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Mathematical models have been developed to predict the conditions giving rise to the different forms
o f transversebed motion in a rotary cylinder: slumping, rolling, slipping, cascading, cataracting, and
centrifuging. Model predictions of the boundaries between these modes o f bed motion compare well
with previously reported measurements, and can be represented conveniently on a Bed Behavior
Diagram which is a plot of pct fill against Froude number (or bed depth v s rotational speed). The
location o f the boundaries is shown to depend on material variables which characterize frictional
conditions in the bed. For the slumping/rolling boundary these are primarily the shear angle and the
limiting wedge angle which defines the solids involved in a slump. For the slipping/slumping and
slipping/rolling boundaries the governing material variables are the bed/wall friction angle and the
upper angle o f repose and dynamic angle o f repose, respectively. Similarly, the location o f the other
boundaries related to cascading and cataracting is determined by the dynamic angle of repose.
Complete Bed Behavior Diagrams have been calculated for solids having different particle size and
particle shape rotated in cylinders having different diameters.

I. INTRODUCTION

THE representation of transverse solids motion in a rotary
kiln by a Bed Behavior Diagram (plot o f bed depth v s rota-
tional speed or percent fill v s Froude number) has been
described in a previous paper) Experimentally it was shown
that the boundary between slumping and rolling beds in this
diagram was a function o f particle size, particle shape, static
angle of repose, kiln diameter, rotational speed, and local
bed depth in a rotary kiln. This study also revealed that the
slumping/rolling boundary o f given granular solids could be
determined only from the boundary o f another material by
comparing their static angles of repose, their slumping fre-
quencies, or by applying the scale-up criteria:

f O q l/2 [ D ] 1/2
[Fr]M[ZJM = [Fr]e

and

(pct fill)M = (pct fill)p

The purpose of this paper is to provide a fundamental basis
for the slumping/rolling behavior of solids beds as well as
for the other modes of bed motion--slipping, cascading,
cataracting, and centrifuging--in a rotary cylinder. The
analysis to be described makes it possible to predict bed
behavior quantitatively from measured particle character-
istics and the bed/wall friction coefficients.

extent of transverse mixing and, using rigid-body mechan-
ics, the conditions for slipping and centrifuging at the kiln
wall. The active-layer thickness has been described mathe-
matically for a rolling or a cascading bed,2'3but owing to the
complex nature o f particle kinematics in real systems,
the models are o f limited use for predictive purposes. The
primary aim o f the mixing studies 3-~2 was to develop, using
statistical techniques or diffusion analogies, a coefficient of
mixedness by which the mixed or unmixed state o fthe solids
could be evaluated. Many of these coefficients have been
proposed, but none has found wide application. Carley-
Macauly and Donald5'6 and Hogg3 have studied transverse
mixing of cascading solids and shown that transverse mix-
ing is at least two orders o f magnitude faster than axial
mixing. Their results as well as those o f Lehmberg e t a l4

indicate that the mixing kinetics are first order. However,
using these modeling approaches little insight is gained on
the mechanisms involved or on the influence o f many of the
material, operating, and design variables o fthe system. The
solids mechanics approach to bed-behavior modeling has
been attempted for a slipping bed. For rotary-kiln applica-
tions the three forces to be accounted for are: gravitational,
frictional, and centrifugal. Many different points of applica-
tion and magnitudes o f these forces have been proposed,13'21
yet no fully satisfactory solution for the slipping bed is
available. This modeling approach has also been applied to
predict centrifuging.

II. PREVIOUS WORK

Modeling of transverse solids flow in rotary cylinders
previously has focused on the characterization of the thick-
ness o f the active layer on the bed surface, the rate and
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III. M O D E L DESCRIPTION

A . T h e Slumping~Rolling B o u n d a r y

Before developing the model to predict the change from
slumping to rolling beds it is worthwhile to examine the
various processes occurring within a slump cycle. As the
solids rotate with the cylinder wall the friction force between
particles varies between zero and some limiting value. Due
to the nature o f bulk solids, the internal stress distribution is
not uniform in the bed and is indeterminate until the limiting
condition of friction is attained when a shear plane is formed
(the bulk solids lying above the shear plane will be termed
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the shear wedge). Prior to this condition, the process of
dilatancy takes place wherein bulk solids increase o r
decrease the volume they occupy. When the frictional
force reaches its maximum value, the solids in the shear
wedge are unstable and fall to the lower part o f the bed.

The trajectory of each of the particles in the shear wedge
(ABC, Figure 1) could be determined from one of the three
principles of solids flow, the minimization of energy. How-
ever, since there is no information on the manner in which
the potential energy of the solids is dissipated, a trajectory
model has been developed in this study based on the con-
version o f the potential energy of the particles in the shear
wedge solely to kinetic energy as they fall from wedge ABC
to PSC (Figure 1). Their average trajectory then is given by
the straight line joining the centroids of the two wedges. The
resultant force on the shear wedge acts through its centroid
and is given by

d2s
M~T = F~ sin r1 - Fr [1]

where the gravitational force is

Fa = M g [2]

and the frictional force is

F v = txLFu [3]

The force balance normal to the line o f the average tra-
jectory (line JK in Figure 1) yields,

FN = M g cos ~7 [4]

Then substituting Eqs. [2] through [4] into Eq. [1] yields,

d2s
dt---- 7 = g(sin ~7 - /xL cos rl) [5]

Since the limiting friction condition occurs at the shear plane
making an angle ~bL with the horizontal, it follows that,

/zL = tan ~bL [6]

~N'N ( x )

Ol / / / ~ ~ I- X

P $ ^

F i g . 1 - - F o r c e b a l a n c e o n a s h e a r w e d g e .

