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t❤❡s❡ ❧❛✇s ❛r❡ ❡✐t❤❡r ❡ss❡♥t✐❛❧❧② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ✭▼❛①✇❡❧❧✲❙t❡❢❛♥✮ ♦r t❤❡♦r❡t✐❝❛❧❧② ❛①✐♦♠❛t✐❝ ✭❋✐❝❦✱
✇✐t❤ ❖♥s❛❣❡r✬s ❝♦♥tr✐❜✉t✐♦♥s✮✳ ▲❡t ✉s ❥✉st ♠❡♥t✐♦♥ ♦♥❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝♦♥tr♦✈❡rs②✿ ❉✉♥❝❛♥ ❛♥❞

❉❛t❡✿ ❆♣r✐❧ ✶✼✱ ✷✵✶✻✳
❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② ❢✉♥❞❡❞ ❜② t❤❡ ❋r❡♥❝❤ ❆◆❘✲✶✸✲❇❙✵✶✲✵✵✵✹ ♣r♦❥❡❝t ❑✐❜♦r❞ ❤❡❛❞❡❞ ❜② ▲✳ ❉❡s✈✐❧❧❡tt❡s✳

✶
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❚♦♦r ❬✷✵❪ ✐♥✈❡st✐❣❛t❡ t❤r❡❡✲s♣❡❝✐❡s ❣❛s❡♦✉s ♠✐①t✉r❡s✱ ❛♥❞ ♣♦✐♥t ♦✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ tr❛♥s♣♦rt ♦❢ ❛
s♣❡❝✐❡s ✇❤❡♥ ✐t ❤❛s ♥♦ ✐♥✐t✐❛❧ ❣r❛❞✐❡♥t ✭♦❢ q✉❛♥t✐t② ♦❢ ♠❛tt❡r✮ ❛s ❛♥ ♦r✐❣✐♥❛❧ ♣❤❡♥♦♠❡♥♦♥✱ ✇❤❡r❡❛s
✐t ✐s q✉✐t❡ ❝❧❡❛r t❤❛t t❤❡ ❖♥s❛❣❡r t❤❡♦r② ❛❧❧♦✇s ✐t✳

❚❤❡ str✐❦✐♥❣ ❢♦r♠❛❧ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ❋✐❝❦ ❛♥❞ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❢♦r♠✉❧❛t✐♦♥s ✐♥❝✐t❡s s♦♠❡ ❛✉t❤♦rs
t♦ st❛t❡ t❤❛t ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛r❡ t❤❡ s❛♠❡ ♦♥❡✳ ❚❤❡② ♣r♦♣♦s❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ❧✐♥❦ t❤❡
♣❤②s✐❝❛❧ ❝♦❡✣❝✐❡♥ts ✐♥ ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✸✱ ✸❪✳ ❇✉t s✉❝❤ ❛ ✉♥✐✜❝❛t✐♦♥ r❡♠❛✐♥s
q✉✐t❡ ✉♥❝❧❡❛r✿ t❤❡ ♣❤②s✐❝❛❧ r❡❛s♦♥s ✐♥✈♦❦❡❞ t♦ ❞❡r✐✈❡ t❤❡ r❡❣✐♠❡s ❞♦ ♥♦t r❡❛❧❧② ♠❛t❝❤✳ ■♥❞❡❡❞✱
❋✐❝❦ ❞❡❛❧s ✇✐t❤ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥s ❛♥❞ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ✇✐t❤ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐t
✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts ❢r♦♠ t❤❡ ❋✐❝❦ ♦♥❡s ❛♥❞ ♥♦t t❤❡
❝♦♥✈❡rs❡✱ s✐♥❝❡✱ s♦ ❢❛r✱ ✉♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts ✇❡r❡
❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳

❖✉r ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s q✉✐t❡ s✐♠♣❧❡ ❛♥❞ ❝♦♥str✉❝t✐✈❡ ❛❧t♦❣❡t❤❡r✿ ❛s ❢❛r ❛s ❞✐❧✉t❡ ❣❛s❡s ❛r❡ ❝♦♥❝❡r♥❡❞✱
❛♥② ♠❛❝r♦s❝♦♣✐❝ tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥♦♥ s❤♦✉❧❞ ❜❡ s♦♠❡❤♦✇ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❢♦r
♠✐①t✉r❡s✳ ■♥❞❡❡❞✱ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❝❛♥ r❡❛❧❧② t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✇❤✐❝❤
q✉❛❧✐t❛t✐✈❡❧② ❡①♣❧❛✐♥ ♠❛♥② ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞✱ s♦♠❡t✐♠❡s
r✐❣♦r♦✉s❧②✱ ❢♦r ♠♦♥♦✲s♣❡❝✐❡s s②st❡♠s✱ t❤❛t t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❛❧❧♦✇s t♦ r❡❝♦✈❡r ❝♦♥t✐♥✉♦✉s
tr❛♥s♣♦rt ♣r♦❝❡ss❡s ✐♥ ❣❛s❡s✱ ❛♥❞ ♠♦r❡♦✈❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈♦❧✈❡❞ ♣❤②s✐❝❛❧ ❝♦❡✣❝✐❡♥ts✱ s❡❡ ❬✶✱
✷✱ ✷✺✱ ✸✽❪✳ ❈♦♥t✐♥✉✐♥❣ t❤❡ ✇♦r❦ ✐♥✐t✐❛t❡❞ ✐♥ ❬✼❪✱ ✇❡ ❤❡r❡ s❤♦✇ ❤♦✇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❝♦✈❡r t❤❡
▼❛①✇❡❧❧✲❙t❡❢❛♥ ❢♦r♠❛❧✐s♠ ❢r♦♠ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✱ ❛s ✐t ✐s ❝♦♠♠♦♥❧② ❦♥♦✇♥ ❢♦r ❋✐❝❦✬s ❧❛✇✳
❆ ❝♦r♥❡rst♦♥❡ ♦❢ t❤✐s ✇♦r❦ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈❤❛♣♠❛♥✲❊♥s❦♦❣ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡
s♦✲❝❛❧❧❡❞ r❛t✐♦♥❛❧ ❡①t❡♥❞❡❞ t❤❡r♠♦❞②♥❛♠✐❝s✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞✳ ❚❤❡ ✜rst ♦♥❡ ❧❡❛❞s
t♦ t❤❡ ❖♥s❛❣❡r✴❋✐❝❦ ❢♦r♠❛❧✐s♠✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ t♦ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ t❤❡♦r②✳

❚❤❡ r❡❛s♦♥ ✇❤② ♦♥❡ ♠❡t❤♦❞ s❤♦✉❧❞ ❜❡ ♣r❡❢❡r❡♥t✐❛❧❧② ✉s❡❞ t♦ t❤❡ ♦t❤❡r ❛❧s♦ r❡♠❛✐♥s ❝♦♥tr♦✈❡r✲
s✐❛❧✳ ❆ ❦❡② ❛r❣✉♠❡♥t ✇❛s ❣✐✈❡♥ ❜② ▲❡✈❡r♠♦r❡ ❬✸✹❪ ✇❤❡♥ ❡①♣❧❛✐♥✐♥❣ ❤✐s ♠♦♠❡♥t ❝❧♦s✉r❡ ❤✐❡r❛r❝❤②
♠❡t❤♦❞♦❧♦❣②✿

✏▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❡❡❦ ♠♦❞❡❧s t❤❛t ♣r♦♣❡r❧② ❝❛♣t✉r❡ t❤❡ ✢✉✐❞ ❞②♥❛♠✐❝❛❧ r❡❣✐♠❡
✇❤❡♥ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❡♥❣t❤ s❝❛❧❡s✱ ✇❤✐❧❡
✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♠❡ t❤❡② ❣✐✈❡ ✈❛❧✉❡s ❢♦r t❤❡ ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥❡r❣② ✢✉①❡s ✭❛♥❞
♦t❤❡r q✉❛♥t✐t✐❡s✮ t❤❛t ❛r❡ ❛t ❧❡❛st ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡
❞❡♥s✐t②✱ ❛♥❞ ❛r❡ t❤❡r❡❜② ❤♦♣❡❢✉❧ ♦❢ t❤❡ ❝♦rr❡❝t ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳ ❇② ❞♦✐♥❣ s♦✱ s✉❝❤
♠♦❞❡❧s ♠❛② ♣r♦✈✐❞❡ ❛ ❜r✐❞❣❡ ♦✈❡r t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♠❡ t❤❛t ♠❛② ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❤②❜r✐❞ ✢✉✐❞✴❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s✳✑

❚♦ st❛t❡ ✐t ❜② ♦t❤❡r ♠❡❛♥s✱ t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞✱ ✇❤✐❝❤✱ ✐♥ ♦✉r ❝❛s❡✱ ✐s ❛❧s♦ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❍✐❧❜❡rt
❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✱ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s②st❡♠❛t✐❝ ✇❛② t♦ r❡❛❝❤ ❣❛s ❞②♥❛♠✐❝s ✇❤✐❝❤ ✐s ♥❡✐t❤❡r ❛t ❧♦❝❛❧
❡q✉✐❧✐❜r✐✉♠ ✭❊✉❧❡r ❡q✉❛t✐♦♥s✮✱ ♥♦r ✈❡r② ❝❧♦s❡ t♦ ✐t ✭❤②❞r♦❞②♥❛♠✐❝❛❧ r❡❣✐♠❡ ✇❤✐❝❤✱ ✐♥ t❤❡ ♠✐①t✉r❡
❝❛s❡✱ ❝♦✈❡rs ❋✐❝❦✬s ❢♦r♠❛❧✐s♠✮✳ ❙✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ❤❛s r❡❝❡✐✈❡❞ ❛♥ ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛❧ ❛❣r❡❡♠❡♥t✱
❛s st❛t❡❞ ✐♥ ❬✸✶✱ ✸✷❪✿ t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❛♣♣❛r❡♥t❧② ♣r♦❞✉❝❡s ❡q✉❛t✐♦♥s ✇❤✐❝❤ s❡❡♠ t♦ ✜t ❛♥
✐♥❝r❡❛s✐♥❣ r❛r❡❢❛❝t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ❈❤❛♣♠❛♥✲❊♥s❦♦❣ ❡①♣❛♥s✐♦♥ ❛♥❞ ✐ts ❝♦♥t✐♥✉❛t✐♦♥s ✭❇✉r♥❡tt✮ ❞♦
♥♦t✳

▲❡t ✉s ❞✐s❝✉ss s♦♠❡ ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❜♦t❤ ❞✐✛✉s✐♦♥ t❤❡♦r✐❡s✳ ❲❡ ♠✉st ❡♠♣❤❛s✐③❡ t❤❛t ❜♦t❤
❡q✉❛t✐♦♥s ❧✐❡ ✐♥ t❤❡ ❝r♦ss ❞✐✛✉s✐♦♥ ♠♦❞❡❧s✱ ✇❤✐❝❤ ✜rst ❛r♦s❡ ✐♥ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ❬✹✸✱ ✸✻✱ ✸✺❪ ❛♥❞
❛r❡ ❝✉rr❡♥t❧② ✇✐❞❡❧② st✉❞✐❡❞ ❢r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ s❡❡ ❬✶✹✱ ✸✸✱ ✶✽✱ ✷✽❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✳ ❲❡ ❞❡❛❧ ✇✐t❤ ❛♥ ✐❞❡❛❧ ❣❛s ♠✐①t✉r❡ ❝♦♥st✐t✉t❡❞ ✇✐t❤ I ≥ 2 s♣❡❝✐❡s (Ai)✳ ❋♦r ❡❛❝❤ i✱ 1 ≤ i ≤ I✱
✇❡ ✐♥tr♦❞✉❝❡ ni t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ Ai✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t✐♠❡ t ∈ R

+ ❛♥❞ ♣♦s✐t✐♦♥ x ∈ R
3✳ ❲❡

❛❧s♦ ❞❡✜♥❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✢✉① Ni ♦❢ s♣❡❝✐❡s Ai✳ ▲❡t ν =
∑

ni ❜❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ✐♥
t❤❡ ♠✐①t✉r❡ ❛♥❞ s❡t ξi = ni/ν t❤❡ ♠♦❧❡ ❢r❛❝t✐♦♥ ♦❢ s♣❡❝✐❡s Ai✳
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❚❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s ❣✐✈❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ✢✉①❡s ❛♥❞ t❤❡ ♠♦❧❡ ❢r❛❝t✐♦♥s✳ ❚❤❡②
❛r❡ ✇r✐tt❡♥

✭✶✮ −ν∇xξi =
∑

j 6=i

ξjNi − ξiNj

Ð ij
, 1 ≤ i ≤ I

✇❤❡r❡ Ð ij > 0 ✐s t❤❡ ❡✛❡❝t✐✈❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ s♣❡❝✐❡s Ai ❛♥❞ Aj ✳ ❋♦r ♣❤②s✐❝❛❧ r❡❛s♦♥s✱
t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐❝❧❡s ❡①❝❤❛♥❣❡✱ ✐✳❡✳ Ð ij = Ðji✳
◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ❡①❛❝t❧② (I − 1) ✐♥❞❡♣❡♥❞❡♥t ❡q✉❛❧✐t✐❡s ♦❢ t②♣❡ ✭✶✮✳ ❚❤❡ ♦r✐❣✐♥ ♦❢ ✭✶✮ r❡❧✐❡s
❢♦r❝❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛♥❞ st❡♠s ❢r♦♠ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✳ ■♥ ❢❛❝t✱ ✭✶✮ tr❛♥s❧❛t❡s✱ ❢♦r s♣❡❝✐❡s Ai✱
t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡s ❛♥❞ t❤❡ ♣r❡ss✉r❡ ♦♥❡s✳ ❚❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧✱
✇❤✐❝❤ s✉r❡❧② ❞♦❡s ♥♦t ❣♦ ❜② ✐ts❡❧❢✱ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐✛❡r❡♥t s♣❡❝✐❡s ❤❛✈❡ ❞✐✛❡r❡♥t ♠❛❝r♦s❝♦♣✐❝

✈❡❧♦❝✐t✐❡s ♦♥ ♠❛❝r♦s❝♦♣✐❝ t✐♠❡ s❝❛❧❡s✳
❚❤❡ t❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s ✈✐❡✇♣♦✐♥t ✐s ❛♣♣❛r❡♥t❧② ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡

▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞❡s❝r✐♣t✐♦♥✳ ■t ❝❧❛✐♠s t❤❛t t❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❝❤❛♥❣❡ ✐♥ ♣❛rt✐❝❧❡ s②st❡♠s ✐s ♥♦t
♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝s ✭s❡❝♦♥❞ ◆❡✇t♦♥✬s ❧❛✇✮ ❜✉t r❛t❤❡r t❤❡r♠♦❞②♥❛♠✐❝s ✭♣r✐♥❝✐♣❧❡ ♦❢ ❡♥tr♦♣②
♠✐♥✐♠✐③❛t✐♦♥✮✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ ❛ ❢❡✇ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ✭♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❡♥❡r❣②✱ ❡t❝✳✮
❛r❡ tr❛♥s❢❡rr❡❞ ✐♥ s②st❡♠s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡♥tr♦♣② ♦r❣❛♥✐③❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ♥♦t✐♦♥ ✐s t❤❡♥ t❤❡ ♦♥❡
♦❢ ✢✉①✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❞✐✛❡rs ❢r♦♠ t❤❡ ♥♦t✐♦♥ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ ♠♦✈❡♠❡♥t✮✳ ■t ❡♥❛❜❧❡s t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ tr❛♥s❢❡r r❛t❡✳ ❈❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠✱ ❧✐♥❡❛r ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ✐♥✈♦❦❡❞ t♦
♠♦❞❡❧ t❤❡ ✢✉①❡s ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✏❣❡♥❡r❛❧✐③❡❞ ❞r✐✈✐♥❣ ❢♦r❝❡s✑ ✭✇❤✐❝❤ ❛❝t✉❛❧❧② ❞♦
♥♦t ❤❛✈❡ t❤❡ ♣❤②s✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ❢♦r❝❡✮✳ ■♥ ❣❡♥❡r❛❧ ❬✷✹❪✱ ✢✉①❡s ❛r❡ ✇r✐tt❡♥ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s
♦❢ ♣♦t❡♥t✐❛❧ s②♠♠❡tr✐❝❛❧ ❣r❛❞✐❡♥t ❢♦❧❧♦✇✐♥❣

Ni =
I
∑

j=1

Λij : ∇
s
xΠj ,

✇❤❡r❡ t❤❡ s②♠♠❡tr✐❝❛❧ t❡♥s♦rs Ni ❞❡♥♦t❡ t❤❡ ✢✉①❡s ❛♥❞ t❤❡ s②♠♠❡tr✐③❡❞ t❡♥s♦rs ∇s
xΠj ❛r❡ t❤❡

