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1 Introduction

Let G/H be a semisimple symmetric space, that is, G is a connected semisimple real Lie
group with an involution o, and H is an open subgroup of the group of fixed points for
o in G. The fundamental problem in harmonic analysis on GG/ H is to obtain an explicit
direct integral (‘Plancherel’) decomposition

L~ /j My wdp(r) (1)

of the regular representation L of (¢ in L*((G/H) into irreducible unitary representations.
The principal result of this paper is the determination of such a decomposition for the
part of L*(G/H) which corresponds to the ‘most-continuous part’ of the spectrum.

In order to explain what is meant by the ‘most-continuous part’, let us consider for
a moment the important particular case of the group G itself considered as a symmetric
space for the left times right action of G x G (the ‘group case’). As is well known
an explicit decomposition of the form (1) has then been determined by Harish-Chandra
([25]-[27]). The components of L*(G) fall in a (finite) number of ‘series’, each of which
corresponds to a particular (class of ) cuspidal parabolic subgroup P and is a direct integral
of representations mpe \ @ The Here 7pg » belongs to the principal series induced from
P = MAN, ¢ is in the discrete series of M, and X is a continuous parameter ranging in the
imaginary linear dual ia* of a (the Lie algebra of A). By definition, the most-continuous
part of L?(() is the component part associated with a P with maximal a-part, that is, a
minimal parabolic subgroup.

Returning to the general case of G/H, let g be the Lie algebra of G, and let g =
h & q be its decomposition into +1-eigenspaces for o (so that b is the Lie algebra of H).
Furthermore, let § be a Cartan involution commuting with o. By analogy with the group
case one expects L?(G/H) to decompose into a finite number of parts, each attached to a
particular parabolic subgroup P satisfying cf(P) = P. The part attached to P = M AN
has the form of a direct integral of generalized principal series representations e y = 7pe »,
with data essentially as follows. The parabolic subgroup P = M AN has o-stable M and
A parts, £ is in the discrete series for the symmetric space M/(M N H), and A € wa*



vanishes on a N h. The ‘most-continuous part” would then be the part corresponding to
the parabolic subgroup P = M AN as above for which a N q is maximal, which is the so-
called o-minimal parabolic subgroup. For this parabolic subgroup the space M/(M N H)
is compact, and hence only finite dimensional £’s occur. In this paper we determine
explicitly such a direct integral

/ji me wex dp(E, A) (2)

for this parabolic subgroup, together with an equivariant imbedding into L*(G/H) (the
multiplicity m, = mg of ¢\, explicitly given below, happens to be independent of \).
The most-continuous part of L?*(G/H), denoted by L2 (G/H), is then by definition the
image of (2). We realize the inverse map from L2 (G/H) to (2) explicitly by means of
the Fourier transform f — f defined in [13]. We also prove that the orthocomplement
L3(G/H) of L2 (G/H) is ‘small’ in a certain spectral sense (see below). In particular,
if G/H has split rank one, that is if the maximal abelian subspace a N q of p N q is
one-dimensional, then L2(G/H) decomposes discretely.

The discrete series for L?(G//H) (which is obtained in the above scheme with P = G),
has been extensively studied, and is by now quite well understood (see [20], [35]). In
particular, in the above-mentioned case of split rank one, where the discrete series is
complementary to L2 (G/H), one can now determine the full decomposition of L*(G/H)
by combination of these results with the present work. Previously such an explicit de-
composition was known for spaces of rank one (which means that a N g in addition to
being one dimensional is maximal abelian in q), see for example [19], [18], [34]. For the
symmetric spaces GL(n,C)/U(p, q) a Plancherel decomposition has been obtained in [15];
note that these symmetric spaces are of type G¢/GRr; a complex reductive group modulo
a real form.

Besides the group case, another important particular case is when G/ H is a Rieman-
nian symmetric space of the non-compact type, in which case H is compact. In this case
there is a well-developed theory of harmonic analysis, primarily due to Harish-Chandra
and Helgason ([22], [23], [24] and [29]). We shall see that L2 (G/H) = L*(G/H) in
this case. Thus we retrieve in (2) the Plancherel decomposition of L?*(G/H). A major
simplification of the proof of this decomposition was found by Rosenberg [36], who used
techniques inspired by Helgason’s Paley-Wiener theorem (see also [30], IV, §7).

For the present generalization to arbitrary G/H we use ideas inspired by those of
Rosenberg. In fact, we also obtain a Paley-Wiener theorem for GG/ H (that is, we deter-
mine the Fourier image of the space C°(G//H )k of K-finite compactly supported smooth
functions), but only in the case where G/H has split rank one. For the group case a
similar theorem was obtained in [16] for groups of split rank one, and in [2] for groups
of arbitrary split rank. For spaces G/H of general rank we prove the injectivity of our
Fourier transform on compactly supported functions and pose a conjectural image space.

We shall now describe our results in more detail. Let P = M AN be a o-minimal
parabolic subgroup as above, let ¢ be a finite dimensional unitary representation of M,
and let A € al., where a, = aNg. Furthermore, let C*({: A) and C~>°(£: ) denote
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the spaces of smooth, respectively generalized, vectors for 7 ,, and let C=>°(&: M) be
the space of H-fixed elements in C~>°(¢{: A). In [6], [13] a certain finite dimensional
space V(&) (independent of \) was defined together with a natural family of linear maps
J(E:A) = jo(P:E:XN): V(€) — C°(&: M) depending meromorphically on A € We
and bijective for generic A. The definition involved a normalization procedure which
guarantees that A — j7°({: A) is regular at the imaginary points A € i@y (cf. [13]). This is
crucial for the definition of the Fourier transform associated with (2). For f € C*(G/H)
one defines

A

fle:n = [ FaH)me s(9)i°(€: =) digH)
Hom(V(€), C™(¢: X)) = V() © C(&: =) (3)

m

for A € iay.
Our main result, stated in Theorems 18.8 and 18.9, now asserts that if one sets

*

du(&, A) = dim(§) dA, where dA is Lebesgue measure (suitably normalized) on 7a;, then

[ = f extends to a partial isometry of L*((7/H) onto the space given by (2), with specified
domains for ¢ and .

In the group case as well as in the Riemannian case the Plancherel theorem is proved
by reduction to K-finite functions on G/ H, and so is our theorem here (in the Riemannian
case one may even reduce to K-invariant functions on GG/ K, but for general GG/H other
K-types than the trivial one are needed). For functions on G/ H transforming according to
a given K-type 7, a Fourier transform closely related to the one above can be defined with
the use of normalized Fisenstein integrals E°(¢: A) on G/H. These are generalizations
of Harish-Chandra’s normalized Eisenstein integrals associated with a minimal parabolic
subgroup in the group case. In the Riemannian case a K-invariant normalized Eisenstein
integral is essentially equal to ¢(A)"'¢,, an elementary spherical function divided by the
associated c-function. The Eisenstein integrals as well as their normalized versions were
defined and studied in the paper [7], on which the present paper heavily relies. They are
linear combinations of matrix coefficients of K-finite vectors of type 7 with the H-fixed
vectors j°(§: M)y, n € V(§), and they depend meromorphically on the parameter A € a’.
and linearly on the parameter ¢» € °C(7). Here °C(7) is a certain finite dimensional
space depending on 7 (see Section 5 for its definition). The Eisenstein integrals behave
finitely under the algebra D(G/H) of invariant differential operators on GG/H, and they
can be represented by converging series expansions describing their asymptotic behavior
at infinity. From the leading terms of these expansions normalized c-functions related to
G//H were obtained in [7].

In the present paper we need the normalized Eisenstein integral rather than the unnor-
malized one, because of the crucial fact (established in [13]) that A — E°(¢: A) is regular
at points A € 7a}. This is closely related to the regularity of the j°({: A) at imaginary
values of A.

In Section 7 we give a converging expansion for the Eisenstein integral and a uniform
estimate for its coefficients. In the Riemannian case this specializes to the estimate of [21]
which is crucial for Helgason’s Paley-Wiener theorem as well as for Rosenberg’s proot of
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the Plancherel theorem. Likewise the estimate plays a crucial role in the present paper.
It will be proved in [14].

The Fourier transform F f(\) of a (Schwartz-) function f on GG/ H transforming accord-
ing to the K-type 7 is defined by integration of f against E°(¢: A); it is a °C(7)-valued
Schwartz function on ia}. If f is compactly supported, then Ff has a meromorphic ex-
tension to aj.; in Section 8 we derive an estimate of Paley-Wiener type for F f. As in the
classical case the precise estimate is controlled by the size of the support of f. In compar-
ison with the Riemannian case it is a serious complication that the Eisenstein integrals
are obtained only by analytic continuation in A from a region in a, which is smaller than
the region one wants to cover (for instance, za; is in general not contained in the initial
region). This problem was overcome in [7], and we base our Paley-Wiener estimate on an
initial estimate from there.

In Sections 9 and 10 we study ‘wave packets’. These are superpositions of normalized
Eisenstein integrals: The wave packet transform J of a °C(7)-valued function ¢ on iaj
(with suitable decay) is given by integration of ¢ against E°; thus J¢ is a function on
G/H of type 7. It is easily seen that the transforms F and J are the transposed of
each other (that is, with L*-type inner products on the respective function spaces one
has (Ffle) = (f| Te)). It is the wave packet transform that furnishes the imbedding
of (2) into L*(G/H), for functions of type 7; thus the part of L2 (G/H) that transforms
according to 7 is the closure in L*(G/H) of the space of all wave packets J with a func-
tion @ of Schwartz decay. In the Riemannian case the inversion formula for the spherical
Fourier transform essentially asserts that J is the inverse of F (in the formulation of
Harish-Chandra the Plancherel measure involves a factor |¢(A)|™2, but in our description
the factor is incorporated in the normalizations). In the general case, where other series
than the most-continuous are present, one can only expect J to be a partial inverse of
F. A key step in Rosenberg’s proof for G/K is the use of Helgason’s ‘shift argument’,
where the integration in the wave packet is moved away from ia in the direction of the
negative Weyl chamber. This allows one to detect the size of the support of J¢ from a
Paley-Wiener estimate of ¢ (see [30], IV, Thm. 7.3). Carrying out a similar shift for G'/ H
one would have to take residues into account, because the normalized Eisenstein integrals
are in general not holomorphic; the presence of these residues would then be responsible
for the other series in L?(G//H). A priori it is however not clear that these residues corre-
spond to the other series. Instead of tackling the problem directly, we circumvent it in the
following way. The singularities met in the shift argument are located on a finite number
of hyperplanes, and it is possible to choose a (non-trivial) invariant differential operator
D so that all the singularities are cancelled by its presence in the application of the shift
to DJ . The outcome, given in Theorem 10.2, is indeed that the size of the support of
DJ ¢ is governed by a Paley-Wiener estimate of ¢. Notice that the differential operator
D depends on 7.

Since F [ has already been shown to satisfy a Paley-Wiener estimate when f is com-
pactly supported, it follows that the size of the support of DJ F f is governed by the size
of the support of f. In Section 11 we refine this result and obtain in Theorem 11.1 that
supp DJ F f C supp f for all compactly supported smooth functions f of type 7.



The goal of the following Sections 12, 13, 14 is to establish the ‘inversion formula’,
Theorem 14.1, which states that
DJF =D (4)

on compactly supported smooth functions of type 7. This formula is a cornerstone in
the proof of the main theorem. At this point the compactness of H is crucially used in
Rosenberg’s argument for the Riemannian case, and hence in our generality we have to
introduce a different method. We base the proof of (4) on a theory of ‘asymptotic behavior
of differential operators’ developed in Section 12. It follows from the above mentioned
support preserving property of DJF that this operator acts as a differential operator
on functions of type 7. Moreover, from easy properties of J and F the operator DJF
is seen to belong to the commutant of D(G//H). We prove that the coefficients of any
differential operator that commutes with D(G//H) on functions of type 7 have converging
series expansions similar to that of E°(¢: A), and that the leading terms in the expansions
determine the operator uniquely. The formula (4) then follows from a comparison of the
asymptotic behavior of DJJF with that of D). The crucial part of the comparison is
carried out in Section 13.

In Section 15 we establish injectivity of the Fourier transforms f +— Ff and f — f,
when f ranges over the compactly supported smooth functions (see Theorems 15.1 and
15.5). This is deduced from (4) and a result in [12], which states that the application
of an invariant differential operator is injective on C°(G//H), under a certain condition
which is met by the D from above.

In Section 16 we invert the order of F and J and study the operator FJ on °C(7)-
valued Schwartz functions on ia’. We prove that this operator is simply given by the
projection onto the space of functions satisfying a certain transformation property under
a Weyl group. In particular, it follows that if (£, A) is restricted to a fundamental domain
for the action of this Weyl group, then J gives rise to an isometric injection of (2) into
L*(G/H), for functions of K-type 7. At this stage our proof is reminiscent of an argument
of Harish-Chandra for the spherical Fourier transform on GG/ K (see [23], pp. 591-592), but
the ‘inversion formula’ (4) enters crucially at a certain point. On the Fourier transformed
side the application of D corresponds to multiplication with a certain polynomial, and
since we are dealing with meromorphic functions we are allowed to divide it out.

In Section 18 we take up the study of the Fourier transform f — f for non- K -finite
functions. Using the results of the previous sections we prove our main theorem, Theorem
18.9, which was outlined above. We also obtain the result mentioned earlier that the
orthocomplement L2(G/H) of L2 (G/H) is ‘spectrally small’: A K-finite function f of
type 7 in L3(G/H) is contained in the kernel of the differential operator D (notice however
that D depends on 7). Another manifestation of the spectral smallness is the result that
Ly(G/H)NC>(G/H) = {0} (Theorem 18.11).

In Section 19 we discuss the dependence of Theorem 18.9 on various choices made
along the way.

In Section 20 we establish some results that will be needed in Section 21.

Finally, in Section 21 we derive the Paley-Wiener type result mentioned above for
spaces of split rank one. In analogy with the group case (see the references mentioned



above) the image by F of the space of compactly supported smooth functions of type 7
is characterized by a growth condition (obtained from the ‘Paley-Wiener type’ estimate
of before), a condition for the transformation under the Weyl group, and an extra set
of conditions (not present in the Riemannian case) coming from relations among the
Eisenstein integrals. These conditions are set up without the assumption of split rank
one in order to give a conjecture for the general case. In comparison with the group case
and the Riemannian case the theory is more complicated, because we have to deal with
meromorphic functions on aj, rather than holomorphic functions.

As mentioned above, the present paper owes a great deal to the theory of Helgason
and Rosenberg on the spherical Fourier transform for G/ K. One of the major advantages
of Rosenberg’s proof of the Plancherel formula, compared with Harish-Chandra’s original
proof, is that some rather intricate estimates of [23] are avoided. Recently it was shown
(see [1]) that also Harish-Chandra’s result on Schwartz functions can be derived by the
same method. For the present generalization to G/H we have not been able to avoid
the use of such Schwartz estimates (see Theorem 16.4); they are given in [9]. Besides
the theory for G/ K our major source of inspiration has of course been Harish-Chandra’s
papers [25]-[27] for the group case.

Some of the results of this paper have been announced in [11], where also some further
results on the multiplicity function m, are discussed and illustrated by examples. In that
paper we also give some details on the specialization of the present theory to the group
case. Other results of the present paper, as well as applications to multipliers, have been
described in the survey paper [10]. Finally we would like to draw attention to the lecture
notes [28], where an overview of the theory behind the present paper is given.

2 Notation and preliminaries

Let G be a real reductive Lie group of Harish-Chandra’s class (cf. [25] ), o an involution of
G, and H an open subgroup of the group G of its fixed points. Then G/H is a reductive
symmetric space. Let § be a Cartan involution commuting with o, with corresponding
maximal compact subgroup K, and let g = h + q and g = €+ p be the decompositions of
the Lie algebra g induced by o and 8 (we follow the custom of denoting the Lie algebra of
a Lie group by the corresponding lower case German letter). As usual, the Killing form
on [g,g] is extended to an invariant bilinear form B on g, for which the inner product
(X,Y)=—B(X,0Y) is positive definite. We also require the extension to be compatible
with o, that is, B(c X,Y) = B(X, oY) for all X,Y € g.

Fix a maximal abelian subspace a, of p N q, and put A, = expa,. Let M; be the
centralizer of a, in G. We denote by 3 the root system of a, in g. Fach positive system
Yt for ¥ determines a parabolic subgroup M;N, where N is the exponential of the
sum n of the positive root spaces. In this way there is a one-to-one correspondence
betweeen the positive systems for ¥ and the o-minimal parabolic subgroups (that is,
those which are minimal with respect to being of-stable) containing A,. We write P min
for this set of parabolic subgroups, ¥(P) for the positive system corresponding to a given



P e Pmn and A(P) for its subset of simple roots. Similarly we write al(P) for the
corresponding positive open Weyl chamber in. aq, and A;';(P) for its exponential. The
Langlands decomposition of a given P € P™" is always written as MANp or M AN,
then M A = M, and Np = N is as above. Moreover, the maximality of a, implies that
aq, = aN g, where a = log A. We denote the real and complex linear dual spaces of a and
aq by a*, ag, a’ and a’., respectively, and view the latter two spaces as the subspaces of
the former two, consisting of the linear forms which vanish on a, = a N f. In particular,
the element p = pp = %tr ad(+)|s € a satisfies 0fp = p and hence belongs to a;. The
inner product (-, -) is transferred to a complex bilinear form on . by duality. For A € ag
and a € A we write o = 1989,

The reflection group W of ¥ is naturally isomorphic to N (aq)/Zk (aq), the normalizer
modulo the centralizer of a, in K. Let Winy be the canonical image of Nxnp(a,) in W,
then the open double P x H cosets in (G are parametrized by the quotient W/Wiynp, in
the obvious way. It will be convenient to fix, once and for all, a set W of representatives
in Ng(aq) for this quotient. It will also be convenient to denote the element of W which
represents eWgny in W/ Wiap by 1. We now have the following generalized Cartan
decomposition of (3, for each @) € Pmin;

G=c |J KAH(Q)wH; (5)
weW

here cl stands for ‘closure’, and the union inside cl is disjoint. The map (k, h,a) —
kw~tawh is a diffeomorphism of K X grganr H X A;';(Q) onto the open subset KA;'I'(Q)wH
of G. Moreover, cl KAT(Q)wH = Kcl(Af(Q))wH, and if an element x of this set is

written © = kawh according to the latter decomposition, then the a € ¢l A;';(Q) is unique.

We now recall from [6] the definition of the principal series for G/H. Let My, denote
the set of (equivalence classes of) irreducible finite dimensional unitary representations of
M. For P=MAN ¢ P;nin we consider the representation 7¢ y = mpg y of G induced from
the representation £ @ e* @ 1 of P, where ¢ € Mg, and X € a;c- In accordance with loc.cit.
we use left induction; thus the space C*(P: £: X) = C®(£: A) of smooth vectors for 7¢ )
is the space of smooth functions f: G' — H, satisfying the transformation rule

f(manz) = a**¢(m) f(x) (meM,ae A,neN, zeq), (6)

and G acts from the right. Similarly, we denote by C=*(P: {: A) = C~>°(£: A) the space
of generalized functions f: G — H, satisfying (6). It will also be useful to work with
the compact picture of these representations; it is obtained by taking restrictions to K of
the above functions. More precisely, let C*(K : £) and C~*°(K : £) denote the spaces of
smooth, respectively generalized, functions from K to H, satisfying the transformation
rule

flma) =&m)f(x) (m € Ky, ¢ € K), (7)

where we have written Ky = K N M. Then restriction to K induces a linear isomorphism

C™=(£: X)) = C™(K : £), mapping C*(£: X) onto C°°(K : ). Via this isomorphism we



transfer the induced representation to a representation of GG on C~*(K : £), again denoted
by Tpe s = men. We recall that

(Flgy = [ 7k Lg(k) di (8)

defines a sesquilinear pairing C®(K : {) x C~°(K : {) — C, which is equivariant for
Te o, Te,_x- In particular, for A € ia? the representation 7¢ \ is unitarizable; the associated
Hilbert space is the space L?(K : &) of square integrable functions in C~>(K : £). Here
and in the following we use the convention that bilinear pairings are denoted by (-, -),
whereas sesquilinear pairings are denoted by (-|-), the latter are always assumed to be
skew linear in the second component.

For each £ € My, let V() denote the formal direct sum

V()= @ HMT, 9)

weEW

provided with the direct sum inner product, where Hy = M N H, and where HEUHMw_l is
the space of wHyw™!-fixed vectors in He. It will be convenient to write V (£, w) for the
image of H?HMw_l in V (&), and pr,,: ¢ — 1, for the orthogonal projection of V({) onto
this component.

Let My be the set of (equivalence classes of ) those £, for which V(£) # 0. Notice that

M = KMwHMw_l (10)

for all w € W, and hence the representations in My restrict irreducibly to Ky (see
[13], Lemma 1). By [6], Thm. 5.10, the representations 7¢\ have non-trivial H-fixed
distribution vectors for generic A, if and only if £ € My. For this reason the series of
representations mg y with ¢ € My and ) € a;. is called the principal series for G/H.
In fact, by loc.cit. the space C~°°(K : £) of H-fixed distribution vectors for ¢, is in
bijective correspondence with V(&), for generic A\. The correspondence is given as follows.
It R € R, then we put

@ (P,R)={A€a,|(ReA,a) <R for aecX(P)} (11)

Let © be the open subset U,eyw PwH of (G, and let the linear map j(£: A) = j(P: &: A)
from V(&) to C=>°(£: M) be defined by

a*PE(m)n, for r = manwh €
&N () (x) = (meM,ae Aine NyweW,heH),
0 for x ¢ Q.

for n € V(¢), £ € My and ) € ar. with A 4 p € a%(P,0) (this condition on A implies
that @ — j(£: A)(n)(x) is continuous). Then the Hom(V (£), C~>°(K : {))-valued function
A — j(€: A) extends meromorphically to al., and j(£: A) is a bijection from V() onto

qc?



C=>(&: M) for generic A € a;.. In particular, the elements of C'=>(¢: M are uniquely
determined by their restrictions to €2, for generic A.

Let D(G/H) denote the algebra of invariant differential operators on G/H. Let U(g)
denote the universal enveloping algebra of the complexification ge of g, and U(g)? the
subalgebra of H-fixed elements. Recall that the right action R of G on C'™°(() induces a

surjective homomorphism of algebras
r: U(g)" — D(G/H), (12)

whose kernel is U(g)" N U(g)h. Let b be a maximal abelian subspace of g, containing a,,
then b is a Cartan subspace for GG/H. Let ¥(b) denote the root system of b in g and W (b)
its reflection group. Then there is a natural isomorphism v (called the Harish-Chandra
isomorphism) of D(G'/H) onto the algebra I(b) = S(b)"®) of invariants for W (b) in S(b)
(the symmetric algebra of be).

Let P = MAN € P™n, Since the distributions in C=°°(¢: M) are right H-invariant
there is a natural action of the algebra D(G/H) on this space. We shall now discuss this
action and at the same time fix some notations.

The space M;/Hy, is again a reductive symmetric space (here Hy, = My N H); let
D(M;/Hy, ) denote its algebra of invariant differential operators. Then there is a natural
map wp: D(G/H) — D(M;/Hy,) defined by the requirement

D — up(D) € nlU(g) + U(g)bh; (13)

here we have abused notations by identifying an element D € D(G//H) with any X €
U(g)® for which D = r(X) (and similarly for D(M;/Hyy, )). It is easily seen that wup is a
homomorphism of algebras.

Define the real analytic function dp: M; —]0, oo[ by

dp(m) = | det(Ad(m)])|.

Then the map D + dp' o D odp defines an automorphism of D(M;/Hyy, ). We define the
algebra homomorphism p: D(G/H) — D(M;/Hy, ) by
w(D) = 5o Yup(D) o dp. (1)

Let W, (b) be the Weyl group of be in myc, and let Iy, (b) = S(b)WMl(b) denote the set
of invariants in S(b) for this Weyl group. Moreover, let y, : D(M1/Hy, ) — Iu, (b) be
the corresponding Harish-Chandra isomorphism, then it is easily seen that

M o = (15)

This justifies the notation in the definition (14), since the resulting map p does not depend
on the particular choice of P € Pmin,
The space My/Hy, naturally decomposes as a product My /Hy, ~ M/Hy x Aq. This

induces a decomposition of the algebra of invariant differential operators:

D(Mi/Hw,) ~D(M/Hw) @ U(ay). (16)
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Since U(agy) is naturally isomorphic to the symmetric algebra S(a,), and hence to the
algebra of polynomial functions a7, — C, the elements of D(M;/Hyy, ) may be viewed
as D(M/ Hyp)-valued polynomial functions on a. In particular, if D € D(G/H), then
wup(D) and p(D) may be viewed as polynomial functions af. — D(M/Hy). We denote
by wup(D: A) and pu(D: ) respectively their values in an element A € aZ.. It is readily
verified that u(D: X) = ‘up(D: X+ pp).

Let w € Ngk(aq). Then conjugation by w in U(g) induces an algebra isomorphism
D(M,/Hy,) — D(M;/wHy,w™"), which we denote by D +— Ad(w)D. Thus

fhw = Ad(w)op: D(G/H) — D(M; /wHy,w™) ~ D(M/wHyw™) @ S(ay) (17)

is a homomorphism of algebras. If D € D(G/H), A € a;, then the operator j,,(D: A) in
D(M/wHyw™") is defined as the evaluation of (D) in .

Let w € W. Then via ¢ we have a natural action of the algebra D(M/wHyw™") on the
space V(& ,w) ~ HEUHMw_l. Let &, : D(M/wHyw™") — End(V(£,w)) be the associated
homomorphism of algebras. If D € D(G/H), A\ € a¢, then we define u(D:§: \) €
End(V(€)) as the direct sum of the endomorphisms &, (p.(D: A)) € End(V (&, w)), w €
W.

We now recall from [13], eqn. (38), that for every D € D(G/H) we have

D@G(&: Am) = 3§ N (u(D: & A)n) (n € V(E)), (18)

as a meromorphic identity in A € aj.
If D belongs to Z(G/H) = r(3), the canonical image in D(G/H) of the center 3 of
U(g), then pu(D: &: X) can be computed as follows.
Let j be a Cartan subalgebra of g containing a,, and let jo denote the orthocomplement
of a, in j. Then
) =Jjo @ ag. (19)

Via this decomposition we view jj. and a. as subspaces of ji. Let W(j) denote the
Weyl group of the root system X(j) of je in ge, and let ’ng denote the Harish-Chandra
isomorphism from 3 onto 1(j) := S(G)"V). Let A¢ € j;, denote the infinitesimal character
of &; here we use the decomposition jo = (j N m) & (a N h) to identify (j N m); with a
subspace of ji.. Then A¢ + X is the infinitesimal character of the induced representation
Te\, that is, if Z € 3, then Z acts by the scalar ’ng(Z: A¢ + A) on 7¢ . Performing the
substitution D = r(Z) in (18) and using the injectivity of j(£: ) for generic A € a,, we
infer, for all Z € 3, A € a},, that

qc?

p(r(Z): &2 X) =(Z: A + ) Ty g (20)

3 Normalization of measures

In this section, we shall specify the normalization of the various measures involved in
our Plancherel formula. From now on dx = d(gH) will be a fixed choice of invariant
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measure on ¢/ H, and dk the normalized Haar measure of K. Let P € P™2, If da is an
invariant measure on Ag, the decomposition (5) induces the following formula for da (see

37], p. 149):

d:C// kawH)J (w™ aw) dadk, 21
Joyaf@de=C [ [y ) T SthawH)Iw™ aw) da (21)
for f € C.(G/H), where C is a positive constant and .J is the function

Jw= TI

a€X(P)

+ —
o | Mg
aO[ —a 84 OZ:|

[aa +a”

+

on A,. Here the numbers m?>

are defined as follows: For o € ¥ let g, = gF @ g7 denote
the decomposition of the root space g, into the 1 eigenspaces for o6, then m* = dim g=.
Notice that J is independent of the choice of P. The constant C'is also independent of
the choice of P; this follows from the observation that the action of W is transitive on
Pmin and leaves the measure da invariant. We shall use the normalization of da for which
C=1.

