian (s, t)-path of
O(m,n;k,1;a,b,c,d) can be constructed similarly to Case 1.2.1.2. Here, let ny = ty (as shown
in Figure 21c).

Case 1.3: d > 2 and one of the following: b > 2, and either t, > 2, or t, = 1 and
ty >a+k;orb=1andt, > c+[+1. A Hamiltonian (s, t)-path of O(m,n;k,;a,b,c,d)
can be constructed in a way similar to that in Case 1.1.1. We set g to be (m; +1,1), and
if s # (mq,1), then p = (my,1); otherwise, p = (my,2) (refer to Figure 21d,e). Note that
d,b>2;q=(m+1,1);and either ty > a +k, or ty <a-+kandt, > c+ . Therefore, it is
easy to verify that (Ry, q,t) does not satisfy conditions (F1), (F2), and (F4)—(F6).

Case 2: a,b,c,d > 2. A Hamiltonian (s, t)-path of O(m,n;k,1;a,b,c,d) can be con-
structed, similarly to Case 1.1.1, depicted in Figure 18c,d, where m; = a and where p and g
are chosen as follows:

(my,n)and g = (my +1,n), ifs # (my,n)and t # (my +1,n);
= (my,1)and g = (m; +1,1), ifs = (my,n)and t = (my; +1,n);

(my,n)andg= (my +1,n—1), ifs# (my,n)andt= (my +1,n);
= (my,n—1)and g = (m; +1,n), otherwise.

Let us consider (Ry, q,t). As b, c, and d are greater than or equal to 2, and g, = m + 1
and ty > my + 1, it is obvious that (Ry,¢,t) does not satisfy conditions (F1), (F2), and
(F4)-(F6). Now, let us consider (Ry,s, p). Condition (F1) holds only if sy=py=n—Tlor
sy = py = 2. However, this contradicts p = (my,1n) whens # (my,n) or p = (my,1) when
s # (myq,1). Therefore, (Ry,s, p) does not satisfy condition (F1).

We have considered any case for constructing a Hamiltonian (s, t)-path of O(m, n; k, I;
a,b,c,d), where sy < aand ty > a + 1. Thus, this lemma holds true. O

Lemma 8. Let us assume that O(m,n;k,1;a,b,c,d) is an O-shaped supergrid and that s and
t are two distinct vertices in the graph. If sy, ty > a+1and (O(m,n;k,1;a,b,c,d),s,t) does
not satisfy conditions (F1) and (F10)—(F13), then there exists a Hamiltonian (s, t)-path in
O(m,n;k,1;a,b,c,d).

Proof. Using symmetry, we can only consider the casesofa > 2andc=1,anda =b =
c=d=1anda,b,c,d > 2 (please refer to the discussion after Theorem 3). The cases of
a=b=c=d=1anda,b,c,d > 2 are isomorphic to Lemmas 6 and 7. Thus, we assume
thata > 2 and ¢ = 1 in the following. If c = d = 1 and sy, ty < a + k, then it must be the
case thats, = t, = lors, = t, = n. If s, = 1 and t, = n, then {s,t} is a vertex cut of
O(m,n;k,1;a,b,c,d), which satisfies condition (F1). Therefore, without loss of generality,
let us assume that s, = t, = 1 when ¢ = d = 1 and sy, ty < a + k. We now consider the
following three cases.
Case 1: One of the following cases holds:
(1) b >2,and (sx,tx >a+k)or (sy <a+kandty >a+k);
(@d=>2andsy >c+lorty>c+l
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In these cases, let us assume that the vertex in the upper-right corner has coordinates
(1,1) if b > 2, or in the down-right corner if d > 2 in O(m, n;k,1;a,b,c,d). Using the same
arguments as in the proofs of Lemmas 6 and 7, we can construct a Hamiltonian (s, t)-path
of O(m,n;k,1;a,b,c,d) in these cases. It is worth noting that these cases are equivalent to
the assumptions made in Lemmas 6 and 7.

Case 2: sy = t, = land sy, ty < a+k. Ifs o t, then (O(m,n;k,1;a,b,c,d),s,t)
satisfies condition (F1). Thus, s ~ t. A Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) can
be constructed similarly to Case 1.1.1 of Lemma 7, where Ry = C(my,n;my —a,l;c,d),
Ry = C(m —my,n;a+k—my,l;c,d), and my = sy (see Figure 21f).