Integrating Eq. [5] with the initial conditions,

(i) t = 0 v = 0 [7]

(ii) t = 0 s = 0 [8]

and substituting Eq. [6], yields,

1
s = -~-gt2(sin rl - tan ~bLcos rl) [9]

Finally, since the shear wedge is bounded by the upper and
lower angles o f repose, the distance between the wedge
centroids, ABC and PSC, and the slope of the average tra-
jectory may be calculated, respectively, from

S = [(XABc - - X p s c ) 2 "t- ( Y A B c - - Y P S C ) 2 ] 1/2 [ 1 0 ]

and

"q = t a n - l [ ~yASc - Yes'"Sc] [ I I ]
LXAsc #esc]

where the centroid coordinates (#A~C, yaBC) and (Xpsc,Yesc) a re

a function of the kiln diameter, D, the bed depth, H , the
wedge angle, 3', (where y = ~bv - ~bL), and the lowerangle
of repose, ~bL. Derivations o f the centroid coordinate can
be found in the thesis,z2 The lower angle of repose or
shear angle of materials, with properties shown in Table I,
were measured with a protractor using cylinders having
dimensions given in Table II. The wedge angle was deter-
mined employing both photographic techniques and infra-
red sensors. Details of the measurements are given in
Appendix A. The wedge angles from sensor measurements
were fitted to the following equation:

Y = 3'0 + 6 G n [12]

for each material and cylinder diameter. Values o f 3'oand C,
are listed in Table III. Thus, the shear wedge and its geo-
metrical position in the transverse section of a kiln were
characterized fully.

The criterion governing the transition from a slumping to
a rolling bed has been determined based on the extent of
filling o f the shear wedge by the upward rotating bed during
the time taken for a slump, calculated from Eq. [9]. Over
the time o f downward motion of the shear wedge, the angu-
lar rotation o f the bed is

3'* = 6nt [13]

which may be compared to the minimumshear wedge angle,
3'0. Thus, if y* < Y0, the shear wedge empties before being
refilled with the upward rotating solids, and the bed will
continue to slump. However, if 3'* > 36, the shear wedge is
continuously replenished with solids in less than the time
taken for the solids to fall between centroids, and the bed
will roll. It follows that the condition when the angle trav-
eled equals the minimum shear wedge (y* = Y0) represents
the slumping-rolling boundary, and that the time for the
shear wedge to fall from the upper to the lowerpart of the
bed is

30(% / [14]
to = ¢r \ w /

Substituting Eq. [14] into [9] yields,

(450g] (-~) 2
S -- ~ ~T2 ] (sin ~/ - tan ~bLcos ~/) [15]
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T a b l e I . S u m m a r y of Resu l t s for the P a r t i c l e Character iza t ion of the Mater ia l s Tested

Average Particle LooseBulk Dense Bulk Static Dynamic Cylinder Shear
Size Particle Density Density Density LooseVoid Dense Void Angleof Re- Angle of Diameter Angle

Material (mm) Shape (kg/m3) (kg/m3) (kg/ma) Fraction Fraction pose (Deg) Repose (Deg) (m) (Deg)

Gravel 3.0 Angular 2870 1560 1690 0.46 0.41 40.7 37.5 0.40 34.7
37.0 1.06 34.4

11.6 Spherical . . . . . 31.5 35.2 0.40 33.3

4.3 Irregular 2700 1450 1610 0.46 0.40 40.3 39.6 0.40 37.7
36.5 t .06 34.5

1.5 Irregular 2690 1520 1600 0.43 0.40 37.8 36.0 0.40 33.6
1.06 32.5

0.58 Irregular 2680 1490 1570 0.44 0.41 35.6 34.9 0.40 33.5

8.1 Angular 2690 . . . . 42.8 41.5 1.06 38.5

4.9 Spherical -- 870 900 -- - - 32.5 30.2 0.40 29.9

0.50 Nodular 2660 1640 1740 0.38 0.35 33.4 33.6 0.40 32.2

Iron Oxide

Limestone B

Limestone C

Limestone D

Limestone F

Nickle Oxide

Sand B

T a b l e I I . Dimens ions of Rotary V e s s e l s

Inside
Vessel Diameter (m) Length (m)

Cylinder A 0.4 0.46
Cylinder B 0.4 0.86
Cylinder C 1.06 0.41

T a b l e III. R e g r e s s i o n Coeff ic ients

Obtained from the Sensor D a t a

Material

Limiting
Wedge Dilatancy

Cylinder Angle, To Coefficient, Number of
Diameter (m) (Deg) Cl(s) Observations

Gravel 0.4 5.00 0.536 58
Gravel 1.06 4.63 0.699 33
Iron Oxide 0.4 4.73 0.722 15
Limestone B 0.4 5.19 0.491 15
Limestone B 1.06 5.67 0.487 32
Limestone C 0.4 6.47 0.158 44
Limestone C 1.06 6.58 0.153 28
Limestone D 0.4 4.68 0.103 63
Limestone F 1.06 5.50 0.770 24
Nickel Oxide 0.4 2.94 0.614 30
Sand B 0.4 2.16 0.364 40

