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THE MEASURE REPRESENTATION: A CORRECTION

- Uzi Segal

Abstract

Wakker (9] and Puppe [2] point out a mistake in Theorem 1 in Segal [6]. This
theorem deals with representing preference relations over lotteries by the measure of
their epigraphs. An error in the theorem is that it gives wrong conditions concerning the
continuity of the measure. This paper corrects the error. Another problem is that the
axioms do not imply that the measure is bounded, therefore the measure representation
applies only to subsets of the space of lotteries, although these subsets can become
arbitrarily close to the whole space of lotteries. Some additional axioms (Segal [6, 7)),
implying that the measure is a product measure (and hence anticipated utility), also
guarantee that the measure is bounded.

Key Words: Anticipated utility, measure representation.



THE MEASURE REPRESENTATION: A CORRECTION

Uzi.Segal*

Quiggin’s [3] anticipated utility (or rank dependent) model for decision-making under
uncertainty proved itself to be one of the most successful alternatives to expected utility
theory. According to this model, the value of a lottery X with a cumulative distribution
function F is given by

AU(X) = [ u(z)df(F(2)) (1)

where f : [0,1] — [0, 1] is strictly increasing, continuous, and onto.! One possible inter-
pretation of this model is that the preference relation > over lotteries can be represented
by a measure of the epigraphs of the lotteries cumulative distribution functions, and
moreover, that this measure is a product measure. That is, there are two increasing
functions v (defined on the outcomes axis) and f (defined on the probabilities axis) such
that the measure of the rectangle [z,y] x [p, q] is [u(y) — u(z)][f(q) — f(p)]- Indeed, let
X = (z1,P1;--.;Tn,Pn) such that z; < --- < z,. Then (1) is reduced to

AU(X) = Su(a) @m—f@mn 2)

where pg = 0. If we assume u(0) = 0, then the above expression can be viewed as the
sum of the measures of the rectangles [0, 2:] X [Z}26 ps, St=0Ps], each with the measure

[u(a:,) - u(O)][f( }:o pi) — f(Z —»0 PJ)] 2

A natural extension of this model is to represent the preference relation = on lotteries
by a general (not necessarily product) measure of the lotteries’ epigraphs. This functional
is suggested and axiomatized in Segal [5, 6]. It turns out, however, that there are some
mistakes in these papers (see Wakker [9] and Puppe [2]), concerning the questions what
sets have zero -measure, and what sets which have zero Lebesgue measure must also

*1 am grateful to Peter Wakker and to C. Puppe for pointing out to me the mistake in my original
paper and to Larry Epstein and Peter Wakker for helpful discussions.

1Quiggin’s axioms imply f(3) = 3. Yaari [10] assumes linear utility function u. The above general
form of the rank dependent model first appeared in Segal [5].

’Recently, Tversky and Kahneman [8] suggested a more general form of this functional, where
decision-makers use twe different distribution transformation functions {for positive and negative out-
comes). This too is a special case of the general measure representation.



have zero measure according to the representation functional. The aim of this paper is to
answer these concerns. It turns out that lines that can serve as the lower boundary of the
epigraph of a lottery (i.e., lines that can be created by connecting up pieces of the graph
of a cumulative distribution function) are the only sets that must have zero measure.
This result is quite natural — if such a set has positive measure, then the order does not
satisfy continuity. However, other lines may have positive measure. In particular, the
down-slopping line connecting the points (0,1) and (1,0) may have a positive measure
(see Wakker [9] for examples).

Another issue is-whether the-representation measure may go to co. This leads to the
conclusion that the measure representation applies only to subsets of the space of lotteries,
although these subsets can become arbitrarily close to the whole space of lotteries. Some
additional axioms (Segal [6, 7]), implying that the measure is a product measure (and
hence anticipated utility), also guarantee that the measure is bounded.

