THE MASLOV CLASS OF LAGRANGIAN TORI AND
QUANTUM PRODUCTS IN FLOER COHOMOLOGY

LEV BUHOVSKY

ABSTRACT. We use Floer cohomology to prove the monotone ver-
sion of a conjecture of Audin: the minimal Maslov number of a
monotone Lagrangian torus in R?" is 2. Our approach is based
on the study of the quantum cup product on Floer cohomology
and in particular the behaviour of Oh’s spectral sequence with re-
spect to this product. As further applications we prove existence
of holomorphic disks with boundaries on Lagrangians as well as
new results on Lagrangian intersections.

1. INTRODUCTION AND MAIN RESULTS

Let (M,w) be a tame symplectic manifold (see [A-L-P], also Sec-
tion 5). The class of tame symplectic manifolds includes compact
manifolds, Stein manifolds, and more generally, manifolds which are
symplectically convex at infinity, as well as products of all the above.
Let L C (M,w) be a closed Lagrangian submanifold. Throughout the
paper, by a closed manifold we mean compact manifold without bound-
ary, and all Lagrangian submanifolds are supposed to be compact and
without boundary. One of fundamental problems in symplectic topol-
ogy is to find restrictions on the topology of L, in particular on the
Maslov class g, @ ma(M, L) — Z. See Section 5 for the definition, and
for other basic notions from symplectic topology. Below we will be
concerned with monotone Lagrangian submanifolds. For such a La-
grangian L C (M, w) denote by N € Z, the minimal Maslov number,
i.e. the generator of the image of up.

Our first result deals with Lagrangian submanifolds of R?". Here we
endow R?" with its standard symplectic structure wyq = dr, A dy; +
dxe A dys + ... + dx,, A\ dy,, where (z1,y1, T2, Y2, ..., Tn, Yn) are standard
coordinates on R?".

This is part of my PhD thesis, being carried out under the guidance of Prof.
P. Biran, at Tel-Aviv University.
The author was partially supported by the ISRAEL SCIENCE FOUNDATION
(grant No. 1227/06 *).
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Theorem 1. Given a monotone Lagrangian embedding of the n-torus
L =T"— (R*,wyq), its minimal Maslov number must be Ny = 2.

Let us remark, that the minimal Maslov of such an embedding must
be even, due to the orientability of the torus, and it is a non-negative
integer. The possibility of N, = 0 cannot occur, since then, by mono-
tonicity of L, the area class of L must vanish, and this contradicts the
famous result of Gromov [Gr], that in our case guarantees the existence
of a pseudo-holomorphic disc with a boundary on L, which must have
a positive symplectic area.

Theorem 2. Let L = T" — (R*",wyy) be a monotone Lagrangian
embedding of the n-torus and let J be an arbitrary almost complex
structure on R*", compatible with wgg. Then for every point p € L
there exists a J-holomorphic disc w : (D,0D) — (M, L) whose bound-
ary passes through p, i.e. p € u(0D), and whose Maslov index p([u])
18 2.

Theorem 1 is a partial solution to a question of Audin [A], which
states the same thing without the monotonicity assumption. Previous
results in this direction were obtained by Biran and Cieliebak, Li, Oh,
Polterovich, Viterbo [B-Ci, Li, Oh-2, A-L-P, P, V-1, V-2].

Our approach is based on Floer cohomology, in particular on the
quantum product on Floer cohomology. We will study the multiplica-
tive behaviour of the spectral sequence due to Oh, whose first page (i.e
term Fj) is related to the singular cohomology of a Lagrangian, and
which converges to its Floer cohomology.

The idea of the proof of Theorem 1 is based on an idea originally
raised by Seidel. The proof of Theorem 2 uses ideas from [B-Co-2, CL].
The statement of Theorem 2 can be more directly proved (using Gro-
mov compactness theorem, but without any Floer theory) in the case of
a Clifford torus and of an exotic torus due to Chekanov (see [Ch, E-P]),
hence it is true for every Lagrangian torus which is Hamiltonianly iso-
topic to each one of them. However, the full classification of monotone
tori in R?" is still not known.

In this paper we use Floer cohomology with coefficients in a ring
A =1Z,[T~ T], and grade A by degT = Ny, (see [B-Co-3, Oh-1]). We

show

Theorem 3. Let L = RP" — M be a monotone Lagrangian em-
bedding of the real projective space into a tame symplectic manifold
M. Assume in addition that its minimal Maslov number is Ny > 3.
Then HF*(L,L) = (H(L;Zs) ® A)*. In particular L is not Hamilto-
nianly displaceable. Moreover, for every Hamiltonian diffeomorphism
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f: M — M, for which f(L) intersects L transversally, we have §(L N
f(L)=2n+1.

After the first version of this paper was written, we received from
Fukaya, Oh, Ohta and Ono revised version of their work [FOOO] in
which results, similar to Theorem 1, were obtained.

