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Abstract We study the Dirichlet problem for the Monge—Ampére equation on almost com-
plex manifolds. We obtain the existence of the unique smooth solution in strictly pseudocon-
vex domains.
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Let (M, J) be an almost complex manifold of a real dimension 2 (the definitions are given in
Sect. 1). Pali proved (in [7]) that, as it is in the case of complex geometry, for plurisubharmonic
functions the (1, 1) current i ddu is positive.! So for a smooth plurisubharmonic function u
we have well defined Monge—Ampere operator (iddu)" > 0 and we can study the complex
Monge—Ampere equation

(i99u)" = fdV, (1)

where f > 0 and dV is a (smooth) volume form.
Let @ @ M be a strictly pseudoconvex domain of class C*. In this article we study the
following Dirichlet problem for the Monge—Ampere equation:
u € PSH() NC®(Q)
(13du)* =dV in 2)
u=¢ on 9%,

where ¢ € C*®(£2). The main theorem is the following:

1 But it can be not closed!.
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970 S. Plis

Theorem 1 There is a unique smooth plurisubharmonic solution u of the problem (2).

In [3] the theorem above was proved for 2 C C" with Jg. Note that even in the integrable
case it is not enough to assume that <2 is strictly pseudoconvex.? Indeed, if €2 is the blow-up
of a strictly pseudoconvex domain in C" in one point, then 92 is strictly pseudoconvex. But
if u € PSH(L2) N C*®(), then the form (i9du)” is not a volume form.

In case of J not integrable McDuff constructed a domain €2 with a non connected strictly
pseudoconvex boundary (see [6]).> One can prove the theorem above (in almost the same way)
for €2 not necessary strictly pseudoconvex but <2 strictly pseudoconvex and dV < (i39¢)".
It is however not clear for the author, whether there is an example of such ¢ in McDuff’s
example (or in any other not strictly pseudoconvex domain with a strictly pseudoconvex
boundary).

In the last section we explain how Theorem 1 gives the theorem of Harvey and Lawson
about existing a continuous solution of the Dirichlet Problem for maximal functions. We
even improve their result by proving that the solution is Lipschitz (if the boundary condition
is regular enough).

1 Notion

We say that (M, J) is an almost complex manifold if M is a manifold and J is an (C*®
smooth) endomorphism of the tangent bundle 7' M, such that J> = —id. The real dimension
of M is even in that case.

We have then a direct sum decomposition TcM = 7'M @ 7'M, where TcM is a
complexification of T M,

T'OM ={X—iJX:XeTM)}
and
TMM ={X+iJX:XeTM}(={¢ eTcM: ¢ e T"'M}).

Let A* be the set of k-forms, i.e. the set of sections of /\k (TcM)* and let AP9 be the set
of (p, q)-forms, i.e. the set of sections of A”(T1O'M)* @y A?(T*!'M)*. Then we have a
direct sum decomposition A¥ = @, _, A”9. We denote the projections A¢ — AP7 by
74,

If d : A¥ — AF*! s (the C-linear extension of) the exterior differential, then we define
9 AP — APTLG g TIPH 4 o d and 9 : AP9 — APIH ag 172471 6 4.

We say that an almost complex structure J is integrable, if any of the following (equivalent)
conditions is satisfied:

ptq

(i) d=0+09;
(i) 9% = 0;
(iii) [¢,&] € T M for vector fields ¢, & € TO' M.

By the Newlander—Nirenberg Theorem J is integrable if and only if it is induced by a complex
structure.

2 We say that 9€2 is strictly pseudoconvex if it is locally equal to {p = 0}, for some smooth function p such
thatiddp > 0, {p <0} C Q2 and Vp # 0.

3IEQis strictly pseudoconvex, then d€2 is connected (see [2]).
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The Monge—Ampere equation on almost complex manifolds 971

In the paper ¢y, . . ., &, is always a (local) frame of 719 Letus put for a smooth function u

Up = Cplt, Upg = Eplqt = ugp + [$p, Lg]u, ete.

and
- 10,1
Apg = Apg(u) = upg — [fp’ fq] u,

where for any X € TeM a vector X! € TO1 M is such that X0 := X — X001 e 7100,
Then for a smooth function u we have (see [7]):

i00u =1 Apglh AL,

where 7, ..., 8y, g:l*, ..., ¢ris abase of (TcM)* dual to the base ¢1, ..., &u, C1s - - -5 &y OF
TcM.

