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ABSTRACT: An S-fold has played an important role in constructing supersymmetric field
theories with interesting features. It can be viewed as a type of AdS, solutions of Type
IIB string theory where the fields in overlapping patches are glued by elements of SL(2, Z).
This paper examines three dimensional quiver theories that arise from brane configurations
with an inclusion of the S-fold. An important feature of such a quiver is that it contains
a link, which is the T'(U(N)) theory, between two U(N) groups, along with bifundamental
and fundamental hypermultiplets. We systematically study the moduli spaces of those
quiver theories, including the cases in which the non-zero Chern-Simons levels are turned
on. A number of such moduli spaces turns out to have a very rich structure and tells us
about the brane dynamics in the presence of an S-fold.
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1 Introduction

Mirror symmetry [1] in three dimensional N’ = 4 gauge theories is one of the most im-
portant dualities that relates theories with non-trivial infrared fixed point. For a pair of
theories that are related by mirror symmetry, the duality exchanges the Higgs and Coulomb
branches of such theories. Quantum effects on the Coulomb branch arise classically on the
Higgs branch of the dual theory. This symmetry admits realisations in string theory [2—4];
one of which involves S-duality on Type IIB brane systems, consisting of D3, NS5 and
D5 branes, preserving eight supercharges [4]. This type of brane systems (which we shall
refer to as the Hanany-Witten brane configuration) gives rise to three dimensional quiver
theories, and the mirror theory can be easily derived by considering the S-dual of the
aforementioned brane system. This provides a very powerful method in obtaining a large
class of mirror theories in three dimensions. An interesting generalisation to this is to
consider, not just S-duality, but the action of full SL(2,Z) duality group inherited from
Type IIB string theory on the quiver theories [5, 6]. The more general dualities relate, for
example, 3d N/ = 4 gauge theories with zero Chern-Simons levels to Chern-Simons-matter
theories [7—11]. In general, the latter theories admit N = 3 supersymmetric Lagrangian
descriptions; however, the amount of supersymmetry at the fixed point can get enhanced
and range from A" =4 to N' =8 [12-14].

A certain class of 3d N = 4 superconformal field theories can be realised on the half-
BPS domain wall, also known as the “Janus domain wall” or “Janus interface”, of the four
dimensional N/ = 4 super-Yang-Mills theory [6, 15]. One that plays an important role in this
paper is known as T'(U(N)). We summarise a necessary detail of this theory in section 2.
The theory T'(U(XV)) is invariant under mirror symmetry and has a global symmetry U(N)x
U(N), where one of the two U(NN) is manifest in the Lagrangian description, whereas the
other is not but gets enhanced in the infrared. We may gauge such U(N) symmetries and
couple them to matter. In this way, we can form a quiver theory such that T'(U(N)) is a
link connecting two U(NN) gauge groups; an example of this is depicted in the right diagram
of (3.16). We may also turn on a non-zero Chern-Simons level for either or both U(N)
gauge groups; an example is depicted in (2.19), where the Chern-Simons level & is turned on
for one of the U(N) gauge groups. The main aim of this paper is to study the moduli space
of such theories. It should be noted that for N = 1, the quiver that contains only 7'(U(1))
links between U(1) gauge groups (possibly with non-zero Chern-Simons levels), but without
bi-fundamental and fundamental matters, gives rise to a abelian pure Chern-Simons theory
with mixed Chern-Simons terms between gauge groups. Such abelian theories were studied
in detailed in [16].

One important motivation to study quiver theories with T'(U(N)) links (with or with-
out non-trivial Chern-Simons levels for the U(NN) gauge groups) is because they have in-
teresting holographic duals [17]. The construction involves AdSy x Kg Type IIB string
solutions with monodromies' in Kg in the S-duality group SL(2,7Z). These solutions were
obtained by quotienting the solutions corresponding to the holographic dual of Janus in-

1t should be mentioned that a similar solution in AdSs; was considered in [18, 19], and those in AdSs
were considered in [20, 21].



terfaces in 4d N = 4 super-Yang-Mills [22, 23]. The former type of solutions is referred to
as the S-fold in [17, 24].2 The S-fold solutions can be divided into two classes, known as
the J-fold and the S-flip.

The J-fold solutions are those associated with a monodromy given by an element
J € SL(2,Z) with trJ > 2. The corresponding geometry can be constructed by using
AdSs x 8? x S? x ¥, where ¥y is a non-compact Riemann surface with the topology of
a strip. The ends of the strip are then identified with a J-twisted boundary condition.
It was shown in [17] that this type of solutions preserve OSp(4]|4) symmetry and thus
are dual to 3d A/ = 4 superconformal field theories. The J-fold solutions can, in fact, be
obtained as a quotient of a Janus interface solution. As a result, the quiver field theory dual
of such a solution contains a component corresponding to such an interface, namely the
T(U(N)) theory. From the brane perspective, one can introduce a five-dimensional surface
implementing the monodromy under the action of J into the brane system. Among the
possible choices of the SL(2, Z) elements, we may take the monodromy to be associated with
Ji = —ST* in this case, the corresponding J-fold gives rise to a Chern-Simons level k to
one of the U(IV) gauge groups. An example of such a configuration and the corresponding
quiver theory is given by (2.18) and (2.19).

The S-flip solutions can be discussed in a similar way as for the J-folds. In this case, the
SL(2,7Z) element implementing the monodromy is taken to be S. Geometrically, we need
to perform an exchange of coordinates corresponding to the two S? in AdS, x 52 x S% x ¥,
together with a flip at the S-interface such that o becomes a Md&bius strip topologically.
Similarly to the J-fold, the insertion of the S-flip into a brane system gives rise to a
T(U(N)) link between two U(NN) gauge groups, where the Chern-Simons levels of those
are zero. It was shown in [17] that the S-fold solutions preserve OSp(3|4) and the dual
superconformal field theory is expected to have A/ = 3 supersymmetry.

In this paper, we consider the Hanany-Witten brane systems with an insertion of S-flips
or J-folds, as well as the three dimensional quiver theories that arise on the worldvolume
of the D3 branes. Let us summarise the main points. For the system with an S-flip, the
quiver consists of a T'(U(N)) link between two U(N) gauge groups with zero Chern-Simons
level. We find that such a theory has two branches of the moduli space, namely the Higgs
and the Coulomb branches. The Higgs branch of such theories is given by a hyperKahler
quotient described at the beginning of section 3. The Coulomb branch, on the other hand,
can be computed in a very similar way to the usual 3d N' = 4 gauge theories [25], with
the remark that the Coulomb branch dynamics does not receive a contribution from the
vector multiplet from the gauge groups that are linked by T(U(N)). In other words, the
segment of the D3 branes passing through the S-flip does not move along the Coulomb
branch directions. We also check that these results are consistent with mirror symmetry,
namely the Higgs (resp. Coulomb) branch of a given theory agrees with the Coulomb (resp.
Higgs) branch of the mirror theory, obtained by applying S-duality to the original brane
system. Subsequently, we turn on non-zero Chern-Simons levels for the U(V) gauge groups

2Tts supersymmetry and relation to a singular limit of previously known Janus solutions [22, 23] were
also found in [24].



in the quiver. We focus on the abelian theories in section 4. The models analysed in this
section are, in fact, a generalisation of those studied in [16, 17, 26] in the sense that we also
include bifundamental and fundamental matter, along with the J-fold, in the quivers. This
makes the moduli space become highly non-trivial; for example, it may contains many non-
trivial branches. We, however, do not have a general prescription to compute the moduli
space for non-abelian theories with T'(U(N)) links and non-zero CS levels. Nevertheless,
in section 5, we show that, for theories that arise from N M2-branes probing Calabi-Yau
4-fold singularities, it is possible to compute the Hilbert series for each configuration of
magnetic fluxes.

The paper is organised as follows. In section 2, we give a brief summary of the brane
configurations for linear quivers and compact models, as well as a brief review on the
S-fold solutions and (p,q) fivebranes. In section 3, quiver theories corresponding to the
brane systems with S-flips are examined. The Higgs and the Coulomb branches of the
moduli space are studied using the Hilbert series. We also provide a consistency check of
our results against mirror symmetry. In section 4, we then consider abelian theories arise
from the brane systems with J-folds, along with NS5 and D5 branes. We systematically
analyse various branches of the moduli space. In section 5, we examine an example of
non-abelian theory with 7'(U(NV)) links that can be realised on M2-branes on a Calabi-Yau
four fold singularity. In this example, we compute the Hilbert series of the moduli space
and analyse the contribution from each configuration of magnetic fluxes. We conclude the
paper in section 6 and discuss about some open problems for future work. The technical
analysis for theories with many J-folds is collected in appendix A.

2 S-fold solutions and their SCFT duals

A large class of N' = 4 quiver gauge theories in three dimensions can be engineered using
brane systems involving D3, D5, NS5 branes [4]. Each type of branes spans the following

directions:
0o 1 2 3 4 5|67 8 9
X X X X
b3 (2.1)
NS5 [ X X X X X X
D | X X X X X X
The 28 direction can be taken to be compact or non-compact.
2.1 Linear quivers: T7(SU(N)) and its variants
If 28 direction is non-compact, we obtain a linear quiver of the form
(2.2)
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where a circular node with a label N denotes a U(N) gauge group and a square node with
a label M denotes a U(M) flavour symmetry. This class of linear quivers was studied in [6]
and each of the theories in this class is represented by 77 (SU(N)) for some N, with o and
p partitions of V.

From the brane perspective, if we move the D5-branes to one side and the NS5-branes to
the other side, N is the total number of D3-branes in the middle, o contains the differences
between the number of D3-branes on the left and on the right of each D5-brane, and p
contains the differences between the number of D3-branes on the left and on the right of
each NS5-brane. Let us provide an example for N =6, o = (3,2,1) and p = (22,1?):

D3

- o

D5 NS5

To read off the quiver gauge theory, it is convenient to move the D5-branes inside the
NS5-brane intervals as follows:

Since three dimensional mirror symmetry [27] exchanges D5-brane and NS5-branes [4], it
also exchanges o and p. A quiver description of T (SU(IV)) for a general o and p can be

found in, for example, [28, section 2] or [29, sec 2.1].

The T (SU(N)) theory. A theory that plays an important role in this paper is that
with & = p = [1¥]. Such a theory is denoted by T'(SU(N)) and its quiver description is

0o—o0—:-+— o —1[1. (2.5)
1 2 N—-1 N

As an explicit example, the brane configurations for T'(SU(3)) are as follows:

D3

s o

D5 NS5



In general T(SU(NV)) is invariant under mirror symmetry. The Higgs and the Coulomb
branches of this theory are both isomorphic to the closure of the maximal nilpotent orbit
of SU(N) [6], which is denoted by Ngy(n). We can conveniently define Ngy(n) as a set
of N x N complex matrices M such that tr(MP) = 0, for p = 1,..., N; the quaternionic
dimension of this space is therefore $N(N — 1). For quiver (2.5), the symmetries of the
Higgs and Coulomb branch are thus both SU(N); the former is manifest in the Lagrangian
(or quiver) description as a flavour symmetry, whereas the latter is not manifest but gets
enhanced from the topological symmetry U(1)V~! in the infrared.

The T(U(N)) theory. An important variant of the T'(SU(N)) theory is the T'(U(N))
theory [6, sec 4.4]. The latter is defined as a product between the T'(SU(N)) theory and
an “almost trivial” T'(U(1)) theory, where the latter can be characterised as follows. The
Coulomb and Higgs branches of T'(U(1)) are trivial; each of them consists of only one point.
Nevertheless, T'(U(1)) comes with a U(1) x U(1) background vector multiplet, along with
an N' = 4 background mixed Chern-Simons term with level 1 between such U(1) vector
multiplets. Explicitly, the action for the following quiver

O=NG

in the N' = 2 notation is given by (see e.g. [30, (4.4)])

k k 1 1
/d3xd46? (4;21 Vi + ﬁ& Vam SV 47T22V1>
2.8
3 2, (Flz0 k2o 1 28)
— d°xd“0 Eél + E¢2—%(I)1®2 + c.c. .

where ¥;, V; (with i = 1, 2) are, respectively, the A/ = 2 linear multiplet and vector multiplet
of the i-th gauge node, and ®; are the AN/ = 2 chiral multiplets of the N' = 4 vector
multiplets of the i-th gauge group. In the above equation, we highlight the contribution
from the mixed Chern-Simons terms due to 7'(U(1)) in blue. We emphasise that the mixed
Chern-Simons terms come with the level —1 in our convention for 7°(U(1)). Thus, one
may view the T'(U(N)) theory as having a global symmetry U(N) x U(N), such that
the two U(1) subgroups of each U(N) acts trivially on the theory, and that an N' = 4
background mixed Chern-Simons term with level —N is added for the two corresponding
U(1) background vector multiplets.

It should be mentioned that there is a close cousin of the T'(U(1)) theory. This theory
is called T'(U(1)) in [11]. This theory can be defined almost in the same way as above,
except that the minus signs in the blue terms of (2.8) are changed to plus signs. In other
words, the level of the mixed Chern-Simons terms is +1. One can then define T'(U(N))
theory as a product between T'(SU(N)) and T'(U(1)). As a consequence, T(U(N)) has
a global symmetry U(N) x U(N), such that the two U(1) subgroups of each U(N) acts
trivially on the theory, and that an N/ = 4 background mixed Chern-Simons term with

level N is added for the two corresponding U(1) background vector multiplets.



2.2 Compact models

Let us now take 2 to be a circular direction. We refer to this type of configurations as
compact models. An example of this is as follows:

NS5

(2.9)

n D5s

where the loop around the node denotes a hypermultiplet in the adjoint representation of
the U(N) gauge group. The mirror theory can be obtained simply by applying S-duality
to the above brane system in the usual way:

0RO
[ \
@ @ (2.10)
\ /)
®v® n circular nodes
n NS5s

2.3 The holographic duals of linear quivers and compact models

Both linear quivers and compact models have known holographic duals in sting theory.
Type IIB supergravity solutions have been found in [28, 31]. Historically, these solutions
descend from the seminal work [22, 23], where AdS, x S? x S? x Y5 backgrounds have been
found, with ¥y a non-compact Riemann surface with the topology of infinite strip R x [
with coordinates (y,x), where I is an interval. The dual field theory is supposed to be
four-dimensional SYM with space-dependent coupling constant, since the ten-dimensional
metric is actually asymptotically AdSs x S° in the limit y — oo. The metric, the dilaton
and the fluxes are completely determined in terms of two harmonic functions A; on .
These functions can admit suitable singularities on the boundary of the strip. Those are
interpreted as the singularities coming from D5 and NS5 branes, like those presented in
example (2.6). We illustrate this in figure (2.11).