Let |W] be the order of W, and let dA be Lebesgue measure on :a;, normalized as
|[W|=* times the regularly normalized measure djieg(A); the latter measure is the one
which allows an extension of the classical Fourier transform ¢ — ¢, C.(Aq) — C(ia?),

defined by the formula
20 = [ elayada, (22)
Aq

to an isometry from L*(Aq, da) onto L*(iay, dfireg).

If w € Nk(ay) then the space M/wHyw™" is compact by (10). We equip it with the
M-invariant measure for which this space has total measure one.

It P =MAN,, P, = MAN, are o-minimal parabolic subgroups with the indicated
Langlands decompositions, let the Haar measure of the nilpotent group NN N, be normal-
ized as in [33], §2. The sole reason for using this normalization is to make valid the usual
product formulas for standard intertwining operators (cf. [6], Prop. 4.6). If P € P™n we
let dn denote the Haar measure of Np (normalized according to the above), and define
the positive constant ¢(A,) by (see also [7], eqn. (122)):

N (23)

Here Hp: G — a is the real analytic map defined by « € Npexp Hp(x)M K. Notice that
the constant ¢(A,) is independent of the choice of P € Pmin,
4 The Fourier transform

Let P € P™n and let £ € Mpy. As a meromorphic Hom(V (§), C~°(K : £))-valued func-

tion on aj. the function A — j(£: A) may have singularities at points of ¢a’. Following
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[13] we shall now introduce a suitable normalization of the j(£: A) to get rid of these
singularities.

If P, P, € Pmin let A(Py: Pr: &: \) denote the standard intertwining operator from
Tp e 10 Tp, ¢, defined as in [6]. This operator maps C~°°( P : : A) equivariantly and
continuous linearly to C=*(Py: £: ), and depends meromorphically on A as an endo-
morphism of C~*(K : £) (‘the compact picture’, cf. [6], Prop. 4.11). Since the standard
intertwining operators are bijective for generic A, the map

P& N = e(A) VAP PN (P €N (24)

is again a bijection from V(£) onto C=>°(P: £: M) for generic A € a’. (see (23) for the
definition of ¢(Ay)).

Remark 4.1 Note that the intertwining operator A(P: P: £: \) depends on the chosen
normalization of the Haar measure din of Np. However, the operator c¢(A)A(P: P: £: X)
is independent of this particular normalization. Therefore the map j7°(£: A) is independent
of the chosen normalization of dn as well.

By meromorphy of the inverted intertwining operator (see [6]), the expression (24)
is meromorphic as a Hom(V(£), C7(K : {))-valued function of A € a.. Notice that
eqn. (18) remains valid if j is replaced by j°, because of the equivariance of the intertwining
operator.

If € > 0, we define the subset a;(¢) of aj, by:

aj(e) ={real.| [(Red,a) <e forall ac ¥}
Notice that aj(e) = a3(P,e) N a(*l(p, €).

According to [13] we now have the following regularity result.

Theorem 4.2 Leté € My. Then there exists a constant € > 0 such that the meromorphic
Hom(V (&), C~°°(K : €))-valued function A +— j°({: A) is regular on the neighborhood
a’(c) of 1a?.

Theorem 4.2 allows us to define a Fourier transform. At a later stage we shall have to
keep track of particular choices of representations; therefore we shall distinguish between
irreducible finite dimensional unitary representations of M and their equivalence classes.

In this spirit we shall write [¢] € Z\A4fu, respectively £ € w € Z\A4fu, to indicate that £ is a
finite dimensional irreducible unitary representation of M, whose equivalence class belongs
to Mfu, respectively equals w € M. Moreover, we write Hg for the finite dimensional
complex Hilbert space in which ¢ is (unitarily) reahzed and we write

d, = de = dimH,.

We now come to the definition of a Fourier transform on C'°(G/H). For [¢] € My, let
L*(K : £) denote the Hilbert space of square integrable elements in C'~>°(K : &) (cf. Sec-
tion 2). We equip the dual V(£)* of V({) with the dual Hermitean inner product, and
L*(K: &) @ V(€)" with the tensor product inner product.
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If feCx(G/H), then for [{] € My, )€ ia; we define the element

F(&:X) = fp(&: ) € Hom(V(€),C™=(K : £)) =~ C™(K: §) @ V(&)

A

&N = [mema(f) x DP°(P: €2 =)
= [ SO o) © 11 7°(P: € =) dig). (25)

Here we view j°(P: £: X) as an element of C~*(K : £)@V(£)*, and 7¢ _y = 7pe ) denotes
the principal series representation Ind% (£ @ —A®1), realized on C~°(K : ) (cf. Section 2).
By definition we thus have that f(f A) € C7(K: ¢) for A € ral. However, it is easily
seen that actually f(f A) € C®(K : €) (use Lemma 4.3 below to throw differentiations
on f). Moreover, the map f — f(f A) is continuous from C(G/H) to C(K : &), for
all A € 7y,

The following intertwining property is obvious from the definitions:

Lemma 4.3 Let f € C(G/H),[¢) € My, \ € ia;. Then

LN = [rea(e) 01 fE: ) (x €.

5 Eisenstein integrals

Throughout this paper 7 will be a unitary representation of K in a finite dimensional
Hilbert space V;. A function f: G/H — V. is called T-spherical if it transforms according
to the rule:

flkx) =7(k)f(x) (ke K,xeG/H).

The space of smooth 7-spherical functions G/H — V; is denoted by C*(G/H : 7).

Let 7y denote the restriction of 7 to Ky. If w € W, then by C*°(M/wHyw™: 1)
we denote the space of smooth functions ¢: M/wHyw™ — V, which are my-spherical,
i.e. transform according to the rule

o(km) = 7(k)p(m) (k € Km, m € M/wHyw™).

We recall from Section 3 that M/wHyw™" is equipped with an invariant measure for
which it has total measure 1. In view of (10) the space C°°(M/wHyw™": 7y) is finite
dimensional; it may be viewed as a subspace of L*(M/wHyw™)® V, and thus inherits
a Hilbert space structure.

We now define the following formal direct sum of Hilbert spaces:

°C(r) = G%VCOO(M/wHMw_l: ™ ). (26)
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Note that the space °C(7) is finite dimensional. The component associated with w € W
will be denoted by °C,,(7), and the projection map onto this component by pr,: ¥ + 1,

If [(] € My, we denote by Cgo(M/wHvw™) (or CF§(M/wHyw™")) the space of left
M-isotypical functions of type [£] in C°°(M/wHyw™). It is easily seen from (10) that
this space is finite dimensional. We write °C,¢(7) = °C,(7) N [CgO(M/wHMw_l) ® Vi
and denote the direct sum of these over w € W by °C¢(7). It follows from the Frobenius
reciprocity theorem (for details, see [13], Lemma 3) that °C¢(7) is non-zero if and only if
(€] € My and &Y |k occurs in the decomposition of Ty into irreducible Ky-types, where
¢Y denotes the representation contragradient to {. We use the notation &Y T 7 (or [€¥] T 7)
to indicate this occurrence, and we thus have the finite sum decomposition

C(r) = D “Celr), (27)

[Evrr

where the sum extends over the equivalence classes [¢] € Mg, for which [¢¥] T 7.
We are now ready to define the 7-spherical Eisenstein integral. It will depend on
parameters ¢» € °C(7) and A € a’.. Let P € Pmin Tf ) € °C(7), then for A € ;. we define

the function ;/N)()\: ): GJ/H — V; by

(A ) = (meM,ae A,ne N, weW); (28)

) a***rep,(m) for = = manwH
0 for @ ¢ UpewPwH.

It follows from [6], Prop. 5.6, that if A + pp € a(P,0) (see (11)) then ;/N)()\) is continuous
on (. The 7-spherical Eisenstein integral is then defined by

E@: N(x)=FE(P:¢: X)(x) = /FT(k)_lg/N)()\: k) dk, (29)

for © € G/H. Then v — E(): A) is a linear map from °C(7) to C*°(G//H : 7). Moreover
the map A — E(¢: A) allows a meromorphic extension to all of a. (see [7] and [13]).

Remark 5.1 The present definition of the Eisenstein integral slightly extends the one
given in [7], §3. If ¥ C K is a finite set of K-types, then we write V := C(K)gv for
the space of continuous functions on K which behave finitely under the right regular
representation R, with K-types contained the set ¢ := {6 | 6 € 9}, where 6" € K
denotes the representation contragradient to 6. Moreover, we write

9 := Rlv, (30)

for the restriction of R to V. If we take (7,V;) = (79, V) in the present definition of the
Fisenstein integral, then we obtain the definition of [7].

The more general T-spherical Eisenstein integral can be expressed in terms of the more
restricted one in a natural way. This allows a straightforward extension of the theory of
[7] to the more general Eisenstein integral. For details we refer the reader to [13]. In the
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present paper we shall often refer to [7] for a result on Eisenstein integrals and then apply
it to the present more general setting.

We now recall some properties of the singular set of the meromorphic function A —
E(¢: X) that will be of importance in this paper.

Asin [7], if S C aZ. \ {0}, let [Is(aq) be the set of elements of S(ay) \ {0} which can
be written as a product of linear factors of the form (¢, -) 4+ ¢, with £ € S, ¢ € C. It is to
be understood that 1 € Ilg(a,). Notice that C*Ilg(a,) is precisely the set of polynomial
functions on a;, whose zero locus is contained in a finite union of hyperplanes which are
translates of the linear subspaces £+, £ € S. If S = are \ {0} we simply write II(ag) for
Hs(aq).

We now have the following, by [7], Prop. 10.3 (and the above remark). For every R € R
there exists a polynomial p € Ils(a,) such that for every ¢ € °C(r) the C(G/H : 7)-
valued meromorphic function

E, (P ) A= pA)E(P::A) (31)

is regular on a;(P, R).

Thus the Eisenstein integral has its singularities in a locally finite union of translates
of the hyperplanes o', o € X. It may have singularities at points A € iay. We will
describe a normalization procedure to obtain Eisenstein integrals which are regular at
ia;. To prepare for this we first need to describe the asymptotic behavior of Eisenstein
integrals.

Let Q € P™n Then according to [7], §14, and [13], §4, there exist unique meromorphic
End(°C(7))-valued functions Cgp(s: -) on ai. (s € W) such that for generic A € ia} we
have:

E(P:v: X)(maw) ~ > aSA_pQ[permp(s: Apl(m)  as a&oo,
seW
for all ¢ € °C(7), w € W,m € M. Here the relation ~ means that the difference is

o(a="9) as a&oo, and the latter notion means that log a tends radially to infinity in the
open chamber al(Q)). The endomorphisms Cgp(s: A) (s € W) are invertible for generic
A € aj.. We now define the normalized 7-spherical Eisenstein integral by

E°(P:ap: N)=E(P: Cpp(L: \)': X),

for ib € °C(7), and as a meromorphicidentity in A € a.. For generic A € a7 its asymptotic
behavior along the open chambers in the Cartan decomposition is described as above, but
with normalized C-functions:

E°(P:ap: N)(maw) ~ Y aSA_pQ[perENP(S: Apl(m)  as a2 00. (32)

SEW

Here the normalized C-functions are given by:

022|P(82 A) = Cgp(s: AN)Cpip(1: M7
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Remark 5.2 A different normalization of the Eisenstein integral was defined in [7], §16,
by the formula: E'(P: ¢ : ) := E(P: Cpp(1: A)~"¢: X). This definition extends to the
present situation, see Remark 5.1. The associated normalized C-functions are given by:
Cgﬂp(s: A) = Cqip(s: A)Cpp(1: ).\)_1. According to [13], eqn. (52) and the line following
eqn. (55), we have, for P,QQ € P™ ¢ € °C(7) and s € W:

E°(P:ap: N)=EYP:: ), Cop(s: Ay = Céus(sz A, (33)

as meromorphic identities in the variable A € aZ.. The results of [7] for £' and C" are
easily translated to results for £° and C° because of these relations.

For every R € R there exists a p € llx(a,) such that the function

E(P:ap:-): A= p(A)E°(P )i A) (34)
is regular on a(*l(P,R), in analogy with (31); see [7], Cor. 16.2 and Prop. 10.3.
We now have the following crucial result, due to [7] and [8] (see also [13], Prop. 5).

Proposition 5.3 Let P, € P™" s W. Then

Cop(s: =A)"Cop(s: A) =1

as a meromorphic identity in A € aj.. In particular the normalized C'-function 022|P(8 :A)
is a unitary endomorphism of °C(7), for every A € ia.

The above result implies that the right-hand side of (32) is regular for A € a. Starting
from this observation, the following result is obtained in [13], Thm. 2, where it plays a
crucial role in the proof of Theorem 4.2 above (conversely it is a consequence of the latter
theorem and eqn. (35) below).

Proposition 5.4 Let T be a finite dimensional unitary representation of K. There exists
€ > 0 such that the meromorphic C*(G//H : 7)-valued map A — FE°(t: A) is regular on
a;(e) for every b € °C(7).

Remark 5.5 Combining the above proposition with Corollary 2 of [13], we now see that
(32) is in fact valid for all A € 2a?.

We shall now describe the relation of the Eisenstein integral to the principal series of
G/ H, meanwhile fixing notations that will also be needed at a later stage. If ¥ C K is a
finite subset, then we write

Hew = C(K: &)y

for the (finite dimensional) space of K-finite functions in C*(K : ¢) all of whose K-

types belong to . If [¢] € My, w € W, we shall write (€) and V (¢, w) for the Hilbert
spaces which are conjugate to V() and V (£, w) respectively. If T' = ¢ @ n belongs to
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Hew @ V(E w), then according to [7], §4, we may define a function ¢y € °C,(71) =
C*(M/wHyw™": 79m) by

vr(m)(k) = (e(k™"), &(min)e  (m € M, k € K).

The map T +— 7 is linearly extended to a map He s @V (£) — °C(79). Via the Hermitean
inner product on V({) we have a natural isometry

V() = V(e

and accordingly we view T+ 7 as a linear map from He g @ V(£)* to °C(7s). According
to [7], Lemma 4.1, we now have:

Lemma 5.6 The map 1T — dé/Z;/)T is an isometry from He s @ V(£)* onto °Ce¢(1y), for
each [¢] € My.

According to [13], eqn. (53), the relation with the principal series can now be described
as follows. Let T'= ¢ @ n € Hey @ V(€). Then

B (br: N@H)(k) = (| mes(ka)i°(6: M) (e € G ke K)  (35)

as a meromorphic identity in A € a’.. The sesquilinear pairing in this formula is defined
by (8).

We now return to the more general situation of an arbitrary 7. In this case a relation
similar to (35) is given in [13], Prop. 12 (we shall however not be using it here). The
T-spherical Eisenstein integrals as well as their normalizations are D(G/H )-finite. The
action of the algebra of invariant differential operators may be described as follows. For
w € Wlet p,,: D(G/H) — D(M, /wHy, w™") be the homomorphism of algebras defined in
Section 2. We recall that elements of D(M; /wHy, w™) may be viewed as D(M /w Hyw™)-
valued polynomial functions on aj.. In particular, if A\ € aj., D € D(G/H), then
(D A) is a differential operator in D(M/wHyw™"); it therefore naturally acts on
°Cow(7) ~ C*(M/wHyw™": 1) by an endomorphism we denote by i, (D: 7: A). Let
w(D:7:X) € End(°C(7)) be the direct sum of the endomorphisms (D : 7: X), w € W.
Then by [13], eqn. (54) we have, for ¢ € °C(7):

DE°(p: X)) = E°(u(D:7: A\)p: A) (D e D(G/H)), (36)

as a meromorphic identity in A € aZ.. The above equation is also valid with the unnor-
malized Eisenstein integral F instead of E°.
The dependence of the Eisenstein integral on the parabolic subgroup P is described
by the following functional equation, for P, P, € P™ ¢ € °C(7) and s € W (see [13],
Prop. 4):
Eo(Py: O, p (s A)p: sA) = E°(Py:yp A). (37)
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As suggested by the equations (36) and (37) we have the following relation between
the action on °C(7) of D(G//H) and the C-functions (which are endomorphisms of °C(7)),
for P,Q € P™n s W:

op(s: N)op(D:7: A)=p(D:7:50)0Cp(s: A) (D e D(G/H)) (38)

as a meromorphic identity in A € aZ,, cf. [13], eqn. (73).

The endomorphisms p(D: 7: X) of °C(7) admit a simultaneous diagonalization: Let
b be a Cartan subspace of q containing a,. Then b = by @ a,, where by := b N & Via this
decomposition we identify a7, and bj, with subspaces of bg. Let v: D(G/H) — I(b) C
S(b) be the Harish-Chandra isomorphism. Given A € bj. we define the algebra homo-
morphism v5: D(G/H) — S(aq) by ya(D)(A) = v(D: A+ X), for D € D(G/H), and

A € ai.. Correspondingly we have the joint eigenspace

C(r)[Al:= )  ker[u(D:7:X)—ya(D)(N)].

DeED(G/H)
*
Aeuqc

Then according to [7], Prop. 4.7, there exists a finite subset L C iby such that

"C(r) = P “C(r)[A], (39)

A€L

the decomposition being orthogonal.

The decomposition into joint eigenspaces becomes simpler if D ranges over Z(G//H) =
r(3). Recall from (19) that j is a Cartan subalgebra of g containing ay. Moreover, 7 is
the Harish-Chandra isomorphism from 3 onto /(j).

Lemma 5.7 Let [{] € My, \ € a. and Z € 3. Then the endomorphism pu(r(Z): 7: A)
acts by multiplication with the scalar /(Z: A — A¢) on °C¢(7); here A¢ € ji. is the
infinitesimal character of .

Proof. Since the endomorphism depends polynomially on A and linearly on Z, we may as
well assume that A € 7a} and that Z € 3 is real (with respect to the real form g of ge).
Then the representation 7, 5 has the infinitesimal character A¢ + A = A¢ — A. Moreover,
since 7 3 is unitary, it follows that

YW(Z:Ae = X) =42V Ae = A) =~ (Z: X = Ag).
Combining this with (20) we see that, for every n € V({), we have:

p(r(Z): € N =422 X = Ag).

Combining the obtained equation with [13], eqn. (43), and applying Lemma 3 of loc.cit.
we see that u(r(Z): 7: ) acts by multiplication with (Z: A — A¢) on °Ce(7). O
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We end this section by recalling a result that will be used a number of times in the rest
of this paper. If D € D(G/H), then by D* we denote the formal adjoint of D with respect
to the measure dx of G/ H, i.e. it is defined by the formula (Df|g) = (f | D*g) for all
f.g € C2(G/H), where (- |-) denotes the L*-inner product. For all D € D(G/H), X € aZ,
we have D* € D(G//H) and:

p(D:r: N = p(D*: 7 =), (40)

Here the star on the left hand-side indicates the adjoint with respect to the Hilbert
structure of °C(7). The relation (40) is an immediate consequence of [13], eqns. (41) and

(43).

6 The 7-spherical Fourier transform

Let 7 be a unitary representation of K in a finite dimensional Hilbert space V.. Follow-
ing [7], §17, we shall define the 7-spherical Fourier transform on a space of 7-spherical
Schwartz functions.

Let = be Harish-Chandra’s elementary spherical function with spectral parameter
zero, associated with the Riemannian symmetric pair (G, K). We define the functions

O,7¢m: G/H — [0,00[ by
OxH) = Z(zo(x)™'* (z€0),
Tam(kah) = |logal (ke K,a€ Aq, he H).

Following [7], §17, we now define the space of (L*-) Schwartz functions C(G/H,V,) as the
space of C* functions f: G/H — V; such that

sup ()™ (1 + 7apu(2))" | Luf(2)]| < o0
zeG/H

2

for all n € N, u € U(g); here L, denotes the regular action of u from the left on smooth
functions on G/H. Equipped with the obvious collection of seminorms this space is a
Fréchet space. We denote its closed subspace of T-spherical functions by C(G/H : 7).

If f,g: G/H — V, are t-spherical functions such that the function « — (f(z)|g(z))
is integrable on G/ H, then we define

(Flaye= [ ()] o) de. (1)

Let P € P™n he fixed. It follows from Proposition 5.4 and from the remark succeeding
Thm. 19.1 in [7], that for f € C(G/H : 1) the function x — (f(z)|E°(P:¢: A)(x)) is
integrable on G/ H, for every ¢» € °C(7). We define the Fourier transform Ff = Fpf of f
to be the function iaj — °C(7) determined by:

(FL) ) = (fIE(P: b =A)), (42)

for all ¢ € °C(7). Let S(ia}) denote the (Schwartz) space of rapidly decreasing functions
on the Euclidean space 7a;, then we now have (cf. [13], Cor. 4):
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Lemma 6.1 The Fourier transform F is a continuous linear map from C(G/H : T) to

S(iay) @°C(7). O

If f is compactly supported then from equation (42) one sees that F [ extends to a
meromorphic °C(7)-valued function on a7, given by the same equation.

We recall some more properties of the 7-spherical Fourier transform. From [4], Lemma
7.2, it follows that D(G//H) maps C(G/H : 7) continuously into itself. From equations

(36), (42) and (40) we obtain the following result (see also [7], Lemma 19.3).

Lemma 6.2 Let f € C(G/H: 1), D € D(G/H). Then

FDHYA) =pu(D:1: N)Ff(A) (A €1a).

The following result is a consequence of (37) combined with Proposition 5.3 (see also

[13], eqn. (76)).

Lemma 6.3 Let Py, P, € PP and s € W. Then for all f € C(G/H : 7) we have:

Fp, f(sA) = Cpp (52 A)Fp f(A) (A € iay).

We shall now describe the relation of the spherical Fourier transform with the Fourier
transform defined in Section 4. Let ¢ C K be a finite subset, and in the rest of this section
let 7 = 74 be as in Remark 5.1. We denote the spaces of left K-finite functions in L*(G/H)
and C°(G/H) all of whose K-types belong to ¥ by L*(G/H)s and C>*(G/H)y respec-
tively. These spaces are closed subspaces of L*(G/H) and C>°(G/H), respectively. We
equip them with the induced structures, respectively of a Hilbert space and a topological
linear space.

The map 6.: ¢ +— ¢(e) defines a linear functional on V; = V4. Moreover, one readily
verifies that the map F' — é.0 F is a bijective isometry from L*(G/H : 7) onto L*(G/H ).
Its inverse,

¢ L}(G/H)s——L*(G/H: 7), (43)
is given by ¢(¢)(x)(k) = p(ka) for k € K,x € G/H (see [13], Lemma5). Of course, ¢ maps
the space C2°(G/H)yg bijectively and continuously onto C°(G/H : 7), and it intertwines

the actions of D(G//H) on these spaces.
If feCx(G/H)g, then it follows from Lemma 4.3 that

N [ —

FE: ) € CF(K: &) @VI(E)" = Hew @ V(E) (44)
for [€] € My, X € ia.

We now recall the following relation between the 7y-spherical Fourier transform and
the Fourier transform.
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Proposition 6.4 Let ¢ C K be a finite subset, and put T = 7y. Furthermore, let
feCx(G/H)y and put F' = s(f). Then for [{] € My, T € He o @ V() and X € ia}, we
have that

(FE) [ dr) = (J(€: N)T). (45)

Moreover, for A € ia; we have the finite sum

FF(A) = Z d@’f(g:x)- (46)
[f]e]ﬂ?H
eVtr

Proof. The relation (45) is given in [13], Prop. 3, and (46) is equivalent to it as a
consequence of (27) and Lemma 5.6. O

7 Expansions of the Eisenstein integral

In this section 7 will be a fixed unitary representation of A in a finite dimensional Hilbert
space V,, and P,Q will be fixed parabolic subgroups from P™" Being a D(G/H )-finite
r-spherical function, the Eisenstein integral E°(¢: A) = E°(P: ¢ : A) (with ¢ € °C(7))
has a convergent expansion on the chamber A¥(Q) (see [4]). We will recall some specific
properties of this expansion, which are obtained in [14] in generalization of Gangolli’s
paper [21].

We start by recalling from [4] the notion of the 7-radial component of a differential
operator from D(G/H), meanwhile fixing notations that will be used later in this paper.

From the Cartan decomposition (see (5) and the succeeding text) it follows that
KAY(Q)H is an open subset of G. If f € C*(G/H : 1), then [ restricts to a smooth

VAN valued function on AF(Q). Thus we have the restriction map:
T5: [ fIANQ), C*(G/H:7)— C*(AX(Q), VI, (47)

which is a continuous linear map for the usual locally convex topologies on these spaces.

Let CE(KAY(Q)H,V;) denote the space of smooth compactly supported V:-valued
functions equipped with the usual complete locally convex topology. The subspace of
functions f transforming according to the rule f(kxh) = 7(k)f(x) for k € K,h € H,z €
KAF(Q)H is closed; we denote it by C2*(KAF(Q)H : 7) and equip it with the restriction
topology. A function of C°(K A (Q)H, V) may be viewed as a function of C2(G, V) via
extension by zero outside its support. Accordingly we have a continuous linear embedding

CR(KAYQ)H : 7)— C*(G/H : 7). (48)

Via this embedding we identify the linear space on the left-hand side with its image in
the space on the right-hand side. This image equals the linear subspace of functions
f e C=(G/H : ) with supp f C KAF(Q)H. Notice however that the image is not closed,
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hence not complete, as a subspace of C*(G//H : 7); therefore the embedding (48) cannot
be used to identify C°(KA¥(Q)H : 7) topologically with a subspace of C*(G/H : 7).

Now recall that the map (k, h,a) — kah induces a diffeomorphism from K Xnaxnm
H x AT(Q) onto KAY(Q)H. From this the following lemma is immediate.

