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THE MULTI-LEVEL MONTE CARLO FINITE ELEMENT
METHOD FOR A STOCHASTIC BRINKMAN PROBLEM

CLAUDE J. GITTELSON, JUHO KONNO, CHRISTOPH SCHWAB, AND ROLF STENBERGC

ABSTRACT. We present the formulation and the numerical analysis of the
Brinkman problem derived rigorously in [2, 3] with a random permeability
tensor. The random permeability tensor is assumed to be a lognormal random
field taking values in the symmetric matrices of size d X d, where d denotes
the spatial dimension of the physical domain D. We prove that the solutions
admit bounded moments of any finite order with respect to the random in-
put’s Gaussian measure. We present a Mixed Finite Element discretization in
the physical domain D which is uniformly stable with respect to the realiza-
tion of the lognormal permeability field. Based on the error analysis of this
Mixed Finite Element Method (MFEM), we develop a Multi-Level Monte Carlo
(MLMC) discretization of the stochastic Brinkman problem and prove that the
MLMC-MFEM allows to estimate the statistical mean field with asymptoti-
cally the same accuracy versus work as the MFEM for a single instance of the
stochastic Brinkman problem. The robustness of the MFEM implies in partic-
ular that the present analysis also covers the Darcy diffusion limit. Numerical
experiments confirm the theoretical results.

1. INTRODUCTION

Efficient numerical simulation of a viscous, incompressible flow in porous media is
a key problem in the field of geosciences. It arises in an increasing number of appli-
cations related to natural resource management, environmental impact assessment
and the planning and risk assessments of waste disposals. Porous media modelling
is characterized by multiple scales of the permeability of the media of interest, and
by uncertain geometry and material parameters of these media. The present paper
is devoted to a numerical analysis of a Multilevel Monte Carlo Method for a stochas-
tic variant of the Brinkman problem. Major applications of the Brinkman model
lie in petroleum engineering, in particular in the simulation of fractured reservoirs.
Other industrial applications include e.g. the simulation of resin flow in composite
molding and modelling of oil filters.

The Brinkman model was justified as an asymptotic limit ¢ — 0 for media with
deterministic, periodic spatial distributions of inhomogeneities of size and period
O(e) in [2]. In [3], it was shown that under slightly different asymptotic scaling
hypotheses, either the Stokes problem or the Darcy law is obtained in the limit
€ — 0. The rather delicate dependence of the limit problem on the scaling hypoth-
esis prompted in [13] the development and the numerical analysis of robust mized
FEM for a parametric class of Brinkman models which comprise, in particular, all
three scaling limits obtained in [2, 3]. The derivation of the Brinkman model in
[2] required in particular full knowledge of the microscopic grain geometry of the
porous medium in the derivation of the effective permeability tensor in the upscaled
Brinkman model.
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In subsurface flow models in computational geosciences, however, pore struc-
ture and geometry are not explicitly known. Accordingly, statistical hypotheses on
spatial correlations of distributions of pore sizes and grain shape are made. Most
widely used is the so-called log-normal distribution, in particular in connection with
the (postulated valid) Darcy limit for permeability.

We therefore analyze in the present paper the Finite Element discretization of
a parametric, stochastic family of Brinkman models in a bounded domain D C R%:
a scale parameter 0 < t < oo allows a seamless transition between the Darcy and
Stokes flow, whereas the (possibly anisotropic) stochastic pore-scale geometry is
assumed as a family of symmetric random d x d tensors with a log-normal law.

Robustness of the mixed FEM with respect to the scaling parameter ¢ is ensured
by an error analysis in the mesh dependent norms introduced in [13], whereas the
log-normal randomness in the permeability tensors is accounted for by a Multi- Level
Monte Carlo sampling strategy following [4].

We prove optimal convergence rates of the Mixed Finite Element Approximations
of the mean velocity and pressure fields, and establish complexity bounds which
show that, under realistic assumptions on the spectrum of the covariance operator
for the log-normal family of permeability tensors, the Multi-Level Monte Carlo
Mixed Finite Element discretization allows approximating the mean velocity and
pressure fields with work proportional to, essentially (i.e. up to logarithmic terms),
that of a single, deterministic Brinkman solve on the finest spatial grid. In our
analysis, we also exploit a discretization level dependent truncation order of the
log-normal tensors’ Karhunen—Loéve expansions. We mention that the present
Multi-Level MC approach is a so-called non-intrusive sampling strategy which is to
be contrasted with recent, intrusive efforts, e.g. in [11] where a polynomial chaos
type discretization for the Darcy limit was proposed and analyzed. For a general
survey of theoretical properties of polynomial chaos based discretizations, we refer
to [17].

Throughout the paper, we employ standard notation and terminology. The
triplet (£2,.4,P) will denote a probability space on which uncertainty is modelled.
By E we denote the mathematical expectation with respect to the probability mea-
sure P. The symbol D will signify a bounded domain in R?, d = 2,3, with a
Lipschitz boundary dD. For 1 < p < oo, we denote by LP(D) the space of Lebesgue-
measureable, real-valued functions in D which are p-integrable with respect to the
Lebesgue measure. For k € Ny we denote by H*(D) the usual Sobolev spaces of
functions in L?(D) whose weak derivatives of order k are square integrable over D.

2. THE DETERMINISTIC BRINKMAN PROBLEM

Let D C R?% be a bounded Lipschitz polyhedron. The deterministic Brinkman
problem on D with parameters ¢t > 0 and M € L>(D;S%) is

{—tQAu—i—Mu—FVp:f, 1)

divu =g,
where Au = dive(u) for e(u) = (Vu + Vu')/2 and S? denotes the space of
symmetric d x d matrices, endowed with the spectral norm. We assume that M

is uniformly positive definite on D. For ¢ > 0, we assume homogeneous essential
boundary conditions

u=0 ondD. (2)

In the limit £ = 0, we consider the natural boundary conditions

u-n=0 ondD. (3)
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Both cases require the compatibility condition g € L2(D). Here and in what follows,
L?(D) = L?*(D)/R denotes the space of equivalence classes of functions in L?(D)
which are equal up to a constant. We shall identify L2(D) in what follows with the
closed subspace of L?(D) of functions with vanishing mean. We impose the same
condition p € L2(D) in order to ensure uniqueness of the pressure p in (1). The
solution space V for the velocity is defined as completion of [C$°(D)]? with respect
to the norm

()] + ]2 (4)
By Korn’s inequality, this norm is equivalent (uniformly with respect to ¢t > 0, with
constants depending only on D) to

lolf = £(IVoll§ + w3, ()

which is the norm we use in the following. Consequently,
V = [Hy(D)]! (6)

if t > 0, and for ¢t = 0, this space is

vV =[L*D)]". (7)

The space for the pressure p is defined through the norm

(v, V)

llglle == sup : (®)

vev ||V

where (-, ) denotes the duality pairing in V' x V*, as

Q:={qe Li(D); llqll: < oo} . 9)
Note that for v € V and q € @,

—(divw, fort >0,
mvwz{( &

10
(v,Vq) fort =0, (10

where (-,-) denotes the inner product in L?(D)?4. For t > 0, the BabuskaBrezzi

property

(divw,q)

sup > Cllqllo Vg € L2(D) (11)

vev vl
implies that Q@ = L%(D). In the case t = 0, we have ||¢|l: = ||Vqllo, and thus
Q= H,(D)=H'(D)nLi(D).

We define the bilinear forms

a(u,v) = t*(e(u), €(v)) + (Mu,v), (12)
b(v,q) = (v,Vq), (13)

and
B(u,p;v,q) = a(u,v) + b(v,p) + b(u,q) . (14)

The weak formulation of (1) with the boundary conditions (2) or (3) is to find
(u,p) € V x Q such that

B(u,p;v,q) = L(v,q) Y(v,q) €V xQ (15)
for the linear functional
E('U,q) = (f)v)i (gaq) (16)

By Korn’s inequality, uniform positive definiteness of M, and (8), Brezzi’s coer-
civity conditions for saddle point problems are satisfied,

b
a(v,v) > alv||} YveV and sup (v, q)
veV ||th

> lglle Vg e@-. (17)
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Furthermore, the bilinear forms a(-,-) and b(-,-) are bounded,
a(w, v) < collwlli[v]ls Vw,v eV, (18)
b(v,q) < [vllellglle V(v,q) €V x Q. (19)
This implies continuity of the bilinear form B(:;-) on [V x Q]?, and the stability
condition
B(w,r;v,q)

sup > C(lwle +Irlls) Y(w,r) eV xQ, (20)
waevxq vl + llall:

by which the solution (u,p) € V x @ exists and is unique. Moreover, we have the
bounds

IN

1 Cq,

NIy + (14 %) lgll- (21)
Caq Caq

Iple < (14+ 2 ) 1 £l +ca (14+2) lglle-: (22)

see for example [6] for details. Note that the constants « and ¢, depend on M but
not on ¢.