Section 2 is devoted for the proofs of Theorems 1, 2, 3. In Section 3
we recall the definitions of Floer cohomology and the spectral sequence
of Oh, and give the definition of the quantum product on the Floer
complex. Then, in the end of Section 3, we state Theorems 4, 5. The-
orem 4 guarantees the multiplicativity of the Floer cohomology and of
the spectral sequence of Oh. The statement of Theorem 5 is used in
an essential way in the proofs of Theorems 1, 2, 3. Section 4 stands
for the proofs of Theorems 4, 5. Finally, Section 5 is devoted to recall
the basic notions from symplectic topology, that we use in the present
article.

2. PROOF OF MAIN RESULTS

In this section we provide proofs for Theorems 1, 2, 3. The tools that
we use in the proofs are the multiplicativity of the spectral sequence
of Oh, and special properties of this spectral sequence. For detailed
description of the Floer cohomology, the spectral sequence of Oh, and
the proof of existence of the multiplicative structure, we refer the reader
to Section 3.

Denote by {EP4,d,} the spectral sequence of Oh, with coefficients
in the ring A = Zy[T~*,T], where A is graded by degT = N;. The
properties of it, that are essential for the proofs of Theorems 1, 2, 3,
are (see Section 3) :

° Ef’q = Hp-i—q—pNL(L’ZZ) X ApNL s d1 = [81] X T, where [81] .
HPHaPNL ([ 7,0) — HPHIFa=(r+ONL ([ 7,) is induced from 0 -
the operator, that enters in the definition of the Floer differen-
tial (see Section 3). The multiplication on H*(L,Z,), induced
from the multiplication on EP coincides with the standard
cup product.

e More generally, for every » > 1, E?? has the form EP?9 = VP4 ®
APNL with d, = 6, ® T", where VP4 are vector spaces over Zs
and 4, are homomorphisms 4, : V4 — VPT4=+1 defined for
every p, q and satisfy 9, o 6, = 0. We have

ker((sr N ‘/;‘paq — ‘/er,»r’qf,r.Jrl)

: - 1 .
image (0, : V¥ matr=b VP

p,q __
Vg =
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o {EP? .} converges to HF | i.e
v o FPHFPI(L L)
o FrrlHFrra(L, L)’

where FPHF (L, L) is the filtration on HF (L, L), induced from
the filtration FPCF (L, L).

1%

Proof of Theorem 1. Consider a Lagrangian embedding L. = T" —
(R*™ wgq), and assume by contradiction that N; > 3. The Floer
cohomology HF'(L, L) is well-defined, and the spectral sequence of Oh,
which computes it, becomes multiplicative. Look at the first stage E;
of the spectral sequence. We know that V" = HPT4=PNL([;7Z,), and
the induced product on V; is the classical cup-product and we have a
differential d; : V4 — V;, which decreases the natural grading V; by
Ny — 1. The key observation now is that the entire cohomology ring
H*(L,Zsy) is generated by the first cohomology H'(L, Z) since L = T"

Therefore looking on the natural grading on the V;, the elements
of degree 1 generate the whole V;. Now, because of §; decreases the
grading by N, —1 > 2, then for every a € V] of degree 1 we have §;(a) =
0. Then, since §; satisfies the Leibnitz rule, the kernel Ker(d;) C V;
is a sub-ring, therefore Ker(d;) = V;, so we obtain 6; = 0. Therefore
Vo = H(V4,01) = V4, therefore V4 is isomorphic to V] as a graded ring.
Therefore we can apply the same argument for 9, : Vo — V5, since 9
decreases the grading by 2N, — 1 > 2, so we will get that d, = 0, and
so on, so at each stage we will get that §, = 0 by induction, therefore
di = dy = ... =0, so as a conclusion we get that F, = Fy = ... =
E.,=HF (L, L). But L is clearly Hamiltonianly displaceable in RQ”
hence HF (L, L) = 0 and we obtain that £; = 0. Contradiction. D

Remark. The same arguments from the proof of Theorem 1 in fact
prove the following more general result:

Let L C (M,w) be a monotone Lagrangian with Ni > 2. Assume
that:

(1) (M,w) is a subcritical Stein manifold. (See e.g. [B] for the
definition,).
(2) H*(L;Zy) 1is generated by H'(L;Z,).
Then N; = 2.