LetD = {z € C: |z] < 1}. We say that a (smooth) function A : D — M is J-holomorphic
or simpler holomorphic if A’(a%) € T%!' M. The following proposition from [5], where it is

stated for CK'+ class of J, shows that there exists plenty of such disks:

Proposition 1.1 Let 0 € M C R* k, k' > 1. For vy, v1, ..., v € R close enough to
0, there is a holomorphic function . : D — M, such that A(0) = vy and % = vy, for
I =1,..., k. Moreover, we can choose A with C! dependence on parameters (vg, . .., Vk) €
(R¥K+1 where for holomorphic functions we consider c¥ norm.

We can locally normalize coordinates with respect to a given holomorphic disc A, that is
we can assume that A(z) = (z,0) € C" and J = Ji on C x {0} C C", where Jy is the
standard almost complex structure in C” (see section 1.2 in [1]) and moreover we can assume
that for every J-holomorphic u such that £(0) = 0 we have A (0) = 0 (see [8]).

An upper semi-continuous function u# on an open subset of M is said to be
J-plurisubharmonic or simpler plurisubharmonic, if a function u o A is subharmonic for
every holomorphic function . We denote the set of plurisubharmonic functions on & C M
by PSH(S2). For a smooth function u it means that a matrix (A7) is nonnegative. Recently
Harvey and Lawson proved that an upper semicontinuous locally integrable function u is
plurisubharmonic iff a current i 9du is positive. We say that a function u € C'1 () is strictly
plurisubharmonic if for every K € 2 there is m > 0 such that @ < imddu a.e. in K, where
 is any hermitian metric* on Q. If u € C?(£2) then the following conditions are equivalent:

(1) u is strictly plurisubharmonic;
(i) i99u > 0;
(iii) u is plurisubharmonic and (99u)" > 0.

We say that a domain Q2 € M is strictly pseudoconvex of class C* (respectively of class
¢ 1) if there is a strictly plurisubharmonic function p of class C*>° (respectively of class C!:1)
in a neighbourhood of ©, such that @ = {p < 0} and Vp # 0 on 9. In that case we say
that p is a defining function for 2.

Let zo € M. The basic example of a (strictly) plurisubharmonic function in a neighbour-
hood of zq is u(z) = (dist(z, zg))? (where dist is a distance in some Rimannian metric).
Domains Q. = {u < &} are strictly pseudoconvex of class C* for ¢ > 0 small enough and
they make a fundamental neighbourhood system for zg.

4 Hermitian metric is a smooth positive (1, 1) form.
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972 S. Plis

2 Comparison principle

In this section Q2 € M is a domain not necessary strictly pseudoconvex but such that there is
a bounded function p € C2 N PSH(L).

In the pluripotential theory in C”, the comparison principle is a very effective tool. We
give here the basic version for J-plurisubharmonic functions.

Proposition 2.1 (comparison principle) If u, v € (:’2(5_2) are such that u is a plurisubhar-
m01_1icﬂmcti0n, (i00u)" > (i00v)" on the set {iddv > 0} and u < v on 092, thenu < v
in Q.

Proof First, let us assume that (100u)" > (i39v)" on the set {{3dv > 0} and a function
u — v takes its maximum in zo € 2. By Proposition 1.1 for small { € Tle’OM there is a
holomorphic disk X such that 1(0) = zp and g—if(O) —iJ %(0) = ¢. Hence at zg

W =), &) =A((v—u)onr)(0)=0

so we have i99u < i9dv and then we obtain (;99u)" < (i3dv)" which is the contradiction
with our first assumption.

In the general case we put u’ = u + &(p — supg p) and the lemma follows from the above
case (with u’ instead of u). m}

In Sect. 4 we use a slight stronger version of the proposition above.

