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1 Introduction

The Maxwell algebra is an extension of the Poincaré symmetry that naturally arises in the

study of particle systems in the presence of a constant electromagnetic field. It includes,

apart from translations and Lorentz transformations, an Abelian ideal spanned by a second

rank antisymmetric Lorentz tensor F µν , associated the electromagnetic field strength Fµν =

∂µAν − ∂νAµ. This enlargement stems from the fact that minimal coupling of a particle

to the electromagnetic field requires to modify the canonical momentum in the form pµ →

πµ = pµ + Aµ. When the electromagnetic field is constant (i.e. homogeneous and static),

it can be thought of as an extension of Minkowski space, whose isometries include non-

commutative translations. This leads to the Maxwell algebra:

[Jµν ,Jρσ] = ηµρJνσ + ηνσJµρ − ηµσJνρ − ηνρJµσ , [Πµ,Πν ] = F µν ,

[Jµν ,Πρ] = ηµρΠν − ηνρΠµ , [Πµ,F νρ] = 0 ,

[Jµν ,F ρσ] = ηµρF νσ + ηνσF µρ − ηµσF νρ − ηνρF µσ , [F µν ,F ρσ] = 0 .

(1.1)

The Maxwell group is given by the semi-direct product of the Lorentz group and a centrally

extended space of translations. It was first studied in [1] as the covariance group of the
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(3+1)-dimensional Klein Gordon and Dirac equations associated to a particle moving in

a constant electromagnetic field.1 However, previous indications of this symmetry were

found in [5], where the kinematic symmetry of this kind of particle systems was shown

to include a central extension of the translation group. This extension was characterized

by the electric charge in pretty much the same way as the mass appears in the central

extension of the Bargmann algebra.

Later on, the Maxwell algebra was used in the context of gravity. By gauging it, one

can define a modified gravitational theory that extends General Relativity by including

a generalized cosmological term [6]. In this case, the components of the antisymmetric

tensor F µν are not related to an electromagnetic field, but reinterpreted as extra generators

associated to the new field content of the theory. This provides a geometric framework to

introduce vector inflatons in cosmological models [7]

In the last years, different generalizations to higher dimensions, supersymmetric exten-

sions, and deformations of the Maxwell algebra have been formulated2 [12–19]. By means

of algebra expansion methods [20, 21], different families of Lie algebras that further extend

the commutation relations (1.1) have been constructed, leading to novel (super)gravity the-

ories in diverse dimensions [22–29]. Moreover, the Maxwell algebra can be understood as

the simplest Poincaré extension within an infinite-dimensional free algebra, which describes

the motion of a charge distribution in an generic electro-magnetic field through multipole

expansion [30, 31].

The (2+1)-dimensional version of the Maxwell symmetry naturally arises when study-

ing anyons coupled to a constant external electromagnetic field [32, 33]. This is of particular

interest in the study of quantum Hall systems, where magnetic translations associated to

an electric charge in presence of a constant magnetic field B have non-vanishing Poisson

brackets [34, 35]

{Πx,Πy} = B . (1.2)

In fact, in [36] it is shown that the Maxwell algebra properly describes the Girvin-Plazmann-

MacDonald algebra for magnetic translations in quantum Hall systems [37]. Furthermore,

a relativistic version of the Wen-Zee term was constructed by considering a Chern-Simons

action invariant under the Maxwell algebra as an effective theory for the boundary dynamics

of a topological insulator.

On the other hand, Chern-Simons forms are interesting in the context of gravitational

theories, as they provide a gauge formulation of three-dimensional Einstein gravity [38, 39].

Along these lines, a Maxwell-invariant Chern-Simons action defines an extended theory for

gravity in 2+1 dimensions3,4 [47–49]. In [49], it was shown that, given suitable bound-

1For a detailed analysis including the non-relativistic case, see [2], and for a geometric derivation of

wave equations for particles coupled to constant electromagnetic field based on local representations of the

Maxwell group, see [3, 4].
2The supersymmetric extension of the Maxwell algebra has been used to construct supergravity mod-

els [8–11], as well as in the description of the superparticle on constant backgrounds [12].
3A Chern-Simons theory invariant under the Maxwell algebra was previously considered in [40, 41],

where it was used to obtain the Cangemi-Jackiw action for gravity in 1+1 dimensions [42, 43] by means of

dimensional reduction.
4Supersymmetric extensions, higher-spin extensions, and non-relativistic limits of Chern-Simons gravity

theories invariant under the Maxwell algebra have been constructed in [44–46], respectively.
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ary conditions, the asymptotic symmetry of such extended theory is given by an infinite-

dimensional enhancement of the Maxwell algebra in 2+1 dimensions. This algebra can be

understood as an Maxwell-like extension of the b̂ms3 algebra,5 known from the analysis of

asymptotically flat three-dimensional Einstein gravity [51]. Moreover, the same extended

b̂ms3 symmetry was previously obtained as a particular expansion of the Virasoro algebra,

and can also be recovered by means of a generalized Sugawara construction of a Maxwell-

Kac-Moody algebra [52]. The Maxwell-Kac-Moody algebra, in turn, is by definition the

symmetry of the Wess-Zumino-Witten model that follows from a Maxwell-invariant Chern-

Simons action after Hamiltonian reduction. The fact that both infinite-dimensional sym-

metries can be obtained from a Maxwell-invariant Chern-Simons theory suggests that they

could also be relevant in the context of quantum Hall systems. Indeed, the analogy between

three-dimensional gravity and the quantum Hall effect has been already considered in the

literature (see, for instance, [53, 54]). As, so far, only the algebras are known, a natural

question is: what is the group structure behind these infinite-dimensional symmetries?

In order to answer this question, it is important to note that both the Maxwell-Kac-

Moody algebra and the Maxwell-like extension of the b̂ms3 algebra found in [52] extend their

Poincaré-like partners in that they include non-commutative supertranslations. On the

other hand, the ISL (2,R) Kac-Moody symmetry as well as the B̂MS3 symmetry correspond

to semi-direct product groups [55–57]. Therefore, the group structure behind the afore-

mentioned Maxwell-like symmetries must be given by a general mathematical construction

that extends semi-direct products. In this article we show that this is indeed the case.

In this paper, we study the group structure of the Maxwell symmetry in 2+1 dimensions

and its infinite-dimensional generalizations. The construction is based on a non-central ex-

tension of a semi-direct product group. Following the general construction of semi-direct

products [58, 59], the adjoint and the coadjoint representations of the extension here pre-

sented are given. The Kirillov-Kostant-Souriau symplectic structure on coadjoint orbits is

defined, and the Hamiltonian geometric action associated to an extended semi-direct prod-

uct is computed along the lines of [60–63] (for a recent discussion in the context of three-

dimensional gravity see [57]). Based on these definitions, we derive the Maxwell group in D

dimensions as a particular case of extended semi-direct product and the action relativistic

particle in a constant electromagnetic field as the corresponding geometric action. Subse-

quently, we focus on the (2+1)-dimensional case. Following the results found in [55, 56],

we show that the Maxwell group in three space-time dimensions can be formulated as a

special type of extended semi-direct product based on the SL (2,R) group. This construc-

tion can be generalized to define higher-spin extensions of the Maxwell symmetry in 2+1

dimensions, as well as infinite-dimensional enhancements of the BMS3 group and the loop

group LISL (2,R). By including central extensions, we construct Maxwell-like extensions

of the L̂ ISL (2,R) Kac-Moody group and the B̂MS3 group, whose associated Lie algebras

are exactly the ones found in [52]. The geometric actions associated to these extended

semi-direct products are shown to lead to novel Wess-Zumino terms. They are naturally

5A semi-simple enlargement of b̂ms3, related with the above-mentioned Maxwell extension by an Inönü-

Wigner contraction, was also studied in [50].

– 3 –



J
H
E
P
1
0
(
2
0
1
9
)
0
3
9

globally invariant under the considered symmetry groups, and generalize the actions previ-

ously obtained in [60–62](for a recent discussion in the context of three-dimensional gravity

see [57, 64]).

The paper is organized as follows: in section 2 we introduce extended semi-direct

groups, define the adjoint and coadjoint representations, and construct the geometric action

on coadjoint orbits. In section 3 we show how the Maxwell group fits in this description.

In the 2+1-dimensional case, we generalize the results to obtain Maxwell extensions of

higher-spin symmetries, loop groups and the BMS3 group. In section 4, we define central

extensions of extended semi-direct products, and present two novel Wezz-Zumino terms

based on the Maxwell extension of the Kac-Moody and the B̂MS3 group. In section 5 we

conclude with a discussion and possible applications of our results.

2 Extending semi-direct products

In this section we define a particular extension of semi-direct products, which will be used

later to formulate the Maxwell group in 2+1 dimensions and its generalizations. Naturally,

the starting point in our construction is a semi-direct product group K ⋉σ V , where K is

a Lie group, V is a vector space and σ : K → GL(V ) is a representation of K on V . The

elements of a semi-direct product group are denoted by pairs (U,α), where U ∈ K and

α ∈ V , and the group operation is given by [58, 59]

(U,α) • (V, β) = (U · V , α+ σUβ) , (2.1)

where U ·V denotes the product in K. Groups with this structure are ubiquitous in physics.

Some examples are the Euclidean, the Galilei and the Poincaré groups [65], as well as the

BMS group in three and four dimensions6 [55, 68].

2.1 Extended semi-direct product groups

In order to extend the semi-direct product group (2.1), we introduce a second vector space

Ṽ , together with a skew-symmetric bilinear map × : V × V → Ṽ , and a representation

ρ : K → GL(Ṽ ) of K on Ṽ compatible with σ in the sense that

ρU (α× β) = σUα× σUβ ∀α, β ∈ V . (2.2)

Then, we define the extended group V ext = V ⊗ Ṽ with elements (α, a), α ∈ V , a ∈ Ṽ ,

and the following product:

(α, a) +̂ (β, b) =

(
α+ β , a+ b+

1

2
α× β

)
. (2.3)

Note that this operation is non-commutative, and therefore V ext endowed with the product

+̂ does not define an Abelian group. Indeed, V ext defines a central extension of V , as the

function C(α, β) = 1
2α× β is a Ṽ -valued two-cocycle on V , i.e.

C(α+ β, γ) + C(α, β) = C(α, β + γ) + C(β, γ) . (2.4)

6For a detailed analysis of the rigidity and stability of the bms algebra in three and four dimensions based

on their semi-direct sum structure, see [66, 67].
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Since V and Ṽ are Abelian groups, they are respectively isomorphic to their corresponding

Lie algebras. Thus, the Lie algebra associated to V ext is given by the direct sum V ⊕ Ṽ

with Lie bracket [(α, a) , (β, b)] = (0, α× β).