Also substituting,

v
o~ - R [16]

and dividing by s, Eq. [15] becomes,

1
1 - ~-\-V~- / (sin ~7 - tan ~bLCOS 7/) = 0

[17]
This equation is therefore the dimensionless form of the

criterion for the slumping/rolling boundary and provides the
scale-up criteria for the material, the cylinder, and the oper-

ating variables. The first dimensionless parameter, (gR/v2),
is recognized as the inverse of the Froude number which is

the ratio of the inertial t o gravitational forces. The second
scale-up factor, (R/s), reflects the effect of pct filling as well

as the size of the shear wedge. Thus, it is an operating as

well as a material scale-up factor. The third, (900~/rr2),

represents a material variable, the minimum shear wedge;
while the last parameter, (sin r/ - tan thL cos r/), is de-

pendent on the fill ratio, the size of the shear wedge, the
shear angle, and the cylinder diameter. For a given material

and cylinder, only the first two dimensionless parameters
(gR/v 2) and (R/s) may vary, and their values are solely a

function of rotational speed and bed depth. Hence, the plot-

ting of bed depth (pct fill) vs rotational speed (or Froude
number) to delineate the slumping/rolling boundary de-

scribed earlier is justified mathematically.

B . The Slipping Model

Uggla14 and Reuter19 both performed force balances on a

rolling bed to predict conditions where slipping and rolling

would occur. Their approach is unsatisfactory since all the
forces involved are not coincident. Cross21 derived a model

based on a differential moment analysis on a static bed. His

result is unusual in that both the normal force and the anti-
clockwise moment appear independent of the inclination of

the bed.

Here an improved model is developed to predict slipping
conditions in a rotary kiln based on the principles of me-

chanics for rigid bodies. A bed of bulk solids rotated with
the cylinder wall and having an angle of inclination, qS', is

considered as shown in Figure 2. The gravity force and the
centrifugal force act through the center of gravity of the bed

whose location is given by,

2R3 sin3 A
RB - 3A [18]

where the area of the bed may be calculated from,

R2
A = -~-(2A - sin 2A) [19]

The gravity force is given by Eq. [2] and the centrifugal
force by,

Fc = M2wR8 [20]

The resultant force is therefore,

FR = (FZc + 2FcF~ cos ~b' + F~) 1/2 [21]

The moment balance about the center of rotation of the

cylinder yields,
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Fig. 2--Force balance on the bed of bulk solids for the slipping model.

RnF sin 4>' [22]F F = R C

In order for the forces to be in equilibrium (i.e., no slipping
at the wall) the normal and frictional forces also must have
a resultant, F~, which is equal in magnitude but opposite in
direction to FR. Therefore,

FF = F'R sin /3

and

FN = F'R COS /3 [24]

It is known that the maximum frictional force is given by,

FF = tXw/sFu [25]

and that,

IXw/s = tan 4>s [26]

Therefore, substituting Eqs. [21] into [24] and [26] into
[25] yields,

[23]

( i ) 4>' > 4>v > 4>~

(ii) 4>u > 4>' > 4>~

and (iii) 4>u > 4>D > 4>'

In the first situation, no slipping occurs; while in the
second, slipping occurs rather than slumping and finally,
slipping replaces all other modes o f bed behavior. For roll-
ing beds the analysis can be simplified by comparing 4>' to
4>z~. Furthermore, when the centrifugal force is negligible, as
in most rotary kilns, Eq. [27] simplifies to:

3 tan 4>s(h - cos A sin A) [28]
tan 4>' =

2 sin3 A

This result appears more logical than that o f Cross,21 in that
the tangent of the inclination angle o fthe bed rather than the
sine appears as the left-hand side o f the equation. Slipping
in rotary kilns is therefore a function of the slip angle, 4>s,
and the pct fill. The results of the slipping model therefore
may be plotted on a Bed Behavior Diagram.

C. The Cascading and Cataracting Models

Prediction of the onset o f cascading and cataracting in
rotary cylinders thus far has received little attention in the
literature. Cascading has been identified previously by the
crescent shape of the bed while cataracting has been charac-
terized by a significant portion of granular solids being
projected into the free space o f the cylinder and showering
back to the bed. Davis 23 and Uggla14 have attempted to
calculate the onset o fcataracting based on a force balance on
a single particle resting on the surface o f the bed. Davis did
not account for the friction force and based his calculation
on a cylinder having a fill ratio o f 0.5. Uggla accounted for
the friction force by using a static angle o f friction.

For the current model, the force balance is carried out at
the centroid o f the bed shown in Figure 3(a) with the angle
o f kinetic friction equal to the dynamic angle of repose. The
force balance yields,

+ z+ Fc sin 4>~ - FF = 0 [29]

+ \ F N - F c - F a c o s 4 > ~ = 0 [30]

finally,

F F = ] , , tDFN [31]

Substituting for the appropriate terms and simplifying,

tan 4>s =

R8 4>,~-Fc sin

([ 1t(F2 + 2FcFG cos 4>' + F2)1/~ cos sin-1 (F2 + 2FcF~ cos 4>' + F2)v~

[27]

Equation [27] can be solved by trial and error for the resul-
tant bed inclination, &', which then can be compared to the
upper angle o f repose, 4>v, and the resultant dynamic angle
o f inclination 4>~, to be described in the following section.
Three situations may arise,

where,

~ 2 ~

(sin 4>~ - /zo cos 4>~) - ~-DoJ--o [32]
g

/~o = tan 4>D [33]
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Fig. 3 - - ( a ) Force balance on the bed of bulk solids for the cascading
model with the apex in the first quadrant. (b) Bed configuration with the
apex in the fourth quadrant. (c) Bed configuration defining the rolling/
cascading boundary.