[l

3. THE STOCHASTIC BRINKMAN PROBLEM

We consider the matrix M in the Brinkman problem (1) to be a random field.
Let G be an S%valued centered Gaussian field on D with bounded paths. The
distribution of G is a centered Gaussian measure on L>(D;S%), which we assume to
be a Radon measure or, equivalently, that it is concentrated on a separable subspace
of L>(D;S?), such as Cy(D;S?), see e.g. [5]. Then for an My € L>(D;S?) which
is uniformly positive definite, we consider M of the form

M = Myexp(G), (23)

where exp(-) denotes the matrix exponential. By construction, M is almost surely
in L°°(D;S%) and uniformly positive definite.

We will denote the underlying set of elementary events by (2 and the probability
measure by P. The expectation operator E is the integral over {2 with respect to
P.

Lemma 3.1. For all ¢ > 0,
Elexp(q||Gll L= (p;se))] < oo (24)
Proof. By Fernique’s theorem [9, 5], there is a £ > 0 such that
]E[GXP(H”GH%OC(D;SQ)] <00
Consequently, for any ¢ > 0,
Elexp(ql| Gl (p5n)] < exp(£)Elexp (k]G (p0))] < o =

Let the random variables pimin and pimax denote the minimal and maximal eigen-
values of M on the domain D. By the above assumptions, u;liln and fipax are a.s.
finite. Lemma 3.1 implies the following stronger property.

Proposition 3.2. For any q € (0,00), ft 1, fmax € LI(2).
Proof. The assertion follows from Lemma 3.1 since
pmax < ([ Mol o (pisay exp([|G | Lo (pisay) 5

and similarly for ufniln. O
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Together with the stability bounds (21) and (22), Proposition 3.2 leads to inte-
grability properties of w and p. We note that ¢, and « are of the form

Cq = max(Cq, max) and o = min(@, fimin) , (25)

with &, and & independent of M. In particular, ¢, and a~! are also in L9(§2) for
any g € (0, 00).

Proposition 3.3. For all ¢ € [1,00), u € L1(§2; V) and p € L1(2;Q).

Proof. Measurability of u and p follows as in [12, Lemma 3.4] by truncating the

Gaussian measure such that M is uniformly bounded, formulating a sequence of

well-posed saddle point problems on L?(£2; V) and L?(£2;Q), and passing to the

limit. Suitable truncated measures can be constructed by restricting the distribu-

tion of G to a sequence of compact subsets of L°°(D;S), as in [5, Theorem 3.4.1].
By (21) and Hoélder’s inequality,

lullzsoivy < lla” Lo I Flve + L+ o™ rea@llcallzzoe) lglle-

and using (22),
IPleig) < (1 + o™ lz2a)llcall L2age)) | Fllv
+ [leall Lsagy (1 + Nl Lsace) llcall L3ace) N9l

Q* -
O

Remark 3.4. Proposition 3.3 extends to stochastic f and g. It follows as above that
if feLi(2;V™)and g € LI(2;Q*), then uw € LI(2; V) and p € L1(£2;Q) for all
q € [1,q). For simplicity, we consider only deterministic f and g in the following.

4. APPROXIMATION BY FINITELY MANY RANDOM VARIABLES

4.1. Truncated Gaussian field. We approximate M by expanding the Gaussian
field G in a series, and truncating this series after N terms. We consider the
Karhunen—Loeve expansion of G; however, all of the following also holds for more
general series representations.

Let S denote S¢ endowed with the Frobenius norm instead of the spectral norm.
Since L?(D;S%) is a separable Hilbert space, the covariance of G' can be interpreted
as a symmetric nuclear operator Kg on L?(D; S%) which is given by

KgA=E U trace(A' G) dz G] , AcL*D;S}%). (26)
D

Let (A\,)22, denote the eigenvalues of K¢, and let (#,,)52 ; be corresponding eigen-
vectors, normalized in L?(D;S%). The Karhunen-Logve expansion of G is

oo
G=> Vi Py, (27)
n=1
where
Y, =\, 12 / trace(G' b,,) dzx (28)
D

are 1.i.d. standard normal random variables. Let ¥, := \/\,,®,, and
N
Gy:=)» Y.¥,, NeN. (29)
n=1
More generally, (¥,,)52; may be any orthonormal basis of the Cameron—Martin
space of G. Since the distribution of GG is a centered Radon Gaussian measure on
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L>(D;S%), Gy converges to G P-a.s. in L>(D;S%) by [5, Theorem 3.5.1]. Further-
more, convergence in Li(£2; L>(D;S%)) for all ¢ € [1,00) follows from [5, Corol-
lary 3.5.8]. We make additional assumptions in order to derive a convergence rate.
We abbreviate 1, = ||¥p|| L (p;se), and assume without loss of generality that
¥ = (¥n)pZ; is nonincreasing. Furthermore, let 0, = || D¥, || oo (p;r(ra gey) for
ak>0,and d = (0,)22,.
Assumption 4.1. The functions ¥,, are in W1>°(D;S%) for all n € N. The
sequence of norms ) is in £7 for a 7 € (0,2), and & is in £2 for a ¢ € [T, o0].

Remark 4.2. Assumption 4.1 implies in particular that G' € Cy(D;S?) almost surely.
Since ¥,, € Cy(D;S?) for all n € N, Gy is continuous for all N, and continuity of
G follows since Gy converges to G a.s. in L>(D;S%).

Lemma 4.3. For any q > 7 and any N € N,

o 1/q
(EIw@ <l (N 41, s=2- 1 (30)

n=N-+1

Proof. Due to the elementary estimate

o0 n

[l =" ur =3 v > > yn =y,
=1 i=1

i=1
we have 1p,, < n~V/7||4||;~ for all n € N. Therefore, using ¢ — 7 > 0,

o0

Doowd< > Rk < IllE (N + )T T T = el (N 1)

n=N+1 n=N-+1

for all N € N, with s as in (30). O

Theorem 4.4. For any q € [1,00) and any sufficiently small 9 > 0, there is a
constant cq.9 such that for all N € N,

1—(14+x)9 _s
IG — Gl La(ainos(psay) < caoll®llyr 7815 (V + 1)~ (31)
withs:w—ki—%ifg<ooands=w—%ifgzoo.

T 0
Proof. Let £ € (S*)* with |[{]|gs)« =1, N € N and

oo

9= Yol(¥). (32)

N+1

Following the proof of [7, Proposition 4], we show below that for any ¢ € [1,00)
and any sufficiently small ¢ > 0, there is a constant ¢,y independent of £ and N
such that
~ 1—(1+r)Y —s

gl oy < qolllle " 1815 (N + 1) (33)
with s as above. This shows the claim since S? is isomorphic to R¥ with k =
d(d+1)/2 equipped with the £¢(R¥) norm, and thus there exist k& continuous linear
functionals ¢; € (S)* with [|¢;|(ge)- = 1 such that

k 1/q
|A]s < C, (D&(A)w) VA €St

i=1
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Consequently,

k
Sl (G - GM%MD)]
=1

k

= C:]l Z”EZ(G - GN)H%Q(Q;LOO(D)) )

i=1
and (31) follows by applying (33) independently to each summand.