Proposition 2.2 Suppose that u, v € C?(Q) are such that u is a plurisubharmonic function
and (i00u)" > (i00v)" on the set

{i9ov > 0} .
Then for any H € PSH, an inequality

limuw+H—v)<0
)
for any zo € Q2 implies u + H < v on Q.

Proof Let zp € Q2 be a point where a function f = u + H — v attains a maximum and X is
a holomorphic disk such that A(0) = zg. Because H o A is a subharmonic function one can
find a sequence #; of nonzero complex numbers such that

kllrgotk =0
and
4H o A(0) < H o A(ty) + H o A(ity) + H o AM(—1t) + H o A(—ity).
Hence
A((v—u)or)(0)
— 4foAr0) — foXr(tx) — foA(ity) — foA(—tx) — f o A(—ity) -

> lim

0.
k—00 Mk

Therefore we can obtain our result exactly as in the proof of the previous proposition. O

@ Springer



The Monge—Ampere equation on almost complex manifolds 973

3 A priori estimate

In this section we will prove a C!! estimate for the smooth solution u of the problem (2).
By the general theory of elliptic equations (see for example [3]) we obtain from this the
Ck@ estimate and then the existence of a smooth solution. The uniqueness follows from the
comparison principle.

Our proofs are close to these in [3] but more complicated because of the noncommutativity
of some vector fields.

3.1 Some technical preparation

In this section we assume that 2 € M is strictly pseudoconvex of class C* with the defining
function p. Let us fix a hermitian metric @ on M. From now all norms, gradient and hessian
are taken with respect to this metric or more precisely with respect to a Rimannian metric
which is given by g(X, Y) = w (X, JY) for vector fields X, Y.

Let f € C®°(Q) be such that dV = f". Then locally our Monge—Ampere equation
(i99u)" = dV has a form:

det(Apg) = f = g/,

where g = det(—iw({p, Zq)). So if vectors ¢y, ..., ¢, are orthonormal (i.e. w(¢p, Eq) =
i8pq), then g = 1.
The following elliptic operator is very useful

L=Le=A" (58— [6.6]"").
Note that for X, Y vector fields we have
X(log ) = APIX A,
XY(log f) = APIXY Apg — APTAM(Y A7) (X Apg),

where (AP9) is the inverse of the matrix (TM).

In the lemmas we specify exactly how a priori estimates depend on p, f and ¢. We should
emphasize that they also depend strongly on M, J, w, M and m(p), where M’ is some fixed
domain such that Q € M’ € M and m(p) is defined as the smallest constant m > 0 such that
w < middp on . The notion C = C(A) really means that C depends on an upper bound
for A.

In the proofs below C is a constant under control, but it can change from a line to a next
line.

3.2 Uniform estimate
Lemma 3.1 We have |ul|p~ Q) < C, where C = C(llpliL=@), | fllL>@), ll@llLe@)-
Proof From the comparison principle and the maximum principle we have

171" I @m(p)p +inf ¢ < u < supe.

[}
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974 S. Pli§

3.3 Gradient estimate

In the next two lemmas we shall prove a priori estimate for the first derivative.
Lemma 3.2 We have

llullco.raey < C,
where C = C(llpllcorqy: I fllL=@), l@llcriq))-

Proof We can choose A > 0 such that Aiddp +i9dp > f'/"w and Aiddp > idd¢. Thus
by the comparison principle and the maximum principle we have

p+Ap<u=<g¢—Ap
for A large enough. So on the boundary we have

IVul < [VAp| + [Vol.

Lemma 3.3 We have
lullcorg) < C,
where C = C(||,0||c011(52), ||f1/n o, ||”||c011(352))-

Proof Let us consider the function v = /| Vu|?, where a smooth plurisubharmonic function
¥ will be determined later. Let us assume that v takes its maximum in zg € 2. We can choose
15 - -+, Cu» such that they are orthonormal in a neighbourhood of z(, and the matrix A  is
diagonal at zg. From now on all formulas are assumed to hold at zp.