Hence, the bed inclination for whichthe forces acting on the
bed are in equilibrium can be calculated by trial and error
from Eq. [32] which also can be simplified to,

sin(cb~ - tho) = toZRB sin ~bo [34]

o r

s i n ( 6 ~ , - (~D) ~- ¢°2Rg [.3(Z - 2 si----n3-Acosit sin hi] sin (~D [35]

The resultant bed inclination, ~b~, is therefore a function of
the Froude number, the pct fill, and the dynamic angle
of repose.

When the resultant bed inclination, ~b~, places the apex
of the bed in the fourth quadrant, the outermost particle
a t the cylinder wall has a n initial velocity into the wall
(Figure 3(b)), and the angle 0 is negative. However, once
the resultant bed inclination places the apex in the first
quadrant, the velocity of the outermost particle is away from
the wall and the particle is projected into the open space of
the cylinder (Figure 3(a)). This has been defined as cas-
cading. Note that in this configuration the angle 0 is posi-
tive. The rolling/cascading boundary therefore is defined by
the rotational speed giving a resultant bed inclination, 4'~,,
which places the apex of the bed on the abscissa as illus-
trated on Figure 3(c). In this configuration,

0 = 0 [36]

and

a : 90 - ~bA [37]

Substituting Eq. [37] into Eq. [35] and simplifying yields,

°°2/cR-3[tan-~'° ] [ [ 2 ° f 2 ~ ] 1
g 2 1_ /Zo 1 tan ~b~ [38]

Equation [38] reveals that the rolling/cascading boundary is
a function of the cylinder size, the dynamic angle of repose
of the solids, the rotational speed, and the pct fill. Hence,
the rolling/cascading boundary may be described on a Bed
Behavior Diagram.

The cascading/cataracting boundary is based on the crite-
rion that particles projected from the apex of the bed fall to,
or beyond, the midpoint of the bed surface. In the ensuing
analysis, a parabolic trajectory is assumed for the particles,
and interactions between particles in flight have been ne-
glected, z3'24 The inclination of the bed has been calculated
from Eq. [35]. The parabolic trajectory of the uppermost
particle on the bed surface is given by,

Y = R s i n 0 - (Rcos O - X ) + g(Rcos 0 - X ) 2 [39]
tan 0 2v02 sin2 0

where

X = R sin 0

[2vZ° sin O] [cos O ~/-~02g sin 0 - sin2 0] [40]

and

Vo= wR [41]
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The coordinates o fthe midpoint o fthe bed surface (Figure 3)
are given by,

Xe : (R - H) cos(O - A) [42]

and

Ye = (R - H) sin(0 - A) [43]

From the above equations it is seen that, as with the
rolling/cascading boundary, the cascading/cataracting
boundary is dependent on the cylinder diameter, the dy-
namic angle of repose o f the material, the rotational speed,
and the pct fill.

D. Centrifuging

The critical rotational speed at which a particle at the
cylinder wall centrifuges can be calculated from the follow-
ing equation:

nc = - - [44]
71"

The Froude number at the initiation of centrifuging is unity.
Thus, the complete transverse bed behavior for a given

material, showing the various areas of predominance o f
slipping, slumping, rolling, cascading, cataracting, and cen-
trifuging, may be predicted and represented on a Bed
Behavior Diagram given the following input variables:

[i] the radius of the cylinder, R,

[ii] the limiting angle o f the shear wedge, 3'0,
[iii] the wedge angle as a function o f rotational speed, 3'0
and Cl,
[iv] the shear angle, ~bL,
[v] the dynamic angle of repose, ~bo, and

[vi] the bed/wall friction angle, ~bs.

IV. M O D E L PREDICTIONS AND DISCUSSION

A. The Slumping~Rolling Boundary

The characterization of the materials and the dimensions
of the rotary vessels used in this study have been described

in a previous paper1 and are listed in Tables I and II, re-
spectively. The predicted and experimental slumping/rolling
boundaries for Limestone B tested in Cylinders A and B are
shown in Figure 4. The determination o f the experimental
boundaries have been previously described~ while the
boundary predictions were obtained using the model already
presented in this paper. The maximum and minimumvalues
of 3̀0 and C1 were calculated for 95 pct confidence limits and
were used to obtain the upper and lower limits o f the
slumping/rolling boundary, also plotted in Figure 4. This
essentially yields the er ror in the predictions o f the
slumping/rolling boundaries from the measurements o f 7o
and C~. Thus, for Limestone B, the variation in 3'0 of
---0.3 deg and in C~ of -0.1 s result in a change in the
predicted boundary of about - 0 . 1 5 and ---0.25 rpm, re-
spectively, for the upper and lowerconfidence limits of the
coefficients. This is of the same order as the width o f the
experimentally determined transition zone. Good agreement
is observed between predicted and experimental boundaries,
particularly with respect to the bed depth dependency.

