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Abstract. We continue to study the Mordell-Weil groups of unirational
quasi-elliptic surfaces. We classify them in the case of rational quasi-elliptic surfaces in
characteristic 2 and show how to construct them from the projective plane. In the
classification, a key role is played by a theorem which guarantees that the relevant
properties of unirational quasi-elliptic surfaces are determined explicitly by the equations
of the surfaces as affine hypersurface.

1. Introduction. This is the first of a series of papers on the Mordell-Weil groups
of unirational quasi-elliptic surfaces in characteristic 2. In our previous paper [5], we
defined a group structure, which we call the Mordell-Weil group, on the set of K-rational
points of a quasi-elliptic curve over the function field K of a nonsingular complete
curve, or equivalently, on the set of sections of a quasi-elliptic fibration over a nonsingular
complete curve. In that paper, we proved that the Mordell-Weil group of a unirational
quasi-elliptic surface is a torsion group and isomorphic to (Z/pZ)®" with r>0, and
classified the degenerate fibers of a quasi-elliptic fibration, the torsion-rank r of the
Mordell-Weil group and the Néron-Severi group in the case where the characteristic
of the ground field k& is 3.

In the present paper, we continue to study the same question in the case of
characteristic 2. Considerable differences and difficulties turn out to be involved,
compared to the case of characteristic 3.

For example, the Weierstrass form of a quasi-elliptic curve in characteristic 2 is
more complicated, and more cases have to be considered in the classification. In this
paper, we treat the Weierstrass form of a quasi-elliptic curve over the rational function
field in characteristic 2 and classify the degenerate fibers, the Mordell-Weil group and
the Néron-Severi group of a rational quasi-elliptic surface in characteristic 2. The first
main theorem is Theorem 1.1 below, which generalizes a result in Miyanishi {7]. In
Theorem 5.2 we classify degenerate fibers and the torsion-rank.

THEOREM 1.1. Let k be an algebraically closed field of characteristic 2 and let
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H =k(x, y,t) be an algebraic function field of transcendence degree 2 generated by x, y,
t over k such that y*=x3+@(t)x+y(t) with o(t), y(t)ek[] and either (1) ¢k[1]* or
Y(t)¢k[t]?. Define m by

m=max {I:% deg (p(t):l, |:% deg 1/1(t):|} ,

where [Z] signifies the greatest integer not exceeding z. Assume further that the follawing
conditions hold:

(1) () has no monomial terms of degree congruent to 0 modulo 4.

(2) (1) has no monomial terms of even degree.

(3) For every root a of p(t)e'(1)*+y'(1)*=0,

min{v,(¢(1) -4, v,(h(1)—6}<0,

where v, is the (t—a)-adic valuation of k(t) so normalized that v,(t—o)=1.

Then we have the following:

(@) Ifm=0, then A is rational over k. If m>=1, then A is not rational over k and
a minimal model H exists.

(b) Ifm=1, then H is a (supersingular) K3 surface.

() If m>1, then p(H)=p,(H)=m, dim H'(H, 0g)=0, the r-genus P,(H)=
r(m—1)+1 for every positive integer r, and the Kodaira dimension x(H)=1,
where p, is the arithmetic genus and p, is the geometric genus.

For the proof in Section 3, we use a method of double coverings as was used by
Miyanishi [7] to obtain analogous results in characteristic 3 and partially in charac-
teristic-2, but we have to look into singularities of the ramification loci more carefully.
Moreover, we exhibit the configuration of degenerate fibers of a rational quasi-elliptic
surface and its sections, and show how to obtain it from P2 by blowing up nine points
(see Section 5).

The author would like to thank Professors Masayoshi Miyanishi and De-Qi Zhang
for stimulating discussions on this subject and Professor Igor V. Dolgachev for calling
his attention to the book of Cossec-Dolgachev [4]. The author also extends his gratitude
to the referee for precious advice on the improvement of this paper.

2. The Mordell-Weil group of a quasi-elliptic surface. Let X be a nonsingular
projective surface over an algebraically closed field & of characteristic p. X is said to be
a quasi-elliptic surface if there exists a morphism f: X—C onto a nonsingular projective
curve C such that almost all fibers of f are irreducible singular rational curves of
arithmetic genus 1. The morphism f (or X itself) is called a quasi-elliptic fibration. It
is a well-known fact that such surfaces exist only if p=2 or 3 (cf. [10]).

In the present paper, we consider exclusively the case where X is unirational, i.c.,
the case where C= P* (cf. [7]), and assume that every quasi-elliptic surface has a section,
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denoted by O, which is a morphism from C to X such that f - O=id,.

For. a quasi-elliptic surface f: X— C, we use the following notation:

X,: the generic fiber of f: X>C

P, : the unique singular point of X, (cf. [7])

K=k(C): the function field of C

E:=X,— P, which is a smooth algebraic curve over K

R={veC; f~'(v) is reducible}

T @)=0,0+Y ] '4,:0,:: theirreducible decomposition of £ ~(v) forve R,
where 0, ; (0<i<m,—1) are the irreducible components of 1 ~!(v), m, is the
number of the irreducible components and @, , is the unique component of
f~Y(v) meeting the zero section (0).

E(K): theMordell-Weil group, which is, by the definition, the set of all K-rational
points of E, and endowed with a natural structure of the additive group (cf.
[5D.

NS(X): the Néron-Severi group of X

T: the trivial lattice, which is, by definition, the subgroup of the Néron-Severi

group generated by the zero section (O) and all the irreducible components
of the fibers.

For every Pe E(K), we denote by (P) the prime divisor of X which is the image
of C by the morphism C—X induced by P, and we define a map ¢ from E(K) to
NS(X)o=NS(X) ®,Q by

(@v,l P )
PP)=(P)—=(0)—(P-O)—(ONF= Y Oy 1, -+, Opm,— )4, : ,
veR ( o . P)

v,my

where (P - O) is the abbreviation for ((P)-(0)) and A4, is the negative definite matrix
(@, 0, ) j>1 of size (m,—1). This ¢ is a homomorphism and induces a natural
isomorphism

2.1 E(K)~NS(X)/T

(cf. [5, §21). We can define the height pairing < , > on E(K) via this isomorphism,
(P, @5>=—(o(P)-9(Q))

for P, Qe E(K), where the right hand side is induced by the intersection pairing on

NS(X)g. The explicit form of this height pairing is

<P’ Q>=X+(P.0)+(Q.0)—(P.Q)— Z Contrv(P’ Q)’

veR

where
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0 if P or Q passes through @, ,
Contru(P, Q) = { (_Av_ 1)ij if (P . @-v,i) — (Q . @v,j) =1 with i, ]> 1 R

and y is the Euler-Poincaré characteristic of X. In particular,

2.2) (P,P)>=2y+2(P+0)— Y, Contr(P),

veR
where

0 if P passes through @, ,

Contr,(P)= { (—A; 1)“_ if (P-0,)=1 withi>1,

(cf. [8]).