Case3: b = c=1,d =1,0ord > 2and s, t, < c+1; and sy = ty = m, or
sy < m—1land ty = m. A Hamiltonian (s, t)-path of O(m, n;k,1;a,b,c,d) can be constructed
in this case, assuming that the vertex in the upper-right corner has coordinates (1,1). The
construction is similar to that in Case 1 of Lemma 6, when s, = f, = m, and Lemma 7,
whensy <a+k(=m—1)and ty =m. O

The Hamiltonian connectivity of O-shaped supergrid graphs is verified with the
following theorem, which is based on Lemma 5 and Lemmas 6-8.

Theorem 5. A Hamiltonian (s, t)-path exists in the O-shaped supergrid graph O(m,n; k,1;a,b, c,
d) with distinct vertices s and t, if and only if conditions (F1) and (F10)—(F13) are not satisfied by
(O(m,n;k,1;a,b,¢c,d),s,t).

5. The Longest (s, t)-Path Algorithm

In Theorem 5, we know that if (O(m, n;k,1;a,b,c,d), s, t) satisfies one of the conditions
((F1) and (F10)—(F13)), then (O(m, n;k,1;a,b,c,d),s,t) contains no Hamiltonian (s, t)-path.
So, in this section, for these cases, we first establish upper bounds on the lengths of the
longest paths between s and ¢. We then demonstrate that these upper bounds are equivalent
to the lengths of the longest (s, t)-paths in O(m, n;k,1;a,b,c,d). It is worth noting that
isomorphic cases are excluded, and we assume that s, < ty. The cases that we consider
are limitedtoa=b=c=d=1,a>2,andc = 1;and a,b,c,d > 2 (see Section 2). In this
context, we use I:(G, s, t) to denote the lengths of the longest paths between s and f, and
U(G, s, t) to represent the upper bound on the length of the longest paths between s and ¢,
where G is a rectangular, L-shaped, C-shaped, or O-shaped supergrid graph. Note that the
length of a path is defined as the number of vertices on the path. The following lemmas
present these upper bounds.

Our initial focus is on the scenario where {s, t} forms a vertex cut of O(m, n;k,1;a,b,c,
d). In this case, we determine the upper bound of the length of the longest (s, t)-path using
the following lemma.

Lemma 9. Let us assume that ¢ = 1 and that {s, t} is a vertex cut of O(m,n;k,1;a,b,c,d). The
following conditions are satisfied:

(O1) Ifk > 3and s, = t, = 1, then the length of any path between s and t cannot exceed
mxn—kx1l—ty+sy+ 1 (refer to Figure 22a).

(02) Ifb=1,a+1<sy<a+k, sy = 1, and ty = m, then the length of any path between s
and t cannot exceed m X n —k x I —t,, —m + sy + 2 (refer to Figure 22b).

(03) Ifd=1,a+1< sy, ty <a+k sy =1 andt, = n, then the length of any path between
s and t cannot exceed max{L(Ry,s,t), L(Ry,s,t)}, where Ry = C(ty,n;ty —a,l,c,d),
Ry =C(m—my,nya+k—my,l,c,d), and my = sy — 1 (refer to Figure 22¢,d).

Proof. Let us consider Figure 22a—d. When we remove s and t from O(m, n;k,1;a,b, ¢, d),
we obtain two separated components, R; and R;. Therefore, any simple path between s and
t can only pass through one of these components, implying that its length cannot exceed
the size of the largest component. For condition (O1) (resp., condition (02)), the length of
any path between s and t is equal to max{ty —sy +1,m x n —k x I — tyx + sy + 1} (resp.,



Mathematics 2023, 11, 2712

20 of 26

max{ty—i—m—sx,mxn—kxl—ty—m+sx+2}). Sinceaxn+bxn+dxk>ty—sy+1
(resp., a x n+d x (k+b) > t, +m — sy), it is apparent that the length of any path between
sand t cannot exceed m x n —k x I —ty + sy +1(resp.,, m x n —k Xl —ty, —m+sy +2). O
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Figure 22. The upper bound of the length of the longest (s, t)-path, where {s, t} is a vertex cut,
when (a) (O1) holds, (b) (O2) holds, and (c,d) (O3) holds. Note that a vertical separation in
O(m,n;k,1;a,b,c,d) is denoted by a bold dashed line.

