THE MAXIMUM DEGREE OF THE
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In a one-parameter model for evolution of random trees, which also includes the
Barabési—Albert random graph [1], law of large numbers and central limit theorem
are proved for the maximal degree. In the proofs martingale methods are applied.

1. INTRODUCTION

In the classical Erd6s—Rényi model of random graphs, when the number of edges
is proportional to the number of vertices, the degree distribution is approximately
Poisson with a tail decreasing even faster than exponentially. However, in many real
life networks power law degree distributions were observed with different exponents.
To introduce a more realistic model for the evolution of random networks, Barabasi
and Albert [1] proposed the following one, which they called scale free.

In the beginning, at the first step, we only have a single edge. At every further
step we start a new (undirected) edge from one of the vertices created so far. The
other endpoint of the edge is a new vertex, while the starting point is chosen from
the existing vertices at random, in such a way that each vertex is selected with
probability proportional to its degree (in other words, to choose an existing vertex
we first choose one of the edges with equal probability, then one of the endpoints
of that edge). In this model the asymptotic proportion of vertices with degree k
decreases as k3, which is the same power law that was observed in the World Wide
Web. A couple of papers has recently been devoted to the study of this random
graph as well as to other similar models, all different from the classical Erdés—Rényi
construction. Here we only mention [2].

A generalization of this model was investigated in [9]. There, at the n-th step, a
vertex of degree k was chosen with probability proportional to k + 3, where 3 was
a fixed parameter of the model, 5 > —1. Thus, a vertex of degree k was selected

k
with probability SL/B, where S,, denoted the sum of weights over all vertices of the

n
random tree with n edges and n+1 vertices; that is, S,, = 2n+(n+1)8 = (2+8)n+0.
In [9] the proportion of vertices of degree k was shown to converge almost surely

1991 Mathematics Subject Classification. Primary 05C80, Secondary 60G42.

Key words and phrases. scale free random graph, martingale, submartingale, Doob—Meyer
decomposition, central limit theorem, Pdlya—Eggenberger urn model.

Research supported by the Hungarian National Foundation for Scientific Research, Grant No.
T-29621

Typeset by ApMS-TEX



2 TAMAS F. MORI

to a limit ¢, which, as a function of k, decreased at the rate k=Gt It turned
out, in addition, that the number of degree k vertices had an asymptotic normal
distribution around nc; with variance of order n.

The aim of the present note is to show that maximal degree M,, of the random
1

tree, divided by n2+8, converges a.s. to a positive random variable, as n tends to
infinity. In Erd6és-Rényi graphs of n vertices and cn edges M,, is asymptotically
equal to logn/loglogn.

2. BASIC MARTINGALES

Our starting point is common with [2] to a certain extent: we first consider the
degree sequences of individual vertices. Let the vertices of the only edge existing
at start be labelled by 0 and 1, then every new vertex is labelled by step number
when it is born. Let X[n, j] denote the weight (= degree + 3) of vertex j after the
n-th step, with initial values X|n,j] = 0 for n < j, X[j,j] = 1+ 3 for j > 0, and
X[1,0] =1+ 0. Let A[n+ 1, ] denote the increment X[n + 1, j| — X|n, j].

Let us introduce a double sequence of normalizing constants by

F(TL‘F%)
cnkl=———+£, n>1,k>0. (2.1)
F(n+%)
Then we clearly have
cn+1,k S,
cln, k] S, +k’

_k_
and c[n, k] =n 278 (1+ O(n™')), for fixed k, as n — occ.
Finally, let F,, denote the o-field generated by the first n (random) steps.
The degree process is driven by the basic dynamics

Xl i
P(Aln+1,j]=1F,) =1—-P(Aln+1,5] =0|F,) = g”]. (2.2)
Hence one immediately gets that
B(X[n+1,4)|F) = Xln, j](1+ ) =X 1]
’ " ’ Sn eln+1,1]
Thus
(el X[, j), Fa), 1> max{j, 1} (2.3)

is a positive martingale, which is known to converge a.s. to a random variable (;.