Proof of Theorem 2. First let us show this statement for generic J and
then we will use a compactness argument for proving it for every J,
compatible with wgy. Let us make a generic choice of J and a Morse
function f : L — L, such that the point x € L is the only point of
maximum of f, i.e the only point with index equal to n ( it is easy to
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show that such an f exists ). Then the Floer cohomology HF (L, L) is
well-defined. By Theorem 1 we have that N, = 2. Look at the spectral
sequence of Oh, which converges to HF (L, L). Let us show that the
differential 0; : V; — Vj is non-zero. The argument is similar to the
one from Theorem 1. Indeed, if conversely, we have that §; = 0, then
Vo = H(V1,81) =V} as graded rings and d; : Vo — V5 is a differential
which decreases the grading by 2N, — 1 = 3 and V, = V; is as a
ring generated by it’s elements of degree 1, therefore 9, = 0, so V3 =
H(Vy,09) = Vo = V] as graded rings and so on. Therefore we will obtain
a contradiction as in proof of Theorem 1 with the fact that HF (L, L) =
0. So we have proved that d; : V| — V; is non-zero, therefore the map
01] : H*(L,Zy) — H*'(L,Zs) is non-zero. Let us show that this
implies that [0;]([p]) # 0, where [p| € H"(L,Zs) is a generator. From
the theorems above we have that [0y] : H*(L,Z) — H* (L, Zs) is
a differential and satisfies a Leibnitz rule. Therefore, since H*(L,Z,)
generates the whole H*(L,Zy), [0;] restricted to H' (L, Zy) is non-zero.
Take some z; € H'(L,Zy) such that [01](z;) # 0, then because of
[81](1’1) € HO(L,ZQ) = ZQ we have that [81](x1) =1 € H*(L,Zg)
Complete z1 to a basis zy,xs,..., 2, of H'(L,Z;) as a vector space
over Zs. Then it is easy to see that the product zixs...2, = [p| €
H"(L,Z5). Denote y = 253 ...y, then 2, ([01)([p])) = 21(31] (219)) =
21 (([01)(21))y + 21([01] () = 21y +21([0:](y)) = 21y = [p] # 0, hence
[01]([p]) # 0. Now if we go back to the definition of [0;], we see that
the moduli-space M (p, ¢) is non-empty for some critical point g of f
with indf(q) = n — 1. Now, because of p is a critical point to the top
index, the only gradient trajectories which start with z are constant
trajectories, therefore the boundary of the J-holomorphic disc from the
definition of M;(p, q) contains the point p.

We have proved the theorem for generic choice of .JJ. For the general
J, consider a sequence of generic J, which converge to J. Then for
each J,, we have a J,, -holomorphic disc u,, : (D,0D) — (R?*", L) such
that p € u,(0D). By Gromov compactness theorem ( see [Gr] ) there
is a subsequence of u,, which converges to a tree of discs with sphere
bubblings, which are J-holomorphic, however because of u(u,) = Ny =
2 is minimal, in the limit we have only one disc and no bubblings of
spheres occur, therefore we obtain a J -holomorphic disc which contains
.

O

Proof of Theorem 3. The idea is similar to the the one in the proof of
Theorem 1. Namely, as before we see that the Floer cohomology of
L is well defined, and we can compute it via the spectral sequence of
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Oh, which is multiplicative. Look at the first stage E; of the spectral
sequence. We have that H'(L,Z,) generates the entire cohomology
H*(L,Zs), hence V] is generated as a ring by it’s elements of degree 1
and the differential ¢ : V; — V; decreases the grading by N, — 1 > 2.
Then arguing as in the proof of Theorem 1, we conclude that Fy = Fy =
...=FEyx=HF(L,L) = H*(L;Zs). Therefore HF(L,L) # 0 , hence
L is not displaceable. Moreover for every Hamiltonian diffeomorphism
f: M — M, for which f(L) intersects L transversally, we have (L N
f(L)) =dimg, CF(L; f(L)) > dimg, H*(L; Zs) = n + 1. O

3. FLOER COHOMOLOGY, THE SPECTRAL SEQUENCE, AND THE
QUANTUM PRODUCT

3.1. Floer cohomology and the spectral sequence of Oh. We
recall some basic facts of Floer theory, which will be stated without
proofs (for the proofs we refer the reader to [B-Co-1, B-Co-2, Oh-2]).
Let (M,w) be a tame symplectic manifold and let L C (M,w) be a
monotone Lagrangian submanifold with minimal Maslov number N;, >
2. Then one can define the Floer cohomology of the pair (L, L), which
we will denote by HF(L,L). As mentioned before, we will work here
with coefficients in the ring A = Z,[T, T~ ], as described in [B-Co-3].
In fact, we will work with an equivalent definition of HF(L, L) as
described in [B-Co-3, Oh-3], which uses holomorpic disks rather than
holomorphic strips. We briefly recall the construction now.

o &

FIGURE 1

We choose a generic pair of a Morse function f: L — R and a Rie-
mannian metric on L and consider a generic almost complex structure
on M. Denote by C} the Morse complex associated to f, graded by
Morse indeces of f. Let A = Zy[T, T~'] be the algebra of Laurent poly-
nomials over Z, , where we take degT’' = Nj. Take the decomposition
A = @,., A", where A is the subspace of homogenous elements of
degree 1.
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We define the Floer complex as CF(L,L) = Cy ® A, which has a
natural grading coming from gradings on Cy, A. More specifically,

CFYL,L) = @ 7 (L, L) @ AFNr,
kEZ
for each | € Z. To define the Floer differential dp : CF(L,L) —
CF(L, L), we introduce auxiliary operators 0y, 01, ...,0, : Cy — Cy,
where v = [dlmN—];“}