3. Proofof Theorem 1.1. Assume p=2. Asin Miyanishi [7, (1.4)], X is birational
over k to a hypersurface in the affine 3-space 43 defined by

3.1 y2i=x3+p@)x+y()
with @(1), Y(¢) ek[t] such that either o(z)¢k[t]? or y(¢r)¢k[]?. Let

A=) (Y +¢'()* ekl1],

where ¢’(t) and y'(¢) are the derivatives of ¢(¢) and ¥(z), respectively. i3y a birational
transformation t=1/t, E=x/t>"*2 and y=y/t>*3, X is also birational to the affine
hypersurface

n?=E+ (1)l + (1),

where ®&(t)=1*"**p(1/1), P(r) =1°"*%Y(1/7) and m=max{[deg ¢(¢)/4], [degy(?)/6]}.
We set 4 (1)=D(1)®'(t)? + P'(r)%. By a straightforward computation, we have

(3.2) A (1) =112m+84 <i> .

T
We call A(r) or A () the discriminant of X.

LemMma 3.1. By a suitable choice of coordinates (x, y, t), we may assume that the
Sfollowing conditions are satisfied:

(1)  @(t) has no monomial terms of degree congruent to 0 modulo 4.

(2) Y(t) has no monomial terms of even degree.

3) min{v,(e(t))—4, v,(b(1))—6} <0 for all roots a of A(t)=0.

Proor. If the condition (3)is not satisfied for some root a of A(¢)=0, divide both
sides of (3.1) by (¢ +a)° and replace the coordinates (x, y, t) by (x/(t+a)?, y/(t+a)3, 1).
After a succession of operations of this kind, we may assume that the condition (3) is
fulfilled. Suppose ¢(r) is written in the form



MORDELL-WEIL GROUPS 225

o) =o()+ o, (1)*,

with @¢(2), @,(¢) € k[t] such that ¢(t) satisfies the condition (1).
After a transformation (x, y, t)— (x +@,(t)%, y+ @,(t)x+ ¢,(2)%, t) we have

y2=x3+0o(1)x+ @o()e1(t)* +¥(r)

which satisfies the condition (3). As for the condition (2), the monomial terms of even
degree in () can be absorbed by y-term. O

RemARk 1. The above operations to get the conditions (1) and (2) fulfilled do
not change the discriminant A(z).

Proof of Theorem 1.1 consists of the subsequent Lemmas 3.2-3.8. Let ¢ be the
algebraic function field as in Theorem 1.1. We assume that ¢(¢) and y(¢) in the equation
(3.1) satisfy the additional conditions in Lemma 3.1. A rough idea of our proof is, first
of all, to construct a nonsingular model H of # as a double covering of a rational
surface obtained from P' x P! by blowing-up, which turns out to be a quasi-elliptic
surface with a section, and secondly to contract all (— 1)-curves contained in the fibers
of the quasi-elliptic fibration to obtain a relatively minimal model A of H. Then, by
virtue of Miyanishi [7], it suffices to show that y(€0z)=m+ 1 with the notation as in
the statement of the theorem (cf. [7, Lemmas 1.5 and 1.6]).

LeMMA 3.2. After a change of coordinates x and y, we can rewrite the equation
(3.1) in the form

yi=x34+a(t)x2+f(O)x+y(t),

where a(t), (t), y(t) are polynomials in k(t] having no monomial terms of even degree
and the integer m defined in Theorem 1.1 is given as

1 1 1
m=max {[? deg a(t):l, [—4_ deg ﬁ(t)], [? deg y(t)]} .

PrOOF. Write @(t) =a(¢)? + B(t) and y(t) =y(¢) with « and  having no monomial
terms of even degree. Then the coordinate change (x, y) (x +a, y+(af)!/?) will give
the above-form with () =7(r). It is easy to find that the integer m in Theorem 1.1 is
given as above. O

Put A(x, t)=x3+a(t)x%+p(t)x+y(¢t) as a polynomial in k[x,t]. Consider a
hypersurface y2=A(x,t) in the projective 3-space P} with the affine (x, y,t) space
embedded in P} as (x,y,t)—[x,y,t, 1], which is birational to a double covering of
F,:=P} x P.. Let py: Hy— F, be the normalization of F, in #". The equation A(x, t)=0
defines a closed curve C on F,.

Now we introduce the following notation: Consider the P'-fibration # :={/,; [, is
defined by t=a} on F, defined by the second projection p,: Fo—P;. We denote by
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the fiber 1= oo and by S, the cross-section x= co. Let 6: F— F, be the shortest succession
of blowing-up of F, at the singular points of C and their infinitely near singular points
such that the proper transform C=6'(C) of C on F becomes nonsingular. Let S, =6'(S,)
and I :=d'(l,) be the proper transforms under ¢ of S, and /.. We denote by a, b, ¢
the degrees of a(¢), B(t), y(t), respectively.

We shall describe the configuration of C on F, and 6~ '(/,uCuS,) on F.

LemMMA 3.3. (0) We distinguish the following four cases by means of the degrees
of (1), P(¢) and y(1).

D a=bzc,) b>a,bzc;(Il) c>a,c>b;(AV) a>b,azc.

The configuration of [,,uCuU S on F, for each case is shown in Figure 1.
(1) Inthe case (1), C has no singular points onl, and S, and & is the identity morphism.
(2) In the case (I), we have the following three cases:

(II-1) a/2<b/4 and b=1 (mod 4); then b=4m+1, a<2m and c<b.

(I1I-2) a/2<b/4 and b=3 (mod 4); then b=4m+3, a<2m+1 and c<b.

(I11-3) a/2>b/4.

The configurations of ¢~ (I, UCUS,,) of these cases are given in Figure 2.
(3) In the case (III), we have the following three cases:

(II-1) max{a/2, b/4}<c/6.

(II1-2) max{a/2, b/4}>c/6 and a/2<b/4.

(I11-3) max{a/2, b/4}>c/6 and a/2>b/4.

In the case (I11-1), we have m=[c/6]. Hence c=6m+1, 6m+3 or 6m+5. According
to the values of C, the case (I1I-1) is divided into three subcases.

(II-1-1) c¢=6m+1, a<2m and b<4m.

(III-1-2) c¢=6m+3, a<2m+1 and b<dm+1.

(III-1-3) c¢=6m+5, a<2m+1 and b<4m+3.

The configurations are given in Figure 3.

In the case (111-2), we have m=[b/4]. Hence b=4m+1 or 4m+3. According to the
values of b, the case (I11-2) is divided into two subcases.