Bed depth influences the slumping/rolling boundary be-
cause for a given cylinder diameter it determines the dis-
tance separating the centroids of the shear wedge (other
factors affecting wedge geometry such as the wedge angle
are independent of bed depth (Appendix A)). Thus, raising
the bed depth increases the distance and time of travel of the
solids between the upper and lower centroids o f the shear
wedge (ABC and PSC in Figure 1). At equal rotational
speeds, the angular distance traveled by the cylinder during
the collapse o f the shear wedge is then greater and the time
available to refill the shear wedge is increased. The result is
a greater tendency for rolling with increased bed depths.
This also can be seen from Eq. [15].

The slumping/rolling boundary predicted by the model
for solids with a more spherical shape than the irregular
Limestone B is shown in Figure 5. The solids are nickel
oxide spheres having roughly the same particle size
(4.9 mm) as Limestone B (4.3 mm, Table I). The model
predictions, which agree well with measurements made in
Cylinder A also shown in Figure 5, indicate that the nickel
oxide bed begins to roll at a considerably lower rotational

0 . 0 9
E

v

c:L

0.06

m

i× l~ Ix ,~
I I

0.12 - -

0.03--

I X l O 4

S l u m p i n g

I
O . 5

F r o u d e n u m b e r ( F r = C U 2 R / g }

I X l 6 3

I

\ L i m e s t o n e B --

",, - - \ ',, Bes t f i t d a t a ii

\ ", - . . . . . . 9 5 % c o n f i d e n c e l i m i t s J _

" \ \ ", - - - - E x p e r i m e n t a l l]
" ' ~ ,T ra rlsition \

\ '~ \

\ " \

\ ' , \ \

\ ' , . \ . . R o i l i n g

I I I I
t 1.5 2 2 . 5

R o t a t i o n a l s p e e d ( r / m i n }

2 5

2 0

r 5

I 0 EL

5

Fig. 4--Predicted and experimental slumping/rolling boundaries for Limestone B tested in Cylinders A and B
(0.4 m ID x 0.46 m L and 0.86 m L, respectively).
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Fig. 5--Predicted and experimental slumping/rolling boundaries for
nickel oxide tested in Cylinder A (0.4 m ID × 0.46 m L).

speed than Limestone B (Figure 4). The reason for this
effect is best seen by examining Eq. [15], the values o f the
shear angle, Table I, and limiting wedge angle, Table III,
measured for the two materials.* The shear angle of nickel

*Strictly, the dilatancy coefficient, C~, should also be considered, but its

effect on 3' over the range of rotational speeds of interest is small.

oxide, 29.9 deg, is lower compared to 37.7 deg for Lime-
stone B, and the limiting wedge angle, 2.94 deg, is also
smaller relative to 5.19 deg for Limestone B. The smaller
angles for the nickel oxide will result in a negligible effect
on the values for s, but will give a reduced value for the term
(sin ~7 - tan ~bLcos ~) in Eq. [17]. Coupled with the re-
duced value o f yo, lower rotational speeds clearly are neces-
sary to achieve rolling for the nickel oxide particles.
Expressed differently, the smaller shear wedge o f nickel
oxide particles can be filled in a shorter time and hence
the rotational speed required to achieve rolling (3/* = Y0)

is lower than for Limestone B. From Eq. [17] the scalling
criteria for particle shape is therefore [(900~0)/7r2] and
(sin ~1 - tan ~bLcos ~7).

The same effect o f particle shape is observed with beds o f
smaller particles. The predicted and measured slumping/
rolling boundaries for Limestone D (0.58 ram, irregular)
and Sand B (0.50 mm, nodular) are shown in Figures 6 and
7, respectively. Again, the model correctly predicts that
the nodular Sand B rolls at lower rotational speeds than the
irregular Limestone B for the reasons cited above. In
addition, the slumping/rolling boundary predicted by the
model for the irregular particles is more dependent on bed
depth than for nodular or spherical particles. This conforms
broadly with the measurements o f slumping/rolling.

The influence of particle size is seen by comparing the
slumping/rolling boundaries predicted for Limestone B
(4.3 mm) and D (0.58 mm) in Figures 4 and 6, respectively.
Thus, the bed o f smaller particles rolls at a lower rotational
speed. From Tables I and III the shear angle and minimum
wedge angle are shallower for the smaller particle size
which is consistent with the arguments developed earlier for
particle shape. Furthermore, the scalling criteria already
presented for particle shape can be used to predict the
boundary o f one material from that o f the other when com-
paring bulk solids with different sizes and shapes.

The slumping/rolling boundary also has been predicted
for Limestone B in a larger cylinder, Cylinder C (Table II),
with an ID o f 1.06 m. Note that all previous calculations
have been made for cylinders having an ID of 0.4 m. The
predicted and measured slumping/rolling boundaries for this
case are presented in Figure 8. It is seen that with greaterpct
filling, the predicted boundary is located at higher rotational
speeds than the experimental boundary, and the latter ex-
hibits a greater dependence on bed depth. The reason for the
difference is not clear, particularly in view o f the good
agreement obtained for the other cases.
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B . Slipping

The predictions o fthe slipping model presented earlier are
shown in Figure 9 as a plot o f the resultant bed inclination,
&', against the bed/wall friction (slipping) angle, ~b,. ~b' has
been calculated for three levels o f Froude number, kiln di-
ameters from 0.4 to 2.7 m, and pct filling from 1 to 25. Note
that the model predictions for the different kiln diameters are
identical at the same values o f slip angle, pct fill, and Froude
number. The curves shown in Figure 9 delineate regions o f
slipping (below the plots) and no slipping (above the plots).
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Fig. 9--Predict ions of the slipping model for kiln diameters of 0.4

to 2.7 m.