For every pair of critical points z,y € C} denote by My(z,y) the
moduli-space of diagrams as in Figure 1. This diagram consists of pieces
of gradient trajectories of —f, joined by somewhere injective(see [L])
pseudo-holomorphic discs uq, ug, ..., u; in M, with boundaries on L,
such that the first piece of gradient trajectory converges to x, and the
last piece converges to y, when time is reversed and such that sum of
Maslov indices of the discs is p(uy) + p(ug) + .. .+ p(w) = kNp. Let us
give a precise definition of an element of My(x,y). Consider a collec-
tion of somewhere injective pseudo-holomorphic discs u;: (D?, dD?) —
(M, L), j =1,2,...,1, with boundaries on L, and a collection of tra-
jectories

Yo : (—OO,CZ()] - L?’h : [aoa&l] - L772 : [a17a2] - La--'7

Yt lai—1, all = Loy la, +00) — L,

where —00 < a9 < a1 < ... < a; < +0o. Then we demand that
Yo, V15 - - -, Yie1 are gradient trajectories for —f (with respect to our
Riemannian metric on L), namely

7;(t) = =V f(y(t), 7=0,1,2,...,1+1,
with matching conditions :

lim ~(t) = x,tlim 7(t) = v,

t——+oo
vi(a;) = uja(—=1), 7=0,1,...,01—1,

7j<aj_1) :Uj(l), j: 1,2,...7l,
and that the total Maslov of the collection uq, us, ..., u; of discs is

p(ur) + p(uz) + ..+ p(w) = kNp.
Then an element of My(z,y) is given by a collection

{(u17u27 s ,Ul), (’707’717 s 771)}

as above, when we factorize it by its group of inner automorphisms.
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For generic choice of f and of almost complex structures (see [Oh-1]
for the details), My(x,y) is a manifold of dimension

dim My (z,y) = ind(y) — ind(z) + kNp — 1

(see [FOOO, Oh-3]). If the dimension is 0, Mg(z,y) is a manifold of
dimension 0 and is compact, so it is a finite collection of points. Denote
in this case ng(x,y) = gMy(z,y)( mod 2). Then define

O(x) = > (2, Y)Y

y€Cy ind(y)—ind(x)+kNL—1=0

Note that gy is the usual Morse-cohomology boundary operator. We
see that each 0; acts like 9; : CF — C’;“Ll_iNL(L).

The Floer differential dp : CF*(L, L) — CF*"(L, L) by definition
equals todp = X1+ T + ...+ 0, ® T”. Then one can show
that dp is indeed a differential. It is well known that the homology
of the complex (CF(L,L),dr) is canonically isomorphic to the Floer
cohomology of the pair (L, L) (see [B-Co-1, B-Co-2] and the references
therein). Therefore we will write

HF*(L,L)=H*(CF(L,L),dF).
Consider now the following decreasing filtration on CF(L, L):

FPCF(L,L) = {> x;@T" | z; € Cy,n; > p}.

It is obviously compatible with dp (due to the monotonicity of L),
so by a standard algebraic argument we obtain the spectral sequence
{EP4,d,}. The following properties of it have been proved in [B]:

[ ] qu Cp+q PNL ® ApNL d() - [80] ® 1

o £ = Hp+q PNL(L 7o) @ APNL dy = [0,] @ T, where [0] :
Hp+q_pNL(L,Zg) — HpHFa=w+HONL ([, 7,) is induced from 0.

e For every r > 1, EPY has the form EPY = VP4 @ APNL with
d, = 0, @ T", where VP¢ are vector spaces over Zy and 0, are
homomorphisms 4, : VP4 — VP41 defined for every p,q
and satisfy 4, 0 9, = 0. Moreover

ker (0, : VP4 — Vptra—rtl)

prq R
r+ p—r,q+r— 1_)qu)

image (9, : V/

(For 7 = 0,1 we have V3" = C7™~ PNL ypd — gptapNL(L: 7,).)
o {EP? d.} collapses at v + 1 step, namely d, = 0 for every r >
v+ 1, so EP? = EPY for every r > v + 1 and the sequence
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converges to HF', i.e

P o FPHFPT(L L)

©  FrtlHFrta(L L)’
where FPHF (L, L) is the filtration on HF (L, L), induced from
the filtration FPCF (L, L).

Note that on each E, and V, we have a natural grading coming from
the grading on CF(L, L) and d, : E, — E, shifts this grading by 1.
Therefore ¢, : V., — V, shifts the grading on V,. by 1 — rNp, since
the degree of T is Ny. On V; this grading coincides with the natural
grading on the cohomology ring H*(L,Z,).

3.2. Quantum product on Floer cohomology. Consider generic
Morse functions f, g, h : L — R and denote by

(CFf? d£)> (CF97 d%)’ (CFhv d}lé)

the corresponding Floer complexes. Then we will be able to define a
"quantum product” x : CF; ® CF, — CFy, such that differentials will
satisfy the following analog of the Leibnitz rule:

di(axb) = db(a) % b+ a*d%(b).
Moreover, this product is compatible with the filtrations on the C'F’s
in the sense that * maps FPCFy ® Fp/C’Fg to PP CF),.