♣♦t❡♥t✐❛❧s✳ ❚❤❡ ❧✐♥❡❛r ❝♦❡✣❝✐❡♥ts Λij ❛r❡✱ ✐♥ ❢❛❝t✱ t❡♥s♦rs✱ ✇❤✐❧❡ t❤❡ s②♠❜♦❧ : ❞❡♥♦t❡s t❤❡ ❣❡♥❡r❛❧
t❡♥s♦r ❝♦♥tr❛❝t✐♦♥ ♣r♦❞✉❝t✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ✢✉①❡s ❛♥❞ ♣♦t❡♥t✐❛❧s ✐s ❝r✉❝✐❛❧✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ♠❛tr✐❝❡s Λij ✳ ■♥ ♥♦♥ r❡❛❝t✐✈❡ ♠✐①t✉r❡s✱ ✉♥❞❡r ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ✢✉① Ni ♦❢ ♠♦❧❡❝✉❧❡s
♦❢ s♣❡❝✐❡s Ai ✐s ✉s✉❛❧❧② ✇r✐tt❡♥ ❛s

Ni =

I
∑

j=1

λij∇x

(µj
T

)

,

✇❤❡r❡ µj ❛r❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧s✱ ❛♥❞ t❤❡ λij ❛r❡ t❤❡ ❖♥s❛❣❡r s❝❛❧❛r ❝♦❡✣❝✐❡♥ts✳ ❋♦r ✐❞❡❛❧ ❣❛s❡s✱
✉♥❞❡r ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ✭❝♦♥st❛♥t t❡♠♣❡r❛t✉r❡ T ✮✱ t❤❡ t❡r♠ ∇x

(µj

T

)

r❡❞✉❝❡s t♦ ∇xnj/nj ✱ ❛♥❞
✐t ❝♦♠❡s

Ni = −
I
∑

j=1

Dij∇xnj ,

✇❤❡r❡ Dij ❛r❡ t❤❡ ❋✐❝❦ ❝♦❡✣❝✐❡♥ts✳ ■♥ ♦r❞❡r t♦ ❡♥❢♦r❝❡ ❡♥tr♦♣② ❞❡❝❛②✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ❛♣♣r♦❛❝❤
♦❢ t❤❡ s②st❡♠✱ t❤❡ ❖♥s❛❣❡r s❝❛❧❛r ♠❛tr✐① λij ♥❡❡❞s t♦ ❜❡ s②♠♠❡tr✐❝❛❧ ❛♥❞ ♥♦♥ ♣♦s✐t✐✈❡✳ ❋✐♥❛❧❧②✱ ✐❢
✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ✐s ν =

∑

ni✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞
♦♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ✭s❡❡ ❛❧s♦ ❬✶✻❪✮

✭✷✮ Ni = −ν
I
∑

j=1

Dij∇xξj ,

✇✐t❤ Dij = λij/nj > 0.
❊q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❧♦♦❦ ✈❡r② s✐♠✐❧❛r✱ ❛t ❧❡❛st ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ s②st❡♠ ✭✶✮✱ t❤❡ q✉❛♥t✐t✐❡s ∇xξi ❛r❡ ✇r✐tt❡♥ ❛s ❡①♣❧✐❝✐t ❧✐♥❡❛r ❝♦♠✲
❜✐♥❛t✐♦♥s ♦❢ t❤❡ ✢✉①❡s Nj ✱ ✇❤✐❧❡ ✐♥ ❋✐❝❦✬s ❧❛✇ ✭✷✮✱ t❤❡ ✢✉①❡s Ni ❛r❡ ❡①♣❧✐❝✐t ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s
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♦❢ t❤❡ ∇xξj ✳ ❚❤✐s ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❛♥❞ ❋✐❝❦ ❢♦r♠✉❧❛t✐♦♥s ❤❛s ❝♦♥❞✉❝t❡❞ ♣❡♦♣❧❡ t♦
♣♦st✉❧❛t❡ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ t♦ ✉♥✐❢② ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s ❧✐❡s ♦♥ ♠✐✲
❝r♦s❝♦♣✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❜♦✉t ❝♦❧❧✐❞✐♥❣ ♠♦❧❡❝✉❧❡s✳ ■❢ ✇❡ tr✉st ❛♥② ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ t❤❡② ♥❡❡❞
t♦ ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥❛ ❛t t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❧❡✈❡❧✳ ❍♦✇❡✈❡r✱ t❤♦✉❣❤ ❢♦r♠✉❧❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮
❛r❡ ♠❛tr✐❝✐❛❧❧② ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✱ ✐♥✈❡rs✐♦♥ ❞♦❡s ♥♦t ❣♦ ❜② ✐ts❡❧❢ ❬✷✹✱ ✸❪✱ ❛♥❞ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡
♣❤②s✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ✐s ♦❢t❡♥ ❡❧✉❞❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❛①✐♦♠❛t✐❝ ♠❛❝r♦s❝♦♣✐❝
❞✐✛✉s✐♦♥ t❤❡♦r✐❡s ❝❛♥♥♦t ♣r♦✈✐❞❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts t♦ ❞❡❞✉❝❡ s♦♠❡
r❡❧❡✈❛♥t ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ ✐♥✈♦❧✈❡❞ ♠❛tr✐❝❡s ♦❢ ❝♦❡✣❝✐❡♥ts✳ ▼♦r❡♦✈❡r✱ ✇❤❡r❡❛s ❋✐❝❦
❛♥❞ ▼❛①✇❡❧❧✲❙t❡❢❛♥✬s ♣r♦❝❡ss❡s ♥❛t✉r❛❧❧② ♦r✐❣✐♥❛t❡ ❢r♦♠ ♠✐❝r♦✲❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ♠♦❧❡❝✉❧❡s✱ t❤❡②
❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ r❡❣✐♠❡✳ ◆♦t❡ t❤❛t ❬✶✸✱ ✹❪ ♣r♦✈✐❞❡s ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t ♣♦ss✐❜❧❡ ❞✐✛✉s✐♦♥
♠♦❞❡❧s ✐♥ t❤❡ ❧✉♥❣✱ ❛♥❞ t❤❛t t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s ✇❡r❡ ♠❛t❤❡♠❛t✐❝❛❧❧② st✉❞✐❡❞ ✐♥ ❬✸✱ ✻✱ ✷✾❪✱
❛♥❞ ❡✈❡♥t✉❛❧❧② ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❬✶✺❪✱ ✇❤❡r❡❛s ❋✐❝❦✬s ❧❛✇ ✇❛s ✐♥✈❡st✐❣❛t❡❞
❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✷✹✱ ✸❪ ❛♥❞ ♠❛♥② r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ s❤♦✇ ❤♦✇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❢♦r♠❛❧✐s♠ ❢r♦♠ t❤❡ ❇♦❧t③✲
♠❛♥♥ ❡q✉❛t✐♦♥ ♠♦❞❡❧❧✐♥❣ ♣❛rt✐❝❧❡s ♠✐①t✉r❡s✳ ❚❤❡ ❦✐♥❡t✐❝ ♠♦❞❡❧✱ ♣r❡s❡♥t❡❞ ✐♥ ✈❛r✐♦✉s ❢♦r♠s ✐♥
❬✷✷✱ ✶✾✱ ✶✷✱ ✼❪ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✺✱ ✶✼✱ ✶✶✱ ✶✵❪✱ ✐s ✜rst ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤❡
❞❡r✐✈❛t✐♦♥ ✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❜② ✉s✐♥❣ t❤❡ ❍✐❧❜❡rt ❛s②♠♣t♦t✐❝ ♠❡t❤♦❞ ❢♦r s②st❡♠s ❛t
❧♦✇ ❑♥✉❞s❡♥ ❛♥❞ ▼❛❝❤ ♥✉♠❜❡rs✳ ❲❡ ❛❧s♦ ❢♦r♠❛❧❧② ♣r♦✈❡ t❤❛t t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts ❝❛♥
❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❧✐♥❦❡❞ t♦ t❤❡ ❞✐r❡❝t ❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r ❢♦r ♠✐①t✉r❡s✳ ❚❤❛t ❛❧❧♦✇s
✉s t♦ ♣r♦✈✐❞❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ❡①♣❧✐❝✐t ❛♥❞ s✐♠♣❧❡ ❢♦r♠✉❧❛❡ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s✳ ❋♦r t❤❡ ♠♦❞❡❧ ❞❡r✐✈❛t✐♦♥✱ ✇❡ ✉s❡ ❛ s♣❡❝✐✜❝ ❛♥s❛t③ ✇❤✐❝❤ ✇❡ ❥✉st✐❢② ✐♥
❆♣♣❡♥❞✐① ❆ t❤❛♥❦s t♦ t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❬✸✹❪✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s t❤❡ ♥❛t✉r❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❬✼❪✱ ❜✉t ✇✐t❤ t❤❡ ♥♦t❛❜❧❡ ❢❛❝t t❤❛t ✐t ❝♦♠♣❧❡t❡s t❤❡
❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ❛♥② ❦✐♥❞ ♦❢ ♠♦❧❡❝✉❧❡s ✐♥t❡r❛❝t✐♦♥s ✭✇✐t❤ ●r❛❞✬s ❝✉t♦✛ ❛ss✉♠♣t✐♦♥✮ ❛♥❞
♥♦t ♦♥❧② ▼❛①✇❡❧❧✐❛♥ ♠♦❧❡❝✉❧❡s✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ✐♥ ❬✷✼❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❝❤♦♦s❡ ❛
♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ ❛♥❛❧②t✐❝ ❝r♦ss s❡❝t✐♦♥s✱ ❛♥❞ ♣❡r❢♦r♠ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳

✷✳ ❑✐♥❡t✐❝ ♠♦❞❡❧ ❢♦r ♠♦♥❛t♦♠✐❝ ❣❛s❡♦✉s ♠✐①t✉r❡s

❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❦✐♥❡t✐❝ s❡tt✐♥❣ ❢♦r ♠♦♥❛t♦♠✐❝ ❣❛s❡♦✉s ♠✐①t✉r❡s✳ ❋♦r ❡❛❝❤ s♣❡❝✐❡s Ai ♦❢
♠♦❧❡❝✉❧❛r ♠❛ss mi✱ t❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ ✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ❢✉♥❝t✐♦♥ fi✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s
♦♥ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s x ∈ R

3 ✭♦r ❛♥② s✉❜❞♦♠❛✐♥ ♦❢ ✐♥t❡r❡st✮✱ t✐♠❡ t ≥ 0✱ ❛♥❞ ✈❡❧♦❝✐t② v ∈ R
3✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ fi(t, x, v) dx dv ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai ✐♥ t❤❡ ♠✐①t✉r❡✱ ❛t t✐♠❡ t ✐♥ ❛♥
❡❧❡♠❡♥t❛r② ✈♦❧✉♠❡ ♦❢ t❤❡ s♣❛❝❡ ♣❤❛s❡ ♦❢ s✐③❡ dx dv ❝❡♥tr❡❞ ❛t (x, v)✳ ❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ❢✉♥❝t✐♦♥s
s❛t✐s❢② t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ r❡❛❞ ❛s ❢♦❧❧♦✇s✱ ❢♦r ❛♥② i ∈ J1, IK✱

✭✸✮ ∂tfi + v · ∇xfi =

I
∑

j=1

Qij(fi, fj) ♦♥ R
3 × R

∗
+ × R

3,

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ J1, IK ❞❡♥♦t❡s [1, I]∩N✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ✈❡❝t♦r s❡♥s❡ ❛s

∂tf + v · ∇xf = Q(f, f) ♦♥ R
3 × R

∗
+ × R

3,

✇❤❡r❡ f = (f1, · · · , fI)
⊺ ❛♥❞

Q(f, f) =





I
∑

j=1

Q1j(f1, fj), · · · ,
I
∑

j=1

QIj(fI , fj)





⊺

.

❚♦ s♣❡❝✐❢② t❤❡ ♦♣❡r❛t♦r Q(f, f)✱ ✇❡ ✜rst ♥❡❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦❧❧✐s✐♦♥ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ t✇♦
♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai ❛♥❞ Aj ✱ 1 ≤ i, j ≤ I✱ ✇✐t❤ r❡s♣❡❝t✐✈❡ ♣r❡✲❝♦❧❧✐s✐♦♥❛❧ ✈❡❧♦❝✐t✐❡s v′✱ v′∗✳ ❆❢t❡r



▼❆❳❲❊▲▲✲❙❚❊❋❆◆ ▲■▼■❚ ❋❖❘ ❆ ❑■◆❊❚■❈ ▼❖❉❊▲ ❲■❚❍ ●❊◆❊❘❆▲ ❈❘❖❙❙ ❙❊❈❚■❖◆❙ ✺

❛ ❝♦❧❧✐s✐♦♥✱ t❤❡✐r ✈❡❧♦❝✐t✐❡s ❛r❡ ❞❡♥♦t❡❞ ❜② v ❛♥❞ v∗✳ ❙✐♥❝❡ t❤❡ ❝♦❧❧✐s✐♦♥s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❡❧❛st✐❝✱
❜♦t❤ ♠♦♠❡♥t✉♠ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛r❡ ❝♦♥s❡r✈❡❞✱ ✐✳❡✳

✭✹✮ miv
′ +mjv

′
∗ = miv +mjv∗,

1

2
mi |v

′|2 +
1

2
mj |v

′
∗|
2 =

1

2
mi |v|

2 +
1

2
mj |v∗|

2.

■t ✐s t❤❡♥ st❛♥❞❛r❞✱ ❢r♦♠ ✭✹✮✱ t♦ ✇r✐t❡ v′ ❛♥❞ v′∗ ❛s

✭✺✮ v′ =
1

mi +mj
(miv +mjv∗ +mj |v − v∗|σ), v′∗ =

1

mi +mj
(miv +mjv∗ −mi|v − v∗|σ),

✇❤❡r❡ σ ∈ S
2 ✐s ❛ ♣❛r❛♠❡t❡r t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛❧❧♦✇❡❞ ❜② ✭✹✮✳ ❉❡♥♦t✐♥❣

πij(v, v∗, σ) := v′ =
1

mi +mj
(miv +mjv∗ +mj |v − v∗|σ),

✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛♥② ✈❡❝t♦r w ∈ R
3 ❛♥❞ r♦t❛t✐♦♥ Θ ∈ O+(R3)✱

✭✻✮ πij(v + w, v∗ + w, σ) = πij(v, v∗, σ) + w, πij(Θv,Θv∗,Θσ) = Θπij(v, v∗, σ), ∀v, v∗, σ,

✇❤❡r❡ O+(R3) ❞❡♥♦t❡s t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ r♦t❛t✐♦♥ ❣r♦✉♣✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡
s❡q✉❡❧✳

❚❤❡ ♠✐❝r♦s❝♦♣✐❝ ❡q✉❛❧✐t✐❡s ✭✺✮ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦rs Qij ✱ ❞❡s❝r✐❜✐♥❣
t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai ❛♥❞ Aj ✱ 1 ≤ i, j ≤ I✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥s f ✱
g : R3 → R+✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r

✭✼✮ Qij(f, g)(v) =

∫

R3

∫

S2

Bij(v, v∗, σ)
[

f(v′)g(v′∗)− f(v)g(v∗)
]

dσ dv∗,

✇❤❡r❡ v′ ❛♥❞ v′∗, ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ✭✺✮✱ ❛♥❞ t❤❡ ❝r♦ss s❡❝t✐♦♥ Bij s❛t✐s✜❡s t❤❡ ♠✐❝r♦r❡✈❡rs✐❜✐❧✐t②
❛ss✉♠♣t✐♦♥s Bij(v, v∗, σ) = Bji(v∗, v, σ) ❛♥❞ Bij(v, v∗, σ) = Bij(v

′, v′∗, σ)✳
■t ✐s ✇♦rt❤✇❤✐❧❡ ♥♦t✐♥❣ t❤❛t t❤❡ ♦♣❡r❛t♦r ❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦❧❧✐s✐♦♥s ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Aj

✇✐t❤ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai ✐s ♥♦t ❞❡✜♥❡❞ ✉s✐♥❣ ✭✺✮✱ ❜✉t ✐♥✈♦❧✈✐♥❣ t❤❡ s②♠♠❡tr✐❝❛❧ ♣r❡✲❝♦❧❧✐s✐♦♥❛❧
✈❡❧♦❝✐t✐❡s w′ ❛♥❞ w′

∗ ❣✐✈❡♥ ❜②

w′ =
1

mi +mj
(mjv +miv∗ +mi|v − v∗|σ), w′

∗ =
1

mi +mj
(mjv +miv∗ −mj |v − v∗|σ).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡

Qji(g, f)(v) =

∫

R3

∫

S2

Bji(v, v∗, σ)
[

g(w′)f(w′
∗)− g(v)f(v∗)

]

dσ dv∗.