@ @ —

AdS; x S° +— —> AdS; x 8° (2.11)
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Backgrounds dual to 3d N' = 4 linear quiver theories can be obtained by picking
suitable harmonic functions on Xs: specifically, we can make a choice of harmonic functions
such that I shrinks to zero as y — Z4oo. The resulting topology is AdS; x Bg where
Bg =~ S° x I is the six-dimensional ball. This is illustrated in (2.12).

. @ @ .,

AdS; x B # ® AdSy xBs (9 19)

Getting holographic duals of 3d N' = 4 compact models is more subtle and a quotient
procedure is involved. Harmonic functions on Yo can be chosen to have an infinite number
of singularities, but in such a way to be periodic along the infinite direction with period T

Aily+T) = Ai(y).

The whole solution is invariant under this translation, being completely determined by A;.
At this stage, we can perform a quotient with respect to “I-symmetry” ending with a
configuration where points (z,y) and (x,y + T') of the Riemann surface are identified; we
end up with a surface with the topology of the annulus; see figure (2.13).

(2.13)

2.4 J-folds

A more general quotient procedure can, in fact, be implemented. In particular, one may
introduce an SL(2,Z) duality-twisted boundary condition [16, 17] upon identifying the two
ends of the aforementioned Riemann surface. This can be done as follows. As before, the
starting point is a choice of harmonic functions A;, that completely fixes the physical fields
of the solution. For instance, let us focus on the axio-dilaton 7 = Cpy + i e 2% where Cj
is the potential of the one-form flux F; and ¢ is the dilaton. As it is well-known, Type
IIB supergravity admits a non-trivial action of SL(2,Z), generating orbits of equivalent
solutions; the axio-dilaton is not invariant under this SL(2,7Z) action. We can imagine to
pick harmonic functions A; such:

T(y+T) = M7(y) (2.14)

where M represents the action of SL(2,Z) on the axio-dilaton and we require that similar
relations hold for all other fluxes, with an appropriate element of SL(2,Z) acting on them.
If such a choice can be performed, we can imagine to quotient with respect to the joint



action of SL(2,Z) and translation by T" along the non-compact direction y. Points (z,y+T)
and (z,y) are again identified; the Riemann surface has a cut along (z,T"), passing through
the fields undergo an SL(2,Z) transformation. We end up with a Riemann surface with the
topology of the annulus and a non-trivial monodromy under SL(2,Z). This is illustrated
in (2.15).

— (2.15)

y=0 y= y=0 y=

It turns out that such a quotient is related to a particular choice of SL(2,Z) element. Let

0-1 10
S = <1 0) T = (1 1) , (2.16)

satisfying S? = —1 and (ST)? = 1, be the generators of SL(2,Z). Then the aforementioned
quotient can be performed for every element of SL(2,7Z) of the form:

Jp = —STF = <k 1) ;o Jr=—J . (2.17)
-10

This kind of solutions was studied in the context of abelian theories in [16] and is referred

to as the J-fold in [17]. These are often regarded as non-geometrical, in the sense that we

performed a quotient with respect to some symmetry of the theory not descending from

isometries of the metric.

The quotient also admits a realisation at the level of brane configurations: it corre-
sponds to a five-dimensional surface implementing the aforementioned monodromy under
SL(2,Z) action. As we have seen, Y9 has the topology of the annulus, thus correspond-
ing to circular brane configuration with an insertion of J-folds. An example of a brane
configuration with a J-fold is as follows:

Jk,
D5 o (2.18)

NS5

The insertion of the Ji-fold in such a brane system can be viewed as introducing a 3d
interface, with a non-trivial SL(2,Z) action Ji, to the 4d N = 4 super-Yang-Mills theory



living on the D3-branes on the circle. The theory on such a 3d interface was studied in [6,
section 8]. This is, in fact, the T(U(N)) theory with a Chern-Simons level k for one of
the flavour U(N) symmetry, whereas the other U(V) flavour symmetry has Chern-Simons
level zero. One can then couple this 3d theory to the theory on the D3-brane on a circle.
The U(N); and the U(N)g flavour symmetries® are then coupled to the U(N) and U(N)g
gauge fields on the left and on the right of the interface, respectively.* For instance, the
three dimensional quiver theory associated to the brane system (2.18) is

@.@ (2.19)

where N and Ny denotes gauge groups U(N) with Chern-Simons levels k& and 0 respec-
tively. We emphasise that there is a mixed CS term with level —N between the two gauge
groups. Due to the presence of the T(U(NNV)) theory as a link, this is not a conventional
Lagrangian theory, because only one U(/N) symmetry is manifest in the Lagrangian descrip-
tion of the T(U(N)) theory, whereas the other U(N) symmetry emerges in the infrared.’

2.5 S-flips

Another type of quotients that is similar to the J-fold is possible. In this case we select the
SL(2,Z) element implementing the monodromy to be S. However, in order to have a desired
symmetry of the supergravity solution, we have to perform an exchange of coordinates
corresponding to the two S? in AdS; x S? x S§? x ¥, and a reflection of = coordinate,
being identified at the S-interface in an antipodal way, as depicted in (2.20).

S ———

(2.20)

——
y=0 y=T

The Riemann surface now has the topology of the Mdobius strip. This type of solutions
is referred to as an S-flip in [17]. Similarly to the J-fold, the S-flip has an avatar at
the level of circular brane configuration, as five-dimensional surface passing through the
configuration undergoes an SL(2,7Z) transformation and a rotation of coordinates such
that (2345, 2789 — (2789 —23%%). When an S-flip is inserted into a brane system,

3Unless specified otherwise, we denote the Chern-Simons level as the subscript.

4As pointed out in [11, 17], there are two possibilities for coupling the U(N) flavour symmetry to the
U(N) gauge field on each side, namely U(N); = diag(U(N) x U(N)) or U(N)_ = diag(U(N) x U(N)T).
For T'(U(N)), the gauging is chosen to be U(IN)4 on both sides, whereas for T'(U(N)), the gauging is chosen
to be U(N)+ on one side and U(N)_ on the other side.

°Tt should be mentioned that similar quiver theories, with special unitary gauge groups and T(SU(N))
links, were studied in [32, section 4.1] and [33, section 5.2] in the context of 3d-3d correspondence and the
twisted compactification of the 6d A = (2,0) theory on a torus bundle over S*.

~10 -



the corresponding quiver diagram can be obtained in the same way as that with the J-fold,
except that the Chern-Simons level is set to zero. An example for this type of configurations
is depicted in (3.1).

2.6 (p,q) fivebranes

Let us now consider (p, q) fivebranes [34, 35], where (1,0) denotes an NS5 brane and (0, 1)
denotes a D5 brane. For a given ordered pair (p, q), we can write this as

(pa Q) = jkl jkz <o jkr (1?0) (221)

for some kj,ka,... k.. Thus, any (p,q) brane is related to an NS5 brane by an SL(2,7)
transformation. Using this realisation, we can convert a (p,q) brane to an equivalent
configuration involving J-folds as follows:

§ ........ § ‘ § ........ § . (2.22)
§

Tt g T g ‘ NS5 g]k T,

From the perspective of the quiver diagram, each Jy gives rise to a T(U(N)) link with
a Chern-Simons level k for the U(N) group on the left, whereas each J_, gives rise to a
T(U(N)) link with a Chern-Simons level k for the U(/V) group on the right. In particular,
the corresponding quiver theory for the following SL(2,Z)-equivalent brane systems

IV O Y Y I
N D3 N D3
NS5 NS5 NS5 ‘ 7 g . é ‘ - éjk, éjk.l ‘ - (2.23)

(P, q)

is as follows:

‘a T(O) ‘H T(O) .u T(UWN) T(U) .g .M T(U(N)) T(UN)) .u T(U(N)) ‘u/ (U(N) ‘H

(2.24)
This agrees with the description provided in [6, figure 75] and [11, figure 6].

3 Models with zero Chern-Simons levels

In this section, we consider theories with zero Chern-Simons (CS) levels and with certain
links between gauge nodes in the quiver being T(U(N)). From the brane perspective, such
a theory arises from the Hanany-Witten brane configuration [4], namely a system of D3,
NS5 and D5 branes that preserves eight supercharges, with an insertion of S-flips [17]. The
presence of an S-flip gives rise to the aforementioned T'(U(N)) link in the quiver. The
moduli space of such quiver theories is studied below. The main result can be summarised
as follows.

- 11 -



We find that these theories have two branches of the moduli space, namely the Higgs
and the Coulomb branches. Let us first discuss about the Higgs branch. We propose that
this is given by the hyperKéahler quotient of a product of each component in the quiver
by the gauge symmetry. By each component, we mean a bi-fundamental hypermultiplet, a
fundamental hypermultiplet and a T'(U(V)) link that connects two U(NN) groups together.
The former two can be treated in the usual way as in a Lagrangian theory. whereas
each T(U(N)) link contributes two copies of the closure of the maximal nilpotent orbit
of SU(N), denoted by Nsy(y). The reason for latter is two-fold: (1) the Higgs and the
Coulomb branches of T(U(N)) are both isomorphic to Ngy(n), and (2) in order to realise
the two U(N) groups connected by T'(U(NN)), we need two copies of SU(N) subgroups, one
arises from the Higgs branch and the other arises from the Coulomb branch of T'(U(N)).

The Coulomb branch is similar to the usual 3d N/ = 4 gauge theories, but with the
following important remark. We propose that the scalars in the vector multiplets of any two
gauge nodes that are connected by a T'(U(NN)) link are frozen and do not contribute to the
Coulomb branch. The other gauge nodes in the quivers still give rise to vector multiplets
that contribute to the Coulomb branch. From the brane perspective, this proposal implies
that the D3-brane segment between two NS5-branes that is stretched through the S-flip
cannot move along the NS5-brane directions (i.e. the Coulomb branch directions).

We check that the descriptions of the Higgs and the Coulomb branches mentioned
above are consistent with S-duality and mirror symmetry. Given a brane system, say of
theory A, we can obtain a brane system of the mirror theory, say theory B, using S-duality.
We find that the moduli space of theories A and B are related by mirror symmetry [1, 4].
in the following sense. The Higgs branch (resp. Coulomb branch) of theory A computed
by using the above proposal is in an agreement with the Coulomb branch (resp. Higgs
branch) of theory B.

Below we provide examples to demonstrate the above discussion.
3.1 Example 1: a flavoured affine A; quiver
Let us consider the following brane set-up and the following theory.
S

D5 e
T(U(N))

NS5

where, throughout this section, we denote a gauge group U(N) with zero CS level by a
circular node with the label N. The flavour symmetry U(NNf) is denoted by a square node
with the label Ny.
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The mirror theory can be derived by applying the S-duality to the brane system (3.1)
which yields

S
NS5
(3.2)
°
D5
The Higgs branches. We claim that the Higgs branch of (3.1) is given by
~ H(U@)] = [UN)1]) x Ngu(wy, X Nsuy, X HI[UN)1] = [U(N)2])

My = (3.3)

UN)1 x U(N)2 ’

where Ngy(ny denotes the closure of the maximal nilpotent orbit of SU(N). Throughout
this paper, we shall use shorthand notations H and C to stand for the Higgs branch and
the Coulomb branch respectively. The quaternionic dimension of (3.3) is

dimgg H(z 1) = 2N + 2 B(N - 1)N} +N2-N?2_N?2=N. (3.4)

Similarly, we claim that the Higgs branch of (3.2) is

H(zz) = |H(UNV] = [UWN)3]) x H[U(N)2] = [UN)3]) x H ([U1)] = [U(N)2])

(3.5)
x Nsu(ny, X Nsuwy, |/ (UN)1 x U(N)2 x U(N)3) -
The dimension of this space is
1
dimg H(z0) = N+ N>+ N +2 [2(N — 1)N] —3N?=0. (3.6)

The Coulomb branches. Since mirror symmetry identifies the Coulomb branch C3 )
of (3.1) with the Higgs branch H 39y of (3.2), it follows that

dimH 6(31) = dimH 7‘[(3.2) = 0, (37)

and hence C(31) is trivial. We see that even though the theory (3.1) has gauge group
U(N) x U(N), its Coulomb branch is trivial. This is consistent with our proposal: the
scalars in the vector multiplets of U(N) x U(N) gauge group in (3.1) are frozen to a
particular value, because they are linked by T'(U(N)). From the brane perspective, this
means that the D3-branes do not move along the direction of the S-flip, but get stuck at
a particular position in the x*%5 directions. On the other hand, since the Higgs branch
of (3.1) is non-trivial, this means that the D3-branes that align along the direction of the
S-fold and NS5-branes can move along the 7% directions.
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By the same token,
dimH C(3.2) = dimH H(S.l) =N. (38)

We see that even though (3.2) has gauge group U(N) x U(N) x U(N), its Coulomb branch
has dimension N, rather than 3N (which is the sum of the ranks of the gauge groups).
This is indeed again consistent with our proposal: the scalars of the two U(NN) gauge
groups connected by T(U(N)) are frozen, but those of the remaining U(NN) gauge group
can acquire VEVs. The latter gauge group has rank N and contributes N to dimy C3.2).
From the brane perspective, the D3-brane segment between two NS5 branes that stretch
across the S-flip get stuck at a particular position along the 2*%5 directions. On the other
hand, the segment that does not stretch across the S-flip can move along the latter.

The Hilbert series. To confirm these statements, we compute the Hilbert series of the
Higgs branch of (3.1) using the description (3.3):°

HHs ) (1) = / djrug (w) / djrusg (w

x PE [—t*(u1 +u2)(uy ' +uy ') — 2 (wi + wo) (wy ' +wy ']

N N
tx+at) Zu[l —i—Zuz}] (3.9)

=1 =1

x PE

HINsy(wv))(t, w)H[Nsy(n](t, w)

(8] (£ (54 ()]

where the U(N) Haar measure is given by

/duU <H j[zl 1 2(71;;) 11 <1 - Z) , (3.10)

1<i<j<N

and the Hilbert series of the closure of the maximal orbit of SU(N) is (see [36, (3.4)]
and [37]):

N
; N
H[Nsu ()] (t 2) = [Ha — %) | < PE |V (2)] (3.11)
j=2
.1 SU(N) . . '
with X,q; ' (%) the character of the adjoint representation of SU(N):
Xigj(N)(z) =(z1+2)(z; ) 1. (3.12)

Let us now explain the contribution of each line in (3.9). The first two lines describe
the gauging of the symmetry U(N) x U(N). The second line is the contribution of the
fundamental hypermultiplets. The third line is contribution of two copies of NSU( N); one

The plethystic exponential (PE) of a multivariate function f(z1,x2,...,2,) such that £(0,0,...,0) =0
is defined as PE[f(x1,x2,...,Zn)] = exp (Z:ozl %f(m'f, x5, .. ,x'fl)) .
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is the Higgs branch and the other is the Coulomb branch of T(U(N)). The last line is
the contribution of the bi-fundamental hypermultiplets. Here x is a fugacity for the SU(2)
global symmetry.