X

—-grad f

FIGURE 2

Then automatically the spectral sequences become multiplicative,
i.e we have products EPI(f) ® EP'7(g) — EPt9+4 () at each stage
of the spectral sequence, which are induced from x, such that the
differential d, satisfies the Leibnitz rule, according to this product,
and such that the product at the r + 1 stage comes from the prod-
uct at r stage. Note that in this case these products induce prod-
ucts VPI(f) @ VP9 (g) — VPHPatd (h), the differential 6, : VP —
VPHra—r+l gatisfies the Leibnitz rule with respect to this product and
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that the product on the V,; is induced from the product on V,. Then
the crucial observation will be that on V; the induced product co-
incides with the usual cup-product on H*(L;Zs), so the next prod-
ucts on the V,. are induced from this cup product, therefore the quan-
tum effects are lost for » > 1. Now let us describe the operation
*x 1 FPOF ® FP'CFg — FPP'CF,. To do this, let us introduce op-
erations m; : Cy ® C;, — C), (for a more general introduction of such
operations see [BC, FOOO]). The operation mg is the usual product
on the Morse complexes of f, g, h. Let us recall its definition. For ev-
ery triple of generators z € Cf,y € Cy, 2z € Cy, denote by My(z,y; 2)
the moduli-space of diagrams as in Figure 2. This diagram is given by
trajectories ¢ : [0,400) — L,7, : [0,4+00) — L,y : (—00,0] — L,
such that

Vr(t) = =V (@), () = =Vg(v(t), n(t) = =Vh(m(t)),
and
lim (1) = =, lim Vg(t) =Y, tEr—noo (t) = z,

t——+o00 t——+4o0

7£(0) = 74(0) = 7 (0).
Then by our assumption that f, g, h is a generic triple of Morse func-
tions, we get that My(z,y; z) is a manifold, and its dimension is given
by ind, h —ind, f —ind, g. Moreover, when ind, h —ind, f —ind, g = 0,
Mo(z,y; ) is a zero-dimensional compact manifold, hence it consists
of a finite number of points. For the case of ind, h —ind, f —ind, g = 0
we set ng(z,y; 2) == tMo(z,y; 2)( mod 2). Now we define

mo(z,y) = Z no(x,y; 2)z.

z€C},,ind; h—indg f—indy g=0

This is the classical cup product C} ® C’g — C’,?Lj , and so the classical
Morse differential satisfies the Leibnitz rule and induces the classical
cup-product on cohomology H*(L;Zs). The further operations m; for
[ > 1 will use quantum contributions.

Before defining the general m;, let us first describe m;. For a triple of
critical points z € Cy,y € Cy, z € Cy, we define the space M;(z,y; 2)
to be the moduli-space of diagrams as in Figure 3, where ”black lines”
are gradient trajectories of f, g, h respectively and the " discs” are pseudo-
holomorphic somewhere injective discs with boundaries on L and Maslov
indices equal to Ny. Let us describe the first and the second diagram
from the Figure 3. The first diagram is given by a collection

(%’Yfl;Vf%’Yg;Vh),
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—grad f
X
X
—-grad h
“grad h - o
y —grad g
Y —gradg
X—gradf

X
—grad f ‘ 7
\_/.
‘ z —grad g —gradh
y

/ —grad h

y —gradg

FIGURE 3
where u : (D?,S') — (M, L) is a pseudo-holomorphic disc in M with
boundary on L and
1911 10,400) = Liga s [0.a] = L,y : [0,400) — L+ (—00,0] — L,
where 0 < a € R, such that
) = =V (@), Fr() = =VI(nt), 5t =-Valyd),
Vu(t) = =Vh(m(t)),

o) =2l ) = Ji u(t) = 2

V72(0) = 7%4(0) = 1 (0),  v71(0) = u(=1), 7p2(a) = u(l).
The second diagram is given by a collection (u,~f, g, vn), Where
u: (D? S') — (M, L) is a somewhere injective pseudo-holomorphic
disc in M, with boundary on L and

v¢ :[0,400) = L,7, : [0,+00) — L,y : (—00,0] — L,
such that
Vr(t) = =V (1), Y(t) = =Vg(v(t)), () =—=Vh(1m(t)),

t—+00 t——+o0

71(0) = u(l),  7(0) = u(@), (0) =u(-1).
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The other diagrams from the picture have analogous definitions. For
generic choices of f, g, h and of almost complex structures, M (x,y; z)
is a manifold of dimension ind, h — ind, f — ind, g + N. As before, if
dim M (z,y;2) = 0, it is a zero-dimensional compact manifold, hence
it is a finite collection of points and we set n(x,y; z) := fM(x,y; 2)(
mod 2). Now we define

my(z,y) = Z ni(x,y; 2)z.

z€C},,ind; h—ind; f—indy g+Np =0

For defining m,; for general | we introduce a manifold M,(z,y; z) for
generators x € Cr,y € Cy,z € C). Its points are diagrams like in
Figure 3, but instead they include several somewhere injective discs
with total Maslov index [Ny. In general these diagrams are of two
types, as in Figures 4 and 5.