Now we define an extended semi-direct product as the group

G = K ⋉(σ×ρ) V ext , (2.5)

where σ × ρ is the direct product representation

(σ × ρ)U (α, a) = (σUα , ρUa) . (2.6)

It is important to note that, even though K acts on a central extension of V , the group G

defines a non-central extension of the original semi-direct product K ⋉σ V . The elements

of G are given by triplets (U,α, a), where U ∈ K, α ∈ V , and a ∈ Ṽ . The group operation

is the natural extension of (2.1), where now the term α + σUβ must be replaced by the

pair (α, a) +̂ (σ × ρ)U (β, b). Using eq. (2.3), this leads to

(U,α, a) • (V, β, b) =

(
U · V , α+ σUβ, a+ ρUb+

1

2
α× σUβ

)
. (2.7)

Extended semi-direct sum algebra. The Lie algebra associated to G is the extended

semi-direct sum

g = k idσ×dρ V ext , (2.8)

where k denotes the Lie algebra of K, while dσ and dρ stand for the derivative representa-

tions of σ and ρ, respectively. Denoting the elements of g by triplets of the form (X,α, a),

with X ∈ k, the adjoint action of G on g can be found by evaluating

Ad(U,β,b) (X,α, a) =
d

dλ

[
(U, β, b) •

(
eλX , λα, λa

)
• (U, β, b)−1

]∣∣∣∣
λ=0

. (2.9)

The identity of G is (e, 0, 0), where e is the identity in K. Thus, the inverse of an element

(U,α, a) is given by (U,α, a)−1 =
(
U−1,−σU−1α,−ρU−1a

)
. This leads to

Ad(U,β,b) (X,α, a) =

=

(
AdUA, σUα− dσAdUA β, ρUa− dρAdUA b+ β × σUα−

1

2
β × dσAdUA β

)
,

(2.10)

where AdU denotes the adjoint representation of K.

The bracket on g can be found by looking at the infinitesimal adjoint action, i.e.

[(X,α, a) , (Y, β, b)] = ad(X,α,a) (Y, β, b) =
d

dλ
Ad(eλX ,λα,λa) (Y, β, b)

∣∣∣∣
λ=0

. (2.11)

This defines the adjoint representation of the Lie algebra g in terms of the adjoint repre-

sentation of k, adX , and the derivative representations dσ and dρ,

[(X,α, a) , (Y, β, b)] =
(
adXY , dσXβ − dσY α , dρXb− dρY a+ α× β

)
. (2.12)

The elements of the first two slots on the right-hand side of eqs. (2.10) and (2.12) reproduce

the form of the adjoint representation of a semi-direct product group and its Lie algebra

bracket, respectively (see [55, 56]). The third slot, however, implies the presence of more

Lie algebra generators and modifies the structure of the usual semi-direct sum algebra.

– 5 –



J
H
E
P
1
0
(
2
0
1
9
)
0
3
9

2.2 Coadjoint orbits

Let us consider now the dual space g∗. Its elements will be denoted by (J,Π, F ) where

J is an element of the dual space K∗, while Π and F are elements of the dual vector

spaces V ∗ and Ṽ
∗
, respectively. The pairing between g and its dual space can be naturally

constructed out of the corresponding pairings defined in k, V and Ṽ as

〈(J,Π, F ) , (X,α, a)〉g = 〈J,X〉k + 〈Π, α〉V + 〈F, a〉
Ṽ
. (2.13)

Given a point
(
J0,Π0, F 0

)
∈ g∗, a coadjoint orbit of the group G can be defined as

O(J0,Π0,F 0) =
{
(J,Π, F ) = Ad∗(U,α,a)

(
J0,Π0, F 0

)
, (U,α, a) ∈ G

}
, (2.14)

where Ad∗(U,α,a) denotes de coadjoint action of G on g∗. The space O(J0,Π0,F 0) ⊂ g∗ is

isomorphic to G/G(J0,Π0,F 0), where G(J0,Π0,F 0) is the isotropy group of the orbit represen-

tative

G(J0,Π0,F 0) =
{
(U,α, a) ∈ G / Ad∗(U,α,a)

(
J0,Π0, F 0

)
=
(
J0,Π0, F 0

)}
. (2.15)

Coadjoint representation. The coadjoint action of G on g∗ must be such that the

pairing (2.13) remains invariant under transformations on the orbit

〈
Ad∗(U,α,a) (J,Π, F ) ,Ad(U,α,a) (X,α, a)

〉
g
= 〈(J,Π, F ) , (X,α, a)〉g . (2.16)

In order to explicitly write down the coadjoint action of G on its Lie algebra dual, it is

necessary to define three extra maps. The first two are the bilinear products ⊙ : V ×V ∗ →

g∗, and ⊚ : Ṽ × Ṽ
∗
→ g∗, such that

〈α⊙Π, X〉V = 〈Π, dσXα〉V , 〈a⊚ F,X〉
Ṽ
= 〈F, dρXa〉

Ṽ
. (2.17)

Note that the definition of ⊙ is familiar from the well-known semi-direct product construc-

tion [56, 58, 59], while ⊚ is simply the analogue definition for Ṽ . The third map necessary

to construct the coadjoint representation of an extended semi-direct-product group G is a

product ∨ : V × Ṽ
∗
→ V ∗, dual to the map × in the sense that

〈F, α× β〉
Ṽ
= −〈α ∨ F, β〉V . (2.18)

These definitions, together with eq. (2.10), lead to the following form for the coadjoint

representation of an extended semi-direct product group:

Ad∗(U,α,a) (J,Π, F ) =

=

(
Ad∗UJ + α⊙ σ∗

UΠ+ a⊚ ρ∗UF +
1

2
α⊙ (α ∨ ρ∗UF ) , σ∗

UΠ+ α ∨ ρ∗UF , ρ∗UF

)
,

(2.19)

where we have used the identity σUdσXσU−1 = dσAdUX . Here Ad∗UJ stands for the coad-

joint action of the group K on its Lie algebra dual k∗, while σ∗ and ρ∗ denote the dual

– 6 –
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representations of K on V ∗ and Ṽ
∗
, respectively. The definition of the infinitesimal adjoint

action follows from differentiating eq. (2.16) and yields

〈
ad∗(X,α,a) (J,Π, F ) , (Y, β, b)

〉
g
+
〈
(J,Π, F ) , ad(X,α,a) (Y, β, b)

〉
g
= 0 . (2.20)

Since the Lie bracket of the extended semi-direct sum algebra g is given by (2.12), eq. (2.20)

can be solved to give

ad∗(X,α,a) (J,Π, F ) =
(
ad∗XJ + α⊙Π+ a⊚ F , dσ∗

XΠ+ α ∨ F , dρ∗XF
)
, (2.21)

where dσ∗ and dρ∗ stand for the dual derivative representations.

Geometric action. Coadjoint orbits are naturally endowed with a symplectic struc-

ture [69–71], which allows one to define a geometric Hamiltonian action with a well-defined

Poisson structure [60–63]. In our notation, the Kirillov-Kostant-Souriau symplectic form

on a coadjoint orbit O(J0,Π0,F 0) is given by

Ω
(
v(X,α,a), v(Y,β,b)

)
=
〈 (

J0,Π0, F 0
)
, [(X,α, a) , (Y, β, b)]

〉
g
, (2.22)

where v(X,α,a) denotes the vector tangent to the orbit at (J0,Π0, F0)

v(X,α,a) = ad∗(X,α,a)

(
J0,Π0, F 0

)
. (2.23)

It can be shown that the pull-back of Ω on G by the projection map

P : G → O(J0,Π0,F 0) : (U,α, a) 7→ Ad∗(U,α,a)
(
J0,Π0, F 0

)
(2.24)

is given by a locally exact two-form [62]

P∗Ω = dA , A = −
〈(
J0,Π0, F 0

)
, (Θα,Θα,Θa)

〉
g
, (2.25)

where d is the exterior derivative on the group manifold G and the triplet (ΘU ,Θα,Θa)

corresponds to the left-invariant Maurer-Cartan form on G, defined by

d (ΘU ,Θα,Θa) = −
1

2
[(ΘU ,Θα,Θa) , (ΘU ,Θα,Θa)] . (2.26)

Here wedge product between differential forms is assumed. The corresponding geometric

action then reads [72, 73]

IG = −

∫

Γ
A∗ , (2.27)

where Γ is a path in G,

Γ : I ⊂ R −→ G

t 7−→ (U (t) , α (t) , a (t)) ,
(2.28)

and A∗ denotes the pull-back of the one form A to Γ. As remarked in [57, 60], one can

define a Hamiltonian H a gauge invariant function on the orbit, and include it in the

– 7 –
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geometric action by adding the term −
∫
dtH in (2.27). The Hamiltonian can be chosen

in such a way that the global symmetries of the action are preserved.7

Using (2.12), the Maurer-Cartan equation (2.26) can be written as

dΘU = −
1

2
adΘU

ΘU ,

dΘα = −dσΘU
Θα ,

dΘa = −dρΘU
Θa −

1

2
Θα ×Θα .

(2.29)

Note that ΘU corresponds to the left-invariant Maurer-Cartan form on K. Its pull-back

to Γ reads

Θ∗
U = ΘU

(
U̇(t)

)
dt , (2.30)

where U̇(t) is the tangent vector to the path U(t) in K (with overdot denoting derivative

with respect to t). Following [74], the action ΘU on a vector is given by

ΘU

(
U̇(t)

)
=

d

dλ

(
U(t)−1U(λ)

)∣∣∣∣
λ=t

. (2.31)

Extending this definition to the full path in G given by (2.28), with tangent vector

(U̇(t), α̇(t), ȧ(t)), we can use the product law (2.7) to find the general expression

ΘU

(
U̇ , α̇, ȧ

)
= ΘU

(
U̇(t)

)
,

Θα

(
U̇ , α̇, ȧ

)
= σU(t)−1α̇(t) ,

Θa

(
U̇ , α̇, ȧ

)
= ρU(t)−1

(
ȧ(t)−

1

2
α(t)× α̇(t)

)
.

(2.32)

Using (2.32) in eq. (2.25), the action (2.27) can be written as

IG =

∫
dt

[〈
J0,ΘU (U̇)

〉
k
+
〈
σ∗
UΠ

0, α̇
〉

V
+

〈
ρ∗UF

0,

(
ȧ−

1

2
α× α̇

)〉

Ṽ

]
. (2.33)

The geometric action is naturally globally invariant under left transformations of the form

(U,α, a) → (V · U, β + σV α, b + σV a + 1
2β × σV α), while gauge symmetries are given by

right transformations (U,α, a) → (U ·V (t), α+σUβ(t), a+σUb(t)+
1
2α×σUβ(t)), provided

(V (t), β(t), b(t)) ∈ G(J0,Π0,F 0), as shown in [57].8

7The preservation of the symmetries might imply a redefinition of the gauge parameters of the global

symmetries. In [57], Hamiltonians for geometric actions are defined in different cases as particular Noether

charges or combinations of them. In [33], it is shown how the different Hamiltonians can be found by

looking at the invariant functions that label the coadjoint orbits.
8Note that the form of the geometric action (2.27) is equivalent to the general definition given in [57]

when setting g−1 = (U, α, a). When written in terms of g, the role of right and left transformations are

interchanged.
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2.3 Extended semi-direct products under the adjoint action

Several semi-direct product groups that define symmetries of 2 + 1 dimensional systems

have the particular structure K ⋉Ad k(ab), where k(ab) denotes the Lie algebra of K seen

as a vector space, and K acts on its Lie algebra by the adjoint action. Examples are the

ISO(2, 1) group, the B̂MS3 group, and higher-spin extensions thereof [55, 75] (for a detailed

analysis, see also [76]). Here we show how to generalize this special kind of symmetries

to the case of extended semi-direct product groups, which will be the key construction to

define in a unified manner the different Maxwell-like symmetries in 2+1 dimensions that

will be treated in the subsequent sections.