Using that (Y,,)52; are mutually uncorrelated and have unit variance, for any
xz,y €D,

E[(g(z) — g(y))*] =E ( > YJ(%@)—%(W))

n=N+1

oo

= > (W) - Pa(y)* .

n=N+1
Due to [|£]|(gay- = 1 and

[#n(7) = T (y)lse < min (2||!’Pn||L°°(D;Sd)7 ||D5anL°°(D;L(Rd,sd))|$ - y|) )
for any 9 € [0, 1] and every x,y € D, we have

(@ (2) — Wn(y)] <2'° ﬁHEI’ HLoo(D gd)||D!I’n‘|zoo(D;L(Rd,Sd))|x - 11|19
Consequently,
_ 2(1—19
El(g(x) — 9(y))?] < (22“ DN Il D 1Dl (e g s )x—y”,
n=N+1

which is independent of ¢ € (S?)*. By definition of 1, and J,,, the above sum is
equal to

o o 1/p o 29/0
Z wi(l—(l-&-n)ﬁ)(siﬂS( Z wi(l—(l+n)ﬂ)p> ( Z 5g>

n=N+1 n=N+1 n=N+1

with p = o/(0 — 299), if ¥ > 0 is sufficiently small. Lemma 4.3 implies

%) 1/p
( > wi“—“*“)“p) < IR0 4 1)

n=N+1
with s as in the statement of the theorem. This shows the estimate
1—(1+r)9 —2s
E[(g() — g(y))%] < 220D |gp|7 D87 (N + 1) 72z —

for almost all z,y € D.
For any ¢ € [1,00) there is a constant ¢, such that for all centered Gaussian
random variables X,

(B[ XD < ¢, B]XP))

since for o = (]E[|X|2])1/2
o? o

E[|X7 \ﬁ / 2] N

Therefore, as g(x) — g(y) is a centered Gaussian random variable,

Ellg(x) — g(y)|7] < 290 ¢ ||qp |48~ CF ) 81197 (N 4 1) 7950 — [

%) dz = Iquexp( 1) dy = clo.
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Let 0 < v < ¢ < 1. Abbreviating 7 == 2¢01=9) ch't/)Hq(l 1+N)19)||(5||Z§(]\f +1)7¢
we have

g 1 »)
E“g‘(éw,q(p)} =E {/D Dwdydfc} <77/ /|If |q(19 ddydz

and the latter integral is finite since D is bounded. Similarly, recalling the definition
(32) of g, we have for any x € D,

Z o, Z W2 < |13 (N +1) 72

n=N+1 n=N+1

where 5 := 771 —1/2 > s. Since g(z) is a centered Gaussian random variable,

(Ellg(2)"NY? < cg(Bllg(@)PDY? < eqllpller (N +1)7°
for any g € [1,00). Integrating over D, it follows that

Bl ) < DI (N + 175 < O,
Finally, we choose g > d/v, such that W*4(D) embeds continuously into Cy(D),

see e.g. [1, Thm. 7.3.4]. Then

E[”QH%«:(D)] < C’(E[Hg”%q(D)] +Ellgliyv.a D)]) <Cn,
which shows (33) for ¢ > d/v. For smaller ¢, (33) follows by Jensen’s inequality. O

Remark 4.5. We note that the convergence rate in Theorem 4.4 is independent of
q, and essentially independent of the summability o of § and the parameter x in
the definition of §. For any g € [1,00) and any 0 < s < 5:=7"1 —1/2,

||G7GN||Lq(Q;Lm(D;Sd)) <CN™°, NEeN. (34)

4.2. Truncation error in the log-Gaussian field. We define a sequence of ap-
proximations to the log-Gaussian field M by

N
My = Myexp(Gy) = My exp (Z Yn!Iln) , NeN. (35)

n=1
By continuity of the matrix exponential, My converges to M a.s. in L>(D;S?).

We show that convergence also holds in LI(£2; L>(D;S%)), with the same rate as
in the convergence of Gy to G.

Lemma 4.6. For all g € [1,00) there is a constant B, such that
lexp(|GN [ (pse)llLa) < By YN €N, (36)
lexp(| Gl (D))l La2) < By - (37)
Proof. The claim is a consequence of Fernique’s theorem, see [5, Theorem 2.8.5]
and [7, Proposition 7]. Since Gy converges to G in L?(£2; L>=(D;S%)), there is a
constant b such that

HG”LQ(Q;LOO(D;SCL)) <b, ||GNHL2(_Q;LO<>(D;SL1)) <b VN eN.
By Chebyshev’s inequality, for any 5 > 0 and any N € N,
P(|GN L (pist) > B) < B 2IGN I p2(0;n (pisy) < B0,

and the same bound holds for G in place of Gy. For 8 > v/2b, Fernique’s theorem
provides a constant By depending only on 8 and b such that

E[exp()‘”GNHQLW(D;Sd))] <B, VNEeN,
with A = 246 log( 7z — 1), and thus
Elexp(q||Gn || 1 (pisa))] < exp(Fxq°)Bo = BY VN e N.
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As above, the same estimate holds for G in place of Gy. O

Proposition 4.7. For any q € [1,00) and any sufficiently small 9 > 0, there is a
constant Cy 9 such that for all N € N,

1—(14k)Y —s
IM — M| pa:po(psa)) < Cawlllr “ 7 6115 (N + 1) (38)

1—(14x)9 : 1-(1+r)9 '
L) 0 1< oo and s =Y 1 if g = oo,

with s =

Proof. For any A, B € S%, the matrix exponential satisfies

lexp(A) — exp(A + B)|[se < || Bl[se exp([| Allsa) exp([| Bl|sa) -
Setting A := G(z) and B = Gn(z) — G(z), x € D, and using the triangle inequal-
ity, we have

lexp(G (2)) —exp(Gn (7)) |lse < |G (2) =G (2)|se exp(2[| G () |s+) exp([| G () [ls4)-

!'= g ' 4 3r~!, Holder’s inequality and Lemma 4.6 imply

For ¢~
[M — My ||pa(;z=(Disey) < [[Mollze<(pisa)|lexp(G) — exp(GN) | La (s (D:s4))
<G = Gyl a(a:L~ (D) | Mol| L= (pse) By -
Then the claim follows using Theorem 4.4 for g. O
4.3. Solvability of the truncated stochastic Brinkman problem. Let (u,p)

and (ux,pn) denote the solutions to the stochastic Brinkman problem with log-
Gaussian random fields M and My, respectively, and let

a(u,v) = t*(e(u), €(v)) + (Mu,v), (39)
ay(u,v) = t*(e(u), €(v)) + (Myu,v), NEN, (40)
denote the bilinear forms from (12). Then (u,p) and (uy,py) satisfy
B(u,p;v,q) = L(v,q)  V(v,q9) €V xQ (41)
By (un,pNn;v,q) = L(v,q) Y(v,q) e V xQ (42)

for the bilinear forms B(-;-) and By(+;-) defined by (14) with a(-,-) and an(-,-)
from (39) and (40), and with £(-,-) as in (16).

Lemma 4.8. There are random variables o, c,, an and cq N, N € N, such that
a(v,v) > o}, an(v,v) > an|vll7, NeN, (43)
a(w,v) < collwllefvfle, an(w,v) < canllwlefvfe, NeN, (44)
for allv,w € V. Furthermore, for any q € [1,00) there is a constant A, such that
[XlIza(2) < Aq (45)
uniformly for X =a ', X =c¢,, X = a;,l and X =c,n, N € N.
Proof. By Korn’s inequality, there exist constants k and K such that
kIVoll§ < lle(v)||§ < K[[Vollf  YoeV.

Let the random variables pimin and pmax denote the minimal and maximal eigen-
values of M on the domain D, and let fimin, N, fimax, v denote the analogous values
of My, N € N. Then (43) and (44) are satisfied for

a = min(k, fmin) ¢o = max(K, thmax)
aN = min(k7 Mmin,N) Ca,N = maX(K7 Mmax,N) VN e N.

The estimate (45) follows from Lemma 4.6, using uniform boundedness and uniform
positivity of M. O
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Using the stability estimates (21) and (22), the convergence from Theorem 4.4
and Proposition 4.7 carries over to (uy,pn).

Theorem 4.9. For any q € [1,00) and any sufficiently small 9 > 0, there are
constants Cy'y and C’é’ﬁ19 such that for all N € N,

— k)Y —s
g 8]0 (N + 1) (46)

v —unlLaavy) < Coo(l Fllve +llglle-)

1—(1+r)9 —s
Ip = pullza:q) < CL (1 F v+ llgllo) ]l 71812 (N + 1) (47)
withs:ﬂ—k%—% if o < 00 ands:w—% if 0 = 0.

