2301.12678v1 [cs.IT] 30 Jan 2023

arxXiv

without notice, after which this version may no longer be accessible.

This work has been submitted to the IEEE for possible publication. Copyright may be transferred

1

The Meta Distribution of SINR in
UAV-Assisted Cellular Networks

Minwei Shi, Kai Yang, Member, IEEE, Dusit Niyato, Fellow, IEEE,
Hang Yuan, He Zhou, and Zhan Xu

Abstract

Mounting compact and lightweight base stations on unmanned aerial vehicles (UAVs) is a cost-
effective and flexible solution to provide seamless coverage on the existing terrestrial networks. While the
coverage probability in UAV-assisted cellular networks has been widely investigated, it provides only the
first-order statistic of signal-to-interference-plus-noise ratio (SINR). In this paper, to analyze high-order
statistics of SINR and characterize the disparity among individual links, we provide a meta distribution
(MD)-based analytical framework for UAV-assisted cellular networks, in which the probabilistic line-
of-sight channel and realistic antenna pattern are taken into account for air-to-ground transmissions. To
accurately characterize the interference from UAVs, we relax the widely applied uniform off-boresight
angle (OBA) assumption and derive the exact distribution of OBA. Using stochastic geometry, for
both steerable and vertical antenna scenarios, we obtain mathematical expressions for the moments
of condition success probability, the SINR MD, and the mean local delay. Moreover, we study the
asymptotic behavior of the moments as network density approaches infinity. Numerical results validate
the tightness of the theoretical results and show that the uniform OBA assumption underestimates the

network performance, especially in the regime of moderate altitude of UAV. We also show that when
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UAVs are equipped with steerable antennas, the network coverage and user fairness can be optimized

simultaneously by carefully adjusting the UAV parameters.

Index Terms

Unmanned aerial vehicles, terrestrial networks, stochastic geometry, meta distribution.

I. INTRODUCTION

Due to the recent advances in drone manufacturing, mounting compact and lightweight base
stations (BSs) on unmanned aerial vehicles (UAVs) has become increasingly feasible [1]-[3].
Using UAVs as flying BSs can deliver a cost-effective and flexible solution to enhance the
coverage and capacity of existing terrestrial cellular networks, due to their capability to adjust
altitudes, avoid obstacles, and improve the possibility of line-of-sight (LoS) links to ground
users [[1]. When properly deployed and operated, UAVs are expected to provide reliable and
on-demand wireless communications for a variety of real-world scenarios [3]].

However, despite such promising opportunities for UAV-BSs, one must address the technical
challenges in characterizing UAV-assisted cellular networks, which are due to the distinguishing
features in terms of irregular and variable topology, high altitude, as well as the unique air-to-
ground (A2G) channel [4]]. Taking these features into account, a large number of recent literature
has studied the modeling and analysis of UAV-assisted cellular networks using stochastic ge-
ometry [S]-[16]]. Considering a UAV designated to provide coverage for a temporary event,
the authors in [S]] study the effects of UAV location and A2G channel environment on the
downlink and uplink coverage performance in a single UAV-assisted single-cell cellular network.
By modeling terrestrial BSs (TBSs) and UAVs as two homogeneous Poisson point processes
(PPPs), the downlink signal-to-interference-plus-noise ratio (SINR) coverage probabilities for a
terrestrial and an aerial user are derived in [|6] and [7]], respectively. More sophisticatedly, the
wireless backhauled connection between UAVs and TBSs is considered under the stochastic
geometry framework, with relaying protocol in [8]], with backhaul aware transmission scheme in
[9], and with millimeter-wave backhauling in [9]—[11]. Moreover, recent literature has studied
the location dependence between TBSs and UAVs [[12]-[14]. Considering the fact that UAVs are
usually circularly deployed around TBSs to avoid mutual interference, the location dependence
between TBSs and UAVs is considered in [[12]], [[13]]. In rural area environment, where TBSs are

generally getting sparse when moving away from the city center, the authors in [14] model the



TABLE 1
COMPARISON BETWEEN THE CONTRIBUTIONS OF THIS WORK AND EXISTING LITERATURE EVALUATING THE

PERFORMANCE OF UAV-ASSISTED CELLULAR NETWORKS

Reference Beam Direction | OBA Evaluation | Performance Metric
[6], [14-[16] Isotropic Accurate
N. Cherif et al. [7]
Vertical
M. Banagar et al. 8] ) Coverage probability
Approximate
N. Kouzayha et al. [9)]
Steerable
W. Yi et al. [10]
Our contributions Steerable/Vertical Accurate SINR MD

TBSs locations as an inhomogeneous PPP and the UAVs are uniformly distributed outside an
exclusion zone.

It is worth noting that the aforementioned literature mainly focuses on the coverage probability,
i.e., the complementary cumulative distribution function (CCDF) of SINR. While the coverage
probability is significant, it characterizes only the average performance of the whole network.
In other words, it cannot reveal the variation of performance among individual links [17]—
[19]. To address this concern, the authors in [17] establish a framework to evaluate the meta
distribution (MD) of signal-to-interference ratio (SIR) in Poisson bipolar and cellular networks,
which quantifies the fraction of links that achieve the target SIR threshold above a required
reliability level. Inspired by its sharpness, the metric of MD is widely analyzed in terrestrial
networks [19]-[23]. However, only little literature has investigated this metric in aerial networks
except 3], [24]], where the MDs of signal-to-noise ratio (SNR) and SIR are evaluated in a single-
tier UAV network with Rayleigh fading. In the context of UAV-assisted cellular networks, it is
even more challenging due to the need for considering the interplay between TBSs and UAVs.

Another challenge in analyzing UAV-assisted cellular networks lies in the accurate charac-
terization of the aggregate interference from UAVs. Specifically, the interference from UAVs
depends on the transmission distances and the antenna gains from interfering UAVs to the typical
user. The former is determined by the network topology and can be evaluated efficiently. The
latter is somewhat complicated to evaluate. To elaborate, due to the altitude disparity between
terrestrial users and UAVs, users are normally geographically proximate to their target UAVs.

Thus, from a typical user’s perspective, the angle off the boresight of an interfering UAV antenna,



which we term the off-boresight angle (OBA), is location-dependent. To facilitate the analysis
and maintain tractability, most of the literature assumes that the beams of interfering UAVs
are randomly oriented with respect to each other so that OBA is uniformly distributed in [0, 7]
[71-[10], [25]-[28]]. This assumption is accurate for terrestrial networks, where the altitudes of
BSs and users are comparable. However, since the UAVs in the proximity of the typical user
are few in quantity yet strong in antenna gain (because of the small OBA), it is non-trivial to
judge whether the uniform OBA assumption is accurate in aerial networks and how it affects
the network performance in terms of coverage probability and SINR MD.