The next lemma provides an upper bound for the length of the longest (s, t)-path in
O(m,n;k,1;a,b,c,d), when {s, t} is not a vertex cut and ¢ = 1, under the assumption that
the graph satisfies conditions (F11)—(F13).

Lemma 10. Let (O(m,n;k,1;a,b,c,d),s, t) satisfy condition (F11), (F12), or (F13) (cases (1.1),
(1.2), (2), and (3) of (F13)). Then, the following implications hold true:

(1) If (O(m,n;k,1;a,b,c,d),s,t) satisfies condition (F11), then the length of any (s, t)-path
cannot exceed max{m x n —k x I —ty +uy +1,m x n —k X | — vy + ty + 1}, where
u=(a+1,1),v=(a+k1)t,=1anda+3 <ty <a+k—2(refer to Figure 23a).

(2) If (O(m,n;k,1;a,b,c,d),s,t) satisfies case (2.1) of condition (F13), then the length of any
(s, t)-path cannot exceed max{m x n —k x | —ty +uyx +1,mxn—k x1 —z, —m+t, +
1}, whereu = (a+1,1),z = (m,c+1—1),t, = 1,and a + 3 < ty < m — 1 (refer to
Figure 23Db).

(3) If (O(m,n;k,1;a,b,c,d),s,t) satisfies case (2.2) or (2.3) of condition (F13), then the length
of any (s, t)-path cannot exceed max{m x n —k x I —m +uy —ty +2,m xn—k x I —
vy +ty + 1}, whereu = (a+1,1),v = (m,c+1), ty =m,and 1 < t, <1 — 1 (refer to
Figure 23c).

(4) If (O(m,n;k,1;a,b,c,d),s,t) satisfies condition (F12), case (1.1) or (3) of (F13), then the length
of any (s, t)-path cannot exceed max{L(Ry,s,u) + L(Ry,q,t),L(Ry,s,0) + L(Ry,z,t)}
(refer to Figure 23d,e and Figure 23f,g), where u = (mq,1), g = (my; +1,1), v = (my,n),
z=(m+1,n), Ry = C(my,n;m —a,l;c,d),and Ry = C(m —mqy,n;a+k—mq,lc,d)
if k > 1 (otherwise, Ry = R(b,n)), and my = a+ 1 if sy < a (otherwise, my = sy).

Proof. Let us examine Figure 23. It is evident that for the longest (s, t)-path P in O(m, n; k, I;
a,b,c,d), starting from s, P must traverse all or some vertices of Ry, exit Ry via u or v, enter
Rj via g or z, and terminate at . Therefore, the length of any path between s and t cannot
exceed max{ﬁ(Rl,s, u) + L(Ry, q,t), L(Ry,s,v) + ﬁ(Rz,Z,t)}. O
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Figure 23. The upper bound of the length of the longest (s, t)-path in O(m, n;k,1;a,b,c,d) for (a) con-
dition (F11); (b) case (2.1) of condition (F13); (c) cases (2.2) and (2.3) of condition (F13); (d,e) condition
(F11); and (f,g) cases (1.1), (1.2), and (3) of condition (F13), where the bold dash line indicates vertical
or horizontal separation on O(m, n;k,1;a,b,c,d).

We finally consider the remaining conditions for the case where {s, ¢} is not a vertex cut
of O(m,n;k,1;a,b,c,d). Specifically, we consider condition (F10) and case (1.3) of condition
(F13).

Lemma11. Leta =c¢ = land s = (1,1). If (O(m,n;k,1;a,b,c,d),s, t) satisfies the following
condition (O4), then the length of any (s, t)-path cannot exceed max{L(Ry,s,u) + L(Ry,q,t),
L(Ry,s,0) + L(Ry,z,t)} (see Figure 24a—c), where Ry = C(ny,m;1,k;a,b) and Ry = C(n —
ny,m;l — 1,k a,b) if | > 1; otherwise, Ry = R(m,d), n1 =1, u = (1,c+1),9 = (1,c+2),
v=(m,c+1),andz = (m,c+2).

Condition (O4) is defined below.

(O4) One of the following cases holds:

(1) d=1,t, =n,and sy # ty (case (1) of condition (F10));
(2) sx=tx, 1 >3, andty > 4 (case (2) of condition (F10) and case (1.3) of condition (F13)).

