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Abstract. We study two Einstein—Hilbert type actions on an almost-
product metric-affine manifold, considered as functionals of the contor-
sion tensor. The first one is the total mixed scalar curvature of the linear
connection, and the second one is based on a new type of curvature,
recently introduced by B. Opozda for statistical structures. We deduce
Euler-Lagrange equations of the actions and examine critical contorsion
tensors associated with general and distinguished classes of connections,
e.g. metric, statistical and adapted. The existence of such critical tensors
depends on simple geometric properties of the almost-product structure,
expressed only in terms of the Levi-Civita connection.
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1. Introduction

Distributions on manifolds appear in various situations, e.g. as tangent bundles
of foliations or kernels of differential forms. An important role in understand-
ing geometry of distributions and foliations play linear connections and the
mixed sectional curvature, i.e., sectional curvature of planes that non-trivially
intersect the distribution and its orthogonal complement, see [2,7]. The mixed
scalar curvature, i.e., an averaged mixed sectional curvature, is one of the sim-
plest curvature invariants of an almost product manifold. The Euler-Lagrange
equations for the total mixed scalar curvature, as functional on the space of
metrics, has been studied in [1] as analog of Einstein—Hilbert action, and then
in [8,9] for distributions of any dimension.
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The Metric-Affine Geometry (founded by E.Cartan) generalizes Rie-
mannian Geometry: it uses an asymmetric connection with torsion, V, instead
of the Levi-Civita connection V of g, and appears in such context as homo-
geneous and almost Hermitian manifolds, Finsler geometry and gauge theory
of gravity. The important distinguished cases are: Riemann—Cartan manifolds,
where metric connections, i.e., Vg = 0, are used, e.g. [4], and statistical man-
ifolds [3,5], where the torsion is zero and the tensor Vg is symmetric in all
its entries. The main notion of Information Geometry is that of statistical
manifold, and the theory of affine hypersurfaces in R”*! is a natural source of
such manifolds. Riemann—Cartan spaces are central in gauge theory of gravity,
where the torsion is represented by the spin tensor of matter.

The difference T := V — V is called the contorsion tensor. For the cur-
vature tensor ny = [?y, ?X] + ?[X’y] of V, using similar formula for the
curvature tensor R of V, we get

Rxy —Rxy = (Vy%)x — (VxD)y + Ty, Tx]. (1)

Let M™P be a connected manifold with a pseudo-Riemannian metric g of
index ¢ and complementary orthogonal non-degenerate distributions D and D+
(subbundles of the tangent bundle T'M of ranks dimg D, = n and dimg Dj; =
p for every x € M) called an almost-product structure on M, see [2]. When
q = 0, g is a Riemannian metric, resp. a Lorentz metric when ¢ = 1. Let T and
L denote g-orthogonal projections onto D and D+, respectively. The following
convention is adopted for the range of indices:

a,bye...e{l...n}, i,j,k...€{1...p}. (2)

The function on (M, g, V) endowed with orthogonal complementary distribu-
tions (D, DY),
- 1

Smix = 5 Za,i €a € (Q(REa,EiEaa gz) + g(R&',Ea 51'7 Ea)) (3)

is called the mized scalar curvature w.r.t. V. Here (and in further parts of the
paper), {E,, &} is a local orthonormal frame on M adapted to D and D+,
and ¢ = ¢(&;,&;) € {1,-1}, €, = g(Eq, E,) € {1,—1}. We will also use the
notation e, and €, = g(e,,e,) when we consider elements of the orthonor-
mal adapted frame without distinction to which distribution they belong. In
particular,

S mix = Z i €a€i g(R Ea,&Eav Ez)a (4)

is the mized scalar curvature, see [10]. Definitions (3) and (4) do not depend
on the order of distributions and on the choice of a local frame.

In [5], the K-sectional curvature of a symmetric (1,2)-tensor K (on any
subspace of a vector space endowed with a scalar product and a cubic form)
was introduced and applied to statistical connections. It is defined for any
X,Y € X by the following formula: K(X,Y) = ¢([Kx, Ky]Y, X). This way,
for any (1, 2)-tensor K on a pseudo-Riemannian manifold (M, g) endowed with
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a pair (D, D), we introduce the following invariant, called the mized scalar
KC-curvature:

1
Smix,IC = 5 Za i €a€q (g( [IC“ Ka} Eaa gz) + g( [K:aa IC’L] gi7 Ea))' (5)

If Cx (X € TM) is either symmetric or anti-symmetric then (5) reads
Smix,IC = Z €a€i g( [K:'u K:a] an 57,)

Observe that the mired scalar T-curvature (associated with contorsion
tensor) can be recognized as a part of S yix, see (3). Indeed, using (1), one can
decompose S pix of (3) into the sum:

S mix = Sumix + St + 5 Q) (6)
where
Q=2 cci(0((ViT)aFu, &) = 9((VaT)iEa, &)
+9((VaD)i &, Ea) = 9((ViT)a &i, Ea)). (7)