This is surely not new; in the case of 5 = 0 this martingale was also considered
in [2], but even that was not the first place where it appeared. When (3 is an integer
number, X[n,j] can be considered as the number of white balls in a generalized
Polya—Eggenberger urn model after n — j draws, where the urn initially contains
2j — 1+ 73 black balls and 1+ 3 white ones; having drawn a white ball we return it
into the urn together with one white and 1+ 8 black balls, while in case of drawing
a black ball we only put into the urn 2 + § additional black balls and no white
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ones. Generalized Polya—Eggenberger urns have been studied exhaustively in the
last decades. Section 4.3 of the monograph [6] is devoted to certain particular cases
of the general model, but it still does not cover our case. [3] applies martingale
methods for a.s. limit results for the proportion of white balls as the number of
draws goes to infinity. In our case the limit of the proportion is clearly 0; the real
question is the proper order of magnitude. That can be found e.g. in [4] and [5].
Martingale techniques are quite common in all these papers.

The martingale property in (2.3) is just a particular case of the following, more
general result.

Theorem 2.1. Letr be a positive integer, ky,... k. and 0 < j; < --- < j, arbitrary
nonnegative integers. Introduce

, , “ (Xn, g+ ki —1
Z[n;.]17"'7.]T7k1a"'ak7‘]:C[n7kl+"'+k’l‘]H( [ j]k )

i=1

Then
(Z[n; Jlseeosr k1yeens ke, Tn), n > max{j,, 1}

is a martingale.

Proof. Tt can be assumed that each k; is positive. Clearly,

(X[n+17g]+k_1> _ (X[n,j}]:k—1> _'_A[n’j](X[n,],Z]_"‘lk—l)

(157 - 324).

hence
(X LGk =1\ (X k- 1 " Aln, jilki
= 1
E( ki > [[1( ki +i:1 X[n.ji] )’

because at most one of the increments A[n, j;] can differ from 0 at the same time.
Consequently,
7)-

n+ 1,k +- -+ k 1+k1+-~-+kr
cln,ky + -+ + Ky Sy,

E<Z[n+1a jla"'aj’ra klv"~7kr]

. . C
:Z[’IL J1seeyJrsy k17"'7k7"] [

:Z[n7 jlv"‘aj’r‘v kl?"'vk’r‘]a
as claimed.

Being a nonnegative martingale, Z[n; j1,...,jr, k1,..., k] is bounded in L;. Tt
converges a.s. to

g

r

kil kT
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whatever the exponents k; be. Since
Z[’ﬂ, jla"'ajra kla"'akr]z S CZ[TL, jla"'ajra 2k15"'32kr]7

where the constant C' does not depend on n, this martingale is bounded in Lo as
well. This implies that it converges in L1, too. Using that fact one can easily write
down all moments and mixed moments of the random variables (p, (1, ..., together
with their joint Laplace transform (or characteristic function).

k
= ez g = B2 g0 = (7). gz e
particularly
B¢ = (1+ B)elj 1, (2.5)
var G = (1+ B)(2+ B)elj, 2] — (1 + B)%clj, 12
clji2] .
= (B (i — 1) + L+ el 2 (2.6)
Eexp(—t(;) = cly (—t)* = cly, k ¥, (2.7)
vt =it () ot = et ()

Note that (o and ¢; have the same distribution (and, in fact, the two random
variables are interchangeable in the sequence (g, (1, (o, - . ).

The mixed moments can be computed by iteration.

ko ~k )
ECkock Lk

Tl DA 0 k)
C[(;[?;kfoj - kr N (krl: B) 70, — 1, ko, .. k]
[C[.“kfo: - k7 ; (kl:“ ﬁ) 10, =1, Koy K]
— = 1:[ (k +ﬂ> II C[i[ kf(): :kfﬁ"‘}l] e[1, ko). (2.8)
Hence the covariances are
cov(Ci, &) = EGEG (CC[[JJ 12]]2 ). 0<i<i (2.9)

By the convexity of the function ¢ (z) = log I'(2) it follows that the random variables
Co,¢1,Ca, ... are negatively correlated, as expected.