Let us consider a particular case of extended semi-direct product (2.7), where V and

Ṽ are given by the Lie algebra associated to Lie group K seen as an Abelian vector group,

and the representations σ and ρ are given by the adjoint representation of K, i.e.

V = Ṽ = k(ab) , σ = ρ = Ad . (2.34)

In this case, the requirement (2.2) is trivially satisfied provided the anti-symmetric bilinear

map × is chosen as

α× β = adαβ , ∀α, β ∈ k . (2.35)

With these considerations, we can define the extended vector space k
(ab)
ext , given by the set

k(ab) × k(ab), and endowed with a group law of the form (2.3). Thus, we can define the

special extended semi-direct product

H = K ⋉Ad k
(ab)
ext , (2.36)

where the group operation follows from eq. (2.7), and is given by

(U,α, a) • (V, β, b) =

(
U · V, α+AdUβ , a+AdUb+

1

2
adαAdUβ

)
. (2.37)

As in this case the derivative representations dσ and dρ are both given by the adjoint

representation of k, the general form for the adjoint representation of an extended semi-

direct product (2.10) can be easily evaluated to give

Ad(U,β,b) (X,α, a) =

=

(
AdUX, AdUα− adAdUXβ, AdUa− adAdUXb+ adβ

(
AdUα−

1

2
adAdUXβ

))
.
(2.38)

Differentiating this expression leads to the Lie algebra bracket associated to the corre-

sponding Lie algebra

h = k iad k
(ab)
ext , (2.39)

which can also be directly obtained from the general expression (2.12):

[(X,α, a) , (Y, β, b)] =
(
adXY, adXβ − adY α, adXb− adY a+ adαβ

)
. (2.40)
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Coadjoint orbits are defined according to eq. (2.14), where the form of the coadjoint

representation follows from (2.16). In the case of a special extended semi-direct products,

the pairing (2.13) for the algebra h is written solely in terms of the paring in k,

〈(J,Π, F ) , (X,α, a)〉h = 〈J,X〉k + 〈Π, α〉k + 〈F, a〉k , (2.41)

while eq. (2.34) implies that σ∗ = ρ∗ = ad∗. Therefore (2.17) and (2.18) lead to

α⊙ π = α⊚ β = α ∨ β = ad∗αβ . (2.42)

Putting this together allows one to write down the coadjoint representation of H directly

from (2.19), yielding

Ad∗(U,α,a) (J,Π,F )=

=

(
Ad∗UJ+ad∗α

(
Ad∗UΠ+

1

2
ad∗αAd

∗
UF

)
+ad∗aAd

∗
UF,Ad

∗
UΠ+ad∗αAd

∗
UF,Ad

∗
UF

)
,
(2.43)

while its infinitesimal form is given by

ad∗(X,a,α) (J,Π, F ) =
(
ad∗XJ + ad∗αΠ+ ad∗aF , ad∗XΠ+ ad∗αF , ad∗XF

)
. (2.44)

The construction of the geometric action follows from eqs. (2.25) and (2.27) by means

of (2.34) and (2.35). This gives

IH =

∫
dt

[〈
J0,ΘU (U̇)

〉
k
+
〈
Ad∗UΠ

0, α̇
〉
k
+

〈
Ad∗UF

0,

(
ȧ−

1

2
adαα̇

)〉

k

]
. (2.45)

3 Maxwell groups

3.1 The Maxwell group in D dimensions

The Maxwell group in D dimensions, which will be denoted by MaxwellD, can be con-

structed by generalizing the original definition for D = 4, given in [1]. It can be writ-

ten as an extended semi-direct product (2.5), where K = SO(D − 1, 1) ↑ is the or-

tochronus Lorentz group in D dimensions, V = RD is the vector space of translations,

and Ṽ = so (D) ∼=
∧2 (

RD
)
is the space of D ×D anti-symmetric matrices, isomorphic to

the second exterior power of RD. Therefore, the Maxwell group is given by

MaxwellD = SO(D − 1, 1) ↑ ⋉RD
ext , (3.1)

where RD
ext is a central extension of the translation group RD by

∧2 (
RD
)
. As seen in

section 2.1, this extension requires a skew-symmetric bilinear product × : RD × RD →∧2 (
RD
)
. By choosing an orthonormal basis eµ (µ = 1, . . . , D) on RD, the product × can

be constructed by means of the usual cross product

eµ × eν = eµ ⊗ eν − eν ⊗ eµ , (3.2)
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which defines the natural basis for
∧2 (

RD
)
. Then, the extended group of translations RD

ext

is the centrally extended group with elements (α, a), α ∈ RD, a ∈
∧2 (

RD
)
, endowed with

a product +̂ of the form (2.3) with

α = αµeµ , a =
1

2
aµνeµ × eν , α× β =

1

2
(αµβν − ανβµ) eµ × eν . (3.3)

The action of a Lorentz transformation Λ ∈ SO(D− 1, 1) ↑ on the elements of RD and∧2 (
RD
)
are given by the standard vector and tensor representations, respectively

σΛα ≡ Λα = Λµ
να

νeµ , ρΛa ≡ ΛaΛT =
1

2
Λµ

αΛ
ν
βa

αβeµ × eν . (3.4)

Note that, in this case, ρ corresponds to the exterior power representation ρ = σ∧2(RD).

Therefore, it automatically satisfies eq. (2.2). Putting all this together, the product law

of the MaxwellD group follows directly from eq. (2.7). Denoting its elements by triads of

form (Λ, α, a), we get

(Λ, α, a) • (Σ, β, b) =

(
ΛΣ, α+ Λβ, a+ ΛbΛT +

1

2
α× Λβ

)
. (3.5)

The Maxwell algebra is given by the extended semi-direct sum

maxwellD = so (D − 1, 1) i RD
ext . (3.6)

As both RD and
∧2 (

RD
)
are Abelian vector groups, their corresponding Lie algebras are

isomorphic to themselves. This means we can define the generators

Πµ = (0, eµ, 0) , F µν = (0, 0, eµ × eν) , (3.7)

so that the elements of the maxwellD algebra can be defined from the following exponential

map

(X,α, a) =
1

2
Xµν

Jµν + αµΠµ +
1

2
aµνF µν =

d

dλ

(
eλX , λ αµeµ ,

λ

2
aµνeµ × eν

)∣∣∣∣
λ=0

, (3.8)

where Jµν stands for the generators of Lorentz transformations

Jµν ≡ (Jµν , 0, 0) , (3.9)

and Jµν stands for the usual matrix representation for so (D − 1, 1):

(Jµν)
ρ
σ = δρµηνσ − δρνηµσ . (3.10)

The derivative representations dσ and dρ are given by the infinitesimal limit of eq. (3.4)

dσXα =
1

2
Xµν (Jµν)

ρ
σ α

σeρ , dρXa =
1

4
Xµν

[
(Jµν)

ρ
λ a

λσ + (Jµν)
σ
λ a

ρλ
]
eρ×eσ . (3.11)

The definitions (3.3), (3.4) and (3.11), plus the fact that the adjoint action of the Lorentz

group on its Lie algebra is given by AdΛX = ΛXΛT , enables one to write down the adjoint

representation of the Maxwell group using expression (2.10). Similarly, the bracket for the

maxwellD algebra follows from (2.12). When applied to the generators (3.7) and (3.9), it

leads directly to the commutation relations (1.1).
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Particle action. The maxwellD algebra and its dual space are isomorphic. The isomor-

phism can be explicitly constructed by endowing RD with the D-dimensional Minkowski

metric ηµν = diag (−1, 1, . . . , 1), which maps contravariant vectors and tensors into covari-

ant ones. The pairing (2.13) can be constructed considering

〈J,X〉k =
1

2
JµνX

µν =
1

2
ηµρηνσJ

µνXρσ ,

〈Π, α〉V = Πµα
µ = ηµνΠ

µαν ,

〈F, a〉
Ṽ
=

1

2
Fµνa

µν =
1

2
ηµρηνσF

µνaρσ .

(3.12)

The coadjoint representation of the Maxwell group and the Maxwell algebra can be

obtained from (2.43) and (2.44), respectively, where the dual representations σ∗ and ρ∗ as

well as their corresponding derivative representations are given by the covariant versions of

eqs. (3.4) and (3.11). The products ⊙ and ⊚ in this case can be worked out using (2.17),

and lead to elements in the Lie algebra dual so (D − 1, 1)∗ with components

(α⊙Π)µν = αρ (ηνρΠµ − ηµρΠν) ,

(a⊚ F )µν =
1

2
aρσ (ηµσFνρ + ηνρFµσ − ηµρFνσ − ηνσFµρ) ,

(3.13)

while (2.18) takes the form

(α ∨ F )µ = Fµνα
ν . (3.14)

Once the coadjoint representation is known, coadjoint orbits can be defined according to

eq. (2.14). Then, one can construct a geometric action that is naturally invariant under the

Maxwell group. The key ingredient in this construction is the left-invariant Maurer-Cartan

form (2.32), which in this case reads

ΘΛ = Λ−1dΛ ,

Θα = Λµ
νdα

νΠµ ,

Θa =
1

2
Λµ

ρΛ
ν
σ

[
daρσ −

1

2
(αρdασ − ασdαρ)

]
F µν .