1 AXIOMS AND THEOREM

Let L be the family of all the real random variables with outcomes in [0, M] and let
L = L\{b0,6x}. (6 is the degenerate lottery yielding z with probability 1). For every
X € L define the cumulative distribution function Fx by Fx(z) = Pr(X < z). For
s >0,let Ly = {X € L: forz € [0,s), Fx(z) < 1 —s}. Note that if s < s then
Ly C L,. For s >0, let Q, be the square [0,s) x (1 — s,1]. Let D =[0,M] x [0,1], D =
D\{(0,1),(M, 1)}, and D; = D\Q,. For X € L, let X° = Cl({(z,p) € D : p > Fx(z)}).

Let L° be the family of all the non-empty closed sets S in D satisfying [(z,p) € S, 0 <
y<z,p<q¢<1] = (y,q) €S. Obviously, for every S € L° there is a unique lottery
X € L such that X° = S. The cumulative distribution function of this lottery is given
by Fx(z) = min{p: (z,p) € S}. Denote this lottery X by S+.

Let L* be the set of all the finite lotteries X in L of the form (T1,p1;---;
Tn,pn) and let A = {[z,y) x [p,q) C D : = < y,p < q}. Obviously, if X € L*, then
X° can be represented as a finite union of elements of A.> Let > be a complete and
transitive preference relation over L. Define the relations = and ~ by X > Y if and only
if X >YbutnotY > X, and X ~Y ifandonlyif X Y and Y = X. Let L C L.
We say that the function V : L — R represents the preference relation > on L if for all
X,YelL VX)2V(Y)e X=Y.

Consider the following three axioms:

(a) Continuity The preference relation > on L is continuous in the topology of weak
convergence. That is, let X,Y,Y;,Y,,... € L such that at each continuity point

3This representation is of course not unique. For X = (z1,p1;...;%4,Ps) € L* let pg =0, 25 = 0,
. i—1 i i1
al’]d Obtall'l X = U?=1([0, I,’] S [z;:o p.7! 2;:017]]) = U?:l([zi—l’ IB,‘] X [Z;’:O p-?’ 1])



z of Fy, Fy,(z) — Fy(z). If, for every ¢, X = Y, then X > Y. If, for every ¢,
Y; = X, then Y = X.

(b) First-Order Stochastic Dominance If, for every z, Fx(z) < Fy(z) and there
exists z such that Fx(z) < Fy(z), then X =Y.

(c) Irrelevance Let X,Y, X', Y’ € L and let S be a finite union of segments in [0, M].
If on S, Fx(z) = Fy(z) and Fx/(z) = Fy:(z), and on [0, M|\S, Fx(z) = Fx/(z)
and Fy(z) = Fy«(z), then X = Y if and only if X’ = Y.

Definition A curve C C"D is-thecontinuous image of a function f : [0,1] — D. The
curve C is increasing if (z,p) € C = CN{(y,q):y < z,9>p} =0}.

Note that a point in D is an increasing curve as is the set {(z,p) € X°: y > z,¢ <
p=(y.q) € X°) for all X € L.

Let ¥ be a countably additive measure on D such that for every s > 0, Q, N D is a
measurable set. For s > 0, define the measure ¥, on D as follows: For every ¥-measurable

set S C D, 9,(S) = I(S\Qs)-
Theorem 1 The following three conditions are equivalent:

1. The preference relation = on L satisfies the continuity, first-order stochastic dom-

inance, and irrelevance azxioms.
2. There is a (countably) additive measure ¥ on D satisfying

(a) For S =[a,b]x [p,q] C D such that a < b and p < ¢, 0 < 9(S) < o0;
(b) If C C D is an increasing curve, then 9(C) = 0; and
(c) The preference relation »= on Ls can be represented by V,(X) = 94(X°).

3. There is a measure ¥ as in condition 2 satisfying (a), (b), and

(c’) For every X,Y € L, X =Y if and only if 9(X°\Y?°) > 9(Y°\X°).