Due to (6) and (7), we will consider S i, as a function of a (1,2)-tensor T.
We study (1, 2)-tensors T on (M, g), which are critical for the functionals

JmiX79 T / Smjx(f)dvolg, Imix,() T / Smix,i dVOlg. (8)
2 2

The integral is taken over M if it converges; otherwise, one integrates over
arbitrarily large, relatively compact domain 2 C M. We consider arbitrary
variations V! = V 4+ %,

(S:t7 3:0 = (3:3 |t| <, (9)

and variations corresponding to distinguished classes of connections (e.g. met-
ric and statistical), while {2 contains supports of infinitesimal variations 9,%".
In such cases, the Divergence Theorem states that || 1 (divE) dvoly = 0 when
& € Xy is supported in 2.

In the paper, we deduce the Euler-Lagrange equations of (8); and (8)s
and examine critical contorsion tensors ¥ (and their connections) in general
and in distinguished classes. In Sect. 2, we prove (Theorems 1, 2) that ¥ is
critical for (8); if and only if both distributions are totally umbilical with
respect to the Levi-Civita connection and ¥ obeys certain linear system; for
statistical connections the geometrical condition is integrability of distributions
instead of their umbilicity (Theorem 3). In Sect. 3, we prove (Theorem 4) that
a tensor ¥ is critical for (8)s if and only if it obeys certain linear system, and for
adapted connections the necessary geometric conditions are integrability and
minimality of distributions. These results show how the Riemannian geometry
of an almost-product manifold restricts existence of linear connections critical
for (8); and (8)2. As an example, in Sect. 4 we discuss double-twisted product
of metric-affine manifolds, where above conditions can be realized. Throughout
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the paper everything (manifolds, distributions, etc.) is assumed to be smooth
and oriented.

2. The Mixed Scalar Curvature of Connection

2.1. Preliminaries

We will define several geometric objects for the almost-product structure
(M,D,D+,g). Let X5 (resp., Xp) be the module over C>°(M) of all vec-
tor fields on M (resp. all vector fields with values in D). A metric-affine space
is a manifold M endowed with a metric g of certain signature and a linear
connection V. A connection V : X3, x X3; — Xar on TM has the properties:

VixitxY = fVx,Y +Vx,Y, Vx(fY +2) = X(f)Y + fVxY +VxZ.
A unique metric and torsion free connection on (M, g) is the Levi-Civita con-
nection V, it is given by
29(Vx Y, 2) = X(y(Y, 2)) + Y (9(X, Z)) = Z(9(X,Y))
+g([X,Y]7Z) - g([Xv Z],Y) - g(D/v Z]aX)
Let T+, ht : D x D — Dt be the integrability tensor and the second funda-
mental form (w.r.t. V) of D, respectively,
THXY) = (1/2) [X, Y]5, hH(XY) = (1/2) (VxY + Vy X)*

The mean curvature vector of D is HY = Tryht = Y €,h*(E,, E,). Let

g' = glpxp. A distribution D is called totally umbilical, harmonic, or totally

geodesic, if h = %HJ— T, HY =0, or h* = 0, respectively. Similarly, we
define T, h : D+ x D+ — D by
T(X,Y)=(1/2)[X,Y]", h(X,Y)=(1/2)(VxY +VyX)",
and H = TI‘g h= Zz Ezh(g“gz)
For Z € DY, X,Y € D, the shape operator Az (of D w.r.t. Z) and the
operator Tg are defined by

g(AZ(X),Y) = g(hl(X,Y),Z), g(Tg(X)vy) = g(TJ'(X,Y)7 Z)'

Similarly, for X € D and W, Z € D+ we have g(Ax (W), Z) = g(h(W, Z), X)
and g(T)ﬁ((W), Z) = g(T(W,Z),X). We will use the following convention for
various tensors: TZ-'i = Tg‘w A; = Ag,, T = Tg, etc. Using the adapted
orthonormal frame, we calculate

<h’la hJ_> :Za b €a€p g(hJ—(E(l7Eb)7 hJ_(E(“ Eb))7

<TL1TJ_> :Za b €a€h g(TL(Eav Eb)le(Eaa Eb))

)

The following formula, see [8,10]:
S mix = g(H? H) _<h7 h>+ <T7 T> +g(HL7 HL) - <hl7 hL> +d1V(H+HL)v (10)
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has found many applications.
Given ¥, define the (1,2)-tensor T* by

9g(ZKY, Z)=9(ZxZ)Y), X,)Y,Z € Xpy.
Two partial traces of ¥ (and similarly, of T*) are defined by
Tr' <= Z €0TaBy, Trt %= Z 6%

Define ¥/ : D — Dby T X := (T;(X ")) ". Similarly, put T X = (T, (X))
for T+ : D+ — D+. We have the following decomposition into symmetric and
antisymmetric parts:

T = (5 52+ (T -T2
Set Idp(X) = X T for all X € X

2.2. Arbitrary Variations

Theorem 1. Let (M,g,V) be a metric-affine manifold endowed with a non-
degenerate distribution D. A tensor T is critical for action (8)1 if and only
if D and its orthogonal distribution D are both totally umbilical and T
satisfies the linear system:

(Ti&+T&) T = —2T(&, &), (11a)
(Tr )T =H=—(Tr"%)", forn>1, (11b)
T - (%) =21}, (11c)
T (&) g T+ Tt g%, &) Idp = 0, (11d)
(Trt ¥ — et 3%+ = A=l H*, (11e)
n
(ZuEy + 3Byt = 2T (E,, By, (11f)
(Tr' )t = HY = —(Tv T ¥)*,  forp > 1, (11g)
To — (T3)" =21}, (11h)
T @) —g(Ir " T+ Tr' %%, E,)Idpr =0, (11i)
(Tr' T —Tr' )7 = W=y (11j)

p
Proof. For the terms of Q, see (7), we have
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From the above formula, its dual (with respect to interchanging distributions
D and D) and (7) we obtain

Q=div((Tr' ) — (v )" + (" T)" — (Tr" T)*4) + @1, where
Q1 = Z ea€i [9(TiBat T Bat T+ 3061, (Ag — TE) Ei+(Ai —TF) E,) |

+g(Tr" T - g+ Tt — ' T, HE — H). (12)
Since S ix does not depend on %,
d - . d .~ 1d .
5, Ymix mlx = 50 I, .
dtJ ,Q((}:) @ Q(‘I)+2dt Ql(T)dvog
Set S = 0, %" | 1—o for one-parameter family (9) of (1,2)-tensors. We have

019(%i%aFa, &) —Zebg SiEy, &) 9(TaFa, By)
—l—Zng S:€5, &) 9(ZaEu, &)

+ Zebg SaEa, Ep) g(Ep, T1E;)
b

£ G0(SuFn E) 06, TIE), (13a)
J
—09(TuTiEa, &) ==Y €9(SaF, &) 9(TiFa, Ep)
b

— " €i9(SaEs. E) 9(TiEa, &)
J

— Y @g(SiEa, Eb) 9(TaEp, &)
b

— D €i9(SiBa, &) 9(TaEj, E0). (13b)

J
Since )1 is linear in T, to get its t-derivatives one should replace T by S
n (12),. Using this together with (13a)-(13b) and their dual equations, and
removing integrals of divergences of compactly supported vector fields, we get

(2 st

=5 | {305 B0 B (o(Tet 5 = H.Bo)b + 9(T+ Tt 5, Ey)ie)
+Zg(5 Ey, &) (g(Trt T + HE, E:)dab — g((Ai — THEq, E) — 9(TiEa, Ey))
+ 3 9(Sai, Bo) (9(Te € — HE,€)80y + 9((As + TE)Ey, Ea) — 9(TiFo, Ba)
+>9(Sa€i,E5)(9((Aa —T”)&,S ) — 9((Aa + THEi, €5) — g(Ti€;j + T;Ei, Ea))
+> 9(Si€5, Ex) (g(Tr " T — HE, E)8i5 + (9(H +Tr" T,E5))6:x)
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+> 9(Si€5, Ea)(9(Tr " T* + H,Ea)dij — 9((Aa + THE;, &) — 9(Tai, &)))

+> 9(SiEa, &) (9(Tr"T T — H, Ea)dij + g((Aa + T2)E;, &) — 9(Ta&;, &)

+Y 9(SiEa, By) (9((Ai — Tf)Ea, E)

~ 9((Ai + T Ea, By) — g(Ta By + Ty Ba, ) }, (14)

where both integrals are with respect to the volume form dvoly, all sums
are taken over repeated indices and factors ¢, are omitted. Since no further
assumptions are made about S or T, all the components g(S,ex, e,) are inde-
pendent and the above formula gives rise to the following Euler-Lagrange
equations:

g(Trr X" — H E)oap + g(H + Tr™ %, Fy)0,. = 0, (15a)
g(Te " T — H E)6i5 + g(H +Tr " %,8)du = 0, (15b)
G(Trt T + H E)bay — 9((Ai = TH) Eq, By) — g(TiEq, Ey) = 0, (15¢)
g(Tr" T+ H,E,)o5; — g((Aa — TH)ELE)) — 9(Tai &) =0, (15d)
g(Trt T — HY E)bap + 9((Ai + TH Ey, E,) — g(TiEy, E ) 0, (15e)
g(Tr" T — H, E,)bi; + g((Aa + THE;, &) — 9(Tu&s, &) = (15f)
29(THE L E)) + 9(Ti€; + T1&i, Ea) = 0, (15g)
29(T*E,, Ey) + 9(3uEp + T5Ea, &) = 0. (15h)

To simplify (15a)—(15h), first we consider (15a). It may yield three equations,
in the following cases:
lLa=b=c
g(Tr- T+ Tr- 3% E,) = 0. (16)
From here it follows that (Trt T + Trt )T = 0.
2. a = b # ¢ (note that this requires n > )

g(Trt ¥ — H E,) =
From this we obtain (11b);.
3. a = ¢ # b (note that this requires n > 1):
g(H +Tr" %, E) = 0.