▲❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ♦❢ t❤✐s ✇♦r❦ ✇✐t❤ ❬✼❪ ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✇❡ ❞❡❛❧ ✇✐t❤
❣❡♥❡r❛❧ ❝r♦ss✲s❡❝t✐♦♥s ✇✐t❤ ❛♥❣✉❧❛r ❝✉t✲♦✛✱ ✐♥st❡❛❞ ♦❢ t❤❡ s✐♠♣❧❡r ❝❛s❡ ♦❢ ▼❛①✇❡❧❧ ♠♦❧❡❝✉❧❡s✳ ❚❤❡
❝r♦ss s❡❝t✐♦♥s ❛r❡ ♦♥❧② ❛ss✉♠❡❞ t♦ s❛t✐s❢② t❤❡ st❛♥❞❛r❞ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s✿ ❢♦r ❛♥② i✱ j✱
✈❡❝t♦r w ∈ R

3✱ ❛♥❞ r♦t❛t✐♦♥ Θ ∈ O+(R3)✱ ✇❡ ❤❛✈❡

✭✽✮ Bij(v + w, v∗ + w, σ) = Bij(v, v∗, σ), Bij(Θv,Θv∗,Θσ) = Bij(v, v∗, σ), ∀v, v∗, σ.

❋✉rt❤❡r ♥♦t❛t✐♦♥s ❛r❡ ✉s❡❢✉❧ t♦ ✇r✐t❡ st❛♥❞❛r❞ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦rs✳ ❲❡
s❡t✱ ❢♦r ❛♥② g✱ h ∈ L2(R3)✱

✭✾✮ 〈g, h〉 =

∫

R3

g(v)h(v) dv,

❛♥❞✱ ❢♦r ❛♥② g✱ h ∈ L2(R3)I ✱

✭✶✵✮ 〈g, h〉I =

I
∑

i=1

〈gi, hi〉.
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◆♦t❡ t❤❛t ❜♦t❤ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ✐❢ h ♦r ✐ts ❝♦♠♣♦♥❡♥ts t❛❦❡ t❤❡✐r ✈❛❧✉❡s ✐♥
t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡ R

3✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❜❡ ❡①t❡♥❞❡❞✱ ✐♥ ❛ ❞✉❛❧✐t② s❡♥s❡✱ ✇❤❡♥❡✈❡r t❤❡ ♣r♦❞✉❝ts gh ✐♥
✭✾✮ ♦r gihi ✐♥ ✭✶✵✮ ❛r❡ ✐♥ L1(R3)✳ ❚❤❛t ❛❧❧♦✇s t♦ ✇r✐t❡✱ ❢♦r ❛♥② r❡❧❡✈❛♥t t❡st✲❢✉♥❝t✐♦♥ ψ✱ s❝❛❧❛r ♦r
✈❡❝t♦r✲✈❛❧✉❡❞✱

〈Qij(f, g), ψ〉 =

∫∫∫

Bij f(v) g(v∗)
[

ψ(v′)− ψ(v)
]

dσ dv∗ dv,✭✶✶✮

〈Qij(f, g), ψ〉 = −
1

2

∫∫∫

Bij

[

f(v′) g(v′∗)− f(v) g(v∗)
] [

ψ(v′)− ψ(v)
]

dσ dv∗ dv.✭✶✷✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✭✶✶✮✕✭✶✷✮ ✐♠♣❧② t❤❛t✱ ❢♦r ❛♥② i ❛♥❞ j✱
∫

R3

Qij(f, g)(v) dv = 0,✭✶✸✮

∫

R3

Qij(f, g)(v)mi v dv +

∫

R3

Qji(g, f)(v)mj v dv = 0,✭✶✹✮

∫

R3

Qij(f, g)(v)
1

2
mi |v|

2 dv +

∫

R3

Qji(g, f)(v)
1

2
mj |v|

2 dv = 0.✭✶✺✮

◆♦t❡ t❤❛t✱ ✐❢ i = j✱ ✭✶✹✮✕✭✶✺✮ r❡❞✉❝❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❇♦❧t③♠❛♥♥ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦r✱
✇❤✐❝❤ ❛r❡

✭✶✻✮

∫

R3

Qii(f, g)(v) v dv = 0,

∫

R3

Qii(f, g)(v)
1

2
|v|2 dv = 0.

▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ♠♦♥❛t♦♠✐❝ ♠✐①t✉r❡ ♠♦❞❡❧✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✇❡❛❦ ❢♦r♠s ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥
♦♣❡r❛t♦rs✱ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✼❪✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❛❝r♦s❝♦♣✐❝ ❡q✉❛t✐♦♥s✱ ✇❡ s❡t✱ ✇❤❡♥❡✈❡r ✐t ♠❛❦❡s s❡♥s❡✱ ❢♦r ❛♥②
r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f ✱

f =

∫

R3

f(v) dv,

❛♥❞✱ ❢♦r ❛♥② ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f = (f1, · · · , fI)✱

f =
I
∑

i=1

fi.

❲❡ ❞❡✜♥❡✱ ❢♦r ❛♥② i✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ❛s ♠♦♠❡♥ts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
fi✱ ✐✳❡✳

ni = fi =

∫

R3

fi(v) dv, niui = vfi =

∫

R3

vfi(v) dv,

✇❤❡r❡ ni ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai✱ ❛♥❞ ui ✐s ✐ts ❛ss♦❝✐❛t❡❞ ♠❛❝r♦s❝♦♣✐❝ ✈❡❧♦❝✐t②✳
❚❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② ρi = mini t❤❡ t♦t❛❧ ♠❛ss ♦❢ ♠♦❧❡❝✉❧❡s ♦❢ s♣❡❝✐❡s Ai✱ ❛♥❞ ❞❡✜♥❡ t❤❡ t♦t❛❧ ❡♥❡r❣②
♦❢ t❤❡ ♠✐①t✉r❡

E =
1

2

I
∑

i=1

miv2fi =
1

2

I
∑

i=1

∫

R3

miv
2fi(v) dv.

❋r♦♠ t❤❡s❡ q✉❛♥t✐t✐❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ν =
∑

ni✱ t❤❡ t♦t❛❧ ♠❛ss ♦❢ t❤❡
♠✐①t✉r❡ ρ =

∑

ρi✱ t❤❡ ♠♦❧❛r ❜✉❧❦ ✈❡❧♦❝✐t② u =
∑

niui/ν✱ ❛♥❞ ❡✈❡♥t✉❛❧❧② t❤❡ ♠✐①t✉r❡ t❡♠♣❡r❛t✉r❡
T t❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛ E = 1/2ρu2 + 3/2νkBT ✳

❲❡ ❝❛♥ ❝❤♦♦s❡ t♦ ✇r✐t❡ fi ❛s ❛ ❧♦❝❛❧ ▼❛①✇❡❧❧✐❛♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② ✈❛r✐❛❜❧❡✱ ✐✳❡✳ ✇✐t❤ t❤❡ ❢♦r♠
✭✶✼✮

fi(t, x, v) = ni(t, x)

(

mi

2πkBT (t, x)

)3/2

exp

(

−
mi|v − ui(t, x)|

2

2kBT (t, x)

)

, x ∈ R
3, t > 0, v ∈ R

3.
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❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ss✉♠✐♥❣ s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ❑♥✉❞s❡♥ ♥✉♠❜❡r✳ ■❢ ✇❡ ❢♦r❝❡ t❤❡ ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥s ✭✸✮ ✇✐t❤ t❤✐s ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s✱ t❤❡♥✱ ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s ❢♦r
✐♥❞✐✈✐❞✉❛❧ ♠❛ss✱ ✐♥❞✐✈✐❞✉❛❧ ✈❡❧♦❝✐t② ❛♥❞ t♦t❛❧ ❡♥❡r❣②✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛♥② i✱

∂tni +∇x · (niui) = 0,✭✶✽✮

∂t(ρiui) +∇x · (ρiui ⊗ ui) +∇x (kBTni) =
∑

j 6=i

∫

R3

miv Qij(fi, fj)(v) dv,✭✶✾✮

∂tE +∇x · ((E + νkBT )u) = 0,✭✷✵✮

✇❤❡r❡ t❤❡ t❡r♠ ✇✐t❤ j = i ✈❛♥✐s❤❡s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✾✮ t❤❛♥❦s t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣✲
❡rt✐❡s ♦❢ t❤❡ ♠♦♥♦✲s♣❡❝✐❡s ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦rs ✭✶✻✮✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❆♥s❛t③ ✭✶✼✮ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ❛❜♦✈❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✭✶✽✮✕✭✷✵✮ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ❆ ❛♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳ ❚❤❡
r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠ ♦❢ ✭✶✾✮✱ ✇❤✐❝❤ ✐s ♣❡r❢♦r♠❡❞ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✈❛♥✐s❤✐♥❣ ▼❛❝❤ ♥✉♠❜❡rs✳

✸✳ ❈♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐❢❢✉s✐♦♥ ❝♦❡❢❢✐❝✐❡♥ts

▲❡t ✉s ♥♦✇ st✉❞② t❤❡ ❞✐✛✉s✐♦♥ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥s ❢♦r ♠✐①t✉r❡s✱ ✇❤✐❝❤ ✇✐❧❧
❛❧❧♦✇ t♦ ♦❜t❛✐♥ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ❣❡♥❡r❛❧ ❝r♦ss✲
s❡❝t✐♦♥s (Bij) ✇❤✐❧❡ r❡❝♦✈❡r✐♥❣ t❤❡ s②♠♠❡tr② ❢❡❛t✉r❡ ❛♥❞ t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ (Ð ij)✳

✸✳✶✳ ❙❝❛❧✐♥❣ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ε > 0 ❛s t❤❡ ❛s②♠♣t♦t✐❝
♣❛r❛♠❡t❡r t♦ r❡❛❝❤ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✛✉s✐♦♥ ❧✐♠✐t ✭✐✳❡✳ ✇❡ ♣❡r❢♦r♠ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣ ✐♥ t❤❡
❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ x = x̃/ε✱ t = t̃/ε2✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ❜♦t❤ ❑♥✉❞s❡♥ ❛♥❞
▼❛❝❤ ♥✉♠❜❡rs ❛r❡ ♦❢ ♦r❞❡r ε✳

■❢ ✇❡ ❞❡♥♦t❡ f ε = (f ε1 , · · · , f
ε
I ) t❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ ✭t❤❡ ∼ ♥♦t❛t✐♦♥s ❢♦r x ❛♥❞ t ❛r❡ t❤❡♥

❞r♦♣♣❡❞✮✱ ✇❡ ❝❛♥ ✇r✐t❡

✭✷✶✮ ε ∂tf
ε
i + v · ∇xf

ε
i =

1

ε

I
∑

j=1

Qij(f
ε
i , f

ε
j ), ♦♥ R

3 × R
∗
+ × R

3, 1 ≤ i ≤ I.

❚❤❡ ♣❡♥❛❧✐s❛t✐♦♥ ❜② 1/ε ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠ ♦❢ ✭✷✶✮ ✐♠♣❧✐❡s t❤❛t f ε ✐s ❝❧♦s❡ t♦ t❤❡ ❣❧♦❜❛❧
❡q✉✐❧✐❜r✐✉♠✳ ❋♦❧❧♦✇✐♥❣ ❆♥s❛t③ ✭✶✼✮✱ ✐❢ ✇❡ ♠♦r❡♦✈❡r ❝♦♥s✐❞❡r s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ▼❛❝❤ ♥✉♠❜❡r✱ ✇❡
❝❛♥ ❛ss✉♠❡ t❤❛t
✭✷✷✮

f εi (t, x, v) = nεi (t, x)

(

mi

2πkB T ε(t, x)

)3/2

e−mi|v−εuε
i (t,x)|

2/2kBT ε(t,x), x ∈ R
3, t > 0, v ∈ R

3,

✇✐t❤ nεi : R
3 × R+ → R+✱ u

ε
i : R

3 × R+ → R
3✱ ❢♦r 1 ≤ i ≤ I✱ ❛♥❞ T ε : R

3 × R+ → R
∗
+✳ ❆❧❧

♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ❞❡✜♥❡❞ ❛❜♦✈❡ ❛r❡ ♦❢ ♦r❞❡r 0 ✐♥ ε✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ ✭✷✷✮ ❛r❡
❝❧♦s❡ t♦ t❤❡ ❣❧♦❜❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ■t ✐s t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦ ❛s ✐♥ ❬✼❪✳

■♥ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡ ❣♦t t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✭✶✽✮✕✭✷✵✮ ❢r♦♠ ❆♥s❛t③ ✭✶✼✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ❢r♦♠ t❤❡ s❝❛❧❡❞ ❆♥s❛t③ ✭✷✷✮✳ ◆♦t❡ t❤❛t✱ ♦❜✈✐♦✉s❧②✱ t❤♦s❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s
❝❛♥ ❛❧s♦ ❜❡ ❜✉✐❧t ❢r♦♠ ✭✶✽✮✕✭✷✵✮ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣✳ ❍❡♥❝❡✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡
❞❡✜♥❡❞ f ε ❢r♦♠ f ✱ ✇❡ ❛❞❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ε ♦♥ ❛❧❧ t❤❡ ♥♦t❛t✐♦♥s ❞❡✜♥❡❞ ❛t t❤❡ ❡♥❞
♦❢ ❙❡❝t✐♦♥ ✷ ❢♦r t❤❡ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❛t ❛❧❧♦✇s ✉s t♦ ✇r✐t❡✱ ❢♦r ❛♥② i✱

ε∂tn
ε
i + ε∇x(n

ε
iu

ε
i ) = 0,

ε2∂t(ρ
ε
in

ε
iu

ε
i ) +∇x · (ε

2ρεiu
ε
i ⊗ uεi ) +∇x(kBT

εnεi ) =
1

ε

∑

j 6=i

〈Qij(f
ε
i , f

ε
j ),miv〉,

ε∂t(ε
2ρεuε2 + 3kBT

ενε) + ε∇x · [(ε
2ρε(uε)2 + 5kBT

ενε)uε] = 0.
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■❢ ✇❡ ♦♥❧② ❦❡❡♣ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ ε ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t

∂tn
ε
i +∇x(n

ε
iu

ε
i ) = 0,✭✷✸✮

∇x(kBT
εnεi ) =

1

ε

∑

j 6=i

〈Qij(f
ε
i , f

ε
j ),miv〉,✭✷✹✮

∂t(3kBT
ενε) +∇x · (5kBT

ενεuε) = 0.✭✷✺✮

❚❤❡♥✱ s✉♠♠✐♥❣ ♦✈❡r ❛❧❧ ✐♥❞✐❝❡s i✱ ✇❡ ❣❡t✱ ❢r♦♠ ✭✷✸✮✕✭✷✹✮ t❤❡ ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❢♦r t❤❡
✇❤♦❧❡ ♠✐①t✉r❡✱ ✐✳❡✳

∂tν
ε +∇x · (ν

εuε) = 0,✭✷✻✮

∇x(kBT
ενε) = 0,✭✷✼✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥s ❢♦r t❤❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦rs ✭✶✹✮ t♦ ✇r✐t❡ ✭✷✼✮✳
▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐①t✉r❡ t❡♠♣❡r❛t✉r❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ❛♥❞ ❝♦♥✲

s❡q✉❡♥t❧② ♦♥ ε✳ ❊q♥s✳ ✭✷✺✮✕✭✷✼✮ t❤❡♥ ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❛t

∂tν
ε = 0, ∇xν

ε = 0, ∇x · u
ε = 0,

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s ν ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ❛s t❤❡
t❡♠♣❡r❛t✉r❡ ✐ts❡❧❢✱ ✇❤✐❧❡ t❤❡ s②st❡♠ ✐s ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ❛♥❞ t❤❡ t♦t❛❧ ♣r❡ss✉r❡ νkBT ✐s ♦❢ ❝♦✉rs❡
❝♦♥st❛♥t✳ ❚❤✐s ❦✐♥❞ ♦❢ ♣❤②s✐❝❛❧ s❡tt✐♥❣ ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ ❡q✉✐♠♦❧❛r ❞✐✛✉s✐♦♥ ❬✸✵❪✳

❋✐♥❛❧❧②✱ ✇✐t❤ t❤❡ ✐s♦t❤❡r♠❛❧ ❛ss✉♠♣t✐♦♥✱ ✭✷✸✮✕✭✷✹✮ ❜❡❝♦♠❡✱ ❢♦r ❛♥② i✱

∂tn
ε
i +∇x · (n

ε
iu

ε
i ) = 0,✭✷✽✮

∇xn
ε
i =

1

εkBT

∑

j 6=i

∫

R3

miv Qij(f
ε
i , f

ε
j )(v) dv.✭✷✾✮

✸✳✷✳ ❉✐✛✉s✐♦♥ ❧✐♠✐t ❛♥❞ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❆ss✉♠❡ t❤❛t✱ ❛t ❧❡❛st ❢♦r♠❛❧❧②✱ ❢♦r ❡❛❝❤ i✱ nεi ✱
uεi ❛♥❞ nεiu

ε
i r❡s♣❡❝t✐✈❡❧② ❝♦♥✈❡r❣❡ t♦✇❛r❞s ni✱ ui ❛♥❞ Ni ✇❤❡♥ ε ❣♦❡s t♦ 0✳ ❲❡ ✜rst r❡❝♦✈❡r t❤❡

❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ❢♦r t❤❡ q✉❛♥t✐t② ♦❢ ♠❛tt❡r ♦❢ ❡❛❝❤ s♣❡❝✐❡s ❜② ❧❡tt✐♥❣ ε ❣♦ t♦ 0 ✐♥ ✭✷✽✮✱ t♦ ❣❡t

∂tni +∇x ·Ni = 0.