(3.15)

The Maxwell group satisfies Mackey’s theorem [1, 4], and therefore its irreducible repre-

sentations can be obtained from the irreducible representations of V ext. As these repre-

sentations correspond to Poincaré particles in the presence of a constant electromagnetic

field, the Hamiltonian geometric action (2.27) for the Maxwell group is expected to de-

scribe world lines of such particles. This is indeed the case. In fact, evaluating (2.33) for

a representative of the form
(
0,Π0, F 0

)
∈ Ṽ

∗
, we get

IMaxwellD =

∫

Γ
dt

[
(ΛΠ0)µα̇

µ +
1

2
(ΛF 0ΛT )µν

(
ȧµν −

1

2
(αµα̇ν − ανα̇µ)

)]
. (3.16)

The orbit in Ṽ
∗
with representative

(
Π0, F 0

)
is defined as O(Π0,F 0) : (π, f) =

(
σΛΠ

0, ρΛF
0
)
,

therefore we define the momentum and the electromagnetic field on the orbit as

πµ = Λµ
νΠ

0
µ , fµν = Λµ

ρΛ
µ
σF

0
ρσ . (3.17)
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The path Γ ⊂ MaxwellD defines a path on the orbit O(0,Π0,F0) through the projection

map (2.24). We can consider an orbit of the Maxwell group describing a massive particle

of mass M . The mass shell condition πµπ
ν = −M2 can be implemented in (3.16) as a

Hamiltonian by means of a Lagrange multiplier e. Finally, by identifying the translation

components αµ with space-time coordinates xµ and the elements aµν with extra coordinates

yµν = −yνµ, the geometric action takes the form

IMaxwellD =

∫
dt

[
πµẋ

µ +
1

2
fµν

(
ẏµν −

1

2
(xµẋν − xν ẋµ)

)
−

e

2

(
πµπ

µ +M2
)]

. (3.18)

This is the action massive particle coupled to a constant electromagnetic field in Hamil-

tonian form, and it has been previously studied from the point of view of non-linear real-

izations [9, 15, 30]. Here, we have shown that it can obtained from the Kirillov-Kostant-

Souriau symplectic structure on coadjoint orbits of the Maxwell group. The elements of

the orbit O(0,Π0,F0) can be computed using eq. (2.19) together with (3.13) and (3.14). Their

components read
Jµν = xµpν − xνpµ + yµρf

ρ
ν − yνρf

ρ
µ ,

Πµ = πµ + fµνx
ν = pµ +

1

2
fµνx

ν ,

Fµν = fµν ,

(3.19)

where we have defined pµ = δIMaxwell/δẋ = πµ + 1
2fµνx

ν as the canonical momenta as-

sociated to xµ. We see that fµν corresponds to the momentum associated to the extra

coordinates yµν , which play the role of Lagrange multipliers for the constraints ḟµν = 0.

Therefore, πµ is the momenta that accounts for the minimal coupling to a constant elec-

tromagnetic potential

πµ = pµ +Aµ , Aµ = −
1

2
fµνx

µ . (3.20)

The quantities Jµν , Πµ, and Fµν define a basis for the Noether charges (3.19). By definition,

they satisfy a Poisson algebra isomorphic to glogal symmetry action of the algebra [57],

i.e. the maxwellD algebra (1.1),

{Jµν , Jρσ} = ηµρJνσ + ηνσJµρ − ηµσJνρ − ηνρJµσ , {Πµ,Πν} = Fµν ,

{Jµν ,Πρ} = ηµρΠν − ηνρΠµ , {Πµ, Fνρ} = 0 ,

{Jµν , Fρσ} = ηµρFνσ + ηνσFµρ − ηµσFνρ − ηνρFµσ , {Fµν , Fρσ} = 0 .

(3.21)

As pµ and fµν are the canonical momenta associated to the coordinates xµ and yµν , re-

spectively, one can define a coordinate representation for them

pµ → −i
∂

∂xµ
, fµν → −i

∂

∂yµν
, (3.22)

which leads to

Jµν → −i

(
xµ

∂

∂xν
− xν

∂

∂xµ
+ y ρ

µ

∂

∂yνρ
− y ρ

ν

∂

∂yµρ

)
,

Πµ → −i

(
∂

∂xµ
+

1

2
xν

∂

∂yµν

)
,

Fµν → −i
∂

∂yµν
,

(3.23)
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and fulfill eq. (1.1) when Poisson brackets are replaced by commutators in the form { , } →

i [ , ]. As stated in [15], the differential operators (3.23) define the Killing vectors fields of

a (D +D(D − 1)/2)-dimensional superspace with metric

ds2 =

(
ηµν +

1

4
(xρxρηµν − xµxν)

)
dxµdxν + ηµνxρdx

µdyνρ +
1

2
ηµρηνσdy

µνdyρσ , (3.24)

and whose isometries are given by

xµ → Λµ
νx

ν + αµ ,

yµν → Λµ
ρΛ

ν
σy

ρσ +
1

2

(
αµΛν

ρx
ρ − ανΛµ

ρx
ρ
)
+ aµν .

(3.25)

Note that the Hamiltonian used in eq. (3.18) is not the most general one. In fact, it is

possible to add more constraints to the action constructed out of the Casimir invariants of

the system, which can fix components of the representative element F 0, associated to the

constant electromagnetic field [15].

3.2 The Maxwell group in 2+1 dimensions

The Maxwell group in 2+1 dimensions is obtained from eq. (3.1) for D = 3, i.e.

Maxwell3 = SO (2, 1)⋉R3
ext . (3.26)

However, we will show now that, unlike its higher-dimensional versions, the Maxwell3 group

can be alternatively described by the special kind of extended semi-direct product defined

in section 2.3. This construction will allow us to define different generalizations of the

Maxwell symmetry in 2+1 dimensions.

In order to formulate the Maxwell3 group as a special extended semi-direct product

of the form (2.36), we will follow the same strategy used in [55] for the ISO(2, 1) group.

First, we will consider the double covering of (3.26):

Maxwell3 = SL (2,R)⋉R3
ext . (3.27)

Secondly, vectors in R3 can be identified with elements of the sl (2,R) algebra, seen as an

Abelian vector group

α = αµeµ −→ α = αµ
tµ , (3.28)

where tµ denotes the generators of sl (2,R),

t1 =
1

2

(
0 1

−1 0

)
, t1 =

1

2

(
0 1

1 0

)
, t1 =

1

2

(
1 0

0 −1

)
, (3.29)

which satisfy the commutation relations

[tµ, tν ] = ǫρµνtρ . (3.30)

The same can be done with the space
∧2(R3). In fact, any so(3) matrix can be identified

with a vector in R3. In other words, the spaces
∧2(R3) and R3 can be shown to be iso-

morphic by means of Hodge duality. Thus,
∧2(R3) can also be identified with sl (2,R)(ab),

a =
1

2
aµνeµ × eν −→ a = aρtρ , aρ =

1

2
ǫρµνa

µν . (3.31)
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With this identification, the inner product of vectors in R3 is reproduced by the Killing

form on sl (2,R)

2Tr [αβ] = ηµνα
µβν , (3.32)

while the cross product (3.2) is translated into matrix commutation, α × β = [α, β]. This

means that we can make the identification

R3
ext → sl (2,R)

(ab)
ext = sl (2,R)(ab) × sl (2,R)(ab) , (3.33)

where sl (2,R)
(ab)
ext is endowed with a product of the form (2.3) given by

(α, a) +̂ (β, b) =

(
α+ β , a+ b+

1

2
[α, β]

)
. (3.34)

Lorentz transformations on vectors (3.4) are realized as the adjoint action of elements

U ∈ SL (2,R) on the sl (2,R) algebra [55]

Λα −→ UαU−1 , Λµ
ν = 2ηµρTr

[
tρUtνU

−1
]
. (3.35)

Therefore, the elements of the Maxwell group can be considered as triplets (U,α, a), where

U is an SL(2,R) matrix and u, µ are sl (2,R) matrices. Hence, the group operation (3.5)

turns into

(U,α, a) • (V, β, b) =

(
UV, α+ UβU−1 , a+ U bU−1 +

1

2

[
α,UβU−1

])
, (3.36)

which matches the structure of (2.37). This means that the double covering of the Maxwell

group in 2+1 dimensions corresponds to a special extended semi-direct product (2.36),

where K = SL (2,R)

Maxwell3 = SL (2,R)⋉Ad sl (2,R)
(ab)
ext . (3.37)

When one copy of the sl (2,R)(ab) algebras in (3.36) is eliminated, (3.37) reduces to the

double covering of the Poincaré group in three dimensions, SL (2,R)⋉Ad sl (2,R)
(ab), which

has been studied in [55, 56].

Following the construction developed in section 2.3, the Maxwell algebra in 2+1 di-

mensions has the form (2.39) for k = sl (2,R), i.e.

maxwell3 = sl (2,R) iad sl (2,R)
(ab)
ext . (3.38)

This definition is isomorphic to (3.6) for D = 2 + 1 due to the isomorphism so(2, 1) ≃

sl (2,R) and the identification (3.33). Its bracket follows from eq. (2.40) and the commuta-

tion relations of the sl (2,R) algebra given in (3.30). As SL (2,R) is a matrix group, the Lie

algebra sl (2,R) and its dual space can be identified by means of the Killing form (3.32).

A base for sl (2,R)∗ is given by t
µ = ηµνtν and therefore any element in sl (2,R) can be

written as an element of sl (2,R)∗ and vice-versa. Thus, the pairing between sl (2,R) and

its dual space is naturally given by

〈J,X〉sl(2,R) = JµX
νTr [tµt

ν ] =
1

2
JµX

µ =
1

2
〈J,X〉R3 . (3.39)
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The adjoint and the coadjoint action are equivalent and given by matrix conjugation, and

their infinitesimal limits correspond to matrix commutation,

AdUX = UXU−1 , Ad∗UJ = UJU−1 , adXY = ǫρµνX
µY ν

tρ , ad∗XJ = ǫνρµX
µJνt

ρ .

(3.40)

This allows one to construct the adjoint and the coadjoint representations of the Maxwell

group in 2+1 dimensions and its Lie algebra from expressions (2.38) and (2.43), respectively,

together with their infinitesimal forms (2.40) and (2.44).

3.3 The Maxwell algebra in 2+1 dimensions

The explicit form of the Maxwell algebra in 2+1 dimensions can be written down by defining

the following generators

Jµ ≡ (tµ, 0, 0) , Πµ ≡ (0, tµ, 0) , F µ ≡ (0, 0, tµ) , (3.41)

where tµ are the generators of the sl (2,R) algebra and satisfy (3.30). Then, any element

(X,α, a) ∈ maxwell3 can be written in the form

(X,α, a) = Xµ
Jµ + αµΠµ + aµF µ . (3.42)

In term of these generators, the bracket (2.40) leads to

[Jµ,Jν ] = ǫρµνJρ , [Πµ,Πν ] = ǫρµνF ρ ,

[Jµ,Πν ] = ǫρµνΠρ , [Πµ,F ν ] = 0 ,

[Jµ,F ν ] = ǫρµνF ρ , [F µ,F ν ] = 0 ,

(3.43)

which can be put in the general form (1.1) for D = 2 + 1 by defining the Hodge duals

Jµν = −ǫρµνJρ, F µν = −ǫρµνF ρ.

It is important to note that the commutation relations (3.43) have recently been ob-

tained in the context of non-relativistic symmetries as a particular conformal extension of

the Galilean algebra [77]. This extension, in turn, can be thought as the simplest example of

a Hiertarinta algebra, when the role of the generators Πµ and F µ are interchanged [78, 79].