To address the aforementioned challenges, this paper investigates the SINR MD in a UAV-
assisted cellular network, where UAVs and TBSs are modeled as two homogeneous PPPs at
different altitudes. The unique features of UAVs in terms of the realistic antenna pattern, proba-
bilistic LoS transmission, and Nakagami-m fading are incorporated. Using stochastic geometry,
we calculate the exact distribution of OBA and derive the SINR MD and mean local delay. To
the best of the authors’ knowledge, this work is the first to investigate SINR MD in UAV-assisted
cellular networks and to study OBA distribution. The comparison between this work and existing
literature evaluating the performance of UAV-assisted cellular networks is sketched in Table
The contributions of this paper are summarized as follows:

1) Accurate Characterization of A2G Interference: We relax the widely applied uniform OBA
assumption and derive the exact distribution of OBA for the scenarios when UAVs are
equipped with steerable or fixed directional antennas. By incorporating the OBA distri-
bution into analysis, we accurately characterize the A2G interference. Numerical results
show that the uniform OBA assumption has underestimated the network performance in
terms of coverage probability and link reliability, especially in the regime of moderate
UAV altitude.

2) Fine-Gained Performance Evaluation: We provide an MD-based analytical framework for
UAV-assisted cellular networks, in which the realistic A2G channels and different UAV
antenna patterns are incorporated. We derive the moments of conditional success probability
(CSP), based on which the mean local delay and the tightly approximated SINR MD are
obtained. To obtain more insights into the ultra-dense networks, we further explore the
asymptotic behavior of the association probability and the CSP moments. Several relevant
special cases are also introduced for possible simplification of analytical results.

3) Design Guidelines and Insights: We validate the above analytical results using extensive



simulations and show the necessity of considering the OBA distribution when UAVs
are equipped with directional antennas. We reveal the superiority of equipping steerable
antennas at UAVs in network coverage and user fairness enhancement and show the

potential advantage of replacing TBSs with UAVs in the proposed framework.

The rest of the paper is organized as follows. In Section |lI, we introduce the system model.
Then, we analyze the association probability and the exact distribution of OBA in Section |III
Based on these results, in Section we derive the metrics in terms of the b-th moment of
CSP, SINR MD, and mean local delay, followed by the discussions of asymptotic behavior and
several special cases. We provide simulation results and investigate the impacts of UAV features
on the fine-grained network performance in Section [V} Finally, we conclude in Section For

the convenience of presentation, we list the main notations in Table

II. SYSTEM MODEL
A. Spatial Setup

We consider the downlink of UAV-assisted cellular networks as illustrated in Fig. [Tl The TBSs
are deployed at an altitude Hy, following a homogeneous PPP &y, = { X}, 1, X}, 0, ...} with density
Ab. Independently from &y, the UAVs &, = {X,1, Xy 2,...} hover at a fixed altitude H, and
follow a homogeneous PPP with density >\ The TBSs and UAVs are also assumed to operate in
the same frequency spectrum and transmit with power P, and P, respectively. Perfect wireless
backhaul between TBSs and UAVs is considered so that they can exchange information accurately
[6], [[14], [16]. Besides, users are independently deployed on the groun Each TBS/UAV is
assumed to have a terrestrial user to serve so that the considered network is fully loaded. Without

loss of generality, we conduct our analysis on the typical user located at the origin O [31].

B. Propagation Model

1) LoS Model: One of the main advantages of UAVs is establishing LoS links to terrestrial

users, which can significantly improve the signal quality compared to non-LoS (NLoS) links.

"The analysis of spatial models with inter-tier dependence is beyond the scope of this paper and is left to the future work.
2 Although the strategic placement of UAVs is possible to optimize the network utility [29], in the absence of exact traffic and
blockage patterns, these optimal locations are not known, which justifies the assumption that UAVs are randomly deployed and

are not necessarily located over their serving users [30].



TABLE II

NOTATIONS AND DESCRIPTIONS

Notation Description

D, Ak Set of the k-th tier transmitters and its density, k € {b, L, N}

Oy, Distance point process of the k-th tier transmitters

A, Ag Density and intensity measure of @

Ro Minimum distance from the typical user to the k-th tier transmitters

Yo r Serving link distance when the typical user is associated with the k-th tier

L Horizontal distance between the typical user and the projection of its serving UAV
P Transmit power of the k-th tier

pL(r), pn(r) LoS and NLoS probabilities of an A2G link with distance r

0(X) Indicator of the LoS/NLoS condition for the link from X to the typical user

Ak, Kk Path loss exponent and intercept of the link from the k-th tier to the typical user
My, Small-scale fading parameter of the k-th tier

Hx, Hg,j Small-scale fading gain from X and X} ; to the typical UE

G,k Maximum antenna gain of the k-th tier transmitters

Gr(0) Antenna gain of the k-th tier transmitter with angle 6 off its boresight direction
U3dB, USLA The 3 dB beamwidth and the sidelobe attenuation limit of UAVs

Ps(y) CSP with SINR threshold

My () The b-th moment of Ps(7)

Ag Association probability of the k-th tier

¥ SINR threshold

No Thermal noise power

Px[]; Ex[] Probability of an event; Expectation with respect to the random variable X
fx(z), Fx(x), | The probability density function (PDF), cumulative distribution function (CDF), and CCDF of
Fx(x) X, respectively

Ill; AB Euclidean metric on R?; Length of the line segment AB

oF1; 14 (Y) Gaussian hypergeometric function; Indicator function of A

In this paper, we consider the probabilistic LoS model for A2G links. Specifically, the LoS
probability of an A2G link with distance r is given by [32]]
B 1

1+ pqexp {—ub [lfr—o arcsin (HT) — ,ua} }’

where 1, and p, are positive parameters related to the environment and can be obtained by

pr (1) 6]

fitting (T)) with the International Telecommunications Union (ITU)-recommended LoS probability
function. The NLoS probability of an A2G link with distance 7 is px (r) = 1 — py, (). From
the perspective of the typical user, ®, can be divided into LoS UAVs &1 and NLoS UAVs ®y.
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Fig. 1. TIllustration of the network geometry and parameters of UAV altitude H, antenna beamwidth 0345, and the minimum
distance Ry, k € K. Here UAVs are equipped with steerable antennas and the typical user is currently associated with the

nearest LoS UAV.