3. ALMOST SURE CONVERGENCE OF THE MAXIMAL DEGREE

Let M,, denote the maximal degree appearing in our random tree after n steps,
and for n > j let Mn,j| = max{Z[n; i,1] : 0 <4 < j}. In these terms M[n,n| =
c[n, 1}(M,, + B). Define p(j) = max{¢; : 0 < i < j}, and p = p(o0) = sup;>o (j-
First we show that
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Theorem 3.1. With probability 1 we have

_1
lim n 2+8 M, = u;

n—oo
the limit is a.s. positive and finite, and it has an absolutely continuous distribution.
The convergence also holds in Ly, for allp, 1 <p < oo.

Proof. Being the maximum of martingales, (M[n,n], F,) is a (non-negative) sub-
martingale, for which

EMIn,nlk < EZ[n; j,1]F < Ek—k!( ) clj, k] < oo,
o< 3wzt g1 < 3wk = (1) S

if k is large enough (k > 2 + 3). Here ¢[0, k] is defined to be equal to ¢[1, k]. Thus,
our submartingale is bounded in Lj for every positive integer k, which implies not
only almost sure convergence but convergence in Ly, p > 1, as well.

Let again k& > 2 + 3, fixed. Then clearly

E(Mn,n] — Mn,g))* < S EZ[n;i 1%,
i=j+1
for > k. The limit as n — oo of the left-hand side is equal to
1 k
E( lim n~ ZB M, — ,u(j)) ;

while the right-hand side converges increasingly to

i ng:k;!(kzﬂ) i cli K,

i=j+1 i=j+1

1
which can be arbitrarily small if j is large enough. Hence the limit of n~ 2+8 M,, is
just p, as claimed.

The positivity of u can be proved, e.g., by showing that any of the Laplacians
(2.7) tends to 0 as t — oco. Instead, we choose another, more direct way, which also
provides a lower estimation of the probabilities P((; > t). By the equivalence of (o
and (; we can assume j > 0. We are going to prove the following estimation.

Lemma 3.1. Let the random wvariable & have a positive stable distribution with
characteristic exponent 1/(2 + 3); more precisely, let the Laplace transform of £ be
of the form exp (—Iﬁ;tl/(2+ﬁ)), t > 0, where

o= /000(1 —exp (52 ).

Case (i): 3> 0. Then (; is minorized stochastically by (j€) 2+58.

_1
Case (ii): 3 < 0. Then (; is minorized stochastically by o((j + 1)€) 245, where o
is independent of £, and P(o <t) =t'"F, 0 <t < 1.

Recall that random variable Y7 is said to minorize Ys stochastically (or equiva-
lently, Y2 majorizes Y1), if for every real ¢t we have P(Y; > t) < P(Y; > t).
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Proof of Lemma 3.1. Let T[j, k] denote the number of steps needed until the degree
of vertex j reaches k. Then T[j,1] = j; and for arbitrary § > —1 and t > n we

have
[t]—1

. . k+p
P(Tlik+1 >t Tlik =n) = [] (1-"7).
On the right-hand side we have
s (L ey 5\
+ 24 2+ 2+ 2+ O\ 2+
Si (exp( Si >) _< * Si ) (Sz‘+1) ’

hence

Su \ 74 (2+8)n+p 75
P(T[j,k+1]>t|T[j7k}:n)<(> <<(2+5)(t_1)+ﬁ>

Syt
Introduce U[j, k] = (24 8)T[j, k] + 8. Then, for t > 1 we can write

P (U k+1] =2~ B> 10T, K] | UL k) <6255 = P(exp(m) > ).

where 7 denotes an exponentially distributed random variable with parameter

%. In other words, Ulj, k + 1] is majorized stochastically by

2+ B+ U[j, k] exp(nr),

where 7y, is independent of U[j, k]. After some iteration we obtain that U[j, k + 1]
is majorized stochastically by

k

(2+B)j+B)exp(m+-+m)+2+8) D> expipr+--+m), (31
i=1

with independent variables 7;.