D_11
- D_12

(\6\_/@?\_ D_3m
D_3(m-1
D_1k - €=
\6 -
‘ D 32 z
D
oz &

D_2j
D 21 D_22 ;

X

FIGURE 4

FIGURE 5
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In Figure 4, D11, D12, ..., Dy are somewhere injective pseudo-holomorphic

discs with boundaries on L, which connect pieces of gradient trajecto-
ries of f, Do, Dag, ..., Dy; - of g, and D3y, D3, ..., Ds,, - on h, such
that k, 5, m > 0 and total Maslov index

> u(Dy) = INy.
i

In Figure 5 in addition we have a disc D, in the middle, with gradient
trajectory of —h going into and gradient trajectories of —f, —g going
out of its boundary, and as before the total Maslov index is

w(Dy) + Z,LL(D@‘) = I[N;.

We will denote by ijm(:c, y; z) the space of diagrams as in Figure 4
and by M;” "(x,y; z) the space of diagrams as in Figure 5. Denote also
Mi(2,y:2) = Up s My (,552), Mu(@,y52) = Uy o M (0,93 2).
We have that

Ml(xv Y; Z) = Ml(xv Y3 Z) U Ml(xv Y3 Z)
and dim(M,(z,y; z)) = ind, h—ind, f —ind, g+{Ny. Then, as before,
in the case of ind, h—ind, f—ind, g+IN; = 0, we have that M;(z,y; 2)

is a finite collection of points and we set n;(z,y; z) := fM;(z,y;2) in
this case. Then, as usual, we define

ml(xay) = Z nl(x7y§ Z)Z
z€C},,ind; h—indg f—indy g+IN=0
for generators x € Cy,y € C,.

Now we can define the quantum product x : FPCF; ® F”/CFQ —
FrY' CF, as oxy = mo(z,y) @ 1+my(z,y) @T +my(z,y) T? 4. . . for
x € Cf,y € C,, and then naturally extend it to a map CF}; ® CF] —
C’F,iﬂ. Note that the filtrations on CFy, CF,, C'Fj, are compatible
with this map, i.e the image of FPCF} ® FP'C’Fg is in FP*7' CF,. This
sum is finite, because ind, h — ind, f —ind, g + (N, = 0, hence | =
(—ind, h + ind, f + ind, g)/N < 2n/Np. The main goal is now to
prove the following theorems.

Theorem 4. The differentials d{;, d4., d% satisfy the Leibnitz rule with
respect to the product x

d(axb) = db(a) % b+ a* d%(b),
for every a € CFy,b e CF,.
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Theorem 5. The product on Vi, induced from x, coincides with the
classical cup-product on H*(L;Zs).

4. EXISTENCE AND PROPERTIES OF THE QUANTUM PRODUCT -
PROOFS

Proof of Theorem /4. The main idea of the proof is similar to the anal-
ogous statement in classical Morse theory, for the standard Morse
differential and the product on the Morse complex. In what follows

we have to find the compactification of the manifolds M;(x,y; z) and
M, (z,y; z). We are mostly interested in the components of the bound-
ary of codimension 1. A point of the compactification of M,(z,y; z) is
a diagram, consisting of several pseudo-holomorphic discs with bound-
aries on L, spheres, critical points of f, g, h and pieces of gradient tra-
jectories of f, g, h between them. Let us describe what can happen
when we pass to the limit of a sequence of elements of M,(z,y;2).
First, some of the gradient trajectories of f,g or h can ”"break” and
new critical points of f, g, h can appear in the diagram. Second, some
of the pieces of the gradient trajectories can ”shrink” to a point, such
that we will obtain two touching discs. Also looking on M;(z,y; z), the
piece of gradient trajectory containing the "middle point” can shrink
to a point, so we will get a disc containing this "middle point”. It
can also happen that some of the discs split to a tree of discs and also
some of the discs can bubble a sphere. The last thing that can happen
is that for some pieces of trajectories which have endpoints on a disc,
their endpoints on that disc converge one to another and become a
single point. All these degenerations can happen simultaneously. How-
ever, when one looks on the codimension-1 part of the boundary of
M, (z,y; z), only one of this degenerations can happen, moreover when
we have the case of breaking of some trajectory, it can break only at
one point and this can happen only for one trajectory. Also, when we
have ”shrinking” of some trajectory, only one trajectory can shrink to
a point. Thirdly, when we have splitting of a disc to discs, then only
one disc can split and only to two discs, and bubbling of spheres always
has co-dimension > 2. Finally, when endpoints of some trajectories,
lying on the boundary of some disc, become one point, we always have
codimension > 2, except for the case when it is in M,(z,y; z), and two
of the trajectories which end on the boundary of the ”"middle disc” in
the limit have the same end on this boundary.