We have Xv = 0, hence X (|V|?) = —|Vu|*X log . We can calculate

L(v) = LW Vul* + ¢ L(Vul®) + AP? (Y, (1Vul?) 5 + ¥ (IVul?)p)

[yrpl?
W

= |Vu2APP (wp,s o T
L(\Vul®) = AP (IVul?) pj — [p, $p1° [ Vul?)

p 2 2
:APPZ(upﬁku];—i-ukupﬁ,;—i-pr + |u k|
k

) + Y L(|Vul?),

—[¢p, 4_17]0'1 ugu — i [¢p, 4_17]0'1 ”12) ;
Apﬁ(”pﬁk - [519’ 5_19]0’1 ug)

= APP (uppj — & [¢p. é“_p]o’1 u+ 8y [p, ] u+ [¢p. S] Spu)

= (log )i+ A7 (&) [, ]+ &[5, 6]+ [[6p. 8] &
~[ler &1 a]w).

Then we have

LAPP (uppre — [Cps Ep1° up)|

£/ co. 5
= C(fl/ncm + APP (ZA:(|Mps| + |up5|) + |VM|))
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The Monge—Ampere equation on almost complex manifolds 975

and similarly

APP (5 = [, €1 up)|
£/l co. ;
< C(fl/nc‘” + APP (Z(WM + lupsl) + |Vu|))

so for the proper choice of ¥ (we can get v = e¢4” + B for A, B large enough) we have
L(v)(0) > 0 and this is a contradiction with the maximality of v. ]

3.4 cL1 estimate

Let us fix a point P € 3$2. Now we give the C!'! estimate in a point P (which does not
depend on P). The estimate of XYu(P), where X, Y are tangent to 9€2, follows from the
gradient estimate.

Lemma 3.4 Let N € TpM be orthogonal to 02 such that Np = —1 and let X be a vector
field on a neighbourhood of P tangent to 2 on 02. We have

INXu(P)| < C,
where C = C(||pllcot gy I1f"lcor, l@llczi gy 1X o, lullcorgy).
Proof Let X1, X2, ..., X, be (real) vector fields on U a neighbourhood of P, tangent at P
to 0€2, such that X, J X1, ..., X,,, J X, is a frame. Consider the function
n
v=X(—¢)+Bp+ D Xl — )P — Adist(P. ).
k=1

Let V € U be a neighbourhood of P and S = V N Q. For A large enough v <0on dS.

Our goal is to show that for B large enough we have v < O on S. Let zo0 € S be a
point where v attains a maximum and let {1, . .., {, be orthonormal and such that (A7) is
diagonal. From now on all formulas are assumed to hold at z¢. Let us calculate:

m(p)L(p) = D AP
and
L(—Xg — A(dist(P, ))*) = =C >_ AP,

hence for B large enough

. B 5
L(Bp — X¢ — A(dist(P, -))%) > o) > are,

To estimate L(Xu + > j_; | Xk — (p)|2) let us first consider ¥ € {X, X1,...X,} and
calculate

L(Yu) = AP (;,,qu —ep 2™ Yu)

= Yilog f + A" (¢, [, ¥Y]u+ (5, V1Equ — [ 81" Y] ).
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976 S. Plis

There are ay k, B4,k € C such that

n
[Eq! Y] = Zaq,kgk + Bg.x Xk
k=1
and so
— n — —
APIE, (5, Y] u =" agq+ D APPB, EpXpu + APPZ pu,
q k=1
where Z, are vector fields under control. This gives us
|APa¢, [4. Y] ul < CAPP (1 +> |ﬂp,kc,,xku|).
k
In a similar way we can estimate AP [p, Y]un and we obtain

IL(Yw)| < CAPP(l +> |;pxku|).

k

Therefore

L(Xu+ D | Xk — )1
k

> APP Z (prk(u - QD)) (ZpXk(” - ¢)) - CApp(l + Z |§1’Xku|)

k=1 k
> APP Y (¢, Xpul* — CAPP (14 |gp Xul).
k k

Now for B large enough, since L(v)(z9) > 0, we have contradiction with maximality of
v. Hence v < 0on S and so NXu(P) <C. O

Lemma 3.5 Let X be a vector field orthogonal to 02 at P. We have
IXXu(P)|| = C,
where
C =Clplcai@y I ot 1 =@ I9lleatay. 1X ot lullcor g))-

Proof By the previous Lemma it is enough to prove that
= ~10,1
6 = € (¢ = [5.8]"" ) ucp)

for every vector field ¢ € T'-OM tangent (at P) to S2.