❚❤❡ ❧✐♠✐t ♦❢ ✭✷✾✮ ✐s ♠♦r❡ ✐♥tr✐❝❛t❡✳ ■♥❞❡❡❞✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❬✼❪ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡
❧✐♠✐t ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✾✮✱ ❢♦r ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠
♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❛♥②♠♦r❡✳ ▲❡t ✉s s❡t✱ ❢♦r ❛♥② i✱ j✱ ✇✐t❤ i 6= j✱

F ε
ij(εu

ε
i , εu

ε
j) =

∫

R3

miv Qij(f
ε
i , f

ε
j )(v) dv.

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ♣r♦✈❡✱ ❛t t❤❡ ❢♦r♠❛❧ ❧❡✈❡❧✱ t❤❛t t❤❡r❡ ❡①✐sts αij ∈ R s✉❝❤ t❤❛t

lim
ε→0

F ε
ij(εu

ε
i , εu

ε
j)

ε
= αij(ui − uj).

❚❤✐s ❡✈❡♥t✉❛❧❧② ❡♥s✉r❡s ❜♦t❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✏❡①♣❧✐❝✐t✑ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐❢✲
❢✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Ð ij s✐♥❝❡✱ ❛t t❤❡ ❧✐♠✐t ♦❢ ✈❛♥✐s❤✐♥❣ ε✱ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ✭✷✾✮ t❛❦❡ t❤❡
❝❧❛ss✐❝❛❧ ❢♦r♠ ✭✶✮ ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s✳

❚❤❡ r❡st ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❧✐♠✐t✱ ✇❤❡♥ ε ❣♦❡s t♦ 0✱ ♦❢ t❤❡
q✉❛♥t✐t② F ε

ij(εu
ε
i , εu

ε
j)/ε✳ ❚✇♦ ✉s❡❢✉❧ ✐♥t❡❣r❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts

❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❜✐♥❛r② ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

1

νÐij
=

1

6(kBT )2

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2
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∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

[mi(v
′ − v)]2 dσ dv∗ dv✭✸✵✮

=
mimj

6(kBT )2(mi +mj)

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

(v − v∗ + |v − v∗|σ) · (miv −mjv∗) dσ dv∗ dv.✭✸✶✮

❲❡ ♠✉st ❡♠♣❤❛s✐③❡ t❤❛t ✭✸✵✮ ❡♥s✉r❡s t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ✇❤✐❧❡ ✭✸✶✮ ❛❧❧♦✇s t♦
❝❤❡❝❦ t❤❡✐r s②♠♠❡tr② ♣r♦♣❡rt②✳

▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇✐t❤ t❤❡ st✉❞② ♦❢ F ε
ij(εu

ε
i , εu

ε
j)/ε✳ ❯s✐♥❣

❆♥s❛t③ ✭✷✷✮ ❛♥❞ ✭✶✶✮ ✇✐t❤ ψ(v) = miv✱ ✇❡ ❝❛♥ ✇r✐t❡

F ε
ij(εu

ε
i , εu

ε
j) =

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

nεin
ε
j

∫∫

R6

∫

S2

Bij(v, v∗, σ) exp

[

−
mi

2kBT
(v − εuεi )

2

]

exp

[

−
mj

2kBT
(v∗ − εuεj)

2

]

mi(v
′ − v) dσ dv∗ dv.

▲❡t ✉s ✜rst st❛t❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ F ε
ij ✇❤❡♥ ε ✐s ✜①❡❞✱ ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡

●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s ✭✽✮ ♦❢ Bij ✱ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ✭✻✮ ♦❢ v′✳

▲❡♠♠❛ ✶✳ ❋♦r ❛♥② ũ1✱ ũ2✱ w ∈ R
3 ❛♥❞ Θ ∈ O+(R3)✱

✭✸✷✮ F ε
ij(εũ1 + w, εũ2 + w) = F ε

ij(εũ1, εũ2), F ε
ij(εΘũ1, εΘũ2) = ΘF ε

ij(εũ1, εũ2).

Pr♦♦❢✳ ❚❤✐s ✐s ♣r♦✈❡♥ ❜② ❝❤❛♥❣✐♥❣ ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ✇❡ s❡t V = v − w✱ V∗ = v∗ − w✱
t❤❡♥ ✇r✐t❡
∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
(v − εũ1 − w)2 −

mj

2kBT
(v∗ − εũ2 − w)2)

]

mi (πij(v, v∗, σ)− v) dv dv∗ dσ

=

∫

Bij(V + w, V∗ + w, σ) exp

[

−
mi

2kBT
(V − εũ1)

2 −
mj

2kBT
(V∗ − εũ2)

2

]

mi (πij(V + w, V∗ + w, σ)− V − w) dV dV∗ dσ,

❛♥❞ ❡✈❡♥t✉❛❧❧② ✉s❡ ✭✻✮ ❛♥❞ ✭✽✮✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡ ✇r✐t❡ ΘV = v✱ ΘV∗ = v∗✱ ΘΣ = σ✱ t❤❡♥
♦❜t❛✐♥
∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
(v − εΘũ1)

2 −
mj

2kBT
(v∗ − εΘũ2)

2

]

mi (πij(v, v∗, σ)− v) dV dV∗ dσ

=

∫

Bij(ΘV,ΘV∗,ΘΣ) exp

[

−
mi

2kBT
(ΘV − εΘũ1)

2 −
mj

2kBT
(ΘV∗ − εΘũ2)

2

]

mi (πij(ΘV,ΘV∗,ΘΣ)−ΘV ) dV dV∗ dΣ,

✉s❡ ✭✻✮ ❛♥❞ ✭✽✮ ❛❣❛✐♥✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Θ ✐s ❛♥ ✐s♦♠❡tr②✳ ◆♦t❡ t❤❛t✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢
t❤❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ✐s 1✳ �

▲❡t ✉s ♥♦✇ ❞❡❛❧ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ F ε
ij(εu

ε
i , εu

ε
j)/ε ✇❤❡♥ ε ❣♦❡s t♦ 0✳ ❇❡❝❛✉s❡ ♦❢

✭✸✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

F ε
ij(εu

ε
i , εu

ε
j) = F ε

ij(εu
ε
i − εuεj , 0) = F ε

ij(0, εu
ε
j − εuεi ).
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❲❡ ❛r❡ t❤✉s ❧❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢

Hε
ij(u

ε
ij) =

1

2ε

(

F ε
ij(εu

ε
ij , 0) + F ε

ij(0,−εu
ε
ij)
)

=
1

ε
F ε
ij(εu

ε
ij , 0) =

1

ε
F ε
ij(0,−εu

ε
ij),

✇❤❡r❡ ✇❡ s❡t uεij = uεi − uεj ✳ ◆♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② ❛❧s♦ ❛❧❧♦✇s t♦ ❞❡✜♥❡ Hε
ij ❛s ❛♥ ♦♣❡r❛t♦r

❛❝t✐♥❣ ♦♥ ❛♥② ✈❡❝t♦r ♦❢ R3✳
▲❡t ni✱ nj ✱ ui ❛♥❞ uj ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❢♦r♠❛❧ ❧✐♠✐ts ♦❢ (nεi )✱ (n

ε
j)✱ (u

ε
i ) ❛♥❞ (uεj) ✇❤❡♥ ε ❣♦❡s

t♦ 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ q✉❛♥t✐t② ❞❡♣❡♥❞✐♥❣ ♦♥ ε ❞✐✛❡rs ❢r♦♠ ✐ts ❧✐♠✐t ❜② O(ε)✳

▲❡♠♠❛ ✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s ❛t t❤❡ ❢♦r♠❛❧ ❧❡✈❡❧✿

✭✸✸✮ Hε
ij(u

ε
ij) = −

mi
2

2kBT

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

ninj
[∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

[(v′ − v)]⊗2 dσ dv∗ dv

]

(ui − uj) +O(ε).

Pr♦♦❢✳ ❯s✐♥❣ ✇❡❛❦ ❢♦r♠ ✭✶✷✮✱ ✇❡ ❝❛♥ ✇r✐t❡✱ ❢♦r ❛♥② ũ ∈ R
3✱

✭✸✹✮ Hε
ij(ũ) = −

1

ε

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

nεin
ε
j

∫∫∫

Bij(v, v∗, σ)

(

exp

[

−
mi

2kBT
(v′ − εũ)2

]

exp

[

−
mj

2kBT
v′∗

2
]

− exp

[

−
mi

2kBT
(v − εũ)2

]

exp

[

−
mj

2kBT
v∗

2

])

mi(v
′ − v) dσ dv∗ dv.

❲❡ ✜rst ✉s❡ t❤❡ ❢❛❝t t❤❛t

exp

[

−
mi

2kBT
v′

2
]

exp

[

−
mj

2kBT
v′∗

2
]

= exp

[

−
mi

2kBT
v2
]

exp

[

−
mj

2kBT
v∗

2

]

,

t❤❡♥ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❛♥s✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ε✿

exp

[

−
mi

2kBT
ε2ũ2

]

= 1 +O(ε2), exp

[

mi

kBT
εv′ · ũ

]

= 1 + ε
mi

kBT
v′ · ũ+ v′

2
O(ε2),

❛s ✇❡❧❧ ❛s t❤❡ s✐♠✐❧❛r ♦♥❡s ❢♦r t❤❡ ♦t❤❡r ❡①♣♦♥❡♥t✐❛❧ t❡r♠✳ ❚❛❦✐♥❣ ũ = uεij ✐♥ ✭✸✹✮ ✐♠♣❧✐❡s✱ ❛❢t❡r
s✐♠♣❧✐✜❝❛t✐♦♥ ❜② ε✱

Hε
ij(u

ε
ij) = −

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

(ni +O(ε))(nj +O(ε))

∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2
]

exp

[

−
mj

2kBT
v∗

2

]

[

mi

kBT
(v′ − v) · (ui − uj) +

(

1 + |v′|+ |v|+ v′
2
+ v2

)

O(ε)

]

mi(v
′ − v) dσ dv∗ dv.

❚❤❡ t❡r♠ ✐♥ O(ε) ✐♥ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ r❡♠❛✐♥s ✐♥t❡❣r❛❜❧❡ ✐♥ ❜♦t❤ ✈❛r✐❛❜❧❡s v ❛♥❞ v∗✱ t❤❛♥❦s t♦
t❤❡ ❝♦❧❧✐s✐♦♥ r✉❧❡ ✭✺✮ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✱ s♦ t❤❛t ✇❡ ❡✈❡♥t✉❛❧❧② ❣❡t ✭✸✸✮✳ �

❘❡♠❛r❦ ✶✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ✐♥ ❢❛❝t ❞✐r❡❝t❧② ❧✐♥❦❡❞ t♦ t❤❡

♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r ❢♦r ♠✐①t✉r❡s✱ s❡❡ ❛❧s♦ ❬✶✼❪✳

▲❡♠♠❛ ✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s ❛t t❤❡ ❢♦r♠❛❧ ❧❡✈❡❧✿

✭✸✺✮ Hε
ij(u

ε
ij) =

mi

2kBT

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

ninj
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[∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

(v∗ − v + |v − v∗|σ)⊗ (miv −mjv∗) dσ dv∗ dv

]

(ui−uj)+O(ε).

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♣r✐♥❝✐♣❧❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✷✳ ❯s✐♥❣ ✇❡❛❦ ❢♦r♠ ✭✶✶✮✱ ✇❡ ❝❛♥ ✇r✐t❡✱ ❢♦r ❛♥②
ũ ∈ R

3✱

Hε
ij(ũ) =

mimj

2ε(mi +mj)

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

nεin
ε
j

∫∫∫

Bij(v, v∗, σ)

(

exp

[

−
mi

2kBT
(v − εũ)2

]

exp

[

−
mj

2kBT
v∗

2

]

− exp

[

−
mi

2kBT
v2
]

exp

[

−
mj

2kBT
(v∗ + εũ)2

])

(v∗ − v + |v − v∗|σ) dσ dv∗ dv.

■♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✱ ✇❡ ✉s❡ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ t❡r♠s ✇✐t❤ r❡s♣❡❝t
t♦ ε t♦ ♦❜t❛✐♥

Hε
ij(u

ε
ij) =

mimj

2(mi +mj)

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

(ni +O(ε))(nj +O(ε))

∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2
]

exp

[

−
mj

2kBT
v∗

2

]

[

1

kBT
(miv −mjv∗) · (ui − uj) +

(

1 + |v|+ |v∗|+ v2 + v∗
2
)

O(ε)

]

(v∗ − v + |v − v∗|σ) dσ dv∗ dv.

❲❡ ❝♦♥❝❧✉❞❡ ❛❣❛✐♥ ✐♥ t❤❡ s❛♠❡ ✇❛② t♦ ❣❡t ✭✸✺✮✳ �

❊q✉❛t✐♦♥s ✭✸✸✮ ❛♥❞ ✭✸✺✮ ❛❧❧♦✇ t♦ ❞❡✜♥❡ ❛ 3× 3 ♠❛tr✐① Lij ✇❤✐❝❤ ❛❝ts ♦♥ (ui − uj)✳ ❚❤✐s ♠❛tr✐①
✐♥❤❡r✐ts t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ♣r♦♣❡rt✐❡s ❛s ✭✸✷✮✳ ■t ❝❛♥ t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ R3

✇❤✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ O+(R3)✳ ❚❤❛♥❦s t♦ ❛ st❛♥❞❛r❞ r❡s✉❧t ♦❢ ❧✐♥❡❛r ❛❧❣❡❜r❛
✭✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❙❝❤✉r✬s ❧❡♠♠❛✮✱ t❤❡r❡ ❡①✐sts αij ∈ R s✉❝❤ t❤❛t Lij = αijI3✱
✇❤❡r❡ I3 ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ R3×3✳

❚❤✉s t❤❡ ♥♦♥✲❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ t❤❡ ♠❛tr✐① Lij ❛r❡ ③❡r♦ ❛♥❞ t❤❡ ❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ Lij ❛r❡ ❛❧❧ ❡q✉❛❧
t♦ t❤❡ s❛♠❡ ❝♦♥st❛♥t αij ∈ R✳ ▲❡♠♠❛s ✷✕✸ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤✐s ❝♦♥st❛♥t✱ ❢♦r ✐♥st❛♥❝❡✱

αij =−
1

6kBT

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

ninj

∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

[mi(v
′ − v)]2 dσ dv∗ dv✭✸✻✮

=
mimj

6kBT (mi +mj)

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2

ninj

∫∫∫

Bij(v, v∗, σ) exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

(v∗ − v + |v − v∗|σ) · (miv −mjv∗) dσ dv∗ dv.✭✸✼✮

❲❡ ♦❜s❡r✈❡ t❤❛t αij ❛♥❞ ninj s✐♠✉❧t❛♥❡♦✉s❧② ✈❛♥✐s❤✳ ❚❤✉s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ αij/ninj ❛s t❤❡
♣r♦♣♦rt✐♦♥❛❧✐t② ❝♦❡✣❝✐❡♥t✳ ❚❤❛t ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳

❇❡s✐❞❡s✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ ❢r♦♠ ✭✸✻✮✕✭✸✼✮ t❤❛t Ð ij = −(kBTninj)/(ναij) ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ t ♦r x ❛♥❞ ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ■t ❛❧s♦ s❛t✐s✜❡s t❤❡ ❡①♣❡❝t❡❞ s②♠♠❡tr② ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t
t♦ i ❛♥❞ j✱ t❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s (v, v∗) 7→ (v∗, v)✱
✇❤✐❝❤ ❛❧s♦ ✐♥❞✉❝❡s ❡①❝❤❛♥❣✐♥❣ mi ❛♥❞ mj ✳ ❊✈❡♥t✉❛❧❧②✱ ❧❡t ✉s r❡❝♦✈❡r t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐✛✉s✐♦♥
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❡q✉❛t✐♦♥s ❜② ❧❡tt✐♥❣ ε ❣♦ t♦ 0 ✐♥ ✭✷✾✮✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t✱ ❢♦r ❛♥② i✱

∇xni =
1

ν

∑

j 6=i

ninj(ui − uj)

Ð ij
,

✇❤✐❝❤ ②✐❡❧❞s ✭✶✮✳

❘❡♠❛r❦ ✷✳ ◆♦t✐❝✐♥❣ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✾✮ ❝♦♥✈❡r❣❡s✱ ✇❤❡♥ ε ✈❛♥✐s❤❡s✱ t♦

1

kBT

∑

j 6=i

αij(ui − uj),

✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ s❡t✱ ❢♦r ❛♥② i✱

✭✸✽✮ αii = −
∑

j 6=i

αij ,

s♦ t❤❛t t❤❡ ❧✐♠✐t t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✾✮ r❡❛❞s

−
1

kBT

I
∑

j=1

αijuj .