(II-2-1) b=4m+1, a<2m and c<6m+1.

(I11-2-2) b=4m+3,a<2m+1 and c<6m+3.

The configurations are given in Figure 3.

(1) foo )

FIGURE 1.
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Case (II-1)

(C-8) =2a~band (C-Epa) =2

FIGURE 2.

In the case (111-3), we have m={[a/2]. Hence a=2m+ 1. In this case, we have three
subcases.

(1I-3-1) (c—a)/2=c—b.

(I11-3-2) (c—a)/2<c—b.

(I11-3-3) (c—a)/2>c—b.

The configurations are given in Figure 3.

(4) In the case (IV), the configuration of 6~ (I, uCuS,) is given in Figure 4.

Proor. (0) Itis easy to see that the cases (I)(IV) exhaust all possible cases. In
each of the four cases, the configuration of [, uCuS, is elucidated by locating the
singular points of C and writing a local equation of C which will be treated below in
each case.

(1) Write
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Case (III-1-1)

—(2m+1)

Case (III-1-3)

(C Fom—ces) =2.
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Case (III-3-1)

Case (11I-3-2)

Ee_ay/o-
—(c—a)/2 (c—a)/2-1

(€ - 5) = (3a — ¢)/2 and k is some positive integer.

Case (I11-3-3)

/’ Eepi1

(C-8s)=2a-b.

FIiGURE 3.

(C-85) = a and k is some positive integer.

FIGURE 4.

a(t)=cot®+c, t* 1+ te,
(3.3) B()=dot" +dy1* "' + - - +d,
WE)=ept+e 7+ +e,.
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Then £31°4(1/&, 1/1) is written as

(3.4 %+ (CoteT+  + ¢tV +(do+dyT+ - +dyT)E?
+(eg+e T+ - +er)r Ul =0,

where £=1/x and 7=1/¢, and we may assume cydye, #0. This is the equation for C
near the point P, :£=0 and r=0, and it can be formally (analytically) written as
¢+1°=0. Thus, C is smooth at the points P :=S_n/, and meets S, with order of
contact ¢ and intersects /,, transversally at three distinct points. Thence we obtain the
above description for C at P_.

(2) In this case, C has a singular point at P, :=S,nl/,, and C intersects
transversally / at the point (x, t)=(0, 0), whre t=1/¢ (see Figure 1). Indeed, C is
formally written at P, as

Pt (coteyt+ He NPT+ E2=0,

where I, and S are defined respectively by =0 and ¢=0.
By blowing-up of P, and (/—1) infinitely near points lying on S, we obtain
coordinates £, ..., & such that

6=T€1’ él =T€25 sy 61—1 =T£1 s
and that the proper transform C of C is given by

Tb_21+(c0+c1,r+ e +Ca.ra),rb—a—lél+élz=0

provided b>2/ and b>=a+1. To describe the configuration of 6~ }({,uCuS,) on F we
distinguish three subcases.

Consider first the case b/4>af2. Since c<b, we have m=[b/4] by Lemma 3.2.
Noting that b#0 (mod2) by hypothesis, we have either b=4m+1 or b=4m+3. If
b=4m+1 then a<2m and we can take /=2m. Then C is also smooth at the point
(é,,=0, 1=0). This is the subcase (II-1) above. If b=4m+3 then a<2m+1 and we
can take I=2m+1. Then C is smooth at the points (¢,,,4,=0, t=0). This is the
subcase (II-2) above. Consider next the case b/4<a/2. Then m=[a/2] and a=2m+1.
So, b<4m+ 1. In this case, we can take /=b—a, and C is written at the points (£;=0,
7=0) as

1227 L (co+cyT+  + e t)E+EE=0.

Since ¢, #0, C meets the curve E, as two points =0 and &,=c,. This is the subcase
(1I-3) above.
(3) The formal equation for C at P, is given by
T4 (cot T+ eV Y+ (dg+dyTt+ - +dtP)TPER+ E3=0.

Thus we have (C+/)=3 and (C-S,)=c (see Figure 1).
As in Case II, the blowing-up of P and (r—1) infinitely near points of P, lying
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on S, allows us to introduce &,, ..., &, such that
=18y, &1=18, .., &y =1,
and that proper transform € of C is defined by
T (ot et e A (doHdit +d T T TTER 4 E3=0

provided ¢=3r, cza+2r and c=b+r.

We further distinguish three cases.

Consider the case (III-1), where m=[c/6] by Lemma 3.2. Then we can take r=2m,
r=2m+1 and r=2m+1 according as c=6m+1, c=6m+3 and c=6m+ 5. In the case
c=6m+35, i.e., the case (III-1-3), the equation for C is equivalent to

124 (cotet+ +e )2+ (dy+dit+ - APt e+ E3=0,

where 172 (or 77 1) stands for a monic monomial in 7 of degree >2 (or >1). So, we
have to blow up the point (£,=0, 7=0) to desingularize C. The other cases can be
handled similarly.

Consider the case (III-2), where m=[b/4]. Then, for r=c—b, we have
T2 (ot ey AN TUTE H(doHdy T +dt)El +E) =0,
where 3b—2c>0and 2b—a— ¢ > 0 under the hypothesis. So, C meets the last exceptional
curve E,_, at two points (£,=0, t=0) and (¢,=d,, 1=0), where the latter point is a

smooth point of €. Near the point (£,=0, 7=0), the equation for C is férmally equiva-
lent to

13724 (et TH oY B T L+ {220
Introduce {4, ..., by
(=1, ..y {o1=7Ls.
Then the equation becomes
TETETE A (et e YT T T+ (E=0,

provided 3b—2¢—2s>0 and 2b—a—c—520. If b=4m+1, i.e., the case (III-2-1), put
[=3m—(c—1)/2 and s=2I. Then

3b—2¢—2s=1 and 2b—a—c—s=2m+1—a>1.

So, the proper transform C of C after these s blowing-up is smooth. If b=4m+3, i.e.,
the case (I11-2-2), put I=3m—(c—3)/2 and s=2[+1. Then

3b—2c—2s=1 and 2b—a—c—s=2m+2—a>1.

Hence C is also desingularized.
Consider the case (III-3), where m=[a/2]. Looking at the equation
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Tc_3r+(co+clr+ . +CaTa)Tc_a_2r5,+(d0+d17+ ... +deb)Tc_b—r€3+€r3=0

for €, we can now compare the 7-degrees of the second and third terms and distinguish
three cases:

(I11-3-1) ¢—a—2r=0and c—-b—r=0,

(I11-3-2) c¢—a—2r=0and c—b—r>0,

(I1I-3-3) c¢—a—2r>0and c—-b—r=0.