In Case (i) (3.1) can be majorized by decreasing the parameter of each 7; to
i

515 From (3.1) one easily obtains that T'[j, k + 1] is majorized stochastically by

k
2
2 i S exp(i+ M), 3.2(1
715 J; p (i ) (3:2(1))
where 71, ...,n; are independgnt, exponentially distributed random variables, and
this time 7; with parameter ﬁ It is well known that the joint distribution of
Mmoot e M2t ey o Mk

coincides with that of a (decreasingly) ordered sample of size k from the exponen-
tial distribution with parameter 1/(2 + (). Hence the second term of (3.2(i)) is,
in distribution, just j times the sum of k i.i.d. random variables with the same
distribution as expn; (namely, Pareto(2 4+ 3)). That distribution belongs to the
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domain of attraction of the distribution of &; more precisely, (3.2(i)), divided by
n?tP converges in distribution to j&.

Let us turn to ¢;. Clearly, P (X[n,j] < k+ 8) = P (T[j, k] > n), hence, with the
notation k = [n'/@+8)¢t — 3] we can write

P(G<t)=P(lim n /CHXn,j] < t)

n—oo

< lim ian(X[mj] < nl/(2+ﬁ)t)
= lim ian(T )
(k=2~ ﬁT; k] >t277(1+0(1)))

<P(je>t7),

= liminf P(k
k—oo

and the proof is completed.

In case (ii) (3.1) can be majorized by decreasing the parameter of n;, i > 2, to
but this time 7; does not change. From (3.1) we obtain that T[j,k + 1] is

2+,87
majorized stochastically by the following modification of (3.2(i)).
9 k
355 T U+ Dewim) > exp(mi+ -+ ), (3.2(ii))
i=2

From this point the proof can be completed in the same way as in Case(i). Note
that o = (exp(m))fﬁ.

Finally, the absolute continuity of p is a corollary of the following assertions.
Lemma 3.2. g = max{(; : j > 0} with probability 1.
Lemma 3.3. For j =1,2,... the distribution of the random variable

T.:C0+~-~+Cj—1
G RENe,

18 Beta(j(2+ﬂ)fl, 1+ﬂ). In addition, 1,72 ..., 7, Co+Ci -+, are independent.

(3.3)

Indeed, by Lemma 3.3 and the positivity of the sums (o + - - - + (; it follows that
C05€C1s - -+, have absolutely continuous (joint) distribution for every j =1,2,....
It is easy to see that p, being the mazimum of (a countable number of) absolutely
continuous random variables by Lemma 3.2, is absolutely continuous. Let A;,
j =0,1,... be the event that min{s : u(i) = u} = j; they are pairwise disjoint,
and P(UA;) = 1. Since p = (; on A;, it has a density equal to the density of (;
a.e. on Aj.

Proof of Lemma 3.2. For arbitrary real ¢ > 0, and integers j > 0,k > 2+ 3 we can
write

P(u#p() < PG <t)+ Y P(G>t) < PG <t)+t "> B

>3] i>]

<SPG <t)+ t_’“k!(k Z 6) i cli, k.

i=j+1
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Here on the right-hand side the first probability can be arbitrarily small if ¢ is small
enough, and for fixed ¢ the infinite sum can be arbitrarily small with a sufficiently
large j.

Proof of Lemma 3.3. Let us look at the process only at steps where one of the
vertices 0,1,...,7 is selected. Then it can be interpreted as a Pélya—Eggenberger
urn process in the following way. Suppose we have S; balls in an urn, 1 + 3 of
them are white, the others are black (this has meaning only for integer values of
in this context, but the results we want to refer to are also valid for arbitrary real
B > —1). Balls are drawn from the urn one after another, the ball drawn is always
returned to the urn together with an additional ball of the same color. Drawing of
a white ball corresponds to the selection of vertex j, while drawings of black balls
are interpreted as selections of any of vertices 0,1,...,5 — 1. The proportion of
black balls in the urn after n drawings is equal to the ratio

Z[m; 0,1] 4 ---+ Z[m; j — 1,1]
Zim; 0,14 -+ Z[m; j,1]

(3.4)

at the (random) moment m when it occurs for the nth time that a vertex from
0,1,...,7 is selected. This proportion is known to converge a.s., and the limit
is Beta(S; — 1 — 3,1+ 3) distributed (see e.g. Section 6.3.3 of [6]); while (3.4)
converges to (3.3) as n — oo. The embedded process is transparently independent
of the moments of embedding.