Lemma 7.1 The map Té restricts to a topological linear isomorphism from the space
CfO(KA;'l'(Q)H: T) onto Cfo(Ajl'(Q),VTKﬂHM).
We define the continuous linear map
Th: C2(AF(Q), VAN — C(G/H : 7) (19)

as the inverse of the topological linear isomorphism of the above lemma, composed with
the embedding (48). For later purposes we list:

THeT) = 1 on  CR(AFQ), VAT (50)
ThoT, = I on  CE(KANHQ)H: 7). (51)
Notice that if for g, h € CZ(AF(Q), VEOM) we define
h ::/ h(a)), J(a) da, 52
{g|h)s A;(Q)@(Q)' (a))7 J(a) da (52)

then from (21) (with C' = 1) we see that Tg) is the transposed of Té in the sense that

(F1 T g) = (T4 f19)s (53)
for all f € CX(KAY(Q)H : 7) and g € CX(AF(Q), V),
If D € D(G/H) then one readily checks that
Mo, (D) := T4 oDo T} (54)
defines an element of the ring
C™(AF(Q) @ S(ag) @ End(VM) (55)

of differential operators on Af(Q), with coeflicients in C*(A¥(Q)) ® End(VEMHM) The
operator (54) is called the 7-radial component of D on A (Q). Using (51) one readily sees
that g . is an algebra homomorphism from D(G//H) to (55). Note that if a function
f € C*(G/H: 1) is D(G/H)-finite, then its restriction to Af(Q) is finite under the
algebra Ilg - (D(G/H)).

If X € U(g)?, then we shall also write Ilg ,(X) for Ilg,(r(X)) (cf. (12)). Thus we
also view Ilg , as an algebra homomorphism from U(g)? to (55).

Let O = Og denote the ring of functions ®: Af(Q) — C which admit a converging
series expansion of the form

P(a) = Z c,a”’ (a € A:(Q)) (56)

with coefficients ¢, € C.
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Remark 7.2 Let A(Q) be the set of simple roots in X(Q). If v € NE(Q), we write

V= aea(q) Voo I moreover z € CAQ), we write

v o Vo
I

a€A(Q)

Let D denote the unit disk in C. Then obviously the series (56) defines a function in O
if and only if the power series 3 cns(g) ¢v2” converges on the polydisk DA@) (and hence
defines a holomorphic function ¢ on that set). This explains the use of the notation O.

Let z = zg: AT (Q) — DA®@) be the map defined by z,(a) = a™® (o € A(Q)). Then
the above functions ® and ¢ correspond to each other by ®(a) = ¢(z(a)). Operations
like term by term differentiation which can be applied to power series, can therefore be
applied to elements of O as well.

The following result is now a straightforward consequence of [4], Prop. 3.5, Lemma

3.6 and Prop. 3.7.

Lemma 7.3 The map llg . is an algebra homomorphism from U(g)! to Og @ S(ay) ®
End(‘/TKOHM).

In the rest of this section we shall write ¥t = ¥(Q), and we shall suppress the
dependence on () in the notations. In particular we write AY = AH(Q), A = A(Q),
p=pg,and I, = Ilg ..

Ifv =3 ,ca Vot € NA we write m(v) = 3, |Va|. Let 7(Q) denote the endomorphism
by which the ‘m N &part’ of the Casimir element of U(g) acts on VEMM (see [14] for
details), and let v € End(End(VEMM)) be defined by v = ad(7(2y)). Then the set N of

eigenvalues of 7 is a symmetric subset of R. Put
S={\ea|IweNA\{0}):(2\ —v,v) e N} (57)

One readily checks that the evaluation map f — f(e) defines a linear isometry
evy: °Cy (1) o C°(M [ Hyp ) — VI, (58)

Via this isomorphism we endow VA with the structure of a D(M/ Hy)-module. Recall
the definition of the algebra homomorphism p: D(G/H) — D(My/Hwy,) ~ D(M/Hu) @
S(aq) from Section 2. If D € D(G/H), A € a}., we denote the endomorphism by which

the operator p(D: A) acts on VA7 by (D 7: X). Notice that this endomorphism is
related to the endomorphism g1 (D : 7: X) on °Cy(7) defined above (36) by

eviop(D:7: X)) =pu(D:7: A)oevy.

Let L € D(G/H) denote the image of the Casimir element of U(g) under the map r
defined in (12). (L is the Laplace-Beltrami operator associated with the natural pseudo-
Riemannian structure on G/H induced by the bilinear form B.)
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Proposition 7.4 ([14]) Let A € a.\'S, where S is defined by (57). Then there exists a
unique function ®, = &g, € a*?O @ End(VE"M) having an expansion of the form

Or(a)=a"" >, . (A)a™" (a € AT)
veNA
with , ,(\) € End(VE™MM) (X)) = I, such that:
MA@ () = Ba(a)op(Li i A) (0 € AL,
Finally, ®,(a) and the , ,(\) (a € AT, v € NA) extend to meromorphic functions of

q?
A € ay, with singular set contained in S.

The functions ®, occur in the expansion of the normalized Eisenstein integral as
follows. If w € W, A € a%.\ S we define the End(VEM o™ valued function ®q (A : -)

on A;';(Q) by
Do .(X:a) =7(w)e Pg(a)sT(w)™ . (59)

Then we have the following.

Theorem 7.5 ([14]) Let P,Q € P™~ w € W. Then for every 1 € °C(t) we have
E°(P:ap: A)(aw) = ZV:V(I)Q,w(S)\i a)[pr, Coip(s: Ml(e)  (a € AJ(Q))
s€

as a meromorphic identity in \.

Note that the above identity remains valid if E°(¢): A) and 022|P(82 A) are replaced
by their unnormalized versions (¢ : A) and Cgp(s: A) respectively.
Let J: Af —]0,00[ be the Jacobian introduced in Section 3. Then for A € a’.\ S we

define the function ®,: AY — End(VEN) by
Oy(a) = J(a)'*®)\(a)  (a € A]). (60)
Now obviously a=*.J(a)'/? € O, and therefore the function ®, has an expansion of the

form
&)A(a) = a’ Z a_”:y()\) (61)

veNA
with coefficients :y()\) € End(VEMM) 1 e NA.
If R € R, we define the following finite subset of NA:
Xr={r e NA\ {0} | |[¥|]* = 2Rm(v) + min NV < 0}.
Moreover, we define the following polynomial function of A:
prN) = I IT(@X—v,v)—d). (62)
vEX R dEN

(If Xg is empty then by definition pr(A) = 1.)
The following estimates will play a crucial role in Sections 10 and 13. Let a3(Q, R)
denote the closure of a3(Q, R) in a;.
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Theorem 7.6 ([14]) Let R € R. Then there exist constants C' > 0, & > 0 (depending
on 7, R) such that

ROV o (Mllop < C (14 [)*(1+ [A)*eere,

for all v € NA and A € a;(Q, R). Here || - ||o, denotes the operator norm.

Corollary 7.7 ([14]) Let R € R. Then we have the following:

(a) if a € A}, then the function A — pr(A)®s(a) is holomorphic in a neighborhood of
as(Q, R);
(b) there exists for each € > 0 a constant C' > 0 (depending on 7, R) such that

pr[[@r(a)llop < Cal*¥77 (1 4 |A[)deEre (63)

for all A € a3(Q, R), and all a € Ay with a(loga) > ¢ (Va € XF).

Remark 7.8 Notice that if GG/ H is split, that is, if a4 is also maximal abelian in g, then
m C b so that 7(2,) acts trivially on VA, Hence A = {0}, from which we infer that
if R <0 then Xg is empty and pgp = 1. In particular this is the case when G/H is a
Riemannian symmetric space. The same conclusion holds for the trivial K-type 7 on an
arbitrary reductive symmetric space GG/ H.

8 Paley-Wiener estimates for the Fourier transform

Let (7,V;) be a finite dimensional unitary representation of K, and let P € Pmin, [f
f € CX(G/H: 1) then its T-spherical Fourier transform Ff = Fpf, originally defined as
a °C(7)-valued Schwartz function on 7aj, has a unique meromorphic extension to all of a;.
Thus it may be viewed as an element of the space M ©@°C(7) of meromorphic °C(7)-valued
functions on a,. The purpose of this section is to give estimates of Paley-Wiener type,
relating the growth of F f to the support of f.

We start with a preparatory lemma. The set lx(a,), defined in Section 5, is partially
ordered by the relation of division. Let ‘m € Ilx(a,) be a polynomial which is minimal
subject to the condition that for every ¢ € °C(7) the function ES_: A — ‘w(AN)E°(P: ¢: A)
is holomorphic in ac*l(P,O); for its existence, cf. (34). The polynomial ‘r is uniquely
determined up to a non-zero scalar factor.

Lemma 8.1 There exists a constant € > (0 such that:

(a) The polynomial ‘r has no zeros in a}(¢);

(b) For every ¢ € °C(7) the function EX_: A w ‘m(A)E°(P:1: A) is holomorphic in
ac*l(P,e).
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Proof. If [: A — (A, a)—cis a linear factor of ‘n (a € ¥(P), ¢ € C), then by minimality
of ‘m we must have [7*(0) N ac*l(P, 0) # . Hence Rec < 0, and we see that there exists a
constant € > 0 such that [7*(0) N a’(c) = (0. Since ‘m is a product of linear factors like the
above, there exists a constant € > 0 such that (a) holds.

The function B3 is regular on the set ia. Moreover, by (34) there exists a polynomial
p € llIs(ay) such that pE?_ is regular on a3(P,1) (for any +). Applying the lemma below
with 9 = 1 and ¢ = E%_, we see that there exists n; > 0, independent of 1, such that
E?_is regular on the set ac*l(P, n2). Now decrease the € found in the first part of the proof
so that e < ;. O

Lemma 8.2 Let ny, > 0 and p € llg(ay). Then there exists a constant ny > 0 such that
the following holds. Suppose ¢: a;(P,n:) — C is a meromorphic function such that:

(a) py is regular on a (P, n);
(b) ¢ is regular on a}(P,0) U ia;.

Then the function  is regular on a(*l(P, n2)-

Proof. We may restrict ourselves to the case that p is a first degree polynomial of the
form A +— (A, a) —¢, a € X(P), ¢ € C, since (up to a sign) every polynomial of IIx(a,) is
a product of such first degree polynomials. We now distinguish the following three cases:
(i) Rec < 0; (ii) Ree = 05 (iii) Rec > 0.

(i) In this case Uy := p~'(0) N a(*l(P,O) is a non-empty open subset of the complex
hyperplane p~*(0). By (b) it follows that pe vanishes on Uy; the latter set is contained in
the convex, hence connected, open subset U] := p~'(0) N a(*l(P, m ) of p~1(0). By analytic
continuation it follows that py vanishes on Uy. Hence on the set a*(F,7;) the first degree
polynomial p is a divisor of the holomorphic function py, and the conclusion follows with
M2 =M.

(ii) In this case U, := p~'(0) N ia is a non-empty real subspace of the complex
hyperplane p~'(0). By (b) the function py vanishes on U;. We may now apply analytic
continuation as in (i) and deduce the conclusion with ny = ;.

(iii) In this case we put n2 = min(n, Rec). Then p has no zeros on ac*l(P,ng), and
py is holomorphic on a}(P,n2) C a;(P,n), by assumption (a). From this the desired
conclusion follows. O

Define the polynomial = € Ilg(a,) by

w(\) = 7=\ (64)

Let € > 0 be as in Lemma 8.1. Then from (42) it follows that for every f € C(G/H : 1)
the function A — 7(A)F f(X) is holomorphic on —ac*l(P, ) = a;(P,e).

By [7], Cor. 16.2 and Prop. 10.3 we may shrink ¢ to ensure the existence of constants
C'>0,N €N,s > 0 such that:

I'rE(P =g A(a)]] < C(1+ AV elHReDReseljjp, (65)
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for all ¢ € °C(7), a € Aq and A € a(*l(P, €). We shall use this estimate to obtain a crude
estimate for F f. Let S be a subset of a, and define the subset Xg of G/H by

Xs=KexpSH. (66)
It S is compact then so is Xg, and we equip the space
CS(G/H:7):={f € CZ(G/H: 7) | supp f C Xs} (67)
with the usual Fréchet topology. Put

Rs =sup |Y].
Yes
(If S = 0 then Rs = —oc0.) Then we have the following:

Proposition 8.3 Let ¢ > 0 be as above. Then for every n € N there exists a continuous
seminorm v on C§(G/H : 1) such that for all f € C§(G/H : 1) and every A € a;(P,¢)
we have:

I=(2) FAOI < (14 (A"l ),

Proof. From the above estimate for the Eisenstein integral it follows straightforwardly
that there exist constants C” and N such that

lm () FFO < (14 ANl sup || £(a))], (68)

l’EXS

for all A € aX(P,e), f € CF(G/H: 7). To improve upon this estimate, we need the
following lemma. Recall the definition of the endomorphism g, (D: 7: A) of °C,(7) (w €
W, D € D(G/H), X € a;,) from the text preceding eqn. (36).

Lemma 8.4 There exist a constant m € N and for every w € W, k € N and X € a4 an
m + 1-tuple Dy, ..., D,, in D(G/H) such that:

A = Al Dy 72 ) (69)

as an endomorphism of °C,(7), for all A € aZ.

Proof. Recall the definition (14) of y: D(G/H) — D(My/Hw, ), and the identity ya, o gt =
v in (15). It is well known that S(b) is an integral ring extension of I(b), hence so is
also Iy, (b), and by the identity above we conclude that D(M;/Hyy, ) is an integral ring
extension of u(D(G/H)). Hence there exists a number m € N with the property that for

every Y € aqe C D(My/Hy, ) there exist Fy, ..., E, € D(G/H) such that
Y = S Vi),
7=0
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Let now w € W, and k € N. Then it follows by repeated application of the above identity
to Y = Ad(w™!)X that there exist Do, ..., D,, € D(G/H) such that

[Ad(w )X

S [Ad(e™ ) XP (D) (70)

Applying the isomorphism Ad(w): D(M;/Hy, ) — D(M;/wHy,w™") we obtain an iden-
tity of elements in D(M;/wHy,w™"). By (16) this may be viewed as an identity of
D(M /wHyw™")-valued polynomial functions on a;. In view of (17) evaluation in A now
results in the desired identity (69). O

Completion of the proof of Proposition 8.3. For w € W let F,, := pr,, o F. Then it suffices
to prove the estimate with F replaced by F,.

Let m € N be the constant of the above lemma. Fix w € W, X € a%, k € N, and let
Do, ..., D, € D(G/H) be such that (69) holds. Then by Lemma 6.2 and (68) it follows
that

IACOSNFSO £ (14 D™ S 1XF [ ()F(D; OV

i=0

< TN AN e maxsup [|D; /1]

Here N is the constant of (68), and C” > 0 is a constant independent of f and A. It is
now straightforward to complete the proof. a

We shall also need an estimate for F f which reflects more refined aspects of the geom-
etry of supp f. The key to this estimate is the following estimate for the (unnormalized)
Eisenstein integral.

Proposition 8.5 Let w € W. Then there exists a constant C > 0 such that for all
P € °Cy(T), a € Aq and X € aX(P,0) — pp we have

JE(P: 6 (@) € C max ™ Wedtor) | (71)

veEWkKng

Proof. Since the Eisenstein integral is an Eisenstein integral for (G, H.) as well (see the
argumentation in [6], remark after the proof of Prop. 5.6), we may assume that H is
connected. From [13], eqn. (69), we recall that

E(P: L(w)): N) = E(w ™ Pw::w ' )),

where L£(w) is a unitary endomorphism of °C(7). From the definition of L£(w) in loc.cit. it
follows that L(w) maps °Cy(7) onto °C,(7). On the other hand A € a;(P,0) — pp if and
only if w™tA € ac*l(w‘le, 0) — puw-1py; therefore it suffices to prove the result for w = 1
and arbitrary P.
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Thus assume that w = 1, and let ¢ € °Cy(7). Define ;/N)()\: ): GJH — V; as in (28).
Note that this function is continuous since Re A + pp is strictly P-dominant, and that it
vanishes outside PH.

Recall from (29) that the Fisenstein integral is defined by the absolutely convergent
integral

E(P:: \)(a) = /Kr(k)—%u: ka)dk  (a € Ay).

Now fix a € Ay, and k € K, and assume that ka € PH. Then to complete the proof it
suffices to show that

qu}()\ ka)H < C Uer{lv‘??iﬁHav(Re/\-I-/)P)H77/)H7

with €' a constant independent of £ and a. Write ka = nexp Xmh, with n € Np, X € a,,
m € M, h € H. Then by the convexity theorem (Thm. 3.8) of [3] it follows that X = Y+ 7,
where Y € conv (Wgnploga), and where Z belongs to the closed convex cone spanned by
the vectors H,, o € X(P),m, # 0 (here H, € a4 is determined by H, L kera, a(H,) =
2; cf. Section 3 for the definition of m_ ). Hence (Re A + pp)(Z) < 0, and it follows that

lP(A: ka)| < max 'R p(m)|| < max a AR [y,

veEWkKng veEWkKng

where || - || denotes the sup norm on °Cy(7) = C*°(M/Hy : 7). By finite dimensionality
the sup norm is equivalent to the Hilbert norm. a

Corollary 8.6 Let ¢ > 0, w € W. Then there exist constants ' > 0, N € N such that
for all p € °C,,(7), a € Aq and A € a;(P,—6) — pp we have

IPrE(P:d: N(@)] < C(L+ MDY max a7 @A)y (72)

vEWrng
Proof. From [13], Prop. 2, we have
E°(P:ap: XN)=E(P: Cpp(L: X)"1p: A).

In view of [7], Prop. 16.1, the End(°C(7))-valued function A — Cpp(1: A)~" is meromor-
phic and of X-polynomial growth on every set a’(P, ), R € R. Moreover, from loc.cit.,
Prop. 15.7, we see that Cp|p(1: A) preserves the decomposition °C(7) = Guew®Cy(7). In
view of Proposition 8.5 with P in place of P it now follows that there exist a polynomial
p € lx(a,) and constants C' > 0, N € N such that we have an estimate of the form
(72), for X € a(*l(P, 0) — pp, but with p instead of ‘x. The desired estimate now follows by
an application of the Cauchy formula in the same way as in the proof of Lemma 6.1 in
loc.cit. O
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If T'is a closed subset of aq, we define its supporting function hr: a;. — [—o0, o] by:

hr(n) = sup Ren(X) (9 € aje). (73)

XeT

Note that the supporting function of the empty set is given by hy = —oo. Note also that
all values of hp are finite if and only if T" is compact and non-empty.

Corollary 8.7 Let S be a Winp-invariant compact subset of a,, and let 6 > 0. For
every n € N there exists a continuous seminorm v on CF(G/H : 7) such that for every

weW, feCF(G/H: 1) and all A € a (P, —6) — pp we have:

17 ()Fuf IS (14 A" P=C ().

Proof. Since S is Winpg-invariant, it follows that

-1 -1
sup qtvT o = ehs(w n) — ehws(n) (77 c az;)
a€exp S
vEWRNH

From (42) and Corollary 8.6 it now follows in a straightforward manner that
I NFu f O < Cs (14 MDY =V £l

with Cs a constant which only depends on ¢ and S. The proof is completed by applying
Lemma 8.4 in the same fashion as in the second part of the proot of Proposition 8.3. O

We now come to a lemma which is a variation on Paley-Wiener type results for Eu-
clidean space as presented in [32], §7.3. The lemma will enable us to collect the estimates
of Proposition 8.3 and Corollary 8.7 into a simultaneous one.

Lemma 8.8 Let S be a compact subset of a, let €,r, R > 0, and let ¢ be a °C(7)-valued
holomorphic function on a}(P,¢). Assume that for every n € N we have:

(a) suPyeqr(pe) (14 (D) IR S(A)]| < oo;
(b) suPseas(p—r (1 + PN ()] < cc.
Then for each N € N we have:

sup (14 AV eV 6(A)]| < oo (74)

Aeax(P,0)

Moreover, the seminorm in the latter expression can be estimated from above by a constant
times the seminorm in (a) with a suitable n (depending on N ).

Proof. Let v,(¢) denote the seminorm in (a). From the estimates in (a) it follows that
the restriction to iaj of ¢ is a Schwartz function; in fact by a straightforward application
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of Cauchy’s integral formula we see that every Schwartz-type seminorm can be estimated
from above by (a constant times) one of the seminorms v, ().
Let f: aq—°C(7) be the inverse Fourier transform of ¢, defined by

fla)y= [ () dx, (73)

Then f is a Schwartz function on the Euclidean space a,, and by continuity of the in-
verse Fourier tranfsorm for the Schwartz topologies every Schwartz-seminorm of f can be
estimated by one of the v,(¢). Moreover, it follows from the Euclidean Fourier inversion
formula that with a suitably normalized Lebesgue measure dx on a, we have

o) = [ O f()da. (76)

for A € iay.
Let Ao € a}(P,0), then it follows from (75) and an application of Cauchy’s theorem,
justified by (a), that

fla) = / M@ g \g 4 \) dA. (77)

In particular, this shows that  — e~ f(z) is a Schwartz function, and hence also that
we have (76) for A € a;(P,0).

Let ¢ > 0 be any number such that ¢A\ € aj(P, —r). Replacing Ao by tAo in (77) and
applying (b) with a suitably large n we obtain the estimate

(@) < € eRNRIA00 [ (14 Jidg 4+ M) 7" d,

*
’LClq

with C' a positive constant. By taking the limit as ¢ — oo we infer that if Re Ag(z) +
hs(—Xo) < 0 then f(x) =0.

In (76) we now need only integrate over the set where —ReAg(x) < hg(—AXg) for
all Ay € a3(P,0), and hence the integrand f(z)e™*®) is dominated by sV f(z)|,
if A € a3(P,0); by continuity this domination still holds if A belongs to the closure of
a;(P,0). Thus we obtain

lo)I < "9 [ 1 (@) d.

valid for all A € a’(P,0). A similar estimate is obtained for Mzo)*d(N) for any zo € ag,
k € N; on the right-hand side f is then replaced by its k-th derivative in the direction x.
This shows that the seminorm in (74) can be estimated in terms of a Schwartz-seminorm
of f, which in turn may be estimated by v,(¢), for a suitable n. a

In view of Lemma 8.8, Proposition 8.3 and Corollary 8.7 provide motivation for the
following definition of pre Paley-Wiener spaces. If ¢ is a °C(7)-valued function, we write
Y = Pr,, o for its w-component, w € W.
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Definition 8.9 Let S be a non-empty Wynp-invariant compact subset of ay. If p € Il(ay),
we define the pre Paley-Wiener space M(S,p) to be the space of meromorphic functions
@: al. — °C(7) satisfying the following three conditions (a) — (c):

(a) For each s € W we have p(s\) = 103|P(3: Mp(A) as a meromorphic identity in A;
(b)
(c)

The function pyp is holomorphic on an open neighborhood of a(P,0);
For every n € N and each w € W we have:

sup (14 [A]) eV [p(Vpu (V]| < oo.
Aeat(Po)

The pre Paley-Wiener space M(S,p) is equipped with the structure of a locally convex
space by means of the seminorms in condition (c).

Remark 8.10 In addition to the above we adopt the convention that M(0,p) is the
trivial space, for every p € Il(a,).
Note that, if S C 5" and if p divides p’, we have M(S,p) C M(S5’,p'), the inclusion

map being continuous.
One can actually prove that M(S,p) is a Fréchet space. We will do this at a later
stage, under the assumption that p € Ilg(a,), see Corollary 20.2.

The results obtained in this section can now be summarized in the following theorem.

Theorem 8.11 Let n € llx(ay) be asin (64). Let S be a Winpg-invariant compact subset
of aq. Then F maps CF(G/H : 1) continuously into M(S, x).

Proof. Let f € CF(G/H: 7). The meromorphic function ¢ = F [ satisfies (a) in view
of Lemma 6.3 with P, = P, = P, and (b) in view of (64) and Lemma 8.1 (b). Moreover,
from Proposition 8.3 and Corollary 8.7 it follows by application of Lemma 8.8 that ¢
satisfies (c). O

9 Wave packets

In this section P is a fixed element of P™", For n € N let Cy(2a;) denote the space of
continuous functions ¢: ia; — C such that

sup (L4 [A])" [p(A)] < oo,

/\Ezaé

equipped with the obvious structure of a Banach space. Then

Cn(ia) == (] Culial)

neN
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is a Iréchet space in a natural way. For p € Cn(ia}) @ °C(7), we define the wave packet
Je = JTpy by
Tolz) = / EO(P: o(\): () d\ (z € G/H). (78)
way

The integral converges absolutely by the estimates of [7], Thm. 19.2, which hold with
7 = 1, in view of the regularity theorem (Proposition 5.4). Obviously J¢ is a 7-spherical
function on G/ H.

If p € On(iay)@°C(7) and D € D(G/H), then we write y(D : 7)p for the function A —
u(D: 72 A)p()). Notice that ¢ — py is a continuous linear endomorphism of Cn(7a}) @
°C(7) for any End(°C(7))-valued polynomial p on za;, hence in particular for p = u(D: 7).

Lemma 9.1 The wave packet map J is a continuous linear map from Cn(iay) @ °C(7)

to C*(G/H : 7). Moreover, for all p € Cn(ia?) ® °C(7) and D € D(G/H) we have:
DI o= T(D:7)p). (79)

Proof. The first assertion is a straightforward consequence of the above mentioned esti-
mates of [7], Thm. 19.2. In fact, it follows from these estimates that differentiation under
the integral sign is allowed in (78): if u € U(g), then we have

LuTle) = [ LulE(o(0): V](e) dA. (30)

*
’LClq

Let now v be a representative of D in U(g)", and let z € G be fixed. Then DJ p(x) =
R,(T¢)(x) = L, (J¢)(x), with u = [Ad(z)v]", where y — y" denotes the principal anti-
automorphism of U(g). Inserting this in (80), and observing that L,[E°(¢(A): N)](z) =
DIE°(p(A): M](x) = E°(p(D: 7: N)p(X): A)(x) for all A, we obtain (79). O

Remark 9.2 Notice that if p has no zeros on a then p € M(S,p) implies that ¢ iz €
Cn(2ay), for all S and p as in Definition 8.9, and the map ¢ — ¢ iz 1s continuous. Hence
in this case J gives rise to a continuous transformation, also denoted J, from M(S, p)
to C°°(G/H : 7). In particular this applies to the polynomial = defined in (64).

We will now discuss the relation of the wave packet transform to the spherical Fourier
transform.

Recall the definition of the functions O, 74x: G/H — [0,00] from Section 6. For
p,n €N, let T?(G/H : 7) be the Banach space of functions f € C?(G/H : 7), such that

sup (14 7050(2))"O) | Luf ()] < oo,
zeG/H

for all w € U(g) with orderu < p. Then by [7], Cor. 17.6 we have a (-equivariant,
continuous sesquilinear pairing (- |-): T?(G/H : 7) x C(G/H : 7) — C, defined by

(Flg)= [, (@), do (81)
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Since the inclusion map S(ia}) — Cn(2a}) is obviously continuous, Lemma 6.1 shows that
the spherical Fourier transform F maps C(G//H : 7) continuously to CUn(ia}) @ °C(7). We
equip the latter space with the continuous sesquilinear pairing

(el) = [ (e 1)eery X (g, € Onling) © °C(7))

Lemma 9.3 For every p € N there exists a number n € N such that J is a continuous
linear map from Cn(1a}) @ °C(7) to TP(G/H : 7). Moreover, J is the transposed of F in
the sense that

(Tell) =(e|Ff) (¢ €Cnliny) ®°C(r), [ €C(G/H:T)). (82)

Proof. The first part of the lemma is a straightforward consequence of (80) and the
estimates in [7], Thm. 19.2. Moreover, by the same estimates it follows that given ¢ and

[ as in (82) the function ®: ia? x G/H — C, defined by

(A, z) = (B°(e(A): M)(@) [ [(2))v,

is an absolutely integrable function with respect to the product measure dA dz on ia; x
G//H. Integration of ®(\, ) first with respect to A and then with respect to x yields the
left-hand side of (82); integration in the reversed order yields the right-hand side. In view
of Fubini’s theorem this implies (82). O

Corollary 9.4

(a) The composition JF is a continuous linear map from C(G/H : 7) to C*(G/H : ),
which commutes with the action of D(G/H).