❚❤❛t ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ ♠❛tr✐① A = (αij)1≤i,j≤I ∈ R
I×I ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ (ni)✱ ❛♥❞ ✇r✐t❡ t❤❡

❛s②♠♣t♦t✐❝s ♦❢ ✭✷✾✮✱ ❢♦r ❛♥② i✱ ✉♥❞❡r t❤❡ ✉s✉❛❧ ♠❛tr✐① ❢♦r♠ ❬✷✹❪

∇xni = −
1

kBT
[AU ]i,

✇❤❡r❡ U ❞❡♥♦t❡s t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r (u1, · · · , uI)
⊺✳

■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t A ✐s s②♠♠❡tr✐❝✱ ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✱ ❛♥❞ rankA = I − 1✳ ❚❤❡ s②♠♠❡tr②

✐s str❛✐❣❤t❢♦r✇❛r❞❧② ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✸✼✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡✱ ❢♦r ❛♥② U ∈ R
I ✱

AU · U =
∑

i,j

αijuiuj =
∑

i

∑

j 6=i

αijui(uj − ui) = −
1

2

∑

i,j

αij(ui − uj)
2.

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t②✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✻✮✱ ❡♥s✉r❡s t❤❛t A ✐s ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✱ ❛♥❞ ✐ts ♥✉❧❧s♣❛❝❡

✐s s♣❛♥♥❡❞✱ ✐♥ R
I ✱ ❜② (1, · · · , 1)⊺✳ ❚❤❡ ✈❛❧✉❡ ♦❢ rankA ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✸✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Ðij ❢♦✉♥❞ ✐♥ ❬✼❪ ❢♦r ▼❛①✇❡❧❧ ♠♦❧❡❝✉❧❡s ❝r♦ss

s❡❝t✐♦♥s✳ ■♥ t❤❛t ❝❛s❡✱ ❡❛❝❤ ❝r♦ss s❡❝t✐♦♥ Bij ❞❡♣❡♥❞s ♦♥ v✱ v∗ ❛♥❞ σ ♦♥❧② t❤r♦✉❣❤ t❤❡ ❝♦s✐♥❡ ♦❢ t❤❡

❞❡✈✐❛t✐♦♥ ❛♥❣❧❡ θ ∈ [0, π] ❜❡t✇❡❡♥ v−v∗ ❛♥❞ σ✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ (i, j) ✇✐t❤ i 6= j✱ ✇❡ ❝❛♥ ✇r✐t❡✱ ✉♥❞❡r

●r❛❞✬s ❛♥❣✉❧❛r ❝✉t♦✛ ❛ss✉♠♣t✐♦♥✱

Bij(v, v∗, σ) = bij(cos θ),

✇❤❡r❡ bij ∈ L1(−1, 1) ❛♥❞ bij > 0✳ ❚❤❡♥ ✭✸✵✮ r❡❞✉❝❡s t♦

1

Ðij
= ν

(

mi

2πkBT

)3/2( mj

2πkBT

)3/2 mimj

6(mi +mj)(kBT )2

‖bij‖L1

∫∫

R3×R3

exp

[

−
mi

2kBT
v2 −

mj

2kBT
v∗

2

]

(

miv
2 +mjv∗

2
)

dv∗ dv.

■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ♦♥ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ ♦❢ v ❛♥❞ v∗ ❛❧❧♦✇s t♦ r❡❝♦✈❡r

Ðij =
(mi +mj)kBT

2πmimjν‖bij‖L1

.
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❇❡s✐❞❡s✱ ✇❡ ❝❛♥ ❛❧s♦ r❡❝♦✈❡r t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Ðij ❢♦✉♥❞ ✐♥ ❬✷✼❪ ❢♦r ❛♥❛❧②t✐❝ ❢❛❝t♦r✐③❡❞ ❝r♦ss s❡❝t✐♦♥s

✉♥❞❡r ●r❛❞✬s ❛♥❣✉❧❛r ❝✉t♦✛ ❛ss✉♠♣t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝r♦ss s❡❝t✐♦♥s Bij ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♦❢

t❤❡ ❢♦r♠

Bij(v, v∗, σ) = Φ(|v − v∗|)bij(cos θ),

✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② (an)n∈N∗ ⊂ R s✉❝❤ t❤❛t Φ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣✐♥❣ ❡✈❡♥

♣♦✇❡r s❡r✐❡s✿

Φ(|v − v∗|) =
∑

n∈N∗

an|v − v∗|
2n.

❚❤❡♥ t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✸✶✮ ❝❛♥ ❜❡ ♠♦r❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞ ❛♥❞ ❧❡❛❞ t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ❣✐✈❡♥ ✐♥ ❬✷✼✱
❚❤❡♦r❡♠ ✷❪✳

✸✳✸✳ ❉✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ ♥❡❡❞ ❛ ♠♦r❡
❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ❝♦♠♣❛r❡ t❤❡ ❋✐❝❦ ❛♥❞ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts✳ ■t ✐s ❞♦♥❡ ❜② ✐♥✈♦❧✈✐♥❣ t❤❡
❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r ❢♦r ♠✐①t✉r❡s✳ ❲❤❡r❡❛s ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ❋✐❝❦ ❝♦❡✣❝✐❡♥ts
❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦r✱ s❡❡ ❬✶✷❪ ❢♦r ✐♥st❛♥❝❡✱ ✇❡ s❤♦✇ ❜❡❧♦✇ ❤♦✇ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥
❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐r❡❝t ♦♣❡r❛t♦r✳

▲❡t ✉s ✜rst r❡❝❛❧❧ ❛ s✉✐t❛❜❧❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r ❢♦r ♠✐①t✉r❡s ✐♥ ❛
L2✲s❡tt✐♥❣✳ ❈♦♥s✐❞❡r ❣✐✈❡♥ ♥✉♠❜❡rs ♦❢ ♣❛rt✐❝❧❡s n1✱ . . . ✱ nI ♦❢ ❡❛❝❤ s♣❡❝✐❡s✳ ❉❡✜♥❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❢✉♥❝t✐♦♥ g = (g1, · · · , gI) t♦ t❤❡ ❣❧♦❜❛❧ ❡q✉✐❧✐❜r✐✉♠ (n1M1, · · · , nIMI) ❜②

fi = niMi + niM
1/2
i gi, 1 ≤ i ≤ I,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② Mi t❤❡ ♥♦r♠❛❧✐③❡❞ ❝❡♥tr❡❞ ▼❛①✇❡❧❧✐❛♥ ❢✉♥❝t✐♦♥ r❡❧❛t❡❞ t♦ s♣❡❝✐❡s Ai✱
✐✳❡✳

Mi(v) =

(

mi

2πkBT

)3/2

exp

(

−
miv

2

2kBT

)

, v ∈ R
3.

◆♦t❡ t❤❛t ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡
∑I

j=1Qij(niMi, njMj) = 0 ❢♦r ❛♥② 1 ≤ i ≤ I✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞

❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r L ❝❛♥ t❤❡♥ ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ❬✺✱ ✽❪✱ s♦ t❤❛t L ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ♦♣❡r❛t♦r
L2(R3)I → L2(R3)I ✇✐t❤ t❤❡ st❛♥❞❛r❞ ▲❡❜❡s❣✉❡ ♣r♦❞✉❝t ♠❡❛s✉r❡ ✭✇✐t❤♦✉t ❛♥② ✇❡✐❣❤t✮✳ ❋♦r ❛♥② i✱
t❤❡ it❤ ❝♦♠♣♦♥❡♥t ♦❢ Lg ✇r✐t❡s

[Lg]i =
I
∑

j=1

ni nj M
−1/2
i

[

Qij(giM
1/2
i ,Mj) +Qij(Mi, gjM

1/2
j )

]

.

❲❡ ❝❛♥ st❛t❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ L ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts Ð ij ✱ ♦r✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✇✐t❤ t❤❡
❝♦❡✣❝✐❡♥ts αij = −(kBTninj)/(νÐ ij)✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❉❡✜♥❡✱ ❢♦r ❛♥② i ∈ J1, IK ❛♥❞ k ∈ {1, 2, 3}✱

Ck
i : R3 → R

I , v 7→ (0, · · · , 0,miv(k), 0, · · · , 0)
⊺,

✇❤❡r❡ v(k) ✐s t❤❡ kt❤ ❝♦♦r❞✐♥❛t❡ ♦❢ v ✐♥ R
3✳ ❚❤❡♥✱ ❢♦r ❛♥② i✱ j ∈ J1, IK ✇✐t❤ i 6= j✱ ✇❡ ❤❛✈❡

✭✸✾✮ αij = −
1

kBT
〈M

1/2
i Ck

i ,L(M
1/2
j Ck

j )〉I , ∀k ∈ {1, 2, 3}.

Pr♦♦❢✳ ❈❤❡❝❦✐♥❣ ✭✸✾✮ ✐s ❛ s✐♠♣❧❡ ✈❡r✐✜❝❛t✐♦♥✳ ▲❡t ✉s ❝❤♦♦s❡ k = 1 ❢♦r ✐♥st❛♥❝❡✱ ❛♥❞ ✜① i ❛♥❞ j s✉❝❤
t❤❛t j 6= i✳ ❲❡ ✜rst ❤❛✈❡

〈M
1/2
i C1

i ,L(M
1/2
j C1

j )〉I = 〈miv(1)M
1/2
i , [L(M

1/2
j C1

j )]i〉.

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ [Lg]i✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t

〈M
1/2
i C1

i ,L(M
1/2
j C1

j )〉I



✶✹ ▲✳ ❇❖❯❉■◆✱ ❇✳ ●❘❊❈✱ ❆◆❉ ❱✳ P❆❱❆◆

=

I
∑

ℓ=1

ninℓ〈miv(1)M
1/2
i ,M

−1/2
i

(

Qiℓ(M
1/2
i M

1/2
j [C1

j ]i,Mℓ) +Qiℓ(Mi,M
1/2
j M

1/2
ℓ [C1

j ]ℓ)
)

〉.

❚❤❡ t❡r♠ [C1
j ]i ✐s ♦❢ ❝♦✉rs❡ ③❡r♦ ❜❡❝❛✉s❡ i 6= j✱ ❛♥❞ t❤❡ ♦♥❧② ♥♦♥③❡r♦ t❡r♠ ✐♥✈♦❧✈✐♥❣ [C1

j ]ℓ ✐s t❤❡ ♦♥❡
❢♦r ℓ = j✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

〈M
1/2
i C1

i ,L(M
1/2
j C1

j )〉I = ninj〈miv(1), Qij(Mi,Mj [C
1
j ]j)〉.

❚❤❛♥❦s t♦ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❦✐♥❡t✐❝ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ✭✹✮✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡

Mi(v
′)Mj(v

′
∗) = Mi(v)Mj(v∗).

❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✶✷✮ ♦❢ Qij ❛♥❞ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ✭✹✮✱
t❤❛t ❡✈❡♥t✉❛❧❧② ❛❧❧♦✇s t♦ ✇r✐t❡

〈M
1/2
i C1

i ,L(M
1/2
j C1

j )〉I =
ninj
2

∫∫∫

Bij

[

mi

(

v′(1) − v(1)

)]2
Mi(v)Mj(v∗) dσ dv∗ dv,

✇❤✐❝❤ ②✐❡❧❞s ✭✸✻✮✳ �

❘❡♠❛r❦ ✹✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ A ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✷ ❝❛♥ ❛❧s♦ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ Pr♦♣♦✲

s✐t✐♦♥ ✷ t❤❛♥❦s t♦ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t L✳ ■♥❞❡❡❞✱ t❤❡ s❡❧❢✲❛❞❥♦✐♥t♥❡ss ❛♥❞ ♥♦♥♣♦s✐✈✐t② ♦❢ L✱ t♦❣❡t❤❡r
✇✐t❤ ✭✸✾✮✱ ❝❧❡❛r❧② ✐♠♣❧② t❤❛t A ✐s s②♠♠❡tr✐❝ ❛♥❞ ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✳

✹✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣r♦s♣❡❝ts

▲❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ♣❡r❢♦r♠ ✐♥ t❤✐s ❛rt✐❝❧❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
❢♦r ❛ ♠✐①t✉r❡ ♦❢ ♠♦♥❛t♦♠✐❝ ❣❛s❡s ❝❛♥ s✉r❡❧② ❜❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣♦❧②❛t♦♠✐❝ ❝❛s❡✱ ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t
♦❢ ❆♥s❛t③ ✭✷✷✮✳ ■♥❞❡❡❞✱ t❤❡② ♠♦st❧② r❡❧② ♦♥ t❤❡ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②✳ ❊✈❡♥ ✐❢ t❤❡ ♠♦❞❡❧s
❢♦r ♣♦❧②❛t♦♠✐❝ ❣❛s❡s ❛r❡ ♦❢ ❝♦✉rs❡ ♠♦r❡ ❝♦♠♣❧❡① ❬✹✺✱ ✾✱ ✶✾❪✱ t❤❡ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ st✐❧❧ ❤♦❧❞s✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ♥♦ ❞♦✉❜t ✇❡ ❝❛♥ q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞❧② r❡❝♦✈❡r ❡①♣r❡ss✐♦♥s s✐♠✐❧❛r t♦ ✭✸✻✮✕
✭✸✼✮ ❢♦r ♣♦❧②❛t♦♠✐❝ ❣❛s❡s ♠✐①t✉r❡s✱ ❜✉t ♠♦r❡ ✐♥tr✐❝❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♦t❤❡r ♠✐❝r♦s❝♦♣✐❝ ✈❛r✐❛❜❧❡s
✐♥✈♦❧✈❡❞ ✭✐♥t❡r♥❛❧ ❡♥❡r❣②✱ ❢♦r ✐♥st❛♥❝❡✮✳

❚❤❡ ❞❡❜❛t❡ ❜❡t✇❡❡♥ ▼❛①✇❡❧❧✲❙t❡❢❛♥✬s ❛♥❞ ❋✐❝❦✬s ❡q✉❛t✐♦♥s ❢♦r ❞✐✛✉s✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥
✐♥ t❤❡ ❣❛s❡♦✉s ♠✐①t✉r❡ ❝❛s❡✳ ❆t ✜rst✱ ❜♦t❤ ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛①✐♦♠❛t✐❝ ♠❛❝r♦s❝♦♣✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s