From this we obtain (11b)s. Note that case a # b # ¢ # a gives no new
conditions.
Next, we consider (15¢), which can be presented as:

g(H +Trt 3%, &)Idp — A+ T/ -] = 0. (17)
Then we examine (15e), which can written as
g(Trt T — HY E)1dp + A; + TP — ] =0. (18)

Finally, we consider (15g):
29(TEE:, &) + 9(T:€; + Ti&, B,) = 0,
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which can be presented as (11a) and implies (16). Equations (15b), (15d), (15f)
and (15h) are dual to the ones considered above.

The antisymmetric part of (17), which is the same as antisymmetric part
of (18), yields (11c), while the symmetric part of (17) is the following:

g(HY + Trt 3% &) 1dp — A; — (3] +%]%)/2=0. (19)
On the other hand, the symmetric part of (18) reads as
g(Tr- T — H+ &) 1dp + A, — (3] +%/7)/2=0. (20)

Taking the sum of (19) and (20), we obtain (11d), while taking the difference
of those equations yields

o2(ht —HYg") + (vt — vt T9)tg" = 0. (21)

Equation (21) yields that h* is proportional to ¢', and so ht = %ng‘r
follows. From the trace of (21) we obtain (11e). In this way, we obtain the first
half, (11a)—(11e), of the Euler-Lagrange equations. The second half, (11f)-
(11j), follows by interchanging the roles of D and D+. O

Remark 1. Solutions of (11a)—(11j) form an affine subspace in the linear space
of all tensors T. Among all solutions there exists one with minimal norm, whose
properties might be interesting.

Corollary 1. Let n+p > 2, then T = 0 (corresponding to the Levi-Civita
connection) is critical for action (8)1 if and only if both distributions D and
D+ are totally geodesic and integrable.

Proof. Let T = 01in (11a)-(11j) and use (11c) to get T+ = 0, then either (11e)
or (11g) to get H+ = 0, which together with h- = %HJ-gT yields ht = 0.
Then use the dual equations to get T = 0 = ht. g

Proposition 1. All tensors critical for action (8)1 are parameterized by p3 +
p?n+n3 +n’p —2n 4 2nd,1 — 2p + 2pd,1 functions on M, that correspond to
independent components of X.

Proof. First observe that ¥; and ¥, are independent, so we can consider two
halves of the Euler-Lagrange equations separately. Components Tf‘ fully deter-
mine components (Tf‘)* and are restricted only for p > 1, by p scalar equations
(11e) (for p = 1 (11e) yields H+ = 0 and no restrictions on ¥;). All components
T are fully determined by T according to (11c) and (11d) (antisymmetric
and symmetric part of T, respectively). Components (T;&;)" and (T;&;)T
are restricted by p?n scalar equations (11a) and for n > 1, additionally by
n equations (11b);. Note that from (11a) it follows that (T;&)" = (T:&)T;
hence, (11b)s yields no new restrictions.

In total, we have p® components of T restricted for p > 1 by p scalar,
linear equations; 2p®n components (T,&;) " and (T;&;) ", which are restricted
by p?n scalar, linear equations and for n > 1 by p?n-+n scalar, linear equations.
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For the second half of the Euler-Lagrange equations we obtain the dual result
(with n and p interchanged). O

Proposition 2. Let n+p > 2, then a critical point of the action (8)1 is not an
extremal point (also for variations in the subspaces of tensors T corresponding
to metric connections and corresponding to statistical connections).

Proof. Let ¥ = T 4+ t-S. Then the only part of S i that is quadratic in ¢
comes from the difference g(%TiT}, Eq, &) — g(Z, %[ Eq, &) and its dual w.r.t.
interchanging the distributions. Hence, S nix(T!) = O(t) + t?0, where

o=, caci(g(Si, SEwE) + (S0 SIEED). (22

Let p > 2, and assume that we have Sg, Fy = &2, Sg, &1 =0, Sg, & = —Ey,
and if n > 1 then for b > 1 we have Sg, = 0. Assume further that for i = 1 we
have Sg, By = 0, Sg, &1 = £&2, Sg, &2 = F&1, and for j > 1 we have Sg; = 0.
Then we have

0_22 €a€i(9(SiEq, Sa&i) — 9(SuEa, Si&:))
_2g(E1;E1) (51751)9(527:t52)'

Hence, o is neither positive definite, nor negative definite. This proof can be
used also for variation among metric connections, because S defined above has
all necessary symmetries.