Here &, and ®y are PPPs with intensities A,py, (r) and A\,px (), respectively. Besides, since
the altitude of TBS is usually comparable to that of buildings in urban environments, we assume
that the ground-to-ground (G2G) links between TBSs and users are always in NLoS.

2) Path-Loss and Fading: Denote the set of possible link conditions by K := {b, L, N}, where
b, L, and N stand for G2G, A2G LoS, and A2G NLoS, respectively. For the communication
links of condition k£ € IC, the channel power gain between transmitter X and typical user O
consists of large-scale path-loss Ly, () and small-scale fading Hy. In this paper, we consider the
power-law path-loss function Ly, (1) = kpr~* . k € K, where oy and r; are path-loss exponent
and intercept, respectively. Furthermore, H;, is assumed to follow normalized Gamma distribution
with parameter My, i.e., Hy ~ Gamma (M, 1/My), k € K. Particularly, we consider Rayleigh
fading for G2G links and thus M, = 1.

C. Antenna Pattern

We consider that TBSs and UAVs are equipped with downtilted directional antennas to

establish access links with ground users. Based on the third generation partnership project (3GPP)



specification [33]], the antenna gain along the direction of angle 6 off the boresight of a TBS

(J =b) or a UAV (5 = u) can be represented by
. 2
Gj (0) _ GM,j 0™ mm{12(€/193d13,j) JLSLA}’ 0 e [O,W] ’ )

where Gy ; is the maximum gain, ¥sqp; is the 3dB beamwidth, and pga = 20dB is the
sidelobe attenuation limit. As a special case, when the target is exactly in the direction of the
antenna’s boresight, we have § = 0 and G; (0) = G-

Regarding the antenna directions, for TBS antennas, their mainlobes are considered to be tilted
downward to the ground. On the other hand, for UAV antennas, we consider both steerable and
vertical scenarios. To be specific, in the steerable antenna scenario, one UAV is able to adjust
its antenna steering orientation, mechanically or electrically, toward its intended user exactly,
to maximize the directivity gain [8]. In the vertical antenna scenario, the mainlobe direction
is static and tilts vertically toward the ground [8]], [[13], [34]. Hereafter we use SA and VA to
indicate “steerable antenna” and “vertical antenna”, respectively.

Consequently, in ¢ € {SA, VA} scenario, the average power received from a serving TBS/UAV

in the k-th tier is expressed as
PGy, (arccos (Hy /1)) kpr~®, k =Db,
l;(:) (r) = 4 P,G, (arccos (Hy /7)) kpr~*, k€ {L,N},¢ = VA, 3)
PG, (0) kpr—*, ke {L,N},¢=SA,
where 7 is the link distance.

Remark 1: Although we adopt 3GPP-based antenna pattern, the subsequent analyses in Sec-

tions |1l and can be straightforwardly generalized to arbitrary symmetric antenna pattern.

D. Association Strategy

Due to the random fading effects, any transmitter can potentially have the best channel
condition with the typical user [35], [36]]. However, considering the path-loss induced signal
attenuation, this serving transmitter is more likely to be the one that provides the strongest
average received power [37]. In this paper, the typical user is associated with the transmitter
that provides the strongest average received power [8]. Since the small-scale fading gain Hy is

averaged out and E [Hi| = 1, the serving transmitter can be formulated by

X* = argmax iy, (| X]) )

X€Ukex Pk



where § (X) = {k € K: X € ®,} indicates the link condition of X — O. Note that X* can
be a TBS, LoS UAYV, or NLoS UAV as long as it is near enough to the typical user. When the
typical user is associated with the k-th tier, i.e., 6 (X*) = k, the downlink received SINR can

be written as

b (LX)

SINR = , (5
No + Zéelc Iy
where I, denotes the interference constituted from tier /, i.e.,
Ii= Y PGxHyr | X]™. (6)

Xed\{X*}

Remark 2: Due to the different path-loss parameters and transmit powers in each tier, the
serving TBS/UAV is not necessarily the nearest one to the user. For instance, the average received
power from a farther UAV to the typical user may be stronger than that from a nearer UAV.
However, when restricted to a specific set @, k& € K, where the path-loss parameters and transmit
powers are the same, the closest one will provide the strongest average received power in Py.
Therefore, the candidates of serving transmitters are the closest TBS, LoS UAV, or NLoS UAV.
The probability of the typical user being associated with each tier will be derived in the next

section.

IIT. ASSOCIATION AND OBA ANALYSIS

In this section, we provide some important intermediate results that help to analyze the SINR
MD in UAV-assisted cellular networks. Firstly, we derive the point process intensity for the
distances from the transmitters in each tier in Section based on which the association
probability of each tier is obtained in Section Then, for both SA and VA scenarios, we
derive the exact distribution of OBA in Section

A. Distance Point Process

According to Section [lI-B| observed from the typical user, the set of transmitters is divided into
three subsets according to the G2G/A2G and LoS/NLoS statuses of the communication links, 1.e.,
OLUP, = UkeicPr. The transmitters in ¢, constitute a three-dimensional non-homogeneous PPP.
For ease of analysis, we map ®; to a one-dimensional point process ®; = {||X| : X € &},

which represents the distances from the points in ®;, to the origin. From the mapping theorem of



PPP [38]], we know that ®;, is still Poisson. The following lemma presents the intensity measure
A ([0,7]) and the intensity ), (r) of distance point process ®.
Lemma 1 (Distance Point Process for UAV-Assisted Cellular Network): For k € K, the intensity

measure of ®; is given as

A, (r? — HY), r>Hy,k=Db,
A ([0,7]) = § 27, [, pe (@) xde, v > Hyk € {L,N}, (7)
0, otherwise,
and the intensity of ®;, is
2T Ay, r> Hy, k=D,
Me (1) = S 2mharp (1), 7> Hy k€ {L,N}, ®)
0, otherwise.

Proof: According to the definition of intensity measure, we have Ay, ([0,7]) = E [®, (B (O, 7))]
[38], where B (O, r) denotes a ball with center O and radius r and ®y, (-) is viewed as a counting
measure. Since ®;, is a PPP with intensity known in Section A ([0,7]) can be easily derived
by evaluating the expectation of ®; (B(O,r)). The intensity Ay (r) is then obtained by taking
the derivative of Ay ([0,7]) with respect to 7. [

As we have stated in Remark [2] the associated tier is dominated by the minimum distance
of each tier. We let R, denote the minimum distance from the typical user to @, i.e., Ry =
min ®;, = min {||X|| : X € ®;}. The distribution of Ry, is presented in the following lemma.