Because our argue are local we can assume that P =0 € C". Let ¢1, &2, ...5, € T"0 be
an orthonormal frame in a neighbourhood of 0 such that {xp = —6&k,. We can assume that
{1 = . By the strictly pseudoconvexity we have (¢ — [¢, £1%)p(P) # 0, so we can also
assume that (£¢ — [¢, ¢1%De(P) = 0.

From the strictly pseudoconvexity and using the Proposition 1.1 (for k = 2) we can choose
J-holomorphic disk A such that 1(0) = 0, a—}Z‘(O) = a¢ and
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The Monge—Ampere equation on almost complex manifolds 977

poAr(z) =blzI* + 0(|z*) 3.1)
for some a, b > 0. In particular we have
|z|* < Cdist(A(z), Q). (3.2)

Indeed, for a > 0 small enough, by the proposition 1.1 (for k = 1) there is a J-holomorphic
disk X such that 4(0) = 0 and g—;‘(O) = a¢. Then (by changing coordinates) we can assume
(¢ J)(0) = 0, so for any J-holomorphic disk A such that 1(0) = 0 and %(0) = a¢ we have

2 a2 2 .
27%(0) = —J;,‘la)tv 0) = —37)2‘(0). Now if we put
0% 2 ¥p = 10,1 3%p
220 = 4 —2(c - ’ —4 0
9x2 0 =a (0, 952 ) (§§ [¢.¢] ) p(0), Brions (0)

we obtain (3.1) with b = a2(¢z — [£, £1%1) p(0).
Once again changing coordinates we may assume A(z1) = (z1,0), & (0) = % for
k=1,...,n and for every J-holomorphic disk u such that ;£(0) = 0 we have

32u
0207

We can find a holomorphic cubic polynomial p; and a complex number « such that

9(2) = ¢(0) + ¢'(0)(2)

0) =0. (3.3)

n 2
+Re Z ——uz, + pi1@ +azlul? | + 03zl + 12 + ... + 1z,
i 0210zZp
By (3.2) we can choose another cubic polynomial p, and numbers 81, 82, ..., B, € C, B1 >

0 such that

n
Rez, =Re [ D" Bp21Z, + p2(2) | + Oz + |22l + ... + [z4[*) 0 9Q.
p=1

Then we obtain

9(2) +¢(0) = ¢'(0)(@) +Re | D apz1zp + p3(@) | + O(lzal* + ... + |za]?)

p=2
for some numbers ay, ..., a, € C and a new cubic polynomial p3. Hence
n
u(@ —u =Re [ D apzizp+pa@ | + 00 +...+ 1z (G4

p=2

for z € 92 and same polynomial p4.

Let B > 19 and D = B~ max{|az|, ..., |a.|}. By the Proposition 1.1 (again for k = 2)
there is a family of J-holomorphic disks g, : D — C", w € C* !, g, = (g,lu, o 8n)
such that

5 Constants C below do not depend on the constant B.
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978 S. Plis

gw(0) = (0, w),
gw ap dn
—_— ={,——=,...,—),
a2 ) = (1, 3’ B)

8w — Alles = C(Jw| + D)

and a function G : D x C"~1 — " given by G(z, w) = g, (2) is of class C*. Then we have

anz anz
lgw (@) — (Wi + 2, wa — % oy = =) < CIzPP(jwl + D) (3.5)
for z € D and by (3.2)
Iz] < C(/|w|+ D) (3.6)

if gy (2) € Q. )
We can choose domains U ¢ D, V . C"~!, W ¢ C" suchthat0 € W, G(OU x V)NQ =
¢ and G|y vy is a diffeomorphism onto W.
Let

h(gw(2)) = Repu (@) + AB[w]® + ¢p,
where A, ¢ > 0 and p,, is a holomorphic cubic polynomial in one variable such that
Repa(gu(2) = Repu(2) + awlzl” + Rebuz|zl” + 0(1z*)

for some a,, € R, b, € C. Note that |b,,| < C(Jw| + D) and by (3.3) |ay| < C|w]|. Thus
enlarging A (if necessary) and using also (3.6) we obtain