For variation in the subspaces of tensors ¥ corresponding to statistical
connections the (1,2)-tensor S is symmetric in all its indices; hence,

o= zz €a€i(9(SaFu, SiE) — 9(SiEa, S.&))
= 22 €€ §(SaFEa, Si&) — 22 ,€a€b€i g (S, Ey, &)?
—22 eaelejg (S.&i, &)

Since for n 4+ p > 2 not every component of S is determined by Trp S and
Trpi S, we see that again o is neither positive definite, nor negative definite.
O

2.3. Variations Corresponding to Metric Connections

Let us examine the case when ¥ corresponds to a metric connection, i.e.,
V = V+% preserves the metric: Vg = 0. Then we have the following symmetry

Tx = —%x. (23)
Using (23), we obtain

9(Vi%)aEa, &) — 9(Va%)iEa, &) + 9([Ti, TalEa, Ei)
= 9((Va%)i&i, Ea) — 9((Vi%)a&i, Eq) + 9([Ta, T4l &, Ea).
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Considering a variation T with S = 8{3? +—o and differentiating (23), while
keeping the metric g fixed, leads to the following condition:

g(SxY,Z)+ g(SxZ,Y) = 0. (24)
Also, the curvature tensor R of a metric connection V has the same symmetries

as R, its sectional curvature K (X,Y) is well defined and we can interpret the
mixed scalar curvature as the sum

Smix = Za i K(Eavgi)‘

Theorem 2. Let (M, g) be a pseudo-Riemannian manifold endowed with orthog-
onal complementary non-degenerate distributions (D, DL). Then a tensor T
obeying (23) is critical for (8)1 in the subspace of tensors obeying (23) if and
only if (D, D) are both totally umbilical and T satisfies

(%56 —%i&5) T =2T(,&)), (25a)
T =T}, (25D)
()t = gt (25¢)
(Trt%)" = —H forn > 1, (25d)
(TpEo — TuEy): =2TH(E,, By), (25€)
Tt =1 (25¢)
(™ 9)7 = 7% H, (25g)
(Tr" )t = —HY forp> 1. (25h)

Proof. By (24) components of S in (14) are no longer independent and from
(23) we obtain T* = —%, which leads to the Euler-Lagrange equations (25a)—
(25h). O

Assuming (23) in (11a)—(1le) yields equations equivalent to (25a)—(25h).
This implies the following.

Corollary 2. Any tensor T obeying (23) and critical for action (8); w.r.t.
variations restricted only to the space of tensors obeying (23) is also critical
w.r.t. arbitrary variations of <.

Remark 2. Instead of using V, the Euler-Lagrange equations (25a)—(25h) can
be presented in terms of extrinsic geometry of the metric connection V.= V+%.
For example, the second fundamental form h* of D w.r.t. V is given by

_ 1
hH(X,Y) =ht(X,Y) + 3 (TxY + 3y X)H, XY € Xp,

and the mean curvature vector w.r.t. Vis H- = H-+(Tr' %)L By the above
and (25a)-(25h), the distributions are no longer totally umbilical w.r.t. V if
n,p > 1, but are minimal, i.e., H+ =0 = H.
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2.4. Variations Corresponding to Statistical Connections

Let us examine the case when T corresponds to a statistical connection, i.e.,
V = V+% is torsionless, with symmetric tensor Vg. Then we have the following
symmetries:

TV =%yX, T =% (26)

Theorem 3. Let (M, g) be a pseudo-Riemannian manifold endowed with orthog-
onal complementary non-degenerate distributions (D,D+). Then a tensor T
obeying (26) is critical for (8)1 for variations in the subspace of tensors obey-
ing (26) if and only if (D, D+) are both integrable and T satisfies

(TE)T =0=(TuEp) ™, (27)
(Tt =0=(Tr" 37,
if n>1then H=0, and ifp>1then H =0.

Proof. Note that Tr™ %* = Tr" ¥ and Tr" * = Tr' . Substituting (26) into
(14), we find that the Euler-Lagrange equations consist of the system

g(Tr* % — H, E)oup, + g(H + Trt %, Ey) 8,0 = 0, (28a)
79(T25175J) - g({zzgja Ea) = Oﬂ (28b)
(T T, )00y — g(TPEa, Ey) — 2 9(Su By, &) = 0, (28¢)

and the equations dual to the above (with interchanged roles of distributions
D and D), which we do not write here. From (28a) with a = b = ¢ it follows
that (Tr=%)" = 0.

For n > 1, (28a) with a = b # ¢ yields additionally: H = 0 = (Tr= %),
From (28b), we obtain

T(&,&) = (T:&)T, (29)

but from the symmetry T;&; = T;&; it follows that 1" = 0; hence, (Tié'j)T =0.