The desingularization process for C at P is more or less similar to those treated above.
We only note that we need more attention in the case (II1-3-2).

(4) This case can be treated in a similar fashion. Note that C meets /, at two
points (=0, t=0) and (x=0, 1=0) when a>c, (x=¢ey/cy, T=0) when a=c, using the
same notation (3.3), (3.4) in the case I, where the latter point is a singular point (Figure
1). The desingularization is as illustrated in Figure 4. ]

We may write (6*4) uniquely in the form (6*4)=B—2Z, where B is a divisor
whose coefficient at each prime divisor is 0 or 1 and where Z is some divisor. Let D be
an effective divisor whose support is contained in the union & of the exceptional curves
which arise from the blowing-up at the singular points and their infinitely near points
of C in the affine part A7=F,—S,Ul,. Let D, and D, be the divisors determined
uniquely by the conditions that D, is an effective divisor whose coefficient at each prime
divisor is 0 or 1, D,>0, D, +2D,=D and Supp(D,uD,)=&. We note that in the
previous configuration of 6 (I, uCUS,), an irreducible component is drawn by an
unbroken (resp. broken) line if it is contained in Supp B (resp. not contained in Supp B).
We consider four cases separately.

CaseI. a=b=c

B=C+I ,+S,+D,
Z=28,+(m+ 1) —D,.
CaseIl. b>a,b>c
II-1)
B=C+I,+S,+(E;+Ey+ -+ +E)+ D,
Z=25 +(Q2m+ 1)1, +E)+Cm+2)(E,+E})+ -
+3m(Esp-2+ Eypm— 1) +Bm+1)E,,,—D, .
11-2)

B=C+1,+8,+(E,+Es,+ - +E,)+D,
Z=25,+2m+2)([,+E)+QCm+3)E,+E)+ -
+(@Bm+2)(Eym+Eypmi)—D, .
(I1-3)
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B=C+I +8,+(E,+E,+ - +E,_))+D,

- b+1 b+3 _
Z=2Sw+T(lw+E1)+T(E2+E3)+~--

+ 2b—2a—1 By +E, . )+ 2b—2a+1 E, .- D,.
Case IIl. c¢>a,c>b

(I11-1-1)

B=C+I1,+S,+E,+E;+ - -+E,,+D,

Z=285 +03m+0){I,+E +E,+---+E,,)—-D,.
(I11-1-2)

B=C+I1,+S,+E +E,+ - +E,, . +D,

Z=28,+03m+2( ,+E,+E,+ - +E,,.)—D,.
(I11-1-3)

B=C+T 4S5, +E +Ey+ +Eppry+D,
Z=28,+03m+3){I,+E +E,+ +E,,,)+(Bm+4E,,.,—D,.
(I11-2-1) '
B=C+I,+S,+E +E+ +E_,+F,+F,+ +Fgu_..1+D,

- c+1

Z=25_+ c+1 c+3

Fi+ 2

Jot+Es+Ey+ - +E )+ (Fy+F3)+ -

+3m(F6m-—c—1 +F6m—c)+(3m+ 1)F6m—c+1_D—2 .
(IT1-2-2)
B=€+Too+§oo+El+E2+...+Ec—b+F2+F4+.'..+F6m—c+3+51
= = | S = c+1 - c¢c+3 - _
Z=2Sw+%(1w+El+E2+-'-+EC_,,)+——2—F1+T(F2+F3)+---
+(3m+ 1)(F6m—c+1 +F6m—c+2)+(3m+2)(F6m—c+3+F6m—c+4)_52 .
(I11-3-1)
B=C+I +S +E +E,+ -+E._,+D;

- A= ¥l — —
Z=ZSGO+T(IOO+E1+E2+”.+Et—b)_D2'
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(111-3-2)

B=C+I1,+S_ +E,+E,+ --+E,+D,
c+1 —1
Z=2§, +V(l +E +E,+ - +E,_ a)/2)+ > Ee_gppsrt -

2c—a—2k+1 _ _
+L‘12—+Ek—D2,

where k is some positive integer.
(I11-3-3)

B=C+I +S,+E+E,+ - +E _,+E._,,,+E _,, 4+ +E_,+D,

- - c+1 - — c—1 _ _
Z=2§, +T(Tw +E +E,+-- +Ec—b)+T(Ec—b+1+Ec—b+2)

-3 _ — a—2b+2c+1 _ _ _
(EcopsatE_pia)+ -+ ‘—‘Z—h(Eb—a—l'i'Eb—a)'—DZ .

Case IV. a>b,azc
B=C+I1,+S,+E +E,+ --+E+D,
=28 +(m+ D) +mE,+(m—1)E, + - - +(m+1-k)E,—D,,
where k is some positive integer.

REMARK 2. In the above configurations of components and decompositions of
(6*A) into B and Z, we cannot explicitly determine the number of exceptional curves in
Case (I11-3-2) and Case I'V. The following lemma enables us to deal with the situation:

LemMA 3.4, Let 1=1/t and £=1/x. Suppose that the C has a singularity at the
point ©1=E=0 which is locally defined by the equation

n?=t(U, )+ V() +1W(), >0, s>0,

where either U(z, &)= Uy(t) e k[t] with Uy(0)#0 or U (z, &) =us(1)E2 + 1 u ()€ +ue(7)
with u(t)ek[t], u(0)#0 (i=0,1,2) and h>=s, and where V(1), W(t)ek[t] with
V(0) - W(0)#£0. Then one can resolve its singularity by a finite succession of blowing-up at
the singular point and its infinitely near singular points. Furthermore, the dual graph of
the configuration of the exceptional divisors is as given in Figure 5, where k is a positive
integer and the components belonging to B in the decomposition (6*A)=B—2Z are
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indicated as black vertices.

PrOOF. By blowing-up at 7 =& =0 and its infinitely near singular points, the lemma
can be proved by induction on s. O

Let o : F—F be the shortest succession of blowings-up of F such that if one writes
((60)*A) in the form ((66)* A)=B—2Z with divisors B and Z uniquely determined as
above, every irreducible component of B is a connected component of Supp(B), that
is, Supp(B) is nonsingular.

LemMa 3.5. Let H be the normalization of Fin X". Then H is nonsingular.

PrOOF. Let p denote the normalization morphism H—F. Let Q be a point of H
and P=p(Q)eF. If go(P) is not a singular point of C, then Q is a simple point by the
same method as in [7, (2.1)]. Suppose &¢(P) is a singular point of C which lies on the
fiber over t=co. Since we have the configuration of (o)~ !(/,uCuS,) one can show
by the same argument as in [7, (2.6.2)] that Q is a simple point. The case where Go(P)
is a sifigular point of CnA4Z=Cn(Fy—{x=0}u{t=00}) can be treated similarly. [

In subsequent arguments we need the following well-known lemma (cf. [1]).
Lemma 3.6. (1) Let D,, D, be divisors on F. Then
(p™' (D) p 1 (Dy)=2(D,* D,).