Proof. Subtracting (42) from (41) leads to the error equation
B(u—un,p—pn;v,q) = By (un,py;v,q) = Blun, py;v,q) = (My — M)uy,v)
for all (v,q) € V x Q. The last term satisfies

(My — M)un,v) < ||M — Mx/|| o ps)|lunlz2opellvllz2(py)e
< C|M — M| p=(psoyllunlv]vlv

Furthermore, (21) implies

Q* -

1 Ca. N
thSHﬂw+<Hm>M|
anN anN

Applying (21) and (22) to the error equations gives us

1 1 Ca,N
luw—unlle < C— [|f|V* + (1 + ) gl
o |an an

QHM—MwmwM,

Cq 1 Ca,
I = ol <€ (14 2) [ ity + (14 22 ) Iglor | 1M = Ml
o an an

Then the claim follows by applying Hoélder’s inequality, using Proposition 4.7 to
estimate || M — My || o (p;se) and Lemma 4.8 to estimate the remaining terms. [

Corollary 4.10. For any q € [1,00)and any 0 < s <s=71"1-1/2,
o), NeN. (48)

lw —unllzaevy + 1P — o llLa2:) < CNT* (I fllv= + gl

5. MIXED FINITE ELEMENT METHODS

‘We consider a mixed finite element approximation to the deterministic truncated
Brinkman problem (42). The analysis presented in [13] is augmented to cover the
case of a nondiagonal permeability matrix M . Let 7, be a quasiuniform and
shape-regular partition of D into simplices. The diameter of an element T € T}, is
denoted by hr, and the global meshwidth & is defined as h = maxrer, hr.

We choose the finite element spaces Vi X @y, C V x @ for the mixed finite
element discretization of (42) as

Vi={veVvn[CD)|vrec[P(T) VYT <T}, (49)
Qn={qe LYD)NC(D) | qlr € P(T) VT € T}, (50)

in which Py(T) are polynomials of degree k. Since the equal order polynomial
spaces are not stable for the problem, we employ a mesh-dependent stabilization
procedure.

The stabilized finite element formulation of (42) reads: Find (unn,pnn) €
Vi, x Qp, such that

Bnw(unp,DNRi v, q) = Lp(v,q)  Y(v,q9) € Vi X Q. (51)
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The mesh-dependent bilinear form is defined with the stability parameter v > 0 as

By n(u,p;v,q) = By (u, p;v,q)
2
-5 Z I —|—Th2 (t*M 5, 1Au u— My 1Vp) t>M R,lAvafMj\,qu)K, (52)
TeThH

and the corresponding load functional is

h2, _
Lyn(v,q)=L(w,q)+7 Y m g My LM Av — v - M ' Vo). (53)
TETh
Assuming
—t?Au+ M yu + Vp = f € [L*(D)], (54)

we have a consistent method, that is
By n(un — unp, PN — PNRY, Q) =0, Y(v,q) € Vi X Q. (55)

5.1. Stability. To show the stability of the method, we follow [13] and define the
following mesh-dependent norm for the pressure,

h2
Il = 3 5 IVl (56)
TETh
We first recall the following inverse estimate:

Wl Av|§ 7 < CrlVol§ 7, Vo € Vi (57)

Let ftmin, v and k be defined as in Lemma 4.8. Then we have

Theorem 5.1. Choose y = min{ = kum”‘ —ic}. Then for each N there exists a

constant BN such that
By .n(w,r;v,
sip  SXMWOTOD) g (gl 4 ) V(w,r) € Vi x Qu (55)
@aevix@n [l +llallen

Proof. Let (w,r) € Vi, X @, be arbitrary. Then we have

By n(w,r;w, —r) = t*(e(w), €(w)) + (M yw, w)

2
=72 i (MY Aw —wlir — |IMy'Velir) . (59)
TETh

Estimating the negative terms from above and using the inequality (57), we get
By p(w,r;w, —r) 2 k[ Vwl§ + pmin, v 1w + mae, vl n

h2
=2 3 ot (ol 4wl + wlBr) (60
TETh

> (k= 2YC1 gy M) IVWG + (ttmin, v — 29) w]§

(61)
k lffmm N
2 §IIVWII3 101§ + Vb, v I - (62)
Thus the theorem holds with
k min, min, k rznin
ﬂN—mm{ Hmin, N Hmin,N Hmin, N ) (63)

2 4:/J‘maux,N 40[#12‘nax,N .
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Remark 5.2. Note that for first order elements Aw = 0 for every w € V. Thus
it suffices to choose v = £22% and By will not depend on the constant C; of the
inequality (57). The smallest eigenvalue can be easily estimated from the stochastic
coefficients of the Karhunen-Loeve expansion (29) for each sample.

Remark 5.3. It is also possible to choose the stabilization parameter elementwise
with v = min{i,umin, N, T, %,U/min, ~.r2}. Then elementwise estimation gives the
sharper lower bound

k' fimin N fmin, N,T K i, N 72
By = min{—, —, s e . 64
TETh{ 2 2 4/ufmax,N,T2 46’1/~Lmax,N,T2 ( )
Next, we use the result for the mesh-dependent norm to show that the stability

holds also in the continuous pressure norm. With a small modification of the
arguments presented in [10], one has

Lemma 5.4. There exists constants C7 and Csy independent of the meshwidth h,
and the parameters t and M n such that

b(w, q)
wev, |lwll

= Cillalle = Callalle.n- (65)

Now we are ready to prove the stability in the continuous norm.

Theorem 5.5. Suppose the stability of Theorem 5.1 holds. Then for each N there
erists a constant By such that
BN,h(wa ruv, Q)

sup i 2 Bn(lwlle +Irll) V(w,r) € Vi x Q. (66)
w.aevix@, Ivlle + llallen

Furthermore, the constant ﬂ/J\V has a polynomial dependence on the constant By and
the constants an and cq N .

Proof. Let w € V', be the function for which the supremum is attained in Lemma 5.4,
and assume that w is scaled such that ||w|; = ||¢|ls,,. Employing the techniques
of the proof in [10, Lemma 3.2] it can be shown that for every (v,q) € Vi, x Q) we
have

By (v, ¢;~w,0) > =Cs|[v§ + (Cullalle — Csllalle.n)llalle.n, (67)
in which the constants C5,Cy, and C5 are polynomial functions of the constants a
and ¢, . Now, choosing 0 < § = % yields

By w(v,¢;v — 0w, —q) = (By — 6C3)||v][} + 6Cullall:lal

le.n + (Bn — 6C5)|lall

BN 2 BrCy
> — —_— . 68
> 5ol + 5 X lalldln (69

O

5.2. A priori estimates. We approximate the error of the velocity field in the
[I|l+-norm and the error of the pressure field in both the continuous norm || - ||; and
in the computable mesh-dependent norm || - ||,5. The following quasi-optimal error
bound holds. Note that a term estimating the residual is included, as is typical for
stabilized methods.

Theorem 5.6. Let the stabilization parameter v be chosen as in Theorem 5.1.
Then the finite element solution (un p,pN.n) of (42) is P-measurable. Moreover,
it holds for every N € N and a constant C independent of w, the meshwidth h and
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of the parameters t and M n with the random variables X = a, X =c¢q, X = ole

and X = cq N satisfying (45),

luny —unn
C 1+«
< obean+ ) e {mpN ~ gl + I — alles + fux ol
(v:9)
V;LXQ;L
h2. 2
( nZ ||“N WHtQAU — Mnyv—Vq+ f||(2),T> } (69)

Proof. Using the triangle inequality we have for arbitrary (v,q) € Vi, x Qp,

lun —

< lun = dllen + llv —unnlle +lla = pyalen (70)

Using Theorem 5.1 we have functions (w,r) € V), x @}, with

[wll + I

such that there holds

w(UNL =V, PN — GWw,T)
=By n(uny —v,py — q;w,T)

= BN('U'N —U,PN 7q;w,r) 75;

B v —

in which by the assumption (54)

hZ. _ _ _

S = ’YZ h2, +t2( t>M NlAv+v+MN1Vq—MN1f,
T€Th

M Aw —w — M'Vr)k. (72)

Estimating the first term yields

By(uy —v,pn — q;w,T)
< canlluy —v|illwl; — b(w,pn — q) + (uy — v, Vr) (73)

< canllun —vlellwlle + oy — gl HWIIt

1/ 1/2
h2 )
(Z n2 thgHuN vHOT) (Z Iz +t2 ||V7"||0,T> (74)

TET; TETh

1/2
< | T+ can)lluny = vlle + oy —alle + ¢ ( > hitlun — vl%,T>
TETh

< (llwlle + lIrfle,n) (75)
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Turning to the stabilizing term, we have using the inverse inequality (57)

2

1 h3

S< Y o Ls|l-t*Av + Myv + Vg~ f|2

oy B2+t ’
TeT, &M

h2 _ _ ?
X }:iﬁl;ﬂﬁmgﬂmufwfﬂfgvm@T (76)
TET Tt

2

1+ tmin, v h3
<C—p - it? [t?Av — M yv — Vg + I} ¢
/J’min,N TET T

X (lwlle + flr

le.n) (77)
O

With exactly the same arguments as above, and using Lemma 5.5, we can derive
a quasioptimal a priori result in the continuous pressure norm with a stability
constant By instead of Sy .