Proof. The proof follows an approach similar to that of Lemma 10 and can be visualized in
Figure 24a—c. [

R,
N
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R, u¢’ R
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Figure 24. The upper bound of the length of the longest (s, t)-pathin O(m, n;k,1;a,b, ¢, d) for condition
(O4), where (ab)d = 1,ty = n,and sy # ty; and (c) sy = ty, [ > 3,and t, > 4.
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Let us define condition (O0) as follows:

(O0) None of the conditions (F1), (F10), (F11), (F12), or (F13) are satisfied by (O(m, n;k,I;
a,b,c,d),s,t).

Checking whether any (O(m,n;k,1;a,b,c,d),s,t) satisfies one of conditions (OO0),
(01), (02), (03), (04), (F11), (F12), and (F13) is a straightforward task. If (O(m,n;k,1;
a,b,c,d),s,t) satisfies (O0), then U(O(m, n;k,1;a,b,c,d),s, t) = mn — kl. Otherwise, U (O
(m,n;k,1;a,b,c,d),s,t) can be calculated using Lemmas 9-11. These calculations are sum-

marized below, where |G| =m xn —k x I:

U(O(m,n;k,1;a,b,c,d),s,t) =
|G| —tx +sx +1,
|G| —ty —m +5x+2,
max{t(Rl,s,t),i(Rz,s, 1},
max{|G| —tx +ux+1,|G| — vx + t+ + 1},
max{|G| —ty +uy +1,|G| — zy — m +ty + 1},
max{|G| —m+uy —t, +2,|G| — vy +t, +1},
max{L(Ry,s,u) + L(Ry,q,t), L(Ry,s,v) + L(Ry,2,1)},
mn — ki,

if (O1) holds;

if (O2) holds;

if (O3) holds;

if (F11) holds;

if case (2.1) of (F13) holds;

if case (2.2) or (2.3) of (F13) holds;

if (O4), (F12), or (F13) (case 1.1 or 3) holds;
if (O0) holds.

Next, we demonstrate how to find the longest (s, t)-path for O-shaped supergrid graphs. It
should be noted that if (O(m, n;k,1;a,b,c,d),s, t) satisfies condition (O0), then according to Theorem 5,
it contains a Hamiltonian (s, t)-path.

Lemma 12. When (O(m, n;k,1;a,bc,d), s, t) satisfies any of conditions (O1)—(04) and (F11)—(F13), it
follows that L(O(m,n;k,1;a,b,c,d),s,t) = U(O(m,n;k,1;a,b,c,d),s,t).

Proof. To prove this lemma, we construct an (s, t)-path P with length equal to U(O(m,n;k,1;
a,b,c,d),s,t). We consider the following cases.

Case 1: Conditions (O1) and (O2) hold. Using Lemma 9, we obtain U(O(m, n;k,l;a,b,c,
d),s,t)=mxn—kxl—ty+sy+1and U(O(m,n;k,l;a,b,c,d),s,t) =mxn—kxl—ty—m+sy+2
for conditions (O1) and (O2), respectively. We consider Figure 22a,b and make a vertical separation
on O(m,n;k,1;a,b,c,d) to create two disjoint supergrid subgraphs Ry = C(my,n;m; —a,l;c,d), and
either Ry = C(m —my,m;a+k —my,l;c,d) if sy # m—1or Ry = R(b,n) if sy = m — 1, where
my = sy (see Figure 25a,b). We select a vertex p € V(R;) and a vertex ¢ € V(R;) such that
p~q, p= (my,n),and q = (m; +1,n). We then construct the longest (s, p)-path P; in R; and
the longest (g, t)-path P, in R; using the algorithms from [19,21]. Finally, we create an (s, t)-path
P = P; = P,, which forms the longest (s, t)-path of O(m, n;k,1;a,b,c,d). Figure 25¢,d demonstrate
the construction of such longest (s, t)-path. The length of the constructed longest (s, t)-path equals
ﬁ(Rl,S,p)—&—ﬁ(Rz,q,t) =mxn—kxl—ty+sy+Tlormxn—kxl—t,—m+sy+2.