(2) If D is an irreducible curve contained in the support of B, then p~'(D)=24,
where A is a nonsingular curve on H. Moreover, if D= P}, then A= P}.

Now let g:=p,60p: H»P}, C:=0'(C), §,:=0"(S,). Since C, S =Supp(B) we
have ¢ 8, cSupp(B) Thus we can write p~Y(C)=2I" and p (S )= 22, with
nonsingular curves I' and X on H.

Let /={t=v} be a general member of &, and let /=(Gc)'(!). Then p~}(/)—
p~'(T)n X, is easily shown to be isomorphic to a curve y2=A(x, y) and p,(p (7)) =1.
Thus we obtain:

LeMMa 3.7. q: H- Py is a quasi-elliptic fibration with a regular cross-section X .

Let us illustrate the weighted graph of ¢~ !(c0)u X, . In Figure 6, a white (resp.
black) vertex corresponds to a component of ¢~ *(c0)u 2 which is not contained in
Supp(B) (resp. contained in Supp(B)). The weight at a vertex is the self-intersection
number of the corresponding component. Two vertices are joined by a single (resp.
double) edge if the corresponding components meet each other traflsversally at one
point (resp. touch each other at one point with multiplicity 2). If omitted, the weight
of a vertex is —2.

Now contract all (— 1)-curves contained in ¢~ !(c0) to obtain the minimal form of
g~ (o) (Figure 7). Note that no (—1)-curves appear in Cases I and IV.
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Casel. a=b2c

2a—-1
—(m+1) | p 22 .
Zoc

CaseIl. b>a,b2c

(11-1)
2m

—(m+1) —~—

2w 4 -1 -4 4 1
(11-2)

2m

—-(m+1) — PN .

Jow 4 -1 -6 -1 -4 -1 1 -4 1

(11-3)

2(2a—b) -1 bea
oy, [ o | .

Zoo

4 -1 -4 -1 4 -1

CaseIll. ¢>a, c>b

(111-1-1)

4m+1
—(m+1) , .

—O——0—0
zm _3

-1

(111-1-2)

4m+2
~(m+1) . 2 -~

Zoo -3

(111-1-3)

4m+3
-(m+1) - ~

Zo 6 -1 -4

-1
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(111-2-1)
6m—-c+1 2(c—-b)
~(m+1) , LI X .
Zxo -4 -1 -4 -1
(111-2-2)
6m—c+4 2(c—b)
~-(m+1) - -~ ~ -
Zo 4 -1 -6 -1 -1 -4 -1
(111-3-1)
3a-c-1 c—-a
—(m+1) - -~ ~ : : p ~ ~
Zoo -3 ) -1
(111-3-2)
3a-c-1
—(m+1) 5
.—C L 2 . 2 . L 2
Zoo
(II1-3-3)

—(m+1) I -~

*—O0——@ *
Zoo

CaseIV. a>b,a2c

I 2(a+k)—1
~(m+1) -~

oo

FIGURE 6.

To complete the proof of Theorem 1.1, we need the following lemma.

LemMa 3.8. If g (y) is a reducible singular fiber lying over the point t=7y with
y# 00, then y is asolution of A(t)=0, and the contraction of the (—1)-curves contained
in ¢~ 1(y) does not affect the self-intersection number of X .

ProoF. We may assume that C has a singularity at the point x=¢=0 after a
change of variables (x, t)— (x + B(y)'/?, t+7), and that C is defined locally by the equa-
tion x3+a(t)x2+ B(t)x+y(t)=0 with ¢ dividing «(¢), B(¢) and y(¢). Then, blowing-
up the singular point x=¢=0 and its infinitely near singular points, taking the nor-
malization of F, in )" as before and contracting all (— 1)-curves in the fiber of g so
obtained, one can easily find that the component of the singular fiber of g over =0
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Casell. b>a, b2c

(11-1) (11-2)
—(m+1) —(m+1)
o——D
2” Eeo
(11-3)

2(2a -
—(m +1) l :

Caselll. ¢>a,c>b

(11-1-1) (II-1-2) (1I1-1-3)
irreducible curve
—(m+1) | —(m+l) N —(m+l) with a cusp
X”
(111-2-1) (111-2-2)
—(m+1) I —(m+1)
—C D
Zoo Zoo
(111-3-1)
Ja—-c—-1
S W ey
2o
(111-3-2)
2k+4a—2¢c—1
—(m+1) ‘ T e o e e .
Zm
(I11-3-3)
2(2a -
—(m +1) :
FiGURE 7.

which intersects X, cannot be contracted by the blowing-down of all (—1)-curves in
g~ 1(0). We leave the details to the reader. See also [7]. O

Therefore we have (£2)= —(m+1).

Let §: H— P} be the quasi-elliptic fibration which is obtained from ¢: H—P} by
contracting all (— 1)-curves contained in the fibers. Let £ denote the proper transform
of Z_ under this contraction. Lemma 3.8 thus means that (£2)= —(m+1).
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Meanwhile, the canonical divisor formula for a quasi-elliptic fibration (see, e.g.,
[3]) implies
Ka~((0p—-2)F,

where F is a general fiber of §. Since £ is a cross-section of ¢, £ is isomorphic to
P.. Then, applying the arithmetic genus formula to X, we obtain

(O —D(F-£)+(E%)=—2
whence y(Og=m+ 1. By virtue of the arguments in [7], we then complete the proof
of Theorem 1.1.
Let #=R'§,04 Then deg &= —y(0g)= —(m+1). Hence deg(£® 12 @ wd?)=
12m+1)—4= 12m+ 8. By the remark given before Lemma 3.1, we have

Aw(1)=112m+8A<l_) .
T

This implies that {A(¢), 4,,(t)} gives rise to a section of F(Pk FP1D @ $?), which
we call the discriminant of the quasi-elliptic fibration §: H— P}

Thus we have an equality
(3.9 123(0 g —4=deg(4),

where (4) is the divisor on P! corresponding to the section {A(z), Am(r)} of I'(Pi,
g@( 12)®w®2)

4. Reducible singular fibers and the torsion-rank. In this section, we consider
reducible singular fibers which appear in a quasi-elliptic fibration in characteristic 2
and give the conditions for a combination of reducible singular fibers to exhaust all
degenerate fibers of a quasi-elliptic fibration.

To analyze the reducible singular fibers, we consider a Weierstrass equation in the
local case, that is, C=speck[[¢]].