Generalizations. The algebraic structure (3.43) can be generalized to the case where

K is an arbitrary matrix Lie group M. Thus, we can consider k as a general matrix Lie

algebra m of the form

[T a,T b] = f c
abT c , (3.44)

where f c
ab are the structure constants. In that case the natural generalization of (3.41) is

given by Ja ≡ (T a, 0, 0), Πa ≡ (0,T a, 0), F a ≡ (0, 0,T a), which applied to (2.40) leads to

[Ja,J b] = f c
abJc , [Πa,Πb] = f c

abF c ,

[Ja,Πb] = f c
abΠc , [Πa,F b] = 0 ,

[Ja,F b] = f c
abF c , [F a,F b] = 0 .

(3.45)
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Higher-spin extensions. One example of such generalization is given by spin-3 exten-

sion of the Maxwell algebra found in [45] as a particular expansion of the sl (3,R). Now

we will see that this symmetry can be obtained from eq. (3.45) when k = sl (3,R). In fact

a basis for sl (3,R) can be defined as T a = {T µ, T µν}, satisfying [80]

[T µ,T ν ] = ǫρµνT ρ ,

[T µ,T νρ] = ǫσµ(ν T ρ)σ ,

[T µν ,T ρσ] = ε η(µ|(ρ ǫσ)|ν)αT
α ,

(3.46)

where ε < 0 and parentheses denote symmetrization of the enclosed indices. One can define

the extended semi-direct sum algebra sl (3,R) iad sl (3,R)
(ab)
ext , whose generators are given

by Ja = {Jµ, J µν}, Πa = {Πµ, Pµν}, F a = {F µ, Fµν}, and have the form

Jµ ≡ (T µ, 0, 0) , Πµ ≡ (0,T µ, 0) , F µ ≡ (0, 0,T µ) ,

J µν ≡ (T µν , 0, 0) , Pµν ≡ (0,T µν , 0) , Fµν ≡ (0, 0,T µν) .
(3.47)

Using eqs. (2.40) and (3.46) one can see that these generators satisfy the commutation

relations (3.43) plus

[Jµ,J νρ] = ǫσµ(νJ ρ)σ , [Jµ,Pνρ] = ǫσµ(νP ρ)σ , [Jµ,Fνρ] = ǫσµ(νF ρ)σ ,

[Πµ,J νρ] = ǫσµ(νP ρ)σ , [Πµ,Pνρ] = ǫσµ(νF ρ)σ , [F µ,J νρ] = ǫσµ(νF ρ)σ ,

[J µν ,J ρσ] = ε η(µ|(ρ ǫσ)|ν)αJ
α , [J µν ,Pρσ] = ε η(µ|(ρ ǫσ)|ν)αΠ

α , (3.48)

[J µν ,Fρσ] = ε η(µ|(ρ ǫσ)|ν)αF
α , [Pµν ,Pρσ] = ε η(µ|(ρ ǫσ)|ν)αF

α .

This corresponds exactly to the commutation relations of the higher-spin extension of

the maxwell3 algebra found in [45]. Therefore, one can define the spin-3 extension of the

Maxwell3 group as

SL (3,R)⋉Ad sl (3,R)
(ab)
ext . (3.49)

In a similar way, more general higher-spin extensions of the Maxwell group can be defined

considering the extended semi-direct product SL (N,R)⋉Ad sl (N,R)
(ab)
ext .

3.4 Infinite-dimensional Maxwell groups in 2+1 dimensions

In this section, we will construct two infinite-dimensional groups whose underlying structure

is given by a special extended semi-direct product K ⋉Ad k
(ab)
ext developed in section 2.3.

They correspond to extensions of the loop group LISL(2,R) and the BMS3 group. Their

Lie algebras are given by infinite-dimensional enhancements of the Maxwell algebra in 2+1

dimensions (3.38). These groups are interesting, as they allow for central extensions, which

will be considered in section 4.

Maxwell loop group. Consider the loop group LSL (2,R), whose elements are the con-

tinuous maps from the unit circle S1 to the group SL (2,R)

U : S1 −→ SL (2,R)

φ 7−→ U (φ) , U (φ+ 2π) = U (φ) ,
(3.50)
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and where the product of two group elements U, V ∈ K is given by point-wise multiplica-

tion, i.e.

U · V ≡ U (φ)V (φ) = (UV ) (φ) . (3.51)

The corresponding Lie algebra L sl (2,R) is the algebra of continuous maps from S1 to

sl (2,R). As functions on the unit circle can be expanded in Fourier series, the elements of

L sl (2,R) can be written as X = Xµ(φ)tµ =
∑∞

m=−∞Xµ
mt

m
µ , where the generators of the

loop algebra L sl (2,R) can be written as

t
m
µ = eimφ

tµ , (3.52)

and satisfy the commutation relations

[
t
m
µ , tnν

]
= ǫρµνt

m+n
ρ . (3.53)

Similarly to what happens with the Maxwell algebra, the dual space L sl (2,R)∗ is iso-

morphic to L sl (2,R). Its elements can be written as J = Jµ(φ)t
µ =

∑∞
m=−∞ Jm

µ t
µ
m, where

the dual basis is constructed out of the invariant sl (2,R) metric ηµν as t
µ
m = eimφηµνtν .

The corresponding pairing is then given by

〈J,X〉L sl(2,R) =
1

2π

∫ 2π

0
dφ 〈J,X〉sl(2,R) =

1

2

∞∑

m=−∞

Jm
µ Xµ

−m . (3.54)

Therefore, the adjoint and the coadjoint representations of LSL (2,R) are given by expres-

sions similar to (3.40),

AdUX = UXU−1 , Ad∗UJ = UJU−1 , adXY = [X,Y ] , ad∗XJ = [X, J ] , (3.55)

where now the group elements as well as the elements of the corresponding Lie algebra and

its dual space, are functions on S1.

We can define the Maxwell3 loop group as the extended semi-direct product (2.36),

where K = LSL (2,R). i.e.

LMaxwell3 = LSL (2,R)⋉Ad L sl (2,R)
(ab)
ext . (3.56)

Here L sl (2,R)
(ab)
ext is given by L sl (2,R)(ab) × L sl (2,R)(ab) as a set, and its product is

defined by eq. (3.34), with (3.30) replaced by (3.53).

Following the construction developed in section 2.3, the Maxwell loop algebra in 2+1

dimensions, ̂Lmaxwell3, is given by the semi-direct sum L sl (2,R) iad L sl (2,R)
(ab)
ext . Its

elements can be written in a form analogue to (3.42) with φ-dependent components, which

can be expanded in Fourier modes as

(X,α, a) = Xµ(φ)Jµ+αµ(φ)Πµ+aµ(φ)F µ =
∞∑

m=−∞

(
Xµ

mJ
m
µ + αµ

mΠm
µ + aµmF

m
µ

)
, (3.57)

where J
m
µ = eimφ

Jµ, Π
m
µ = eimφΠµ, and F

m
µ = eimφ

F µ form a base for the Maxwell loop

algebra. Using the definitions (3.41) and (3.52), these generators can be written as

J
m
µ ≡

(
t
m
µ , 0, 0

)
, Πm

µ ≡
(
0, tmµ , 0

)
, F

m
µ ≡

(
0, 0, tmµ

)
, (3.58)
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and its commutation relations follow from (2.40) and (3.53), which leads to

[
J

m
µ ,Jn

ν

]
= ǫρµνJ

m+n
ρ ,

[
Πm

µ ,Πn
ν

]
= ǫρµνF

m+n
ρ ,

[
J

m
µ ,Πn

ν

]
= ǫρµνΠ

m+n
ρ ,

[
Πm

µ ,F n
ν

]
= 0 ,

[
J

m
µ ,F n

ν

]
= ǫρµνF

m+n
ρ , [F µ,F ν ] = 0 .

(3.59)

The elements of the dual space are naturally constructed as triples (J,Π, F ), where J ∈

L sl (2,R)∗ and Π, F ∈ L sl (2,R)(ab)∗. The pairing between the Lmaxwell3 algebra and its

dual follows directly from (2.41) and (3.54), while the adjoint and coadjoint representations

together with the infinitesimal forms can be constructed in a straightforward way. The

geometric action (2.45) in this case is given by a sigma model of the form

ILMaxwell3 =
1

2π

∫ 2π

0
dφ

∫
dtTr

[
J0 U−1U̇ + UΠ0U−1 α̇+ UF 0U−1

(
ȧ+

1

2
[α, α̇]

)]
.

(3.60)

This construction can be easily generalized to more general loop groups with Maxwell

structure by considering an extended semi-direct product (2.36) where K is the loop group

LM associated to a matrix Lie group M

LM ⋉Ad Lm
(ab)
ext . (3.61)

This will lead to algebras of the form Lm iad Lm
(ab)
ext whose generators are given by

J
m
a ≡

(
eimφ

T a, 0, 0
)
, Πm

a ≡
(
0, eimφ

T a, 0
)
, F

m
a ≡

(
0, 0, eimφ

T a

)
, (3.62)

and T a stands for the generators of m defined in eq. (3.44). The base (3.62) will auto-

matically satisfy an algebra of the form (3.59) with ǫρµν → f c
ab. The geometric action in

this case takes a form analogue to eq. (3.60) where the pairing (3.54) is to be replaced by

integration on S1 of the corresponding the Killing form on M .

Extended BMS3 group. The second infinite-dimensional Maxwell group we will be

interested in is based on the orientation-preserving diffeomorphism group of the unit circle

Diff+(S1). In this case, an element U ∈ Diff+(S1) is a reparametrization of S1:

U : S1 −→ S1

φ 7−→ U (φ) , U (φ+ 2π) = U (φ) + 2π , U ′(φ) > 0 ,
(3.63)

where prime denotes derivative with respect to φ and the group operation is given by

function composition

U · V = U ◦ V . (3.64)

The corresponding Lie algebra is the algebra of vector fields on the circle vect
(
S1
)
, whose

elements will be denoted by X = X(φ)∂φ. The elements of the dual space vect
(
S1
)∗

correspond to quadratic differentials on S1, J = J (φ) (dφ)2, and the paring is given by

〈J,X〉vect(S1) =

∫ 2π

0
dφJ (φ)X (φ) . (3.65)

– 19 –



J
H
E
P
1
0
(
2
0
1
9
)
0
3
9

The adjoint and the coadjoint representations of vect
(
S1
)
are defined by the action of

diffeomorphisms on elements of vect
(
S1
)
and vect

(
S1
)∗
, respectively [57, 74]

AdU X =
X ◦ U−1 (φ)

(U−1)′(φ)
∂φ , Ad∗U J =

[(
U−1

)′
(φ)
]2

J ◦ U−1 (φ) dφ2 , (3.66)

while the infinitesimal adjoint and coadjoint representations of vect
(
S1
)
read

adXY = −
(
X(φ)Y ′(φ)−X ′(φ)Y (φ)

)
∂φ ,

ad∗XJ = −
(
J ′(φ)X(φ) + 2J(φ)X ′(φ)

)
(dφ)2 .