(b) There exists a number n € N such that JF is a continuous linear map from
C(G/H: 1) toTXG/H: 7). The map JF is formally symmetric in the sense that
for all f,g € C(G/H : 1) we have:

(TF[flg)=(f|TFg).

Proof. This is an immediate consequence of Lemmas 6.1, 6.2, 9.1 and 9.3. O
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10 Support properties of wave packets

For the Euclidean and the non-compact Riemannian symmetric spaces, the transforma-
tion J is also the inverse of the Fourier transformation F, and the Paley-Wiener theorem
is derived from the fact that if ¢ extends to a holomorphic function on a7, of exponen-
tial growth, then J has bounded support. In the more general case of a semisimple
symmetric space, the situation is more complicated, primarily because E°(¢>: \) is only
meromorphic in A. This is one of the reasons we can only derive conclusions about the
support of DT = Ju(D: 7)p, with D a suitable operator from D(G//H) (depending on

7).
For Q € P, we denote by ¢f(Q) the closed dual cone of af (Q) in ay:
T(Q)={Xe€a|VWeal(Q): (X,Y)>0}. (83)

q

Notice that we also have:

af(Q) = {Y €a, | VX €I (Q): (X, V) >0} (84)

q

Let T be a closed subset of a,. Then its supporting function hr: a7, — [~o0, c0], defined
by (73), is lower semi-continuous. If 7" is non-empty and compact, then h¢ is finite and
continuous.

The supporting function will be useful to us because of the well known fact that the
closure of the convex hull of T is given by

cl(convT) ={Y € aq [n(Y) < hr(n) (Vn€ag)}. (85)

Indeed this follows immediately from the fact that every point in the complement of
cl (convT) may be separated from T by a hyperplane.
The following lemma will be needed in the rest of this section. If S, 5" are subsets of

ag, we write S — ' ={X - X' | X € 5, X' € §'}.

Lemma 10.1 Let S C a, be compact and convex, and let () € P™". Then
(a) §—cf(Q)={Y €aq|Yn€a;nay(Q,0): n(Y) < hs(n) };
(b) [S = cf(@)] Naf(Q) C conv WS

Proof. It S = (), then the assertions are obvious. Therefore we assume that S is non-empty.
Notice that

T(@Q)={Y €aq|Vnea,na (Q,0): n(Y)>0}.
It is now straightforward to check that 7":= S — ¢} (Q) is contained in the right-hand side
of (a). Conversely, let Y € a, belong to the right-hand side of (a). To prove that Y € T,
it suffices to show that
v(Y) < hr(v) (Vveay), (86)
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since T' is closed and convex (see (85)). Now hs < hy since S C T. Hence if v € a is
strictly @Q-dominant then (86) follows from the assumption on Y. If v is )-dominant, this
is still the case, since hg is continuous. On the other hand, if v is not ()-dominant, then

v(cr(Q)) is not bounded from below, hence hy(v) = oo, and (86) follows.

q

It remains to prove (b). Let Y € T'Naf(Q). Then by (85) it suffices to prove that for
every v € a; one has

Fix v € a?. Then there exists a w € W such that w™y is )-dominant, and by (a) there
exists an element X € S such that w™v(X) > w™'v(Y). But then

v(wX) =w (X)) > w (YY) > v(Y);

indeed the last inequality holds because Y € af(Q), whereas w™ v is Q-dominant, so that
Y —w™Y € ¢H(Q) and wv(Y — w™'Y) > 0. This proves (87). O

The main result of this section is the following theorem. See Definition 8.9 for the

definition of the pre Paley-Wiener space M(S,p). Let P € P and J = Jp.

Theorem 10.2 Let p € l(a,) and w € W. Then there exists a differential operator
D € D(G/H), such that

(a) p divides u(D: 7);
(b) det u(D: 1) € Il(ay);

(c) for every Winp-invariant convex compact subset S of a4, and for all ¢ € M(S,p)
we have

supp J [u(D = 7)p] N AF (w™ Pw) C exp[S — ¢t (w™! Pw)]. (88)

Notice that by (a) we have pu(D: 7)p € Cn(iay) for all ¢ € M(S,p), so that the
application of J in (88) makes sense. Furthermore, here and below we regard the chambers
AHQ), Q € Pminas subsets of /H by means of the projection G — G//H.

Before starting with the proof of this theorem we first deduce a corollary from it.

Definition 10.3 Let p € II(a,). Then we define D, = D, , to be the set of D € D(G//H)
such that D* = D and

(a) p divides u(D: 7);
(b) det u(D: 1) € Il(ay);

(c) for every Winpg-invariant convex compact subset S C aq and for all ¢ € M(S,p)
we have

supp J[1(D: 7)p] N AT(Q) CexplS — 5 (Q)]  (Q € P™). (89)
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Corollary 10.4 Let p € 1l(a,y). Then D, # 0. Moreover, if D € D, then for every W-
invariant convex compact subset S C a, we have J[u(D: 1)p] € CZ(G/H: 1) for all ¢ €
M(S,p), and the map ¢ — J[u(D: 7)¢] is continuous from M(S, p) to CF(G/H : 7).

Remark 10.5 If p has no zeros on :a;, then from Remark 9.2 and Lemma 9.1 it follows
that Ju(D: 7)p = DT ¢, for all ¢ € M(S, p). In particular this applies to the polynomial
7 defined in (64).

Proof of Corollary 10.4. For w € W, let D, € D(G/H) fulfill the requirements of
Theorem 10.2, and put
DO — H l)w7 D — DSDO
weEW
We will first show that D € D,. It is readily verified that D* = D and that condition (a)
of Definition 10.3 holds. Condition (b) follows because by (40) we have

det u(Df:7: A) =det u(Dg: 7: —A)" =det u(Do: 7: —A).

To see that (c) holds, let S C a4 be a Winpg-invariant convex compact subset, and let ¢ €
M(S,p). Then for every w € W we have J[u(D: 7)¢] = D§[Toew vpw Do [11( Dy 7))
by (79), and hence supp J[pu(D: 7)p] C supp J[p( Dy : 7)¢]. Thus we see that (88) holds
for the present D and each w € W. If u € Ngnu(ay), then J[u(D: 7)¢]|(vau™") =
()T [pu(D: 7)pl(a), and exp[S — ¢t (v w™" Pwu)] = u™" exp[S — ¢f (w™! Pw)]u, and we
see that (88) holds for all w € WiNgnm(ay). The latter set is naturally mapped onto W,
and since WP = Pmin_ (89) follows. Hence D, # 0.

To prove the remaining assertions, let D € D,, and let S C a satisty the hypothesis.
Then from (89) and Lemma 10.1 (b) we obtain that

supp J[u(D: T)e] N AT(Q) C exp S,

for all @ € P,"", and since G/H = cl Ugepmn KAF(Q)H, we infer that J[u(D: 7)¢] €
C$(G/H : 7). Finally the map ¢ +— u(D: 7)p is continuous from M(S,p) to Cn(iay)
since p divides p(D: 7), and hence the asserted continuity follows from Lemma 9.3. O

For the proof of Theorem 10.2 we need some preparation. We recall from (19) that
i =jo P aq is a Cartan subalgebra of g. Let W,(j) denote the normalizer of a, in W(j).

Lemma 10.6 Let X € a,c\{0}. Then there exists an element Y € jo such that X +Y ¢
w(joe) for each w € W (j).

Proof. 1f w € W,(j), then w also normalizes jo. Hence in this case X +Y ¢ w(joc) for any
Y € jo.

On the other hand, if w € W (j)\ Wx(j), then we may select v, € a? such that wr,, ¢ a;.
Thus py: Y = wry, (X +Y) is a non-trivial polynomial function on jo.

Let now Y € jo be such that p,(Y) # 0 for every w € W(j) \ Wi(j). Then for
each w € W(j) \ Wy(j) we have: wr,(X +Y) # 0. Since v, € a, this implies that
X +Y ¢ wjoe). -
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Lemma 10.7 Let p € lI(a,). Then there exists a D € D(G//H) such that p@ Io¢(y) divides
w(D: 1) in S(aq) @ End(°C(7)), and such that det u(D : 7) belongs to II(a,).

Remark 10.8 In the proof below we will see that in fact D can be chosen from Z(G//H) =

Proof of Lemma 10.7. Since D + p(D: 1) is an algebra homomorphism from D(G/H)
into S(aq) ® End(°C(7)), it suffices to prove the lemma for p = X +¢, with X € a,c\ {0}
and ¢ € C. Let Y € jg be associated with X as in the previous lemma. For each [¢] € My

let A¢ € j5. denote the infinitesimal character of . Recall the finite decomposition (27)
of °C(7) and define

g(A) =TI [wA+2)(X+Y)+d  (AEf).
e
Then ¢ € S(5)"0), hence ¢ equals the image 7(Z) of a unique element Z € 3 under the
Harish-Chandra isomorphism ’ng. We claim that D = r(Z) satisfies the requirements. For
this let [(] € My and notice that by Lemma 5.7 the endomorphism p(r(Z): 7: A) (A €
ase) acts on °Ce(7) by multiplication with +{(Z: A — Ag), that is by

qC

g(A=Ag) = JI [(wh—whe +A)(X +Y) +d].
weW(j)
[VItr

In particular, if [¢¥] T 7 we have the factor A(X) 4 ¢ for (w,¢') = (e,&). Moreover, for
arbitrary (w,{’) the polynomial A = (wA — wAg + Ag)(X +Y) + ¢ on aj, is non-trivial
because X + Y ¢ w(joc). All the assertions now easily follow. O

Proof of Theorem 10.2. From (59) and (63) it follows that the polynomial py € II(a,) has
the property that for each a € Af(P) there exists a constant C' > 0 such that

IPo(A) @pu(A: @)l < C(1+ [A[)*ER0at?, (90)

for each w € W and all A € a(P,0).

Let D € D(G/H) be chosen according to Lemma 10.7 such that pop divides p(D: 7).
Then D satisfies assertions (a) and (b) of the theorem. We shall prove that it also satisfies
(c). Let S and ¢ be given as in (c), and put

SO = a(D: T Np() (A€ al).

Notice that ¢ belongs to the space M(S,1). Indeed, from eqn. (38) it follows that ¢
fulfills condition (a) of Definition 8.9, and since p divides u(D: 7: A) and u(D: 7: ) €
End(°C(7)) commutes with the projection pr,: °C(7) — °C,(7), for every w € W, con-
ditions (b) and (c) hold as well. In fact, by the same argument (b) and (c) hold also for
P @
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Let now w € W. Combining estimate of Definition 8.9 (c) for py'® with (90) we see
that for every n € N and a € A}(P) there exists a constant C' > 0 such that

1@pw(A: a)pu(M)]] < O+ A" et gl (91)

for all A € aX(P,0). In particular, the function A = ®p,,(A: a)p,(A) is holomorphic on
an open neighborhood of a(P,0).
Now fix a € Af(P), and suppose that J@(aw) # 0. In view of the sphericality of J@
it suffices to show that
loga € wS — ¢t (P).

Let € a’Na3(P,0) be fixed. Then —1 € a(*l(P, 0), and hence by Lemma 10.1 with @) = P
it suffices to show that

hws(=n) +n(loga) = 0. (92)
By Theorem 7.5 and Definition 8.9, condition (a), we have

Te(aw) = / E(P: $(A): \(aw) dA

_ / S Bpu(sh: a)[Cppls: MG(AN)]wle) dA

g SEW

_ / S Bp(sh: a) @u(sA)(e) dA.

Zué seW

From (91) we see that the integral and the sum in the last member may be interchanged,
and since the measure dA on a7 is W-invariant, we obtain:

Tplaw) = W[ [ @pu(hi ) @u(A)(e) dr
In view of (91) we obtain, by applying Cauchy’s theorem:
T(aw) = W] [ @p. (3t tm: a)pu(d+tm)(e)dh. (93)
for all £ > 0. From (93) and (91) it follows that

|T¢law)] < CilWla® [ (14 ]A)"dx etest)

*
’LClq

= Oy etltlosa)thus(=nl (4 > (), (94)
with Cy, Cy positive constants independent of ¢ (choose a suitable n). Since J@(aw) # 0,

the last member of (94) cannot have limit equal to 0 as ¢ — oo. Hence (92) follows and
the proof is complete. a
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Remark 10.9 Consider the special case where G/H is a Riemannian symmetric space
of the non-compact type. In this case the polynomial py of (62) is 1 (see Remark 7.8).
Furthermore, if we take p = 1 in Definition 10.3, then by examination of the above proof
we see that the operator D € D, in this case can be taken as the identity operator D = 1.
In this case the proof above is essentially Helgason’s ‘shift argument’ (cf. [30], Ch. IV,
Thm. 7.3).

11 The behavior of supports

In this section we combine the results of the previous three sections. We consider the
composition JF, which is a continuous linear map from C*(G/H : 7) to C*(G/H : 7);
indeed this follows from Corollary 9.4 (a).

It is an immediate consequence of the results of the previous sections that there exists
a differential operator D € D(G//H) such that det u(D: 7) € ll(a,) and such that DJF
maps C°(G/H : 1) continuously into itself. In fact, let S be a Wing-invariant convex
compact subset of a,. Then by Theorem 8.11, the Fourier transform F maps C°(G/H : 1)
continuously into M(S, 7), where 7 is the polynomial defined in (64). On the other hand,
by Corollary 10.4 the subset D, C D(G//H) defined in Definition 10.3 (with p = 7) is non-
empty. Let D € D,. Then, if in addition S is W-invariant, Corollary 10.4 (and Remark
10.5) shows that DJ maps M(S, 7) continuously into CZ(G/H : 7). In particular, DJ F
maps C(G/H : ) continuously into itself. The purpose of the present section is to
improve this result as follows.

Theorem 11.1 Let D € D,. Then

supp DT F f Csupp f for all feCx(G/H: 7).

Proof. Let D € D,.. Then D* = D and it follows from Corollary 9.4 (b) that the linear
endomorphism DJF of C(G/H : 7) satisfies condition (a) of Proposition 11.2 below.
On the other hand, from Theorem 8.11 and condition (c¢) of Definition 10.3 (with
p = ) it follows that DJ F satisfies condition (b) of the proposition below. The theorem
now follows from that proposition. a

Proposition 11.2 Let T be a linear endomorphism of C2°(G/H : 7) such that the fol-
lowing conditions (a) and (b) are fulfilled:

(a) forall f,g € C(G/H: 1) we have (T f|g) = (f|7g);

(b) for every Wynp-invariant compact convex subset S C aq, every f € CF(G/H : 1),
and each ) € P™" we have:

supp 7 f N AT(Q) C exp[S — cF(Q)].
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Then suppT f Csupp f for all f € C*(G/H: 7).
We first need a lemma. Recall from (66) the notion of Xg C G//H.

Lemma 11.3 Let f € CX(G/H: 1), and let S C ay be a Wgnp-invariant open set.
Assume that (f |g) = 0 for all ¢ € C*(G/H : 1) with suppg C Xs. Then f vanishes on
Xs.

Proof. Let Q € PMn and recall the definition of the map Tg) in (49). Then by (21) we

have
Lo 7@ (@) [hia)) da = (] T ) =0

for all h € CF(AH(Q), VAN with supp b C exp[S N al(@)]. This implies that .J f and
hence f vanishes on exp[S N at(Q)]. Since the union of the chambers af(Q) is dense the
lemma follows. O

Proof of Proposition 11.2. If S C ag, then by cl(5), int (S) we denote the closure
and the interior of S in a,, respectively.

Let & denote the collection of all the closed Winqpy-invariant sets S C a, with the
property that for every f € C(G/H : 7) we have:

supp fN Ay CexpS = suppZ fNA; CexpbS.

We shall establish the proposition by proving that & contains all the closed Wxnp-
invariant sets.

We start by discussing some set operations for members of &. If f € C*(G/H : 1),
then by continuity of f one readily verifies, for any open subset U C ag, that f = 0 on
exp U if and only if f = 0 on explint (cI (U/))]. Passing to complements we see, for any
closed subset S C ag, that supp f N Ay CexpS <= supp f N Ay C explcl(int S)]. From
this we infer, for any Wixnpy-invariant closed subset S of a,, that

SEG < d(int(9)) € 6.

If S C aqis a closed subset of a,, we put S° = cl(a,\ 9) = a,\int (5). We now observe that
S €6 = 5€6. Indeed, let S € & and let f € C(G/H : 1) with supp fN A, C exp S°.
By property (a) we then have (7 f|g) = (f|7g) = 0 for all ¢ € C>*(G/H: 1) with
suppg N Ay C exp[int (5)]. Hence 7 f vanishes on explint (5)] by the lemma above,
whence supp 7 f N Ay C exp S°.

It is clear that any intersection of sets from & belongs to &. Moreover, it § is any
collection of sets from &, then one readily checks that cl [Ugsesint (9)] equals [NgesS°°,
hence belongs to &.

From property (b) and Lemma 10.1 (b) we see that the closed W-invariant convex sets

S C aq belong to &. In particular the closed balls B(0, R), R > 0, are in &. Moreover,
let X € a, be nonzero and let r > 0; then the set

Ex,={Y €aq| (wX,Y) <r||X]] forall weW}
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is W-invariant and convex, hence a member of &. We infer that the sets
Vo= B0, X]| + ) 0 =X x)-e 0 <e<|[X],

also belong to &. Now if Y € V, then ||Y|| < || X + € and (wX, Y) > (|| X|| — ¢)|| X for
some w € W, from which it follows that

1Y = wX|* = [YV]I* + | X]* — 2(wX, V) < 4] X]|e,

so that V. C W B(X,4]|X||€). On the other hand it is easily seen that X lies in the interior
of V., and thus we see that there is a basis of neighborhoods U of X satisfying WU € &.
Taking unions we conclude, for any closed W-invariant set S C a,, that the closure of its
interior belongs to &, hence S € &.

As before, let X € a, be nonzero and let 0 < ¢ < || X|. Put U = B(X,¢) and
let f € CX(G/H: 1) with supp f N Ay C exp(WgnapU), then since WU € & we have
supp 7 fN A, C exp(WU). We claim that if € is sufficiently small then actually supp 7 fN
Ay C exp(WgarU), so that WikagU € &.

To establish the claim, let @ € P™" and let Y € WU N al(Q) be such that expY €
supp 7 f. Then

Y € conv WgapgU — cjl'(Q)

by (b). Write Y = Z — 5 accordingly with Z € conv WgnglU and v € c;'l'(Q) Since
Y € af(Q) we have (Y,) > 0, and it follows that || Z|> > ||Y]|* 4 |[7]|*>. On the other
hand, from Z € conv WigngU we deduce that ||Z|| < ||X|| + € and from ||Y|| € WU that
IIY|| > |IX]| — e. It follows that

I911* < HZ17 = Y1 < (IX) =+ €7 = (IXT = €)* = 4] Xle. (95)

We now observe that Winp X is a finite subset of the sphere S = dB(0, || .X||), and hence
conv (WgapgX) NS = Wikag X. From this we see: if w € W is such that wX ¢ WgapX,
then wX ¢ conv WingX. Thus by choosing ¢ sufficiently small we may assume that
the square of the distance from wU to conv WingU exceeds 4|| X ||e for all w € W with
wX ¢ WgagX. Then (95) implies that Y € wU for some w € W with wX € WgngX.
But if wX = sX for w,s € W then wU = sU, and hence we actually have Y € WyngU.
Thus for sufficiently small € > 0 we have supp 7 f N AL (Q) C exp(WgnplU) for every
Q € P™in and hence also supp 7 f N A, C exp(WixnpU); this establishes the claim that
WiarB(X, ¢) € & when ¢ is sufficiently small. Taking unions we conclude, for any closed
Wiknpg-invariant set S C aq, that cl(int(S)) € &, hence S € &. This establishes the
proposition. a

12 Asymptotic behavior of differential operators

Let Q € P™n We consider the algebra
D 1= C=(A4(Q) © End(VE) & S(a,) (96)
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of differential operators on Af(Q) with coefficients in C*(AH(Q)) ® End(VAM) The
algebra operates on VA M _valued functions. If R is a subalgebra of C=(AF(Q)), stable
under the action of S(a,) by differentiations, then

Dr =R @ End(VA™) @ S(ay) (97)

is a subalgebra of D. Via the map u — 1 @ u, the algebra End(VTImHM) @ S(aq) will be
identified with D¢, the subalgebra of constant coefficient operators in D.

We recall that O = O is the ring of functions on AY(Q) which may be expanded in
series of the form (56). If u € a’., we write e for the function a +— a* on Ay. Moreover,
we denote by Ot = (’)5 the ideal in O generated by the functions e, o € A(Q). If

P € Do, then there exists a unique constant coefficient differential operator C(P) =
Co(P) € End(VEMM) @ S(a,), called the constant part of P along A(Q), such that

P —C(P) € OF @End(VEM) @ S(ay).

The following lemma is obvious.

Lemma 12.1 The map P +— C(P), Do — End(VEMM) @ S(a,) is a homomorphism of
algebras.

From (54) we recall, for every D € D(G/H), the definition of its (Q, 7)-radial com-
ponent 1L, (D) = Ilg (D). The map D +— II.(D) is a homomorphism of algebras from
D(G/H) to Do, by Lemma 7.3.

Recall also, from the text following formula (58), the definition of the algebra homo-
morphism pu(-: 7): D(G/H) — End(VE") @ S(ay).

Put p = pg. Then the following generalization of [22], Lemma 26, describes the top
order asymptotic behavior of the radial component I1.(D) of an operator D € D(G/H).

Lemma 12.2 Let D € D(G/H). Then 11.(D) € Do, and
CI;(D))=e"p(D:7)oe’.

Proof. From (13) we have
D = pq(D) € ngU(g) + Ulg)h.

The result now follows from [4], Lemma 3.9, applied with the choice of positive roots

S+ = 5(Q). 5
Thus the radial component II,(D) of an operator D € D(G/H) has a converging
expansion on A}(Q):

(D)= Y 7D, (98)
veNX(Q)

with D, € End(VE™ ) @ S(ay), Do = e u(D: 7)oe’. In this paper we shall need such
an expansion not only for the elements of the (commutative) algebra II.(D(G/H)), but
also for the elements in the commutant of this algebra in D. The main result of this section
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Theorem 12.3 Let P € D and assume that
[P IL(D)] =0 (D € D(G/H)). (99)

Then P belongs to De; moreover P is uniquely determined by C (P) € End(VEMv)
S(ay), its constant part along A¥(Q). Finally, if P # 0, then:

order (P — C(P)) < order P.

Remark 12.4 In the above formulation we have used the convention that the zero oper-
ator has order —1. Notice that it follows from the above that P and C (P) have the same
order.

Remark 12.5 Theorem 12.3 is in fact valid under the weaker hypothesis that (99) holds
for all D € Z(G/H) = r(3). This follows from a rather straightforward modification of
Lemma 12.10 and its proof.

Before discussing the proof of Theorem 12.3, we mention that it has the following
consequence, in view of Lemma 12.2. Notice that the radial component of an operator
D € D(G/H) may have smaller order than D itself (it may for example vanish for a
non-trivial operator, cf. [12], Remark 2).

Corollary 12.6 Let D € D(G/H), D # 0. Then
order (IL(D) — e u(D: 7)oe”) < order11,(D),

and 11,(D) is uniquely determined by p(D: 7).

We first investigate the meaning of the commutation relations (99) in a somewhat
more general situation. Let W be a finite dimensional vector space, and let D be defined

as in (96), but with W in place of VA Let R be a subalgebra of C(AY(Q)), stable
under the action of S(a,) by differentiations, and define Dg as in (97), again with W
in place of VAN Finally suppose that B C Dg is a subalgebra, and £ C Dx a finite
dimensional linear subspace such that

Dr = REB, (100)

where the expression in the right-hand side denotes the linear subspace spanned by all
products of the form fvb with f € R, v € E, be B.
Let H,,..., Hy be a basis for a,. For a multi-index v € N%, we write

9" = Hp - HY,
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to emphasize that this element of S(a,) will be viewed as a mixed partial derivative on
Aq- The 0¥, v € N? constitute a basis for S(a,). Given a differential operator P € D we
write

P=XP,

with coefficients P, € COO(A;'I'(Q)) @ End(W). The following lemma asserts that if P
commutes with B, then the vector composed of its coefficients satisfies a cofinite system
of differential equations.

Lemma 12.7 Let P € D be a differential operator of order n € N, and assume that
[P,D] =0 (D € B). (101)

Then there exists an s € N and finitely many functions ©*° € R @ End(End(W))
(1 < <d, ||, lv] < s, |al,|8] < n), such that for every 1 < i < d, |p| < s and all «

with |a| < n we have:

H,0"(Py) = Y o0 (8”(Py)), (102)

[v]<s
[8l<n

as an equation in C*(AX(Q)) ® End(W).
Proof. By the assumption (100) there exists an s € N such that

Dr = REnd(W)S,(a,)B, (103)

where S;(a,) denotes the subspace of elements of order at most s in S(ay). For 1 <7 <d
and |p| < s we have
[H; 0", P] =Y _[H; 0", P5]9”, (104)
B

and by the Leibniz rule there exist constants ¢!, € C, such that

1 Byy

[HZ 6“,P5] == HZ 8“(P5) + Z CM

1 Byy

9"(Ps) 0. (105)

=
lvl<s

On the other hand, from (103) we see that H; 0" is a finite sum of elements of the form
fAOB, with f € R, A € End(W), B € B, and |\| < s. Moreover, [fAJ'B, P] =
[fA 0", P]B by the hypothesis (101). The latter expression is a finite sum of terms of the
form ;/)ﬁ (0"(Pg)) 07, with 47, € R @ End(End(W)) and |v| < s. From this reasoning we
Conclude that

[Hi 0", P = 3 ¢,(9"(Ps) 0, (106)

¥,
lvl<s

with qﬁfﬁ, € R @ End(End(W)). Substituting (105) in the right-hand side of (104) and

comparing the resulting coefficient of 9% with the correspondmg coefficient of 9% in the

right-hand side of (106), we obtain (102), with ¢’ = ¢#? — By O
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We will apply the above lemma in two special cases. Let E(A,) denote the space
of exponential polynomial functions on A, i.e. the space of finite linear combinations of

functions of the form a — (loga)™a”, with \ € Mo, M € N?. Here we have used the

notation
d

(loga)™ := [][H}(loga)]™,

7=1
with Hy, ..., H] the basis of aj dual to Hi,..., Hy. A subalgebra A; of a commutative
algebra A, will be called cofinite if Aj; is finitely generated as a A;-module.