The integrals in (3.9) can be evaluated in an exact manner and yield

N N
H[Hs))(t,2) = PE |xoq;” (@) 3% = 3 2N+ (3.13)
j=1 j=1
where
igj@) (x)=a4+14272. (3.14)

The Higgs branch of (3.1) thus has an SU(2) isometry; this is manifest as a flavour symmetry
in the quiver. In fact, this Hilbert series is equal to that of the Coulomb branch of U(N)

gauge theory with 2NV flavours (also known as the T[[J{;J]V}(SU(QN)) theory [6]) [25, (5.6)],
where the U(1) topological symmetry gets enhanced to SU(2) at strong coupling:

Hz.1) = C (U(N) gauge theory with 2V flavours)
_ [12M]
—C (T[NQ] (SU(N)))

= the intersection between the Slodowy slice (3.15)

transverse to the nilpotent orbit associated with [V, V]

and the nilpotent cone of SL(2N, C) [6],

Indeed, we can see an effective U(N) gauge theory with 2N flavours from (3.2) as
follows. Since the two U(IN) gauge groups connected by the red line do not contribute to
the Coulomb branch, we can effectively think of them as flavour symmetries, and so the
U(N) gauge group on the lower right hand corner has effectively 2N flavours transformed
under it.

3.2 Example 2: another flavoured affine A; quiver

Let us now consider the following theory:

D5 e . @.@ (3.16)

NS5
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The mirror theory can be obtained by applying the S-duality to the brane system (3.17):

S
NS5
(3.17)
D5
We claim that the Higgs branch of (3.16) is given by the following quotient:
H(z.16) = [H([U(l)] = [U(NV)1]) X Nsu(wy, X Nsu(wvy, X H([U(N)1] = [U(N)2]) (3.18)
X H([U(L)] = [UV):) |/ (U1 x UN):) |
The quaternionic dimension of H 3 16) is V.
Similarly, the Higgs branch of (3.17) is given by
Hzary = [HUN)1] = [UN)s]) x H([U(N)2] = [U(N)3]) x H ([U(1)] = [U(N)3]) (3.19)

x Nsu(ny, X Nsuwv), |/ (U(N)1 x U(N)2 x U(N)3) .

The dimension of this space is 0.

Since mirror symmetry identifies the Higgs branch of (3.17) with the Coulomb branch
of (3.16), this means that the Coulomb branch of theory (3.16) is trivial. This supports
our proposal that the scalars in the vector multiplets of the gauge groups connected by
T(U(N)) are frozen and do not contribute to the Coulomb branch.

Similarly to the previous example, the Higgs branch Hilbert series of (3.16) is equal to

HW@@W@&%=/WWWWU/WWWWM

x PE [—2(u1 +u2)(uy ' +uy ) — 2wy + wa) (wy ' +wy )]

r N N N N
x PE t{mZu;l—i—x1Zui}+t{y2v;1+ylzvi}]
L i=1 i=1 =1

=1

x H[Nsyw)l(t, w)H[Nsyv)l(t, w)

l(£) () (£ )]

(3.20)
where z and y are the two U(1) flavour fugacities. This turns out to be equal to
H[H3.16)|(t,2,y) = PE | > {t2ﬂ + (y - zi) V3= t2N+4_27} : (3.21)
j=1
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The Higgs branch of (3.16) thus has a U(1) isometry. This Hilbert series, in fact, is equal to
that of the Coulomb branch Hilbert series of the U(N) gauge theory with 2N + 1 flavours

(i.e. the T&QIE\]{](SU(ZN + 1)) theory in the notation of [6]). This suggests that

Hs.16) = C (U(N) with 2N + 1 flavours)

2N+1
—c (T[[}HLA]”(SU(QN + 1)))

= the intersection between the Slodowy slice (3:22)

transverse to the nilpotent orbit associated with [NV + 1, N]
and the nilpotent cone of SL(2N + 1,C) [6] .

This, again, confirms the statement that the scalars in the vector multiplet of the gauge
groups connected by the red line T'(U(N)) are frozen and do not contribute to the Coulomb
branch dimension. This statement can be clearly seen in quiver (3.17): since the two U(N)
gauge groups connected by the red line do not contribute to the Coulomb branch, we can
effectively think of them as flavour symmetries, and so the U(N) gauge group on the lower
right hand corner has effectively 2N 4 1 flavours transforming under it. In terms of branes,
the segment of the D3-branes between two NS5 branes that is cut by the S-flip does not
have any motion along the 2% directions, whereas the other D3-brane segment still has
a motion along those directions.

3.3 Example 3: quivers with a T'(U(IN)) loop

We consider the following brane set-up and the following corresponding theory.

S

(3.23)

n Dbs
The mirror theory can be obtained by applying S-duality to the above system:

S

)
@ @ (3.24)
T(U(N»\@v@/ (n + 1) nodes

n NSbs

17 -



The Higgs branch of (3.23) is given by the following description
Nsuvy x Nsuvy x H([UWV)] = [U(n)])

H(3.23) = T(V) (3.25)
The quaternionic dimension of which is equal to
1
dimpg H (.03 = |2 X 5(N = 1(N)| +nN - N?=(n—-1)N. (3.26)

Observe that for n = 1, the Higgs branch is trivial for any N. On the other hand, the
Higgs branch of (3.24) is given by the following description
” ~ Ny x Nsyvy x HIU(N) — UN)]"
e U1 /UMY |

(3.27)

where we quotiented by U(N)"*+!/U(1)" because at a generic point on the Higgs branch,
the gauge symmetry U(N)"*! is not completely broken but it is broken to U(1)" (see
e.g. [38]). The dimension of this space is actually zero:

1
dimp H(3.04) = 2% 5(N = (N)| + nN? — [(n+1)N* -~ N] =0. (3.28)

From mirror symmetry, C(323) is identified with H 3 24), and so
dimH C(3.23) = dlmH 7‘[(324) =0. (329)

This is consistent with our proposal because (3.23) has a single circular node that is con-
nected by the T'(U(NN)) link and so it does not contribute to the Coulomb branch dynamics.
On the other hand, it can be checked using the Hilbert series that the Higgs branch

H(3.23) is in fact isomorphic to the Coulomb branch of the following quiver”
O—o0o—---—o0o-0O. (3.30)
N N N N
—_——

(n—1) nodes

This quiver can be derived from (3.24) using our proposal: since the vector multiplets two
gauge nodes linked by T(U(N)) in (3.24) are frozen, we can take them to be flavour nodes,
and quiver (3.30) thus follows.

Amusingly, using brane and mirror symmetry (see [39, (2.5)]), we also know that

Lin
\
Mz =Coan =M |gmg= =0 mp 3 7wy B3

In a special case of or n = 1, the quiver on right of the above equation is the star-shaped
quiver that is mirror [40] to the S' compactification of a clsss S theory of type Ay_1
associated with a sphere with two maximal and one minimal puncture. The latter is
actually a theory of free hypermultiplets. Thus, the spaces in (3.31) are zero dimensional;
this is in agreement with (3.26).

"For example, the Hilbert series of the Higgs branch H(s.23) for N = n = 2 is precisely the Coulomb
branch Hilbert series of 3d N' = 4 U(2) gauge theory with 4 flavours. These can be computed similarly as
in the preceding subsections.
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4 Abelian theories with non-zero Chern-Simons levels

In this section, we focus on field theories that arise from Hanany-Witten brane configura-
tions, with a single D3-brane on S' and with an inclusion of J-folds. These can be rep-
resented as abelian quiver theories with non-zero Chern-Simons (CS) levels,® and T'(U(1))
connected between quiver nodes. The presence of a 7'(U(1)) link between two quiver nodes
gives rise to a mixed CS level between them. In fact, the systems consisting only a D3-brane
on the circle and J-folds (but with no D5 and no NS5 brane) were studied in [16]. Such
systems give rise to pure CS theories. In order to make the moduli space more interesting,
we may also include NS5 and D5 branes in the system. These introduce bi-fundamental
and fundamental hypermultiplets into the quiver theory. The moduli space of theories in
this section is more sophisticated to analyse than those in section 3. This is because the
vacuum equations may admit many sets of non-trivial solutions, in which case the moduli
space has many branches. Below we systematically analyse such branches, and provide
necessary conditions on the CS levels in order to have a non-trivial moduli space.

As a warm-up, we first analyse linear quivers without a 7'(U(1)) link in section 4.1.
This also serves as a generalise of the analysis in [41] and a complement to the analysis
of [26], where in this paper we provide direct analyses of the moduli space from the vacuum
equations and compute the Hilbert series. Subsequently in section 4.2, we introduce a J-
fold in to the brane system. Finally, in section (4.3), we add flavours in to the quiver. In
the latter, under some conditions, the fundamental hypermultiplets may contribute non-
trivially to the moduli space. The analysis for theories with more than one J-fold is more
technical and we postpone the discussion to appendix A.

4.1 Warm-up: theories without a J-fold

Before adding a J-fold to the brane systems, it is instructive studying in a systematic way
the moduli space of linear quivers without fundamental matter.

------

= 1,...n. The i-th

This is made up of n U(1) gauge nodes with Chern-Simons levels k; , 4
node is connected to the (i — 1)-th one by an hyper-multiplet (4;, 4;). In ' = 2 language,

the quiver appears as:

(4.2)

©1 ©2

8We denote the CS level by a subscript, for example U(N)y denotes a group U(N) with CS level k. In
a quiver node, we abbreviate this as Ny.
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with the superpotential

n—1 n
+ ~ 1
W= E (AipiAi — Aipiy1 4i) + B E ki . (4.3)
=1 i=1

Due to N/ = 3 supersymmetry of the theory, we are allowed to collect at the same
time both F-terms and D-terms, in such a way we really need to solve a unique set of
equations. Let us call ®; = (¢;, 05), i = (A; Ay, |Ai]2 = |A]?): the whole set of F-terms
and D-terms now read

Ai( @iy — @) =0, AP —®) =0 i=1,...,n—1 (4.4)
k1 ®1 =
kZ-(IDi:,ui—,ui_l i:2,...,n—1 (45)

kp @, = —Hn—1

Moreover, the R-charge and gauge charges of the monopole operators with flux

(mq,...,my) read, respectively:
1 n—1
R[‘/(ml,...,mn)] = 5 Z |mi+l - mz| s Qi[‘/(mh...,mn)] = _ki m; (46)
i=1

where m; is the magnetic flux of the i-th gauge group.

Cutting the quiver. It is convenient to study the solutions to the vacuum equations ac-
cording to the vanishing of the VEVs of the bi-fundamental hypermultiplets. In particular,
the vacuum equations may admit the solutions in which

All:ﬁll:AZQ:&Q:---:AZm:KZTn:O, for some I} <lo < --- <lp,

~ (4.7)
and A,, A, #0for p ¢ {l1,l2,...,ln},

In which case, the quiver diagram in question is naturally divided into sub-quivers, and we
shall henceforth say that the quiver is “cut” at the positions l1,lo, - ,l;,. If the vacuum
equations do not admit such a solution, we say that the quiver cannot be cut. As we
shall see in explicit examples below, the vacuum equations of certain quivers may admit
more than one option of cuts, in which case, each option gives rise to a branch of the
moduli space.

In order to determine whether we need to cut the quiver, we can proceed as follows.
Suppose that the quiver cannot be cut, i.e. all A; and A; are non-zero. This implies that
®; = ® # 0 for all 4. If the system of equations (4.5) admits a solution in which p; = 0
for some j, then our initial assumption that the quiver cannot be cut is contradicted,
and we need to cut a quiver somewhere. However, it should be emphasised that if the
aforementioned system of equations have a solution in which p; # 0 for all j, what we can
infer is that there is a branch of the moduli space corresponding to no cut; however, there
may exist another branch of the moduli space corresponding to a cut in the quiver.
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Let us now cut the quiver in question at two positions, namely [ and m with m > [. This
divides the orginal quiver into three sub-quivers that we will denote as: “left”, collecting
the nodes first [ nodes, “central”, collecting the node [+ 1,..., [+ m, and finally “right”
encoding the last n — [ — m nodes, as depicted below.

Below we derive necessary conditions for each sub-quivers to contribute non-trivially to the
moduli space.

Let us consider the left sub-quiver. We fix A; = El = 0 and assume that A; and g,
are non-vanishing for all ¢ = 1,2,...,l. Then (4.4) implies that ®; = ® = (¢, 0) Vi =
1,2,...,0. The sum of the first | equations in (4.5) provides the following constraint

l
i=1

Since ¢ # 0 (otherwise A;_1A;_1 would be zero, contradicting our assumption), we see
that a necessary condition for the left sub-quiver to contribute non-trivially to the moduli
space of vacua is

l
> ki=0. (4.10)
=1

A similar argument also applies for the right sub-quiver. We fix A;y,, = gHm =0
and assume that A; and A; are non-vanishing for all ¢ =l +m + 1,...,n. A necessary
condition for this sub-quiver to contribute non-trivially to the moduli space is

> k=0, (4.11)

i=l+m+1

If the central sub-quiver contains a sub-quiver whose CS levels sum to zero, we may
cut the former further into smaller sub-quivers. Otherwise, a necessary condition for the
central sub-quiver to contribute non-trivially to the moduli space is

> ki=0. (4.12)
i=l+1
This again follows from the sum of the (I + 1)-th to the (I 4+ m)-th equations in (4.5), with

t = pim = 0.
Note that there can be many ways in cutting a given quiver into sub-quivers. Consider
the following gauge theory as an example

- (1) - (4.13)
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There are two ways in cutting such a quiver in order to obtain a non-trivial moduli
space, namely

(4.14)

10 : L T 1)

@
A1 =A; =0 A3 = A3 =0
@

In case I, both left and right sub-quivers contribute non-trivially to the moduli space,
whereas in case II, only the central sub-quiver contributes non-trivially. We shall refer to
the vacuum spaces corresponding to these two options as branches of the moduli space
for (4.13). We shall go over the detailed computation of the moduli space later.

The Hilbert series. Let us consider quiver (4.8) and assume that the left, central and
right sub-quivers cannot be cut further. Using (4.4), we see that 01 = 09 = ... = 0y,
Ol41 = 0142 = ... = Ol4m, and ;1 ;mt1 = ... = 0. In other words, the magnetic fluxes for
the monopole operators for all nodes in each sub-quiver are equal:

mi=mo=...=m =mp,
Mpp1 = Mpyo = ... = Mgy = MC, (4.15)
Mitm+1 = Mi4m+42 = ... =My =MR .
The R-charge of the monopole operator with the flux (m,...,m,) is therefore

1 1
RVipy,..mn)] = 3 ; |m; —miyq] = 3 (Imr —mel| + |me —mgl) . (4.16)

The Hilbert series can be computed using the same procedure as presented in [41,
section 4-section 6]. The idea is to count the monopole operators dressed by appropriate
chiral fields in the theory such that the combination is gauge invariant. The appropriate
combination of chiral fields that are used to dress the monopole operators are counted by
the baryonic generating function [42].