❢♦r tr❛♥s♣♦rt✱ ❜✉t r❡❧②✐♥❣ ♦♥ ❛♣♣❛r❡♥t❧② ❞✐✛❡r❡♥t ♣♦st✉❧❛t❡s✳ ❚❤❡ ❋✐❝❦ ❛♣♣r♦❛❝❤ ✇❛s t❤❡♦r✐③❡❞ ❧❛t❡r
♦♥ ❜② ❖♥s❛❣❡r ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s ❢r❛♠❡✇♦r❦✱ ✇❤✐❝❤ ✐ts❡❧❢ ✇❛s ♣r♦✈❡♥✱
❢♦r ❣❛s❡♦✉s ♠✐①t✉r❡s✱ t♦ ❞❡r✐✈❡ ❢r♦♠ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❚❤✐s s❤♦✉❧❞ ❤❛✈❡ ❝♦♥s❡❝r❛t❡❞ t❤❡ ❋✐❝❦
✈✐❡✇♣♦✐♥t ♦✈❡r t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ♦♥❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✇❛s ❞✐✣❝✉❧t ❢♦r ♠❛♥② ♣❡♦♣❧❡ t♦ ❧❡t ❞♦✇♥
t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❢♦r♠✉❧❛t✐♦♥✱ ❛s ✐t ❢❡❛t✉r❡s ❢♦r♠❛❧ ❝♦♥✈❡♥✐❡♥❝❡s ❝♦♠♣❛r❡❞ t♦ ❋✐❝❦✱ ✐♥ ♣❛rt✐❝✉❧❛r
❝♦♥❝❡r♥✐♥❣ t❤❡ ✐ss✉❡ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ❛♣♣❛r❡♥t ❝♦♥tr❛❞✐❝t✐♦♥ ✇❛s t❤❡♥
s♦♠❡❤♦✇ s♦❧✈❡❞ ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ t✇♦ ♣r♦❝❡ss❡s✿ ❋✐❝❦ ❛♥❞ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ✇❡r❡ t❤❡ s❛♠❡✱ ❜✉t
❢♦r♠✉❧❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣❡r❢♦r♠ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s t❤❛♥❦s t♦ t❤❡
❇♦❧t③♠❛♥♥ ✈✐❡✇♣♦✐♥t✳ ■t ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ❢♦r ❧♦♥❣ t❤❛t ❛ ❈❤❛♣♠❛♥✲❊♥s❦♦❣ ❡①♣❛♥s✐♦♥ ✐s ❛ ❝r✉❝✐❛❧
t♦♦❧ t♦ ♣r♦♣❡r❧② ❞❡r✐✈❡ t❤❡ ❋✐❝❦ ❡q✉❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ♣r♦✈❡
✐♥ t❤✐s ✇♦r❦ t❤❛t ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❞❡r✐✈❡❞✱ ❡q✉✐✈❛❧❡♥t❧② ❡✐t❤❡r ✉s✐♥❣ ❛ ❍✐❧❜❡rt
❡①♣❛♥s✐♦♥ ♦r t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❢♦r ♠✐①t✉r❡s✳ ❯s✐♥❣ ❛ ❢♦r♠❡r
r❡s✉❧t ❜② ▲❡ ❚❛❧❧❡❝ ❛♥❞ P❡r❧❛t✱ ✇❤♦ ♣r♦✈❡❞ t❤❛t ▲❡✈❡r♠♦r❡✬s ✶✹✲♠♦♠❡♥t ❡q✉❛t✐♦♥s ❝♦♥✈❡♥✐❡♥t❧②
♠♦❞❡❧ ❛ ♠♦♥❛t♦♠✐❝ ❣❛s ❛t ♠♦❞❡r❛t❡ ❑♥✉❞s❡♥ ♥✉♠❜❡r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❡q✉❛t✐♦♥s
❛r❡ ❧✐❦❡❧② t♦ ♠♦❞❡❧ ♠♦❞❡r❛t❡❧② r❛r❡✜❡❞ ♠✐①t✉r❡s✳

❚❤❡♥ ✇❡ ❝♦♠❡ t♦ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♣✐❝t✉r❡ ♦❢ ❜♦t❤ ♠♦❞❡❧s✳

• ❋✐❝❦✬s ❧❛✇ ✐s ♥❡❡❞❡❞ t♦ ♠♦❞❡❧ ❛ ❣❛s ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❣✐♠❡✳ ■t ♠♦❞❡❧s ♠❛ss ❞✐✛✉s✐♦♥ ❢♦r
♠✐①t✉r❡s ❛♥❞ ♥❡❡❞s t♦ ❜❡ ❝♦♠♣❧❡t❡❞✱ ✐❢ ♥❡❝❡ss❛r② ❜② ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❢♦r ♠✐①t✉r❡✳



▼❆❳❲❊▲▲✲❙❚❊❋❆◆ ▲■▼■❚ ❋❖❘ ❆ ❑■◆❊❚■❈ ▼❖❉❊▲ ❲■❚❍ ●❊◆❊❘❆▲ ❈❘❖❙❙ ❙❊❈❚■❖◆❙ ✶✺

• ▼❛①✇❡❧❧✲❙t❡❢❛♥✬s ❡q✉❛t✐♦♥s ♥❡❡❞ t♦ ❜❡ ✐♥✈♦❦❡❞ ✇❤❡♥ ♠♦❞❡r❛t❡ r❛r❡❢❛❝t✐♦♥ ♦❝❝✉rs✳ ❚❤❡②
♠✉st ❜❡ s❡❡♥ ❛s ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ❛♥❞ ♥❡❡❞ t♦ ❜❡ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥s ❢♦r ♠❛ss
❝♦♥s❡r✈❛t✐♦♥✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ ✇❤② t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛♥②
❧✐♥❦ ❜❡t✇❡❡♥ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❛♥❞ ❋✐❝❦ ❝♦❡✣❝✐❡♥ts✳ ❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ ❤❡r❡ t❤❛t t❤❡ ▼❛①✇❡❧❧✲
❙t❡❢❛♥ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❞✐r❡❝t ❧✐♥❡❛r✐③❡❞ ❇♦❧t③♠❛♥♥ ♦♣❡r❛t♦r✱ ✇❤❡r❡❛s ✐t ✐s ❦♥♦✇♥ t❤❛t
t❤❡ ❋✐❝❦ ♦♥❡s ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ✐ts ✐♥✈❡rs❡✳ ❚❤❡r❡❢♦r❡✱ ❡①❝❡♣t ❢♦r ✈❡r② ❢❡✇ s♣❡❝✐✜❝ ❝❛s❡s✱ ✇❤✐❝❤
st✐❧❧ ♥❡❡❞ t♦ ❜❡ ❝❧❛r✐✜❡❞✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❝❡✱ ✐♥ ❛ ❣❡♥❡r❛❧ ✇❛②✱ t❤❛t ❛ s✐♠♣❧❡ ❧✐♥❦ ❡①✐sts ❜❡t✇❡❡♥ t❤❡
▼❛①✇❡❧❧✲❙t❡❢❛♥ ❛♥❞ ❋✐❝❦ ❝♦❡✣❝✐❡♥ts✳

❆♣♣❡♥❞✐① ❆✳ ▼♦♠❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♠✐①t✉r❡ ❝❛s❡

❚❤✐s ❛♣♣❡♥❞✐① ❛✐♠s t♦ ❡①♣❧❛✐♥ ✇❤② t❤❡ ❝❤♦✐❝❡ ♦❢ ❆♥s❛t③ ✭✶✼✮ ✐s r❡❧❡✈❛♥t✱ ❛♥❞ ✇❤② t❤❡ ▼❛①✇❡❧❧✲
❙t❡❢❛♥ ❢♦r♠❛❧✐s♠ ❝❛♥ ❛❧s♦ ②✐❡❧❞ ❢r♦♠ ❣❡♥❡r❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ t❤❡ ❡♥tr♦♣✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❦✐♥❡t✐❝
❡q✉❛t✐♦♥s✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✱ ♠❛✐♥❧② r❡❧❛t❡❞ t♦ t❡♥s♦r ❝❛❧❝✉❧✉s✳ ❚❤❡♥ ✇❡ ❜r✐❡✢②
❞✐s❝✉ss ●❛❧❡r❦✐♥✬s ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ❢♦r ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s✱
t♦ ❡✈❡♥t✉❛❧❧② ❛♣♣❧② ✐t ❢♦r ♠✐①t✉r❡s✳

❆✳✶✳ ❇❛s✐❝s ♦❢ t❡♥s♦r ❝❛❧❝✉❧✉s✳ ❲❤❛t ✇❡ ❡①♣❧❛✐♥ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛ ♠♦r❡
r✐❣♦r♦✉s ✇❛② ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❜♦♦❦ ❜② ❙❝❤✇❛rt③ ❬✹✷❪✳ ✇❡ ♣r♦✈✐❞❡ ✐t ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳ ❋♦r
❛♥② d✱ q ∈ N

∗✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ a : J1, dKq → R ✐s ❝❛❧❧❡❞ ❛ sq✉❛r❡ t❡♥s♦r ♦❢ s✐③❡ d ❛♥❞ ♦r❞❡r q✳ ❚❤❡ s❡t
♦❢ ❛❧❧ sq✉❛r❡ t❡♥s♦rs ♦❢ s✐③❡ d ❛♥❞ ♦r❞❡r q ✐s ❞❡♥♦t❡ ❞ ❜② T(d, q)✳ ❲❡ ❡①t❡♥❞ t❤❡ ♥♦t❛t✐♦♥ T(d, q) ✐♥
t❤❡ ❝❛s❡ ✇❤❡♥ q = 0✿ ❛♥ ❡❧❡♠❡♥t ♦❢ T(d, 0) ✐s ❥✉st ❛ r❡❛❧ ♥✉♠❜❡r✳ ❆♥ ❡♥tr② ♦❢ ❛ t❡♥s♦r a ∈ T(d, q)
✇r✐t❡s a[i1, · · · , iq]✱ ✇❤❡r❡ ip ∈ J1, dK ❢♦r ❛❧❧ p ∈ J1, qK✳

❋♦r ❛♥② d✱ q✱ r ∈ N
∗✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♦✉t❡r ♣r♦❞✉❝t a ⊗ b ∈ T(d, q + r) ♦❢ t✇♦ sq✉❛r❡ t❡♥s♦rs

a ∈ T(d, q) ❛♥❞ b ∈ T(d, r) ❜②

(a⊗ b)[i1, · · · , iq, iq+1, · · · , iq+r] = a[i1, · · · , iq] b[iq+1, · · · , iq+r], 1 ≤ i1, · · · , iq+r ≤ d,

❛♥❞ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦❞✉❝t (a : b) ∈ T(d, q) ♦❢ t✇♦ sq✉❛r❡ t❡♥s♦rs a ∈ T(d, q+ r) ❛♥❞ b ∈ T(d, r) ❜②

(a : b)[i1, · · · , iq] =
d
∑

j1=1

· · ·
d
∑

jr=1

a[i1, · · · , iq, j1, · · · , jr] b[j1, · · · , jr], 1 ≤ i1, · · · , iq, j1, · · · , jr ≤ d.

▲❡t ✉s ♥♦✇ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ sq✉❛r❡ t❡♥s♦r ♦♥ ❛ t❡♥s♦r ❝♦❧✉♠♥✳ ❲❡ ❛❧r❡❛❞②
❢♦❝✉s ♦♥ t❤❡ ❦✐♥❡t✐❝ s❡tt✐♥❣ ❜② ❝♦♥s✐❞❡r✐♥❣ s♦✲❝❛❧❧❡❞ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ ❢✉♥❝t✐♦♥s ♦❢ v✳ ❋♦r ❣✐✈❡♥
d✱ q✱ r ∈ N

∗✱ ❝♦♥s✐❞❡r I ≥ 2 t❡♥s♦r✲✈❛❧✉❡❞ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s✱ ❞❡♥♦t❡❞ ❜② ti(v) ∈ T(d, q + r)✱ ❢♦r ❛♥②
i✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡ t❡♥s♦r ❝♦❧✉♠♥ T(v) = (t1(v), · · · , tI(v))

⊺✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ ❛ t❡♥s♦r a ∈ T(d, q) ♦♥
T(v) ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦❞✉❝t ♦♥ ❛♥② ❧✐♥❡ ♦❢ T(v)✱ ✐✳❡✳

a · T(v) := (t1(v) : a, · · · , tI(v) : a)
⊺ ∈ T(d, r)I .

◆♦t❡ t❤❛t✱ ✐❢ r = 0✱ a · T(v) ✐s ❥✉st ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ✭♦❢ s✐③❡ I✮ ♦❢ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❢♦r
❛♥② p ∈ N✱ ✐❢ A = (a0, · · · , ap) ✐s ❛ ❧✐st ♦❢ t❡♥s♦rs ✐♥ T(d, q)✱ ❛♥❞ M(v) = (M0(v), · · · ,Mp(v)) ✐s ❛ ❧✐st
♦❢ t❡♥s♦r ❝♦❧✉♠♥s✱ ✐✳❡✳ ❡❛❝❤ Mk ❧✐❡s ✐♥ T(d, q)I ✱ ✇❡ s❡t

A ·M(v) =

p
∑

j=0

aj ·Mj(v) ∈ R
I ,

✇❤✐❝❤ ✐s t❤❡♥ ❛❧s♦ ❛ ❝♦❧✉♠♥ ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s✳
❊✈❡♥t✉❛❧❧②✱ ✐❢ M(v) ✐s ❛♥② ❧✐st ♦❢ t❡♥s♦rs (m1(v), · · · ,mI(v)) s✉❝❤ t❤❛t mi(v) ∈ T(d, q) ❢♦r ❛❧❧

i ∈ J1, IK✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

〈M, f〉I =

I
∑

i=1

〈mi, fi〉 ∈ T(d, q),
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r❡♠❡♠❜❡r✐♥❣ t❤❡ 〈·〉 ♥♦t❛t✐♦♥s ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

❆✳✷✳ ●❛❧❡r❦✐♥✬s ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞✳ ■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡
●❛❧❡r❦✐♥ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♣r♦♣❡r❧② ❞❡r✐✈❡ t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❢r♦♠ ❛ st❛♥❞❛r❞ ❦✐♥❡t✐❝
❡q✉❛t✐♦♥✳ ■♥ t❤❡ ♥❡①t ♦♥❡✱ ✇❡ ❛♣♣❧② t❤❡ str❛t❡❣② t♦ t❤❡ ♠✐①t✉r❡ ♠♦❞❡❧✳ ▲❡t ✉s t❤❡♥ ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❝♦❧❧✐s✐♦♥❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✱ ✇❤♦s❡ ✉♥❦♥♦✇♥ ✐s ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f :
R
3 × R

∗
+ × R

3 → R
I ✱ ✇✐t❤ I ≥ 1✱ ✐✳❡✳

✭✹✵✮ ∂tf + v · ∇xf = K(f) ♦♥ R
3 × R

∗
+ × R

3,

✇❤❡r❡ K ✐s s♦♠❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦r✱ ✇❤♦s❡ ❞♦♠❛✐♥ ✐s ♥❛♠❡❞ D(K)✳ ❲❡ ❛ss✉♠❡ t❤❛t ✭✹✵✮ ✐s ❡♥❞♦✇❡❞
✇✐t❤ ❛ str✐❝t❧② ❝♦♥✈❡① ❡♥tr♦♣② ❢✉♥❝t✐♦♥❛❧✱ ♥❛♠❡❧②✱ t❤❡r❡ ❡①✐sts ❛ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ η : RI →
R ∪ {+∞}✱ y 7→ η(y)✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ❞❡❝❛② ❡st✐♠❛t❡ ❤♦❧❞s ❢♦r ❛♥② f ∈ D(K)✿

✭✹✶✮ 〈K(f),∇yη(f)〉I ≤ 0.

❚❤❡♥✱ ✐♥ ❛ ✈❡r② st❛♥❞❛r❞ ✇❛②✱ ✇❡ ❞❡♥♦t❡ ❜② η∗ : RI → R ∪ {−∞}✱ z 7→ η∗(z)✱ ✐ts ❝♦♥✈❡① ❝♦♥❥✉❣❛t❡
❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦❧❧✐s✐♦♥❛❧ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦r K ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ❦✐♥❡t✐❝
✭I✲❧✐st ♦❢ t❡♥s♦r✲✈❛❧✉❡❞✮ ❢✉♥❝t✐♦♥s X(v) s✉❝❤ t❤❛t✱ ❢♦r ❛♥② f ∈ D(K)✱

〈X,K(f)〉I = 0,

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② kerK t❤❡ ❧✐♥❡❛r s♣❛❝❡ ♦❢ ❝♦❧❧✐s✐♦♥ ✐♥✈❛r✐❛♥ts✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢
K ✐s t❤❡ ❡①t❡♥❞❡❞ H✲t❤❡♦r❡♠✱ ✇❤✐❝❤ st❛t❡s✱ ❢♦r ❛♥② f ∈ D(K)✱ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ K(f) = 0❀
✭✐✐✮ 〈∇yη(f),K(f)〉I = 0❀
✭✐✐✐✮ t❤❡r❡ ❡①✐sts φ ∈ kerK s✉❝❤ t❤❛t f = ∇zη

∗(φ)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❥♦✐♥❡❞ t♦ t❤❡ ❡♥tr♦♣② ❞❡❝❛② ❡st✐♠❛t❡ ✭✹✶✮✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s ♠❡❛♥ t❤❛t f
s❤♦✉❧❞ t❡♥❞ t♦ ❛ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐③❡❞ ❜② K(f) = 0 ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❣r❛❞✐❡♥t✳ ■♥ ♣r❛❝t✐❝❡✱
❤♦✇❡✈❡r✱ t❤❡ tr❛♥s♣♦rt t❡r♠ v · ∇xf ❛♥❞ t❤❡ ❝♦❧❧✐s✐♦♥ ♦♥❡ K(f) ❝♦♠♣❡t❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❣✐♠❡
❛t st❛❦❡✳ ❚♦ ❡①❤✐❜✐t t❤❡ ❞♦♠✐♥❛♥t t❡r♠✱ ❧❡t ✉s r❡❝❛❧❧ t❤❛t t❤❡ ❣r❛❞✐❡♥t t❡r♠ ❜❡❤❛✈❡s ❧✐❦❡ t❤❡ ✐♥✈❡rs❡
♦❢ ❛ t②♣✐❝❛❧ ❧❡♥❣t❤✱ ❞❡♥♦t❡❞ ❜② 1/ℓ✱ ❛♥❞ t❤❡ ❇♦❧t③♠❛♥♥ ❝♦❧❧✐s✐♦♥ t❡r♠ s❝❛❧❡s ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
❞❡♥s✐t② ✇✐t❤ t❤❡ ❝r♦ss s❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ 1/λ✳ ❚❤❡♥
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❑♥✉❞s❡♥ ♥✉♠❜❡r ❑♥ = λ/ℓ ❛❧❧♦✇s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ r❡❣✐♠❡✳