Lemma 12.8 If A C D(G/H) is a cofinite subalgebra, then the algebra End(VE™v)
S(aq) is a finite p(A: 7)-module from the right (as well as from the left).

Proof. In view of the isomorphism (16) this is a straightforward consequence of the fact

that the algebra D(M;/Hyy, ) is finite as a u(D(G/H))-module, cf. [7], eqn. (27). O

Lemma 12.9 Let A C D(G/H) be a cofinite subalgebra and let P € D be an operator
such that [P,u(D: )] = 0 for every D € A. Then P has coeflicients of exponential
polynomial type, i.e. its coefficients belong to E(A,) ®@ End(V "),

Proof. In view of the previous lemma, we may apply Lemma 12.7 with W = VXNHu,
R = C, and B = p(A: 7), and infer that the coefficients of P satisfy equations of the
form (102). Let N be the set of pairs (v,a) € NY x N?, with |v] < s and |a| < order P,
and define the CV ® End(VAM)-valued function P on AH(Q) by

P (a) = 0"P,(a) (r,a) € N).
Then we may rewrite the above system of equations in vector form:
H;P = MP (1 < <d), (107)

where M, € End(CN ® End(VTI"mHM)). Let M:a, — End(CN ® End(VTI"'ﬂHM)) be the
linear map determined by M (H;) = M;. Then we infer that

P(a) = M0 (a € AT(Q)),

for a suitable ¢ € CV @ End (VA Tt follows that the coefficient P, = 9°P, of P is
of exponential polynomial type. a

If A =D(G/H) then we can refine the above lemma, and we obtain the following ‘flat’
version of Theorem 12.3.

Proposition 12.10 Let P € D, and assume that
[P,pu(D:7)]=0 (D € D(G/H)).
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Then P has constant coefficients, i.e. it belongs to End(VTKnHM) @ S(ag).

Proof. By the previous lemma, the coefficients of P are of exponential polynomial type.
Let S C a;. be the finite set of exponents occurring in these coefficients. Then we may
write P as a finite sum

P(a) = Z (loga)™ at P,

¢es
mGNd

with P, € End(VEMYM) @ S(a,). Put Pe(a) = a* 3, (loga)™ P ,,, then one easily sees
that every P commutes with all u(D: 7),D € D(G/H). Thus we may as well assume
that S consists of a single element ¢.

For A € al. and v € VEOH - define the function etv: A, — VEMM ¢ s oo,

Moreover, let £, denote the following finite dimensional linear span of functions
Ev=(eMv]se W ve Vo), (108)

In view of the lemma below, for generic A the space &\ is a sum of joint eigenspaces for
w(D(G/H): 7). This implies that P maps &, into itself. In particular the function

Pe*)(a) = a*™ > (log @)™ Pe (A )v (109)

is contained in &, for generic A € aj.. Now { + X ¢ WA\ {)A} for generic A, and we
conclude that we must have ¢ = 0, and P ,,,(A) = 0 for m # 0. Hence P has constant
coefficients. O

Lemma 12.11 For A in the complement of a locally finite union of hyperplanes in aj,
the space &, defined in (108) is a sum of simultaneous eigenspaces for u(D(G/H): 7).

Proof. Let b be a Cartan subspace of g, containing a,, and let v: D(G//H) — I(b) be the
associated Harish-Chandra isomorphism.

If A € a, we define £, to be the space of functions f € C'*(Ay) @ VENM gatisfying
the system of differential equations:

pD:1)f=pD:7:A)f (D € D(G/H)).
Then obviously e*v € & for all v € VEMM and hence

EC Y & (110)

SEW

By (58) and (39) the endomorphism p(D: 7: \) of VA is semisimple with eigenvalues
of the form v(D: A+ A), A € L, for all D € D(G/H), A € al¢e. Let T' = Upeny(ag)wl,
then it follows from the Weyl-invariance of v(D) that u(D: 7: sA) has eigenvalues of the
form v(D: A+ A) with A € T, for all s € W. For A € T, let &\ » be the space of functions
feC=(Ay) @ VTI"'OHM such that

WD:m)f=(D:A+N)f (D eD(G/H)).
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Then it follows from the above discussion that

0 C & (111)
AeT
for all s € W.
On the other hand, in view of (58) it follows from [7], Prop. 13.5, that & , C &), for

A in the complement of a locally finite union of hyperplanes. Together with (110) and
(111) this completes the proof. O

Proposition 12.12 Let P € D, and let A C D(G/H) be a cofinite subalgebra. Assume
that
[P 1L (D)] =0 (D € A).

Then P belongs to E(A)O @ End(VEM) @ S(a,).

Proof. 1t follows from [5], Lemma 3.8, that there exists a finite dimensional subspace

E C End(VTKﬂHM) @ S(agy) such that
Do = OF'II(Z(G/H)).

The above equality certainly holds with Z(G// H) replaced by D(G//H ), and since D(G/H)
is a finite module over A, it also holds with Z(G/H) and E’ replaced by A and a finite
dimensional linear subspace F of Do respectively. Therefore we may apply Lemma 12.7
with R = O and B = II,(A). It follows that the coefficients of P satisfy equations of
the form (102). As in the proof of Lemma 12.7 these equations may be rewritten in the
vector form (107), but this time with M; € O ® End(CN ® End(VTKOHM)). The conclusion
now follows from [17], App. 1, if one proceeds along the lines of [4], pp. 233-234. O

Proof of Theorem 12.3. Let P satisfy the hypotheses of the theorem. Then by the previous
proposition, P has an absolutely converging series expansion:

Pla) = > (loga)™a® P, (a € AF(Q)). (112)

gex

meM
Here M C N%is a finite subset, and X is a subset of a;. of the form X = 54 (=NX(Q)),
with S C af, finite. Moreover, P, € End(VE"M) @ S(a,). Here it is possible that
S = (); this means that X = ) and P = 0. An element £ € X for which there exists an
m € M such that P, # 0 will be called an exponent of P (along (). The maximal
elements in the set of exponents with respect to the ordering < on a;, (defined by & =
& = & — & € NE(Q)) are called the leading exponents of P. We denote the set
of these leading exponents by T' and define the associated leading part of P to be the
operator

Pula) = Z (log a)™a® Ps .

s€T
meM

49



By construction we have P, = 0 = P = 0. We now consider the commutation relations
(99) once more. Inserting the expansions (112) and (98) of P and II.(D), we conclude
that [P, e™’u(D: 7)oe’] =0, or, equivalently,

[’ PLoe”” u(D:7)] =0 (D € D(G/H)).

Then by Lemma 12.10 we infer that ¢’ P, oe¢™”, and hence P}, has constant coefficients.
Thus we see that 7' C {0}, and that Fy,,, = 0 for m # 0. Hence

P(a) = Z (loga)™ Z a " P_,m, (113)

meM veNZ(Q)

with Py, = 0 for m # 0. In particular we see that P, = Fyo. Hence the map P — Fyg is
an injective linear map from the commutant of I, (D(G/H)) into End(VE™) @ S(a,).
Inserting the expansion (113) together with that of II.(D) once more in (99), we now
find, for every D € D(G/H):

0 = [PI(D)](a)
- Z [(1og a)"a"" Py, G_MDM]

meM
v, neEND(Q)

= > ((log a)"la”Poym,a”* D]+ a7 [(loga)™, Dﬂ]a_”P_%m) .
vyurgiggj(Q)

Shrinking M if necessary, we may assume that for each m € M at least one of the P_, ,,
(v € NX(Q)) is non-trivial. Suppose now that M # () and that mg is an element in M
of maximal length |m|. Then, since [(loga)™, D,] has powers of loga of length strictly
smaller than myg, it follows from the above equations that:

> a7 P D] =0,
v,ueNE(Q)

that is, the differential operator

P (a) = Z a " P_y g
veNX(Q)

also commutes with I1.(D), for every D € D(G/H). By the first part of the proof this
forces Py, # 0, which in turn forces mg = 0. Hence M C {0}, and writing P, = P_, ¢
we obtain:

Pla)= > a'P, (a € AF(Q)).

veNX(Q)

Hence P € O® End(VTI"ﬂHM) @ S(ay), as claimed in the theorem. Moreover, C(P) = Py
determines P uniquely. Finally, if P # 0, it remains to prove the statement on the orders.
This is done exactly as in [12], proof of Prop. 1, by means of a recursion formula for the
P,, arising from the commutation of P with the Laplacian. a
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We conclude this section by discussing some properties of the constant part of an
operator P € Dy which will be useful at a later stage. The following lemma is easy to
prove.

Lemma 12.13 Let v € aj,. Then conjugation by the function €”: a — a” leaves the
algebra Do as well as its subalgebra D¢ invariant, and defines automorphisms of these
algebras. Moreover, for every P € Do we have:

C(e"Poe™)=e"C(P)oe™.

Lemma 12.14 Conjugation by the function a — J(a)'? leaves the algebra Do invariant,
and defines an automorphism P +— P of Do. Moreover, if P € Do, then

C(P)=e’C(P)oe. (114)

Proof. Observe that J(a)'/? = a?p, with ¢ € O an invertible element such that ¢(a) — 1

if a—s00 (i.e.if a= — 0 for each o € ¥(Q)). Using the previous lemma we find that

C(JPPoJ ) = e"CpPop™ )oe™ = ?C(P)oc™.

Let ¢ € C(at(Q)) be fixed such that

X)2dX =1, 115
L g2 (115)

where dX denotes the Lebesgue measure on a, which via exp corresponds to the invariant
measure da on Aq. Let d := dimay. Then for v € VEMM ¢ a;c and € > 0 we define

the function f.,, € C*(AF(Q)) @ VAN by
feww(exp X) = (12 (X) J(eXpX)_l/Qcp(eX) v, (116)

Then supp f,,» tends to infinity in AF(Q) as ¢ \, 0, and using (53) and the relation (50)
one readily checks that

<T¢Tg feww | TCTQ fevw) = (Jeww | femro)a = (v ]w0).

Lemma 12.15 Let P € Do. Then for v,w € VX" and v € af, we have

y\nol<PfE,v7v | fe,—D,w>J = <C (ﬁ)(l/)v | w>'

Before proving the lemma we mention the following easy estimate for functions in O7.
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Lemma 12.16 Let ¢ € O, and let Q C al(Q) be compact. Then there exist constants
r,C' > 0 such that
[(exptX)| < Ce™™ (X e Q,t>1).

Proof. This follows easily from the observations in Remark 7.2. O

Proof of Lemma 12.15.  Let k be the order of P, let Si(ay) denote the subspace of
elements of order at most & in S(ay), and fix a norm |- | on End(VA"M) @ S)(a,).

For ¢ > 0, v € VA put ¢ (a) = p(eloga), and define g.,: A, — VEMu by
gen(a) = €2 (a)v. Here we have extended o by zero to a compactly supported function
on a4. For all ¢ > 0 we have:

(e | ge) = [ (Gl [gealal)r da = (0] w), (o0 € VAV (117)

q

We will first investigate the behavior of (Pgc, | ge.w). One readily verifies that there exists
a constant ' > 0, only depending on ¢, such that for every U € End(VE™v) @ S (a,),
and all ¢ €]0,1],v € VA gne has

Uge(a) = U(0)geu(a)] < €52 C U] (118)

and

Ugeu(a)l < C 2 |U]Jo]. (119)

for all @ € Aq. Using the estimate (119) and Lemma 12.16 we see that for P, := P —
C(P) € OF @ End(VEMM) @ S)(a,) there exists a constant r > 0 such that

(Pigen(a) ] gew(a)) = O™ (e \, 0),

uniformly in @ € A,. Combining this estimate with (118) for U = C (P) and with (119),
and integrating over A, we find that

([P = C(P)(0)]gew | gew) = O vol(supp ¢c)) = Ofe).

But
(C(P)0)geo | Gerw) = <96,C (P)(0)v | geaw) = (C(P)(0)v [w),
for all € > 0, by (117). It follows that

(P e | gew) = (C(P)(0)v |w). (120)

To complete the proof, we observe that

<Pfe,1/,v |fe,—17,w>J — <6_yﬁ° eyge,v |ge,w>-

Moreover, in view of Lemma 12.13, the operator e Poe” belongs to Do, and has constant
part equal to ¢™"C(P)oe”. Hence C(e™"Poe”)(0) = C(P)(r). Now apply (120), with
e~V Poe” in place of P. O
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13 A limit behavior of the spherical Fourier trans-
form

Throughout this section P € PMn will be fixed, and we will discuss the asymptotic
behavior of the 7-spherical Fourier transform F = Fp in the following sense. Let () €
pmin e C(at(Q)), and suppose that (115) holds. For v € VEM -y ¢ iy and € > 0
we define f,, € CF(AH(Q)) @ VENIM a5 in the previous section, by (116). We shall
investigate the asymptotic behavior of chTg Jevw as e N\ 0.

Our first result is the following. For v € VEMM et o), € °Cy(7) =~ C*°(M/Hy : ™)
be defined by t¢,(eHy) = v. Then the map v +— 1, inverts the map (58), hence is an
isometry. Extend ¢ by zero to a compactly supported function on a,, and let ¢ denote
its Euclidean Fourier transform, defined as in (22). Define o, ,: ia) — °C(7) by

SA — v
fensh) = X G Gt A, (121)

SEW

Let po be the polynomial defined by (62) with R = 0, and let

‘() i= T po(sA),  pe(A) = 'pu(=N).

SEW

Proposition 13.1 There exists a r > 0 such that for every p € S(a,) which is divisible
by p. we have

Hp (f TCTQ fal«v - S«Qe,u,v)HB(ia;)@OC(r) = O(e_T/E) (6 N 0)

for all v € VI and v € iay,.

Proof. Let ¢ € °C(7). Then for A € 10’ we have:

(FTY Forn] (V)| )
= (T3 fopw | E°(1h: N)

- /m) e o(eX) o] J(exp X)VP B2 (2 exp X)) X (122)

Put Cgp (st A) :=pryo Cgp(s: A) and let
Eg (0 N(ma) =3 a® [Cqppa(s: Ml (m)  (m € M, a € Ay)
seW

be the (@, 1)-principal part of the normalized Eisenstein integral (cf. [13], eqn. (56)). It
depends analytically on A € 7a;. Moreover, define the remainder term R(z), A): a;'l'(Q) —
V: by

Jlexp XV B(1: N)(exp X) = B9 4(b: (exp X) + B, )(X).
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Let I1(v,v,€,9,A) and I3(v, v, €,1, A) be the integrals obtained from the integral (122) if
one replaces J(exp X)V2E°(xp: A)(exp X) by E§ (0 A)(exp X) and Rz, A)(X) respec-
tively. Then

<[.7:TQ vl M) | 0) = Li(v, v 6,0, 0) + (v, v, €,90,0).

We claim that [1(v, v, €,%0, ) = (pc,0(A) |9) and then it remains to estimate the integral
p(A) Lx(v, v, e,90, X), for all ¢ € °C(7).

To prove the claim we observe that

Bt d) = ¢ [ 5 o(ex) =0 (o] Cgppy (s Aile)) dX - (123)

14 seW

% Z‘P

SEW

(0] Cppals: A(e)). (121)
Because the map v +— @, is an isometry, we have:

(0] CQpals: A)p(e)) = (o | Cgpals: A)eb).

Since ¢, € °Ci(7) = pry°C(7), the right-hand side in the above equation is equal to
(o [Cyp(s: Mp) = (CGp(s: X)), [1) and the validity of the claim now follows.

The proof is now completed by the estimate of p.(A)I3(v, v, €,1, A) given in the lemma
below. O

Lemma 13.2 There exists a r > 0 and for every v € ia}, N > 0 a constant C' > 0 such
that for all v € VEMM o) € °C(1), A € ia; and all 0 < e <1 we have

lp<(N) Lo, v e, A)IF< C (L4 AN e[| o]l

Proof. Since °C(7) is finite dimensional, it suffices to prove the estimate for a fixed .
From Theorem 7.5 and (59) with w = 1, and in view of definition (60) and the expansion
(61), we infer that the remainder term is given by the following absolutely convergent
series (A € 1a):
PN R ANX) = Y Rep (¥, M(X), (125)
VGNg%gZV)\{O}
where

Ry (0, )(X) = ') 27000 1 (M) [CGyp (52 M) (e).
By Proposition 5.3 and Theorem 7.6 there exist constants €’ > 0 and « > 0 such that

I'pe(A), 2 (sX) [CE pals: M)l < C(1+ M) (1 + 7)), (126)

for all A € 2a}, v € NX(Q).
Let
r' = min{a(X) | « € 2(Q), X € supp ¢}
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and let 0 < r < /. Then for every v € NX(Q) we have v > r'm(v) on supp . Hence if
X € ¢ tsupp ¢, then

e (0, (X< C(1 A4 [N (1 ] e, (127)
for all A € 7a?, v € NX(Q). Since [{y € NX(Q) | m(y) = k}| grows at most linearly in £,
the series

B SRRy
YENZ(Q)\{0}

converges absolutely in the disc |z| < 1, and defines an analytic function G there. It follows
from this that the series (125) converges absolutely and uniformly in X € e 'supp ¢, for
every A € ia}, and 0 < ¢ < 1. Interchanging integration and summation and performing
the substitution X — ¢ !X, we now obtain (A € )

PN (v, v e, )= > Ly(v,v 6. ),

seW
YENZ(Q)\ {0}
where

5)\—1/—|—’y)<

L (v, v 6,10, 0) = 2 o] 'Pe(N), 1 (8A) Chppa (st Nwr(e)).  (128)

Fix v € ia. By the Paley-Wiener estimate for the Euclidean Fourier-Laplace transform
of a compactly supported smooth function there exists for every N € N a constant D > 0
such that

| <D (14 sk = v ) e

P

forall 0 < e <1, A €203, v € NX(Q). Since v is real, whereas sA — v is purely imaginary,

SA—v 4~
€

we have [sA — v+ 7| > |sA — 1|, hence there exists a constant D', depending on N and v,
such that

| < D' (14 M)~V emre, (129)

L SA—v 4y
Pl———)
€

Applying this estimate and (126) to (128), we find that for every N € N there exists a
constant D” > 0, such that for all 0 < ¢ < 1, v € NX(Q) \ {0}, and v € VEMM we have

(0, v, 60, N < D (L A)TN (L4 ) e @2 e o] (A € day).
We deduce from this that there exists a constant D" > 0 such that:

(M) Lo (v, v, 6,00, M) < D" (1 4 AN o] GemrTe),

for all 0 < e < 1, A € ia}, v € VAN We now use that the holomorphic function
(¢ vanishes at z = 0, and therefore satisfies an estimate of the form G(z) = O(z) on
|2| < e, Since r < ' we infer that ¢e=¥2G(e7"'/¢) = O(e™"/%), and the lemma follows.
O
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The following corollary to Proposition 13.1 will be crucial in the next section.

Corollary 13.3 Let D € D(G/H) be a differential operator such that the polynomial
A = pu(N)pu (=) divides u(D : 7) in S(aq) @ End(°C(7)). Then for all v,w € VEMHM and

v e ia(*l we have

lim (7D Ty forw | FTY fon) = (u(D: 72 v)o | w). (130)

Proof. Write I(e) for the inner product behind the limit sign in (130), and let P €
S(aq) @ End(°C(7)) denote the quotient of (D : 7: A) by p.(A)p.(—A). Then for v € war

we have

](6) — <Pp*FTQT2 fe,u,v |p*FTQT2 fe,u,w>-

From definition (121), the estimate (129) with v = 0, and the unitarity of the normalized
C-functions (Proposition 5.3) it follows that for every polynomial ¢ € S(a,) we have:

Hq @e,u,vHLQ(mé)@VKnHM = O(e_d/Q) (6 Ny 0)

T

Combining this with Proposition 13.1 we see that
I{€) = (Ppee | Ppep) + O(€) = J(€) + O(e),

where J(€) = (u(D: T)pevw | Yeww). Thus it suffices to study the limit behavior of J(e).
Substituting (121) we see that J(e) = 3, ;ew Js,¢(€), with

Tl = a0 P A
Ass(A) = (u(D: 7 )\)05|P(3: A, | 05|P(t: A) D). (131)

Here we recall that d\ = |W| 'dpes(A) as in Section 3. Substituting £ = ¢~ '(sA — v) we
obtain

Joale) = W [ (&) BTE+ 510 = 0)) Awales™ 6 4+ 5710) e (©).

q

If ts~'v—v # 0, then by dominated convergence we see that lim. o J;.(€) = 0 (use that ¢
is Schwartz, and that A, () is polynomially bounded in A, by unitarity of the normalized
C-functions). On the other hand, if ¢s™'v = v, then by dominated convergence we see
that

lig o) = I [ GOFETE dine(€) Auels™)

= W[ (%) pltsTTX) X Au(sT)

== |VI/|_1 55715 Asﬂg(S_ll/).
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Therefore

lim I(e) = lim J(e)

e\0 e\0
= (W[ ) Assl(s™'y)
seW
= |[W|™ Y (Cp(s: sTw)yp(D: T 8_11/)022|P(82 sTW) Py [1hy). (132)
seW

Using (38) and Proposition 5.3 we now see that

ll\nol](e) = <,U(D T V)¢v|¢w> = <¢E(D:T:u)v|¢w> = <ﬁ(D T V)v|w>‘

Here we have used the definition of p in Section 7 and the fact that the map v s 1, is
an isometry. a

14 Fourier inversion modulo a differential operator

In this section we shall use the results of the previous sections to prove the following
theorem. Recall the definition of = € Ilx(a,) from (64), and that of D, =D, . C D(G/H)
from Definition 10.3 with p = 7. Then D, # 0, by Corollary 10.4.

Theorem 14.1 Let D € D,.. Then
DIFf=Df, (133)

for all f € C(G/H : T).

Proof. Fix D € D,, and let f € C(G/H : 7). Then the functions on both sides of (133)
are smooth. Hence it suffices to prove (133) on KA} (Q)H for any Q € Pmin (yse (5)).
For this it suffices to show that (¢ | DTFf) = (¢ | Df) for all ¢ € C(G/H: ) with
suppg C KAF(Q)H (cf. Lemma 11.3). The latter equation is equivalent to

(DT Fg|f)=(Dglf), (134)

by Corollary 9.4 (b) and since D = D* (see Definition 10.3 with p = 7).
Thus it suffices to prove DJFg = Dg for every g € C*(G/H : 1) with suppg C
KA (Q)H. In other words, we have reduced the proof of (133) to the case that f €

CE(KAH(Q)H - 7) = image( TCTQ) (see (49) and Lemma 7.1), with arbitrary Q.
Since DJF and D decrease supports (cf. Theorem 11.1), the maps DJ F o Tg) and
Do Tg) map C&(AS(Q), VAN into CE(KAH(Q)H : 7). Hence by Lemma 7.1 it suffices

to show that the endomorphism

P:=T,oDIFoT)
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of CF(AF(Q), VAN equals Té oDo TJQ . The latter operator equals I1.(D) = Ilg (D).
Thus it suffices to show that
P =11,(D). (135)

This identity will be established in the rest of this section.

Lemma 14.2 The operator P = Té o DI Fo Tg) is a differential operator with smooth
End(VEMM) valued coefficients, satisfying the commutation relations

[P, I1,(9)] =0  (0eD(G/H)).

Proof. 1t follows from Theorem 11.1 that the continuous linear operator P from the
space (A (Q), VAN o the space C(AT(Q), VAN decreases supports. Hence
P is a differential operator with smooth End(V2™M) valued coefficients (cf. [30], remark
on p. 236). Let 0 € D(G/H) be arbitrary. Then it follows from Corollary 9.4 (a) that
0 commutes with the operator DJ F. From this and (51) we see that P commutes with
Té 0do Tg) , which equals I1,(9). O

It follows from the above lemma and Theorem 12.3 that P € Dy, and that the constant
part C(P) € End(VEMh) @ S(a,) is well defined and determines P uniquely. Thus, in
order to obtain the identity (135) we need only to verify that C(P) = C(Il.(D)), or
equivalently, that

C(P) = C(IL(D)). (136)

Observe that -
C(IL{D)) = w(D: 7). (137)

by Lemmas 12.2 and 12.14. Hence (136) is a consequence of the proposition below, which
completes the proof of Theorem 14.1. a

Proposition 14.3 C(P) = u(D: 7).
Proof. Let p, be as in Proposition 13.1. Then by Lemma 10.7 there exists a dif-

ferential operator D, € D(G/H) such that the polynomial A +— p.(A)p.(—X) divides
w(Dy: 1) in S(aq) ® End(°C(7)), and such that det u(D.: 7) is non-trivial. In particu-
lar, p(D.: 7) is not a zero divisor in S(aq) @ End(V"#¥). Now consider the operator
P = Té D*DJ}"TCTQ. Using (51) we infer that P’ = II,(D.)P, and by Lemmas 12.1 and
12.2 we see that P’ € Do and

C(P') = u(D.: T)C(P). (138)
On the other hand, in view of Lemma 12.15 we have, for v,w € VEMM 4 ¢ waz,

(CPY e lw) = T (P fovn | fovw)s
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. 1 1

= ll\Hol <TQ D*DJFTQ fe,u,v | fe,u,w>J
. 1 1

= lim (TFDDT) fep | T ferw)
. 1 1

= lim (FD.DTY feno | FTG ferw)
= (WD.D:7:v)v|w),

the last three equalities being in consequence of (53) and Corollary 9.4 (a), (82), and
Corollary 13.3, respectively. Hence

C (]5') = (D m)pu(D: 7). (139)

The desired conclusion now follows from (138) and (139), since p(D.: 7) is not a zero
divisor. O

Remark 14.4 Consider again the case where G/H is a Riemannian symmetric space of
the non-compact type. Then the Fisenstein integrals (see also [31], Ch. III, §2) are entire
functions on ;.. The normalized Eisenstein integrals are obtained from these by division
with Harish-Chandra’s e-function (use loc.cit., p. 245, eqn. (51)), which by the formula of
Gindikin-Karpelevic has no zeros in ac*l(P, 0), and hence the polynomial 7 of (64) is 1. By
Remark 10.9 we have 1 € D, hence Theorem 14.1 says that JF = [ on C>*(G/H : 7).
In this case our formula is essentially identical with the inversion formula for Helgason’s
o-spherical Fourier transform, see loc.cit., Ch. III, Prop. 5.10 and Thm. 5.16.

15 Injectivity of the Fourier transforms

From the inversion theorem (Theorem 14.1) of the previous section we will deduce injec-
tivity of the Fourier transforms F and f — f on compactly supported smooth functions.

Theorem 15.1 The Fourier transform F maps C°(G/H : ) injectively into the space
S(iay) @°C(7).

The proof of this theorem will be based on a result of [12], which we will now recall.