This can be seen, as stated earlier, by comparing the re-
sultantbed inclination at slipping, ~b', to the upper angle o f
repose, qSu, if slumping dominates under nonslip conditions
or the dynamic angle of repose, ~bo, if the bed tends to roll.

214--VOLUME 14B, JUNE 1983 METALLURGICAL TRANSACTIONS B



Thus, for example, if at a given bed/wall friction angle, ¢bs,
and pct fill, ~b', is less than ~bv, the bed will slip against the
wall without slumping. If at constant ~bs the pct filling is
raised, the bed will continue to slip until 4,' has increased to
a value equal to thv, at which point the bed will begin to
slump. A similar argument could be made for the slumping-
rolling transition.

This illustration shows that the pct filling of the bed is a
key variable affecting slipping, and that slipping is enhanced
by a low solids loading in a rotary kiln. Examination of the
curves in Figure 9 reveals an equally important finding with
respect to rotational speed. For a given pct fill and bed/wall
friction angle, rotational speed has a negligible influence on
4,' and hence on slipping. This finding has been substan-
tiated by industrial observations o f ball mills. 26'27'28

From this analysis it is clear that to avoid slipping in
rotary kilns, only two variables can be effectively manipu-
lated: the bed/wall friction angle and the pct fill. The rota-
tional speed will not change slipping except under special
conditions which will be discussed in the next section. In
kiln operations the bed/wall friction angle may be increased
to prevent slipping by roughening the wall. This may be
effected in a number of ways. Refractory bricks o f different
heights can be installed in a staggered array to provide small
ledges protruding from the kiln lining. Internal devices such
as mixers will have a similar result.29 Some lime producers
roughen the refractory wall by feeding salt to the kiln, but
this has the concomitant effect of decreasing the reactivity
of the lime subsequently produced.3°,31 Methods o f increas-
ing the pct loading o f the kiln to prevent slipping include
raising the feed rate, lowering the kiln inclination, de-
creasing the rotational speed, raising the height o fend dams,

or installing dams within the kiln to control the axial loading
profile. Of these, the installation of new dams or modifica-
tion o f existing dams may be the most practicable.

Finally, it should be noted that the pct fill may change
through the kiln owing to the formation o f accretions, and
the bed/wall friction angle also may vary. Thus, depending
on local conditions, the bed may be slipping in one zone
(often the back end o f the kiln), slumping in another, and
rolling in yet another zone. The interrelationship o f these
different modes ofbed motion is best seen on a Bed Behavior
Diagram which is presented in the next section.

C. The Complete Bed Behavior Diagram

All six modes of bed behavior, predicted with the models
formulated in this study, are shown in Bed Behavior
Diagrams in Figures 10 to 13 for four o f the cases seen in
Table I. Shown also are the measured slumping/rolling
boundaries for each case. Slipping was not observed in the
measurements because the bed/wall friction angle always
was greater than the static and dynamic angles o f repose.
Had the cylinder wall been smoother, however, with, say
~bs = 30 or 35 deg, the slipping boundary would have
occurred as indicated in Figures 10 to 13 by the horizontal
lines below which slipping predominates. As the bed/wall
friction angle decreases, i.e., smoother walls, the area on
the diagram dominated by slipping increases. As shown in
the previous section, the rotational speed has a negligible
effect on the slipping boundaries which are influenced solely
by the bed/wall friction angle and pct fill. Note that for the
same value o f ~bs, the slipping/slumping boundary is found
at a higher pct fill than either the slipping/rolling or slipping/
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cascading boundaries. This is due to the dynamic angle of
repose being lower than the static angle o f repose.1

The criteria proposed in this paper for slipping are in
agreement with the experimental and industrial observations
o f other workers. The experiments of Rose and Blunt32 on
ball mills showed that the Froude number was not an im-
portant scaling criterion for slipping. The negligible effect
o f rotational speed on slipping was also observed by
Korotich33 using a cylinder, 0.3 m ID, rotating between
10 to 65 rpm (Froude numbers from 0.02 to 0.71). The
charge in the cylinder slipped over the full range of rota-
tional speeds at all solids loadings up to 20 pet whereupon
slipping ceased. The observations o f Gow et a128 and Duda27
on ball mills are also similar. In rotary kilns, Ronco15 ob-
served slipping to cease with increasing pet fill. Lehmberg
et a l4 observed slipping at 2 rpm but, by increasing the
rotational speed to 5 rpm, slipping stopped and rolling set
in. With a rougher cylinder wall or a higher static angle of
repose of the solids, these workers may otherwise have
observed slumping at 2 rpm. By increasing the rotational
speed to 5 rpm, the slumping/rolling boundary was crossed
and the solids were observed to roll, since the slipping/
rolling boundary probably occurred at lower pet loadings
than the slipping/slumping boundary. Finally, it should be
mentioned that the ( D / d p ) scale-up ratio proposed by Rose
and Blunt32 for slipping is likely incorporated in the mea-
sured value o f ~bs used as an input to the slipping model.