Lemma 2 (Minimum Distance Distribution): For the typical user in UAV-assisted cellular

network, the CDF and PDF of the distance to the nearest transmitter in ®; are given by

Fry, (r) =1—e 0 5>, ©)
fRo (r) = V! (r) e’]\’“([o”’]), r >0, (10)

respectively.
Proof: The proof can be directly obtained from the void probability of PPPs [31]. [ ]

B. Association Probability

Based on the results in Section [[II-A] we obtain the association probability for each combi-

nation of antenna type and channel condition in the following theorem.



Theorem 1 (Association Probability): When UAVs are equipped with antennas of type ¢ €
{SA,VA}, the probability that the typical user is associated with the k-th tier is given as

oo _ n (s)
A — / A (1) e~ Zeec e ((00]) g ek ¢ e (A, VAT, (11
0

where Xf:% (r) =01 (r)) and I (-) denotes the inverse function of I*)(-).
Proof: See Appendix n
With the condition that the typical user is associated with the £-th tier, we let Y{ ; denote the
distance of the serving link. The following corollary presents the distribution of Yj ;.
Corollary 1 (Serving Link Distance Distribution): When UAVs are equipped with antennas of
type ¢ € {SA, VA} and the typical user is associated with the k-th tier, the PDF of the serving

link distance is

o (1) = 20 Zie (i)

;o 120, (12)
A

where Xff% (r) is defined in Theorem

Proof: According to the conditional probability formula, we have

FYO(Z) (y) =P (Rop <y|X* € @)

]P)(RO,IC S an* S (Dk)

P(X* € o)
L 5 (i (1©
=5 | S ) TT P, (B0 (19 () ) (13)
A" Jo tek\{k}
Then (12)) is obtained by taking the derivative of with respect to y. [ ]

C. OBA Distribution

We now focus on the distribution of OBA O. In Fig. 2] we consider a situation where the
terrestrial users () and O are associated with UAV P other TBS/UAV, respectively. Thus from
the perspective of the typical user O, P acts as an interfering UAV. In order to calculate the
interference power received from P, we need to determine the antenna gain from P, which is
related to the angle between ]@ and the boresight of UAV P.

Without loss of generality, we denote the coordinate of P by (L, 0, H,). Thus P, the projection
of P on the ground, has coordinate (L,0,0). Besides, we let ¢ denote the horizontal distance

—
between P and () and let o denote the angle between P’'Q) and the positive z-axis, i.e., t = P'Q)

and a = 71— ZOP’'Q. According to the description in Section [[I-C|, when equipped with antennas
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Fig. 2. Tllustrations of OBA © for SA and VA scenarios. Here O is the typical user. The interfering UAV P, with projection P’

on the zy plane, is serving a ground user Q. The antenna boresights for SA and VA scenarios are PQ and PP’, respectively.

of type SA and VA, UAV P will point its beam toward () and P’, respectively. Consequently,
the OBA O is equivalent to ZOPQ and ZOPP’ for SA and VA scenarios, respectively. The
following lemma presents the distribution of ©.

Lemma 3: Let t and L denote the horizontal distances from the interfering UAV to its target

user and the typical user, respectively. For the SA scenario, the CDF and PDF of © are given

as
.
07 9 € [07 emin) 3
2_ COS
Fo:(0)=<1— %arccos (H“ (HEJFL;)(HEHQ) 9) ;0 € [Omin, Omax) (14)
1 0 € [Omax, 7,
( sin 6 0 € (Buin Oonns)
o (6) =4 W\/(COS Omin — cos 0) (cos 6 — cos Opay) ’ ’ ’ (15)
0, otherwise,
\
. o H2+4 Lt _ H2-Lt
respectively, where 6,,,;,, = arccos ( \/(H§+L2)(H3+t2)> and 0., = arccos ( \/(H§+L2)(H§+t2)>. For

the VA scenario, © = arctan (L/H,).
Proof: See Appendix

Note that P’() is determined by the UAV altitude and the random serving link distance of tier

k € K\{b}. By deconditioning fe., (f) over ¢, we obtain the following lemma.



Lemma 4 (Conditional Distribution of ©): Conditioned on the horizontal distance between the

typical user and interfering UAV being L, for the SA scenario, the PDF of © is given as

% forp i ()2 A fro )
feL(Q)_/ Oy FERVD) Tk T dy, 6€[0,7]. (16)

1— A
For the VA scenario, © = arctan (L/H,).
Proof: The proof is completed by taking the expectation of fg () with respect to ¢, i.e.,
forr (0) = Ex, | foy, sy (0)]- .
Based on the conditional distribution of ©, we directly obtain the average antenna gain from
an interfering UAV with horizontal distance L in the following corollary.
Corollary 2 (Mean of Interfering Antenna Gain): Conditioned on the distance between the

typical user and the interfering UAV being r, the mean of interfering antenna gain is given as

Jo Gu(0) f®|\/m (0) df, ¢ =SA,
G (arccos (H, /1)), ¢ = VA.

g (1) = (17)
Proof: The proof is straightforward by taking the expectation of G,(#) with respect to ¢
and is thus omitted here. [ ]
Consequently, in ¢ € {SA, VA} scenario, the average power received from an interfering
TBS/UAV of distance r in the k-th tier is expressed as
h,(:) ) = PB,G), (arccos (Hy /1)) kpr—®®, k=Db, as)
Pl (r) rar =, ke {L.N}.
Recalling (6)), the average interference from the k-th tier is E [Ix] = 3"y, \ x4 h,(:) (1IX1D-
Remark 3: To simplify the evaluation of UAV interference, one widely used assumption is
© ~ Uniform(0, ) [7], [10], [26]-[28], i.e., Feoy () = 0/7, feoiL (#) = 1/7,0 € [0, n]. This
assumption is reasonable in terrestrial networks, where the altitudes of TBSs and users are
comparable, and thus © is uniformly distributed. However, in UAV-assisted cellular networks,
as shown in Fig. [2| the altitude disparity between UAVs and terrestrial users induces a three-
dimensional structure of ©. This results in location-dependent ©, i.e., the distribution of © is
closely related to the distance between the interfering UAV and the typical user. In this case,
the assumption of uniform distributed © is no longer appropriate.
In Fig. 3, we compare foz(f) and g (r) of an interfering UAV with and without uniform

Lu

OBA assumption. It is observed that when H,, = 0, © is uniformly distributed in [0, 7] and this
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Fig. 3. Impacts of uniform OBA assumption on fg(f) and gl(g‘i (r) when A\, = 20/km?, 9345 = 60°, and Gr,u = 1.

assumption is accurate. With the increase of UAV altitude, the UAV association area shrinks
and thus a UAV tends to point its beam vertically downward. This reduces the randomness of ©
and makes the uniform OBA assumption no longer appropriate. These observations validate the
necessity of considering the realistic distribution of © in the stochastic geometry-based analysis

framework.