Let g1.(t, B), go(t, B) and gr(t, B) be baryonic generating functions for the left, central
and right sub-quivers, respectively. Then, the Hilbert series for the moduli space for
quiver (4.8) is given by

H(t;zp, 20, 2R) = Z Z Z t|mL*mC|+|mC*mR‘ZanngZgR
mpELmocELMREL
x gr(t, {kimg, ..., kimr}) go(t, {kisame, ..., km—1mc})

X gR(ta (kmmRv ey knmR}) )

(4.17)

where 2, ¢ g are fugacities for the topological symmetries. The first line is the contribution
from the monopole operators and the second and third lines are the contribution from
an appropriate combination of chiral fields in the quiver that will be used to dress the
monopole operators.
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Example 1: quiver (4.13). The two non-trivial cuts depicted in (4.14) corresponds to
two non-trivial branches of the moduli space.

Branch I. This corresponds to the top diagram in (4.14), where the VEVs of Ay and
Ay are zero, and the VEVs of other bifundamentals are non-zero. The cut splits the
quiver (4.13) into two sub-quivers, each of which can be identified as the half-ABJM the-
ory? [41, section 4.1.3]. Let us denote the magnetic fluxes associated with the four nodes
of the quiver from left to right by (mp, mp, mgr, mg). The Hilbert series for this branch of
the moduli space is then given by

1
H((4)15)(t 21, 22) Z Z glme= mR‘gABJM/Q(t mr)gaBim/2(t; mR)
mp €L MmREeZL

B \mLm\t‘ mr|  ¢lmgl my mp
= >t gl i * (4.18)

mLGZ MREL
_ 2m
= Z X[m m] Zl, t

where gapym/2(t; B) is the baryonic generating function of the half-ABJM theory

t;B) = PE |(u1us ™ + uy u2)t| = ,
gasam/2(t; B) j{“:l 2 uPHT Sy D BT [(u1u; Llug)t] TP
(4.19)
and the character of the adjoint representation [1, 1] of SU(3) is
1 1 1
X?lUl(]g)(Zl, 20)=2+4+z120+ —+21+—+22+—. (4.20)
’ 2122 21 22

The last line indicates that this branch is isomorphic to the reduced moduli space of one
SU(3) instanton on C? [43], or equivalently the closure of the minimal nilpotent orbit of
SU(3). The eight generators can be written in terms of a traceless 3 x 3 matrix as

pL Vienoo Vi
M - ‘/(_17_17070) SOR ‘/(0,0,1,1) (421)
V(fl,fl,fl,fl) V(O,O,fl,fl) —¥L — ¥R

where ¢, = 1 = 2 and pr = @3 = p4. The Hilbert series indicates that the matrix M
satisfies the following conditions [44]:

rank M <1, M?*=0. (4.22)

Branch II. This corresponds to the bottom diagram in (4.14), where the VEVs of Ay,
gl, As and 113 are zero, and the VEVs of other bifundamentals are non-zero. In this
case, only the central sub-quiver contributes to the computation of the Hilbert series. The
magnetic fluxes associated with the four nodes of the quiver from left to right can be

We define the half-ABJM theory by a theory with U(1); x U(1)_; gauge symmetry with a single
bi-fundamental hypermultiplet.
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written as (0,m,m,0), with m € Z, where the zeros follow from the D-term equations.
The Hilbert series for this branch of the moduli space is then given by

H((Bg)(tw) = Z tlO*M\Hm*m\ﬂm*olgABJM/z(t;m)Zm

mer (4.23)

tm
_ 2|m| _ 2 ~1\43 _ 46
=)t M =PRI+ e+ -]
meZ
This indicates that this branch is isomorphic to C2/Z3. The generators of this moduli
space are V(g 1,1,0), V(0,—1,-1,0) and ¢ = a2 = 3, satisfying the relation

Vior10Vo.—1,-1,0 = ¢° - (4.24)

Branches I and II of (4.13) are indeed the Higgs and Coulomb branches of 3d N' =4
U(1) gauge theory with 3 flavours, as pointed out in [7, section 4.2]. The brane system
of the former can be obtained by applying the SL(2,Z) action T7 to the brane system of
the latter.

Example 2: No cut in the quiver (4.1). We assume that A; and Zl are non-vanishing
for all i =1,...,n, i.e. there is no cut in the quiver. In this case, (4.4) implies that

o, =0 = (p,0) Vi=1,...,n (4.25)

As a consequence, the magnetic fluxes are constrained to be all equal m; = my = ... =
m. The equations (4.5), instead, simply constrain the bilinears y; in terms of ¢. Summing
over the n equations, we obtain the following condition

(k1 + ko ++-+4+ kp)®=0 (4.26)

Note that & = 0 would imply p; = 1V ¢ contradicting the initial assumption that all
A;, A; # 0. Thus, as we discuss before, the moduli space is non-trivial if

Zn: ki =0 (4.27)
=1

Let us assume (4.27) in the subsequent discussion.

The bare monopoles V{,, ., with flux (m,...,m), have R-charge R[V,, . .| = 0.
They need to be dressed in order to make them gauge invariant, because of their gauge
charge under the i-th gauge group is g; [V(mm)] = —k; m. Let us define for convenience

Ki =Yk (4.28)
j=1

If K; > 0foralli=1,...,n—1, we can form the following gauge invariant dressed

monopole operator:
— K K: Ky—
V+ = ‘/(17__.71) Al E A2 2 .. A ! s

cftn—1

Vo= Vi A AL iR

cfitn—1

(4.29)
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Note that if K; < 0 for some j, we replace AJKj in the first equation by g;Kj , and ng’ in
the second equation by A;Kj . In any case, the R-charges of the above dressed monopole
operators are

n—1
_ 1 1
RVi ==Y |Ki|==-K 4.30
Vel = 5 ; Kl = 5 (4.30)
with )
K=Y |Ki. (4.31)
=1

The chiral ring is generated by the three operators {p, V., , V_}, statisfying the follow-
ing relation:

VoV_ =k (4.32)

Thus, the variety associated to this branch is:
C?/Zx . (4.33)
We can obtain the same result using the Hilbert series. Let us call {¢1,q2,..., ¢,} the

fugacities associated to the n gauge nodes and t the fugacity associated to the R-symmetry.
The ingredients entering the Hilbert series are:

e The n — 1 bifundamental hypermultiplets contribute as:
PE[t(q1a5 ' + a7 'a2)| PE[t(¢2q5 " +d3 '43)] - PE[t(gn145 " +dp210n)]  (4.34)
e There is also a contribution from ¢ which gives PE[¢?].

e The F-terms (4.5) impose further (n — 1) constraints on the former, after taking into
account the condition (4.26), which is the overall sum of (4.5). These contribute
PE[—(n — 1)t?] to the Hilbert series.

The baryonic generating function is thus:

-1
dq dgn _ _
g(t; B) = PE[—(n—1)¢*| PE[t?] f omig P f{ QWiq};Bn 1 PEM(aia ) + ¢ girn)]
i=1
(4.35)
and can perform a change of variable:
{viv2, v} = {ag ' ©2a5" - 1y G} (4.36)

Thus, the baryonic function becomes:

n—1
dyi —1 dyn
PE[-(n 2 [] § = PEle(yi + 571 § (4.37)
g 2miy B 2miyl TBn

% %

where we defined EZ = Z;Zl Bj. The previous integrals are known:

dy; -1 t’§Z| 7{ dyn
——— PE[t(y; , = —— =5 4.38
% ] [ (yl + Y; )] 1—¢2 ’ 27riy1+B" B ,0 ( )

)
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and then the baryonic generating function simplifies to

S Bl

9(t; B) = ——5—9

7
5 95,0 With Bi = > B; . (4.39)

j=1
Recall that the charge of the monopole operator under the U(1); gauge symmetry is
@i[Vim,...my| = —kim. As a consequence, the Hilbert series reads:

1 n i .
H(t;z) =) gt {kim,... kym})e™ = o—— 3 iz a bl
mMmEZ meZ

_ % S Klmlgm (4.40)
1-t meZ

=PE [t* + (z + 2~ ")t" — %] |

where B, in (4.39) is m >, ki = 0 and hence the Kronecker delta gives 1. Here z is the
fugacity for the topological symmetry. We obtained exactly the Hilbert series of C?/Z-.

Example. Let us consider the following quiver.

This quiver has two non-trivial branches. One corresponds to no cut at all and the other

(4.41)

corresponds to the cuts in the first and the third position. As we discussed above, the
former branch is isomorphic to C?/Z4. The second branch is the same as that discussed
around (4.23) and (4.24); it is isomorphic to C?/Zs.

4.2 Theories with one J-fold

In this section we want to present the analysis of moduli space of a class of theories dual
to a brane configurations with one J-fold and a collection of (1, k) branes. The associated
quiver is

(4.42)

In the 3d N = 2 notation, this can be rewritten as

T(U(1))

(4.43)
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with the superpotential

n—1 n
- ~ 1
W= Z(—Az’%z‘lz’ + Aipit14i) + Z ikﬂpg —1Pn - (4.44)
i—1 =1

where we emphasise the contribution from the mixed CS term due to the T'(U(1)) theory in
blue. Let us write ®; = (¢;, 03), i = (A; A;, |Ai|*> — |As|?). The vacuum equations are

Ai((I)i+1 —CI)Z‘) = O, gi(q)z‘-i—l —(I)Z‘) =0 = 1,... ,n—l (4.45)
k1 ®1—®, = 1
ki®; = i —pi1 1=2,...,n—1 (4.46)

kp ®,—P1 = —Hn—1

The charges of the monopole operators V{,,, . m,) under the i-th U(1) gauge group are

q1 [‘/(ml,...,mn)] = _(kl ml_mn)
G[Vimy,om] = —kimi, i =2,...,n—1 (4.47)
qn[‘/(ml,...,mn)] = *(kn mn*ml) .

The R-charges of V(;;,, . m,) is given by

n—1
1
R[V(ml,...7mn)] = 5 E |mi — M1 - (4.48)
i=1

4.2.1 Cutting the quiver

The process of cutting the quiver works similarly as in the previous subsection. However,
since there are non-trivial contributions from the 7(U(1)) theory, some conditions must
be modified.

Cutting at one point. Let us consider a case in which A; = Zl = 0 and other bifun-
damental hypermultiplets are non-zero. In other words, we cut the quiver precisely at one
point where A; and A; are located. In this case equations (4.45) implies

P ==B = =(p,0), Py ==, =d=(3,0) (4.49)
The system (4.46) then becomes:

k1® — & = py, ko® = pg — 1, ey ki@ = —pq
- N N (4.50)
kip1® = i1, kipe® = w2 — iy, o, ki@ — @ = —pp

The sum of the first | equations and the sum of the remaining n — [ ones provide two

l n
(ZkZ)@—%:O, (Z 1@-)5—@:0 (4.51)

i=l+1

constraints:
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Since ® and ® are non-zero (otherwise, this would violate the assumption that A; and ﬁj
are non-zero for j # [), we arrive at the following necessary condition for the existence of
a non-trivial solution of the vacuum equation:

l n
(Z k:) (Z k:) =1 (4.52)
=1 i=l+1

Since all Chern-Simons levels are integers, the above equation is equivalent to
n
k=Y k=l (4.53)
i=1 i=l+1

The system of equations (4.51) is now simply solved by ® = +&. Let us analyse separately
the two cases:

e & = ®: in this case we choose

l
> k= zn: ki=1. (4.54)
i=1 i=l+1

This moduli space is parametrised by ¢ and the two basic dressed monopole operators.
Let us define for convenience

Ej = (k;l—17k22,...,kn_17k5n_1)a

j=1

(4.55)

If K; >0 for all i = 1,...,0—1,1+1,...,n— 1, the basic dressed monopole opera-

tors are

Vi = V(1,1,,,,,1) A{(l ...Allill—l A g Ena

_ ., (4.56)
Vo = VoA AN AN AT

If K ; < 0 for some j, we replace AJKj in the first equation by EJKJ , and Z]KJ in the

second equation by A;Kj . In any case, the R-charge of the above dressed monopole
operators are

_ 1 ~ 1~
RVa] =5 > |Kil=; (4.57)
1<i<n—1
il
where the bare monopole operators have R-charge R[Vi(l 1’.”,1)] = 0, and we define

K= Y |K. (4.58)
1<i<n—1
i#l
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Thus, V. satisfy
V.V_ =, (4.59)

This branch of the moduli space is therefore
C?/Zg . (4.60)

Let gr(t, B) and gg(t, B) be baryonic generating functions for the left sub-quiver
(containing nodes 1,...,1) and the right sub-quivers (containing nodes [ +1,...,n),
respectively. Then, the Hilbert series for this case is given by

H(t;2) = Z 2"gr(t, {(k1 — V)m, kam, ..., kym})

meZ (461)
2
X gr(t, {kixim, ..., kn_1m,(k—1)m})(1 —t*),

where z is a fugacity for the topological symmetry. Using the expressions for gy and
gr given by (4.39). we obtain

—1 jayd
tlmlz, 1K Aml 22050 1G]

. — 2
H(t;z)=> 2" O X o0 k(L 1)
meZ

2 T (4.62)
PE[t + (242 H)tK —t i3 i ki =2 k=1

0 otherwise .