At higher solids loadings in Figures 10 to 13, rolling is
absent and slumping changes directly to cascading. This

follows from the definition o f cascading given earlier and
results in the occurrence o f a triple point between slumping,
rolling, and cascading, the position of which is a function of
the dynamic angle o f repose. The triple point o f materials
with a lower dynamic angle of repose, such as nickel oxide
(4)0 = 30.2 deg) shown in Figure 11, is located at higher
values of pet loading. Similarly, comparing Figure 11 to
Figures 10 and 12, it is evident that the cascading/
cataracting boundaries for materials with a lower value of
~bo (Table I) are situated at higher Froude numbers. The full
cataracting line on the Bed Behavior Diagrams represents
the rotational speed at which the parabolic trajectory of the
outermost particle leaving the apex o f the bed intersects the
cylinder wall at the base o f the bed.

The effect of cylinder diameter can be seen by comparing
Figures 12 and 13. It should be noted that the dynamic angle
of repose o f Limestone C in Cylinder A is 36 deg while that
for Limestone B in Cylinder C is 36.5 deg. Moreover, the
ratio o f ( D / d p ) for the two cases also is nearly identical.
As discussed in an earlier paper, l this ratio is important in
the scale-up o f the slumping/rolling boundary. Comparing
Figures 12 and 13, the boundaries delineating slumping,
rolling, cascading, cataracting, and centrifuging are found
in the same positions relative to Froude number and pet
filling. From this it would seem that the scaling criteria
for cascading and cataracting are also the Froude number
and the pet fill as well as the dynamic angle o frepose rather
than the angle o f detachment of particles which has been
suggested in the literature. 14,23
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Predictions o f cascading and cataracting in this work
agree with previously reported findings. Cataracting has
been observed to occur at Froude numbers in the range of
0.25 to 0 . 7 2 2 6 , 3 4 , 3 5 which is in agreement with the model
predictions shown in Figures 10 to 13. The speed of the
particles falling down the slope of the bed is reported by
Muller36 to depend on the slope o f the bed, and hence cas-
cading is a function o fthe dynamic angle o frepose as shown
in this study. Finally, Oyama7 has presented the follow-
ing empirical relationship for predicting the cascading/
cataracting and the full cataracting boundaries,

K
n - O O . 4 7 j O . l ~ [45]

where K is a constant equal to 54 for the cascading/
cataracting boundary and 72 for the full cataracting condi-
tion. Although Oyama has not accounted for the dynamic
angle of repose, the boundaries predicted using Eq. [45]
agree to within -+15 pct o f the rotational speeds predicted
with the models presented in this paper. The cascading and
cataracting predictions are therefore reliable.

From this discussion it is clear that with the exception of
centrifuging, each mode of solids motion is characterized by
four independent parameters: a material variable (the fric-
tional behavior o fthe solids), a system variable (the pct fill),
and two external forces acting on the bed (the gravity
and centrifugal forces). Thus, it is logical to map these types
of solids motion on the same figure, as has been done in
this work.

On a final note, some caution should be exercised in
applying the Bed Behavior Diagrams based on cold solids
measurements to high-temperature rotary-kiln operations.
Rapid evolution o fgas from the bed, physical changes to the
solids as they travel through the kiln (changes in coefficients
of friction, or angles of repose with temperature or reaction,
degradation or agglomeration), or the formation of wall
accretions can influence bed behavior in the real system in
a way not seen in the Bed Behavior Diagrams. With some
difficulty, thesephenomena could be taken into account. For
example, in the case of rapid gas evolution, a third force,
drag, could be included in the Bed Behavior Diagrams. In
the case o f solids degradation different Bed Behavior Dia-
grams would be necessary to characterize solids motion in
different zones o f the kiln. High temperature measurements
also may be required to assess the effect o f agglomeration
and accretion formation on bed behavior.

V. SUMMARY

A semi-empirical model has been formulated to predict
the change in bed motion from slumping to rolling in a
rotary kiln. Model predictions of the slumping/rolling
boundary compare favorably with measurements involving
solids of different particle size and particle shape rotated
in cylinders having different diameters. From this study,
scaling criteria were found to be the Froude number, pct fill,
and the limiting wedge angle which defines the solids in-
volved in a slump.

Slipping, cascading, and cataracting bed motion also
have been mathematically modeled; and model predictions
are in agreement with experimental observations reported

in the literature. It is shown that slipping is influenced
primarily by the pct fill o f the bed and the bed/wall
friction angle while rotational speed has a negligible effect.
Cascading and cataracting are determined by the pct fill,
Froude number, and the dynamic angle o frepose of the bed.

The six modes of bed motion have been represented on
a Bed Behavior Diagram for different solids rotated in
cylinders of different size.