Fix @ € P and put n = ng. In view of the decomposition g = n +m + a, + b, we
may define a map "no: U(g) — U(ag) by "no(u) = u modulo (n + m)U(g) + U(g)h. By
restriction to U(g)" we obtain a homomorphism D(G/H) — S(a,), also denoted by ‘ng.
We define the homomorphism n: D(G/H) — S(aq) by n(D)(A) = ‘no(D)(X + pg) (D €
D(G/H), A € a}.); then 7 is independent of the choice of @, cf. [12], Lemma 1.

Recall that if S is a closed subset of a,, then we define the subset Xg of G/H by (66).
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Proposition 15.2 Let D € D(G/H) be a non-zero differential operator with degn(D) =
order D, and let S be a Wiknp-invariant closed convex subset of a,. Then for every f &
C>*(G/H) we have:

supp Df C Xg = supp f C Xs. (140)

In particular, D is injective on C(G/H).

Proof. This is Theorem 2 of [12]. The final statement is equivalent to (140) with S = 0.
O

Lemma 15.3 Let p € ll(ay), and define the subset D, = D', of D(G/H) by

T7p

D, = {D €D, | degn(D) = order D}. (141)

Then D), # 0.

Proof. From [12], Lemma 3, we see that for D € D(G/H) we have degn(D) = degn(D*).
Fix w € W. Then from the first lines of the proof of Corollary 10.4 we see that we must
show that in Theorem 10.2 the operator D = D,, can be found with degn(D) = order (D).
This will be true if the operator D in Lemma 10.7 can be found such that degn(D) =
order D. We will go over the proof of that lemma, and verify that the constructed operator
D satisfies the additional requirement. One easily verifies that one may still reduce to
the case that p € I(ay) is of the form p = X + ¢, with X € age \ {0}, ¢ € C. Define
q €SGO and Z € 3 as in the proof. Then we must show that D = r(Z) satisfies the
additional requirement.

Fix Q € P™2 put n = ng, and define ‘g as above. Then deg () = deg '5g(9) for all
0 € D(G/H). Now ‘ng(D) = ‘ng(7), and since deg ‘ng(7Z) < order D < order Z = degq,
it is sufficient to show that deg 'ng(7) = degq. We recall that the Cartan subalgebra j
decomposes as in (19), and that, accordingly, a;. and ji. are viewed as subspaces of jg.
Let ¥7(j) be a choice of positive roots for je in ge which is compatible with ¥(Q). Let
gd be the associated sum of positive root spaces in ge, and let p; € ji be the associated

rho. Define ‘¢ € S(j) by ‘¢(A) = g(A — p;) for A € ji. Then it suffices to show that
deg ‘¢ = deg 'ng(Z). Now Z = ‘¢ modulo gt U(g). Since

92— =Nc @ [9;';— N me]

it follows from this that 'ng(Z) equals the restriction of ‘¢ to a’.. Now ‘¢ is a product
of first degree polynomials of the form L: A — (wA — wp; + A¢)(X +Y) + ¢. Since
w (X +Y) ¢ jo by Lemma 10.6, the polynomial A — wA(X 4Y") is not constant on a..
The restriction of every factor L to a;, is therefore of degree 1. Hence the restriction of
'q to aj, has the same degree as ‘g, and the proof is complete. a

Proof of Theorem 15.1. Let f € C(G/H: 1), and suppose that Ff = 0. Fix D € D/,
(cf. the lemma above). Then from Theorem 14.1 it follows that DJFf = Df, hence
Df = 0. Applying Proposition 15.2 we infer that f = 0. O

60



Using Proposition 15.2 once more we obtain the following version of the inversion
formula.

Corollary 15.4 Let D € D(G/H) be any differential operator such that DJF maps
C>(G/H: 1) to itself. Then DIJF =D on C(G/H : 7).

Proof. Fix Dy € D, and let f € C(G/H : 7). Then it follows from Theorem 14.1 that

Di(DIFf—=Df)=D(IDWJFf—Dif)=0. But DTFf— Df is compactly supported,

hence using Proposition 15.2 we infer that it is zero. O

From Theorem 15.1 we obtain the following companion result for the Fourier transform

f=1T

Theorem 15.5 Let f € C=(G/H). If f(6,)) = 0 for all [¢] € My and \ € iaZ, then
f=0.

Proof. By equivariance and continuity of the Fourier transform (cf. Lemma 4.3) it suffices
to prove this for a K-finite f. Thus assume that ¢ C K is finite, and that f € C>(G/H)sy.
Let 7 = 74 be as in Remark 5.1 and recall the definition of ¢ in (43). We recall that ¢
maps C°(G/H)g bijectively onto C°(G/H : 7). Put F = ¢(f). Then by Proposition 6.4
we have FF' = 0, and hence F' = 0 by Theorem 15.1. This implies that f = 0 as well. O

We end this section with a result that relates n(D) to the @-radial component Il (D)
defined in (54), with @) a given parabolic subgroup in P™". Recall that Ilg (D) is a
differential operator on AT (Q), with coefficients in C*(AF(Q)) ® End(VEM ),

Lemma 15.6 Let D € D(G/H). Then order D = degn(D) if and only if order D =
order g (D). Moreover, if one of these equivalent conditions is fulfilled, then the principal
symbol of llg (D) equals I, xamy @ ['g(D)]s; here the subscript d indicates that the
homogeneous part of degree d := order D has been taken.

Proof. Assume that order (D) = d, with d > 1 (otherwise all assertions are trivial). Fix
D e U(g)" of order d such that T(D) = D. Put n = ng. Then we have the decomposition
g=n+(mnN#e +a,+ b, as a sum of vector spaces. Hence D — 'ng(D) belongs to
U (g)a—1+(mNE)U(g)a—1 +U(g)h, where U(g)q—1 denotes the subspace of U(g) consisting
of all elements of order at most d — 1. It now follows from [4], Lemma 3.9, that the
differential operator g (D) —1® ‘nQ(D) has order at most d —1. From this all assertions
follow. O

16 The image of the spherical Fourier transform

In this section we will determine the image of the Schwartz space under the Fourier
transform F = Fp, and the kernel of the wave packet transform J = Jp (as before we
assume that P € P™1 and that 7 is a finite dimensional unitary representation of K).
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If s,t € W, then from [13], eqn. (71), we see that
Cpip(t: sA)Cpip(s: A) = Cpp(ts: A) (A € iay).

This condition allows us to define a representation v of W on the space of °C(7)-valued
functions on a?, by

IO = Copls™ s 7570 = Ol ™M), (142)
Notice that it follows from the unitarity of the normalized C-functions, see Proposition

5.3, that v defines a unitary representation of W on Lz(ia(*l) @ °C(1).

Lemma 16.1 Let s € W. Then ~(s) commutes with u(D : 1) for all D € D(G/H), that

18

for all ¢ as above.

Proof. This follows from eqn. (38). O

The importance of the representation 7 is apparent from the following result. Let
(S(ia(*l) ® OC(T))W denote the space of v(W)-invariants in S(ia(*l) @ °C(7). Clearly this is
a closed subspace of S(ia;) @ °C(7), hence it is Fréchet.

Lemma 16.2 The Fourier transform F maps C(G//H : 7) into (S(iac*l) ® OC(T))W.

Proof. This is an immediate consequence of Lemma 6.3 with P, = P, = P. O

Remark 16.3 Although we did not assert it in the above lemma, it is true that S(ia(*l) ®
°C(7) is an invariant subspace for v, and that v(s) acts continuously on it for all s € W.
This follows from polynomial estimates for the derivatives of the C'-functions that can be
obtained using the material of [7]. However, we shall not need this here.

In this section we will show that we actually have the equality
im (F) = (S(ia)) ® c(r)".
In the proof we will need the following result, which is the analogue of [27], Thm. 26.1.
Theorem 16.4 The wave packet transform J maps S(ia) @ °C(7) continuously into the

Schwartz space C(G/H : 7).
Proof. See [9], Thm. 1. 0
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Combining this theorem with the continuity of F on the Schwartz space (cf. Lemma
6.1) and density of C*(G/H: 1) in C(G/H : 1), we see that Theorem 14.1 holds for

Schwartz functions:
Corollary 16.5 Let D € D,. Then DTF =D on C(G/H : 7). O

We now come to a result that will be the key to the other results of this section. Since
~ defines a unitary representation of W in the Hilbert space Lz(ia(*l) @ °C(7), the map

Pwef = [WIT S y(s)f

SEW

defines an equivariant orthogonal projection operator onto the space of W-invariants, and
we have an orthogonal direct sum decomposition of L*(iaj) @ °C(7) into the following
invariant closed subspaces:

L*(ia}) @ °C(r) = ker Py @ (L2(ia7) @ °C(7))". (143)

Theorem 16.6 On S(ia}) @ °C(7) we have FJ = Pw.

We will prove Theorem 16.6 in a number of steps. First we collect some properties of
the composition FJ.

Lemma 16.7 The composition T = FJ is a continuous linear endomorphism of S(ia})®
°C(7). Moreover, it satisfies the following conditions (a) - (c).

(a) p(D:7)oT =T op(D: 1) forall D € D(G/H);
(b) ¥(s)oT =T for all s € W;
(c) (Twr1lw2) = (p1 | Tea) for all 1,02 € S(iay) @ °C(7).

Proof. The continuity of 7 follows from Theorem 16.4 and Lemma 6.1. Condition (a)
follows from Lemmas 9.1 and 6.2. Condition (b) follows from Lemma 16.2. Finally, (c)
follows from Lemma 9.3 and Theorem 16.4. O

Proposition 16.8 There exists an open dense W-invariant set a;° C a; with the fol-
lowing property. Let T be any continuous linear endomorphism of S(ia) @ °C(7) such
that conditions (a) — (c) of Lemma 16.7 are fulfilled. Then there exists a unique smooth
function 3: ia;° — End(°C(7)) such that

Te(A) = B(A) e Pwep(A) (144)
for all p € S(ia(*l) @ °C(T), A € iaz’.

63



Proof. We will prove this result in a number of steps. For every A € aj, we define the

distribution uy € T/(iaZ) @ End(°C(r)) by
nle)=Te(N) (g e C(ia) ©°C(r)). (145)

Then the commutation relations (a) become:
urnop(D:7)=p(D:r: N)ous (D € D(G/H)). (146)

To cast these relations in a more tractable form, we recall the decomposition (39) of
°C(7) in joint eigenspaces for u(D: 7: X), D € D(G/H), where L C by is finite. Here
b = by @ a, is a Cartan subspace of g containing a,. Via this decomposition we identify
a’. and by, with subspaces of b.

Let W(b) be the Weyl group of the restricted root system (b) of be in ge. We
claim that there exists an open subset {; C 7a7, whose complement is a finite union of
hyperplanes, such that for all Ay € 4, Ay € a7, we have

*
qC

L+X NnWO)L+A]Z£0= A € WA, (147)

In order to prove this claim we fix a basis B for bj.. For A1, Ay € L, w € W(b) and
p € B with wf ¢ b the set

{A € iag [ (A wh) = (why = Ay, wf)

is either empty or a hyperplane in ia’. Let €y C ia; be the complement of the union of
all these sets. Then if Ay € Q4 and Ay + A = w(Ag + Ay) for some Ay, Ay € L, w € W(b)
and Ay € aj. we have (A, wf) = (w(Az + Ag) — A, wB) = (wAy — Ay, wp), and hence by
the definition of 4, wf@ € by, for all # € B. It follows that w normalizes by, and hence
also a,. Moreover it then follows that A\; = why and Ay = wA,. This proves (147).

The next steps in the proof of Proposition 8.3 are given in the following lemmas. Recall
that v: D(G/H) — S(b) is the Harish-Chandra homomorphism, and that va(D: A) :=
Y(D: A+ A) for A € by, and A € a.

Lemma 16.9 If A € Qy, then suppuy C WA.

Proof. Fix Ay,Ay € L, ¢; € °C(7)[A;] (j = 1,2), and define v € D'(ia}) by v(f) =
(un(f @ a1) |2h2) for f € C(2ay). Then it suffices to show that suppv C WA,
The relations (146) imply that

(12, (D) = 1, (D)(A)] 0 = 0, (148)

for all D € D(G/H). Let v € suppv. Then it follows from (148) that v(D: Ay + v) =
Y(D: Ay+ X)), for all D € D(G/H). This implies that Ay + A is W(b)-conjugate to Ay + v,
hence that v € WA by the property (147) of ;. Hence suppov C WA, O
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Our next objective is to show that, for generic A, the distribution u, has order zero.
The following lemma will be our basic tool.

Lemma 16.10 Let u be a distribution on R™ with support consisting of a single point
zo € R". Moreover, let p; € C=(R") (1 < j < n) and suppose that the dp;(x¢), 1 < j <
n, are linearly independent. Finally assume that

pju = p;(zo)u (1<j<n).
Then u is a multiple of the Dirac measure 6., at xg.

Proof. The proof is straightforward, and involves an application of the multi-variable
Leibniz rule. O

Lemma 16.11 Let A € bj.. Then for A in the complement in a, of a finite union of
hyperplanes, the map from D(G/H) to aqe, given by D — d[ya(D)](A), is surjective.

Proof. For o € X(b), let H, € be be the —1 eigenvector for the reflection s, in «,
normalized by a(H,) = 2. If S C b}, we write W (b, S) for the centralizer of S in W(b),
and (b, S) for the set of roots a € ¥(b) whose root hyperplane ker H,, in b} contains S.
(Here and in the following we use the canonical identification be ~ b*.) It is well known
that W (b,S) is the subgroup of W(b) generated by the reflections in roots of ¥(b,.S5).
Since obviously X(b, A 4 aj.) = X(b, CA + ai,), it follows that the group W (b, A + a.)
equals W (b, CA + a7.), hence in particular centralizes a7..

Let £ be the subset of A € a(*lc for which A 4+ A is not contained in any of the root
hyperplanes ker(Hgs), # € X(b) \ X(b,A + a’.). Then Q is the complement of finitely
many hyperplanes in a.. Moreover, by definition we have, for A € Q, that X(b, A + ) =
Y(b, A+ a(*lc) and hence W (b, A 4+ \) centralizes W

Fix A € Q and let X € a4 be given. Choose a polynomial function p: by — C such
that

dp(w(A + X)) = wX
for all w € W(b). This is possible because the stabilizer of A + X in W (b) stabilizes X by

what was said above. The polynomial

1
W) = 1))

> plwr)

weW (b)
has derivative dq(v) = |[W(b)|™ T e o) w ™ dp(wr), hence

dg(A+\) = X.
On the other hand, ¢ is W (b)-invariant, hence equal to v(D) for some D € D(G/H). Let

Ta, denote the projection be — aqe along bye; then it follows that

dlya(D)J(A) = 7o [dg(A + A)] = X.
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We shall now use Lemmas 16.9 and 16.11 to prove that for generic A the distribution
uy defined by (145) is a sum of Dirac measures. More precisely, let 4 be as in Lemma
16.9, and let 2y be a complement in za} of a finite union of hyperplanes such that the
assertion of Lemma 16.11 holds for every A € L, A € Q5. Let )y denote the intersection of
0 N Qy with the set of regular points in a7, and finally let 7a7° be the intersection of the
sets wlo, (w € W). Then the complement of iaZ° in i@ is a finite union of hyperplanes.

Lemma 16.12 For every A € ia;° the distribution u, is supported by WA and has order
zero.

Proof. Fix A € ia7’. Then w, is supported in WA, by Lemma 16.9. Let A; € L, ¢; €
°C(7)[A;] for j = 1,2, and define v as in the proof of that lemma. Since A is regular,
the orbit WA consists of |W| distinct points and we may express v uniquely as a sum of
distributions v, (s € W), with supp vy C {sA}. From (148) it follows that each v, satisfies
the relations

YDUs = 07
where pp = 4, (D) — 7, (D)(A). Tt follows from the definition of ia}® and Lemma 16.11
that the collection of differentials dep(sA) (D € D(G/H)) spans a’., and therefore

)
contains a subset consisting of dim a7, independent elements. Now apply Lemma 16.10

to conclude that each v, has order zero. O

Completion of the proof of Proposition 16.5. 1t follows from Lemma 16.12 that there
exist unique functions F,: 1a’® — End(°C(7)) such that for every A € 7a;° we have

Uy = Z 55/\ & ES()\)

SEW

In particular, if ¢ € C(:ia;°) @ °C(7) is supported inside a given chamber, we have

ToA) = wa(¥) = Er(Me(A)

for A in this chamber, and hence by the property (b) of 7 (in Lemma 16.7) that

= 3 () EwI (149)

SEW

for all A € ia’°.
Let ¢ € S(ia(*l) @ °C(7) be given and fix A € ia(*lo. Let ¢ € Cfo(ia(*lo) @ °C(7) be
supported inside the chamber containing A, then it follows from property (¢) (in Lemma

16.7) and eqn. (149) that

(Tol|w)=(p|Te)= (o] > v(s)[F]) = (ET > v(s)p|¢).

seW SEW

Hence (144) follows with 5 = |W|E5.
It is easily seen from (144) that $ is unique and smooth. O
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Proof of Theorem 16.6. In view of Lemma 16.7 the operator 7 = FJ satisfies the
conclusion of Proposition 16.8. It remains to prove that we have g = [ for this 7; the
resulting equation

To(A) = Pwe(N)

for A € ia7® extends to a by continuity.
Let f € C(G/H : 7) and apply (144) to ¢ = F f. Then we have

FIFFA) = BANFFA) (150)

for A € 1a’°. Select D € D (recall that this set is non-empty, by Corollary 10.4). Then
det u(D: 7) belongs to Il(a,) hence does not vanish identically. Multiplying (150) with
w(D: 7: A) and applying Corollary 16.5 and Lemma 6.2 we infer that

W(D: T NFFON) = u(Ds 7 NFNFFN)

for A € 2a;°. Using Lemma 16.13 below, and the fact that u(D: 7: A) is invertible for A
in a dense open subset of 7a}, we now conclude that 3(A) = I for A in a dense open subset
of ia’°. By continuity of 2 this completes the proof. a

Lemma 16.13 Let A € ia7, and suppose that (A, o) # 0 for alla« € X.. Then f +— Ff(A)
maps C(G/H : 1) onto °C(T).
Proof. Let X satisfy the hypotheses, and suppose that ¢» € °C(7) is orthogonal to F f(})
for every f € C*(G/H : 7). We will show that then ¢ = 0.
We have
(JIE(P:p: A)) = (FfA) ) =0,
for all f € CX(G/H: 7). This implies that E°(P: +: X) vanishes on G/H. Now apply

the lemma below. O

Lemma 16.14 Let A\ € 1a}, and suppose that (A, o) # 0 for all a € ¥. Then for every
Y € °C(7) \ {0} the function E°(P: 1 : \) does not vanish identically on G/ H.

Proof. Let X satisfy the hypotheses, let 1 € °C(7), and suppose that E°(P:¢: A) = 0. If
w € W, then on Al (P)wH the Eisenstein integral is asymptotically given by its principal
part:
a’® E°(P:ap: A)(aw) = > aSA[C]O;u;(S: Molw(e) + o(1)
seW

as a — oo along rays in A¥(P) (see Remark 5.5). Since A is regular, the exponents s\ (s €
W) are distinct, and by uniqueness of asymptotics we conclude that each coefficient
[Cpp(s: A)Y]w(e) must be zero. Recalling that Cpp(1: A) = I, we conclude that ¥, (e) =
0 for all w € W. Hence ¥(e) = 0, and since 1 is ny-spherical this implies that ¢» = 0. O
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It V is a topological linear space, then by a projection of V' we mean an idempotent
continuous linear endomorphism P of V. For such an endomorphism we have ker P =

im (I — P) and im P = ker(/ — P), and V = ker P & im P as a direct sum of closed linear

subspaces.

Corollary 16.15 The map Pw leaves the space S(iay) @ °C(7) invariant. Its restriction
Pw to this space equals FJ and is a projection. The image of Pw equals (S(ia}) @
°C(r))W. Finally, Pw is symmetric with respect to the L*-pre-Hilbert structure of S(1a7)®
°C(1).

Proof. The first assertion and the equality Pw = FJ follow from Theorem 16.6. That
Py is a projection of S(za}) @ °C(7) is now obvious; the characterization of its image is
obvious as well. The symmetry of Py follows from the orthogonality of Pyw. a

In particular we have the following decomposition of the Schwartz space into an or-
thogonal direct sum of closed subspaces:

S(ial) @ °C(7) = ker Pw & (S(ia}) @ °C(r))".
We are now able to determine the image of F and the kernel of 7.

Theorem 16.16 The image of F: C(G/H: 1) — S(ia;) @ °C(7) and the kernel of
E S(ia(*l) @ °C(t) — C(G/H : 7) are given by

imF = imPw = (S(ia}) @ °C(7))", (151)
ker7 = kerPywy. (152)
Proof. Lemma 16.2 asserts that imF C (S(ia}) ® °C(7))". On the other hand, from
Theorem 16.6 it follows that F7 = [ on (S(ia(*l) ® OC(T))W, establishing the converse

inclusion and hence (151).
By (82) the kernel of J is the orthocomplement of the image of F, hence (152) follows.
O

17 The kernel of the spherical Fourier transform

In this section we will study the kernel of F and the image of J in C(G/H : 7). The main
result is Corollary 17.4. We start with the following observation.

Lemma 17.1 The operator Py, := JF is a projection of C(G/H : 7). Moreover, it is
symmetric with respect to the L*-pre-Hilbert structure of C(G/H : 7).

Proof. The continuity of Py, follows from Lemma 6.1 and Theorem 16.4. Combining
Theorem 16.6 and Lemma 16.2 we see that

FIF=F. (153)

The idempotence of P, now follows immediately. Finally, the symmetry is a straight-
forward consequence of Lemma 9.3. O
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bet Co(G/H:7) := ker(Pme),
Coc(G/H:7) = ker(l —Ppe) =1im (Ppe).

Then as a direct consequence of the above lemma we obtain:

Corollary 17.2 The following is an orthogonal direct sum decomposition into closed
subspaces:

C(G/H:7)=Cn(G/H:7)&Co(G/H: 7).

Proposition 17.3 The kernel of F: C(G/H: 1) — S(ia}) @ °C(7) and the image of
J: S(iay) @ °C(t) — C>(G/H : 7) are given by:

ker ' = Co(G/H: ),
imJ = Cu(G/H:T).

Moreover, let D € D,. Then
ker DNC(G/H: 1) =Co(G/H: 7).

Proof. From (153) we see that ker F = ker FJTF D ker JF D ker F, and the first identity
follows.

To prove the second identity we note that imJ O imJF = imPye = Coe(G/H : 7).
On the other hand, by (82) the image of J is contained in the orthocomplement of the
kernel of F, which by the first identity is Co(G/H : 7).

For the last equality, notice that D = DPy,., by Corollary 16.5, whence ker D D
Co(G//H : 7). For the converse inclusion suppose that f € ker D. Then u(D: 7)Ff =
F(Df) = 0. The endomorphism pu(D: 7: A) is invertible for A in a dense open subset of
iay, by Definition 10.3 (b) with p = 7. It now follows that F f vanishes on an open dense
subset of i@y, hence everywhere by its continuity. Hence ker D C ker F = Co(G/H : 7).
O

Corollary 17.4 The restriction Fye = F|Cumc(G/H : 7) is a continuous linear isomor-
phism from Cpe(G/H : T) onto (S(iaé)@OC(T))W. The inverse of F,,. equals the restriction
of J to (S(iaé)@OC(T))W. Finally, the map Fp,. is an isometry for the given L*-pre-Hilbert
structures on the Schwartz spaces.

Proof. That Fy. is a bijection onto (S(zay) ® °C(7))", whose inverse is the restriction
of J to this space, is immediate from the definitons and results above. Since F and

J are continuous for the Schwartz space topologies, it follows that F,. is a topological
isomorphism. Thus, it remains to prove that F,. is an isometry. For this we notice that

for f € Cne(G/H : 7) we have JFf = f, hence
(LI =(TFI N =(FFIF)
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Let L*(G/H : 7) denote the space of T-spherical square integrable functions G/H —
Vz, and let L*(ia%) @ °C(7) denote the space of square integrable functions ia} — °C(7).
Then L*(G/H: 1) and L*(ia}) @ °C(7) are the completions of the pre-Hilbert spaces
C(G/H : 1) and S(ia}) @ °C(7) respectively. Let L§(G/H : 7) and L (G/H : 7) be the
closures in L*(G/H : 1) of Co(G/H : 7) and Cuno(G/H : T) respectively.

Corollary 17.5 We have the following orthogonal decomposition of Hilbert spaces:
LHG/H:7)=L3(G/H: )& LA (G/H : 7).

Moreover, the Fourier transform F has a unique extension to a continuous linear map
from L*(G/H : 7) to L*(ia}) @ °C(7), also denoted by F. Its kernel equals L3(G/H : T),
and it maps L2, (G /H : ) isometrically onto (L*(ia) @ °C(7))".

The adjoint F*: L*(ia}) @ °C(t) — L*(G/H : 7) of the extension F is the unique
continuous linear extension of J: S(ia}) @ °C(r) — C(G/H : 7). Finally, F*F is the
orthogonal projection L*(G/H : 1) — L2 (G/H: T).

Proof. Apart from the assertion about the adjoint, all assertions are immediate conse-
quences of the above discussion. Let ¢ € S(iay) @ °C(7). Then for all f € C(G/H : 7)
we have (F*p | f) = (¢ | Ff) = (T |f), by Lemma 9.3. By density of C(G/H: ) in
L*(G/H : 7) we now see that 7* = J on S(ia(*l) @ °C(1). O

The space Co(G/H : 7) is spectrally small in the sense that it equals the kernel of
any differential operator from D,. In a distribution sense a similar assertion is valid for

Liy(G/H : 7).

Lemma 17.6 Let D € D, =D, and let ker D denote the space of generalized functions
G/H — V. annihilated by D. Then

LYG/H:7)=L*(G/H: 7)Nker D.

Proof. Let f € L*(G/H: 7). Itg € C(G/H: 7),then (Df |g) = (f| Dg) = ([ | DT Fg) =
(f1TuD:1)Fg) = (f|Fu(D:7)Fg) = {(u(D: 1) Ff|Fg). In view of Theorem 16.16
we see from this that Df = 0 in the sense of generalized functions if and only if the
tempered generalized function u(D: 7)*F f is perpendicular to [S(za}) @ °C(7)]". This is
in turn equivalent to u(D: 7)*F f = 0, in view of Lemma 16.1. Since p(D : 7) is invertible
almost everywhere the latter assertion is equivalent to Ff =0, or f € L3(G/H: 7). O

We will say that a function of L*(G/H) belongs to a finite sum of discrete series, if it
is contained in a finite sum of irreducible closed invariant subspaces of L*(G/H).

Proposition 17.7 Ifdima, = 1, then the spaces Co(G/H : 7) and L3(G/H : T) are finite
dimensional and equal to each other. Any component of a function in these spaces belongs
to a finite sum of discrete series.
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Proof. Assume that dima, = 1. We first show that Co(G/H : 7) is finite dimensional.
Select D € D! (cf. Lemma 15.3). Then by Proposition 17.3 the space Co(G//H : ) is
contained in the kernel A" of D in C°(G/H : 7). Recall the definition of the restriction
maps Té :C®(G/H: 1) — COO(A;'I'(Q),VTKOHM), Q € Pmn from (47). By the Cartan
decomposition (5) the kernels of the maps Té , Q € PMin have a trivial joint intersection.