| | |
R, I R, R, I R, R, |
S|t S|t s :
(o 2 OIO O -0 IO ° OIO
-9 : o | : | Io
&-e | ° R, IRz | R, IRz | o
! S ! S| I
&0 I [} 0-—-0--Q |9 I R K
&0 ] ° [ Iot ] { Iit t=o
o--0 olo -0 oo oIo : I =o
P14 P4 P14 pid i
(a) (b) © (d) ()

Figure 25. (a,b) Vertical separation on O(m, n;k,1;a,b,c,d) for conditions (O1) and (O2) respectively;
(c,d) the longest (s, t)-pathin O(m, n;k,1;a,b,c,d) for (a,b), respectively; and (e) the longest (s, t)-path
inO(m,n;k,1;a,b,c,d) for (O3), where bold lines indicate the constructed longest (s, t)-path.

Case 2: Condition (O3) holds. Using Lemma 9, we can express U(o(m,n;k,1;a,b,c,d),
s,t) as max{L(Ry,s,t),L(Ry,s,t)}, where R; and R, are two disjoint subgraphs of O(m, n;k,
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I;a,b,c,d) (refer to Figure 22¢,d). Since Ry and R, are both C-shaped supergrid graphs, we can
apply the algorithm from [21] to construct the longest path between s and ¢ in either Ry or Rp. The
construction of such a path is shown in Figure 25e. The length of the constructed path is equal to
L(Ry,s,t) or L(Ry, s, t), which in turn is equal to U(O(m,n;k,1;a,b,c,d),s,t) by Lemma 9.

Case 3: Condition (F11) holds. Let us examine Figure 23a. According to Lemma 10, if
(O(m,m;k,1;a,b,c,d),s, t) satisfies condition (F11), then U(O(m, n;k,1;a,b,c,d),s,t) = £, where
¢ =max{mxn—kxl—ty+u,+1,mxn—kxl—uvy+ty+1}. There are two subcases to
consider.

Case 3.1: { = m xn —kxI—uvy+ty+ 1. We begin by making two vertical separations
and one horizontal separation on O(m, n;k,1;a,b, c,d) to obtain three disjoint supergrid subgraphs,
Ry = L(m,mk+bc+1),Rp = R(k—1,¢),and Rs = L(b+1,c+1;1,1), as shown in Figure 26a.
Let p € V(Ry) and g € V(Ry), suchthat p ~ g, q = (a+1,1), and p = (4,1) if s # (a,1);
otherwise, p = (4,2). We consider (Ry,s, p) and note that it does not satisfy conditions (F1)-(F3).
Using the algorithms from [19,20], we can construct a Hamiltonian (s, p)-path P; in Ry and the
longest (g, t)-path P, in Ry. We can construct P; such that its one edge is placed to face R3 using
the algorithm from [20]. Then, P, = P; = P, forms the longest (s, t)-path of Ry U Ry, as depicted
in Figure 26b. According to Theorem 2, R3 contains a Hamiltonian cycle HC3. Using the algorithm
in [20], we can construct HC3 such that its one flat face faces Ry. Then, there exist two edges, e; € Py
and e3 € HCj3, such that e; = e3 (see Figure 26¢). Using Statement (2) of Proposition 1, we can
combine Pj, and HCj into the longest (s, t)-path P of O(m, n;k,1;a,b,c,d). The construction of such
longest path is depicted in Figure 26¢. The length of the constructed longest (s, t)-path is equal to
L(Ry,s,p) + L(Ro,q,t) +|[V(R3)| =m xn—kx 1 —vy +ty + 1.

I I I I I I
R, I R, I R, R, I R, I R, R, | R, I R,
I I : I I : I I
s149 t 1 v | 1 v s | v

Q: OIO 1o} O—-@ OIO Q-0 i I i [
A NS 1 I 1 I

§ | | | | |
NN LSS L L
o3 O 303 Q. Q. O 303 Q. o8 o]
e} (o 103 o] (o] (o3 103 1 O {e}

(@) (b)

Figure 26. (a) Two vertical separations and one horizontal separation on O(m, n;k,1;a,b,c,d) for
(F11), where £ = m x n —k X | — vy + ty + 1; (b) the longest (s, t)-path in Ry U R, and a Hamiltonian
cycle of Rs; and (c) the longest (s, t)-path in O(m, n;k,1;a,b, ¢, d) for (a), where bold lines indicate the
constructed longest (s, t)-path and ® represents the destruction of an edge while constructing such
an (s, t)-path.