Theorem 5.7. Let the assumption of Theorem 5.6 hold. Then we have

lun —unnlle + llpy — sl

C 1+a .
< —=Q2+can+—5) inf <y — gl + [luy — vl
B R

2 h2 ?
+ (Z hg||UN—”|(2),T+}LgitQHtQAU—MNU—VQ‘i‘fH%,T) } (78)
TeT, T T

5.3. A priori estimate for a regular solution. Even though in practice the
solution to the equations is seldom smooth, it is often beneficial to write the error
estimate assuming a smooth solution and thus exposing the convergence rates.
Assuming uy € [H**1(D)]? and py € H**1(D) we have the following convergence
result for a polynomial approximation of degree k.

Theorem 5.8. There is a constant C' independent of the meshwidth h and of the
parameters t and My, such that in the continuous pressure norm with random
variables X = o, X =c,, X = aj\,l and X = cq,n as in (45) independent of h and
0<t<l,

luy — uN,th + llon — PN,k ¢
< CR(an, can) [(t+h)P*lunlerr + (& +B) T R k] 5 (79)

in which R(-,-) is a rational function of the two arguments. The same result holds
also for the mesh-dependent pressure morm.

Remark 5.9. In the limit ¢ = 0 the method constitutes a stabilized mixed finite
element approximation of the Darcy equation. Also the norms (5) and (56) reduce
to those used in the dual mixed formulation of the Darcy problem. However, the
method is not optimal since we only get order k convergence in the aforementioned
norms, as opposed to the k + 1 convergence provided by the H (div)-conforming
elements, cf. [15, 16].

6. THE MULTI-LEVEL MONTE CARLO METHOD

6.1. Single Level Monte Carlo. We have shown in Proposition 3.3 and in Sec-
tion 4 that the solutions U = (u,p) and Uy = (un, pn) of the stochastic Brinkman
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problem with lognormal permeability M from (23) and My from (35), respectively,
admit bounded moments of any finite order q. Choosing ¢ = 2k for k£ € N, this
implies that the second moments of the k-point correlation functions of the random
fields U and Uy are bounded and can be estimated by Monte Carlo (MC) sampling
of the mixed FE approximations of the random solutions.

We give an a priori error analysis of the resulting MC-MFEM. For the sake of
brevity, we develop the results only for £ = 1 but hasten to add that all results
which follow admit generalizations to moments of order k > 1; we refer to [4] for
statements and proofs in the case of Darcy equations with random permeability.

Let us first address the Single Level MC method. Here, for a given, fixed trunca-
tion order N in (35), and for a given pair V}, x Q, of FE spaces, we draw M > 1 in-
dependent, identically distributed realizations M,(at) = Mpy(z,w;),i=1,..., M,
using the N-term truncated Karhunen—Loéve expansion (35). Note that the work
to do so grows as O(MN) as N, M — oco. For each M, we solve the FE equations
(51). We assume for now that the FE solutions U, , := (4, Ply ,) are computed
exactly, although in general an approximate solution (obtained, for example, by a
multilevel method) will suffice. We denote by W (h) the computational work for
the numerical solution of the linear system (51).

In the Single Level MC MFEM, we estimate the mathematical expectation E[U]
by the ensemble average of the M MFEM sample solutions, i.e. by

Mm[UN 1] Z Uk (80)

The total work for the computation of this estimate is O(MNW (h)). For the
convergence analysis of this MC-FE approximation, we assume as usual (see e.g.
[4]) the FE solutions U}Vh corresponding to the M coefficient draws M, in (80)
to be M i.i.d. copies of the random FE solutions Uy, = (un n,PN,n) defined in
(51). To estimate the MC-MFEM error, we measure the FE error in mean-square
in probability, i.e.

IE[U] — Em[UNp]llL2(2,v xQ)

M 1/2
< lI]E ZﬁN wllf + IE[p] — — Zp}v,hllfD - (81)
Combining the a priori error bound of Theorem 5.8 with Lemma 4.8 and a standard

argument as in Lemma 4.1 of [4], we obtain the following convergence property.

Theorem 6.1. For anyq¢>1,0<s <7 '—1/2 and 0 <t < oo, if the solution
to the truncated problem (42) satisfies

uy € LY HMY(D)Y)  and py € LU(2; Hi (D) (82)
for all N, then there is a constant C independent of N, h, M and t such that

Q)
— 2
+ (t+ W) |lun || Lo (pyay + (E+ B) TR IpN || Lagasmes (py))

1/2
Q*>2) ()

where k is the order of the mixed finite element discretization. The total work for
the computation of En[Un ] is O(M(Nh=% + W (h))).

IE[U] — EntlUnall ooy xay < C((N“"(Ilfllv*

+ M7 F v
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Proof. Since E[En[Un 1)) = E[Un,1], we can expand the error as

IE[U] — Ex[Unpll72(0.vx0)
= |[E[U] - ElUN I3« + IEUN ] — Ex[UnpllZ2(0.vx0) -

By the a priori error bound of Theorem 5.8, the truncation error estimate Corol-
lary 4.10 and the bound Lemma 4.8, the first term satisfies

|E[U] = E[Unnlllvxq < U = UnpllLi2:vxq)
< N7([| fllv @) + (t+ h)hF|lun ] a0, e (pyey
+ (t+ h) T R Il Lo e (b)) -

N

For the second term, using that the samples U]Zv ,, are independent and have expec-
tation E[Uy 1], we have

IE[Un 4] — Ent(Un a2y xa) = [HEUM ZUthQ]

M
1 ri
— 5| l57 Y 0wl - Oalfocel
i=1
1
= —E[|Unn = E[Un 1]l xq]
and using Lemma 4.8, due to the stability of the mixed finite element discretization,
E[|Unn = EUNAY <ol < EllUNAIR <o) < CUI£Ilv- Q)

The computational cost is O(Nh~?) for the summation of the Karhunen-Logve
series, and W (h) for the solution of the resulting linear system; both operations are
performed M times, resulting in a total cost of O(M(Nh=% + W (h))). O

We remark that due to the potentially low regularity of the Gaussian field
M (z,w), in general the regularity of the solution U is rather low, and we can
realistically expect only 0 < k < 1 in (82) resp. in (83) for U in place of Uy. Due
to the truncation of the Gaussian field, the regularity of Uy is higher, although
Sobolev norms of uy and py may not be bounded uniformly in N.

6.2. Multi-level Monte Carlo. A substantial efficiency increase compared to
SLMC-MFEM can be obtained by the Multi-Level Monte Carlo Mixed Finite El-
ement Method (MLMC-MFEM), which is based on a hierarchic family of FE dis-
cretizations.

Let {7;}}, be a sequence of meshes with mesh widths h; == max{diam7; T €
Ti}. For example, T, could be obtained by I-fold regular subdivision of an initial
regular simplicial triangulation Ty of D, in which case hy = 27 hg. To ease notation,
we denote the corresponding FE spaces Vi, X Qn, by V; x @, in the following.