1
Repa(gu(2)) < h(gw(2)) + 5D2|z|2 3.7)
on 0L2.
By inequalities (3.5) and (3.6) we have
n
2> Reag,,(2)gh (2)
k=2
- akgzlu(z) k 2 akgzlu(Z) 2 k 2
=2 B|l- =5 —a@P - =P — 12, @)l
k=2

1
< B(lw* = D*|z]* + Clz|*(lw|* + D?) < CBlw|* - 502|z|2

for B large enough. By an above estimate, (3.4), and (3.7) we obtain that if A is large enough
then 2 > u —u(0) on 32N W. Again enlarging A we can assume i > u —u(0) on 9§ where
S = QN W. Since i90h is under control for € enough small we get an inequality

(i9dn)" < (iddu)"

on the set S N {iddh > 0}. This by the comparison principle gives us & > u — u(0) on S.
Note that hy > un, ¢;7 =0and oy = hy — oy = hy + €, so we can conclude that

uip =u — @11 = (N —UN) P17 = €017-
O

Finally we will obtain the interior C!-! estimate, which together with previous lemmas
gives us a full C!+! estimate. By a standard argumentation this ends the proof of Theorem 1.
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The Monge—Ampere equation on almost complex manifolds 979

Lemma 3.6 We have
| HullL~@) < C, (3.8)

where Hu is a Hessian of u and
1
€ = C (oo 1 llens Iulleor oy, I1Hull=asy)) -

Proof Let us define M as the biggest eigenvalue of the Hessian Hu. We will show that the
function

A =yeKIVel

where a smooth plurisubharmonic function ¢ > 1 and a small positive number K will be
determined later, does not attain maximum in 2. Because a function u is plurisubharmonic
this will give (3.8).

Assume that a maximum of the function A is attained at a point zp € €2 (otherwise we
are done). There are ¢q,...,¢, € TZIO’OM orthonormal at zg such that the matrix (A pz) is
diagonal at zg. Let X € T, M be such that ||X|| =1land M = H(X, X). We can normalize
coordinates near zg such that zo = 0 e C", = a (0) and J(z,0) = Jy for small

z € C. Let us extend X as z— and then in a natural way we can extend ¢y, ..., ¢, to some

neighbourhood U of 0 such that [¢k, X1(0) = O and [, {k](O) =0fork=1,...,n. Indeed,
on U NC x {0} we can put ¢ as the same linear combination of vectors 38 ‘
Then for some small @ > 0 we can take (for {; not tangent to C x {0}) J- h010m0rph1c dlSkS
dy : D — U such that di(0) = 0 and ad" (O) = atx(0), and on the image of d; we can put

Gw)=a"! ad‘ (dk (w)). On the end we extend the vector fields on whole U.

Let
(st %)
9x1° 9
v = weklv"P ;q 5 07 \I—'emv”lz(ux,x, + Tu)onU,
Frl
where ¥ = ‘// and T is a vector field (which is under control), then also a function v has

I(,xl 12

a maximum at O (in particular L(v) < 0). Letus put it = uy,,, + Tu (then I%(O)IZM(O) =
M (0)). Note that we have XYu < Cu for vector fields X, Y (which are under control).
Assume > 1 (otherwise we have A < C, so we are done).

From now all formulas are assumed to hold at 0. We estimate L (v) from below:

(\pemvmz) (\pemvm) -
\IjeK\Vu\z

L) =L (\yeK'V“'z) o+ WeKIVUP L (1) —2APP

To estimate the first term let us calculate
L(\IJeK|V”|2)
o
= KIVUEAPP (W5 4+ 2KRe(W,(|Vul?)5) + KW (|Vul?) 5
+K2W[(|Vu?) P, APP(\Vul?) pp

= APP S (@pCpman)ug + wr(EpTpiiu) + (Cpmia) (Epiiete) + (Epmete) (piieue))
k
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980 S. Plis

= > ((og flrug + (log fzur)
X
+APP Z((;p[;p—a mdwug + ((Cp, mdup)ug + CplCp, Ml + (Cp, Txlup)ug)
X