❆t ❧♦✇ ❑♥✉❞s❡♥ ♥✉♠❜❡r✱ ✐✳❡✳ ❑♥ ≤ 10−3✱ ❝♦❧❧✐s✐♦♥s ❛r❡ ♠✉❝❤ ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ ❛♥② ❣r❛❞✐❡♥t
❛♥❞✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❡①t❡♥❞❡❞ H✲t❤❡♦r❡♠✱ t❤❡ ③❡r♦t❤✲♦r❞❡r t❡r♠ ✭✇✐t❤ r❡s♣❡❝t t♦ ❑♥✮ ♦❢ ❛♥② f s❛t✲
✐s❢②✐♥❣ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✹✵✮ s❤♦✉❧❞ ❤❛✈❡ t❤❡ ❢♦r♠ f0(t, x, ·) = ∇zη

∗(φx,t)✱ ✇❤❡r❡ φx,t ∈ kerK
❢♦r ❛♥② x ❛♥❞ t✳ ❚❤❡ r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s t❤❡♥ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ❡q✉❛t✐♦♥s s❛t✐s✜❡❞ ❜② φ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ x ❛♥❞ t✳ ❚❤❡② ❝❛♥ ✜rst ❜❡ ♦❜t❛✐♥❡❞ ❜② ✇r✐t✐♥❣ t❤❡ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥
s❛t✐s✜❡❞ ❜② t❤❡ ③❡r♦t❤ ♦r❞❡r ♠♦♠❡♥t ♦❢ f ✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ✜rst✲♦r❞❡r ❝♦rr❡❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
t❤❛♥❦s t♦ t❤❡ ❈❤❛♣♠❛♥✲❊♥s❦♦❣ ♣r♦❝❡❞✉r❡ ❛♥❞ ✇❡ ❣❡t ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❞✐✛✉s✐✈❡ t❡r♠s✳

❋♦r ❤✐❣❤❡r ✭t❤❛♥ 10−3✮ ❑♥✉❞s❡♥ ♥✉♠❜❡rs✱ t❤❡ ❝♦❧❧✐s✐♦♥ ♣r♦❝❡ss ✐s ♥♦t ❞♦♠✐♥❛♥t ❛♥② ♠♦r❡✱ ❛♥❞
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ f0 ❛s ❛ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❢❛✐❧s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❣✉❡ss s♦♠❡ ❛
♣r✐♦r✐ s❤❛♣❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✱ ❛♥❞ t❤✐s ❣❡♥❡r❛❧❧② r❡q✉✐r❡s s♦❧✈✐♥❣ t❤❡
❢✉❧❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✐ts❡❧❢✳

❍♦✇❡✈❡r✱ t❤❡ ❝❛s❡ ♦❢ s✐❣♥✐✜❝❛♥t ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ st✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣
t❤❡ ♠♦♠❡♥t ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤✐s ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ ♣r❛❝t✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧
❛♣♣r♦❛❝❤ t♦ ❝♦♠♣✉t❡ ●❛❧❡r❦✐♥ s♦❧✉t✐♦♥s t♦ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✐ts❡❧❢ ❬✹✶❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❛②
t❤❛t f ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✹✵✮ ✇❤❡♥

✭✹✷✮ 〈ψ, ∂tf〉I + 〈ψ, v · ∇xf〉I = 〈ψ,K(f)〉I ,

❢♦r ❛♥② r❡❧❡✈❛♥t t❡st✲❢✉♥❝t✐♦♥ ψ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ v✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s♣❛❝❡ ♦❢ r❡❧❡✈❛♥t t❡st✲❢✉♥❝t✐♦♥s
M ♠✉st s❛t✐s❢② ∇yη(f) ∈ M✱ s♦ t❤❛t✱ ✉s✐♥❣ ∇yη(f) ❛s ❛ t❡st✲❢✉♥❝t✐♦♥ ✐♥ ✭✹✷✮ ❛♥❞ t❤❡ ❡♥tr♦♣② ❞❡❝❛②



▼❆❳❲❊▲▲✲❙❚❊❋❆◆ ▲■▼■❚ ❋❖❘ ❆ ❑■◆❊❚■❈ ▼❖❉❊▲ ❲■❚❍ ●❊◆❊❘❆▲ ❈❘❖❙❙ ❙❊❈❚■❖◆❙ ✶✼

❢♦r t❤❡ ❝♦❧❧✐s✐♦♥ t❡r♠ ✭✹✶✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s ❢♦r t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥

〈∇yη(f), ∂tf〉I + 〈∇yη(f), v · ∇xf〉I ≤ 0.

❚❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ s✉❜s♣❛❝❡s kerK = M0 ⊂
M1 ⊂ · · · s✉❝❤ t❤❛t cl(∪Mk) = M ✭✇❤❡r❡ cl st❛♥❞s ❢♦r t❤❡ ❝❧♦s✉r❡ t♦♣♦❧♦❣✐❝ ♦♣❡r❛t♦r✮ ❛♥❞ t♦ t❛❦❡
❛♥② ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s Mk✱ k ∈ N✱ ❛s t❤❡ t❡st✲❢✉♥❝t✐♦♥ s♣❛❝❡ ✐♥ ✭✹✷✮✱ t❤❛t ✐s✱ ❢♦r
❛♥② ψ ∈ Mk✱

✭✹✸✮ 〈ψ, ∂tf〉I + 〈ψ, v · ∇xf〉I = 〈ψ,K(f)〉I , ✇✐t❤ ∇yη(f) ∈ Mk.

❲❡ ♥❡❡❞ t♦ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✐♥ ❬✸✹❪ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♠❡t❤♦❞✳ ❚❤❡ ❡♥tr♦♣②
❝♦♥❞✐t✐♦♥ ❢♦r f ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ ❧♦♦❦ ❢♦r f ✉♥❞❡r t❤❡ ❢♦r♠ f(t, x, v) = ∇zη

∗(ϕk(v))✱ ✇❤❡r❡ ϕk

❧✐❡s ✐♥ Mk✳ ▲❡t ✉s t❤❡♥ ❝♦♥s✐❞❡r M(v) ❜❡ ❛ ❜❛s✐s ♦❢ Mk✱ t❤❛t ✐s M(v) = (M1(v), · · · ,Mp(v))✳ ❆♥
❡❧❡♠❡♥t ♦❢ Mk ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s A ·M (v)✳ ▲♦♦❦✐♥❣ ❢♦r f ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦ ❧♦♦❦ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s
A(t, x) ❛s t❤❡ s♣❛❝❡✲t✐♠❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ∇yη(f) ✐♥ t❤❡ s♣❛❝❡ Mk✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❞❡✜♥❡
t❤❡ ♠♦♠❡♥t ❛ss♦❝✐❛t❡❞ t♦ f ❛s

R(t, x) = 〈M, f(t, x, ·)〉I = (〈M1,∇zη
∗(A(t, x) ·M)〉I , · · · , 〈Mp,∇zη

∗(A(t, x) ·M)〉I).

❚❤✐s ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❡♥tr♦♣✐❝ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✿ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ R(t, x)
❛♥❞ A(t, x)✳ ■♥ ♦r❞❡r t♦ ❤❡❧♣ t❤❡ r❡❛❞❡r ✇✐t❤ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✉♥❦♥♦✇♥s
R✱ A✱ ❧❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ t❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s✱
✇❤❡♥ Mk = M0 = kerK✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts ❛r❡ st❛♥❞❛r❞✳

• ❚❤❡ ✉♥❦♥♦✇♥ Re(t, x) st♦r❡s ❛♥② ♦❢ t❤❡ ❡①t❡♥s✐✈❡ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ❝♦♥s❡r✈❡❞✱ ✇❤✐❝❤ ❛r❡
♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ❝♦❧❧✐s✐♦♥ ♣r♦❝❡ss✳

• ❚❤❡ ✉♥❦♥♦✇♥ Ae(t, x) st♦r❡s ❛♥② ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✐♥t❡♥s✐✈❡ ❝♦♥❥✉❣❛t❡ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t✐❡s✳
• ❚❤❡ ✉♥❦♥♦✇♥ M

e(v) st♦r❡s t❤❡ ❡①t❡♥s✐✈❡ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦♥s❡r✈❡❞ q✉❛♥✲
t✐t✐❡s✳

❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ tr✐♣❧❡t (Re,Ae,Me(v)) ❛r❡ ❧✐♥❦❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t❤❛♥❦s t♦ t❤❡ r❡❧❛t✐♦♥s❤✐♣

R
e = 〈Me,∇zη

∗(Ae ·Me)〉I .

■♥ t❤❡ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ❝♦♥t❡①t✱ ✇❡ ✇✐s❤ t♦ ❦❡❡♣ t❤❡ ✈♦❝❛❜✉❧❛r② ♦❢ ❡①t❡♥s✐✈❡ ♠♦♠❡♥t ✭R✮ ❛♥❞ ✐♥t❡♥s✐✈❡
❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t ✭A✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡①t❡♥s✐✈❡ ❛♥❞ ❝♦♥❥✉❣❛t❡ ✐♥t❡♥s✐✈❡ ♠♦♠❡♥ts ✐s
❡st❛❜❧✐s❤❡❞ t❤❛♥❦s t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥

h(A) = 〈η∗(A ·M)〉I ,

❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥❥✉❣❛t❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h∗✳ ❋♦r ❛♥② ♠♦♠❡♥t R =
(r1, · · · , rp)✱ ✇❡ ✇r✐t❡

h∗(R) = sup
A

[(

p
∑

k=1

ak : rk

)

− h(A)

]

, ✇✐t❤ A = (a1, · · · , ap).

❲❤❡♥ t❤✐♥❣s ❣♦ r♦✉♥❞ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ h ♥❡❡❞s t♦ ❜❡ str✐❝t❧② ❝♦♥✈❡①✮✱ ❢♦r ❛♥② ✇❡❧❧✲❝❤♦s❡♥ R✱ t❤❡r❡ ✐s
❛ ✉♥✐q✉❡ A s✉❝❤ t❤❛t A = Arg sup(h∗(R))✳ ■t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ t❤❛♥❦s t♦ t❤❡ ❊✉❧❡r ❝♦♥❞✐t✐♦♥

✭✹✹✮ R−∇Ah(A) = 0 ⇔ R = 〈M,∇zη
∗(A ·M)〉I .

❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ A✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✜♥❛❧❧② ✇r✐tt❡♥ ✉s✐♥❣
t❤❡ ❢✉♥❝t✐♦♥s h ❛♥❞ h∗✿

R(A) = ∇Ah(A), A(R) = ∇Rh
∗(R).

❍❡♥❝❡✱ ❣♦✐♥❣ ❜❛❝❦ t♦ ♦✉r ●❛❧❡r❦✐♥ ♣r♦❜❧❡♠✱ ❧♦♦❦✐♥❣ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ f s♣❡❝✐✜❡❞ ❜② ❜♦t❤ ❝♦♥❞✐t✐♦♥s
❢r♦♠ ✭✹✸✮ ❧❡❛❞s ✉s t♦ ❡✈❡♥t✉❛❧❧② ✜♥❞ t❤❡ ♠♦♠❡♥ts R(t, x) ❛ss♦❝✐❛t❡❞ t♦ f ✐♥ t❤❡ ❦✐♥❡t✐❝ s♣❛❝❡Mk✳ ❚❤❡
♠♦♠❡♥ts ❝❛♥ ❜❡ s❡❛r❝❤❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✳



✶✽ ▲✳ ❇❖❯❉■◆✱ ❇✳ ●❘❊❈✱ ❆◆❉ ❱✳ P❆❱❆◆

◆♦✇✱ ✇✐t❤ ❬✸✹❪✱ ❛ss✉♠❡ t❤❛t f ✐s ❛ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥
✭✹✵✮✱ t❤❛t ✐s ✇❡ ✐♠♣♦s❡

f(t, x, ·) = ∇zη
∗(A(t, x) ·M).

❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ●❛❧❡r❦✐♥ ♣r♦❜❧❡♠ ✭✹✸✮ ♥♦✇ r❡❛❞s

〈M, ∂tf〉I + 〈M, v · ∇xf〉I = 〈M,K(f)〉I ,

f(t, x, ·) = ∇zη
∗(A(t, x) ·M).

■❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s

S(A) = 〈M,K(∇zη
∗(A ·M))〉I , J(A) = 〈v⊗M · A,∇zη

∗(A ·M)〉I ,

✇❡ ❢♦r♠❛❧❧② ♦❜t❛✐♥

∂tR+∇x · J(A) = S(A).

❯s✐♥❣ t❤❡ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ A ❛♥❞ R✱ t❤❛♥❦s t♦ t❤❡ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥s h✱
h∗✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∂tR+∇AJ(∇Rh
∗(R))D2

RR
h∗(R)∇xR = S(∇Rh

∗(R)).

❙✉❝❤ ❛♥ ❡q✉❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❋r✐❡❞r✐❝❤✲▲❛① ❢♦r♠ ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠✱ s❡❡ ❬✸✹❪✳ ❚❤❡♥✱ ✐❢
t❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ s♦❧✉t✐♦♥✱ t❤❡ ●❛❧❡r❦✐♥ ♣r♦❜❧❡♠ ❛❧s♦ ❤❛s ❛ s♦❧✉t✐♦♥✳

❆✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♠✐①t✉r❡ ❝❛s❡✳ ❚❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭✸✮
✇❛s ❞❡r✐✈❡❞ ❢♦r ❛ s✐♥❣❧❡ ♠♦♥❛t♦♠✐❝ ❣❛s✱ ②✐❡❧❞✐♥❣ ✭❛t t❤❡ ✜rst ❧❡✈❡❧ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠✮ t❤❡ s♦✲❝❛❧❧❡❞
▲❡✈❡r♠♦r❡ ✶✹✲♠♦♠❡♥ts✳ ■t ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ✇✐t❤ s✉❝❝❡ss ❬✸✶✱ ✸✷❪ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦r ❉❙▼❈ s✐♠✉❧❛t✐♦♥s ✐♥ ❈♦✉❡tt❡ ✢♦✇ ❛t ♠♦❞❡r❛t❡
❑♥✉❞s❡♥ ♥✉♠❜❡rs✳ ❚❤✐s s❡❡♠s t♦ ❝♦♥✜r♠ t❤❡ ✐❞❡❛ t❤❛t t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❡♥❛❜❧❡s t♦ r❡❛❝❤ ❦✐♥❡t✐❝
s②st❡♠s t❤❛t t❡♥❞ t♦ ❡s❝❛♣❡ ❢r♦♠ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ❯♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♠♦♠❡♥t ♠❡t❤♦❞ ❤❛s
❤❛r❞❧② ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♠✐①t✉r❡ ❝❛s❡✱ s❡❡ ❬✸✾❪✳ ❚❤❡ ♠❡t❤♦❞ ✐s r♦✉❣❤❧② ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷
✐♥ ❛ q✉✐t❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ❢♦r♠❛❧✐s♠ ✐♥ ♦✉r s✐t✉❛t✐♦♥✱ ❧❡t ✉s ✜rst ✇r✐t❡ ❛ ❢❡✇
❢♦r♠❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠✐①t✉r❡ ❦✐♥❡t✐❝ ♠♦❞❡❧✳

❚❤❡ ❡♥tr♦♣② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥s ❢♦r ♠✐①t✉r❡s ✭✸✮ ✐s ❣✐✈❡♥✱ ❢♦r ❛♥② y ∈ R
I ✱ ❜②

✭✹✺✮ η(y) =



















I
∑

i=1

yi ln(yi)− yi ✐❢ y ∈ (R∗
+)

I ,

+∞ ✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✳

❲❡ ♦❜✈✐♦✉s❧② ❤❛✈❡✱ ❢♦r ❛♥② y ∈ (R∗
+)

I ✱

∇yη(y) = (ln(y1), · · · , ln(yI))
⊺.

❇❡s✐❞❡s✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥❥✉❣❛t❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ η∗ s❛t✐s✜❡s✱ ❢♦r ❛♥② z ∈ R
I ✱

η∗(z) =

I
∑

i=1

ezi ,

✇❤✐❝❤ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② z ∈ R
I ✱

∇zη
∗(z) = (ez1 , · · · , ezI )⊺.