IV. SINR MD ANALYSIS

In this section, we present the main theoretical results for UAV-assisted cellular networks.
The SINR MD-based analytical framework is first described in Section The expressions
of CSP moments for both SA and VA scenarios are then derived in Section based on
which we analyze the asymptotic behaviors of association probability as well as CSP moments
when A\, — oo in Section Finally, we turn our attention to several relevant special cases

in Section for the sake of simple and intuitive results.

A. Analytical Framework

From (3) we can see that the randomness of SINR stems from the realizations of network

geometry ¢, U @, and small-scale fading Hx. To conduct a fine-grained analysis of SINR, the



basic idea is to deal with the randomness of BSs locations and small-scale fading in two steps.

Conditioned on ®;, and ®,, the CSP is defined as
Ps (7‘(I)b7 cI)u) =P (SINR > 7|<Db7 q)u) 3 (19)

where v is the SINR threshold. Here P; (7|®y, ®,,) characterizes the CCDF of SINR given the
snapshot of network geometry and can be viewed as a random variable with respect to @, and

®,,. Then, the SINR MD describes the CDF of P (v|®y, ®,), i.e.,

Fp.y) (2) = P (P, (7|®p, By) > ). (20)

Due to the ergodicity of the point process, Fps(»y) (x) can be physically interpreted as the fraction
of active links with the CSP of threshold ~ greater than =x.

To calculate the SINR MD, one may resort to the Gil-Pelaez inversion theorem [39], i.e

_ 1 1 © Im —1tlog1’M

where M, is the b-th moment of P, (v), i = /-1 is the imaginary unit, and Im[-] denotes the
imaginary part of a complex number. Although provides an exact expression of F_"ps(,y) (), it
involves tedious numerical calculations of the imaginary moments and integrations [40]]. In search
of a simpler alternative method, we approximate the SINR MD with standard beta distribution

by matching their first two moments [[17]], [21], which yields

_ M, (M, — My) (1 — M) (M, — M,)
F, ~1-— I$ ) ’
Ps('Y) (.’,U) ( M2 _ M12 ]\42 _ M12

where I,(-,-) is the regularized incomplete beta function.

€ [0, 1], (22)

B. General Results
We first focus on the derivation of CSP’s b-th moment. According to (19) and the law of total
probability, Ps (| Py, ,) is formulated by
(9@, @) = AP Py (4]0, o), (23)

ke

where Py, (7P, @) is the CSP conditioned on the typical user being associated with the k-th
tier. Specifically, Py, (7P, ®,) is evaluated as
s|k ( ‘q)ba ) =P (SINR > 7|(I)b7 (I)ua X~ € (I)k>

N, I
P (Hx* > fy( (2)+ ZZGK Z)
L (12X

Dy, D, X* € <I>k>



e [1 — exp (-W’“ (No + 3 rex M)] " , (24)
| i (You)
where ¢, = My (Mk!)*l/ M: and (a) follows from the tight upper bound of the CDF of a
normalized gamma random variable [41, Theo. 1]. It is noticeable that the equality in (a) holds
for M, = 1, which is achieved when the typical user is associated with a TBS, i.e., k = b.
The b-th moment of P (y|®y, ®,,) for an individual link is consequently formulated by
My () = Y ATM (1), < € {SA, VA}. 25)
kek
The subsequent theorem presents the explicit expressions of Mb(g) () for SA and VA scenarios.
Theorem 2 (Moments for SA and VA Scenarios): In UAV-assisted cellular networks, when
UAVs are equipped with antennas of type ¢ € {SA, VA}, for an active typical link, the b-th
moment of P (y|Py, P,,) is approximated by

= TS () (M) o [

kek n=0 m=0

X exp {—%Q“NO = (A (ot w)]) +u 6] } dy,  (26)
W)

where
U(r,y) = / = M ek () /15 )| e () 27)
ine(y)

and My, (s) = (14 s/M;) ™. Here I'”) (-) and A\ (-) are given in (3) and (T8), respectively.
Proof: See Appendix [

The SINR MD is then obtained by substituting (26) into (22)).

Remark 4 (Extension to General Propagation Scenario): The analytical framework in The-
orem [2] can be extended to the general propagation scenario of interfering links. Specifically,
for each k € IC, 1) consider arbitrary bounded, non-negative, and non-increasing deterministic
path-loss function L, (r); 2) consider arbitrary normalized random small-scale fading gain Hy
with moment generating function My, (s). Then, substituting (3), (I8), and My, (s) into (26)
yields the final result.

The mean local delay D (vy), defined as the average number of transmission attempts needed

until the first successful transmission occurs [42], is another important metric to evaluate refined



link performance. Assuming each transmission attempt is independent, according to the mean
of geometric distribution, D () is formulated as

AYDE) ( AYE A 28
Z Z Pk 7|‘I’b, Z 1|k (28)

ke ke ke

which can be directly obtained based on the results of association probability and CSP moments.

C. Asymptotic Behavior

The recent advances in drone manufacturing make it possible to deploy widely UAVs for wire-
less communication purposes [1]. When the network density goes to infinity, in this subsection,

we analyze the asymptotic behavior of UAV-assisted cellular networks in terms of association

} (29)

and lim), o Mb(fk (v) =0,Vb e NT, k € K. Specifically, when PGy prnHy, *° > PyGaukn, Hy OF,

probability and CSP moments.

Corollary 3 (Asymptotic Behavior when \, — o0): As A\, — o0, it holds that
(<)

Xis, () Xisn ()
lim A =expi —2m\, / L (m)xdx—i—/ px (z) x de

)\b%OO

limy, o0 A = 1.