Case3.2: £ =m x n—k x1—ty+uy+ 1. Let us examine the following scenarios.

Case 3.2.1: sy > a. Let (1,1) be the coordinates of the vertex in the upper-right corner of
O(m,n;k,1;a,b,c,d). Then, we can construct the longest (s, t)-path of O(m, n;k,1;a,b,c,d) in a way
similar to that in Case 3.1 (as shown in Figure 27a).

Case 3.2.2: sy < a. We begin by partitioning O(m, n;k,1;a,b,c,d) into three non-overlapping
subgraphs, Ry = L(a+1,m;1,n—¢), Ry = R(k—1,c), and R3 = L(m —a,n;k,c + 1), using three
vertical separations and one horizontal separation (refer to Figure 27b). Let p € V(R;), g € V(R2),
and w,z € V(R3) suchthatp ~w, g ~z,q = (a+k1),z=(a+k+1,1), w = (a+1,n), and
p = (a,n) if s # (a,n); otherwise, p = (a,n —1). We observe that (Ry,s, p) and (R3, w,z) do not
satisfy conditions (F1)-(F3). To construct a Hamiltonian (s, p)-path P; and a Hamiltonian (w, z)-path
P; of Ry and Rj, respectively, we use the algorithm proposed in [20]. Using the algorithm proposed
in [19], we construct the longest (g, t)-path P, in R;. Finally, we concatenate Pj, P3, and P; to obtain
the longest (s, t)-path P of O(m, n;k,1;a,b,c,d),1e., P = P; = P3 = P,. The size of the constructed
longest (s, t)-pathis L(Ry,s, p) + L(R3,w,z) + L(Ra,q,t) = m x n —k x | — ty — uy + 1. We illustrate
the construction of such longest (s, t)-path of O(m, n;k,1;a,b,c,d) in Figure 27c.
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Figure 27. (a) The longest (s, t)-path in O(m, n;k,1;a,b,c,d) for condition (F11), where { = m x
n—kxI—ty+uy+1andsy > a; (b) three vertical separations and one horizontal separation on
O(m,n;k,1;a,b,c,d) for (F11), where £ = m x n —k x I —ty 4+ uy + 1 and s, < a; and (c) the longest
(s, t)-pathin O(m,n;k,1;a,b,c,d) for (b).

Case 4: Case 2 of Condition (F13) holds. Let us consider Figure 23b,c. Based on Lemma 10,
we have U(O(m,n;k,1;a,b,c,d),s,t) = £, where £ is the maximum of two values: £; = m x n — k x
I—tyt+uy+landlp =mxn—kxl—zy—m+tx+1(orly =mxn—kxl—uy—t,+2and
£y =mxn—kxIl—uvy+t,+1, depending on the subcase). We consider the following two subcases.

Case4.1l: L =mxn—kxl—ty+uy+1 (resp., { = mxn—kxl—m+ux—ty+2). The
longest (s, t)-path of O(m, n;k,1;a,b,c,d) can be obtained in a way similar to that in Case 1, by making
two vertical separations on O(m, n;k,1;a,b,c,d) to obtain two disjoint supergrid subgraphs Ry =
C(mq,n;my —a,l;c,d) and Ry = C(m —my,m;a+k —mq,l;c,d), wherem; =a+1,9= (m +1,n)
and p = (my,n) (see Figure 28a). Using Lemma 10, the size of the constructed longest (s, t)-path is
ﬁ(Rl,s,p)—i—t(Rz,q,t) =mxn—kxl—ty+uy+1(resp.,mxn—kxl—m+uy—ty,+2). The
construction of such longest (s, t)-path of O(m, n;k,1;a,b,c,d) is depicted in Figure 28b.

(b) (© (d)

Figure 28. (a) A vertical separation on O(m, n;k,1;a,b,c,d) for case (2) of condition (F13), where
C=mxn—kxI—ty+ux+1; (b) the longest (s, t)-path in O(m, n;k,1;a,b,c,d) for (a); (c) a vertical
separation and horizontal separations on O(m, n;k,1;a,b, c,d) for case (2) of condition (F13), where
L=mxn—kxl—zy—m+ty+1;and (d) the longest (s, t)-path in O(m, n;k,1;a,b,c,d) for (c).