Proof: (2) € (3): Let X,Y € L. By definition, thereexists ¢ > 0 such that Fx(0), Fy(0) <
1 — €. Since cumulative distribution functions are continuous from the right, there is
¢’ > 0 such that for z < &', Fx(z),Fy(z) < 1 —e. Define s = min{e, ¢’} and obtain
that X,Y € L,, hence Q, € X° N Y° It follows that J(X°\Y°) > J(Y°\X°) if and
only if 9(X°\@Qs) > J(Y°\Qs) if and only if 94X°) > J(Y°). (Note that X°\Q, =
(X\Y*) U ([X° 1 Y)\Q,).

(2) = (1): Let X, — X. It follows by the first-order stochastic dominance axiom that
the condition in the continuity assumption is trivially satisfied if X € {60, 8} (although



0o, 671 €& L) Assume therefore that there exists s > 0 such that X € L;. Without
loss of generality, we may assume that for every n, X, € L;. To show that the order
> is continuous, one has to prove that V(X,) — V(X) — 0. Let S, be the symmetric
difference between X¢ and X°, S, = (X2 U X°)\(X2 N X°) and let T, = U2, S;. Note
that 9(S,) = 9,(S,) < 95(X°U X?2) < oo. Since V(X) = 9,(X°), it follows that
| V(X,) — V(AX) | < 95(Sn) = 9(S,) < I(T,). Let X be the south-east boundary of
X°, that is, X = {(z,p) € X°:y > 2, < p = (y,9) ¢ X°}. As mentioned above,
X is an increasing curve, hence 19(X)A= 0. Moreover, N ,T, C X. Otherwise, let
(z,p) € (N,T)\X. Since (z,p) ¢ X, either p > Fx(z) or p < lim,_,- Fx(y). We
assumed that (z,p) € NgL,Tn = N3Z, UR,, S; hence there is a subsequence {X,,} such
that for every j, (z,p) € Sn,. If p > Fx(z), then (z,p) € X°. Therefore by definition,
for every j, (z,p) & X, - Hence, for every j, lim,_,,- Fxnj(y) > p. Since cumulative
distribution functions are continuous from the right and increasing, it follows that there

exists € > 0 such that for all y € [z,z + ¢),

p+ Fx(z)
2
Since there must be a continuity point of Fx in [z,z + ¢), it follows that X, 4 X.
If p < lim,_,- Fx(y), then (z,p) & X°. Therefore for every j, (z,p) € X, and
lim,_, .- FX,,J (y) < p. As before it follows that there exists ¢ > 0 such that for y €

(z —e,z),

Fx, (y) >p> > Fx(y)-

+lim,_, .- F
Fo, () < p < P W) )
Here too, since there must be a continuity point of Fx in (z — ¢, ], it follows that
Xn /A X. Since N8, T, C X and J(X) = 0, it follows that lim¥(T,,) = 0 (see Royden [4,
p. 192]). First-order stochastic dominance follows by condition 2-(a) and the irrelevance
condition follows by the fact that > on L, can be represented by a measure.

(1) = (2): Let ¥ = {(X,)) € L x A : Int(X°) N Int(A) = 0 and X° U X € L°}.
The irrelevance axiom implies that if (X,\),(Y,)) € ¥, then X > Y if and only if
(X°U At = (Y°U MN*. Indeed, for A = [z,y] x [p,q] € A, let S = (z,y]. Since
(X,A),(Y,)) € U, it follows that for every z € S, Fx(z) = Fy(z) = g. Also, for every
z € S, Fixount(2) = Fiyoun+(z) = p. Of course, for z & (z,y], Fx(2) = Fixour+(2) and
FY(Z) = F(you)‘)+(z).

Define on A a partial order Rx by A Rx A, if and only if (X, A1), (X, A2) € ¥ and
(X°U M)* = (X°U\)*. By the irrelevance axiom we obtain:

Fact 1 For every X; and X,, Rx, and Rx, do not contradict each other. That is, if
A1 and A; can be compared by both Rx, and Rx,, then A; Rx, Az if and only if
A1 Rx, Az

and define S = (1, y1] U (z2,92])-



Let R = Uy Ryx. That is, Ay R\, if and only if there exists X such that A\; Rx A,.
Define A\ I A, if and only if Ay R A and A2 R ;.