❯s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✱ ❢♦r ❛♥② v✱

N1(v) =











1
0
✳✳✳
0











, · · · ,NI(v) =











0
✳✳✳
0
1











,
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C1(v) =











m1v
0
✳✳✳
0











, · · · ,CI(v) =











0
✳✳✳
0

mIv











, E(v) =
1

2











m1v
2

m2v
2

✳✳✳
mIv

2











,

t❤❡ s♣❛❝❡ M0 = kerQ ❢♦r t❤❡ ♠✐①t✉r❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦r Q(f, f) s❛t✐s✜❡s✱ ❛s st❛t❡❞ ✐♥ ❬✶✷❪✱

✭✹✻✮ M0 = Span(N1, · · · ,NI ,
∑

i

Ci,E).

◆♦t❡ t❤❛t ✇❡ ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ (Ci) ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ t♦ ❝♦♠♣✉t❡ t❤❡ ▼❛①✇❡❧❧✲
❙t❡❢❛♥ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r

✭✹✼✮ M1 = Span(N1, · · · ,NI ,C1, · · · ,CI ,E).

❲❡ ❝❧❡❛r❧② ❤❛✈❡ M0 ⊂ M1✳
▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡♥tr♦♣② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ h : M1 → R ❣✐✈❡♥ ❜②

h(A) = η∗(A ·M(v)) =
I
∑

i=1

exp ([A ·M(v)]i),

✇❤❡r❡ M (v) ✐s t❤❡ t❡♥s♦r✐❛❧❧② ❢♦r♠✉❧❛t❡❞ ❜❛s✐s ♦❢ M1 ❛♥❞ ✇❤❡r❡ ✇❡ ❤❛✈❡✱ ❛s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✱ ❢♦r
❛♥② i✱

[A ·M(v)]i =

p
∑

k=1

ak : [Mk(v)]i.

❚❤✐s ❢✉♥❝t✐♦♥ h t❛❦❡s ✐ts ✈❛❧✉❡s ✐♥ R ∪ {+∞}✱ ❛♥❞ ✐ts ❞♦♠❛✐♥ domh ✐s✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ s❡t ♦❢ ❛❧❧
A s✉❝❤ t❤❛t h(A) ✐s ✜♥✐t❡✳ ❚❤❛t ❡①❛❝t❧② r❡q✉✐r❡s t❤❛t t❤❡ ✐♥t❡♥s✐✈❡ ❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t ♦♥ t❤❡ ❡♥❡r❣②
❝♦❧✉♠♥ t❡♥s♦r E(v) ✐s ♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ η∗✱ h ✐s r❡❣✉❧❛r✱ ❛♥❞ ✇❡ ❝❛♥
❝♦♠♣✉t❡✱ ❛t ❛♥② ♣♦✐♥t ♦❢ t❤❡ ♦♣❡♥ s❡t domh✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ h✱ ✐✳❡✳✱ ❢♦r ❛♥② A ∈ domh✱ ❛♥❞ ❛♥②
k ∈ J1, pK✱

[∇Ah(A)]k =

I
∑

i=1

〈[Mk(v)]i,∇zη
∗([A ·M(v)]i)〉.

❚❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ η∗✱ h ✐s ❛ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② A✱ ❛♥❞ ❛♥②
✐♥❞✐❝❡s k ❛♥❞ ℓ✱

✭✹✽✮ [D2
AA
h(A)]kℓ =

I
∑

i=1

〈[Mk(v)]i ⊗ [Mℓ(v)]i, D
2
zzη

∗([A ·M(v)]i)〉.

❇② str✐❝t ❝♦♥✈❡①✐t② ♦❢ η∗✱ D2
zzη

∗ ✐s ❛ s②♠♠❡tr✐❝❛❧ ♣♦s✐t✐✈❡ ❜✐❧✐♥❡❛r ❢♦r♠✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ✭✹✽✮
✐♠♣❧✐❡s t❤❛t D2

AA
h(A) ✐s ❛❧s♦ ❛ s②♠♠❡tr✐❝❛❧ ♣♦s✐t✐✈❡ ❜✐❧✐♥❡❛r ❢♦r♠✳

❈♦♥s✐❞❡r ♥♦✇ ❛ s♦✲❝❛❧❧❡❞ r❡❛❧✐③❛❜❧❡ ♠♦♠❡♥t R = (R0, · · · ,Rp)✳ ■t ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛
✈❡❝t♦r✲✈❛❧✉❡❞ ❦✐♥❡t✐❝ ❢✉♥❝t✐♦♥ f = (f1, · · · , fI)✱ ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♠♣♦♥❡♥ts✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥②
k ∈ J0, pK✱

✭✹✾✮ Rk = 〈Mk(v), f〉I =

I
∑

i=1

〈[Mk(v)]i, fi〉.

❚❤❡♥ ✐t ❝❛♥ ❜❡ ❛r❣✉❡❞ t❤❛t t❤❡ s❡t ♦❢ ❛❧❧ r❡❛❧✐③❛❜❧❡ ♠♦♠❡♥ts ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ h∗✳
▼♦r❡♦✈❡r✱ ❢♦r ❛♥② r❡❛❧✐③❛❜❧❡ ♠♦♠❡♥t R✱ t❤❡ ✉♥✐q✉❡ ♠❛①✐♠✐③❡r ♦❢ h∗(R) ✐s ♦❜t❛✐♥❡❞ ❢♦r A s❛t✐s❢②✐♥❣
t❤❡ ❊✉❧❡r ❝♦♥❞✐t✐♦♥ R = ∇Ah(A)✱ ✇❤✐❝❤ ✐s r❡❝❛❧❧❡❞ ✐♥ ✭✹✹✮ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡
❝❛♥ ❝♦♠♣✉t❡ ❛ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ✐♥ M1 ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐♥✈❡rt✐♥❣✱
❢♦r ❛♥② x ❛♥❞ t✱ t❤❡ ❡①t❡♥s✐✈❡ ♠♦♠❡♥t ✈❛r✐❛❜❧❡ R(t, x) ✐♥t♦ t❤❡ ✐♥t❡♥s✐✈❡ ❝♦♥❥✉❣❛t❡ ✈❛r✐❛❜❧❡ A(t, x)✱
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t❤❡ q✉❛♥t✐t② ∇zη
∗(A(t, x) ·M(v)) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ t♦

t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭✸✮ ✐♥ s♦♠❡ r❡❣✐♠❡ ✇❤✐❝❤ ✐s ♥♦t ❝❧♦s❡ t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

▲❡t ✉s ♥♦✇ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s t♦ ❛♣♣❧② t❤❡ ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❡①t❡♥s✐✈❡
♠♦♠❡♥t ✇❛②✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t R ❛s

R = (n1, · · · , nI , ρ1u1, · · · , ρIuI , E).

❙✉❝❤ ❛ ♠♦♠❡♥t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✾✮✱ ❝❤♦♦s✐♥❣ ❢♦r M (v) t❤❡ M1✲t❡♥s♦r ❜❛s✐s ❣✐✈❡♥ ✐♥ ✭✹✼✮✳ ■t ✐s
✉s✉❛❧ t♦ ✇r✐t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛♥② ❢✉♥❝t✐♦♥ f = ∇zη

∗(A ·M(v)) ✉♥❞❡r t❤❡ ❢♦r♠✱ ❢♦r ❛♥② i✱

✭✺✵✮ fi(v) = ni

(

mi

2πkBT

)3/2

exp

(

−
mi (v − ui)

2

2kBT

)

.

◆♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❢♦r♠ ✐s t❤❡ ♦♥❡ ❢r♦♠ ✭✷✷✮ ✇✐t❤ ε = 1✳ ❋r♦♠ ✭✺✵✮✱ ✇❡ ❣❡t✱ ✐❢ ♥❡❝❡ss❛r②✱ t❤❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ R ❛♥❞ A ❜② ❛♣♣❧②✐♥❣ ∇yη(·) t♦ f ✳ ❲❡ ❤❛✈❡ ✐♥❞❡❡❞✱ ❜② ❞❡✜♥✐t✐♦♥✱

A ·M(v) = ∇yη(∇zη
∗(A ·M(v))) = (ln(f1), · · · , ln(fI))

⊺,

✇❤✐❝❤ ❧✐❡s ✐♥ R
I ✱ ❛♥❞ ❛❝t✉❛❧❧② r❡❛❞s

✭✺✶✮ A ·M(v) =

I
∑

i=1

[

ln(ni) +
3

2
ln

(

mi

2πkBT

)

−
miu

2
i

2kBT

]

Ni(v) +

I
∑

j=1

uj
kBT

Cj(v)−
1

kBT
E(v).

❖❜s❡r✈❡ t❤❛t t❤❡ ♦♥❡✲t♦✲♦♥❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ R ❛♥❞ A ✐s ✈❡r② ♥♦♥❧✐♥❡❛r✳ ❚❤❡ ♠♦♠❡♥t ♠❡t❤♦❞
t❤❡♥ r❡t✉r♥s t❤❡ ❡q✉❛t✐♦♥s ✭✶✽✮✕✭✷✵✮✳ ■ts ❡♥tr♦♣② str✉❝t✉r❡ ❝❛♥ ❡❛s✐❧② ❜❡ r❡❝♦✈❡r❡❞ ❜② ♥♦t✐❝✐♥❣ t❤❛t✱
❢♦r ❛♥② ✈❡❝t♦r✲✈❛❧✉❡❞ f ✱

〈∇yη(f), Q(f, f)〉I ≤ 0.

❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡ ✇✐t❤ f = ∇zη
∗(A ·M) ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t

〈A ·M, Q(f, f)〉I ≤ 0.

❘❡❝❛❧❧✐♥❣ t❤❛t ❛♥② ♦❢ t❤❡ Ni✱ 1 ≤ i ≤ I✱ ❛♥❞ E ❜❡❧♦♥❣ t♦ kerQ✱ ✇❡ ❣❡t ❢r♦♠ ✭✺✶✮ t❤❡ ❡♥tr♦♣② ❡st✐♠❛t❡
❢♦r ✭✶✽✮✕✭✷✵✮✱ t❤❛t ✐s

I
∑

i=1

ui
kBT

〈Ci(v), Q(f, f)〉I ≤ 0 ⇐⇒

I
∑

i=1

I
∑

j=1

ui
kBT

〈miv,Qij(fi, fj)〉 ≤ 0.

❘❡♠❛r❦ ✺✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡

1

ε
〈miv,Qij(f

ε
i , f

ε
j )〉 =

1

ε
F ε
ij(εui, εuj),

✇❤✐❝❤ ❝♦♥✈❡r❣❡s✱ ✇❤❡♥ ε ❣♦❡s t♦ 0✱ t♦✇❛r❞s αij(ui − uj)✳ ❚❤❡ ♣r❡✈✐♦✉s ❡♥tr♦♣② ❡st✐♠❛t❡ ❛❧❧♦✇s t♦

r❡❝♦✈❡r t❤❡ ♥♦♥♣♦s✐✈✐t② ♦❢ t❤❡ ♠❛tr✐① A ❞❡✜♥❡❞ ✐♥ ❘❡♠❛r❦ ✷✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈✳ ❇❛r❞♦s✱ ❋✳ ●♦❧s❡✱ ❛♥❞ ❈✳ ▲❡✈❡r♠♦r❡✳ ❋❧✉✐❞ ❞②♥❛♠✐❝ ❧✐♠✐ts ♦❢ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s✳ ■✳ ❋♦r♠❛❧ ❞❡r✐✈❛t✐♦♥s✳ ❏✳
❙t❛t✐st✳ P❤②s✳✱ ✻✸✭✶✲✷✮✿✸✷✸✕✸✹✹✱ ✶✾✾✶✳

❬✷❪ ❈✳ ❇❛r❞♦s✱ ❋✳ ●♦❧s❡✱ ❛♥❞ ❈✳ ▲❡✈❡r♠♦r❡✳ ❋❧✉✐❞ ❞②♥❛♠✐❝ ❧✐♠✐ts ♦❢ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s✳ ■■✳ ❈♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢s ❢♦r t❤❡
❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳✱ ✹✻✭✺✮✿✻✻✼✕✼✺✸✱ ✶✾✾✸✳

❬✸❪ ❉✳ ❇♦t❤❡✳ ❖♥ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❛♣♣r♦❛❝❤ t♦ ♠✉❧t✐❝♦♠♣♦♥❡♥t ❞✐✛✉s✐♦♥✳ ■♥ P❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✱ ✈♦❧✉♠❡ ✽✵ ♦❢
Pr♦❣r✳ ◆♦♥❧✐♥❡❛r ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❆♣♣❧✳✱ ♣❛❣❡s ✽✶✕✾✸✳ ❇✐r❦❤ä✉s❡r✴❙♣r✐♥❣❡r ❇❛s❡❧ ❆●✱ ❇❛s❡❧✱ ✷✵✶✶✳

❬✹❪ ▲✳ ❇♦✉❞✐♥✱ ❉✳ ●öt③✱ ❛♥❞ ❇✳ ●r❡❝✳ ❉✐✛✉s✐♦♥ ♠♦❞❡❧s ♦❢ ♠✉❧t✐❝♦♠♣♦♥❡♥t ♠✐①t✉r❡s ✐♥ t❤❡ ❧✉♥❣✳ ■♥ ❈❊▼❘❆❈❙ ✷✵✵✾✿

▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐♥ ♠❡❞✐❝✐♥❡✱ ✈♦❧✉♠❡ ✸✵ ♦❢ ❊❙❆■▼ Pr♦❝✳✱ ♣❛❣❡s ✾✵✕✶✵✸✳ ❊❉P ❙❝✐✳✱ ▲❡s ❯❧✐s✱ ✷✵✶✵✳
❬✺❪ ▲✳ ❇♦✉❞✐♥✱ ❇✳ ●r❡❝✱ ▼✳ P❛✈✐➣✱ ❛♥❞ ❋✳ ❙❛❧✈❛r❛♥✐✳ ❉✐✛✉s✐♦♥ ❛s②♠♣t♦t✐❝s ♦❢ ❛ ❦✐♥❡t✐❝ ♠♦❞❡❧ ❢♦r ❣❛s❡♦✉s ♠✐①t✉r❡s✳

❑✐♥❡t✳ ❘❡❧❛t✳ ▼♦❞❡❧s✱ ✻✭✶✮✿✶✸✼✕✶✺✼✱ ✷✵✶✸✳
❬✻❪ ▲✳ ❇♦✉❞✐♥✱ ❇✳ ●r❡❝✱ ❛♥❞ ❋✳ ❙❛❧✈❛r❛♥✐✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐✛✉s✐♦♥

❡q✉❛t✐♦♥s✳ ❉✐s❝r❡t❡ ❈♦♥t✐♥✳ ❉②♥✳ ❙②st✳ ❙❡r✳ ❇✱ ✶✼✭✺✮✿✶✹✷✼✕✶✹✹✵✱ ✷✵✶✷✳
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❬✼❪ ▲✳ ❇♦✉❞✐♥✱ ❇✳ ●r❡❝✱ ❛♥❞ ❋✳ ❙❛❧✈❛r❛♥✐✳ ❚❤❡ ▼❛①✇❡❧❧✲❙t❡❢❛♥ ❞✐✛✉s✐♦♥ ❧✐♠✐t ❢♦r ❛ ❦✐♥❡t✐❝ ♠♦❞❡❧ ♦❢ ♠✐①t✉r❡s✳ ❆❝t❛
❆♣♣❧✳ ▼❛t❤✳✱ ✶✸✻✿✼✾✕✾✵✱ ✷✵✶✺✳

❬✽❪ ▲✳ ❇♦✉❞✐♥ ❛♥❞ ❋✳ ❙❛❧✈❛r❛♥✐✳ ❈♦♠♣❛❝t♥❡ss ♦❢ ❧✐♥❡❛r✐③❡❞ ❦✐♥❡t✐❝ ♦♣❡r❛t♦rs✱ ◆♦✈✳ ✷✵✶✺✳ ❘❡✈✐❡✇ ❛rt✐❝❧❡✱ ♣r❡♣r✐♥t✳
❬✾❪ ❏✳✲❋✳ ❇♦✉r❣❛t✱ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ P✳ ▲❡ ❚❛❧❧❡❝✱ ❛♥❞ ❇✳ P❡rt❤❛♠❡✳ ▼✐❝r♦r❡✈❡rs✐❜❧❡ ❝♦❧❧✐s✐♦♥s ❢♦r ♣♦❧②❛t♦♠✐❝ ❣❛s❡s ❛♥❞

❇♦❧t③♠❛♥♥✬s t❤❡♦r❡♠✳ ❊✉r♦♣❡❛♥ ❏✳ ▼❡❝❤✳ ❇ ❋❧✉✐❞s✱ ✶✸✭✷✮✿✷✸✼✕✷✺✹✱ ✶✾✾✹✳
❬✶✵❪ ▼✳ ❇r✐❛♥t✳ ❙t❛❜✐❧✐t② ♦❢ ❣❧♦❜❛❧ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ♠✉❧t✐✲s♣❡❝✐❡s ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ L

∞ s❡tt✐♥❣s✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱
▼❛r✳ ✷✵✶✻✳
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