Case42: { =mxn—kxl—zy—m+ty+1(resp., £ = mxn—kxl—vy—i—ty—i—l). The
longest (s, t)-path of O(m, n;k,1;a,b,c,d) can be constructed in a way similar to that in Case 3.1. Let
Ry =R(my,n),Ry =L(m—my,c+1—-1k1—1),R3 =L(m—my,d+1,k1),m =a,q= (m+11),
and p = (my,1) if s # (my,1); otherwise, p = (my,2) (see Figure 28c). The size of the constructed
longest (s, t)-path is equal to L(Ry,s,p) + L(Ry, q,t) + [V(R3)| = mxn—kx1—zy —m+t; +1
(resp., m x n —k x I — vy 4 t, +1). The construction of such longest (s, t)-path of O(m,n;k,1;a,b,c,d)
is illustrated in Figure 28d.

Case 5: Condition (F13) (cases 1.1 and 3), (F12), or (O4) holds. Using Lemma 10 or 11, we can
express U(O(m,n;k,1;a,b,c,d),s,t) as max{L(Ry,s,u) + L(Ry,q,t), L(Ry,s,v) + L(Ry,z,t)}. To con-
struct the longest (s, t)-path of O(m,n;k,1;a,b,c,d), we consider
Figures 23d-g and 24. Since Ry and R; are C-shaped supergrid graphs, we can use the algorithm
proposed in [21] to construct the longest (s, u)-path Pjq, the longest (s, v)-path P, in Ry, the longest
(9, t)-path Pyy, and the longest (z,t)-path Py in Ry. Then, we can form the longest (s, f)-path of
O(m,n;k,1;a,b,c,d) by concatenating P; and Pyy, or Pjp and Pyy. O

Finally, we conclude with the following theorem.

Theorem 6. Let O(m,n;k,1;a,b,c,d) be an O-shaped supergrid graph with vertices s and t. Then, there
exists a linear-time algorithm for finding the longest (s, t)-path of O(m,n;k,1;a,b,c,d).
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Proof. The algorithm presented in Algorithm 1 solves the problem in linear time by combining the
results of Lemmas 9-12 and Theorem 5. Therefore, the theorem follows. O

Algorithm 1: The longest (s, t)-path algorithm

Input: An O-shaped supergrid graph O(m, n;k,1;a,b,¢,d) and two distinct vertices s and ¢
in it.
Output: The longest (s, t)-path.

1. if sy, ty < a then output HP(O(m,n;k,1;a,b,c,d),s, t) constructed from Lemma 6; / /
(O(m,n;k,1;a,b,c,d),s,t) does not satisfy the forbidden conditions (F1) and (F10);

2 if sy < aandty > a+ 1then output HP(O(m, n;k,1;a,b,c,d),s,t) constructed from Lemma
7;// (O(m,n;k,1;a,b,c,d),s,t) does not satisfy the forbidden conditions (F1) and
(F10)—(F13);

3. if sy, tx > a + 1 then output HP(O(m,n;k,1;a,b,c,d),s, t) constructed from Lemma 8; //
(O(m,n;k,1;a,b,c,d),s,t) does not satisfy the forbidden conditions (F1) and (F10)—(F13);

4. if (O(m,n;k,1;a,b,c,d),s, t) satisfies one of the forbidden conditions (F1)and (F10)-(F13),
then output the longest (s, t)-path based on Lemma 12.

6. Conclusions

We provide the necessary conditions for the existence of a Hamiltonian path in O-shaped
supergrid graphs between any two given vertices. Moreover, we show that these necessary conditions
are sufficient, by presenting a linear-time algorithm for computing the Hamiltonian path between
any two vertices, except for five forbidden conditions. Hence, O-shaped supergrid graphs are
Hamiltonian-connected, except in the case of the five forbidden conditions. Furthermore, we present
a linear-time algorithm for computing the longest (s, t)-path of an O-shaped supergrid graph for any
two given vertices s and t, provided that the forbidden conditions are satisfied. These algorithms
can be regarded as the first attempts to solve the Hamiltonian and longest (s, t)-path problems for
supergrid graphs with holes, where O-shaped supergrid graphs form a special class of supergrid
graphs with holes. Although the Hamiltonian and longest (s, t)-path problems are NP-complete for
general supergrid graphs, their complexities are still unknown for supergrid graphs with or without
holes. We leave them as open problems for interested readers.
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