Let A\; = [z;,9:] x [pi, ¢i), 2 = 1,2. Obviously, \; and A, can be compared by R if and
only if either y; < z; and ¢; < p2, or ¥y, < z1 and ¢, < py. It thus follows that for every
A1, A2, Az such that any two of them can be compared by R there is a lottery X such that
(X, ;) € ¥,2=1,2,3. Therefore we obtain:

Fact 2 if A\; 1 Xy, A2 A3, and Ay and A3 can be compared by R, then A, I As.

Let z, = 0, z4 = M, and p, = k31, k =1,...,4. By the continuity and first-
order stochastic dommance axioms there are 0 < z, < z3 < M such that ([T, Zks1] X
[Pk. Pre+1]) I ([ze, {El+1] X [pe, pe+1]), k, € € {1,2,3}. Define the strictly increasing sequences
y;m, J=0,...,27=0,...,00; k = 1,2, 3, such that

1. y§'i=xk, y§£i=xk+1,i=0,...,oo; k=1,23
2 g5 =y =027 i=1,.. 00k =1,2,3

([y_; 7yg+1] X [Pk’Pk+1]) ([yfjla y_f;;-I] X [pt’apé"f'l])a j’jl = O,-- -’21. - 11 1= 07' <. O05
k6 ke {1,2,3).

The only non-trivial requirement is condltlon 3. By the choice of z; and z3, this condition
is satisfied for the case 2 = 0. Suppose yJ 1=0,...,2%:=0,...,15 k= 1,2, 3, satisfy
the above three conditions, and construct y" fotl j =0,..., 2i°+]; k=1,2,3, as follows:
For 3 = 2m, let yk‘°+1 = yhio m = ,. ; k = 1,2,3. By the continuity and first-
order stochastic dominance assumptlons there are y"”’"‘l € (z ,yf"’) k=1,2,3, such

that Ay I -+ [ A\ppp1, m=1,...,4, where
[mk, ) X [P, Pt k=1,2,3
Ak =
[yt 7> 55> X [ph—s, pe—2] k =4,5

By Fact 2 it follows that Ay I Az, Az As, Ay I As,and A, T Ay. Also, AsT Ag = [yf’mﬂ,yf’i"]x
[ps, p4)- This follows by

(y120+1 1 2,30+1 1' 3,10 _];)N

1 13,11!1 737y1 '3
ot Lo Lt ) <
(u1™, %;yf””, %;ms, 31,;) ~
(o’ ’%% yf"’“,;;yf“’“,;) ~
(y1™*, ; v, %; yi o, %)-



Of course, An, I Ag, m = 1,2,4. One can now use A; to define y"C ks € (y55 ’?,yf;:) J =

3,5,.-.,210+1_ Iv—2 3 and X3 tO deﬁne y110+1 E(ylzﬁ’yiﬁ) ) 3’5"..’2104—1 _1.

Condition 3 is clearly satisfied. Moreover, by the definition of I and by the first-order
stochastic dominance axiom, for a given ¢,

(yj;la g;yjéiv g;yj;sg) >—— (y]{ ) 3’yjé ) 3’yj5 35
Ji+J2+ 73 2 g1 +Ja + I (3)

il 2,1 3.1
11 21 3 ) o

The next step in the proof is to show that the seduenize {yf'i} j=0,...,2 4 =
0,...,00 is dense in [zx,Tk41), k = 1,2,3. Suppose, for example, that there are no
values of {y] Y in (a,B) and assume that (a, ) is maximal in that sense There

is a sequence {J;}%2, such that jo = 0, i € {2ji- 1,2_7, 1+ 1} and yJ M \y?‘,”— <
(z3 — z3) - 27%. By Cantor’s Lemma {y3*}%2, and {y],-+1}i=o have a common limit,

denote it y2. Let m; satisfy y“ < aand B <yl 1> ¢ = 1,...,00. By construction,

1, 1.,2% 1 1 R 1. 2, 1 1 . . .
(Yriis 35 Yiir1> 3 T3,3) ~ (ym 41 37Y5. »31%3,3). By letting ¢ approach oo one obtains
(o, 3;9% 323, 3) ~ (8,392, 1523, 1), a violation of the first-order stochastic dominance

axiom.