APPENDIX A

Characterization of a slump

The shear angle or lower angle of repose, ~bL, and wedge
angle, % o f slumping beds were determined for the mate-
rials shown in Table I using rotary cylinders having a
plexiglas end-plate (Table II). The latter measurements were
made both photographically using a HYCAM motion-
picture camera and with infrared sensors.22 The motion
pictures o f slumping were taken at 40 fps with both the
plexiglas end-plate and a mirror reflection o f the surface o f
the solids bed in the field o f view. The cinematography
revealed that the solidson the bed surface moved prior to the
angle of inclination o f the bed reaching a maximum36 as the

solids in the shear wedge assumed a denser packing. Com-
parison o f photographic observations o f successive slumps
with oscillating signals recorded from the infrared sensors
showed that maxima and minima in the signals correspond
to the upper and lower angles o frepose, respectively. Thus,
the wedge angle can be determined conveniently from the
time between a minimum and a maximum, tl, as follows:

"YI = 6 n t l [A. 1]

Agreement between values of t~ measured photographically
and with the sensors was very good.

The times to maximum and minimumbed inclinations, tl
and t2, respectively, were measured for different bed depths
and rotational speeds for the different materials seen in
Table I. A typical set of results is presented graphically for
gravel in Figure A. 1, where each point represents an aver-
age of at least 25 measurements (for clarity o f presentation
not all points are included in the diagram). Both times, tl
and t2, were observed to be independent of bed depth for all
materials tested in the cylinders described in Table II. The
form o f the equation used for regression on the tl data was,

tl = y0, + C~ [A.2]
6 . n

Multiplying both sides o f Eq. [A.2] by (6 • n) yields,

Yl = 3'o, + 6 • Cl" n [A.3]

The size o f the shear wedge is therefore equal to a constant,
the minimum shear wedge, %~, plus the rotational speed
times a time constant, C~, when dilatancy is believed to
occur and will be referred to as the dilatancy coefficient. For
time t2, the following equation was used:

t: = %2 + C2 + C3n [A.4]
6 . n

A simple regression was performed on the t~ data and a
standard multiple regression on the t2 data. The minimum
wedge angle is then
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3'0 = v0, + yo~ [ A . 5 ]

and the time to the limiting friction condition is given by
Eq. [A.2]. The sum o f t~ and tz yields the total time o f a
slump and the slumping frequency,

1 1 1-% + y0-I
--S =--[--'60 6 " n 2j + (C, + C~) + C3"n [A.6]

To verify the regression coefficients obtained from the t~ and
t2 data, the slumping frequency data~ were regressed using
Eq. [A. 6], thus yielding an independent set o f coefficients.

NOMENCLATURE

a Initial acceleration o f shear wedge, m/s 2
dp Particle diameter, mm
g Gravitational acceleration, m/s2
n Rotational speed o f the cylinder, rpm
n~ Critical rotational speed o f the cylinder
s Distance traveled by bulk solids in the shear wedge, m
t Time, s
to Time required to traverse the limiting shear wedge
t] Time from minimum to maximum bed inclination
t2 Time from maximum to minimum bed inclination
v Linear velocity, m/s
v0 Initial granule velocity in its parabolic trajectory, m/s
~'~c Abscissa of the centroid of the upper wedge, m
~Psc Abscissa o f the centroid o f the lower wedge, m
YA~C Ordinate o f the centroid o f the upper wedge, m
Y~sc Ordinate of the centroid of the lower wedge, m
A Cross-sectional area o f solids bed, m~

Cl Regression coefficient from curve fit on ti data, s
C2 Regression coefficient from curve fit on tz data, s
C3 Regression coefficient from curve fit on t2 data,

60 s2/rev
D Cylinder diameter, m
Fc Centrifugal force, N
FF Frictional force, N
Fo Gravity force, N
Fu Nolxnal force, N
FR Resultant force, N
F~ Reaction force, N
Fr Froude number (w~R/g)
H Depth of the bulk solids in the rotary vessel, m
J Pct filling, pct
K Constant in Eq. [45] by Oyama7
M Total mass o f bulk solids in the rotary cylinder, kg
R Inside radius o f cylinder, m
RB Radius o f rotation o f the center of gravity o f the

bulk solids
S Slumping frequency, slumps per minute
X Abscissa of parabolic trajectory o f particles, m
X~ Abscissa of the midpoint o f the bed surface, m
Y Ordinate o f parabolic trajectory of granules, m
YE Ordinate o f the midpoint o f the bed surface, m
/3 Angle relating the friction force and the normal force

in the force balance on a slipping bed, deg
3' Wedge angle, deg
3'o Limiting shear wedge angle, deg
y~ W e d g eangle determined from Eq. [A1], deg
3'o, Regression constant from curve fit on t~ data, deg
Yoz Regression constant from curve fit on h data, deg
7* Angle traversed by rotary cylinder in time t, deg
~7 Slope o f average trajectory o f the shear wedge, deg
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0 Angle between the apex o f the bed and the abscissa,
deg

A Angular measure of the pct fill, deg
/xo Dynamic coefficient of friction of bulk solids
tZL Shearing coefficient of friction of bulk solids
tZw/s Coefficient o f friction between the cylinder wall and

the bulk solids
~b' Resultant angle o fbed inclination for the force balance

on a slipping bed, deg
~bo Dynamic angle o f repose o f bulk solids, deg
d~L Shear angle or lower angle of repose
qbs Angle of slipping friction
qbv Upper angle o f repose
qb~ Resultant angle of bed inclination for the force balance

on a cascading bed
oJ Angular velocity of the rotary cylinder, rad per second
~OR/c Rotational speed at the rolling-cascading boundary,

rad per second
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