We also introduce a sequence (N;)E, of truncations of the series expansion (29).
The FE solution of the Brinkman problem (51) on the mesh 7; with lognormal
permeability My, is denoted by U; := (w;,p;), with w; = un, p, and p; == pn, n,-
With the convention U_; := 0, we may write

L
U,=> U-U.;. (84)
1=0
By linearity of the mathematical expectation, it follows that

L
=D E[U: - U] (85)
=0
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We replace each expectation in this telescoping sum by an MC estimate, with a
level-dependent number M; of samples. This yields the MLMC-MFE estimator
L
EMU) =Y Exm|Ui — UiL]. (86)

1=0
We note that, since U_; = 0, EX[U] is an unbiased estimator for E[Uy],

L L

E[E U] =) ElEm Ui — U]l = ) ElUi — U] = E[UL]. (87)
=0 =0

Consequently, E[E[UL] — EX[U]] = 0, and since E[U] — E[U.] is a deterministic

quantity,

IE[U] = EX[UlI32( v xq) = IEIU] = E[ULIY xq + IEUL] = BX[Ull72(0ivxq) -

(88)
By definition and due to Theorem 6.1, the computational cost of E” [U] is
L
WE ST M(Nhy ™+ W () (89)

1=0
The a priori error bound for the MLMC estimator is as follows.

Theorem 6.2. If M; > CM;_1 forl=1,...,L then for any ¢ > 2 and 0 < s <
771 —1/2, if the solution to the truncated problem (42) satisfies

uy € LY HMY(D)?)  and  py € LU(2; HIYY(D)) (90)
for all N, there is a constant C independent of (N}, (h)E, and (M)l such
that

IE[UL] — E*[U]llz2(2v x@)

1 2 1 _
<ol — . . — (N~® . .
< C<MO(||f||V + llgllo+) +l§:1: Mz( CF v+ Dlgllee)
N\ /2
+ (¢ + h) By [uny || Lagims oy + (E+B) T R N agaems+ (o))
(91)

and
IE[U] = E[ULllvxq < C(N*(IFllve + llgllo-) + (¢ + ho) R lwn, |l Lo(asm (pye)

+ (t + hL)_lh]Z—HHpNL ||LfI(Q;Hf+1(D))) ,
(92)
where k is the order of the mized finite element discretization.

Proof. Using independence of the samples in the MC estimators on all levels, we
have

1
IE[UL] — E* U320 <o) = E ||[EULI - A Ui -0,
1=0 =1 VxQ|

Lo M 2

—5 || > (B v - @ U;1>)|
1
=0 i=1 VxQ
Lo
2

=> ME[HUz —Ui-1 —E[U — U]l xql -
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Since U_1 = 0, the first term in this sum satisfies

E[|Uo — E[Uo] I} <o < ElllUollY <] < C(II£Ilv-

for any ¢ > 2 due to Lemma 4.8 and the estimates in Proposition 3.3. For the other
terms in the sum, we estimate

) -2

E[|Ur — Uit — B0 — U]l xq) < BlIU: - Uil )
<E[(|Un, = Ullvxq + 1Un, = Uni_y v + 1Uni;, = Uimillvxa)?l
< (10N = Ullzzoiv <) + 1UN = Unis 22 (2v <)
+11UN-y — Ul*1||L2((Z;V><Q))2~
Due to Lemma 4.8 and Theorem 5.8, using Holder’s inequality, we have
1UN, — Ulllz2(2;v x @)
<C ((f + h)B;un Lo e (pyay + (& + ) " T o, ”Lq(Q;Hf‘H(D)))
for any ¢ > 2. Furthermore, Corollary 4.10 implies
1Un, = Uniillzz@ivx) S U = Unillz@@ivxg) + 11U = Unis 2 @ivxe)
<O+ N2l Q)
for any 0 < s <5 =7"! —1/2. We abbreviate
Or=N*([[fllv- Q)
+ (t+ PR |wn [ Lagims+r (pyay + (& +0) " R DN Lagaums+2 (o)

for I =0,1,...,L. Combining the above estimates, we arrive at

1/2
=2
IE[UL] - B[ ]||L2QV><Q)<C<MO+ZM (©1+6,-1) > :

By triangle inequality, the right hand side is less than

1/2 1/2
=2 L 92
;4, B .
(x) (%)

Since M; > C'M;_1 by assumption, and noting that we may replace @y by = in the
above estimate, it follows that the latter term is bounded by the former. Therefore,

1/2
IE[UL] — E*[U]llL22ivxq) < C ( +Z ) .

Similarly, we estimate

|E[U] = E[UL]llvxe < IU = Un, e @vxq) + [Un, = ULlli2;vxg) < COL.
O
Remark 6.3. We choose IN; and h; such that their contributions to the error bounds
in Theorem 6.2 are of the same order. If the norms |lun||pa(o;mr+1(p)ye) and
PNl Lo, r5+1(pyy are bounded independently of IV, this is the case for N™* ~ hk.
More generally, we assume that there are constants C' and r > 0 such that

||uN||Lq(!2;H’C+1(D)d) <CON" and HpN”LQ(_Q;Herl(D)) <CN". (93>

Then the truncation error and spatial discretization error are equilibrated for N; ~
hfk/(s+r)
. .
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This choice of N; disregards the additional power of h; in (91) and (92). If the two
estimates in (93) hold with 7, and r,, respectively, then the truncation error and

spatial discretization error are equilibrated for N; ~ h;" with v = min( fr , sk_:ﬂl )
»
k+1 _k

ift >0and v = min(s_wu, s+rp) if t = 0. Thus we may set r = % — s, which
satisfies 0 < < max(ry, rp).

Remark 6.4. Let by = 2~ hg, which holds if the meshes 7} are constructed as regular
refinements of 75. As in Remark 6.3, we set

Ny = [2M/ I NG o~ B RS =01, L (94)

This results in a convergence of 275/(s+7) of the truncation of the random field
combined with the mixed finite element approximation. For a parameter M, we
select the number of samples as

My = [22FE=0/H N 1=0,1,..., L. (95)
Then the error bound (91) in Theorem 6.2 is

IE[UL] - E* U122 (v )

1 prsiorm - (NTS+BEND? SN o )25kl (s
SC(ML2—25I§L/(5+7)+( 0 ]ELO 0) Z2—25k(L—l)/(s+7)2—2ékl/(6+7)) (96)
=1

= CM*l(Lfl +(Ny* + hlgNg)2)2725kL/(s+r) .
Adding the error contribution (92), we see that

B[]~ EX[U]|| 2 (ivxg) < C(M L (14 M) (N *+hENG)2) /P skb/ (sr),
(97)

Thus the total error is on the order of h%¥ NT N;® and M§1/2.

Remark 6.5. We assume that the computational cost of the numerical solution

of a sample of (51) is W(h) ~ h™°? i.. the linear solver may be suboptimal.

Then by (89), the computational cost of MLMC-MFEM with the parameters from

Remark 6.4 is

L L
WL ~ 22$kL/(s+T)LM <N0h0d Z 2l(d—(2$—1)k/(s+7")) + haad Z 21(0d—23k/(s+7"))> ]
1=0 1=0
(98)
Thus the total work can be decomposed as WL = Wik, + Wk with Wik, | which
represents the cost of the summation of the Karhunen—Loeve series, equivalent to

92skL/(s+r) [, if d < (2s—1)k/(s+7),
W& ~ MNohg® { 2d+k/(s+rDL 12 if d = (25 — 1)k /(s + 1), (99)
UK/ (AL, if d > (25 — Dk/(s +7),
and W, which represents the cost of the finite element solution of samples of (51),

1S
92KL/(sH) [, if od < 2sk/(s + ),

Wiy ~ Mhy ot { 27dL 2 if od = 2sk/(s 4 1), (100)
204L ], it od > 2sk/(s+1).

If od > 2sk/(s + 1), Wik is equivalent to the computational cost of a single de-
terministic problem, up to a factor of L. For od < 2sk/(s + r), Wi is equiv-
alent to the cost of Monte Carlo sampling alone, with no spatial discretization.
Similarly, W is equal to the cost of computing a single realization of the ran-
dom field, using N terms of the series, or Monte Carlo for a scalar problem,
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whichever is more expensive, up to a constant and a factor of L. We note that, if
d > kmax(2s—1,2s/0)/(s+7), then the total computational cost W& = Wk + Wi
of MLMC-MFEM is equivalent to that of one realization of the random field with Ny,
terms plus the finite element solution of a single deterministic Brinkman problem,
up to a logarithmic factor. In any case, the cost W’ of MLMC-MFEM compares
favorably to that of MC-MFEM, which by Theorem 6.1 is on the order of

2(d+k(28+1)/(s+r))L+2(Ud+25k/(s+r))L as L — 0o (101)

since h = hy, = 27 Lhg entails N = [2FF/GHINGT and M = [225FE/(5+7) Mg in
order to equilibrate the error contributions in (83).