LemMA 4.1. Let f: X—>C=Speck[[t]] be a quasi-elliptic surface with a section
defined by

yi=x>+o@)x+y()

with (1), W(t)ek[[t]] and either o(¢)¢k[[t1]* or Y(t) ¢ k[[t]]>. Then the equation of
X can be put into a form

(41) y2=x3+(a4t2‘+/32t"')x+y2t"
such that

4.2) B#0 or y#0,
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4.3) s=1 or 1<m<3 or 1<k<S5,

where each of a, B, y is either a unit in k[[t]] or a zero, and each of s, m, k is a positive
odd integer (resp. zero) if the corresponding coefficient a*, B2, y2 is not equal to zero
(resp. is equal to zero).

PrOOF. By Lemma 3.1 we may assume that ¢(¢) and () satisfy the conditions
(1), (2), (3) in Theorem 1.1. Note that Lemma 3.1 holds also for &k[[¢]] instead of k[¢].
Hence we can write

q’(t)___ Z ait‘“+2+ Z ﬁjt2j+1 , l//(t)= Z th2k+1 .
iz0 jz0 k=0
Let io:=min{i with «;#0} if a;#0 for some i and i,=—1 otherwise; let j,:=min{;
with §;#0} if B,#0 for some j and j,= —1 otherwise; let ky:=min{k with y,50} if
¥, #0 for some k and k,= — 1 otherwise.

We set a=oa; +aj ¢+ and s=2ip+1 if i{(,>0, f=p) + B} +1t+ -+ and
m=2jo+1 if j520, y=yi,+Vio+1f+ -, and k=2ko+1 if ky>0, where aj=o]",
B;=B}"* and y;=vi/*. Otherwise, we set a=s5=0 if ip=—1, f=m=0 if jo=—1 or
y=k=0 if ky= —1, respectively. Then the conditions of the assertion are satisfied in
view of Lemma 3.1. |

Using this local Weierstrass equation, we can classify the reducible singular fibers
as follows:

ProrosITION 4.2 (cf. [4, (5.5.10)]). Let f: X—C be a quasi-elliptic surface defined
by (4.1), (4.2) and (4.3) in Lemma 4.1. Then the fiber over t=0 is determined as

(1) mzk#0orm=0 2) k>m#0or k=0

type v(4) k s type v(d) m s
II 0 1 =0 11 1 1 =0
I 4 3 20 Ir* 7 3 #1
I1* 8 5 #1 %, 2m 23 1

I;k -6 2k - 2 ? 5 1
Here v denotes the valuation of k[[t]] with v(t)=1 and A stands for the polynomial A(t).

Now, let us return to the global situation, i.e., C is the projective line P!. By the
above classification, we know all possible types of the reducible singular fibers of X,
and we have relations among the Euler-Poincaré characteristic, the number of the
reducible singular fibers of respective types and the torsion-rank. Let w(S) denote the
number of singular fibers of type S (cf. the classification by Kodaira [6]). Then, from
the equality (3.5) and Proposition 4.2, we have:

ProrosiTioN 4.3. Let f: X— C be a unirational quasi-elliptic surface with section
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in characteristic 2. Then

(4.4) 12y —4=Y (2k+4)v(I%) +8v(IT*) + v(III) + Tw(III*) ,

where y is the Euler-Poincaré characteristic of X.

Let T be the trivial lattice generated by the zero section and all the irreducible
components of the fibers. We have a natural decomposition

T=<0,F>@<€D T.,>,

veR

where T, is the lattice generated by all the irreducible components of f ~!(v) except the
irreducible component meeting the zero section (0). Hence,

det T= — H detT,= — 2Zk;OZV(I;k)+v(lll)+v(l]l*) ,
veR

since the lattice T, for the fiber of type II* is unimodular. Note that the exponent of
det T is an even integer by (4.4). By (2.1), we have

4.5 det NS(X)=det T/| E(K) |* .

Since the right hand side of (4.5) has even exponent as remarked above, we can write
4.6) det NS(X) = —227° with o6yeZ, 0,20.

By comparison of the exponents of (4.5) and (4.6), we have:

PrOPOSITION 4.4, Let the notation be as in Proposition 4.3. Then

0o+ f:% { Y 2v(I%)+v(ID)+ v(III*)} ,
K30

where r is the torsion-rank of the Mordell-Weil group (cf. the Introduction).

RemaArRk 3. The above invariant g, is called the Artin invariant when X is a
supersingular K3 surface and takes a value between 1 and 10. It plays a very important
role in the theory of moduli space of supersingular X3 surfaces (cf. Artin [2]).

ProPOSITION 4.5. For a section P (£0), we have
1 3 b
27 +2(P- 0)<— vIID)+—vAT*)+ Y, | 14+— |v(T¥).
2 2 520 4

ProOOF. For a torsion point Pe E(K), we have (P, P) =0 where { , ) is the height
pairing on E(K) defined in Section 2 (cf. Shioda [9]). Thus, the assertion is a conse-
quence of (2.2) and straightforward computations of Contr(P). d

In the next section, we use this proposition to check whether two sections are
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intersect each other.

5. Rational quasi-elliptic surfaces. In this section, we study the relationship be-
tween reducible singular fibers of rational quasi-elliptic fibrations and their Mordell-
Weil groups and look into the configurations of sections and reducible singular fibers
on rational quasi-elliptic surfaces. Let f: X— P! be a rational quasi-elliptic surface with
a section O. Then by virtue of Theorem 1.1 we may start with an affine expression
for X:

5.1y =xP+eMx+y(), et)=ast®+at*+ayr, Y()=bst’+byr*+by1,

where o(t) ¢ k[1]* or Y(¢) ¢k[t]%. To determine the reducible singular fibers, we look
as the discriminant A(¢) of X, given as

A@)=o(")(@'(1)* +W'(1))*

=b2t¥+ait’ +a,ait® +aait® +bit* +alaytd +alatt +adt+ b3

(5.2)

Set
d,:=a?bs+a,azby+a3b,, d,:=a,a,a;+b%, dy:=ai+a,a;.

The following formulas suggest how d,, d, and d, are incorporated into concrete
computations:
(1) A'()=(@st*+a)*=0'(t)*.
Q) AG/arfay)=dal=y'(Jar]az)?, if a3 0.
() A(t)=(t>+a,/as)*A,(t) +a3t(t? +a,/ay)?, A,(t)=b2t* +a,a3t* + b3
+aibifa3, 4,(Jai/az)=d,, if d, =0.
(4 A()=(1*+ai/a5)*A,(1), 45(t) =b31* +a3t+a,a3 +a,bi/ay, if dy=d,=0.
Moreover 4,(\/a,/a;)=0 if and only if d;=0.
By virtue of Proposition 4.3 we have a list of all the possible types of re-
ducible singular fibers in the case of rational quasi-elliptic surfaces:

PROPOSITION 5.1. There are seven possible patterns of reducible singular fibers
in terms of their types:

(a) one IT*,

(b) one 1%,

(c) one III and one III*,

(d) two I¥’s,

(e) one 1% and two 1IT’s,

(f) one I¥ and four 1lIT’s,

(g) eight Ul's.