Define z?([yJ ,yJ_H] X [pryprt1]) = 274, 7 =0, . 2'—1' t=0,...,00; k=1,2,3. For
T € [zk, Tk41), let j;(z) be such that yji(x) z < y] ()41 Define ©* ¢ [zk, Th41] — R by
©*(z) = im0 Ji(z) - 27%, k = 1,2,3. By the above argument ¢* is strictly increasing.
It is also continuous. Let z, go down to z € [zk,Tr4;). For every i there exists n such
that 2z, < y;i’(iz) +1 hence
)< lim gH(z) <

n—oo

lim ¢ (y77,)4,) =

1—0e

lim[o*(y;7,)) + 27 = (=)

T

A similar proof holds for the case where z, goes up to z € (z,Tkt+1). It follows by
continuity from (3) that for y*, 2% € [z4, zr41], k = 1,2, 3,

1,1 51 1,1 41

. . 2y - —.52 _.,3 =
’3’y’3’y ’3)_(273’2, 12’ )
1

(' 3323
P (y") + 0% (¥?) + @2 (1%) = ' (2?) + ?(2%) + ©°(2°) (4)

Let o(1) = 2, 0(2) = 3, and 0(3) = 1. By continuity and first-order stochastic domi-
nance it follows that for every A C AF = [zk, Tk41] X [pk, pr+1] there is ¥ € (Zo(k), To(k)+1)
such that AT ([zo(x), y] X [Po(k)s Po(k)+1]). Define

9(A) = ¢"®(y) > 0.

=1{E)
Note that by Fact 2, A {[z,-1(4), 2] X [Po-1(4), Po-1(y41])s where o7 y) = 77 B(z).

The set-function 9 satisfies the following condition:

6



Claim 1 Let A, A, C A% If A, U Ay € A and Int(X;) N Int(Az) = B, then 9(A; U Xg) =
I( A1) + 9(A2).

Proof. Let X = (zo(x), %; Tg=1(k)s %; 21,415+ 2n, @) € L such that 2i,..., 2, € [T, Tgt1]
and (X, A1), (X, A1 UX;) € ¥ (assume, without loss of generality, that A; is either above
or to the left of Az). It follows by (4) and Fact 1 that

(X°UMUM)T ~
(X° UM U ([2o-39,[#° 7 OB (A2))] X [Pom1(8)s Po-2(y+1])) T ~
(X°U ([2o(r), [" PN (I(A1))] X [Po(ays Poey+]) U

([ma—l(k), [9°a_l(k)]_1(19(/\2))] X [pa“l(k)apa‘l(k)+1]))+ ~
(X°u ([xd(k)’ [‘Pa(k)]_l(v(/\l) + ‘9()‘2))] X [pa(k)apo(k)+1]))+’

hence the claim. ) |

Define ¥* : [zk, Zrs1] X [Pk Prt1] — R by ¥¥(z, p) = 9([zk, ] X [P, Pr+1]). The function
* satisfies the following condition:

Claim 2 For every zx < < y < zk+;1 and px < ¢ < p < Py,

¥ (z,p) + ¥y, q) — ¥*(z,q) — ¥*(y,p) > 0

Proof: It follows by Claim 1 that T/Jk(:v,p) + z/)’“(y, q) — 1/)k($a‘I) - 1/1k(y, p) = I([z,y] x
[p,q]) > 0. .

By the continuity of > it follows that ¥ is continuous. Therefore, 9 can be uniquely
extended to a countable additive measure on A* (see Billingsley [1, Section 12]). More-
over, it follows by (4) that the order = on D’ = {X = (z1,P15...52,,P2) € L : for z €
(24, Ze41), P < Fx(z) < prrss k= 1,2,3) can be represented by 9(X°\(z1, 3 22, 3122, 1)7)
Also, by the continuity of >, if C C D’ is an increasing curve, then 9¥(C) = 0.