From the dual equation we obtain that also D must be integrable. Finally,
from (28c) we get

Say 9(Tr T, &) — 29(TiEy, Ea) + g(Tf Ey, Ea) = 0,
and furthermore,
dap(Tr S)* = 2TaBy)* + T+ (B, Ea) = 0;
hence, 2(ZaFp)t = 64p(Trt T)+. Equation dual to (29) yields (T,E)* = 0;
thus we obtain (Tr* T)+ = 0. O

Remark 3. By (26)1 and (27); we get g(%,E,,&;) = 0; hence, T; : D — D. By
(26)2 and (27)2 we get g(T;E,, Ep) = 0; hence, T, : D — D+. By the above,
Ti|p = 0. Similarly, T, p. = 0.

The Weyl-Cartan connections V, i.e., Tr(Vxg) = 0 (X € Xu), have
been classified in [4].
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Corollary 3. Any tensor T obeying (26) that is critical for (8)1 in the subspace
of tensors obeying (26) corresponds to a Weyl-Cartan connection V =V + %.

Proof. Tt follows from Theorem 3, thatiTrT‘I =0 and Tr* T = 0, which —
given the symmetries of € — implies Tr(Vx g) = 0 for every X € Xy. O

As expected, varying T corresponding to statistical connection in the
space of tensors obeying (26) gives weaker conditions for being a critical point
of (8); than what we get from (11a)—(11j).

2.5. Critical Adapted Connections

Let us examine the case when T corresponds to an adapted connection V =
V + %, ie., see [2]:

sz € Xp, ?ZYGXDL7 XeXp, YeEXpL, Z€Xy.

An example is the contorsion tensor ¥ of the Schouten—Van Kampen connec-
tion,

TxY = ~(Vxr V)t = (Vi V)T 4+ Ay + TE D)X + (Ayr +TE) XL
Recall that the Schouten—Van Kampen connection V is defined by
VxY =VxV = (Vxr V)T = (Vyr Y ) = (Vi VYT — (VYL
see [2], which can be also written as
VxY =VxY — (Vxr Y )E — (VyuYH)T
HAys +TEOXT + (Ayr +TEo)X -

It follows that V is metric and

T By = —(ht +TH)(Ea, By), Ti& =—(h+T)(&,E)),

Tl = (A +THE, T E, = (A +THE,
which yields (T; &)t =0= (T,E,) .

Using these formulas in (25b), (25¢) and their dual equations, we obtain
the following.

Corollary 4. Let distributions D and D+ be both totally umbilical w.r.t. V.

(i) If n,p > 1 then the contorsion tensor T of Schouten—Van Kampen con-
nection V satisfies (25a)~(25h) if and only if distributions D and D' are
both totally geodesic and integrable.

(i) If n =1 and p > 1 then the contorsion tensor T of V satisfies (25a)-
(25h) if and only if D+ is totally geodesic and integrable.

We shall now examine the case when T corresponds to a metric adapted
connection V =V + %, which is given by the formula, see [2]:

VxY =VxY + (Tx(YT) T+ (Tx(Y )"
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with Schouten—Van Kampen connection V and TxY = VxY — VxY. Its
contorsion tensor ¥ satisfies

TXY = —(VxrV )t = (Vxr Y )T+ (Aye +TE )X T + (Ayr + T )X+
HEXY)) T+ (Ex (V)
Note that components (T,E,)" and (T,&)" are not restricted by the defini-

tion of adapted connection.

Corollary 5. Let distributions D and D+ be totally umbilical. A tensor T cor-
responding to an adapted metric connection obeys (25a)—(25h) if and only
if it obeys (25b), (25¢) and their dual (25f), (25g).

Note that components (T,E,)" and (T,;&;)* are restricted only by the
symmetry (23), the scalar equations (25¢) and (25g). Thus, on a manifold
with two totally umbilical, orthogonal distributions there exist many adapted,
metric connections critical for action (8);.

Next, we consider ¥ corresponding to arbitrary (not necessarily metric)
adapted connections.

Corollary 6. A tensor € corresponding to an adapted connection satisfies
(11a)—(11e), respectively, (11f)—=(11j), if and only if it satisfies (11c)—(1le),
respectively, (11h)—(11j).

Proof. In our case, we have
TXY =LY +3xY - h(X,Y) - hH(X,Y)
~THXY) = T(XY) 4 (Ays + TEO)X T + (Ayr + T )X,
(30)
THY = (TT)xY + (TH)xY + h(X,Y) + b (X,Y)
FTHX YY)+ T(X,Y) — (Ays +TE)XT — (Ayr + TE )X,
(31)
where T and T'* are defined in Sect. 2.2. From the above we immediately

see that (11b) and the dual ones are satisfied, regardless of the dimensions of
distributions. Also we obtain

TiE +T;6 = -T(&, &) +T(&,&) = =2T(&;, &);

thus, (11a) is satisfied. Equations (11c¢), (11e) and (11d) are restrictions on
(otherwise free) components: ¥, Tr- T — Tr™ € and Tr™ T4 Tr' T*. Finally,

K3
ht = %HLgT is a geometric condition in terms of V. O

We do not consider variations of Spix on the space of tensors ¥ cor-
responding to adapted connections because (_8)1 is identically zero on this
subspace, since for every such tensor we have S ,;x(T) = 0.
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3. The Mixed Scalar Curvature of Contorsion Tensor