Proor. Since X is assumed to be rational, we have y=1. Hence the right hand
side equals 8 in the formula in Proposition 4.3. Now it is easy to list up all possibilities.

d
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TABLE 1.
r:ckl‘lelcli’;l:efgﬁe(r)g The defining equation. r nonzero section
(@ yr=x3+1° 0
(b) yri=x*+1*x+1° 1| (241,13
©) y2=x3+13x 1| (0,0
G)) yi=x3+ar’x+1? 2| (ut,0) with u3+au+1=0
with aeck
©) yr=x3+(+0)x 21 (0,0
t+1,2+1)
2+, 341)
(f) y2=x34+(3+at?+1)x 31 (0,0)
with aek* @2, a¥(t2 + 1)) :
(@ Y22 +at+1),a 343 +(a+ Dt +(a+ Dt +1)
W@ 2+ ut, u (3 +at?ur? +utt))
ut+u™ L w2+ at?u e+ um2)
with u?>+a'?u+1=0
® yi=x3+@+at®>+bo)x+13| 4| (ut, ul?(t* +b21))
with aek and bek* W ' tut+bu Y, u=3(t3 + (b +au?)Vt?
+ (b2 +abu®)t+b%?)) with u3+au+1=0
™12 o, v 32(e3 + a 20t 2 + b1 202t))
wt+bv~ !, v 32(v212 + aM2pV 20t + b3/2))
with v*+av?+v4+b=0
(tz/(tz +b), (a1/2t4+t3 +a”2bt2)/(t+b”2)3)

Now we state a classification theorem by means of the given equation for X,

THEOREM 5.2. (1) The types of reducible singular fibers are classified into seven
cases (ay~«(g) as follows:

(1)

Suppose @ € K2. Then necessarily have d,=0. If d, = d, =0 then the type is (a);

if d,=0 and d; #0 then the type is (b); if d,#0 then the type is (d).

(i)

Suppose @ ¢ K2. If d; =d,=d, =0 then the type is (c); if dy=d, =0 and d, #0

then the type is (e); if d;=0 and d,#0 then the type is (f); if d,#0 then the
type is (g).

2
as in Table 1.

ProOF.

The torsion-rank is determined uniquely by the type of reducible singular fibers

(1) To determine the type of the reducible singular fibers, we look at

the discriminant divisor 4 on P* which corresponds to the polynomial A(z) (cf. (5.2)).
By Proposition 4.2, one can find out easily that the possible types of the divisor 4 are
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as follows:
(T 8P, - +(a), (b)
(Ty) 7P +P, - (c)
(T;) 4P,+4P, -+ +(d)
(Ty) 6P +P,+P, -+ (e)
(Ts) 4P +P,+Py+P,+ P - ()
(Tg) Pi+Py+---+Pg e (8)

where P,, P,, ..., Pg are distinct points of P!,
We start from the equation given in (5.1). We consider also the equation

n2=E3+(a,13+a,1% + az0)é+ (bt + by13 + bst) .

(See the paragraph below Lemma 3.1 in Section 3.) Moreover, note that b,, b;, b
cannot be simultaneously zero, for otherwise X is singular.

(i) Suppose first pe K2, i.e., a; =a;=0. Then ¢’=0 and ¥ #0. Thus d; =0 and
A=y’ ()2 =(bL?t2+ b33+ b1/%)*. Clearly the type of A4 is (T,) if and only if ;=0
while the type of 4 is (73) if and only if b;#0. If b;=0, then 4=8P,. Hence the
reducible singular fiber over P, is II* if a, =0 and I} if @, #0 by Proposition 4.2. Here
note that d,=b% and d;=a? in this case. If by #0, then 4=4P, +4P, and the re-
ducible singular fibers over P; and P, are of type I¥.

.(ii) Next, suppose ¢ ¢ K2. The possibilities for the type of 4 are (T,), (Ty), (Ts)
and (7). We can show that d, #0 if and only if the roots of A(t)=0 are all simple.
Hence, if d; #0 the type of A4 is (T). By the formula given before Proposition 5.1, the
type of A is (Ts) if d;=0 and d,#0, (T,) if d,=d,=0 and d;+#0, and (T,) if
di=d,=d;=0.

(2) When we pick up one standard form among the rational quasi-elliptic sur-
faces having the same fiber type, we make frequent use of the following lemma.

LEMMA 5.3. Suppose X is defined by an affine equation
(5.3) 2=x3+(@o(t) + @t )x + (Yo(t) + byt')

with @o(t), Yo(t)eklt] and a, - b,#£0. If 213k, then X is isomorphic to the one defined
by the same equation as (5.3) with a,=b,=1.

For the proof of this lemma, one can easily check that two surfaces given in the
statement are isomorphic to each other by a suitable change of variables as in [5,
Lemma 3.6].

The calculation of rational points in Table 1 is based on the method to be explained
in Section 6. The last statement of the theorem is clear by Proposition 4.4, since g,=0
for rational surfaces. O

In the rest of this section, we describe how the reducible singular fibers and sections
intersect each other for each of the types classified in Theorem 5.2. For each of the
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type (a) type (b) o

P
t=0 t=o00 t=0 t=o00
type(c) type (d) 0
[0}
pmmmmmm—eeme e _
—_—
7/

t=0 t=o00 t=1

FIGURE 8.
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type (a) type (b)

Ca

type (c) type(d)

Li, La, T Ly, La,
)
'

FIGURE 9.

types (a), (b), (c), (d) and (e) in Table 1, the configurations are simple (cf. Figure 8),
and we can easily find out how they are constructed from P? by blowing up nine points.

REMARK 4. By the blowing-down of the nine P*’s which are drawn as bold lines
in each figure, one can obtain the configuration of curves in P2 for each of the types
(a), (b), (c) and (d) as in Figure 9, where C,, C, are curves of degree 3 with cusp, C, is
a conic, L, and I are lines, and the intersection of these curves are described as

(Cb ) Lb1)= (Cc ) Lc1) = (Cc : ch) =2 ’ (Ca : La) = (Cb : Lbz) = 3 .

In the case of the type (e), we can easily check that we obtain a configuration of four
lines, a conic and a cubic with cusp in P2, which we do not give here.

The cases (f) and (g) are more complicated. In the case (f), the reducible singular
fibers are of type III over =0, oo, a,, a,, where «, and o, are two solutions of the
equation t2+at+1=0 with a#0 and I, over t=1. We name their components as in
Figure 10.