Remark 6.6. The derivation in Remark 6.5 of the total computational cost provides
insight on the distribution of the work load among the discretization levels | =
0,...,L since the terms 2!(d=(2s=Dk/(s+1)) and 2l(ed=2sk/(s+7)) in (98) represent
the computations performed on level [. Clearly, the latter term is the same for
all levels if od = 2sk/(s + r). For od > 2sk/(s + r), the computational cost of
finite element solves is dominated by the finest discretization level, and the work
per level increases exponentially in I. If od < 2sk/(s + r), more work is done
on coarse discretization levels, and the work per level decreases exponentially in
l. Similar considerations apply to the first term, which is the same on all levels
if d =(2s—1)k/(s+r). We note that if o > 2s/(2s — 1), it is possible for the
first term to decrease in [ but for the second to increase in [, i.e. for the total work
required by computing realizations of the random field to be dominated by the
coarsest discretization while the total cost of finite element solves is maximal on
the finest mesh.

Remark 6.7. The error bound from Theorem 6.2 induces confidence bounds for
MLMC-MFEM. By Chebyshev’s inequality,

1
P (|E[UL] — E*[Ullvxq > 1) < TTQHE[UL] —E"U2vxq) V0 >0. (102)
Equivalently,

1
P (IEU:] - XUl q < 2BV - B0l ) 21— W 0.

(103)
Comparing with (96), we see that the M should be chosen on the order of ¢~2,
independently of the number of discretization levels, to ensure a failure probability
of at most €. Then the number of samples on the finest level M; = ML scales as
e 2L.

Remark 6.8. The assumption of uniform boundedness or algebraic increase of the
norms [|un || zao;re+1(pyay and [Pl pog. 241 (pyy in Remark 6.3 is realistic. For
example, if t > 0, g =0 and f € L?(D)%, then uy and py solve the Stokes problem
—t?Auy + Vpy = f — Myuy,
. (104)

divuy =0,

with homogeneous boundary conditions uy = 0 on dD. We note that due to
Lemma 4.6 and Lemma 4.8, for any ¢ € [1,00),

[Myun||pa2;z2pye) < Cllfllve < Cllfllpz(p)a (105)

with a constant independent of N. If D is a convex polygon in R?, then the
regularity result [14, Theorem 2] implies

llun |l zo2:m2py2) + lon | Lo (y) < ClIFllp2(py2 - (106)
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Thus r, = 0 for £ =1 in Remark 6.3, and we may set r = 0 provided that r, < s,
making use of the additional factor of h; in (91) and (92). Similar regularity results
for polyhedral domains in three dimensions are given in [8].

Remark 6.9. For the case t = 0, it is also realistic to expect algebraic growth
in (93). For example, for f = 0, uy = —MJ§1V]9N7 and therefore py is the
solution of — div(My'Vpy) = g on D and (My'Vpy)-n =0 on 9D. We assume
for simplicity that each ¥,, is a scalar function multiplied by the identity matrix.
Then we have

—Apy = Mg+ MyVMy' - Vpy . (107)

By similar arguments as in the proof of Theorem 4.4, it can be shown that

N
> v, ve,
n=1

N 1/2
2(1-9
< C< Z|spn|vél,w2m||spn%32,w(m) (108)
La(§2;L>= (D)%) n=1
for any ¢ € [1,00) and 9 € (0,1). If D is a convex domain, using (22) and
Lemma 4.8, it follows that

N 1/2
2(1—29
Iowlaecamzion < |14 ( SIS 12l vy ) [lolizcor - (109)

n=1

In many examples, such as the model problem from Section 7 below, the right hand
side of (109) is either uniformly bounded in N or grows algebraically in N.

7. NUMERICAL COMPUTATIONS

In the following we verify the performance of the MLMC-MFEM method with
numerical examples in R2. The physical domain D is chosen as D = [—1, 1] x[-1, 1].
We load the problem with boundary conditions only, thus ¢ = 0 and f = 0. By
choosing Dirichlet boundary data

up = V(r?sin(By)) (110)

in polar coordinates (r,¢), we have up € [H?(D)]? and for the boundary trace
it holds uplop € [H?~Y/2(8D)]%. The boundary conditions are enforced using
Nitsche’s method, cf. [13]. Thus the norm for the velocity becomes

1
lollf 5 = ol + ¢ g 1171

Ee€0&y

|(2),E7 (111>

in which 9&;, denotes the collection of edges residing on the boundary dD. In all
of the numerical examples we choose 8 = 3.1 to ensure sufficient regularity of the
boundary data.

In the following we assume for simplicity the stochastic permeability matrix M
to be isotropic, lognormal, i.e.

M (z,w) = exp(m(z,w))l, (112)

in which m is an R-valued Gaussian field on D and m(x,w) € L>®(D,R). For
practical applications, such as oil reservoir simulation, the permeability is usually
of this diagonal form, and thus the test case is also of practical importance.

7.1. Karhunen—Loeéve eigenpairs. To compute the eigenpairs of the truncated
Karhunen—Loeve expansion (29) numerically, one could employ e.g. finite element
methods [18]. For simplicity, we only consider analytically known eigenexpansions
for the Karhunen—Loeve series. We use the following result in one space dimension
as a basis.
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Proposition 7.1. Let D = (—1,1), E(z) = z, C(z,2') = %I/}H € HY(D x
D). Then the eigenpairs of the Karhunen—Loéve expansion are

m — 72(27TL—1)27 ©m L) = Sin \/m .

In two dimensions, we choose the eigenexpansion as the tensor product of the
expansion in one dimension. Thus the truncated Karhunen—Loeve expansion with
N terms can be written as

N

My (z,w) = exp(z Yoo (W) v/ A om ()1 (113)
m=1

Here, the eigenpairs are chosen as \,,(; ;) = Ai); and Omig)(®) = Gi(x1)P;(22)

ordered by the magnitude of the resulting eigenvalues {Ap, }m>1.

7.2. Numerical experiments. We consider three distinct test cases, each with
several values of the viscosity parameter ¢t. In all tests we employ first-order ele-
ments. We introduce the scaling parameter © for the eigenvalues, that is we modify
the eigenvalues by

A — NG, (114)
This gives an algebraic decay rate of © for the square roots of the eigenvalues, and
accordingly the sequence of norms ¥ in Assumption 4.1 belongs to £1/€+¢ for every
€ > 0. Thus in Corollary 4.10 we have s < © — 1/2. Using the optimistic estimate
r = 0 we choose the number of terms in the Karhunen—Loeéve expansion on level [
according to (94) as

N; = Ny2!/(0-1/2), (115)
Similarly, the number of samples on level [ is chosen according to (95) as
My = ML220=D, (116)

In all of the computations we use M = 4 and Ny = 1. As is evident from (115), the
decay rate of the Karhunen—Loeve expansion has a strong effect on the feasibility
of the method, since evaluating a massively long series on the finer mesh levels
increases the computational cost very quickly. We use an initial mesh with only
five nodes for all of the computations, with the nodes located at the vertices and in
the middle of the domain. The stabilization parameter «y is chosen elementwise as
proposed in Remark 5.3. Using the solution on level L+ 1 as the reference solution,
we plot in Figures 1, 4, and 7 the relative error

IE[U] — E' U]l 22(02:v x @)
IE[U]llL2(2:v x@)

(117)

for several values of the viscosity parameter t. In the above error expression we
use for the velocity the mesh dependent norm (111) and similarly for the pressure
the mesh dependent norm (56). We employ the Matlab backslash operator as the
linear solver in all of the computations, thus we have at most ¢ = 2 in Remark 6.5.

The computations were performed on the HP CP4000 BL Vuori cluster at Fin-
land’s CSC! comprising of 272 nodes with twelve 2.6 GHz AMD Opteron cores and
16 or 32 GB of memory.