The Hilbert series in the first line in the second equality is indeed that of C2/Z P

® = — ®: in this case, we choose

Z Z ki = — (4.63)
=1 i=l+1
The basic monopole operators are Vi_ = V(yi (_jyn-1y and Vo4 = V((_yyt 1n-1), whose
R-symmetry are
RVi_|=R[V_4{]=1. (4.64)

Let us define for convenience

7{;; = (k1+17k‘27"'7kn*1’kn+1)’
=Y K.
j=1

For IZ'Z’ >0fori=1,...,l—1 and KJ’ <O0forj=1+1,...,n— 1, the basic dressed
monopole operators can be written as

(4.65)

I/ I’E/ _I?;Lf

Vi =V, A Az l1 1 Al+1l+1 A (4.66)
o - ~FK! ~ T :
Vo, = Vo AN AN AR frRe
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where it should be noted that in this case Zli:1 ki =3 i, 1 ki = —1. Similarly as
before, V4 satisfy

Vi Vi = SDK’H, (4.67)
where we define
K= Y |K]. (4.68)
1<i<n—1
il
This branch of the moduli space is therefore
C*/Zg .y - (4.69)

The Hilbert series for this case is given by
H(t;z) = Y tm=Cmlamgp (¢, {(ky + 1)m, kam, ..., kim})
meZ
x gr(t,{=kipim, ..., —kn_1m, —(k +1)m})(1 — %),

where z is a fugacity for the topological symmetry. Using the expressions for gy and

(4.70)

gr given by (4.39). we obtain

- > n—1 i
. _ 2lm| m n _ 42
H(t;z) = E t=mz g (52221 ki1 % 2 5Zi:l+1ki,—1(1 t7)
meZ
Aml @+ K+ 205 1K)
= E zZm Ol L 527} ki —1
1 - t2 i=1 ku 1 i=l+1 "o
meZ

PE |12+ (s 4+ 2 )R 2 - 2B i 57y = 00 ki = -1

0 otherwise .
(4.71)

The Hilbert series in the first line in the third equality is indeed that of C2/Z Rio

Cutting at two points. Let us consider a case in which 4; = Kl =Ap=A,=0 (with
m > 1) and other bifundamental hypermultiplets are non-zero. In other words, we cut the
quiver precisely at one point where A;, A; and A,,, A, are located. This naturally divides
the quiver in question into 3 sub-quivers, which we shall refer to as left (L), central (C)
and right (R). The central sub-quiver is the same as that is considered in section 4.1. In

this case equations (4.45) implies

Q) = =0 =P = (¢1,0L) ,
Qi1 == Pp1 = @ = (¢, 00), (4.72)
Q1 == &, = ®p = (pr, oR)
The system (4.46) then becomes:

k1@ — ®Pr = 1, ko®r = po — ooy ki®r = —p—

kiy1®o = pitr, kivo®c = puto — s, ce km-1Pc = —fim-1

Emt1®Pr = tmt1, Emi2®r = Mmg2 — fmg1,  --on kn®r—Pp = —pip .
(4.73)
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The sums of the equations in the first, the second and the third lines give

l m n
<Zki>®L—®R:O, <Z ki><1>c:0, (Z ki>®R—<I>L:0. (4.74)

=1 i=l+1 i=m+1

Since @, P and P are non-vanishing (otherwise, this would violate the assumption that
Aj; and Aj; are non-zero for j # [), a necessary condition for the existence of a non-trivial
solution of the vacuum equation:

d ki = zn: ki = +1, ikz-:o. (4.75)

=1 i=m+1 i=l+1

Let g1.(t, B), go(t, B) and gr(t, B) be baryonic generating functions for the left, central
and right sub-quivers, respectively. Then, the Hilbert series, corresponding to + or — sign
in (4.75), is

H(tozoom)= Y 3 3 tmummeltine-mal g ne n

mpE€LmcEL mREL
X gr(t,{kimp — mp,kamp, ..., kymp})
x go(t, {kisimes ... km—1mc})
X gr(t, (kmmpg, ..., kn—1mpg,kymr —mp})(1 — t2)5mR¢mL ,

(4.76)

where 27, ¢ r are fugacities for the topological symmetries.

Cutting at more than two points. The above discussion can be easily generalised to
the case of cutting the quiver at more than two points. For the moduli space to be non-
trivial, the sum of the CS levels in the two sub-quiver that are connected with 7'(U(1))
must be 1, and the sum of the CS levels in the other sub-quiver must be zero.

No cutting at all. Assume that A; and ﬁl are non-zero for all 7. In this case, a necessary
condition for the non-trivial moduli space is

En: k=2 . (4.77)
=1

This again can be obtained from the sum of the equations in (4.46), with ®; = & =
(p,0) # 0 (otherwise we would have p; = 0 which contradicts our assumption). The
monopole operators V,, with fluxes m = £(1,...,1) are not gauge invariant; however, the
following basic dressed monopole operators are gauge invariant

Vi = Vi Aftals oAby

n—1
_ e~ ~ (4.78)
Vo=V A Ak A
for K; >0foralli=1,...,n — 1, where we define
Iﬁ?i:{k‘l—l,k‘g,...,]{?nfl,k‘n—l}’ ]Cl-:z/{j. (479)
j=1
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If K; < 0 for some j, we replace A;-Cj by gj_’cj in the first equation and K;CJ by A]-_}Cj in
the second equation.

Since the R-charges of Vi ;) are zero, the R-charges of Vi are %Z?z_ll |ICi].
The moduli space is thus generate by the operators {V V_, ¢} subject to the

quantum relation

n—1
ViVo =g, withK=>|Ki; (4.80)
i=1
this is the algebraic definition of:
C?/Zx . (4.81)

Example. Let us consider the following quiver

T(U(1))

@.@ (4.82)

It is not possible to introduce a cut to this quiver. As a result, from (4.77), it is necessary
that k1 + ko = 2 for this theory to have a non-trivial moduli space. Let us assume this.
Hence r; = {k1 — 1, ko — 1}, Ki = {k1 — 1, k1 + k2 —2 =0}, and so K = |k; — 1| = |k2 — 1].
Therefore the moduli space of this theory is C?/ Ly —1)-

4.3 Adding flavours

Let us now add fundamental flavours to the previous discussion.

fi—1 fi fit1

(4.83)

Suppose that there are n gauge groups in total. In the N' = 2 notation, this quiver can be
written as

(4.84)
fim1 fi firt
The vacuum equations read
Ai1(®i = Pi-1) = 0, Ai(Piy1 — D) =0, (4.85)
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also with A < ﬁ,
Qi-1®i1 =0, Qi® =0, Qi4y1P41 =0 (4.86)
also with @ + @, and

ki1®i—1 = pi—1 — pi—2 + Vi1
ki®; = pi — pi—1 + v (4.87)
kiv1®it1 = pit1 — pi + Vit -
where we define
i = (A4 |A 1P = A1), vy = (QQ5, 1Q;1 — 1Qs1%) (4.88)

The R-charge of the monopole operators V,,, with flux m = (my,...,my,) is

n—1 n
1
R[Vim] = B} (Z (Mg —my| + Z fi \mz'!) (4.89)
i=1 i=1
Equation (4.86) admits two non-trivial possibilities:
®; =0 or Q; =Q; =0. (4.90)

If we set QQ; = @Z = 0, the analysis is similar to the linear quiver without flavours. We
will instead focus on ®; = 0. The remaining constraints in (4.85) and (4.86) are thus:

Ai1®i1 =0, Ai®ip =0

(4.91)
Qi—1Pi—1 =0, Qit+1Piy1 = 0,

also with A < ﬁ, Q< @ Each column of previous set of equations admit two solutions:

®; 1 =0 or {41 =0,Qi—1 =0}

(4.92)
Py =0 or {4 =0,Qi+1 =0}
The case {A;—1 = 0, Q;—1 = 0} obviously induce a cut in the quiver and set to zero
the adjacent fundamental matter; the same for {A; = 0, Q;+1 = 0}. Let us focus on
®;,_1 = P;+1 = 0. Now, we have the vacuum equations
Aio®i 9 =0, AP0 =0 (4.93)

Qi2®i 2 =0, Qi12Pi42 =20

Again, the solutions that do not induce a cut are ;4.9 = ®;_5 = 0 and so on.

The above procedure divides the initial quiver in “Higgs” and “Coulomb” sub-quivers,
defined as follows. In the Coulomb one, fundamental matter is set to zero while in Higgs
one, all the vector multiplet scalar are set to zero. For instance, we divide the following
quiver such that the first I nodes constitute a Coulomb sub-quiver, the (I 4+ 1)-th to the
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(I 4+ m)-th nodes constitute a Higgs sub-quiver, and the (I +m + 1)-th to the (n)-th nodes
constitute a Coulomb sub-quiver.

fi i fis frem frem41 fn

where the purple nodes indicate that ®; = 0 (with ¢ =1+ 1,...,1+m), and the red lines
indicate that Q; = Q; = 0 (with j = 1,...,l,l+m+1,...,n) and 4, = A = Ay, =
gHm = 0 (we shall discuss about this later). For the sake of readability, in the above
diagram, we indicate only the CS level in each circular node and omit the rank, which is 1
for each U(1) gauge group.

Since in the Higgs sub-quiver, ®; = O for all i =1+ 1,...,l + m; as a consequence,
the magnetic flux is set to zero for all gauge nodes in the sub-quiver. Thus, introducing
a cut within the Higgs sub-quiver does not produce anything new. For simplicity, we also
assume that there is no further cut in the Coulomb branch sub-quiver.

Moreover, a Higgs sub-quiver cannot end with a node without flavours. This can be
seen as follows. Suppose, on the contrary, that we cut the quiver at the (4 m)-th position,
namely set A;,, = gl+m = 0, with fi,, = 0. In this case, (4.87) implies:

lirm (I)H»m - Al+m;4vl+m - AlerflAvlerfl + Ql+m©l+m . (495)

Since we cut the quiver at the (I 4+ m)-th position, A;4,, = gprm = 0. We also have
Qirm = Qurm = 0since fiy,,, = 0. Also, ®;,, = 0 since we are looking at the Higgs
sub-quiver. Thus the previous condition becomes:

Atrm-1Aim- = 0 (4.96)

implying a cut at A; i, 1. This procedure must be continued until we have f; # 0.

Let us assume that f;1 and fi4,, are non-zero. In transiting from the Coulomb sub-
quiver to Higgs sub-quiver and vice-versa, we need to introduce a cut at the transition
point; this is because from (4.4), we have, e.g., 0 = A;(®; — ®;41) = A;P; which indeed
implies A; = 0. Indeed we need to set

Al=A4,=0, Apm=A4m=0. (4.97)
In the Higgs sub-quiver, we have the vacuum equation

A1 A + QriaQrer = 0

ApyoAro — A1 Ay + QriaQran = 0
(4.98)

_Al—l—mAvl—l—m + Ql-{—m@l—i—m =0 )
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whereas in the Coulomb sub-quiver, we have

A1A) = kiop
AyAy — A1 AL = kopop,
(4.99)
—AA = kior,
and
Atpmi1Arims1 = Kymi19r
Al+m+2/Tl+m+2 - Al—l—m—i—lgl—l-m—&—l = kl+m+280R
(4.100)

_An—lf?{n—l = kn‘PR

The sums of these two sets of equations tell us that necessary conditions for the existence
of non-trivial moduli spaces of the Coulomb sub-quivers are

l
> ki=0, > k=0, (4.101)
=1 j

The gauge charge of the monopole operator V,,, with flux

m= (mg,...,mz,0,...,0,mpg,...,mp) = (mlL,Om,mz_l_m), (4.102)
—_——— —— ———
1 m n—Il—m

where 0 is the flux for each gauge group in the Higgs sub-quivers and m is the flux for each
gauge group in the Coulomb sub-quiver, is

Qi[Vin) = —kimp fori=1,...,1,
Gp[Vim] = 0 forp=1+1,....,04+m (4.103)
¢i[Vm] = —kjmp for j=1l4+m+1,...,n

The R-charge of the monopole operator Vi, is

l n
1 1 1
R[Vsz2|mL—0|+2<|erZfi+|mRr > fj>+2\0—mR\
i=1

j=l+m+1 4.104
(

1 1
= §|mL|(FL +1) + §!mR|(FR +1),

where we define F7 g as the total number of flavours in the left and right Coulomb sub-

quivers:

l n
Fo=> fi, Fr= > f. (4.105)
=1

j=l+m+1

— 35 —



The Hilbert series for the Higgs sub-quiver can be written as

HHiggs(t; w(l—H), ceey m(H—m))
I+m fi
— -y I § o pe [t 3 (4 + 47§ ]
j=ir1” 2T a=1 (4.106)
I+m—1
X H PE[t(q: qz‘_+11 +q; " git)]
=141

where the first PE is related to fundamental matter and the second one to bi-fundamental
matter; the overall (1—t2)™ is due to the m F-term constraints. Observe that the Hilbert se-
ries of this sub-quiver does not depend on the CS levels. It is also worth noting that (4.106)
takes the same form as the Higgs branch Hilbert series of 3d N =4 T (SU(N)) theory [6]
for some o and p [45]; for example, for m = 3 and fi1; = fi42 = firs = 1, (4.106) is equal
to the Higgs branch Hilbert series of T((232”21’§§(SU(6)).

Let us now focus on the Coulomb sub-quiver. The analysis is very similar to that
described in the case without flavours, discussed earlier. We emphasise that even if all the
fundamental matter is set to zero, it still contributes to the dimension of the monopole
operators. For example, if there is no cut in the left and right Coulomb sub-quivers in (4.94),
the baryonic generating function of each of these Coulomb sub-quivers are similar to (4.40):

1
L,R . _ K
GCoulomb(t’ m) 1 tgt‘m‘ bf (4107)

where
!

Kp=>

i=1

%

.k

j=l+m+1

n

) KR: Z

i=l+m+1

ZZ: kj (4.108)

j=1
The total Hilbert series of (4.94) is therefore

H(t:) = Higgge(t: (&) 3 3 b Dmel s Dimal e
mpEZmMREZ L R
X GCoulomb(t; mL)GCoulomb (t; mR)

(4.109)
= Huiges(1: (2©)}) | 3 gt P osimal e | (165 R)

= Hptiges(t; {x ) H[C? /Zp, 4 i, 1) (t, 20) H[C?/ Zpys k1) (L, 2R)

where
H[C?/Zp, s iy 1]t 20) = 2+ (2p, + 2 DL HELHL 2L+ KL+D) (4.110)
and the same for (L <> R). The moduli space of quiver (4.94) is therefore
(C*/Zry vk +1) X Mitiggs X (C?/Lppircpta) s (4.111)

where Mpyjggs denotes the moduli space of the Higgs sub-quiver, which is isomorphic to
the Higgs branch moduli space of T (SU(NN)) for some appropriate N, o and p.
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4.4 Adding flavour with one J-fold

Now we want to study the branches of a theory with one J-fold and fundamental matter:

(4.112)

Jil fa fn

If all ®; (with ¢« = 1,...,n) are set to zero and the presence of the T'(U(1)) link does
not affect the moduli space, the analysis is the same as that discussed in the previous
subsection. On the other hand, if all ); and Qvl are set to zero, the analysis is similar to
that discussed in section 4.2; one needs to take into account of the contribution from the
fundamental matter to the R-charge of the monopole operator.

Example. Let us consider a simple example with a U(1); gauge group, one 7'(U(1)) link

It is not possible to introduce a cut to this quiver. T'(U(1)) is an almost empty theory; it

and n flavours.