Thus, let @ € P™n then it suffices to show that the space Té (NV) has finite dimen-
sion. The latter space is contained in the kernel of the radial component Ilg (D) of
D, defined in (54). Since dim A, = 1, this radial component is an ordinary differential
operator. Its coefficients belong to C*(A¥(Q), End(VEMHM)) Moreover, by Lemma 15.6
its principal symbol equals I @ X*, for some X € a4, k& € N. From this we see that
the kernel of Il (D), and hence the space Té (NV), is a finite dimensional subspace of
COO(A;'I'(Q),VTKOHM). This proves that the space Co(G/H : 7) is finite dimensional. It
therefore equals its closure in L?*(G/H : 7), which in turn equals L3(G/H : 7), by defini-
tion.

For the remaining assertion we note that the finite dimensional space Co(G/H : )
is invariant under the action of the center 3 of U(g). Thus if f is a component of a
function in Co(G/H : 7), then fis a 3- and K-finite function in C(G//H). By a well known
theorem of Harish-Chandra (see e.g. [38], Cor. 3.4.7) the (g, K')-module V} generated by
f is admissible and of finite length (note that it is contained in C(G/H)). Its closure V; in
L*(G/H) is therefore a closed invariant subspace which is admissible and of finite length;
by unitarity it decomposes as a finite direct sum of irreducible closed subspaces. a

In the following corollary we assume that G is connected, semisimple and linear.

Corollary 17.8 Ifdima, = 1 and rank G/H # rank K/KNH, then we have the inversion
formula JFf = f, forall f € C(G/H: ).

Proof. By Corollary 16.5 and Proposition 17.3 the function f —JF f belongs to the space
Co(G//H : 7). The latter is trivial by Proposition 17.7, since the assumption on the rank
of G//H implies that there is no discrete series, cf. [35]. O

18 The Plancherel decomposition

In this section we shall describe the Plancherel decomposition of the most-continuous
part of L2(G//H). Tt will be convenient to have the Fourier transform f([¢]: A) defined
on classes [£] € My instead of individual representations . For this purpose we fix, once
and for all, a distinguished representative &, for every class w € Mpy. The set of these
representatives will be denoted by My. Let w € My. Then for f € CE(GIH), A € ia
we define ) )
flwi )= fl: A) e CTF(K: &) @ V().

The Weyl group W acts naturally on My as follows. Let v € Ng(aq) represent the

element s € W, and let £ € w € Mpy. Then sw = [v€], where the representation v
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is defined by vé(m) = &(v™'mv). This action on My transfers to an action on My
determined by sé, = &,

If ¥ C K is a finite set of K-types, let 79 be defined as in Remark 5.1. Moreover,
let ¢ be the isometry L*(G/H)y; — L*(G/H : 75) defined in (43). We recall that ¢ maps
C>(G/H)y bijectively onto C(G/H : 1y).

Proposition 18.1 Let ¥ C K be a finite set of K-types, and let f € C*(G/H)y,
F=<¢(f) € Cx(G/H : 19). Then for every A € ia} we have:

[IFEIP = Y dollf(w: Ve enyovies)
wE]@H

N

The sum is finite; f(w: A) is non-zero only for those w for which £ T 4.

Remark. Notice that Hf(w A)|| is independent of the choice of the representative §,.

Proof. This follows readily from (46), since the map T — dé/Z;/)T is an isometry. O

Corollary 18.2 For every f € C°(G/H) we have that
e = 3 [ dollf(w: NI dx.
welly ik

In particular all the integrals on the right-hand side converge, and for almost all A € ia;,

we have ", def(w: M| < oo.

Proof. Since the Fourier transform f +— f(w: A) is equivariant and continuous it suffices
to prove this for left K-finite f. Thus assume that f € C(G/H)g, with 9 C K a finite
subset, define 7 = 79 as before and let F' = ¢(f) € C*(G/H: 1) (cf. (43)). Applying
Corollaries 17.2 and 17.4 we obtain

A2 = 11 = P 2= [ IFFO dx

Now use Proposition 18.1. O
For w € MH, we endow
Aw) = LA(K: &)@ VI(E)

with the tensor product Hilbert structure. Let the algebraic direct sum

Dalg = @ H(w)

WEMH
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be equipped with the inner product defined by
wlw) = 5 dofosln) (0,0 € Sug).
WEMH
Moreover, let ) be the Hilbert completion of $),, for this inner product, and let £2

denote the Hilbert space of square integrable functions a; — $. If ¢ € L2 we write
e(w: A) = p(A),. With these notations we have

lellt = 32 [ dollpw: M) dx.

WEMH %
Thus, if f € CZ(G/H), then by Corollary 18.2 we have that f()\) € 9 for almost all
A € iay, and that f € £* with

[ fllez < N Fllz2(aym)- (154)
There is a natural unitary representation © = 7p of G in £2, given by:

(r(@)p)(w: A) = [rpe, - (2) @ []p(w: X)) (z € G).

Lemma 4.3 implies that the map f +— f intertwines the regular action L of G on C*(G/H)
with this representation 7. The following result is now immediate.
Proposition 18.3 The map [ — fhas a unique extension to a (G-equivariant continuous
linear map § from (L, L*(G/H)) to (m, £?).

Now let L3(G/H) = ker§ and let L2 (G/H) be its orthocomplement in L*(G/H).
Then
LXG/H) = Lo(G/H) & Ly, (G/H) (155)

is an orthogonal direct sum decomposition into closed G-invariant subspaces.

Proposition 18.4 The restriction of § to L2 (G/H) is an isometry.

Proof. Let ¥ C K be a finite subset. Then it suffices to show that the restriction of §
to L2 (G/H)g is an isometry. The following lemma allows us to do this by reduction to
Corollary 17.4. O

Let ¥ C K be a finite subset and put T = 1y.

Lemma 18.5 For f € L?*(G/H)y and F = ¢(f) we have
18/ le2 = IFF- (156)

Moreover, the map < restricts to isometries

LYG/H) g LiG/H: T) and L2 (G/H)y—L2 (G/H: 7).

Proof. 1t follows from Proposition 18.1 that (156) holds for f € C(G/H)y. By den-
sity and continuity this result is still true for f € L*(G/H)g. From this we see that
Ly(G/H:7) = ker F = ¢(L3(G/H)y), and taking orthocomplements we conclude that
Lae(G/H : 7) = ¢(Lg (G H)g). 0
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To find the explicit direct integral decomposition of L2 (G/H), we must characterize
the image of §. For this we need to define a representation , of W on £? which is the
analogue of the representation v defined in (142).

If 'H is a Hilbert space, let End(H) denote the Banach space of continuous linear
endomorphisms of H, equipped with the operator norm.

Proposition 18.6 For each s € W there exists a measurable map €;: ia} — End($)),
which is almost everywhere uniquely determined, such that A — ||€s(A)]| is bounded, and

such that for every f € C(G/H) we have

f(s)) = &N f(N) (157)
for almost all A\ € ia;. For almost all A € ia; the map €;(A\): $ — § is unitary, and
restricts to a unitary operator €5(w: A): H(w) — H(sw), intertwining we, —\ with w¢, s,

for every w € My . Moreover, for all s,t € W we have:
Co(w: A) = C(tw: tA) o Ey(w: A).
In particular €;(A) = I and €4(\)™" = €,-1(sA) for all s € W.

Before giving the proof of this proposition we note the following consequence. For
s € W, let €, be as above and define a map , (s): £ — £2 by

[ (5)el(N) = €= (M) p(s7IA) = Eu(sT A )e(s71A) - (p € £9). (158)

Then it follows that , (s) is #((G)-equivariant, and that , : s — , (s) defines a unitary
representation of W in £2, satisfying

(. ()N = F(N) (159)

for f € CX(G/H). A different characterization of , in terms of standard intertwining
operators will be given in Corollary 19.6.

Turning to the proof of the above proposition we will first establish uniqueness. If
) C iay is a measurable subset, we write £2 for the closed invariant subspace of £?
consisting of elements that vanish outside Q. If ¢ € £2, let pgq be the unique element of
£2 that equals p on Q. Then ¢ — g is an orthogonal projection. Since multiplication
by a bounded measurable map is L?-continuous, the uniqueness statement of Proposition
18.6 1s an immediate consequence of the following lemma.

Lemma 18.7 Let () be an open chamber in ia} with respect to X.. Then f — fg maps
C(G/H) onto a dense subspace of L2, and C>*(G/H)y onto a dense subspace of (£3)s,

for all finite sets 9 C K.

Proof. By density of the algebraic sum of the (£3 )y in £3 it suffices to prove the statement
about C°(G/H)y for all . Let T € (£3)s, and suppose that

A

(f1T)y=0 for all feCx(G/H)sy. (160)
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Then we must show that 7' = 0. Put T(A\) = ¥, T(w: A), with T(w: A) € H(w)y =
L*(K: &,)s @ V(&,)*. Notice that the sum is finite. Let 7 = 75 be as before. Then
U7(w:\) € °Cu(T). Define W: ia} — °C(7) by

Z dqubT(w 1 A)-

WEMH

Then ¥ € L*(ia}) @ °C(7), and ¥ = 0 outside Q. Let now I' € C*(G//H: 7), and put
f=¢1'FeC>(G/H)s. Then by Proposition 6.4 we have

(FF|¥) = Z/ fw: A) [ T(w: \))d\ = (f|T) = 0.

WEMH

Since the image of C°(G/H : 7) under F is dense in (L*(ia%) @ °C(7))" by Theorem
16.16, it follows that W is perpendicular to (LQ(iac*l) @ °C(7))". In combination with the
fact that W vanishes outside a fundamental domain for the action of W, this implies that
¥ = 0, and we conclude that T'= 0. O

Proof of Proposition 18.6. Let s € W. Fix a finite subset J C K and let 7 = 74 be as
before. For w & MH, recall (Lemma 5.6) that the map $H(w)y — °C,(7), T — d" /oy

is an isometry. For A € 7a; we notice that the endomorphism Cpp(s: A) of °C(7) maps
°C,(7) into °Cyu(7) (cf. [13], eqn. (68)) and define the map

Csw: A)g: Hlw)g — N(sw)y

by
Vet = Cppp(st A)ibr (T € H(w)s). (161)

Then it follows from Lemma 5.6 and Proposition 5.3 that €(w: A)g is a unitary map. For
A € ia we define the unitary map €,(A)y € End($g) by €,(A)y = Co(w: A)g on H(w)s.
Notice that the map A — €,(A)y is continuous since A — Cl%lp(sz A) is continuous.
Let now f € CX(G/H)g, and let F' = ¢f € CX(G/H: 7). Then using Lemma 6.3,
Proposition 6.4 and (161) we easily see that

FsA) =& (Naf () (f € CZ(G/H)y). (162)

Now let 9/ C K be a finite subset containing 9. Then it follows by (162) and Lemma 18.7
together with the continuity of A — €4(A)y that €5(A)g restricts to €4(A)y on £y for all
A € 1a}. Hence for every A € 1a? there exists a unique unitary map €,(A): § — $ such
that €,(A) = €4(A)y on $Hy, for all Y. The map A — &€,()) is measurable, since it is the
limit of a sequence of continuous maps. Moreover, from (162) it follows that €, satisfies
(157) for K-finite functions f € C*(G/H), for all A € ia}. By density and continuity
(Proposition 18.3) it follows that (157) holds for all f as an identity in £2, hence also
pointwise almost everywhere. The existence of & is now established; the uniqueness
was obtained earlier. The remaining assertions are straightforward consequences of the
construction above. 0
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We can now describe the image of §. Let (£2)" denote the set of W-invariants in £2
for the representation , , defined by (158). This is an invariant subspace for 7, since , (s)
is equivariant for each s € W.

Theorem 18.8 The Fourier transform § is an equivariant isometry from L2 (G /H) onto
(e,
Proof. Let U denote the image of C°(G/H )y under §. Then U C (£3)" by (159). The
map § being an isometry, it suffices to show that U is dense in (£*)".

Let Q be an open chamber in 7af. If ¢ € £?, recall that we write g for the restriction
of ¢ to £, i.e. the unique element of £3 satisfying pgq = ¢ on Q. One readily verifies that
|W [/ times the map

o: (&) — £, ¢ — ¢a (163)
is an equivariant isometry, and therefore it suffices to show that ®(U) is dense in £3. Now
this follows from Lemma 18.7. O

Fix a choice X7 of positive roots for the root system ¥ = ¥(g, a,), and let ac*1+ be the
positive Weyl chamber in a.

Theorem 18.9 The map § induces the following Plancherel decomposition of the re-
striction of the regular representation L to L2 (G/H):

@
e = 5 [ V@) @ren dW]dx, (164)
wEM 4

and

D
AR =W S do [ IS )12 dr

WEMH

for f € L2 (G/H). In particular, for every w € My the principal series Te, .\ occurs with
multiplicity m,, = dim V(&) for almost every A € iaZ™.

Remark 18.10 For further results on the multiplicities in the decomposition (164) we
refer to [11].

Proof. Put Q = —ia(*l'", and let ® be defined as in (163). The map ® o § now induces the

direct integral decomposition (164). Ifw € MH, then for every A € ia(*l'" the principal series
representation wg, y is irreducible (cf. [6], Prop. 3.7). Moreover, owing to the restriction
on the domain of A, there is no double occurrence of the representations 7 \. To be more
precise, let w,w’ € My be fixed. Then for almost all AN € ia(*l'" the representations m¢, »
and ¢, » are equivalent if and only if (W', \') = (sw, sA) for some s € W. Since A and A’
are in the same chamber, the latter condition is in turn equivalent to (W', X') = (w, A).
These final remarks imply that indeed (164) establishes the Plancherel decomposition,
with multiplicities as described in the final assertion of the theorem. a

76



The following result expresses that the orthocomplement L3(G/H) of L2 (G/H) is
small in a certain spectral sense. Recall the definition of D ; from Definition 10.3 and let

|D19,7T — DT@,?T'

Theorem 18.11

(a) Let ¥ C K be a finite subset. Then for any D € Dy, we have (in the sense of
generalized functions):

LYG/H)g = L*(G/H)g Nker D. (165)

(b) LIG/H)NC>(G/H) = 0.
(c) If dimay = 1, then the space L3(G/H) decomposes discretely.

Proof. (a) Let 7 = 75. Let f € L3(G/H)g, and put F = ¢f. Then F € L*(G/H : 7) and
f=06.0F Now Df =0 as a generalized function if and only if DF = 0 as a generalized
function. Therefore the result follows by application of Lemma 18.5 and Lemma 17.6.

(b) This is equivalent to Theorem 15.5.

(c) Assume that dima, = 1. Let ¥ C K be any finite subset and put 7 = 7y. Then using
the first isometry of Lemma 18.5 we infer from Proposition 17.7 that the space L3(G/H ),
is finite dimensional. Moreover, its elements are components of functions in L2(G/H : ),
and by again applying Proposition 17.7 we see that L3(G//H )y is contained in the discrete
part L3(G/H) (that is, the closure of the span of all the irreducible closed invariant
subspaces) of L*(G/H). Since ¥ was arbitrary we infer that L3(G//H) is contained in
L3(G/H), hence it decomposes discretely. O

19 Dependence on choices

In this section we shall discuss the dependence of the Plancherel formula for L2 (G/H)
on the choices made. We will also derive a formula for the representation , of W in £2
in terms of intertwining operators.

We first discuss the dependence of the Plancherel formula on the choice W of repre-
sentatives for W/Wxnp. Let W be a second choice of representatives. Let V'(£) ([¢] €
MH), g’ 5, f]’;, & and £%, 7' be defined as before, but with W replaced by W’. Then
according to [6], Lemma 5.8, there exists, for every [¢] € MH, a unique unitary map

R(&): V(&) — V(&) such that
J(P:EXN)oR(E) =4(P: &N, (166)

for P € Pmin )\ ¢ a’.. Since the map R(¢) does not depend on P € Pmin it follows from
the definition of j° (cf. (24)) that (166) holds with j replaced by j°. Hence

fpe: ) = [ @ RE)™] fp(&: A) € LHEK : &) @ V(&)

77



for all f € C(G/H), A € ia}. Let the map R: £* — £ be defined by
Ro(w: A) = [T0 R(E)Mp(w: A)  (p €L we My, \€ial).
Then the following result expresses the dependence of the decomposition (164) on W.

Lemma 19.1 The map R: £ — £¥ is a unitary isomorphism, intertwining = and ='.

Moreover, §' = R §.

We now turn to the dependence of the Plancherel decomposition on the choice of
the parabolic subgroup P € P If P .Q € PMin [¢] € Z\A4fu, A € al., let the standard
intertwining operator A(Q: P: £: X) from wpg y to mg ¢\ be defined as in [6] (see also the
text preceding (24)).

We recall from [6], Prop. 6.1, that there exists a unique meromorphic End(V (£))-valued
meromorphic function B(Q: P: ) on af., such that

qe?
AQ:P:E:XN)oj(P:E:XN)=4(Q:E: X))o B(Q: P:E:X) (167)
as a meromorphic identity in A € a7.. The version of this transformation rule for j° is

given by the following lemma.

Lemma 19.2 Let P,Q € P™". Then for every [£] € My we have

AQ:P:E:N)og®(P:E:N)=5%(Q: E: M) o B(Q: P:E: ). (168)
Proof. See [13], diagram (14). 0

Let P, € P™®, Then it follows from the above that for all f € C>(G/H), [£] € My

and A € ia} we have:

Jol€:2) = [AQ: P:&: )@ B(Q: P: &: N7 fr(&: N,
We now define the map 2A(Q: P): £* — £* by

A(Q: Plo(w: A\) =[AQ: P: &,: )@ B(Q: P: &, M) p(w: N),

for p € L2 w € MH, A € ial. The following result describes the dependence of the
decomposition in Theorem 18.9 on the parabolic subgroup P.

2

Lemma 19.3 The map A(Q: P) is an equivariant unitary isomorphism from (£°,7p)

onto (L% 7g). Moreover, §o = A(Q: P)-Fp.

Proof. According to [7], §15, we have, for w € My, )\ € ia;, the identities
A(Q: ]f: £ )\)*A(Cg: ]f: Eui A) = 77(6?: ]f: Eut M,
B@Q:P: & A B(Q:P:&,: ) = n(@Q: P: &, M.

Moreover, combining Lemma 15.8 and equation (129) of [7] we obtain a third identity
n(Q:P:&:A) =n(Q: P:&, : A). The unitarity of 2(Q: P) follows from these three

identities. The proof of the other assertions is straightforward. O
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Next we investigate the dependence of the Plancherel decomposition on the choice
of the representatives ¢,. First, let w be a class in MH, and suppose that £ & € w.
Fix a unitary intertwining operator T': He — He. Then T naturally induces the map
I(T): C=(P:£:A) — C=(P: ¢ X) given by f +— T f. Recall that the space V(¢)
is the formal direct sum of the spaces V(& w), with w ranging over W. For w € W, let
(T, w): V(E,w) — V(&,w) be the natural map induced by T, and let ¢(T): V(¢) — V(&)
be the direct sum of the maps ¢(T,w). Then it is obvious from the definitions that

I(T)oj(P:é:A)=j°(P: ¢ N)oi(T). (169)

One readily verifies that the restriction of I(T) @ ¢(T)™" to a map L*(K: £) @ V(&) —
LA*(K: &)@ V(&) does not depend on the particular choice of T. Therefore we denote
this restriction by 1(¢£',€). It is obviously unitary, and it intertwines the representations
Tpea®@ 1 and wpery @ 1. Moreover, it follows from the above that for every f € C*(G/H)
and A € ia} we have:

e 2 = 1¢,6) fie: ).

Now fix for every w € My a second representative ¢ . Let I\A/I}I denote the set of
these representatives, and define $', £2', 7' and §'_as in Section 18 but with every-
where ¢ mstead of £, for w € Z\A4H Let ](M’ MH) denote the direct sum of the
maps 1(¢,8,): Hw) — H'(w), and let J(M}I,MH) 22 — 22 be defined by ¢ —
I(MYy, Mp)oep. The following straightforward result now describes the dependence of
the Plancherel decomposition on the choice of My.

Lemma 19.4 The map J(M}I,MH) £2 — 8% is an equivariant unitary isomorphism.
Moreover, §' = J(M}I,MH) 5.

We will finally use the material of this section to give a characterization of the rep-
resentation , of W in £%, different from the one in Proposition 18.6. For this we need
transformation properties of j° under the action of the Weyl group. For v € Ng(ay),
let L(v): C™(P:¢:A) — C™>(vPv~':v{: vA) be the intertwining operator defined
by L(v)e(z) = ¢(v™'a). Then by [6], Lemma 6.10, there exists a unique unitary map
L(&v): V(E) — V(vE), not depending on P, A, such that

L(v)oj(P:€éo)) =j(wPv " vE:vN)o L(E,v). (170)
By [13], eqn. (63), we have
Fopomt (0€: 0A) = [L(v) @ L(&v) 7 fp(£: A) (171)

for all f € CX(G/H), [€] € My, \ € ia.

Now fix v € Nk(ay), and let s denote its image in W. Put I\A/I}I = vl\A/IH, so that
£ = vy, and let §, £¥) 7" and § be defined as above. Define the map m(v): £2 — £¥
by

(o)l ) = [L(0) © DEemrr ) (s 57N,

79



Then m(v) is a unitary equivariant isomorphism (£2, 7p) — 22 7/ ). and it follows
¥y €eq P 9 » Yo Pv ?

from (171) that for every f € L*(G/H) we have:

Sips—1 [ = m(v)[Spf].

One readily verifies that the map I(I\A/IH,UI\A/IH)om(v): £? — £? only depends on the
image s of v in W. Therefore we denote it by m(s). We now have the following.

Lemma 19.5 Let s € W. Then the map m(s) is an equivariant unitary isomorphism
from (£*,7p) onto (£, 7,ps—1). Moreover, §,ps—1 = m(s)oFp.

Corollary 19.6 For every s € W we have , (s) = A(P: sPs™')om(s).

Proof. Fix s € W and write a for the operator on the right-hand side of the above
equation. From the definitions given above we infer that there exists a measurable function
A — b(A) with values in the space of unitary maps $ — $ such that for ¢ € £? we have
[ap](A) = b(s7'A)p(s71A). Combining Lemmas 19.3 and 19.5 we see that f = af for every
feCx(G/H). Hence A A
F(sA) = (A f(A).

By the uniqueness part of Proposition 18.6 this implies that b(A) = €,(A). Now use
definition (158) of , (s) to conclude that a =, (s). O

Remark 19.7 Corollary 19.6 essentially expresses the relation between f(s)\) and f()\)
by means of standard intertwining operators. In the Riemannian case a similar relation

is given in [31], Ch. VI, Cor. 3.9.

20 Properties of the pre Paley-Wiener spaces

In this section we collect some properties of the pre Paley-Wiener spaces introduced in
Definition 8.9. These properties will be needed in the next section. Let P € PMin he
fixed, let (7,V}) be a finite dimensional unitary representation of K, and let F = Fp be
the associated 7-spherical Fourier transform.

Let m € Ilz(a,) be as in (64) and let S be a compact Wing-invariant subset of aq.
Moreover, let € > 0 be as in Lemma 8.1. If f € CF(G/H: 1), then by Theorem 8.11
the function F f belongs to the pre Paley-Wiener space M(S,x). Moreover, it has the
property that 7Ff is holomorphic on the open neighbourhood a(P,¢) of a;(P,0). We
will show that the positive constant e can be fixed so that any function in M(S, ) has
this property. More generally, we establish a similar result for the pre Paley-Wiener space
M(S, p), under the assumption that p € lx(ay).
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For convenience we introduce, for p € Il(a,), the space M(p) of meromorphic functions
@: al. — °C(7) which satisfy conditions (a) and (b) of Definition 8.9. We equip this space
with the locally convex topology determined by the set of seminorms

vyt = sup || pe(A)], (172)
AEV

with V' a bounded subset of a;(P,0). Then M(S, p) is a linear subspace of M(p); moreover
the inclusion map is continuous.

If U is a complex manifold, then by O(U) we denote the space of holomorphic functions
U — C, equipped with the usual Fréchet topology.

Proposition 20.1 Let p € lx(a,). Then we have the following.

(a) For every r > 0 there exists a polynomial function ¢, € lls(a,) such that the
following holds. For every ¢ € M(p) the function g,y is holomorphic on a’(P,r);

at(Pr) is continuous from M(p) to O(a3(P,r)) @ °C(7).

(b) There exists a constant € > 0 such that for every ¢ € M(p) the function py is
regular on a(P, €). Moreover, the map o — pp
O(a;(P,e)) @ °C(7).

(¢) The space M(p) is Fréchet.

moreover, the map ¢ — q,¢

az(Pe) 1S continuous from M(p) to

Before giving the proof of this result, we derive the following corollary from it.

Corollary 20.2 Let p € lx(a,). Then we have the following.

(a) There exists a constant € > 0 such that for any Wxnpg-invariant compact set S C ag
the following holds. For every ¢ € M(S,p) the function pp is regular on a’(P, ¢);

at (P 18 continuous from M(S, p) to O(ay(P,€)) ©°C().

(b) For every Winpg-invariant compact set S C a4 the pre Paley-Wiener space M(S, p)
is Fréchet.

moreover, the map ¢ — pp

Proof. 1If S C aq is any Wgnpg-invariant compact subset, then M(S,p) C M(p), the
inclusion map being continuous. Hence (a) follows from Proposition 20.1 (b) with the
same positive constant e.

To see that (b) holds, let S C a} be compact and Wing-invariant. Then M(S, p) has
a countable system of neighborhoods of the origin, hence is metrizable. Let (¢,) be a
Cauchy sequence in M (S, p); then we must show it converges in M(.5, p). By continuity of
the inclusion map the sequence (¢,) is Cauchy in M(p), hence converges in M(p); let ¢
be its limit. Then pp, — pp pointwise on a; (P, 0). Hence if v is any of the seminorms of
Definition 8.9 (¢), then v(¢, —¢) < sup,,s, V(©n — ©m). Since (¢,) is a Cauchy sequence
in M(S, p) it now follows that » € M(S,p) and that (¢,) converges to ¢ in M(S,p) as
well. Thus we have established property (b) O
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For the proof of Proposition 20.1 we need information on the poles of the C'-functions.
We start with some results on standard intertwining operators. For P,Q € Pmin [¢] €
M\ﬁh A€ ale, let A(Q: P:&: A) denote the standard intertwining operator from 7pg ) to
7g.¢ defined as in [6]. We recall from the text preceding (24) that A(Q: P: £: X) may be
viewed as a continuous linear endomorphism of C~*(K : £), depending meromorphically
on A.

From [6], Props. 4.7 and 4.8, we recall that there exists a unique non-trivial meromor-
phic function n(Q: P: ¢): af., — C such that

AP:Q:E: N A(Q: P E:XN)=n(Q: P: &N, (173)

for generic A € aj.