(3.67)

Defining the generators

ℓm = −ieimφ∂φ , (3.68)

and expanding the elements in vect
(
S1
)
in Fourier modes as X = 1

2π

∑∞
m=−∞Xmℓm, the

bracket defined in eq. (3.67) leads to the Witt algebra

[ℓm, ℓn] = (m− n) ℓm+n . (3.69)

Now we define the Maxwell-like extension of the BMS3 group as the extended semi-direct

product

Maxwell-BMS3 = Diff+(S1)⋉Ad vect
(
S1
)(ab)
ext

, (3.70)

where vect
(
S1
)(ab)
ext

is the set vect
(
S1
)(ab)

× vect
(
S1
)(ab)

endowed with an extended sum

given by (2.3) and (2.35). The elements of Maxwell-BMS3 are given by triplets (U,α, a)

with U ∈ Diff+(S1) and α, a ∈ vect
(
S1
)
and its group law can be read off from (2.37), using

eqs. (3.64), (3.66) and (3.67). Similarly, the adjoint and the coadjoint representations follow

from (2.38) and (2.43), and the geometric action (2.45) can be evaluated to give

IMaxwell-BMS3 =

∫ 2π

0
dφ

∫
dt

1

U ′

[
J0U̇ +Π0 α̇◦U + F 0

(
ȧ+

1

2

(
α′α̇− αα̇′

))
◦U

]
, (3.71)

where here α and a denote their components α(φ) and a(φ), and similarly for the elements

(J0,Π0, F0) in the dual space vect
(
S1
)∗
.

The corresponding Lie algebra,

maxwell-bms3 = vect
(
S1
)

iad vect
(
S1
)(ab)
ext

, (3.72)

defines an extension of the bms3 algebra with Maxwell structure. The Lie bracket has the

form (2.40), which can be written in terms of the generators

Jm ≡ (ℓm, 0, 0) , Pm ≡ (0, ℓm, 0) , Fm ≡ (0, 0, ℓm) , (3.73)

and yields the following commutation relations

[Jm,J n] = (m− n)Jm+n , [Pm,Pn] = (m− n)Fm+n ,

[Jm,Pn] = (m− n)Pm+n , [Pm,Fn] = 0 ,

[Jm,Fn] = (m− n)Fm+n , [Fm,Fn] = 0 .

(3.74)
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4 Centrally extended Maxwell-like groups in 2+1 dimensions

The special structure the extended semi-direct product K ⋉Ad k
(ab)
ext defined in section 2.3

allows one to introduce a central extension in a straightforward way, provided a central

extension of K is known. This can be achieved by generalizing the construction of centrally

extended semi-direct products [55, 56].

A central extension K̂ of a group K consists in a direct product K̂ = K × R with

elements (U,m), where U ∈ K and m ∈ R, and group operation

(U,m) (V, n) = (U · V,m+ n+ C (U, V )) , (4.1)

where C (U, V ) defines a two-cocycle on K, i.e.

C(U · V,W ) + C(U, V ) = C(U, V ·W ) + C(V,W ) . (4.2)

The corresponding centrally extended algebra k̂ has elements (X,m) and its Lie bracket

has the form

[(X,m) , (Y, n)] = ([X,Y ] , c (X,Y )) , (4.3)

where c is a Lie algebra two-cocycle, c ∈ H2 (k,R), given by

c(X,Y ) =
d

dλ1

d

dλ2

[
C(eλ1X , eλ2Y )− C(eλ2Y , eλ1X)

]∣∣∣∣
λ1=λ2=0

. (4.4)

4.1 Central extensions of extended semi-direct products

Let us consider a special extended semi-direct product H = K⋉Ad k
(ab)
ext as defined in (2.36).

If a non-trivial central extended group K̂ can be constructed, the central extension of H

can be defined as

Ĥ = K̂ ⋉Ad k̂
(ab)
ext . (4.5)

Its elements are sextuplets (U,m1;α,m2; a,m3) where m1, m2 and m3 are central terms,

and the group operation can be obtained from eq. (2.7) by implementing the following

generalization

U → (U,m1) , α → (α,m2) , a → (a,m3) . (4.6)

This yields to the following product law:

(U,m1;α,m2; a,m3) • (V, n1;β, n2; b, n3) = (W, q1;ω, q2;w, q3) , (4.7)

where
(W, q1) = (U,m1) (V, n1) ,

(ω, q2) = (α,m2) + Ad(U,m1) (β, n2) ,

(w, q3) = (a,m3) + Ad(U,m1) (b, n3) +
1

2
ad(α,m2)Ad(U,m1) (β, n2) .

(4.8)

Here, the expressions Ad(U,m1) and ad(α,m2) denote the adjoint representation of the cen-

trally extended group K̂ and the centrally extended algebra k̂ , respectively. The former
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can be obtained in the usual way by differentiating the conjugation operation in K̂ with

the product law (4.1). This yields [81]

Ad(U,m) (X,n) = (AdUX,n− 〈S (U) , X〉) , (4.9)

where S is the Souriau cocyle on K, which is defined in terms of the two-cocycle C as

〈S (U) , X〉 = −
d

dλ

[
C(U, eλXU−1) + C(eλX , U−1)

]∣∣∣∣
λ=0

. (4.10)

The later is the infinitesimal form of Ad(U,m), which leads to the bracket (4.3), and has

the form

ad(A,m) (B, n) = (adAB,−〈s (A) , B〉) , (4.11)

where s corresponds to the differential of S evaluated at the identity, and it is related with

the two-cocycle c defined in (4.4) by

c(A,B) = −〈s (A) , B〉 . (4.12)

Replacing these expressions in eq. (4.8) leads to

W = U · V , q1 = m1 + n1 + C (U, V ) ,

ω = α+AdUβ , q2 = m2 + n2 − 〈S(U), β〉 ,

w = a+AdUb+
1

2
adαAdUβ , q3 = m3 + n3 − 〈S(U), b〉 −

1

2
〈s(α),AdUβ〉 ,

(4.13)

which determines the group operation (4.7).

The corresponding centrally extended algebra is given by ĥ = k̂ iad k̂
(ab)
ext . Denoting

its elements by (X,m1, α,m2, a,m3), the associated bracket can be obtained by comput-

ing the adjoint representation of Ĥ, which follows from the definition eq. (2.10) and the

prescription (4.6),

Ad(U,m1;β,m2;b,m3) (X,n1;α, n2; a, n3) =
(
X̃, ñ1; α̃, ñ2; ã, ñ3

)
, (4.14)

where

X̃ = AdUX ,

ñ1 = n1 − 〈S (U) , X〉 ,

α̃ = AdUα− adAdUXβ ,

ñ2 = n2 − 〈S(U), α〉+ 〈s(AdUX), β〉 ,

ã = AdUa− adAdUXb+ adβ

(
AdUα+

1

2
adβAdUX

)
,

ñ3 = n3 − 〈S(U), a〉+ 〈s(AdUX), b〉 −

〈
s(β),AdUα+

1

2
adβAdUX

〉
.

(4.15)

The infinitesimal limit of the expression (4.15) leads to the following bracket

[(X,m1;α,m2; a,m3) , (Y, n1;β, n2; b, n3)] =

= ([X,Y ] , f1; [X, β]− [Y, α] , f2; [X, b]− [Y, a] + [α, β] , f3) ,
(4.16)
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where the central elements are written in terms of the Lie algebra cocycle (4.4) as

f1 = c (X,Y ) ,

f2 = c (X, β)− c (Y, α) ,

f3 = c (X, b)− c (Y, a) + c (α, β) .

(4.17)

In the following we will see how to apply this construction to the infinite-dimensional

Maxwell-like groups in 2+1 dimensions studied in section 3.4. This will lead to novel cen-

trally extended groups, whose associated infinite-dimensional algebras have been recently

discussed in [49, 52] from the point of view of Lie algebra expansions and asymptotic

symmetries in three-dimensional gravity theories.

4.2 Maxwell-Kac-Moody group

Let us construct now the central extension of the Maxwell loop group in 2+1 dimensions

defined in (3.56). Following (4.5), first we need to the define the central extension of the

loop group LSL (2,R). This corresponds to the Kac-Moody group L̂ SL (2,R), defined by

the following two-cocycle

C (U, V ) =
1

4π

∫

D1

Tr
[
U−1d̄U d̄V V −1

]
, (4.18)

where the exterior d̄ is defined on the unit disc D1. This two-cocyle extends the prod-

uct (3.51) in LSL (2,R) in the form (4.1). The definition (4.3) leads to the Kac-Moody

algebra L̂ sl (2,R), where the two-cocycle (4.4) reads

c(X,Y ) =
1

2π

∫ 2π

0
dφX(φ)Y ′(φ) . (4.19)

The corresponding Souriau cocyle and its differential can be computed using (4.10) and

have the form

S (U) =
1

2π
U ′U−1 , s (X) =

1

2π
X ′(φ) . (4.20)

Now we define the Maxwell-Kac-Moody group in 2+1 dimensions as the extended semi-

direct product
̂LMaxwell3 = L̂ SL (2,R)⋉Ad L̂ sl (2,R)

(ab)
ext , (4.21)

whose product law has the form given in eqs. (4.8) and (4.13) and its written in terms of

the adjoint representation of L sl (2,R), given in (3.55), and the cocycles (4.18) and (4.20)

previously defined. The Maxwell-Kac-Moody algebra in 2+1 dimensions is therefore given

by
̂Lmaxwell3 = L̂ sl (2,R) iad L̂ sl (2,R)

(ab)
ext . (4.22)

The adjoint representation of the ̂LMaxwell3 group as well as the commutation relations

of the ̂Lmaxwell3 algebra can be directly read off from (4.15) and (4.16) for k = L sl (2,R).

The commutation relations can be expressed in terms of a base of the form

J
m
µ =

(
eimφ

tµ, 0; 0, 0; 0, 0
)
, k1 = (0, 1; 0, 0; 0, 0) ,

Πm
µ =

(
0, 0; eimφ

tµ, 0; 0, 0
)
, k2 = (0, 0; 0, 1; 0, 0) ,

F
m
µ =

(
0, 0; 0, 0; eimφ

tµ, 0
)
, k3 = (0, 0; 0, 0; 0, 1) ,

(4.23)
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where tµ is the generator of the sl (2,R) algebra (3.53). In terms of these generators,

eq. (4.16) leads to a centrally extended version of the algebra (3.59)

[
J

m
µ ,Jn

ν

]
= ǫρµνJ

m+n
ρ + k1mδµνδ

m,−n ,
[
Πm

µ ,Πn
ν

]
= ǫρµνF

m+n
ρ + k3mδµνδ

m,−n ,
[
J

m
µ ,Πn

ν

]
= ǫρµνΠ

m+n
ρ + k2mδµνδ

m,−n ,
[
Πm

µ ,F n
ν

]
= 0 , (4.24)

[
J

m
µ ,F n

ν

]
= ǫρµνF

m+n
ρ + k3mδµνδ

m,−n , [F µ,F ν ] = 0 .