In this section we search for (1,2)-tensors ¥ on (M, g) endowed with orthogonal
complementary distributions (D, D), critical for the action (8);. We deduce
Euler-Lagrange equations for (8)2 and find examples of critical connections in
general and particular classes of almost product metric-affine manifolds. Since

S = 5 3, €aci (0[Ti, T For &) + 9( [T, T &, Bo)
does not contain covariant derivatives and is quadratic in T, the Euler—
Lagrange equations for (8)2 will not contain any terms related to the geometry
of distributions. Using the same approach as in Sects. 2.2, 2.3, 2.4, and 2.5, we

obtain the following.

Theorem 4. A (1,2)-tensor T is critical for (8)2 among all (1,2)-tensors if
and only if

(T2 By + %y BEu)t =0, (32a)
(T&+T&E) =0, (32b)
Sacg(Tr™ T, By) + 0qp g(Tr™ T*, E,.) = 0, (32¢)
Si79(Tr" T, &) + 6k g(Tr T T,€;) =0, (32d)
T = g(Tr-%, &) 1dp, (32¢)
TL—g(Tr" I, E,) Idp., (32f)
(Trt T —Trt 3%+ =0, (32g)
(Tr' T —Tr' 397 =0 (32h)

forall a,b,c,i,j,k of (2). Moreover, if n.>1 and p > 1 then (32¢)—~(32d) read
as

(M )T =0=(Tr* 29", (Tr' )t =0=(Tr' %)L
Proof. We have S ixc = % (Q1.3 + Q2,x), where
Qix = ZaiEaEiQ([Ti, TalEa, &), Q25 = Za . €a€i 9([Ta, i) &, Ey).

s

Consider one-parameter family of connections, V¥ = V+%¢. Let S = 8,5@] o

Since
Que =) caci [9(Ti%a — TaT)) Ea, &)

and Q1 x and Q2 < are dual w.r.t. interchanging the distributions D and D,
we can use equations (13a) and (13b) (and their dual equations) to obtain the
following:

O(Qur+ Qax) = /Q >~ {9(SuBb Eo) Bucg(Tr T, By) + bupg (T T, E))

+9(S:E;, &) (0159(Tr T T, &) + S g(Tr T T, E5))
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9(SiEy, Eq)(9(Tai, Ey) + 9(ZpEa, &)

9(Su€i, E;)(9(Ti&j, Ea) + 9(%Eq, Ei))

9(Si€j, Ba)(9(Tai, €5) = 6i59(Tr " T, E,))
9(S.&i, B ) (9(ZiEy, Ey) — dapg(Trt %, &)
9(SaFp, £E)(9(ZiEa, Ey) — Sapg(TrtT%,&))
9(SiBa, £)(9(Tulj, &) — 619(Tr T %, Ea))} dvol,,

AAAAAA

where summing is over repeated indices and factors ¢, are omitted. Since no
further assumptions are made about S or ¥, all the components g(S,ex, e,) are
independent and the above formula gives rise to the Euler—Lagrange equations
stated above. O

Clearly, the Levi-Civita connection is a critical point for the total mixed
scalar T-curvature.

For either metric or statistical connection V = V + ¥, we have

Smix,‘I = Z ,Eaeig( [‘3:27 za] giaEa)~

)

Corollary 7. A (1,2)-tensor T corresponding to statistical connection is
critical for (8)2 among all tensors corresponding to statistical connections if
and only if for all a,b,i,j:

('t =0=(Tr"%)7,

(T€)" = (1/2) 65 (T )T (¥ i, j),

(TaEp)t = (1/2) 6ap (Tr= %)L (Y a, ).
If, in addition, Y, €q # 0 # Y, € then the above Euler-Lagrange equations
are reduced to

(Tr' )T =0=(Tr" %),

(ZaEy)t=0=(%;&)" (Y a,b,ij).
Corollary 8. A (1,2)-tensor ¥ corresponding to a metric connection is crit-

ical for (8)2 among all (1,2)-tensors corresponding to metric connections if
and only if

(ToBa + TEy) " =0=(T& + T6) ", (33a)
(Tr' )T =0=(Tr" %)+, (33b)
Tr=0=%/, (33c)

and

(i) if n>1 then (Tr*%)T =0; (i1) if p> 1 then (Tr' %)t =
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Proof. For variation among metric connections S = 9;%" is antisymmetric, and
for metric connection ¥ is antisymmetric — using this we obtain the following
Euler-Lagrange equations:

9(TLEy + % By, &) = 0 = g(Ti&; + T, Ea), (34a)
g(Tr" %, 80cEp) + g(Tr™F* 5oy B ) =0, (34b)
g(Tr " % 6,;E) + g(Tr" T,64.E;) = (34c¢)
9(%a&i, &) +9(TrT %,6,,F,) =0, (34d)
9(TiBy, Ba) — g(Tr™ T, 0up&3) = 0 (34e)

for all a, b, ¢, 1,7,k of (2). From (34a) we obtain (33a). Taking symmetric parts
of (34d) and (34e) leads to (33b), while the antisymmetric parts of (34d) and
(34e) yield (33c). Finally, setting a = b # c for n > 1 in (34b) and i = j # k
for p > 1 in (34c) yields the remaining conditions. O

Corollary 9. A (1,2)-tensor T corresponding to an adapted connection is
critical for (8)2 among all (1,2)-tensors T corresponding to adapted connec-
tions if and only if both D and D+ are integrable and

if n>1 then D' is minimal w.r.t. V;

if p>1 then D is minimal w.rt. V.

Proof. Let T be the contorsion tensor of an adapted connection. From (30) and
(31) we obtain that for all X € Xj; all the components of T except T and
T+ are determined only by the Levi-Civita connection—hence they remain
the same for all adapted connections. It follows that for S := 9,T!, where ¥¢
are contorsion tensors of adapted connections from some one-parameter fam-
ily, we have ¢(S,FEq4, &) = g(S,&;, E,) = 0. Hence, the only Euler-Lagrange
equations that remain to be considered are

9(ZvE, + TE, &) =0, (35a)
9(Ti& + T;€, Eq) = 0, (35b)
9(Trt %, 600 Fy) + g(Tr- X% 60 Ee) = 0, (35¢)
g(Tr" T%,6;;E) + g(TrT T,00E;) =0 (35d)

for all a,b, ¢, 1,7,k of (2). Using (30) and (31) we can write (35a) as follows
0= g((Ai + T})Eq, Ey) + g(—=h™(Ey, Ea) = T™(Ey, Eo), )
= g(T} Ea, Ey) — g(T} By, Bo) = 29(T} Eo, By), (36)
and (35¢) as
0= bacg(—H, Ep) + bapg(Eec, H) = g(6avEc — dacEp, H). (37)

For n =1, (37) is always satisfied, for n > 2 and a = b # ¢ we obtain H = 0.
From (36) we obtain that T+ = 0 and the claim follows from the fact that
(35b), (35d) are dual to (35a), (35¢), resp. O
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Proposition 3. Let n+p > 2, then a critical point of the action (8)2 is not an
extremal point (also for variations in the subspaces of tensors T corresponding
to metric connections and corresponding to statistical connections).

Proof. The claim follows from the proof of Proposition 2 as for ¥ =% +¢- S
we have S pmix,z (%) = O(t) + t?0, with o as in (22). O

4. Double-Twisted Metric-Affine Products

The doubly-twisted product of metric-affine manifolds (B, g5, Tp) and
(F,gr,%F) is a manifold M = B x F with the metric ¢ = ¢g' + g+ and
the contorsion tensor ¥ =TT + T+, where

gT(XaY) :’UQQB(XT,YT)) gL(X’Y):ung(XLaYL)a
TYY =3 (Zp)x Y, TxY =0%(Tp) Y,

and the warping functions u,v € C°°(M) are positive. For v = 1 we have
the twisted metric-affine product; if, in addition, u € C°°(B) then this is a
warped metric-affine product, and for u = v = 1 — the product. Denote this
double-twisted metric-affine product by B x(, ) F. Its second fundamental
forms (w.r.t. V) are h = =V (logu) g+ and h* = —V*(logv) g ", see [6], and
the mean curvature vectors are H = —nV ' (logu) and H+ = —pV+(logv).
Hence, the leaves Bx{y} and the fibers {z} x F of a RC doubly-twisted product
B X (4y,u) F are totally umbilical w.r.t. V and V. By (7) and (10) we have S pix =
—n (ATu)/u —p(Atv)/v and Spix = Smix + nu(Tr T (u) + po(TrTH)(v),
where AT is the leafwise Laplacian and AL is the fiberwise Laplacian.

One may show that if given connections on B and F' are either metric or
statistical connections then the new connection V=V + % on B X (v,u) F' has
the same property.

Corollary 10 (of Theorem 1). A double-twisted product is critical for action
(8)1 w.r.t. variations of ¥ if and only if
V'u=0=V%v (hence, ht =0=h), (38a)
T3 =0=Trg". (38b)
Corollary 11 (of Theorem 2). A double-twisted product of Riemann—Cartan

manifolds is critical for action (8)1 w.r.t. variations of T obeying (23) if and
only if (38a)—(38b) hold.

Corollary 12 (of Theorem 3). A double-twisted product of statistical mani-
folds is critical for action (8)1 w.r.t. variations of T obeying (26) if and only
if (38a)—(38b) hold.

For the mixed scalar T-curvature we obtain the following.
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Corollary 13 (of Theorem 4). A double-twisted product B X (, ) F' with ) €, #
0 # >, € is critical for action (8)2 w.r.t. variations of T if and only if (38b)
hold.
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mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.
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