The next step in the proof is to extend 9 to D. 1t follows by continuity and first-order

stochastic dominance that for every z3 < ¥, < y2 < M and % < ¢; < g2 < 1 such that
A = ([y1,92] X [91,92]) I ([y2, M] X [g2,1]) there is a finite sequence of probabilities % =

r < --+ < 7y < grsuch that AT ([0, z3] X [y, 7i41]) R{[0, 23] X [Pn,q1)), 2= 1,...,n — 1.
Suppose instead that the sequence {r;} is not finite and let limr; = r < ¢,. For every 1,

(0,1 — T Z3,q1 —Ti5Y1,92 — q1;Y2,1 — ‘12) ~
(0,1 = 713 Z3,q1 — Ti3 Y2, 1 —q1) ~

(0,1 —Ti+2;T3,q1 — Ti;Y2,92 — 4135 M,1 - ‘12)

4Note that ([y:, 5] x [q1,92]), ([y2, M] x {g2,1]) C A3,

7



As i approaches infinity we obtain that

(0,1 —=7r;z3,q1 = 7i5y2,1 — q1) ~
(0,1 —7523,q1 — 7592, 42 — q1; M, 1 — o),

a contradiction. The measure ¥ can thus be extended to ([0, z2] X [3, 2])U([0, z3] x [£, ¢:1]).

Since ¢1 can be taken arbitrarily close to 1, we obtain that the measure ¥ can be extended

([0 $2] X [3’ 3 )U ([0,:1,‘3] X [g’l))

In a similar way the measure 9 can be extended also to ((0,z2] x [3,1]) U ([z2, z3] x
[%, 1]). For this, we use as benchmark the sets ([0, y3] x [0, ¢3]) I ([y¥3,y4] X (g3, q4]2 where
0 <ys < ys <zpgand 0 < g3 < q4 < % (Both these sets are therefore in A'). In
a similar way we can extend the measure to ([z,,z3] x [0,3]) U ([z3,1) x [0, 2]) and to
(lz2,1] x (0,3]) U ([z3,1] x [, 2 3]). The measure ¥ is thus extended to D. It may happen
that the measure 9 does not represent the order > in L* because it may be unbounded
(see Wakker [9] for an example). Nevertheless, by its construction, ¥, and hence ¥,, is
bounded on D,. The proof that J, represents the order on Lj (the set of finite lotteries
in L) is similar to the proof that ¥ represents the order for lotterles X such that X C D’
and so is the proof that if C C D is an increasing curve then ¥(C) = 0. The extension
for L follows by continuity. -

The rank dependent (or anticipated utility) functional is a product measure. Theorem
2 in [6] and Theorem 9 in [7] prove that under some further conditions, the measure 9 is
a product measure. These proofs implicitly assume that © on D is bounded. Although
this is no longer true, the theorems still hold. To see this, observe that ¥ is bounded on
[e,M — €] x [0,1] and on [0, M] X [¢,1 —¢] for all e. Let L. = {X € L : lim,—. Fx(z) =
0, Fx(M —¢) = 1} and let L? = {X € L : Fx(0) = ¢, limeeum Fx(z) = 1 — €}
The above mentioned theorems thus imply the existence of functions f, : [0,1] — R,
uc:[e,M —¢e] = R, fr:e,1 —€¢] - R, and ur : [0, M] — R, each of them unique up
to positive linear transformations, such that the order = on L. can be represented by
JM=2u,df.(Fx(z)) and the order > on L: can be represented by [ w*df*(Fx(z)). For
every € > 0 and for every € € (0,&], all these representations cardinally coincide on L:NL?Z.
Hence, without loss of generality, for every p € [0,1] and €,&’ > 0, f(p) = fer(p) == f(p)-
Similarly, for every z € [0, M] and €,&’ > 0, uZ(z) = ul(z) := u(z). Also, Vp € (£,1 —¢€)
and Ve € (0,€], f*(p) = f(p) and Vz € (, M —¢€) and ‘v’e € (0,¢&], ue(z) = u(z). It follows
by the continuity axiom that the order > on L can be represented by [ u(z)df(Fx(z)).
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