Proof: When A, — oo, the horizontal distance from the typical user to the nearest TBS

tends to zero and thus Ry1, = Hy,. In this case, according to Theorem E], we have

dim A0 =B, | T Frs (M0 R0) | = T Fr (M0 0). GO
b ¢e{L,N} te{L,N}

Substituting (9) into (30) yields (29). Recalling the proof in Appendix [C, since My, (s) € [0, 1],
Vs € [0,00), we have limy, o Ly, (s) = 0. For any k € K, m € N, and b € N, we further
conclude from and that limy, 00 Trm (7) = 0 and lim), o0 Mb(fk) (v) =0.

For each ¢ € {L, N}, according to the definition of X](f} (r) and its monotonicity, X](Og% (Hy) is
bounded by H, < i) (Hy) < x\}, (Hy). When P,Gripkn Hy, ™ > PyGhutir Hy 0, we further
have X( (Hy) < H,, which concludes Xp, (<) , (Hy) = H, and limy, o A}(f) =1. [ |

Corollary 4 (Asymptotic Behavior when )\u — 00): As Ay — 00, it holds that limy, Al(f) =
1™ O D ] Jigy A — O D ] iy AG) = 0, and limy, o M)
0, Vb € N*, k € K. Specifically, when P,Gypinr™® < PyGyukn Hy @0, limy, oo Af) = 1.

Proof: Since the LoS conditions between different A2G links are independent, A\, — oo

guarantees the existence of a UAV hovering above the typical user in LoS condition. In this



case, none of other NLoS UAVs could provide a stronger average received power to the typical
user. The results are then obtained by following the similar lines as the proof of Corollary [3|

D. Special Cases

Although the general result in Theorem [2] involves a double integral with complicated form,
simple and intuitive expressions of CSP moments are possible when considering specific link
conditions or deployments. We now turn our attention to several relevant special cases.

1) Noise-Limited: When the proposed network is operated in millimeter-wave frequency and
the densities of TBSs and UAVs are small, due to the large bandwidth and sparse interferers,
the network can be regarded as noise-limited [25]. Here we present the CSP moments and SNR
MD in this special case.

Corollary 5 (Noise-Limited): When the UAV-assisted cellular network is noise-limited, the

b-th moment of P (| Py, P, ) is given as

g o [T (M NoMe /) ()
uP =S40 [ ( T ) fysy () dy. 31

ke 0

The SNR MD is evaluated as
_ . N,
Fr () = > AP Py, (lff) (—7 “)) , (32)
kek Whe
where wy,, is the solution of the equation I' (M, Mywy, ) = 2I" (My,).
Proof: By definition, for the users associated with the k-th tier, the CSP is expressed as

N,
Ps|k (’}/‘(I)b,q)u) =P (HX* > (C;Y—O

lk (Y(),k
a 1 NoM
TR L e (33)
I (My) Ly (Yok)
where I'(+, -) is the upper incomplete gamma function and (a) is from the CDF of Gamma random

variable. Then the SNR MD is formulated by

by, 0, X* € (I)k>

Fr ) (2) = P (Pyx () > )

N,
=P (g)’y—o < Wk,
b (Yor)
. N
ot ()
Wk.x



- N,
= Fy, (l?f’ <Z)k °)> , (34)

where (b) is due to the monotonicity of l,(;) (r). The proof is completed by using the law of total
probability. u

Remark 5: By using Alzer’s inequality [41], wy, can be tightly upper bounded by wy, <

_ In(1—(1—=)/Mk)
My (M)~ Me

2) Canonical Isotropic Antenna Pattern: Although our main focus is on antenna patterns of
type SA and VA, as a baseline for comparison, we also study the case in which UAV antenna
has the same radiation pattern in all directions [8]. The CSP moments for this special case are
given as follows.

Corollary 6 (Canonical Isotropic Antenna Pattern): When TBSs and UAVs are equipped with

canonical isotropic antennas, the b-th moment of P (|®y,, ®,) is approximated by
b Mgn
Mkn) n+m /oo 3 m%kao
—1 A X ex -
Z Z Z ( ) ( (=1) o ) P PyG gy ~*

kekK n=0 m=0
mYQrNke \ ~Me| <
_Z Ag OXke )])4‘/}( |:1_<1+M47’Ty_ak) :|)\£(7”) dr]}dy, 35

ek

o0

ke(y)
where 7., = gng% and Xy (y) = n,i/a’zyo‘k/o"f.

Proof: The result is directly obtained by substituting Vsqpp, = U3qpw = oo into (26). The
superscript “(¢)” is omitted here since the results for SA and VA scenarios are the same in this
context. u

3) Rayleigh Fading: The assumption of Rayleigh fading for both G2G and A2G links has
been applied in several pioneering literature due to its tractability [[12]], [13], [43]. Considering
this assumption in UAV-assisted cellular networks, the b-th moment of CSP is simplified in the
following corollary.

Corollary 7 (Rayleigh Fading): When the UAVs are equipped with antennas of type ¢ &€
{SA,VA} and the small-scale fading is subject to Rayleigh, i.e., My = 1, k € K, the b-th
moment of P (y|Py, P, ) is given as

S [ { -3 [ ()

kek Iy )(y) ek

+/:( ) [1 -(1 +7h2§) (7) /l,(f) (y))_b] Ae (1) dr}} dy, (36)

where 1\ (-) and A" (-) are given in () and (T8), respectively.
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Proof: The proof follows the same lines as in Theorem [2] and is thus skipped here. [ |

Remark 6: Since the small-scale fading gain Hx follows exponential distribution under Rayleigh
fading assumption, the proof of Corollary [7|involves neither Alzer’s approximation nor Jensen’s
bound. Hence the expression of Mb(g) () given in is accurate.

4) Primary User: Previous results are subject to the scenario that all users have the same
priority. However, for the primary user that needs the best channel condition, it is better to
assume that the serving UAV flies towards this primary user and then hovers above its head to
transmit information [[10], [25]], [29]. The following corollary presents the expression of Mb(g) ()
in this situation.

Corollary 8 (Primary User): In the situation that there is a UAV hovering above the typical
user providing LoS service, the b-th moment of P (vy|®Py,, ;) has a similar expression to (26)),

and the only difference is

JENEN (arccos (Hb)) Kpr~—®, k =b,

19 (r) = B (37)
PG, (0) ki H o, ke {L,N}.
Proof: The proof follows the similar lines as Theorem [2] and is thus omitted here. [ ]

V. SIMULATION AND DISCUSSIONS

In this section, we provide simulation and numerical results to validate the accuracy of our
theoretical analysis and to give design insights of UAV-assisted cellular networks. Specifically, we
first validate the necessity of considering the exact distribution of OBA in the analysis. Next, the
effects of UAV features and environment parameters on the system performance are investigated.
Finally, different network deployments are compared to provide useful design insights. The
simulations are performed in a circular shape simulation area of radius 2000 m. Unless otherwise
stated, we set the deployment parameters as A\, = 5/km2, Ay = 20/km2, Hy, = 20m, and
H, = 100m. The power and antenna parameters are P, = 30W, P, = 10W, Ny = 1078 W,
Gup = 0dB, Gy = 0dB, U34pp = 160°, U3 = 60°, and pgia = 20 dB. Besides, following
[9], [32]], we consider urban environments with parameters p, = 9.61, p, = 0.16, k. = 1,

ap, =3, a1, =25, ay =4, My, =1, My, =3, and My = 2.