T(U(1))

(4.113)

contributes the CS level —2 to the U(1) gauge group, so effectively the CS level is k — 2.
W:@@-@Qw%(i@—m@?, i=1,...,n. (4.114)
We have the F-term equations:
QiQ'+(k-2p=0, Qip=0, Q' =0. (4.115)
The vacuum equations involving the real scalar field o in the vector multiplet is
Qo=0Q;=0. (4.116)
The D-term equation reads
(@QNiQ" — Qu(QY) = (k—2)o . (4.117)

If k = 2, the superpotential and the moduli space are the same as that of 3d N = 4
U(1) gauge theory with n flavours. The F-term with respect to ¢ implies that Q;Q° = 0.
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The Higgs branch is generating by the mesons M JZ = Qi@j; this meson matrix has rank at
most 1 and subject to the matrix relation M? = 0, which follows from the F-term. Thus,
the Higgs branch is isomorphic to the closure of the minimal nilpotent orbit of SU(n).
On the other hand, the Coulomb branch of this theory is C2/Z,; this is generated by the
monopole operators V; and V_, carrying the topological charges +1 and R-charges %n,
subject to the relation Vi V_ = ™. Note that for n = 1 and k = 2, this theory has no
Higgs branch and its Coulomb branch is isomorphic to C2.

Let us now suppose that k # 2. If (p,0) is non-zero, (4.115) and (4.116) implies Q"
and Q; are zero, but this is in contradiction with the D-term. Hence (¢,0) = 0 and the
Coulomb branch is trivial in this case. However, there is still the Higgs branch generated
by M. J’ = Qi@j. As before, this meson matrix has rank at most 1 and subject to the matrix
relation M? = 0 (since @iQi = 0). The Higgs branch is therefore isomorphic to the closure
of the minimal nilpotent orbit of SU(n). Note that for n = 1 and k # 2, this theory has a

trivial moduli space.

The case with one cut. For simplicity, let us first focus on the case of precisely one
cut. In this case we have two sub-quivers, left and right, connected by the T'(U(1)) link.
We have three possibilities:

e Both the sub-quivers are in the Coulomb sector: this require the usual analysis as in
section 4.2.

e Both the sub-quivers are in the Higgs sector: all ®; are set to zero and the T-link
does not affect the moduli space.

e One is a Higgs sub-quiver (say, the left one) and the other is a Coulomb sub-quiver
(say, the right one).

The last case is the interesting one.

(4.118)

i Ji Jirr fn

where the dashed circles mean that their vector multiplet scalars are zero, and the red lines
mean that the hypermultiplets are set to zero:

P =Py=..=0, =0, (4.119)
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The first set of vacuum equations are
Aj((I)j—l-l_(I)j):gj(@j+1_¢j):07 ]: ,...,n—l (4120)
As a consequence, we see that

D1 =Pry2=... =0 =0 =(p,0) (4.121)

The latter set of equations say that we need to introduce a cut in transiting from the Higgs
sub-quiver to the Coulomb sub-quiver and vice-versa. The other vacuum equations are

AA +Qi1Qr = —p
AyAy — AJA] +Q2Qs = 0
Az Az — A2 Ay + Q3Q3 = 0 (4.122)

— A A+ Q@ = 0
and
A Ay — = ki
Ao Arys — A Ay = kiyop
(4.123)
—Ap 1 Ap_ 1 = ko

where the contribution from the 7(U(1)) link is denoted in blue. We denote the vanishing
terms in grey in (4.122) and (4.123). The sum of (4.122) gives

l
p=—> QiQ:. (4.124)
=1

Moreover, a necessary condition for a non-trivial moduli space for the Coulomb sub-quiver
can be determined by summing (4.123) and requiring that ¢ # 0:

> ki=0. (4.125)

The gauge charge of the monopole operator V,,, with flux

m=(0,...,0,m,...,m) E(Ol,m”_l), (4.126)
—— ——
l n—l

where 0 is the flux for each gauge group in the Higgs sub-quiver and m is the flux for each
gauge group in the Coulomb sub-quiver, is

Vin] = m, V] =0 for j=2,...,1,
@1 [Vim] q;[Vim] j (4.127)
@Vm] = —kpym forp=101+1,...,n.
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The R-charge of the monopole operator Vi, is
RlVi) = 2l =01+ 2| 3 fi= Hml(Fo+1 (4.128)
m| = 5lm 5™ | i = 5ml(Fe , .
i=l+1
where we define F as the total number of flavours in the Coulomb sub-quiver:
n
Fo= Y fi. (4.129)
i=l+1

We can construct the dressed monopole operators that are gauge invariant as follows.

o ~ = 7 = K1 4K e
Vg_) - V(ol71nfl)(QaAa71Aa72"'A1) (Al+l1+1 Al+12+2,..AnK_11)

() Kl+1 TKi42 TKn-1 <4'130)
V' = Vot (A1 ds ... Ao 1Qa)( K Qe AR ) .
where oo =1,...,] and
> ky, fori=1+1,...,n. (4.131)

p=Il+1

Note that if K; < 0 for some j, we replace Ajl-(j in the first equation by Z;Kj , and ZJKJ in
the second equation by A;Kj . The R-charges of Vf‘) are

n—1
a 1
RIVIY) = (Fc+1)+a+ > 1K =S [(Fe+ ) +a+ K], (4.132)
p=Il+1
with .
K=Y |Kl. (4.133)
p=l+1

As in the preceding subsection, if f; = 0 (which means Q; = @l = 0), then the Higgs
sub-quiver cannot end at the [-th position because from (4.122) we have A;_ 1111 1 =0,
i.e. we need to introduce a cut at the (I —1)-th position. However, if f; =0 (Whlch means
Q1 = Ql = 0), the Higgs sub-quiver still can end at the 1st position because A Ay = —p.

The Hilbert series of quiver (4.118) can be obtained as follows. The baryonic generating
function for the Higgs sub-quiver is

GHiggs (t; W 20, m)
=(1- tQ)Z%d(hPE ti < (1)) (1)
- 2mig; " et a(wo Th e )
dQJ & G-1, —1.0) = -1 -1
H f orig; PE _1 (qy'(% ) +a g ) HPE[t(Qi Qi1+ dit)],

(4.134)
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where we indicated m in blue to emphasise that this is due to the presence of the T'(U(1))
link. The baryonic generating for the Coulomb sub-quiver is similar to (4.40):

GCoulomb(t; m) 1_ t2 t|m|K (4135)

The total Hilbert series of (4.118) is therefore
H(t; {2}, z;m)

— Z t(Fc+1)|m|GHiggs(t; m)G Coulomb (t; m) 2™

meEZ
dq fi
=y dlfrferiimim g2yt f 1 PE [t > <Q1(x((11))71 + Qflxg}))]
2miqy —
meEZ 1
dg; fJ -1
H?{ ~PE (QJ (xaj)) L+ q; 13:&”) PE[t(g; qifl + qi_l gi+1)] -

2mig; ot al

(4.136)

Example. Let us consider the following quiver
(4.137)

Assume that k& > 0. In this case, we have K = k and Fo = f + f’. The Hilbert series
is then

ml m d d
Hgasny(t2®) = 3 alb+Feslmlmq _ g2) f “ f a2

=, 2miqy 2mig

x PE [t (QQ(x(m)q +q2—1x(2))} PEt(a ;" + 0 go)] (4.138)
=PE [t2 + (x(z)z—l + ($(2))_lz> (3Hh+Fo t2(3+k+FC)} '

Hence, the moduli space of this quiver is C? /Zs3_ . Fo- 1t is generated by ¢ and ng ), where

VSF) = Vio,0.1,1)Q241 45 , v = Vi0,0,-1,-1)A1Q245 (4.139)

subject to the relation
vOTE = gBrktre (4.140)

— 41 —



The case with more than one cuts. In this case, the original quiver is divided into
many sub-quivers. The parts that are not connected to T'(U(1)) can be analysed as in
section 4.3, and the parts that are connected to T'(U(1)) can be analysed as in section 4.4.

4.5 More examples
4.5.1 One Jg fold and one NS5 or D5-brane

Let us consider the following model:

Jk
T(U(1))

a.@ (4.141)

NS5

Upon applying S-duality to the above system, we obtain

—J}

(4.142)

D5

Both of these models are analysed in detail around (4.82) and (4.113), respectively.
The moduli spaces these model are non-trivial if and only if & = 2. In which case, they are
isomorphic to C2.

4.5.2 One (p,q)-brane and one NS5-brane

The techniques that we introduced in the section 4 are particularly useful to study in a
systematic way the moduli space of quiver gauge theories associated to (p, ¢)-brane systems.
Let us consider for instance the following brane system

(P 9)

(4.143)

NS5
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For simplicity, let us take (p, q) to be the following value: (p,q) = Jx;Jk, Jk, (1,0), so that
p= klkgkg — k‘l — k‘g, q = klkg —1. (4.144)

Performing a duality transformation, jkjjk;l, we can study the following SL(2,Z) equiv-
alent problem:

1 (kh 1) NS5
T, T
(4.145)
(=1, —k2) (=1, —k2)
The associated quiver is
T(U(1)) T(U(1)) (4.146)
In N = 2 language, this can be written as
(4.147)
The vacuum equations are
Alpr—¢2) = 0 = Alp1 — ¢2), B(ps — 1) = 0 = Blps — 1)
kipr — g3 = AA, kyps — 1 = BB (4.148)
—kipa+ s = —AA, ~kopa + 92 = —BB.

where we emphasised the contributions due to the mixed CS levels in blue. We have two
branches as will be analysed as follow.
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Branch I: AA # 0 and BB # 0. In this case the F-terms implies:

p1r =12 =19, 3=¢1=; (4.149)
moreover, two constraints are still present, fixing ¢, ¢ in terms of the mesons:

kio— 3 = AA, kyp—¢ = BB. (4.150)

An analogous analysis of the D-terms can be performed. The flux m for the monopole
operator Vi, takes the form

m = (m,m,m,m) . (4.151)
The gauge charges and the R-charges of V,,, are
Vinl = —@2[Vim| = —(ktm —m),
q1[Vim] @2[Vim| ( 1711 m) (4.152)
3[Vim] = —q4[Vim] = —(kam —m) .
and
R[Vin]=0. (4.153)

Let us now determine the moduli space and compute the Hilbert series of this theory.
The baryonic generating function is given by

4
~ dg; 1 _ _ _ _
G(t;B,B) = H]{ - ——— PE[t(q1q5 ' + 201 V)] PE[t(g3a; ' + a5 V)]
ey 2miq; qqu2 B

y Pafay
= gaBim/2(t; B) gasymy2(t; B) . (4.154)
where
1Bl
gaamy2(t; B) = 12" (4.155)
The Hilbert series of (4.147) is thus:
H147)(t,2) = Z Z 2" gag a2t kim — ) g a2 (t; ko — m)
MmELZ MEZ
. t‘klmfﬁﬂ t|k2fﬁfm| (4156)
Ty
£ 1—t2 1—¢2
MEL MEL
This turns out to be equal to
k1 ko—1
1 1 1
Hyr)(t,2) =
)= FRTT 2 G te) A dw) (- 7a) (s
= H[C*/T(ky, k1ka — 1)](t, 2)
where _
ki1+1 . 2mikg ko+1 s 27
uj = zFik2=1 ¢/ Fikp-T | w; = zFika=1 Tk =T (4.158)

This is the Molien formula for the Hilbert series of C*/T'(p,q) [46], with p = k; and
q = k1ks — 1, where I'(p,q) is a discrete group acting on the four complex coordinate of
C* as:

2mip 27 _ 2mip _ 27

I'(p,q): (21, 22, 23, 24) = (z1€ 9 , 20 9 , 236 9 ,z4e 9 ). (4.159)

This is in agreement with [26, 47].
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Branch II: AA = 0 or BB = 0. The second branch appears when we set one of the
bi-fundamental hypers to zero, say AA = 0. In this case, (4.148) implies again that:

p1 = Y2 = @, P3 = 1 = Q. (4.160)

Moreover, we have: 9 _
ki = ¢, kop — ¢ = BB. (4.161)
Because of N/ = 3 supersymmetry of the problem, the real scalar in the vector multiplet
satisfies the same equation as the complex scalar in the vector multiplet. As a consequence,

the flux m = (m, m, m, m) of the monopole operator V,,, has to satisfy

kim =m (4.162)
The gauge charges of V,,, are
Vim] = —@[Vin] = —(kim —m) =0,
@1 [Vin] @2[Vim] ( i ) (4.163)
@3[Vim] = —u[Vim] = —(kam —m) = —(k1ka — 1)m .
The R-charge of Vi, is R[Vi,] = 0. The gauge invariant dressed monopole operators are
Vi = Ve B Vo = Voo gy ay BRFETE (4.164)
for kiks —1 > 0. If kiks — 1 < 0, we replace BFik2=1 by p—(kika=1) anq pkika—1 py
B~(kik2=1) i the above equations. They carry R-charges R[V 1] = ‘klki;_” Since (k1ko —

e = BE, we see that these dressed monopole operators satisfy the quantum relation
Vi V_ = plkke=1l (4.165)

Hence the moduli space is CQ/Z|,€1;€2_1|.

Note that (4.162) implies that the magnetic lattice given by m jumps by a multiple
of k1, since m € Z. If we further require that the magnetic lattice do not jump, we can
impose a further condition that k; = 1. In this case, the brane system contains a (%1, 1)-
brane and a (—1, —kg)-brane. Applying TF! to this system, (+1,1) becomes (+1,0), and
(—1, k2) becomes (—1,—ko F 1). This gives rise to the ABJM theory with CS level ks — 1
and —kp + 1. Indeed, Branch I (which is C*/Z,_|) and Branch II (which is C?/Z,_1|)
are the geometric branch of the ABJM theory and the moduli space of the half-ABJM
theory, respectively.