This structure can be generalized to more general Kac-Moody groups with Maxwell struc-

ture by centrally extending groups of the form (3.61). This can be done by first extending

the loop group LM by means of a two-cocycle of the form (4.18) where the trace over

sl (2,R) elements is to be replaced by the Killing form on m. The resulting Lie algebra

will have the form L̂m iad L̂m
(ab)

ext and its commutation relations will have the structure

eq. (4.24) with more general structure constants, defining a Kac-Moody version of (3.45).

This type of algebras have been found in [52] as expansions of a Kac-Moody algebra L̂m.

4.3 Maxwell-like extension of the B̂MS3 group

In this section, we will define an extension of the B̂MS3 group using the group struc-

ture (4.5). The starting point is the Virasoro group D̂iff+(S1), which is the central exten-

sion of the diffeomorphism group of the circle defined in eqs. (3.63) and (3.64). It is defined

by the Thurston-Bott cocycle [81],

C (U, V ) = −
1

48π

∫ 2π

0
dφLog

[
U ′ ◦ V

]
Log

[
V ′
]′

, (4.25)

which extends the function composition product (3.64) in the form (4.1). The correspond-

ing Souriau cocycle is given by the Schwarzian derivative

S (U) =
U

′′′

U ′
−

3

2

(
U

′′

U ′

)2

, (4.26)

and the bracket of the Virasoro algebra v̂ect
(
S1
)
follows from eq. (4.3) by either using the

definition (4.4) or (4.12), where

s(X) =
1

24π
X ′′′(φ)∂φ , c(X,Y ) =

1

24π

∫ 2π

0
dφX(φ)Y ′′′(φ) . (4.27)

Now we consider the following extended semi-direct product based on the Virasoro group

Maxwell-B̂MS3 = D̂iff+(S1)⋉Ad v̂ect
(
S1
)(ab)
ext

. (4.28)

This is the natural Maxwell-like extension of the centrally extended BMS group in 2+1

dimensions, which can be defined as the semi-direct product of the Virasoro group and its

Lie algebra [55]. These definitions, together with the adjoint representation of the Diff+(S1)

group given in (3.66) and (3.67), define the group operation of the Maxwell-B̂MS3 group

through eq. (4.7). The Lie algebra

maxwell-b̂ms3 = v̂ect
(
S1
)

iad v̂ect
(
S1
)(ab)
ext

(4.29)
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defines a Maxwell extensions of the b̂ms3 algebra, whose bracket is defined by eq. (4.16).

Considering a base of the form

Jm = (ℓm, 0; 0, 0; 0, 0) , c1 = (0, 1; 0, 0; 0, 0) ,

Pm = (0, 0; ℓm, 0; 0, 0) , c2 = (0, 0; 0, 1; 0, 0) ,

Fm = (0, 0; 0, 0; ℓm, 0) , c3 = (0, 0; 0, 0; 0, 1) ,

(4.30)

where ℓm stands for the generator of the Witt algebra (3.69), leads to

[Jm,J n] = (m− n)Jm+n +
c1

12
m3δm,−n , [Pm,Pn] = (m− n)Fm+n +

c3

12
m3δm,−n ,

[Jm,Pn] = (m− n)Pm+n +
c2

12
m3δm,−n , [Pm,Fn] = 0 , (4.31)

[Jm,Fn] = (m− n)Fm+n +
c3

12
m3δm,−n , [Fµ,Fν ] = 0 ,

where we have used (3.68) and (4.27). These commutation relations have been found

in [52] as an expansion of the Virasoro algebra. Furthermore, they can be obtained from

the Maxwell-Kac-Moody algebra (4.24) by means of a generalized Sugawara construction.

On the other hand, the algebra (4.31) has been found in [49] as the asymptotic symmetry

of a three-dimensional Chern-Simons gravity theory invariant under the maxwell3 algebra.

4.4 Wess-Zumino terms

In this section, we construct the geometric actions for the ̂LMaxwell3 group and the

Maxwell-B̂MS3 group studied in the previous section, by generalizing the construction

shown in section 2.3 to centrally extended groups of the form (4.5). In order to do this,

we need to define the dual space ĥ∗. Its elements will be denoted by sextuplets of the

form (J, c1,Π, c2, F, c3), and the pairing between ĥ and its dual space can be defined as the

natural extension of eq. (2.41), i.e.

〈(J, c1; Π, c2;F, c3) , (X,m1;α,m2; a,m3)〉ĥ = 〈(X,Π, J) , (X,α, a)〉h+c1m1+c2m2+c3m3 .

(4.32)

The coadjoint representation of Ĥ can be defined by using the prescription

J → (J, c1) , Π → (Π, c2) , F → (F, c3) , (4.33)

together with (4.6) in the general expression for special extended semi-direct prod-

ucts (2.43). This leads to

Ad∗(U,m1;α,m2;a,m3)
(J, c1; Π, c2;F, c3) =

(
J̃ , c1; Π̃, c2; F̃ , c3

)
, (4.34)

where

J̃ = Ad∗UJ − c1S
(
U−1

)
+ ad∗α

(
Ad∗UΠ− c2S

(
U−1

) )
+ c2s (α)

+ ad∗a

(
Ad∗UF − c3S

(
U−1

) )
+ c3s (a) +

1

2
ad∗α

[
ad∗α

(
Ad∗UF − c3S

(
U−1

) )
+ c3s (α)

]
,

Π̃ = Ad∗UΠ− c2S
(
U−1

)
+ ad∗α

(
Ad∗UF − c3S

(
U−1

))
+ c3s (α) , (4.35)

F̃ = Ad∗UF − c3S
(
U−1

)
.
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Similarly, the infinitesimal coadjoint action of ĥ on its dual space can be generalized from

eq. (2.44). Given a fixed element (J0, c1; Π0, c2;F0, c3) ∈ ĥ, the expression (4.34) can be

used to define the coadjoint orbits O(J0,c1;Π0,c2;F0,c3) of Ĥ according to (2.14). Then, the

expression of the corresponding geometric action follows from the direct generalization of

eq. (2.27),

I
Ĥ

=

∫

Γ
〈(J0, c1; Π0, c2;F0, c3) , (ΘU ,Θ1; Θα,Θ2; Θa,Θ3)〉ĥ , (4.36)

where (ΘU ,Θ1; Θα,Θ2; Θa,Θ3) stands for the left-invariant Maurer-Cartan form on Ĥ and

satisfies

d (ΘU ,Θ1; Θα,Θ2; Θa,Θ3) = −
1

2
[(ΘU ,Θ1; Θα,Θ2; Θa,Θ3) , (ΘU ,Θ1; Θα,Θ2; Θa,Θ3)] .

(4.37)

By generalizing the expression (2.31) to the case of centrally extended groups, the solution

of this equation can be shown to be given by (2.32), plus the central terms

Θ1

(
U̇ , α̇, ȧ

)
=

d

dλ

(
C
(
U−1(t), U (λ)

) )∣∣∣∣
λ=t

,

Θ2

(
U̇ , α̇, ȧ

)
=
〈
S (U) ,Θα

(
U̇ , α̇, ȧ

)〉
k
,

Θ3

(
U̇ , α̇, ȧ

)
=
〈
S (U) ,Θa

(
U̇ , α̇, ȧ

)〉
k
+

1

2
〈s (α) , α̇〉k .

(4.38)

Using the pairing (4.32), the action eq. (4.36) takes the form

I
Ĥ

= IH + c1

∫
dtΘ1

(
U̇ , α̇, ȧ

)
+ c2

∫
dtΘ2

(
U̇ , α̇, ȧ

)
+ c3

∫
dtΘ3

(
U̇ , α̇, ȧ

)
, (4.39)

where IH is the geometric action associated to the group H, given by expression (2.45).

Maxwell WZW model. In the case of the ̂LMaxwell3 group (4.21), the Maurer-Cartan

forms (4.38) can be evaluated using eq. (2.32), (4.18) and (4.20). This leads to the following

geometric action:

I ̂LMaxwell3
= ILMaxwell3 + IWZW , (4.40)

where ILMaxwell3 is the action (3.60) and IWZW takes the form

IWZW =
c1
4π

∫ 2π

0
dφ

∫
dtTr

[
U−1U ′U−1U̇

]
+

c1
4π

∫
dt

∫

D1

Tr
[(
U−1d̄U

)2
U−1U̇

]
(4.41)

+
c2
2π

∫ 2π

0
dφ

∫
dtTr

[
U−1U ′α̇

]
+

c3
2π

∫ 2π

0
dφ

∫
dtTr

[
U−1U ′

(
ȧ−

1

2
[α,α̇]

)
+
1

2
α′α̇

]
.

Here the exterior derivative d̄ is defined on D1, as in (4.18). This corresponds to a chiral

Wess-Zumino-Witten (WZW) model, and it is globally invariant under the ̂LMaxwell3
group. The first term in eq. (4.41) corresponds to the usual chiral WZW model that defines

the geometric action associated to the L̂ sl (2,R) Kac-Moody group [60, 63, 72]. The second

term corresponds to the flat chiral WZW model, which has been studied in [57, 82, 83] in

the context of three-dimensional gravity.9 The third term is a novel chiral WZW model by

itself and defines a Maxwell extension of the known WZW models previously discussed.

9In order to make this term match the model found in [57, 82, 83], one has to replace the pair (U,α) by

its inverse (U, α)−1 = (U−1,−AdU−1α), and integrate by parts.
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Maxwell gravitational WZ model. Let us consider again the Maxwell-B̂MS3 group

defined in (4.28). In this case the Maurer-Cartan forms (4.38), and the geometric ac-

tion (4.39) can be evaluated using (2.32), (4.25) and (4.26), which yields

I
Maxwell-B̂MS3

= IMaxwell-BMS3 + IgWZ , (4.42)

where IMaxwell-BMS3 corresponds to the geometric action associated to the centerless

Maxwell-BMS3 group, given by (3.71), and IgWZ reads

IgWZ =
c1
48π

∫ 2π

0
dφ

∫
dt

(
U ′′

U ′

)′ U̇

U ′
+

c2
24π

∫ 2π

0
dφ

∫
dt

(
α ◦ U

U ′

)′′′ U̇

U ′

+
c3
24π

∫ 2π

0
dφ

∫
dt

(
a ◦ U

U ′

)′′′ U̇

U ′
+

c3
48π

∫ 2π

0
dφ

∫
dt

(
α ◦ U

U ′

)′′′ α̇ ◦ U

U ′
.

(4.43)

The action IgWZ defines a Maxwell extension of the gravitational Wess-Zumino action [60,

63, 72, 73], found as the geometric action describing world lines on the Virasoro group. In

fact, by defining the change of variables

F = U−1, ϕ = U(φ) , (4.44)

the first term in (4.43) (supplemented with the first term in (3.71)) takes exactly the

same form as the Polyakov action found in [84] in the context of induced two-dimensional

quantum gravity:

∫ 2π

0
dφ

∫
dt

U̇

U ′

[
J0 +

c1
48π

(
U ′′

U ′

)′]
→

∫ 2π

0
dϕ

∫
dt Ḟ

[
F ′J0(F )−

c1
48π

(
F ′′′

F ′ 2
− 2

F ′′ 2

F ′ 3

)]
.