Therefore, when we are looking only at the codimension 1 part of
M,(z,y; z), only the following cases can happen:

For M,(x,y; z) we can obtain:
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<

FIGURE 6

FIGURE 7

a) One trajectory ”breaks” and we obtain a situation as in Figure 6,
when a new critical point ¢ appears ( this can happen with gradient
trajectories of f, g, h).

b) Two neighboring discs in the chain become ”touching” and the
trajectory which joins them collapses into a point, as in Figure 7.

¢) The last disc from the chain of discs of g, for example, comes
closer and closer to the "middle point”, where gradient trajectories
of f,g,h meet, until the trajectory which connects it to this ”"middle
point” collapses to a point ( as in Figure 8 ).

d) One of the discs splits to the union of two touching discs (Fig-
ure 9).

D

X <>
<> =
<D

<

FIGURE 8

Denote by
M (2, y; 2), My (2, y; 2), M (2, y; 2), M (2, y; 2)
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x® = &Y o x® = &Y P
&y z __ &N z
T Ay
y y
x® = <Y S
6 z
X
y
FIGURE 9

the manifolds of diagrams of types a, b, ¢, d respectively.

Now addressing to the co-dimension 1 compactification of M;(x, y; z),
we see that the following cases are possible:

e) One trajectory "breaks” and we obtain a situation as in Figure 10.

f) Two neighboring discs in the chain come close and the trajectory
which joins them collapses to a point, or the middle disc comes close
to some neighboring disc as in Figure 11.

g) One of the discs splits to a union of two touching discs (and we
again obtain a situation as in Figure 11).

h) Two trajectories touching the middle disc converge to trajecto-
ries which touch the middle disc in the same point. We obtain again
Figure 8.

FIGURE 10

As before, we denote by
M (2, y; 2), M (2, y; 2), M (2, y; 2), M (2, y; 2)
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X(\@\@ x® <

< 5
CXD
D L/@/
FIGURE 11

the manifolds of the situations e, f, g, h respectively. Note that
Mi(z,y; 2) = M (2, y; 2)
(%) § M (@, 55 2) = M (2, y; 2)
M (2,y; 2) = M{ (2, y; 2)

Now let us see how this can be applied to prove the Leibnitz rule. Let
us first write what it means. Taking x € Cy,y € C,, we have

di(z *y) = dli( Zm,x y)@T") = Za my(x,y)) @ T,

20 1,520
Similarly,
() xy =Y mi(05z,y) @ T
4,i>0
and
x* d%(y Zml z,0;y) @ T
7,420

Therefore, we are left with proving that for every [,
o Gmizy) = > mi@my)+ > milx, ).
i,§20,i+j=1 4,520,i+j=l §,§20,i45=1

This means that we have to show that for every choice of generators
z € Cr,y € Cy,z € Cp withind(z) = ind(x)+ind(y)+IN+1, the total
number of configurations in M (z,y; z) U M§(x,y; z) is even. For this
consider the space M, (z,y; z). It is a 1-dimensional manifold, therefore
its boundary consists of an even number of points. On the other hand,
from a gluing argument (see [FO, FOOO, MS, S]) it follows that this
boundary is the union of

M (2, y; 2), MY (,y; 2), M§ (2,5 2), M{ (2, y; 2),
M (2, y; 2), M (2, y; 2), MY (2, y; 2), MJ (2, y; 2)
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(because in our case dim M;(z,y;2) = 1, so in a generic situation
the part of the boundary of M,(z,y;z) of co-dimension bigger than
1 must be of dimension less than 0, so it is an empty set). Now, (%)
shows that modulo 2, the total number of points on the boundary of
M, (z,y; 2) is equal to M (x,y; 2) + tMF(x,y; 2) and is even. This
proves Theorem 4. O

Remark. In several places we have applied the dimension formula

dim M(A, J) = n+u(A), where M(A, J) is a manifold of J-holomorphic
maps w: (D* 0D*) — (M, L) with [u] = A € m(M, L), in order to

show that certain configurations of gradient trajectories and pseudo-

holomorphic discs cannot appear for generic choice of J ( because of
negative dimension ). However, this dimension formula is based on the

transversality argument ( see [MS] ) which requires somewhere injec-

tivity of the J-holomorphic discs. To solve this problem we use work

of Kwon, Oh and of Lazzarini ( see [K-O, L] ). More precisely, sup-

pose we have such a configuration and some pseudo-holomorphic disc

u : (D,0D) — (M, L) participated in it is not somewhere injective.

Then we can decompose it to a union of almost everywhere injective

discs uy, ug, . . ., up with multiplicities my, ma, ..., my, respectively, such

that there exists m; > 1 ( see [K-O, L] for the precise details of this

decomposition ). This decomposition preserves the relative homology

class, namely

[u] = mqfur] + maolus] + ... + myfux] € Ho(M, L),

however, when we look on this configuration when we take all the discs
u; with multiplicity 1, then it’s total area and hence a total Maslov
class is strictly smaller than of the original configuration, therefore by a
usual dimension count we obtain that such a configuration has negative
dimension and hence cannot appear in a generic situation, therefore
the original configuration also cannot appear. See [B-Co-1] for more
details on such arguments.