+APP > (2KRe (i[5, Ep]" wng) + Epmead) (¢piin) + (cpmin) (Epiten) )
k
where 71, ... n, is an orthonormal frame such that 1, (0) = ¢, (0). Therefore we have
_ 1 _ _ _
APP(VuP)pp 2 = C+ APP 2 ((Epte) (epGine) + (Epteae) (Eptin) = C).
k

hence

L(weKIV) > — ceKIVu?
-
+ eKIVul” ppp (\Ppﬁ —CKIW,| Y (|”p12| +lupl + 1))
k
2 = l
+ KIVul Apqu(EK —CK? Z (|”p12|2 + |upk|2) .
k

Let us start the calculation for the second term
L(w) = L (uxyx)) + L(Tu),
L(Tu) < T(log f) = C(u+1) > APP,
L(uy,x,) = (log f)xm + APP AT X (2,0, — [ 2] Dl
+APP (¢, [Cp, X] Xu + £, X] SpXu+ XCp [Ep, X]u+ X [¢p, X] Epu
+XX [, 5] u)
= (10g P +APPATX (¢,8 — [6p. 8 ]"") ul?
+APP ([¢p, [Ep, X]] Xu+ X[Ep, [, XMt + [X, [Ep, X]] £pu
+[X. [2p, X1] Epu) + APP (X [X 2. E,,](“] U+ (X, [, E,,]O’I]Xu)
> —C(u+1)y AP
and we obtain
L(w) = —Cpu Y APP.
Now we come to the last term

(\pemvwz) (\pemvmz)
P

WeKIVu?

. 2 |V, ]2
= —2APPKIVHI (T” +2KRe(W,(|Vul?) ) + K2\I/(|Vu|2)13(|Vu|2)p)

_DAPP r

2 i (1Y)
> —2eKIVul PP (; + CKIW, | D> (el + lupe) + KD (u i + |upk|2)).
k k
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Therefore there is a constant Cy > 1 which is under control such that

2
K|Vul® 4 pp 1 2 2 2 Iyl
L(v) > peXIVul APP(\IJpp+lIJ(2K—C0K )Zk:qup,ﬂ +lup ) = 20

.
— CopeX VU APP (1 4 K)(1 + |x11,,|)(1 +>° (|up,;| + |u,,k|)).
k

For a proper choice of K and (K = ﬁ, ¥ = e4? + 4e where % < ¢ < 1 is strictly

plurisubharmonic in a neighborhood of € and A is large enough) we can conclude that
L(v) > 0 and this is a contradiction with the maximality of v. O

4 Maximal plurisubharmonic functions

We say that a function u € PSH(2) is maximal if for every function v € PSH(L2) such
that v < u outside a compact subset of 2 we have v < u in Q.
Now we want to find the solution to the following Dirichlet problem:

u € PSH(Q) NC(Q)
u is maximal “4.1)
u=¢ on 9L,

where € is a strictly pseudoconvex domain of class C'! and ¢ is a continuous function on
a82.

Proposition 4.1 If ¢ € C11(Q), then there is a unique solution u € C*'(Q) of the problem
4.1) and

lullgor gy < € = C (Iolleor gy m(o). l@llcetr) -

Proof The uniqueness is a consequence of the definition.

To prove the existence assume that p is smooth. There are an increasing sequence ¢ of
smooth functions such that ¢ tends to ¢ in C'! norm. By Theorem 1 there is a solution iy
of the following Dirichlet Problem

ux € PSH(Q) NC®(Q)
(i99up)" = & (i93p)" in Q
Up = @ on 0L2.
By Lemma 3.3 ugllco1 gy < C(llpllco gy m(p). ¢]lccr1). Now we can put
U= kli)ngo Up.
It is enough to show that u is a maximal function. Let a function v € PSH(S2) be smaller

than u outside a compact subset of 2. From the comparison principle (Proposition 2.2) we
obtain

P
v+ o —sup(e — @) <up
k- aq

for p > k. Taking the limit we conclude that v < u in Q.
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In the general case we can assume that ¢ is a plurisubharmonic function on €2 (by adding
Ap for A enough large). We can approximate 2 by an increasing sequence of smooth strictly
pseudoconvex domains € such that [ J, Q¢ = € and lollco.1 (g, m(p) are under control,
where py are strictly plurisubharmonic smooth defining functions for €2;. Let u; be a solution
of the following Dirichlet Problem

up € PSH(Q) NC(Q)
uy is maximal
up = ¢ on 0.