7.2.1. Series with a fast decay rate. In the first example we choose © = 2.5. Thus
the number of terms in the K-L expansion grows as N; ~ 2!/2, which allows us to
test a greater number of levels. We choose L = 10 as the reference solution with
approximately 1.6 million degrees of freedom on the highest level, and test with
values of ¢ ranging from 107° to 10.

LCSC - IT Center for Science, www.csc.fi
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Caonverge in the mesh dependent norm

Relative error
-
(=]
T

— Error
——-Reference slope O(h)
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10° 10° 10" 10° 10* 10°
h#t ratio

F1GURE 1. Convergence in the mesh dependent norm for several
values of ¢ with © = 2.5.

Referring to Figure 1, the convergence rates predicted by Theorem 6.2 for all
values of ¢ akin to the deterministic Brinkman problem [13] are attained. Further-
more, we observe that the error drops by one to two orders of magnitude as we pass
numerically to the Stokes regime, where the stochastic effects of the Darcy term
are suppressed by the dominating viscous Stokes term, cf. (1).

z0 zo
30 10
1 15 15
"
= zo
] 10 10
E 5
= o5
10 5 5
u] o o o u]
12345678910 12345678810 12345678810 12345678810 12345678810
Level 1 Level 2 Level 3 l,evel 4 level 5
80 500 3000 Zx 10 210
o0 o 000 e 10
) 300
w 40 1
E
= z0o 1000 5
z0 100 0.5

u] 1] 1] 1] u]
12345678910 12345678910 12345678910 12345678910 12345678910
Level & Level 7 Level 8 Level 9 Level 10

FIGURE 2. Sublevel CPU time for different levels of the MLMC
method with © = 2.5.

In Figure 2 we plot the CPU time used on each sublevel for the MLMC-MFEM
method with a total of L levels. In addition, the green lines represents growth
relative to 22! and the red lines growth relative to 22, corresponding to the
rates predicted in Remark 6.6 for the computation of the MFEM problem and
the Karhunen—Loeve series, respectively. Up to level nine the computation time
appears to be dominated by the computation of the Karhunen—Loéve series and
the matrix assembly. However, on level ten there is already some evidence of the
linear solver starting to take a more dominant part of the computational work.

In Figure 3 we compare the CPU time of the method with the theoretical bound
in Remark 6.5, as well as the total wallclock time spent on all of the nodes used
in the computation. As observed, both the quantities obey the theoretical bound.
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FIGURE 3. Total CPU and wallclock time for different levels of the
MLMC method with @ = 2.5.

Comparing to Remark 6.5, it is evident that the work estimate is dominated by
the term WZ;. On the lowest levels the discrepancy is due to the relatively high
amount of time spent on initialization routines etc. Moreover, the ratio between the
elapsed time and the CPU time remains approximately constant as the number of
levels is increased. Thus the in-node parallelization performs equally well regardless
of the number of levels.

7.2.2. Unscaled series. Now we consider the original series resulting from the tensor
product of the one dimensional series with no scaling. This gives a rapid rate of
growth for the number of terms in the K-L expansion, namely N; ~ 22!, The corre-
sponding reference line is colored green in Figure 5. Thus we limit the computations
to using level L = 8 as the reference solution, which results in approximately 100
000 degrees of freedom and a series with 65 536 terms on the last level.

Caonverge in the mesh dependent norm

10D
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=
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-4
107" — = v X 6
10 10 10 10 10 10

h# ratin

FIGURE 4. Convergence in the mesh dependent norm for several
values of ¢ with no scaling of the eigenvalues.

As is evident from Figure 4 the convergence properties of the MLMC are as
predicted. One also witnesses the same improvement in the relative error upon
passing into the Stokes regime. Figure 5 suggests that now the computational
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cost per sublevel grows as 22! in accordance with Remark 6.6. This is due to the
increasing cost of evaluating the K-L series on all of the integration points, which
can be clearly seen by comparing the values to those in Figure 2 with the same
system matrix size. Also for this case the total CPU time used seems to be in good
agreement with the theoretical bound of Remark 6.5, as seen in Figure 6.

Time [s]
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12345878 12345678 1234567 8 12345678
Level 1 Level 2 Level 3  Lewelq
® 10

gooo
G000

4000 1

Time [s]

2000 0.5

u] 1] u]
12345678 12345678 12345678 12345678
Level & Level & Level 7 Level 8

FiGURE 5. Sublevel CPU time for different levels of the MLMC
method with no scaling.
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g | |—— Wallclock time .
10 F| -—-CPU time PETL
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—_
(=1
ra

Level

FIGURE 6. Total CPU and wallclock time for different levels of the
MLMC method with no scaling.

7.2.3. Moderately scaled series. To further test and verify the performance of the
method regardless of the convergence rate of the Karhunen—Loeve expansion, we
test with an intermediate choice of @ = 1.5 for the scaling of the eigenvalues. Here,
we use the solution on level L = 9 as the reference solution. Figure 7 shows con-
sistent convergence properties for the error in the mesh dependent norm compared
to the previous two cases.

As for the CPU time per sublevel, the work load stemming from evaluating the
Karhunen—Loéve expansion is clearly reduced compared to the non-scaled Karhunen—
Loeéve expansion. Again in Figure 8 the green lines represent growth relative to 22
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F1GURE 7. Convergence in the mesh dependent norm for several
values of ¢ with © = 1.5.

and the red lines relative to 2! corresponding the the work load of the MFEM
solution and computing the Karhunen—Loeve series, respectively. Evidently the
growth rate is considerably faster than that of the Karhunen—Loéve expansion with
© = 2.5. As can be seen from Figure 9, the total CPU time once again obeys the
theoretical bounds given in Remark 6.5.
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= 30 15
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FIGURE 8. Sublevel CPU time for different levels of the MLMC
method © = 1.5.

7.3. Implementation and load balancing. Monte Carlo methods are so-called
embarassingly parallel methods, ie. during the sampling phase they achieve near
optimal speedups. However, parallelizing the MLMC Finite Element method adds
new technical complications. Firstly, the stiffness matrices for the problem on
different mesh levels differ vastly in size, as does the number of individual problems
solved per level. Accordingly, one would prefer lots of nodes with very little memory
and only one core for the low-level problems, whereas for the highest levels one
should have as much memory as possible. Thus, for each level the optimal division
of hardware resources is different, and allocating nodes with different amounts of
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FIGURE 9. Total CPU and wallclock time for different levels of the
MLMC method © = 1.5.

memory and CPU power might lead to hard-to-resolve resource starvation problems
on the cluster.

Our approach is to collect the small problems into larger batches. Specifically,
we assemble several (tens to tens of thousands) problems on one node into a large
matrix of approximately equal size for every level. Thus, on each level the linear
system to solve is of the same order of complexity, which allows us to make use of
multithreaded direct solvers inside the multicore node and take better advantage
of the memory available on the individual node. Furthermore, we assemble the de-
terministic parts only once. There is also a considerable reduction in the internode
traffic since one can sum up the results in the node and broadcast only one result
vector per batch to the master MPI process, instead of communicating for each
sample separately.

Another numerical complication is the numerical evaluation of a slowly converg-
ing Karhunen—Loeve series. We need to evaluate the basis functions with random
coeflicients on a fine mesh at each integration point. Precomputing the basis func-
tions consumes extreme amounts of memory and could not be practically imple-
mented since the memory requirements are easily in tens or hundreds of gigabytes.

From Figures 3,6, and 9 one can clearly see the considerable performance gain
from the internode parallelization. The Finite Element method is implemented
by using a MATLAB-based Finite Element solver compiled into a standalone C
library using the MATLAB Compiler.? The main C program is a master-slave type
MPI implementation.® In addition, the numerical evaluation of the Karhunen-
Loeve expansion is parallelized using OpenMP in a mex-file written in C from
inside the MATLAB compiled library. The normally distributed random numbers
were generated using Matlab’s intrinsic functions. The underlying algorithm for
generating the random numbers is the well-known Mersenne Twister, and all of the
subtasks divided to the nodes are seeded individually.

2Matlab R2010a, compiler version 4.11, gcc version 4.4.3
30penMPI version 1.4.3
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