Then the configuration is as in Table 2.

In Table 2, P,=(0,0), P,=(a'?, a**(t2+1t)), Py=(a" "*(t*+at+1), a ¥*(>+
(@+ D2+ (a+1)t+1), Q=@ t2+ut, u7 ¥4 (3+a'ut?+uft)), Ri=@it+u?,
u}?(? 4+ a'u; 't +u; ) (i=1, 2) are all sections, where u; (i=1, 2) are the two roots
of the equation u%+a?u+1=0.
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o o
0
8,0 6,0
9,1
9,2
91#
63,1
FiGure 10.
TABLE 2.
=0 = B=a, f=a,
Sections intersecting O,R, 0,0, 0,0, O, R4
@0 Ry, Py Ps, 0, R, P, LEN N
Sections intersecting Py, Q, P, R, P,R, P, Q,
6.4 Py Oy R,, P, Py, 0y Ry, Py
y=1
Sections intersecting @, , 0, P,
Sections intersecting @, ; 0,. R,
Sections intersecting 0, , P, R,
Sections intersecting @, , Q4 Py

ExaMmpLE 1. After blowing down the sections and irreducible components of the
fibers (for example, Q,, Ry, @,, R,, P,, P;, Py, ©, ,, @, , in this order), one can obtain
a configuration of curves in P? which consist of four conics corresponding to @, for
B=0, o, ay, a,, and eight lines corresponding to @, for f=0, o, ay, a,, O, O ;,
©,,and O, ;.

In the case (g), there are eight reducible singular fibers of type III over the seven
roots of the equation 4(#)=0 and = co0. Since the torsion-rank r is 4-in this case, there
are sixteen sections whose configuration together with an example of a single reducible
singular fiber (the fiber over ¢=0), say, is shown in Figure 11.

In Figure 11, the seven sections 4, 4,, ..., A, are those which intersect the same
component of the fiber as the zero section. T is a unique section intersecting O. Here,
each section intersects only one other section. Hence one can divide sixteen sections
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A
A;

A7

T+ A
T+ A,

\ T + As

T+ Az

FIGURE 11.

into eight pairs, each consisting of two mutually intersecting sections.
Concretely, for the equation given in Table 1, we can put

12 at*+ 3 +a'?br?
<t2+b’ (t+b12)3 >
A= 2w+ buy w323+ (b+aud) P2+ 53%)  (i=1,2,3)

Ajy=t+bo; Y, 073232 +a' P o+ 6%%)  (j=1,...,4),

where u; (i=1, 2, 3) are the three roots of the equation u®*+au+1=0and v; (j=1, ..., 4)
are the four roots of the equation v*+av? + v+ b=0. The same situation occurs on the
other reducible singular fibers. If one names the fiber components in Figure 11 as in
Figure 10 (the fiber on the left hand side), one can blow down the following nine sections
and components so that one obtains a configuration on P? consisting of O, 4,
A,y ..., Ag, T+ A4, @, in this order.

REMARK 5. The sections are all disjoint except in the case (g).

This is an immediate consequence of the formula in Proposition 4.5.

6. Calculation of the Mordell-Weil group. We introduce a method of calculating
the Mordell-Weil groups in characteristic 2. We start with an equation
6.1) yZ=x3+o(t)x+y(t) with @(t), y(t)ek[t] and either ¢(¢)¢ K> or y(t)¢ K?

which satisfies
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(6.2) min{v,(p(1)) — 4, v,()()) — 6} <0

for any root o of A(¢)=0, where v, is the (¢ — a)-adic valuation with v,(t—a«)=1. Suppose
f(2), g(t) and h(¢) are polynomials in k[¢] such that (f(2)/h(r), g(¢)/h(¢)) is a solution
of (6.1) and ged(f(2), g(2), h(¢))=1. Substituting it into (6.1), we obtain

(6.3) gih=f3+ofh®+yh’.

Here and in what follows f, g, h, ¢, Y, etc. stand for f(¢), g(2), h(t), ¢(2), Y(¢) etc., for
the sake of simplicity of the notation. First, we have

h=h, f=fih, with Ay, fiek[t] and ged(fy, h)=1
in the same way as in characteristic 3 (cf. [5, §51). Hence we have
g*=fi+ofihi+yhs.
In view of (6.2) and Theorem 1.1, one gets
6.4 dego(t) <4y, degy(t)<6y,

where y=x(0y) for a quasi-elliptic surface X defined by the equation (6.1). Now, let us
consider an equation in the form

6.5 G(t)*=F(t)*+ ®(1)F(1)+ ¥(1),

where F(t), G(t), ®(t), P(t)ek[t], ®(t)¢k[t]? or P(t)¢k[1]%
Then we have the following:
LEMMA 6.1. (i) If F'#0 then
1 1
deg Fsmax{deg -1, > deg ‘P_T}

1
deg G<—2— max{3degF, deg @ +deg F, deg ¥} .

(i) If F'=0 then,
F=G=0 when ¥'=0,
deg F<degW—1 when W' #0.
Proor. Differentiating both sides of (6.5), we have
(6.6) F2F' +(®F) +¥'=0.
Thus F? divides (@F) + ¥’, which implies
2deg F<max{deg®+degF—1, deg ¥ —1}, whenever F'#0.
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So we obtain (i). If F'=0, (6.6) becomes
¢ -F+¥'=0.
We are done by the assumptions on @ and V. O

Now applying this lemma to F=f,, G=g, ®=ph*, ¥ =yh$, and making use of
(6.4), we have

deg f1<4(x+d)—2, degg<6(y+d)-3,

where. d=deg h,. Note that a bound for d can be obtained by looking at the configura-
tion of reducible singular fibers. More precisely, we have the following:

LEMMA 6.2. Let P (#0) be a rational point of the form (f,(t)/h,(t)?, g(t)/h(1)®)
on an affine open set and let d=degh,. Then the following inequality holds:

1 3 1 b
d<— v+ AN+ Y | —+— AH—x.
7 D+ () b;;(z 8>V(b) X

PrOOF. Suppose (P) and (O) intersect each other on the fiber over ve P*. Then
the x-coordinate f(¢)/h,(t)? of P must have a pole at t=v if v# o0, since the section
(0) is taken as the section at infinity of the affine open set. Let v be a root of A,(¢)=0.
Then, since (f;(¢), h,(t))= 1, the x-coordinate f,(¢)/h;(£)* of P has a pole of order equal
to the multiplicity of a root v in h,(t)* =0, and (P) intersects (O) on the fiber over t=v
with multiplicity equal to the multiplicity of the root v in 4,(¢)=0. Thus we have the
inequality d< (P - 0). The inequality in the statement follows from this with the formula
in Proposition 4.5 taken into account. O
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