Proof of Theorem 5. First look at the induced product on the level Ej.
Let us show that it coincides with the classical product on the Morse
complex. From the standard construction of the spectral sequence we
have that

Egﬂov) — FpCF}Hq/Fp—HCF}Hq ~ VgIMI(f) ® APNL7
By (g) = FYCE] ™ [P HICF* 2 Vi (g) @ A,
where Vi(f) = C]’ZJrq_pNL, VI (g) = Cr+d=rNi Now take o €
VPI(F), B € VP (g). Now, we can take @ :== o @ TP € FpC’F}JJrq,
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B =80T ¢ FP’CF;’W’ as a pre-images of a ® T? € E}(f),
BT € Egl’q/ g) under natural projections FpCFerq — Eg(f),

!

FF'CF 5’*‘1/ — Eé’/’q (g) respectively. Then, by definition of the product
*

I

ax B =mo(a, B) @ TP +my (e, B) @ TP+ 4
+my(a, B) @ TPP+2 e FrY' oFrt

and so the induced product of o @ TP € EFU(f), BT € EY* (g) is
the image of @ § € CP*P F+a+d=PNL=P'NL g der the natural projection
Fp+p'CF,f+p/+q+q/ — EPTPTT () which is mo(a, B) ® TP, There-
fore the induced product of a € VPU(f), 8 € V¥ (g) is mo(a, B) €
VPP () which is the classical product in the Morse complex. Note
also that the differential d, : VP4 — VP9 coincides with classical
Morse differential, therefore the induced product on V; = H(Vp, dg) is
the classical cup-product. U

5. BASIC NOTIONS OF SYMPLECTIC TOPOLOGY IN TERMS OF
LAGRANGIAN FLOER THEORY.

In this section we summarize some relevant notions from symplectic
topology used in the article.

5.1. Tame symplectic manifold. A symplectic manifold (M,w) is
called tame if there exists an almost complex structure .J, such that
the bilinear form g, (-, ) = w(+, J-) is a Riemmanian metric on M, and
moreover the Riemmanian manifold (M, g, s) is geometrically bounded
(i.e. its sectional curvature is bounded above and the injectivity radius
is bounded below). See [A-L-P, Gr] for more details and the relevance
of this condition for the theory of pseudo-holomorphic curves.

5.2. The Maslov class. The Maslov class is a homomorphism gy, :
mo(M, L) — Z, associated to a Lagrangian submanifold L C (M,w)

To describe it, we start with the linear case. Consider the space
R?*" = C" with standard symplectic structure. Denote by £(n) the set
of all Lagrangian linear subspaces of R?". The unitary group U(n) acts
transitively on £(n) such that a stabilizer of Lagrangian subspace R" =
{y1 = ... =y, = 0} C C" is the orthogonal group O(n) C U(n). So
L(n) is homeomorphic to the quotient U(n)/O(n). On U(n)/O(n) we
have well-defined map det? : U(n)/O(n) — S* C C, hence we obtain a
map £(n) — S'. The corresponding homomorphism px : m1(£(n)) — Z
is called the Maslov index. It can be verified that it is an isomorphism.
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Now, consider a symplectic manifold (M,w) and a Lagrangian sub-
manifold L € M. Take a disc in M with boundary lying on L:
u : (D,0D) — (M,L). We obtain the following diagram of vector
bundles:

uwT(M) D wT(L)
| l
D oD

Over each point on the disc D we have a symplectic linear space and for
every point on the boundary 0D we have a Lagrangian linear subspace
of the corresponding linear symplectic space. Now, we can symplecti-
cally trivialize the bundle v*T'(M) — D, and as a result we will get a
loop of Lagrangians in R?", v : S' — L(n). Applying to this loop the
Maslov index, we get the Maslov class evaluated on D, namely, we de-
fine pur, (D) = p(y). It can be shown that this definition does not depend
on the trivialization, and actually depends only on [D] € mo(M, L).
Given a Lagrangian submanifold L C (M, w) we denote by Ny, the pos-
itive generator of the image pp(m2(M, L)) C Z. We shall refer to N,
as the minimal Maslov number of L.

5.3. Symplectic area class. This is a homomorphism w : mo(M, L) —
R which computes the symplectic area of a disc: if we have a rep-
resentative a = [¢ : (D,0D) — (M,L)] € m(M,L) , we define
w(a) := [, (¢*w). Also here it can be shown that the symplectic area
class w(a)) depends only on a € mo(M, L).

5.4. Monotone Lagrangian submanifolds. Let (M,w) be a sym-
plectic manifold. Given a Lagrangian submanifold L C (M,w), we
have two homomorphisms: i, : mo(M, L) — Z, and w : my(M, L) — R.
We say that L is monotone, if these two homomorphisms uy,w are
proportional by some positive constant, that is, there exists a con-
stant A € R,A > 0 , such that for every a € my(M,L) we have

pr(a) = dw(a).
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