4. CENTRAL LIMIT THEOREM FOR THE MAXIMAL DEGREE

In this section we will prove the following limit theorem, which enhances the
description, given in Theorem 3.1, of the asymptotic behaviour of the maximal
degree.

Theorem 4.1.
(i) The normalized mazimal degree

1 1
n2(2+p) (n_mMn — p,)

converges in distribution to the normal mizture N (0, p) defined as the distribution
of the product \/uN , where N is a standard normal random variable, independent
of .
(ii) Furthermore,
1 1
n20@+8) ;=172 (n* 2+8 M,, — H)
converges in distribution to the standard normal law N(0,1), as n — oo.

Proof. Consider the Doob-Meyer decomposition of the submartingale M[n,n] into
a convergent martingale and a predictable increasing process. We shall see that the
martingale obeys the central limit theorem, and the increasing process will turn
out to be negligible.

Define L,, as the multiplicity of the maximal degree, that is,

L,=#{0<j<n:Mn,n]=Zn; j,1]}.
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From Lemma 3.2 it follows that P(Ci = (; for some ¢ # j) = 0; thus, with proba-
bility 1 we eventually have L, = 1. Let

Sn—l + Ln—l.

dn = M[n,n] — E(M[n,n] | Foe1) = Mn,n] — M[n—1,n — 1] S 11
n—1

these are martingale differences with respect to the filtration (]—"n) Further, let

Lot —1

an :E(M[n,n] ’Fn,l) —Mn—-1n—-1=Mn-1,n-1] 57“;
n—1

this is non-negative and predictable. Clearly,
w— M[n,n] = Z d; + Z a;. (4.1)
i=n-+1 i=n—+1

The second sum on the right-hand side has only finitely many terms different from
0, hence

1 oo
lim n2(Z+6) Z a; = 0. (4.2)

n— o0
i=n+1

Let us apply Corollary 4.2.1 of [7] to the martingale difference array

_1
{(nz(”ﬂ)di, F), i:n+1,n—|—2,...}7 n=1,2,..., (4.3)

and Theorem 4.2.1 of [7] to the array
1
{(nmw)M[n,n]*U?di, F), i:n+1,n+2,...}, n=1,2.... (4.4)

For the sake of brevity let ¢, L, M, and S stand for ¢[i, 1], L;—1, M;—1 + 3, and
S;_1, resp. Then the conditional distribution of the difference d; is given by

ML ML
P(di:—CT‘fH): — 5

P(di = c( — %) '_7:_4) _ % (4.5)

Hence the conditional variance of d; is

B(d | Fi) = ¢ ME(L - ME),

_1 -1
which is asymptotically equal to ((2 + 0)i 2+5+1) u as i — oo. Thus the sum

of conditional variances in the nth row of the martingale difference array (4.3)
converges to p as n — 0o. As to the Lindeberg condition, that is,

> B 1(jnm 0 > <) [ A =0

i=n
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in probability as n — oo, for every positive ¢, it is obviously implied by the in-
equality

_1 1 1
sup {‘n2(2+5) di‘ in<i< oo} <n2@tBcn+1,1] ~n 20+0).
All conditions of Corollary 4.2.1 of [7] are satisfied, thus

D S
n22+H) Z d;
1=n—+1

converges in distribution to N(0,u). By (4.1) and (4.2) the proof of part (i) is
completed.

The proof of part (ii) follows the same lines, therefore all its details will be
omitted.
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