A. Validation

In Fig. 4] we present the results of network performance under different approaches of OBA.

The close match between the simulation results and theoretical results with exact © validates
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Fig. 4. Comparisons of the network performance under approximate and exact distribution of OBA when ¢ = SA, A, = 5/km?,
and Ay = 20/km?.

the accuracy of the approximations in (22) and Theorem 2] Note that due to the incorporation
of multi-tier interference, the standard beta approximation is less accurate in the regime of
small reliability and SINR threshold. In this case, the approximations with higher degrees of
freedom will help to close the gap [21], [23]]. In general, we observe that adopting the exact OBA
distribution leads to accurate SINR coverage probability M; () and SINR MD Fp(.(z) for aerial
networks, while the uniform OBA assumption underestimates both metrics. This observation
validates the necessity of accounting for the exact OBA distribution in the performance evaluation
of UAV-assisted cellular networks. More specifically, Fig. 4al shows that when evaluating SINR
coverage probability, the uniform OBA assumption is only relatively accurate in the regime of
low and high UAV altitudes. The reason is that UAV beams are almost horizontally pointed for
low altitude and the distances of serving link and dominant interfering links are not evidently
distinguished for high altitude. In Fig. we further observe that even in this regime (e.g.,
H, =20m or H, = 1000 m), there is an evident gap between the SINR MDs under uniform ©

assumption and exact © distribution.

B. Impact of UAV Features

Fig. [5] presents the network performance as a function of UAV altitude H. In general, for

both SA and VA scenarios, when the UAV altitude increases from zero, the A2G links change
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Fig. 5. The impact of UAV altitude on the association probability, SINR coverage probability, and variance of CSP for both
SA and VA scenarios when A, = 5/km? and A, = 20/km?.

from NLoS to LoS condition, which is beneficial to the association probability of UAVs and
the coverage probability of the whole network. However, as the altitude increases further, the
serving links from UAVs become longer and the interfering A2G links become more in LoS,
which degrades the UAV association probability and the coverage probability. These two opposite
factors are balanced at the optimal altitude to maximize the coverage performance, which is
consistent with existing findings [3]], [8]]. Besides, Fig. [Sb| shows the results of CSP variance,
which measures the fairness between individual links. The most interesting observation is that
with the increase of UAV altitude, the CSP variance in the VA scenario has the same tendency as
coverage probability, while the result in the SA scenario shows the opposite tendency. In other
words, when UAVs are equipped with steerable antennas, by properly tuning the UAV altitude,
it is expected to achieve the highest network coverage and the best user fairness at the same
time.

Fig. [0 highlights the impact of UAV density on network performance. With more UAVs being
deployed, the communication link to the nearest UAV becomes shorter and is more likely to
be in LoS condition. Thus the association probability of UAVs monotonically increases with
Au. However, the increase of ), also brings more interfering UAVs, in both LoS and NLoS
conditions. Thus the coverage probability is maximized at a particular UAV density and then

starts decreasing. In fact, as stated in Section the coverage probability will converge to
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Fig. 7. The impact of UAV beamwidth on the association probability, SINR coverage probability, and variance of CSP for both

SA and VA scenarios when A, = 5/km?, A, = 20/km?, and H, = 100m.

zero when the network density goes to infinity in our framework. Moreover, we show that the

CSP variance in VA scenario almost linearly decreases with \,, while the CSP variance in SA

scenario first rapidly decreases and then slowly converges to 0.04 for high densities. Unlike

Fig. [5b] the coverage probability and variance are not optimized simultaneously. Therefore, an

appropriate design should establish a proper coverage and fairness trade-off.

Fig.|7|shows the impact of UAV beamwidth 1} on the network performance. In the VA scenario,
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Fig. 8. SINR MD as a function of UAV altitude H in different environments when ¢ = SA and = 0.9. The parameter {a, s}
for suburban, urban, dense urban, and highrise urban environments are given as {4.88,0.43}, {9.61,0.16}, {11.95,0.14}, and
{27.23,0.08}, respectively [5], [32].

UAVs point their beams vertically downward. Thus with the increase of UAV beamwidth, there
will be more candidate UAV's covering the typical user in their mainlobes, which is constructive
to the association probability of UAVs and the coverage probability. However, further increasing
UAV beamwidth results in stronger antenna gains from interfering UAVs, which is destructive
to the coverage probability. This interplay leads to an optimal ) around 40°. In the SA scenario,
since each UAV adjusts its beam toward its intended user exactly, the association probability
is not influenced by 1 and the coverage probability monotonically decreases with 1. Moreover,

regarding the tendency of coverage probability and CSP variance, we have the same observation

as in Fig. [5b

C. Impact of Environment

Fig. |8 shows the SINR MD in different propagation environments. One observation is that
with the increase of building height and density, i.e., from suburban to highrise urban, the
optimal altitude becomes higher. This is expected since UAVs have to fly higher to establish
LoS links to their serving users in heavily obstructed environments. By contrast, in less obstructed
environments, UAVs have to fly lower to reduce the detrimental impact of LoS A2G interference.
Another observation is that in suburban environment, SINR MD becomes less sensitive to

the change of UAV altitude. The reason for this phenomenon is that in heavily obstructed



25

0.8 0.12 0.5 0.11
= = [T = 0.1
= 0.7 10.1 = 045+
h=1 - I E N
= ~— Lo __- = = 0.09 =
2 I |
e 0.6 F[—o—Mean of CSP, SA 10.08 < 2 04r 0.08 &
A — <--Mean of CSP, VA =~ A =~
& Variance of CSP, SA / g g o)
20 s 20
£ 05 f|- - - Variance of CSP, VA “loo6 & = 035} 007 g
o T O <
3 R 0062
2 - z —o0— Mean of CSP, SA - e
= 04 0.04 =z 03| <I--Mean of CSP, VA <k
73] n Variance of CSP, SA 0.05

— — —-Variance of CSP, VA
0.3 - . . . 0.02 0.25 - - . . 0.04
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
UAV Density Ratio, p UAV Density Ratio, p
@) Ap + Ay = 50/km? () A, + Ay = 100/km?