Then u; > ¢, hence it is an increasing sequence and again we can put
= lim uy.
k—o00

If vis as above, for every ¢ > 0 we have v — ¢ < uy outside a compact set for k large enough.
So we obtain v < u and conclude that « is a maximal function as in the statement. O

Note that in the above proposition it is not enough to assume that ¢ is C1¢ regular
for some o < 1. Indeed, one can show that if Q is strictly pseudoconvex, P € 92 and
¢(2) < p(P) — (dist(z, p))'**, then a solution of (4.1) is not Holder continuous with the
exponent greater than 1;"‘

Theorem 4.2 (Harvey, Lawson [4]) There is a unique solution u of the problem (4.1).

Proof Let ¢y be an increasing sequence of smooth functions on € such that limy_, o ¢x = .
By Proposition 4.1 there is a sequence uy of solutions of (4.1) with boundary conditions ¢y
(instead of ¢). Because

ug < up < ug + sup(e — @r)
a0

for p > k, the sequence uy is a Cauchy sequence in C($2). Similar as in the previous proof
we can conclude that its limit « is a solution of the problem (4.1). O

Note that we can also prove the above theorem directly from Theorem 1.
The following proposition shows that being a continuous maximal plurisubharmonic func-
tion is a local property.

Proposition 4.3 Let Q C M and u € PSH(R2). Then

(i) If u is maximal then u|y is maximal for every U C €2;

(ii) If Q2 is such that there is a bounded strictly plurisubharmonic function p € CX(Q2), u is
continuous and every point in Q2 has a neighbourhood U such that u|y is maximal, then
u is maximal.

Proof (i) Suppose that v € PSH(U) is such that v < u outside a compact subset of U.
Then max{u, v} € PSH(L2) and we obtain v < max{u, v} <u on U.

(ii)) We can assume that p < 0. Lete > 0, v € PSH(2) and let 79 € €2 be a point where a
function v + o — u attains its maximum. By (i) there is a strictly pseudoconvex domain
Q C Q with a smooth plurisubharmonic defining function p such that zg € Qand u lg
is maximal. Note that there is & > 0 such that a function p — £ is plurisubharmonic
in some neighbourhood of cl(€2). Hence a function ¥ = max{v + ep, v + e(p — p&)}
is also plurisubharmonic and v — u attains a maximum only in some compact subset
of Q, which is impossible because ulg is maximal. As & and v were arbitrary we can
conclude that the function u is maximal. O
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In [4] the authors consider problem (4.1) for (7 )-harmonic functions which they define
in a different way than we define maximal functions but we will see that these concepts agree.

Let 2 C M andu € CNPSH(L2). We say that u is F(7)-harmonic if for every U C Q
and for every smooth strictly plurisubharmonic function ¢ < u on U we have ¢ < u on U.
One can show (using the comparison principle) that C> F(.7)-harmonic functions are exactly
€2 solutions of (1) with f=0.

Proposition 4.4 Let Q2 and u be as above. Then

(i) If u is maximal then u is F(J)-harmonic;
(ii) If 2 is such that there is a bounded strictly plurisubharmonic function p € C*(2) and
u is F(J)-harmonic, then u is maximal.

Proof The first assertion follows from definitions. To proof (ii) we can assume, by Propo-
sition 4.3, that 2 is a smooth strictly pseudoconvex domain with defining function p such
that u € C(RQ). Let ¢ > 0. By Theorem 4.2 there is a continuous maximal plurisubharmonic
function ugp equal to u on d2. By Theorem 1 there is a smooth strictly plurisubharmonic
function u; such that u — & < u; < u on a boundary and

_ 1 _
@90u)" = 58"(1'33,0)’1.
Then using the comparison principle (Proposition 2.2) we obtain
up+ep —e <up <u =< ug

and thus we get u = ug. O
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