We shall describe the poles of the intertwining operators, viewed as meromorphic
functions of A, in some detail, first on the K-finite level. If ¥ C K is a finite subset,
then we denote by C'(K : {)y the finite dimensional subspace of right K-finite functions in
C==(K : €), all of whose right K-types belong to . Moreover, we denote the restriction
of the standard intertwining operator to this space by A(Q: P: &: N)y.

Lemma 20.3 Let P,(Q € P™® and let U C a;c be an open subset such that for every
a € %(Q, P):=3(Q)NX(P) the function A — |Re (), a)| is bounded on U. Then there
exists a polynomial q € Il py(aq) such that for every finite subset ¥ C K we have the

following:

(a) The End(C(K : &)g)-valued meromorphic functions A — ¢(M)A(Q: P: &: X)y and
A= q(MNA(Q: P:&: N5 are regular on U.
(b) The meromorphic functions A — q(A\)n(Q: P: &: A) and X — q(\n(Q: P: &: N~

are regular on U.

Proof. The existence of a ¢ such that the function A — ¢(A)A(Q: P: £: )y is regular
on U for any finite set ¥ C K is a straightforward consequence of [33], Thm. 6.6. This
proves the first part of assertion (a).

The existence of a ¢ such that (b) holds follows if we restrict (173) to an arbitrary
fixed K-isotypical component of C~*(K : {) and apply [7], Lemma 16.6, to the resulting
restrictions of the intertwining operators.

Finally, the existence of a ¢ for which the remaining part of (a) holds follows from the

first part of (a), combined with (173) and (b). O

For r € N, let C~"(K : £) denote the space of generalized functions in C~>°(K : ) of
order at most r. By compactness of K this space carries a Banach topology (see [6], §4,
where the notation D/, is used instead of C~"). In the following we shall use the notation

B(C~",C~") for the Banach space of bounded linear operators C~" (K : £) — C~"'(K : £),
equipped with the operator norm (r,r" € N).
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Corollary 20.4 Let the assumptions of Lemma 20.3 be fulfilled and let ¢ € Ilgp, p)
be such that for any finite subset ¥ C K assertion (a) holds. Then for every relatively
compact open subset 0 C U there exists a constant s € N, such that for every r € N we
have the following:

(a) the mapping (X, f) — ¢(MA(Q: P: & N)f maps Q@ x C77(K : £) continuously into
CT 2 (K §);

(b) the induced function A — g(A\) A(Q: P: £: N)|C7"(K : &) from Q to the Banach
space B(C~",C~"~*) is holomorphic.

Proof. By density of the K-finite functions the result follows if we combine Lemma 20.3
(a) with Prop. 4.11 of [6]. O

Recall the introduction of the meromorphic End(V ({))-valued map B(Q: P: £) on
a;. by the property (167).

Lemma 20.5 Let P,Q € Pmin, Moreover, let U C a. be an open subset such that
for every o € 3(Q, P) := X(Q) N X(P) the function A — [(Re X, a)| is bounded on U.
Then there exists a polynomial function ¢ € g g py(ay) such that the End(V(£))-valued

meromorphic functions
A= gMB(Q:P:¢:)) and A qgM)B(Q: P:&: 07! (174)

are regular on U.

Proof. By the product decomposition of [6], Prop. 7.1, we see that it suffices to prove this
result if P, Q) are o-adjacent, i.e. P # () and all roots in (@, P) are proportional. Assume
this to be the case and let « be the reduced root in (@, P). Then « is a simple root for
the positive system X(P), and Q = P*=, the conjugate of P under the reflection s, € W
in the root hyperplane a. Moreover, C*lls (g p)(ay) = C*lls3(aq) and the condition on U
is equivalent to: A — |Re (A, )| is bounded on U.

We recall from Section 2 that the set W is in bijective correspondence with W/ Wyp.

Accordingly we transfer the action by left multiplication of W on W/Wyny to an action

on W, denoted (s,v) — s-v. If w e W, we write V (£, w) for the summand HEUHMw_l in
the direct sum decomposition (9).

Let w € W. Then the endomorphism B(Q: P: {: A) leaves the subspace V(& w) +
V(£ 84 - w) of V() invariant; see [6], Lemma 7.2. We denote its restriction to that
subspace by B,(Q: P: £: A). It now suffices to establish the existence of a ¢ € Ilj,y(ay)
such that the endomorphisms q(A\)B,(Q: P: ¢: \)*! depend holomorphically on A € U.

By [6], Lemma 6.10 and eqn. (7.1), there exists a unitary bijection L = L(w™'{, w)
from V(w™'¢) onto V(&), mapping V(w™, 1)+ V (w1, 5,-14-1) onto V(& w)+V (€, s, -
w), such that

By(Q:P:¢:X0)=LoBi(w'Qu:w ' Pw:w e w Ao L7 (175)
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Notice that w™'a is a simple root in X(w ™' Pw), that w™'Quw = (w™' Pw)®*»~1a, and that
w T (ag) = -143(aq). We now see from (175) that it suffices to prove the existence
of a ¢ € Il,y(ay) such that g(A)Bi(P*: P: £: \)*! depend holomorphically on A € U,
for arbitrary ¢ € MH, P € P™n o any simple root in ¥(P), and finally U any open
subset of a’. with A — |Re (A, a)| bounded on U. Using the split rank one reduction of
[6], Lemma 7.4, (where Bj is denoted B, ) we now see that it suffices to prove the lemma
if dima, = 1, and if Q = P. In the rest of the proof we assume this to be the case. Let a
be the reduced root in ¥(P). The condition on U means that U C a;(R) for some R > 0.

Following [6], § 5, we define, for any Q) € P™" the map ev: C~*(Q: £: M) — V(&)
by ev(f)w = f(w), w € W. Then evoj(Q: £: A) = Iy, for generic A € a. Using (167)

we now obtain the following identity of endomorphisms of V/({) for generic A € a;.:
B(P:P:&: X )=evoA(P: P:£:XN)oj(P:EN). (176)

By [7], Thm. 9.1, there exist a polynomial ¢; € llx(a,) and a constant r € N such that
q1(A)j(P: £ A)n depends holomorphically on A € a;(R) as an element of C™"(K : ), for
every n € V(). Moreover, by Corollary 20.4 there exists a polynomial ¢ € Ilz(a,) such
that g2(M\)A(P: P: £: )\) depends holomorphically on A € a;(R) as an element of the space
B(C~,C7"=*). Write ¢ = ¢1¢2. Then we see that f,,(A) := ¢(M)A(P: P: £ N)j(P:&: Ay
depends holomorphically on A € a}(R), as an element of C~"7*(K : {). Moreover, f,(})
is 7 (M )-invariant, hence (A, h) = 7 r(h)f,(A) is a smooth map from a}(R) x H to
C77*(K : £), which is holomorphic in the first variable. It now follows by application
of [6], Lemma 4.13, that ev(f,())) € V({) depends holomorphically on A € a’(R), for
every n € V(£). We conclude that ¢(A) times the endomorphism on the right-hand side
of (176) depends holomorphically on A € a;(R), and the assertion about B follows. For
the assertion about B~! we observe that it follows from [6], Prop. 6.2 (i), that

B(P:P: &N =n(P: P:E:XN)TTB(P:P:E: ).

Now combine Lemma 20.3 (b) with the result obtained for B to complete the proof. O

Lemma 20.6 Let P,Q € P™" s & W. Moreover, let U be a an open subset of a;e such

that for each o € X(P) N s7'Y%(Q) the function A — |Re (X, a)| is bounded on U. Then
there exists a polynomial function q € Ily(pyn,-1x(g)(aq) such that the endomorphism

o) Coppls: ) (1)
of °C(7) depends holomorphically on A € U.
Proof. For s € W, let L(s) be the unitary endomorphism of °C(7) defined in [13], §7.

Then by loc.cit., Lemma 7, we have the transformation rule

Cop(s: A) = L(s)o Clggp(l: A),

as a meromorphic identity in A € aj.. From this we see that it suffices to prove the
assertion for s = 1 and arbitrary P,Q € Pmi,
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By (27) the space °C(7) admits an orthogonal direct sum decomposition into subspaces
°Ce(7), where [£] ranges over finitely many classes in My. Moreover, the endomorphism
gip(1: A) leaves every subspace of this decomposition invariant. Let [{] € My occur in
the decomposition. Then it suffices to prove the existence of a ¢ € Iy (pyay(g)(aq) such that
the restriction to °Ce¢(7) of the endomorphism (177) with s = 1 depends holomorphically
on A € U. This follows immediately from [13], Lemma 3 and eqn. (57), combined with
Lemmas 20.3 and 20.5 above. O

If U C al. is an open subset, and ¢ a polynomial function in II(ay), we denote the map
OWU) — O(U), ¢ +— qp by my. The image of m, is denoted by O(U, ¢) and equipped
with the topology inherited from the ambient space O(U).

Lemma 20.7 Let U C a;, be an open subset, and let q € lI(ay). Then the map m, is a
topological linear isomorphism from O(U) onto O(U, q).

Proof. Since O(U) has no zero divisors, it is clear that m, is a linear isomorphism from
O(U) onto O(U, ¢). Moreover, it is obvious that m, is continuous. For the continuity of its
inverse one needs to estimate ¢ in terms of ¢, for ¢ € O(U). The required estimates can
be obtained by a repeated application of Cauchy’s integral formula in the same fashion
as in the proof of Lemma 6.1 in [7]. O

Proof of Proposition 20.1. We first prove (a). Let r > 0. For s € W, put
Us = s~ 'al(P,r)naz(P,0).

Then aj(P,r) is the union of the sets sU,, s € W.

Fix s € W for the moment, and let a € s7'%(P) N X(P). Then for A € U, we
have Re (A, a) > 0. For such A we also have Re (A, @) = Re (sA, sa) < r. Hence A —
|Re (A, )] is bounded on Us. By Lemma 20.6 it now follows that there exists a polynomial
function ¢, € Ilg(ay) such that the function A — qs()\)CIODUD(S: A) is regular on an open
neighborhood of Uy, hence locally bounded on Us. Let now ¢ € M(p). Since ¢ satisfies
conditions (a) and (b) of Definition 8.9, it follows that the function

A= qs(A)p(A)p(sA)

is locally bounded on Us. We now define the polynomial ¢ € llx(a,) by

g(\) = I as(s7"N)p(s71A).

SEW

Then the function gy is locally bounded on sUs for every s € W. These sets are closed
in the set aj(P,r) and cover it. Therefore the function gy is locally bounded, hence
holomorphic, on a3(P,r). Moreover, from the above reasoning we also see that the map
@ = qp

We now turn to the proof of (b). Let ¢ € Ilz(a,) be a polynomial as in (a) for r = 1.
Let ¢ € M(p). Then gpyp is regular on a} (P, 1), and py is regular on a(P,0), hence on the

az(Pr) 18 continuous.
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smaller set ¢a’ U a’(P,0). By Lemma 8.2, applied with n; = 1 and with ¢ in place of p, it
follows that there exists a constant ¢ €]0, 1], depending only on ¢, such that py is regular
on a;(P,¢). This establishes the first assertion of (b). For the second assertion, we note
that by (a) the map R: ¢ — ¢pple:(p, is continuous from M(p) to O(a;(P,€)) @ °C(7).
We have just seen that its image is contained in O(a(P, ¢), q). Thus we may apply Lemma
20.7 and compose the map R with m ' @ Io¢(;) to establish the validity of (b).

Finally we prove (c). Since M(p) has a countable system of neighborhoods of the
origin it is metrizable, and it suffices to prove completeness.

Let (@5 )nen be a Cauchy sequence in M(p). For each r > 0 we write Q, = a’(P,r),
and we select ¢, € lly(a,) as in assertion (a). Then the sequence (¢,¢,|€,) is a Cauchy se-
quence in the Fréchet space O(Q,)@°C(7), hence converges to a limit ¢, € O(Q,)@°C(7).
We define the meromorphic function ¢, on Q, by ¢, = ¢ 't,. Let now r,r’ > 0.
Then ¢,q¢10,|Q — ¢ = ¢.qo e, locally uniformly on Q.. Similarly, we see that
4+ qrPoen | — ¢rqr ¢y, locally uniformly on Q.. It follows that ¢, = ¢ on Q. N Q. =
Qmin(r,ry- Now the union of the sets ., r > 0, equals aj.. Hence there exists a meromor-
phic function ¢: a. — °C(7) such that ¢ = ¢, on §,, for every r > 0. We will show that
@ belongs to M(p) and is the limit of the sequence (¢, ).

By the definition of ¢ we have that ¢.¢, converges to ¢.¢ in O(Q,) @ °C(7) for all
r > 0. In particular it follows that ¢,(A) — ¢()) for generic A € a’.. From this it follows
that ¢ fulfills condition (a) of Definition 8.9.

Let € > 0 be the constant of the already established property (b). Then (pp,|€.) is
a Cauchy sequence in O(€.) @ °C(7). Let f be its limit. By a straightforward passage to
limits we have ¢.f = pb. = pq.p. Hence f = py, and we conclude that py is holomorphic
on £, and that the sequence (pp,) converges locally uniformly to pe on .. In particular
this means that ¢ fulfills condition (b) of Definition 8.9, hence belongs to M(p), and that
©n — @ with respect to the seminorms (172). This completes the proof of property (c).
O

21 Paley-Wiener theorems

In this section we assume that P € PM™® and that 7 is a finite dimensional unitary
representation of K. Our objective is to investigate the image of the space C°(G/H : 1)
under the 7-spherical Fourier transform F = Fp.

If S C aqis a closed Wgng-invariant subset, then we define the closed subset Xg
of G/H by (66). Recall also the definition (73) of the supporting function Ar: aj, —
[—00, 00], when T'is a closed set of a,. Define the polynomial © € Iy (a,) as in (64). Then
we have the following Paley-Wiener type characterization of the support of a compactly
supported function in terms of its Fourier transform.

Theorem 21.1 Let f € C(G/H : 1), and let S be any Winpg-invariant compact convex
subset of a,. Then supp f C Xg if and only if for every n € N there exists a constant
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C' > 0 such that for every w € W and A € a;(P,0) we have

lm(Mpr, FF)| < O (14 A" elust, (178)

Proof. The implication ‘only if’ is immediate from Theorem 8.11 and Definition 8.9 (c).
Since f is compactly supported, there exists a Winpg-invariant compact subset T' C a
such that supp f C X7. By Theorem 8.11 we have that Ff € M(T,x). Hence F f satisfies
conditions (a) — (b) of Definition 8.9. If we combine these with the estimate (178), we
see that in fact Ff € M(S, 7). Fix D € D/, (cf. Lemma 15.3). Then from Corollary 10.4
(and Remark 10.5) we obtain that

supp DT F f C Xs.
By Theorem 14.1 this implies that
supp Df C Xs.

In view of Proposition 15.2 we finally conclude that supp f C X5s. a

Definition 21.2 The pre Paley-Wiener space M(G/H : 1) is defined to be the space of
meromorphic functions ¢: Ao — °C(7) having the following properties:

(a) @(sA) = Cpip(s: A)p(A) for all s € W, and generic A € ae;

(b) The function 7y is holomorphic on an open neighborhood of a(P,0);

(c¢) There exists a constant R > 0 and for every n € N a constant C' > 0, such that for
all A € aX(P,0) we have:

I7 (M) (NI < C (14 A",

The supporting function of the closed ball B in a, of center 0 and radius £ > 0 is
given by hg(A) = R|Re A|. Using this in combination with Definition 8.9 we see that

M(G/H:7) =] M(S,7), (179)

where S ranges over the Wynpg-invariant compact subsets of a,. From Corollary 20.2 (b)
we recall that the spaces in the right-hand side of (179) are Fréchet. Moreover, if S C Sz,
then M(Sy,7) C M(S,,7), the inclusion map being continuous. Accordingly we equip
M(G/H : 1) with the direct limit locally convex topology.

In view of (179), the following result is an immediate consequence of Corollary 10.4

(and Remark 10.5).

Lemma 21.3 Let D € D,.. Then DJ maps the pre Paley-Wiener space M(G/H : 1)
continuously into C°(G/H : 7). O
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Remark 21.4 It follows from Corollary 20.2 that there exists an € > 0 such that 7 is
holomorphic on the open neighborhood a*(P, ¢) of aX(P,0), for every ¢ € M(G/H : 7).
Moreover, the map ¢ + m|a’( P, ¢) is continuous from M(G/H : 7) to O(a; (P, ¢))@°C(7).
We may shrink ¢ to ensure that the polynomial 7 has no zeros in a;(¢) (see (64) and Lemma
8.1 (a)). Thus it also follows that every ¢ € M(G/H : 7) is holomorphic on the open
neighborhood a;(¢) of ¢a; and that the restriction map is continuous from M(G/H : 7)
to O(a(*l(e)) @ °C(1).

From Theorem 8.11 and Theorem 15.1 we see that F maps C3°(G//H : 7) injectively
and continuously into M(S,7), for any Wgng-invariant and compact subset S of ay.
Therefore F maps C°(G/H : 7) injectively and continuously into M(G/H: 7). If f €
C>(G/H : 1) then the coefficients in all Laurent series developments of F f satisfy all the
linear relations coming from similar relations for Eisenstein integrals. In fact we have:

Lemma 21.5 Let 0y,...,0; € S(a7) be a finite collection of constant coefficient complex
differential operators on &, and let 1y,. .., € °C(7), and Ay,..., A\ € a5(P,0). Then
the relation

2 AR B (P b =A)aar = 0 (180)

of elements in C*(G/H) holds for every v € V, if and only if for all f € C*(G/H : )

one has the relation: .

> O [ (NFFON) [i)]a=r, = 0. (181)
i=1
Proof. For v € V., let E, denote the left-hand side of (180), viewed as a function in
C>*(G/H). Define E: G/H — V* by E(x)(v) = FE,(x). Then £ € C*(G/H: 7). The
condition (180) holds for every v € V if and only if £ = 0, which in turn is equivalent
to Jo/m E(x)(f(2)) dv = 0 for all f € CX(G/H: 7). By the definition of the Fourier
transform the latter condition is equivalent to (181) for all f € CX(G/H : 7). 0

In the group case the extra relations (181) are known to determine F(C(G/H : 7))
as a subspace of M(G/H : 7) by the work of Campoli [16] in the split rank one case and
Arthur [2] in the general case. This motivates the following definition.

Definition 21.6 The Paley-Wiener space PW(G/H : 1) is defined to be the space of
functions ¢ € M(G/H : 1) satisfying the following condition:

For all finite collections 0y, ..., 0, € S(a%), 1,..., ¢ € °C(7), and Ay,..., A\, € a;(P,0)
for which one has the relation (180) of elements in C*°(G/H) for every v € V;, one also

has the relation: .

> Ai[r(N e\ [i)a=a, = 0. (182)

=1
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Let € be the open neighborhood of a}(P,0) of Remark 21.4. If 9y,...,0, € S(a3),
U1,k € °C(7), and Ay, ..., Ap € a7 (P,0) are as in the above definition, then the map

k

b= Y 0 [r(A){(e(A) | i) =,

=1

is continuous from O() @ °C(7) to C. In view of Remark 21.4 the map is also continuous

from M(G/H : 7) to C. This implies that the space
PWs(G/H:7):=M(S,7)NPW(G/H : 1)

is a closed subspace of the Fréchet space M(S,7); it thus becomes a Fréchet space in a
natural way. From (179) we see that

PW(G/H:7)=] PWs(G/H: 7),

where S ranges over the Wi np-invariant compact subsets of a,. Moreover, if S; C 55, then
PWg (G/H: 1) C PWg,(G/H: 1), the inclusion map being continuous. Accordingly we
equip PW(G/H : 7) with the direct limit locally convex topology. Then the inclusion map
PW(G/H: ) C M(G/H : 7)is continuous and has a closed image.

From the above discussion we now obtain:

Proposition 21.7 The Fourier transform F is an injective continuous linear map from
C>(G/H: 1) into PW(G/H : 7). Moreover, if S is a Wxnpg-invariant compact subset of
ay, then F maps CF(G/H: 1) into PWs(G/H : 7). 0

Remark 21.8 We believe F is actually a linear isomorphism from C*(G//H : 7) onto
PW(G/H : 7). Although we do not know how to prove this in general, we will present a
proof for the case dima, = 1.

Before proceeding we note some consequences of the above conjecture. Suppose the
conjecture is valid. Then if S is a Winpg-invariant compact convex subset of a, the
Fourier transform F restricts to an injective continuous linear map of Fréchet spaces
CP(G/H: 1) — PWg(G/H: 7). The restricted map is surjective as well. For let ¢ €
PWgs(G/H : 7). Then by the conjecture there exists a function f € C*(G/H : 7) such that
Yp = F f. From Theorem 21.1 we deduce that f € CZ(G/H : 1), whence the surjectivity.
By the open mapping theorem for Fréchet spaces it then follows that F restricts to a
topological linear isomorphism from C*(G/H : 7) onto PWg(G/H : 7). Taking the limit
over all Winpg-invariant compact convex subsets of a, we then obtain that F is actually
a topological linear isomorphism from C°(G/H : 7) onto PW(G/H : 7).

The following result gives a useful reformulation of the relations in Definition 21.6
(compare with [2], p. 76).
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Lemma 21.9 Let ¢ € M(G/H: 7). Then ¢ € PW(G/H: 1) if and only if for all
finite collections O1,...,0, € S(a%) and Ai,..., A\ € a;(P,0) there exists a function
fe€Cx(G/H: 1) such that

Alr(Ne(Mh=r = dlm(NFf(Nh=r (L <i< k).

Proof. The ‘if’ part is obvious from Lemma 21.5. To see that the ‘only if” part holds, let
O1y...,0r and Ay, ..., A be given. We equip the finite dimensional linear space (°C(7))*
with the product space Hilbert structure and define the linear map L: PW(G/H: 1) —

(°C())* by
L()i = 0: [r(Nd(N]aer, (6 € PW(G/H:7),i=1,... k).

Then we must show that L(¢) € L(FC>(G/H : 1)) for all ¢ € PW(G/H : 1), or equiv-
alently that the subspace U := L(FCX(G/H: 7)) of imL in fact equals im L. Since
(°C(7))* is finite dimensional this is equivalent to the assertion that for every ¢ = (1) €
(°C(7))* we have that ¢ L U = 1 L im L. In view of Lemma 21.5 this is a consequence
of Definition 21.6. O

We will need the following result.

Lemma 21.10 Let D € D,. Then for every ¢ € M(G/H : 7) we have

FDTp = pu(D: 1)p. (183)

Proof. By meromorphy of both members it suffices to establish this identity on ia;.
Since det u(D: 7) # 0, it suffices to establish the identity which arises from application of
w(D: 1) to (183) hence it suffices to prove (183) with D? instead of D. By the invariance
(a) of Definition 21.2 it suffices to show that the resulting identity holds when tested
against elements of (S(ia(*l) ® OC(T))W. Hence in view of Theorem 16.16 it suffices to show
that

(FINFD*T o) = (Ffu(D: 7)) (184)
for all f € C(G/H : 7). By continuity of the Fourier transform it suffices to establish the
identity for f in the dense subspace C2°(G/H : 7). The left-hand side of (184) then equals

(TFFID*Te) = (DIFFIDITe) =(DfI DT )
= <Df|J99> (FD*f )
(u(D:7)°F [ ). (185)

The transpositions that have been carried out are all allowed, since they are of the form
(9| Dh) = (Dg | h), with g,h € C*(G//H : 7), and with either g or h compactly supported.
The second equality follows from Theorem 14.1. Finally the last member of the equations
(185) equals the right-hand side of (184) in view of (40) and since both Ff and ¢ are

smooth functions on 7a;, decreasing faster than (1 4 |A|)™" for every n. 0
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Corollary 21.11 Let D € D,. Then multiplication by p(D: 7) maps M(G/H : 7) into
the subspace F(C>(G/H : 1)) of PW(G/H : 7).

Proof. This follows from combining Lemma 21.10 with Lemma 21.3 and Proposition 21.7.
O

In particular, if G/H is a Riemannian symmetric space of the noncompact type we
have seen in Remark 14.4 that # = 1 and 1 € D,. Hence it follows from the corollary
above that M(G/H: 1) = F(C*(G/H: 7)) = PW(G/H: 7). Hence in this case (182)
is fulfilled for all functions satisfying (a)-(c) in Definition 21.2. Moreover we have that
the Fourier transform maps C°(G//H : 7) onto the Paley-Wiener space. It can be shown
that this assertion is equivalent with Helgason’s Paley-Wiener theorem for the é-spherical
Fourier transform, see [31], Ch. III, Thm. 5.11.

Notice that in general PW(G/H : ) is a proper subspace of M(G/H: 1) (see for
example [16], Thm. 3.4.2 and the succeeding example). However, in the split rank one
case (i.e. dimaq = 1) the following corollary shows that only finitely many conditions
of the form (182) are needed to characterize it as a subspace of M(G/H : 1) (cf. [16],
Observation 2.3.2, for the group case).

Corollary 21.12 Let dima, = 1. Then the Paley-Wiener space PW(G/H : ) has finite
codimension in M(G/H : ).

Proof. Fix D € D,. Then in view of Corollary 21.11 it suffices to show that the space
w(D: 7)M(G/H : 7) has finite codimension in M(G/H : 7). Let {\1,..., Ax} be the set
of zeros of det u(D: 7) in aj(P,0). For 1 < j < k, let m; be the order of the zero of
det u(D: 7) at A;. Let V be the subspace of M(G/H : 1) consisting of the functions ¢
for which 7wy vanishes up to the order m; at every A; (1 < j < k). Then V has finite
codimension. Moreover, if ¢ € V, then wu(D: 7)7 ¢ is holomorphic on a(P,0). Using
(38) with Q = P one now readily deduces that u(D: 7)"'p € M(G/H: 7). Hence V is
contained in p(D: 7)M(G/H : 1), and therefore the latter space has finite codimension.
O

Lemma 21.13 Assume that dima, = 1, and let D € D,. Then for every function ¢ &
PW(G/H : 1) there exists a function f € CX(G/H : 1) such that ¢ — Ff belongs to
w(D: T)M(G/H : 7).

Proof. Let o € PW(G/H : 7), and let the subspace V of M(G/H : 7) be defined as in
the proof of Corollary 21.12. Then by Lemma 21.9 there exists a f € C°(G//H : 7) such
that ¢ — Ff € V. In the proof of Corollary 21.12 we saw that V C u(D: 7)M(G/H : 7).

O
We can now prove a full Paley-Wiener theorem for the case that G/H has split rank

one.
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Theorem 21.14 Assume dima, = 1. Then F is a topological linear isomorphism from
C>(G/H: 1) onto PW(G/H: 7).

Proof. By Remark 21.8 it suffices to prove bijectivity, and by Proposition 21.7 it re-
mains to prove surjectivity. Let ¢ € PW(G/H: 1) be given. Fix D € D,, and let
fe€C*(G/H: 1) be as in Lemma 21.13. Then ¢ — F f belongs to u(D: 7)M(G/H : 7),
hence to F(CX(G/H : 7)), by Corollary 21.11. Hence also ¢ belongs to the latter space.
O
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