Fig. 9. The mean and variance of CSP as a function of UAV density ratio p, where p := Ay/(Ab + Au). Here p=0and p =1

correspond to the TBS-only scenario and UAV-only scenario, respectively.

environment, A2G links are more likely to be in NLoS condition, which attenuates the power

received from UAVs and thus the coverage performance is dominated by TBSs.

D. Impact of Deployment

Fig.[9highlights the impacts of UAV density ratio p on the mean and variance of CSP, given the
total density of TBSs and UAVs. It is observed that in sparse networks (e.g., \p + A, = 50/km?),
replacing TBSs with UAVs helps to increase the coverage performance, which mainly benefits
from UAV’s capability of establishing L.oS transmissions to terrestrial users. However, this is not
the case for dense networks (e.g., A, + A, = 100/km?), where the coverage probability decreases
slightly and then starts increasing. The reason for this phenomenon is that replacing TBSs with
UAVs results in longer G2G communication distance, which may counteract the enhancement
of A2G communication. Another important observation is that replacing TBSs with UAVs helps

to decrease the variance of CSP and potentially improve the fairness among individual links.

VI. CONCLUSION

This paper provides a fine-grained analysis for UAV-assisted cellular networks based on the
SINR MD. For the UAV antenna patterns of type SA and VA, we derive analytical expressions

of the probability that a typical user is associated with a specific type of transmitter. Considering
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probabilistic LoS model and general Nakagami fading for A2G links, we derive bounding ex-
pressions of CSP and its moments, in which we account for the distance-dependent antenna gain
from interfering UAVs. Further, the SINR MD is derived by matching its first two moments with
standard beta distribution. Numerical results validate the tightness of the analytical results and
reveal several useful observations: 1) the widely used uniform OBA assumption underestimates
the network performance, which indicates the necessity of incorporating the distance-dependent
OBA in analyzing coverage performance and SINR MD; 2) equipping steerable antennas on
UAVs is expected to optimize the network coverage and user fairness simultaneously, while
these two metrics need a trade-off for the case of vertical antennas; 3) using UAVs to replace a

certain percent of TBSs is beneficial to the network coverage and user fairness.

APPENDIX A

PROOF OF THEOREM [1]

For the typical user, the average power received from its serving TBS/UAV of the k-th tier
is l,(:) (r). Therefore, according to Section , the association probability of the k-th tier is
determined by

AY —P(X* € By)

=P () 4 (Rox) =17 (Roy)

Le\{k}
“el () Roezif <z< R0k>
e\ {k}
® [
:/ Froe @) TT Froe (I (1 ) ) ar, (A1)
0 tek\{k}

where (a) follows from the monotonic decreasing property of l,(f) (r) and (b) from the spatial
independence between different tiers. Finally, substituting (9) and into (A.1) completes the

proof.
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APPENDIX B

PROOF OF LEMMA [3]

The results for VA scenario is apparent, and thus we only show the derivation for SA scenario.

In Fig. applying the law of cosines to ZOP'Q, the length of O is formulated by

OQ = /L2 + 12— 2Ltcos (m —a) = VL2 + 12 + 2Lt cos a. (B.1)
Then, applying the law of cosines to ZOP(Q) yields
2 2 2
OP +PQ -0 H? — Lt
cos © = cos ZOPQ) = +_Q_ @ = L cona ) (B.2)
20P - PQ V(H2 + L2) (H? + t2)

Note that © is minimized to 0,,;, when o« = 7 and is maximized to 8,,,, when o = 0. When

0 € [Omin, Omax)» based on (B.2), we have
Fo:(0) =P(© <0|L,t)

=P (cos© > cosb| L,t)

H? — Ltcosa
=P > cos b
V(HZ + L2) (HE + 1)

L,t>

H2_ H2 L2 H2 2
=P<008a§ = VI u+Lt)( 2+ 1%)cost

L, t) . (B.3)
Since ¥, is isotropic in the xy-plane, we conclude that « is uniformly distributed in [0, 27| and
(T4) is then obtained. Finally, taking the derivative of Fg|, (¢) with respect to ¢ yields at (I5).
APPENDIX C
PROOF OF THEOREM

Since the bound in (24) is tight, the moment Mb(fk) (7), b € N is approximated by

szfk) (7) =Es,0, |Psr (7]Ps, <I>u)b]

My,
Ny + 1
~Eg, e, || 1—Enc (1 — exp (—Wk ( (3) ek é)))
L’ (Yor)

b

=M, (7). (C.1)

Since f (z) = (1 —x)" is convex in [0, 1], by invoking Jensen’s inequality, Mb(fk? () is upper
bounded by

Mg
- (0) Yo (No + Ppexc 1)
bek (’}/) S E<I>b,<1>uEH,G 1— (1 — exXp <— l(g) (Y )G
k 0,k
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(@ z”: Mz’f ( ) (Mkn) (1™ T (), (C.2)

n=0 m=0

where (a) follows from the binomial theorem and 7y, () is

77{77” (’y) = E‘I)b,@uEH7G exXp <_(§)— (NO + Z [£>>
- I (Yor) tek

[ myorNo my ol
exXp —W Hexp _C Y_ak
v (Yor) ) ik ktok

N,
0 / Fys) () exp <_%> I]zx (%) dy, (C.3)

k ek k

= Eo, 0. Enc

where (b) is from the independence among the point processes of different tiers and Ly, (-) is

the Laplace transform of I,. Specifically, recalling (), £;, () is formulated by

Ly, (s) =Elexp (—sl)]

= E‘PZ,HG exXp | —s Z PngHXI‘ig ||X||_W'

Xed,\{X*}

= E@Z H ]EH,G’ [exp (—SPngHxlig ||X||_a£)}

Xed, \{X*}

DB, | TT Mu (sh(1XID) | (C4)
}

Xed\{X*
where (a) follows by taking the expectation over © using Lemma M| and using the moment
generating function of the gamma random variable Hy, i.e., My, (s) = (14 s/M) ™. Then,
leveraging the probability generating functional (PGFL) of PPP ®, [38] yields

Ly, (s)= exp{ /:( [1 — My, (shég) (r))} A (1) dr} : (C.5)

)

Finally, substituting and (C.2) into (25) completes the proof.
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