4.5.3 Multiple (p, q) and NS5-branes

An interesting generalisation of the example we presented in the previous subsection is the
following brane configuration:
v (pg)

(4.166)

l2 NS5

10 special case is k1 = k2 = £1. In this case BB = 0 and we are left with ¢ and the basic monopole
operators. The corresponding moduli space is thus simply C2.
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As before let us take for simplicity (p, q) = Jk;Jk, Jk,(1,0). Performing a transformation,
Ty T ksl, we can study the following SL(2,Z) equivalent systems:

(k1) I, NS5
];11 jk‘l
(4.167)
la (—1,—k2) la (=1, —k2)
The quiver associated with the brane system on the right is
7(U(1)) T(U1)) (4.168)

where the numbers of gauge nodes are {3 + 1 and I3 + 1 on the upper and the lower sides
of the quiver, respectively. In the N' = 2 notation, this can be written as

The vacuum equations are

A(g&i—QOiJrl):O ’L'Zl,...,ll, B(QZZ—(TOJH,l):O izl,...,lz
kip1 — @1 = A Ay, kep1 — @1 = B By
A A — A1 A1 =0 i=2,...,11, BiBi— B;1Bii1 =0 i=2,...,l,

—k1on 41+ Q1 = — Ay Ay k201,41 + o141 = — B, By,
(4.170)
where we highlighted in blue the contributions from the mixed CS terms due to T'(U(1))
and T'(U(1)). We focus on the geometric branch, corresponding to the case ¢; = ¢ for all
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i=1...01+1and p; = pforalli=1...1s+ 1. Imposing these conditions, we are left
with the following constraints of the mesons:

kip— @ = AjAL, AjAig —AA =0, —kip+§ = —A, A

" ~ ~ N " ~ (4.171)
kop —¢9 = B1B1, Biy1Bix1— BB =0, —-kig+¢ = —-B;, By,
Let us consider the monopole operator V,, with flux
m=(m,...,m,m,...,m)=(mhtt mltl) (4.172)
— —
l1+1 lo+1
The R-charge of V,, is zero:
R[Vin] =0. (4.173)
and the gauge charges are
Q1[Vm] :_(klm_ﬁl)a q2[Vm] = 07 SR QZl[V] = 07 qh—‘,—l[vm] :(klm_m)>
L]’I'[Vm] = —(kgﬁl —777,), q’i[vm] = O, ey qH[Vm] = O, Zjlm[vm] = (kgﬁl — m)
(4.174)
Now we have all the ingredients in order to compute the baryonic generic function:
= - - dqrdgs . . . dqp, 41
glt: B, B) = PE[-£J' 1 PE- 1 f s
(2m)ll+1q%+3q2 . qllqlllff
~ g~ ~ l1
dqldQQ e dql _ _
- ?{ (2mi)! f1:+B~ ltl ~1-B HPE[t(qiqurll +4; i)
T2 g2 - - g1 g i=1
l 1 140 +1 ° (4175)
2
x [ PElt(gjq; ) + a4 "gj41)]
j=1
ABJM/2 ABJIM/2 > thIBl+al Bl
=y (t;lhB)g (t;l2B) = 55
-2
The Hilbert series of the geometric branch of (4.168) is then
Hy68)(t,2) = g(t; kim — m, kam —m)
- o X X e (410

mEZ mEL
Note that for I} = lp = 1 we recover (4.156) as expected.
In some cases, the geometric branch of (4.168) turns out to be isomorphic to (C?/Z;, x
C?/7,)/T[k1, k1 ka2 — 1], where the action of ['[k1, k1k2 — 1] being

F[k‘l, ]ﬁk‘g — 1] : (21,22;21,52) — (wzl,w_lzg; (7)21,(7)_1;2), (4.177)

. k . 1
. P i — ~ Y — ~ ~ .
with w = €™ F*2=1 and w = e~ *F2-1; and (21, 22) and (z1,22) are the coordinates of

C2/Z;, and C?/Z;, respectively. For example, when {k1 = 2, ko = 3,1} = Iy = 2}
we have
1 — 12 4446 — ¢10 412
Hi 6 =1) =
(4.168) (t7 z ) (1 — t2)3(1 — tlo) (4.178)
= H[(C?/Zy x C*)Z)/T[2, 5]](t,2 = 1) .
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and when {k1 =2,k = 2,13 = 5,la = 1}, we have

(I—t4+tt =T+ )1+ 2+ 3+t + 17 +19)
(1=t =) (1 =) (1 -11) (4.179)
= H[(C?/Zs x C*)/T[2, 3]|(t,z = 1) .

Other cases can be more complicated. For example, for {k; =2,ks = 3,11 = 1,lo = 3},
we find that

1
(1—¢)2(1—1¢5)(1—1t1)
+ 2t* +° 4 2t° — 3¢ + palindrome up to ¢'%) (4.180)
= H[(C* x C?/Z3)/T)(t, 2 = 1),

Hyaes)(t,z=1) = x (1 —t+t3(1—t+1*—2t3

where the orbifold T acts as (4.177) but with w = 2% and & = €25 = wL .

4.5.4 One (p, qg)-brane and one D5-brane

Let us consider an example of one (p,q)-brane and one D5-brane. In particular, let us
assume that (p,q) = Jy, (1,0) = (k1,1):

1 (k17 1)

(4.181)

°
D5

One may apply SL(2, Z) action to this configuration and obtain the following configurations:

(1,0) NS5

(4.182)

(1,k1) D5
where the first configuration is obtained by applying a j,;l duality transformation to (4.181)
and using the fact that j,;l (0,1) = (1,k1), and for the second configuration we use the
fact that Jy, (1,0) = (k1, 1), so we recover the original set-up (4.181).

The brane configuration on the left in (4.182) is that of the ABJM theory with CS level
(k1, —k1). Thus, we expect that the moduli space of the field theories associated with these
brane configurations has two branches, namely (1) C*/ Zy,|, which is the geometric moduli
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space of the ABJM theory, and (2) C2/ Zyy, |, which is the moduli space of the half-ABJM
theory, where a pair of bi-fundamental chiral multiplets of the ABJM theory is set to zero.
Let us derive these moduli spaces for the theory associated with the configuration on

the right in (4.182). The quiver diagram is given by

(4.183)
(4.184)
1
The vacuum equations are
Alpr —p2) = 0 = A(p1 — ¢2), Qps =0 = Qs
—kip1 —p3 = AA, QQ =0 (4.185)

kipa+p3 =—AA,

where we indicate the contributions from the mixed CS terms due to 7'(U(1)) and T'(U(1))
in blue. Let us assume that A and A are non-zero. Therefore ;1 = @3 = ¢ (and

the corresponding magnetic fluxes are set equal: m;,= mgo = m). Thus, we have two
branches: (1) @ = Q = 0, and (2) 3 = 0.

Branch I: Q = Q = 0. The moduli space is parametrised by AE, ©, p3 and the
monopole operators, with the following constraint from the vacuum equations:

—kip—p3 = AA. (4.186)

The monopole operator Vy,, with flux m = (m,m,mgs), carries gauge and R charges:

1
q1[Vin] = —@[Vin] = kim — ms, @3[Vm] = 0, R[Vn] = 3 [ms| (4.187)
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where we stress that ¢3[Vi,] = 0 since T(U(1)) and T(U(1)) contribute m and —m re-
spectively, and the non-trivial contribution to the R-charge is due to the presence of the
flavour. The baryonic generating function is given by

1 d(h dq2 dQ3 1 1
t: B PE|t
9(t: 8) = 1 —t2 j{ 2777;(]%—’—3 27Tiq%_B 27 q3 [t e + a1z )]
_ ABIM/2(; gy —
1—t2g (’ ) (1—t2)2

where the overall (1 —¢2)~! is due to the fact that only one among ¢ and ¢3 gets fixed.
The Hilbert series is thus given by

+
Hi(t,z) = Z Z 2 gl g _fim — mg)

m = 00 ms3 =00

4.189
I t\m3|+|k1m+m3\ ( )

- S e

m =00 ms3 =00
This turns out to be equal to the following Hilbert series of C*/ V/IE
(1, % : i
t Z w = zelql,

|k'1| (I —twi)>(1—t/wi)?’ (4.190)

= H[C /Ly )(E, 2) -
This is in agreement with the geometric branch of the ABJM theory.

Branch II: o3 = 0. In this case, the vacuum equations imply that Q@ = 0. The moduli
space is generated by Y = —fAA and the dressed monopole operators V+ = V(l,l,o)A 1
and V_ = V(_L_LO)A Uif by > 0. If k; < 0, we simply change A to A% and AR to
A~F1 in these equations. These dressed monopole operators satisfy the quantum relation

V V_ =kl (4.191)

Hence, this branch is isomorphic to C?/ Zjk,|, which is the moduli space of the half-
ABJM theory.

4.6 Comments on abelian theories with zero Chern-Simons levels

Let us now revisit abelian theories with zero CS levels, namely those studied in section 3
with N = 1, from the point of view of this section.

One can start by taking simple examples: comparing (3.23) to (4.113). We set N =1
and n = 1 in the former and set & = 0 In the latter. Indeed, as we discussed below (4.113),
such theory has a trivial Coulomb branch, because the scalar in the vector multiplets are set
to zero by the vacuum equations. This is perfectly consistent with the proposal in section 3,
namely the scalar fields in the vector multiplet of the gauge nodes that are connected by
T(U(N)) are frozen. Moreover, from (3.26), we see that when n = 1 the Higgs branch is
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also trivial; this is also in accordance with the analysis below (4.113), where the meson
vanishes. Hence the two approaches, one presented in section 3 and the other presented in
this section, yield the same results. The same result can be derived easily for the mirror
theory (3.24), with N =1 and n =1, and (4.82) with k; = k2 = 0.

This analysis can be generalised to other models discussed in this section. When we
set all CS levels to zero, the vacuum equations set the scalars in the vector multiplets
corresponding to the gauge groups that are connected by T'(U(1)) to zero. Other parts of
the quiver may still contribute non-trivially to the moduli space.

5 Non-abelian theories with non-zero Chern-Simons levels

In this section, we focus on non-abelian quiver theories that contain 7'(U(N)) and/or
T(U(N)) theories as edges of the quiver. In terms of a brane system, these theories involve
multiple D3-branes, along with J-folds and possibly with other types of branes. In contrast
to the abelian case, we do not have a general prescription of computing the Hilbert series
of the geometric branch of non-abelian theories. Nevertheless, for theories that arise from
N M2-branes probing Calabi-Yau 4-fold singularities, we expect that the geometric branch
is the N-fold symmetric product of such a Calabi-Yau 4-fold. In such cases, we can analyse
the Hilbert series for each configuration of magnetic fluxes. Let us demonstrate this in the
following example.

One (k,1) and one (1,k’) brane. Let us consider the generalisation of (4.146) for
non-abelian gauge groups.

In section 4.5.2, we see that the geometric branch of the moduli space for the abelian
theory (N = 1) is a Calabi-Yau 4-fold (this is referred to as Branch I in that section);
the latter is identified to be C*/T'(k1,k1ka — 1). For a general N, we expect that the
geometric branch of (5.1) is the N-th fold symmetric product of C*/T'(ky, k1ko — 1), namely
Sym®™ (C*/T(k1, kiks — 1)).

Let us focus on N = 2 in the following discussion. =~ The Hilbert series of
Sym? (C*/T'(ky, k1ks — 1)) is given by

1
Hsy, n=2(t, 2) = 3 [H1am)(t, 2)* + Higaan (82, 27)] (5.2)

where Hy 147)(t, 2) is given by (4.156). This computation can be split into five different
cases depending on the fluxes and the residual gauge symmetries.
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1. The magnetic fluxes for the two nodes on the upper edge are both (m,m), and the
magnetic flux for the two nodes on the lower edge are both (n,n). In this case, the
residual gauge symmetry is U(2) x U(2) x U(2) x U(2). The Hilbert series in this case
can be computed as a second rank symmetric product of the abelian case (which is
a product of two half-ABJM theories). The result is

1
H](\})ZZ(L 2) = 5 Z [gABJM/2<t; klm_n)QgABJMﬂ(t; kan—m)?
m,ne” (53)
i gABJM/Q(tQ; klm_n)gABJM/2(t2; kgn—m)] L2men)

where the terms indicated in blue are due to the mixed CS terms due to the presence

of T(U(2)) and T(U(2)) and
1Bl
Tl

)

g BNt B) (5.4)

Let us report the unrefined Hilbert series, for k1 = 1 and ko = 2, for this case up to

order t!2:

(1) 1\ 2 4 6 8
HyLy oo 1.0y(t 2 = 1) = 14 6% +22t1 + 620° + 147t (55)
+308¢10 + 588t + ... .

In fact, we can also compute (5.5) using the Molien integration [42] as follows:

1
HJ(V):Q,k:(1,2) (t,z=1)

:f dz; % dzy jé dgy f dgo
|z1]=1 27Ti21 |z4]=1 27Ti24 lg1|=1 27m'q1 lg2|=1 27Tiq2

4
x | TTHIC/Za)(t, %) | PE [(21 + 27 (20 + 25 (a1 + a7 )t
j=1

(5.6)

+(z+2z )zt 20 )+ a5t
— (B A1+ = (214 23 )t 48

We have checked that (5.6) agrees with (5.5) up to order t?°. Here 21, ..., 24 are fugac-
ities for the gauge groups SU(2); 2,34 that are subgroups of U(2)1 234 gauge groups
corresponding to top left, top right, bottom left and bottom right nodes in (5.1)
respectively. The fugacities ¢; and g corresponds to the two diagonal U(1) gauge
groups that are subgroups of diag(U(2); x U(2)2) and diag(U(2)s x U(2)4) of (5.1)
respectively. H[C2/Zs](t, z) denotes the Hilbert series of the space C2/Zy, which is
the Higgs and the Coulomb branches of T7'(U(2)) and 7'(U(2)), and its expression is
given by

H[C?/Z,](t,2) =PE [(z* + 1+ 2 %)t* —t'] . (5.7)

The first and the second terms in the PE denote the contributions from the bi-
fundamental hypermultiplets under U(2) x U(2). The last line of (5.6) deserves some
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comments. For a theory with Lagrangian, these terms would represent the contri-
bution from the F-terms. In this case, however, T(U(2)) and T(U(2)) do not have
a manifest Lagrangian description in the quiver. Nevertheless, such terms can still
be interpreted as “effective F-terms”, where at t? there are relations that transform
in the adjoint representations of diag(SU(2); x SU(2)2) and diag(SU(2)3 x SU(2)4).
There is also a relation at order t* and a syzygy (relation among the relations) at
order ¢8.11

2. The magnetic fluxes for the two nodes on the upper edge are both (mj, ms), with
mi1 > mg, and the magnetic flux for the two nodes on the lower edge are both (n,n).
In this case, each of the U(2) gauge groups on the upper edge is broken to U(1)2.
Each of the U(2) gauge groups on the lower edge remains unbroken. In this case,
T(U(2)) is expected to become T(U(1))? (and similarly T(U(2)) becomes T(U(l))Q).
The Hilbert series in this case is given by

H](V 5(t, 2) Z ZQABJM/Q t;kimy —n)g ABJM/2(t kymg — n)
m1>m2 neZ (5.8)
> gABJM/2(t; kon — ml)gABJM/Q(t; kon — ml)zm1+m2+2n )

As an example, for k; = 1 and ky = 2, the unrefined Hilbert series up to t2 is
H o1tz = 1) = 482 + 33t + 1481 + 4831° + 1288410 + 29822 + .. . (5.9)

3. The magnetic fluxes for the two nodes on the upper edge are both (m,m) and the
magnetic flux for the two nodes on the lower edge are both (nq,n2), with ny > ng. In
this case, each of the U(2) gauge groups on the lower edge is broken to U(1)2. Each
of the U(2) gauge groups on the upper edge remains unbroken. 7'(U(2)) is expected
to become T'(U(1))?, and similarly T(U(2)) becomes T(U(l))Q. The Hilbert series in
this case is given by

H](\? ,(t, 2) Z Z gABJM/2 t:kim — n1)g ABJM/Z(t feym — no)
ni1>n2 mez (5.10)

> gABJM/Q(t; kong — m)gABJM/2(t; kong — m)z2m+n1+n2 ]

171t is instructive to compare this to the following example. Let us consider a 3d N = 4 gauge theory
with U(2) x U(2) gauge group with two bi-fundamental hypermultiplets. This quiver is an A; affine Dynkin
diagram, so it arises from two M2-branes probing C?/Z, singularity. We expect the geometric branch of
this theory to be Sym?(C?/Zs). The Hilbert series of which can be computed from the Molien integral:

Ht x)—?{ dz (1fzf)-7{ dza (17,2%)% dq
’ 21|21 27021 21 2al=1 27022 22 lal=1 27iq

xPE[(z1+2 (z2+2 )(g+qg Na+a ) — (T +1+22+ 17 —t'] .