(4.45)

The second term in (4.43) corresponds to the BMS3 extension of the gravitational WZ

action, found in [57] as the geometric action on the BMS3 group. It is related to the

flat limit of Liouville theory, which defines the classical dual of asymptotically flat three-

dimensional Einstein gravity [83]. The third term in (4.43) defines a novel Extension of

the Polyakov action for two-dimensional gravity, which is by definition invariant under the

Maxwell-BMS3 group.

5 Discussion and possible applications

In this paper, we have analysed the Maxwell group in 2+1 dimensions and its infinite-

dimensional generalizations. This have been made by extending the notion a semi-direct

product group in a way that captures the underlying structure of the Maxwell symmetry.

The definition of extended semi-direct products groups allowed us to define the adjoint

and the coadjoint representation of Maxwell groups in a general fashion, and construct

geometric actions on their coadjoint orbits . Subsequently, we have explicitly shown how

the MaxwellD group fits in this description. The geometric action in this case leads to the

description of a relativistic particle coupled to constant electromagnetic field. Subsequently,

we have considered the semi-direct product of a Lie group and a central extension of its

Lie algebra. When based on the SL (2,R) symmetry, this group structure matches the
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double cover of the Maxwell group in 2+1 dimensions. Similarly, higher-spin extensions

of the Maxwell group can be constructed by considering these special kind of extended

semi-direct products.

Special extended semi-direct products admit central extensions, for which a general

description has been given. Using this construction, two infinite-dimensional enhancements

of the Maxwell symmetry have been constructed, namely, the ̂LMaxwell3 Kac-Moody group

and the Maxwell-B̂MS3 group. These symmetries define Maxwell-like extensions of the

ISL (2,R) Kac-Moody group and the B̂MS3 group, respectively. The corresponding Lie

algebras of these infinite-dimensional groups have been previously studied in the context of

algebra expansions and three-dimensional gravity [49, 52]. The geometric actions associated

to these infinite-dimensional groups lead to novel Wess-Zumino terms that generalize the

known results presented, for instance, in [57, 63]. The first geometric action is a novel Wess-

Zumino-Witten model, invariant under the Maxwell-Kac-Moody group ̂LMaxwell3. The

second case that we considered is the geometric action associated to the Maxwell-B̂MS3
group, which defines a Maxwell extension of gravitational Wess-Zumino action first found

by Polyakov as an action for two-dimensional gravity [84]. In the following we briefly

elaborate on the application of these geometric actions and comment on possible future

directions.

Chern-Simons theory and quantum Hall systems. A (2+1)-dimensional field the-

ory that naturally realizes the ̂LMaxwell3 Kac-Moody symmetry at the level of its conserved

charges is a Chern-Simons theory invariant under the maxwell3 algebra (3.43):

ICS =
k

4π

∫

M

〈
A ∧ dA+

2

3
A ∧A ∧A

〉
,

where A is a maxwell3-valued connection one-form on a manifold M, and 〈 〉 denotes an

invariant metric on maxwell3. The conserved charges in a Chern-Simons theory are known

to satisfy a Kac-Moody algebra that enhances the original symmetry of the action [85]. It is

therefore evident that, as in this case the gauge group is given by Maxwell3, the conserved

charges of the theory will satisfy a Poisson algebra isomorphic to Maxwell Kac-Moody

algebra (4.24). Hence, the ̂LMaxwell3 Kac-Moody group can be relevant in any context

involving a Maxwell3-invariant Chern-Simons action.

Chern-Simons forms provide effective theories for the large scale dynamics of quantum

Hall systems [86–89] (for a recent review see [90]). In [36], a Chern-Simons action invariant

under the maxwell3 algebra was used to construct an effective theory for a topological insula-

tor. This leads to a relativistic version of the Wen-Zee term, which couples the background

geometry to the Chern-Simons effective field in quantum Hall fuilds [91]. The motivation

to use the Maxwell symmetry in this description stems from the fact that it includes non-

commuting translations, allowing to reproduce the Girvin-Plazmann-MacDonald algebra

for magnetic translations [37]. As stated before, the current algebra of such Chern-Simons

theory is naturally given by the Maxwell-Kac-Moody algebra ̂Lmaxwell3. This symmetry

can be made explicit at the level of the action when studying its edge modes. In fact, the

boundary dynamics of a Chern-Simons theory is described by WZW model, whose kinetic
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term has the general form

IWZW =
k

4π

∫ 2π

0
dφ

∫
dt
〈
g−1ġg−1g′

〉
−

k

12π

∫

M

〈(
g−1dg

)3〉
,

where t and φ are coordinates on the boundary ∂M . It is easy to show that, considering

and element of the Maxwell3 group (3.37) in the form g = (U,α, a)−1, and the invariant

metric on maxwell3

〈JµJν〉 = γ1ηµν , 〈JµΠν〉 = γ2ηµν , 〈ΠµΠν〉 = γ3ηµν = 〈JµF ν〉 ,

this action is exactly the WZW model (4.41), obtained in section 4.4 (where the Chern-

Simons level k is related to the central charges through the constants entering in the

invariant metric on the maxwell3 algebra). Thus, the geometric action (4.41) describes the

boundary dynamics of a Maxwell3-invariant Chern-Simons theory, and naturally provides

an action for the edge modes of the topological insulator model introduced in [36]. One

way to describe edge modes in such a system is to consider a dislocation at the boundary

of a topological insulator in 3+1 dimensions as considered, for instance, in [92].

Three-dimensional gravity. Chern-Simons theories provide a gauge theoretical for-

mulation for gravity in 2+1 dimensions [38]. Along these lines, a Chern-Simons theory

invariant under the Maxwell algebra (3.43) has been studied as an extension of three-

dimensional Einstein gravity [47, 48]. In [49], it was shown that the asymptotic symmetry

of such a gravity theory is given by an extension of the bms3 algebra, given precisely by

the maxwell-b̂ms3 algebra (4.31). This is a generalization of the known results for asymp-

totically AdS and flat gravity in 2+1 dimensions, where the asymptotic symmetry group

is known to be given by the conformal algebra in two dimensions and the BMS3 group,

respectively [51, 93]. When the role of the generators of the extended space of transla-

tions (3.33) are interchanged, this leads to an extended gravity theory invariant under the

simplest example of a Hietarinta algebra [79]. This algebra is isomorphic to a particular

conformal extension of the Galilean algebra, and its asymptotic symmetry is also given by

the extended semidirect sum (4.29), where the generators Pm and Fm in eq. (4.30) are

interchanged [77]. In this article, we have succeeded in finding a group structure that leads

to this infinite-dimensional algebra, namely, the Maxwell-B̂MS3 group (3.70). The relation

of this group with Chern-Simons gravity can be analysed in the following way. The solution

for the gauge connection used in [49] is given, up to a gauge transformation depending on

the radial coordinate, by

A =
1

2

(
Mdt+

(
J + tM′

)
dφ
)
Π0 + dtΠ1

+
1

2
MdφJ0 + dφJ1 +

1

2

( (
J + tM′

)
du+

(
Z + tJ ′ +

t2

2
M′′

)
dφ
)
F 0 ,

and depends only on the arbitrary functions of the boundary coordinates, given by M, N

and F . Under the action of an improper gauge transformation, they change as

δM = M′Y + 2MY ′ − 2Y ′′′ ,

δJ = M′T + 2MT ′ − 2T ′′′ + J ′Y + 2J Y ′ ,

δZ = M′R+ 2MR′ − 2R′′′ + J ′T + 2J T ′ + Z ′Y + 2ZY ′ ,
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which defines the solution space of the theory. It is a straightforward computa-

tion to show that this expression matches the infinitesimal form of coadjoint action

Ad(Y,m1;T,m2;R,m3) (M, c1;N , c2;F , c3) given in (4.14), when the Souriau cocycle on the

Virasoro algebra (4.26), and the paring (3.65) are implemented. This shows that, when

adopting the boundary conditions introduced in [49] , the solution space of the Maxwell3-

invariant Chern-Simons theory matches the coadjoint representation of the Maxwell-B̂MS3
group presented here. On the other hand, a coadjoint orbit of the Maxwell-B̂MS3 group

with representative (J0,Π0, F0) defines a phase space for the geometric action (4.43). There-

fore, the Maxwell extension of the gravitational WZ action can be conjectured to control

the solution space of this Chern-Simons theory, when the boundary conditions found in [49]

are adopted. This is an interesting subject for future research.

On the other hand, chiral WZW models appear in three-dimensional gravity as an

intermediate point in the Hamiltonian reduction that leads to the corresponding classical

dual defined at the boundary [94]. In our case, the Maxwell WZW model plays this role.

This suggest there should be way to connect the Maxwell WZW model (4.41) with the

gravitational Maxwell WZ action (4.43) by a Drinfeld-Sokolov reduction [95]. This is a

work in progress.

Kac-Moody algebras can also provide asymptotic symmetries for gravity theories when

the most general boundary conditions are adopted [96]. In this context, allowing the most

general boundary conditions for the maxwell3 Chern-Simons connection, would lead to the

Maxwell-Kac-Moody algebra ̂Lmaxwell3 as the asymptotic symmetry.

Higher-spin symmetries. In section 3.3, we have shown how to construct higher-spin

extensions of the Maxwell3 group, which are given by extended semi-direct products of the

form SL (N,R)⋉Adsl (N,R)
(ab)
ext . In the same way, higher-spin extensions of the maxwell-b̂ms3

algebra can be constructed defining extended semi-direct sums based on the WN algebra.

WN iad (WN )
(ab)
ext .

This is interesting in the context of gravity, where WN algebras are known to describe

the asymptotic dynamics of higher-spin extensions of Einstein gravity in 2+1 dimen-

sions [80, 97, 98]. In our case, these algebras define Maxwell extensions of the asymptotic

symmetries found in flat higher-spin gravity [99–101], given by semi-direct sums based on

the WN algebra [75]. Thus, infinite-dimensional algebras of this kind are likely to define

asymptotic symmetries of higher-spin gravity theories based on the Maxwell3 group, like

the one presented in [45]. On the other hand, WN algebras have also been found in the de-

scription of quantum Hall systems [102, 103]. Based on the fact that a Maxwell3-invariant

Chern-Simons theory captures features of the magnetic translations at the boundary of a

topological insulator, it would be interesting to evaluate if Maxwell extensions of the WN

symmetry could somehow emerge in this type of systems.
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[43] D. Cangemi and R. Jackiw, Poincaré gauge theory for gravitational forces in

(1 + 1)-dimensions, Annals Phys. 225 (1993) 229 [hep-th/9302026] [INSPIRE].
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