This is indeed equal to H[Sym*(C?/Z2)|(t,x) = § [H[C?/Z2](t,x)* + H[C?/Z:](t*,x%)]. The first term in
the PE is the contribution from the bi-fundamental hypermultiplets. Since on the generic point on the
moduli space U(2) x U(2) is not completely broken, but it is broken to the diagonal subgroup diag(U(2) x
U(2)). The second term indicates the F-terms in such a diagonal subgroup. The last term —t* is there

due to the fact that the F-flat moduli space is not a complete intersection because of the unbroken gauge
symmetry on the moduli space (see the detailed discussion in [38]).
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As an example, for k; = 1 and ky = 2, the unrefined Hilbert series up to t'2 is

g (t,z = 1) = 613 + 3445 + 155 + 11447 + 76¢5 + 32219
N=2k=(12) (5.11)
+ 23410 + 778411 + 609¢1% +

4. The magnetic fluxes for the two nodes on the upper edge are both (mq,ms), with
m1 > my. and the magnetic flux for the two nodes on the lower edge are both (n1,n2),
with n; > ng. In this case, each of the U(2) gauge groups in the quiver is broken to
U(1)2. T(U(2)) becomes T(U(1))?, and similarly T(U(2)) becomes T(U(1))2. The
Hilbert series in this case is given by

H](V) 5(t, 2) Z Z gABJM/2(t kimi — nl)gABJM/2(t k1mg — ng2)

ni>na mip>mso
> gABJM/Q(t; kong — ml)gABJM/Q(t; kono — m2)zm1+m2+n1+n2 )

(5.12)
As an example, for k; = 1 and kg = 2, the unrefined Hilbert series up to t2 is

1)

Negke(1,2)(t 2 = 1) = 4t + 1067 + 548° + 115¢" + 350¢° + 643t°+

+1520t7 + 2505¢% + 5076+ (5.13)
+ 777110 4+ 14142t + 20501412 +

5. The magnetic fluxes for the two nodes on the upper edge are both (mj,ms), with
m1 < meo. and the magnetic flux for the two nodes on the lower edge are both
(n1,n2), with n; > ng. The discussion is very similar to the previous case. The
Hilbert series in this case is given by

N (L, 2) Z Z gABJM/2 t: kimi — n1)g ABJM/2(t;k1m2 ~ )

ni>ng mi<ms
% gABJM/Q(t; konq — ml)gABJM/2(t; kong — m2)2m1+m2+n1+n2 ]

(5.14)
As an example, for k; = 1 and ky = 2, the unrefined Hilbert series up to t'2 is
5
H oy (b2 = 1) = 1207 + 8207 + 241 + 322¢° + 15111

(5.15)
+ 992t + 556¢12 +

Indeed, the Hilbert series H s 1) ny—2(t,2) given by (5.2) is then equal to the sum of the
contributions from these five cases:

5
Hsay nea(t2) = D HY 5 10)(1:2) (5.16)
i=1
For k1 =1 and ko = 2, we have the unrefined Hilbert series
Hs 1), Neak—(12)(t, 2 = 1) = 1+ 4t + 20¢* + 60t + 170t" + 396t
+ 868t% + 1716t" 4 3235t + 5720t° (5.17)
+ 9752619 + 1591241 + 25236¢12 +

This is indeed an unrefined Hilbert series of Sym?(C*).
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6 Conclusion and open questions

In this paper, we study the moduli space of quiver theories arising from the Hanany-Witten
brane system, with an insertion of S-folds. In the case of S-flips, the quiver contains a
T(U(N)) links between two U(NN) groups both with zero Chern-Simons levels. We find that
such theories have the Higgs and the Coulomb branches. The Higgs branch is given by
the hyperKéhler quotient described in the beginning of section 3 and the Coulomb branch
can be computed in a similar way to the usual 3d N/ = 4 gauge theories, with the remark
that the vector multiplets of the gauge nodes linked by T(U(N)) are frozen and do not
contribute to the Coulomb branch. We check that this proposal is consistent with mirror
symmetry. In the case of J-folds, we examine the moduli space of the abelian theories
with 7'(U(1)) links and non-zero Chern-Simons levels systematically. With the inclusion
of bifundamental and fundamental hypermultiplets into the quiver, the moduli space can
be non-trivial, and in many cases the vacuum equations admit many branches of solutions.
Finally, for the case of non-abelian theories with T'(U(N)) links and non-zero Chern-Simons
levels, we do not have a general prescription to compute the moduli space of such theories.
Nevertheless, we demonstrate the computation of the Hilbert series for an example that
belongs to a special class of models arising from multiple M2-branes probing Calabi-Yau
4-fold singularities.

The results in this paper leads to a number of open questions. First of all, it would
be nice to find a general prescription to compute the moduli space of non-abelian theories
with T'(U(V)) links, non-zero Chern-Simons levels and possibly with bifundamental and
fundamental hypermultiplets. Secondly, one could introduce an orientifold place into the
brane system and study the corresponding quiver theories. For example, if we introduce an
03~ plane on top of the D3 brane segment that passes through the S-fold, an expectation
is that we should have a quiver that contains a T'(SO(2N)) link connecting two SO(2N)
gauge groups. Finally, one could ask if one can replace the T'(U(N)) link between two U(V)
gauge groups by the T2 (U(N)) link, with an appropriate o, between two G gauge groups
(where G is a subgroup of U(V) that is left unbroken by o). Since T.Z (U(XV)) is invariant
under mirror symmetry, we expect this to be a good candidate to replace T(U(N)) in the
quiver diagram. We hope to address these problems in future work.
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A Theories with multiple consecutive J-folds

In this section, we generalise our discussion to theories dual to brane system containing
(m 4+ 1) consecutive .J-folds.

(A.1)
The vacuum equations are
Ai((bi+1_q)i):07 1= 1,...,77,—1 <A2)
ki @y — O =
ki®; = pi — pi1 1=2...n—1

kyp @y — EI\)m = Hn—1

F1®y — & — D= 0 (A.3)
Eia)i—‘£i+1—a\)i,1:0 i:2,...,m—1

ke ®m — g — B = 0

As in the preceding subsection, we analyse the solution of these equations according to the
VEVs of bi-fundamental fields that are set to zero (i.e. the cuts in the quiver).

No cut in the quiver. Let us first focus on the solution in which A; and 21; are Nnon-zero
for alli =1,...,n — 1. Equations (A.2) are solved as usual imposing &1 = &3 = ... =
¢, = & = (p,0). The sum of the first three equations in (A.3) gives

(Zki>¢—$1—<§m:0 (A.4)
=1

This consistency equation must be added to set of equation formed by the last three
in (A.3). Calling
n
Ko=) ki (A.5)
i=1
the above system of equations can be written in a compact way as:

P
P,

MCS 02} =0 (Aﬁ)
B
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where we define the matrix Mcg as

K,-10 0 0 ...—-1
1%k -10 0 ... 0
0 1k =1 0 ... 0

Mcs = (A7)

0 0 —1Fky —1 . 0

~

-1 0 0 0 ... =1k,
Since we assumed that all 4; and A; are non-zero, we require (A.7) to have a non-trivial
solution; this is the case if and only if

det Mcg = 0 (A.8)

This is a necessary condition for the existence of a non-trivial moduli space.
The magnetic flux has to be of the form

m=(m,...,mmy,...,my,)=(m"m). (A.9)

n times

Then, (A.7) implies that this must satisfy the following condition:
Mcgm®? =0 . (A.10)

In particular,
K,m —m; — m;, = 0 (A.11)

The gauge charges of the monopole operator V;, are

¢@1[Va) = —(kim — my)
¢i[Va] = —kim, 1=2,....,n—1
qﬂ[v ] = —(kpm — r/ﬁm)
) ~ ~ (A.12)
G[Va] = —(k1m1 — m — my)
q;.[Vm] :—(Eimi — Mt — Mi—1), 1=2,...,m—1
g V] = — (ki — Rt — m) .

Let us now compute gauge invariant dressed monopole operators. The last three sets of
equations, setting to zero, constitute m equations in total; they give a unique solution for
m = (My,...,My,) in terms of the flux m. We denote such a solution by m*(m). It should
be emphasised that m, m} (with ¢ = 1,...,m), and the CS level K,,, must be integers.
Such integrality and equations (A.8), (A.11) put a constraint on the possible values of
(%1, - ,Em), as well as their relation to K,,, in order to obtain a non-trivial moduli space.

Note also that m*(1) + m*(—1) = 0.
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For example, in the case of three J-folds (m = 2), we have mj(m) = kkiﬂlm and
PN 1R2
mi(m) = El%iﬂm From (A.11), we obtain K, = % The integrality of K, mj(m)
l 2—1
and m3(m) puts constraints on the values of k1 and kg

Ty +Fo +2 Ty +1 Ty +1
1+ Ko+ c7z 2+ c7z 1+

; == ; ~——€7Z. (Al?))
ks — 1 kiko — 1 kiko — 1

Since m € Z, we see that the magnetic lattices given by mi(m) and m3(m) “jump” by
Ak’/2\+1 an Ak/1\+1
ki1ko—1 kiko—1 . . ~ —~
(i.e. there is no such jump), we have k1 = ky = K,, = 2, assuming that both k; and ks

multiples of respectively. If we further require that mj(m) = m(m) =m

are non-zero.
For convenience, let us define

ki = {kl_r/ﬁi(l)a k:27'-'a knfla kn_r/ﬁ;(l)}, ’Cz = Z Kj . (A14)
For IC; > 0 foralli=1,...,n—1, the basic gauge invariant dressed monopole operators are
I Kn—
Vi = Van e AL 452 - A0 (A15)
_ — ., )
Vo=V iy m-an AL Ay AT

If £; < 0 for some j, we replace A;Cj by gj_’cj in the first equation and gfj by A]-_’Cj in
the second equation. Since the R-charges of V{(+1)n +7m+(1)) are zero, we have

n—1 n—1
1 1
RV =33 Ikl =56, K=Y Il (A.16)
=1 =1

The generators of the moduli space are ¢, V4 subject to the quantum relation

V,V_=¢~. (A.17)
The moduli space is indeed C?/Zy.. We emphasise that the dependence of K on El, e ,/k\m
is due to mj(1).

One cut in the quiver. Let us analyse the case A; = jl = 0, i.e. the quiver is cut at
the position [. Equations (A.2) implies &1 = 3 = - = &, = & and &)1 = Pj,5 =

=&, = ®. The sums of the first [ equations and the last n — [ ones in the first three
sets of equations in (A.3) imply that

(ki + ko + -+ k)® —® =0

S (A.18)
(ki1 + kip2 + o+ k)@ — Py = 0

These two condition must be supplemented by the last three sets of equations (A.3) con-

straining &;Z i =1 ... m These can be put in a matrix form. Calling
l n _
k=K, Y k=K (A.19)
=1 i=l+1
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we have

P
o,
Mcs | =0
o,
P
where
K-10 0 0 0 0
1%k -10 0 0 0
0 1%k —1 0 0 0
Mes=|0 0 1%k -1 .0 0
00 0 0 ...—1Fk,—
00 0 O0..0-1K

A necessary condition for the existence of the non-trivial moduli space is
det Mcs =0 .

The magnetic flux has to be of the form
m=(m,...,mm,... .M M0,... M, =m ;o m).

—— —

[ times n—I times
Then, (A.7) implies that this must satisfy the following condition:

McsmT =0.
In particular, it follows from (A.18) that
:(kl + ko +---+ kl)m:Km

M = (ki1 + kigo + -+ kp)m = Km .

The gauge charges of the monopole operator V;, are

1[Va] = (klm —my)

Gi[Va] = — i=2,...,1

¢ [Vl = — j=1+1,...,n
qn[Vn] = ( m—mm)

RVl = (k:lml —m — my)

G[Va] = — (%mz—mlﬂ—ml 1), i=2,...,m—1
9 [Vm] = (2 My,—1 — M) .

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

Let us now compute gauge invariant dressed monopole operators. The last three sets of

equations, setting to zero, constitute m equations in total; they give a unique solution
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for m = (mq,...,M;,) in terms of the fluxes m and m. We denote such a solution by
m*(m, m). The integrality of such a solution, together with (A.24) and in particular (A.25),
put restrictions on the relation between K, K and 7{:\Z (withi=1,...,m).

For example, for the case of three J-folds (m = 2), solving the last three sets of
equations gives

_ ks 4 m _ mk
L LU S s (A.27)
kle —1 klkg -1
Using (A.25) we have
M o a
m = m = —m(K + k1 — Kklkg) (A28)

K +ky — Kkiky
Suppose that we look for a solution in which m and m are non-zero. The integrality of K,
K, k12 implies that

Kkiky — (K + ko) = Kkiky — (K + k1) = +1 . (A.29)

The choice +1 sets m = m, whereas the choice —1 sets m = —m. Using these with (A.27),
we also obtain the constriants on k; and ks, namely

[ Y P |
Fiko — 1 Eiky—1

€Z. (A.30)

ke

SinCAe m, m € Z,Awe see that the magnetic lattices given by m} and m3 “jump” by multiples

kot1 ES!
Of /k\‘l/k\:g—l a /k\:l/k\zg—l N . N N R
such jump), we have k; = kg = K = K = £2, assuming that both k; and ks are non-zero.

respectively. If we further require that mj = m% = m (i.e. there is no

This can easily be generalised to an arbitrary number of J-folds. The generalisation
of (A.29) is
minor; 1 Mcs = minory,41,m+1 Mcs = +1 (A.31)

These two choices correspond to m = +m. The integrality of m*(m, m) and m*(m, —m)
impose further constraints on k;. The analysis of the moduli space is similar to that
presented after (4.53).

Two or more cuts in the quiver. The analysis is similar to that of presented
around (4.74). For the case of two cuts, the quiver is divided into the left, central and
right sub-quivers. The analysis for the central part is presented in section 4.1, whereas
those for the left and right sub-quivers are as presented above for the one cut case. One
can repeat this procedure for the case with more than two cuts.
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